COEFFICIENT ESTIMATES FOR H? SPACES WITH 0<p<1

OLE FREDRIK BREVIG AND EERO SAKSMAN

ABSTRACT. Let C(k, p) denote the smallest real number such that the estimate
lag| < C(k,p)||fllzr holds for every f(z) = >, ¢ anz" in the H? space of
the unit disc. We compute C'(2,p) for 0 < p < 1 and C(3,2/3), and identify
the functions attaining equality in the estimate.

1. INTRODUCTION

For 0 < p < oo, the Hardy space H? is comprised of the analytic functions f in
the unit disc D = {z € C : |z| < 1} which satisfy

2
; do
po=1li O — _
1 Ve r—lf{l*/o [f(re®)P 5 < o0

The Hardy space H? is a Banach space when 1 < p < oo and a quasi-Banach space
when 0 < p < 1. For an integer k > 1, let C'(k,p) denote the smallest real number
such that

lar| < C(k, p)|I £l v
holds for every f(z) = >, ~oan2" in HP. In other words, C(k,p) is the norm of
the bounded linear functional Ly (f) = ax on HP.

In the range 1 < p < oo it follows readily from the triangle inequality and
Hélder’s inequality that C'(k,p) = 1 for every k > 1. Estimates for C'(k,p) when
0 < p < 1 were first obtained by Hardy and Littlewood [7], who proved that there
is a constant C,, > 1 such that C(k,p) < C,k'/?P~! holds for every k > 1.

In this paper we are interested in computing C(k,p) explicitly in the non-trivial
range 0 < p < 1. For this purpose it is fruitful to express this quantity via the
associated linear extremal problem

(k)
1) Ok,p) = sup{Re O e = 1}.

A normal family argument implies that there are functions f in the unit ball of H?
attaining the supremum (1). In a recent joint paper with Bondarenko and Seip [2],
we proved that the extremal function for £k =1 in (1) is given by

2) f(z)(112’)’1’<1+ P z>

2—p

Date: January 16, 2020.

2010 Mathematics Subject Classification. Primary 30H10. Secondary 42A05.

Some of the work on the present paper was carried out during the workshop “Operator related
Function Theory” at the Erwin Schrodinger Institute. The authors gratefully acknowledge the
support of the ESI.

1



2 OLE FREDRIK BREVIG AND EERO SAKSMAN

up to rotations f(z) — e~ f(e'?2). Consequently, we found that

(3) C(l,p)—\/j(lg);_é.

The approach used in [2] is to write f in the unit ball of H? as f = gh?/P~!, where
g and h are in the unit ball of H? and h does not vanish in D. If the coefficient
sequences of g and h?/P~1 are (b,),>0 and (¢, )n>0, respectively, then

k 0 k
(4) £ > b

For any fixed non-vanishing A in the unit ball of H?, it is now easy to find the
optimal g in the unit ball of H? to maximize (4) by the Cauchy—Schwarz inequality.
This translates the linear extremal problem (1) in H? to a non-linear extremal
problem for non-vanishing functions in H?2.

By using the Cauchy—Schwarz inequality in this way and treating g and h as
completely independent, we actually double the degree of the non-linear extremal
problem. When k£ = 1 this does not make the problem much harder, but already
for k = 2 this approach becomes computationally untenable.

For a class of linear extremal problems including (1) on H? with 1 < p < oo,
there is a well-developed theory which yields that the extremal functions have a
very specific structure (see e.g. [5, Sec. 8.4]). The proof of this structure result relies
on the fact that H? is a Banach space and duality arguments. These techniques
do not apply for 0 < p < 1, but we can replace them with a variational argument
which goes back to F. Riesz [12] and obtain the same result also for 0 < p < 1.

This structure result is a special case of a more general result on the structure
of the solutions to the Carathéodory—Fejér problem, which was extended from the
range 1 < p < oo to the range 0 < p < 1 by Kabaila [9] (see also [10, pp. 82-83]
— the latter reference actually develops a general theory that covers many related
variational problems on HP spaces). This extension to 0 < p < 1 explicitly uses the
structure of the solutions for 1 < p < oo, while the variational argument presented
in the present paper actually applies in the range 0 < p < 2 without modification.

The information regarding the structure of the extremals f for the linear extremal
problem (1) thus obtained shows that g and h in the factorization f = gh?/?~! are
closely related. This greatly simplifies the non-linear extremal problem we have to
solve in order to identify the extremals. Consequently, we are able to completely
settle the case k = 2.

Theorem 1. For 0 < p < 1 we have

cun=2(-3)"

and, up to the rotations f(z) — e~ f(e'2), the extremal function in (1) is

_ P\ | 2p P ;
2

Comparing (3) and Theorem 1, we see the curious identity C(2,p) = C(1,p)°.
The next result demonstrates that the same relationship does not hold in general.
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Theorem 2. We have

2 (1103 + 33v/33)
C(3,2/3) = \/ e =1.4973...
and, up to the rotations f(z) — e =3 f(e'%2), the extremal function in (1) is
3
3
483 - 19v/33 ° V3+3V33 1483, V1533 ,
fz)=|———7%— 1+ Z+ z° 4+ 5 z :

1153 2 8

This paper is organized into four additional sections. In Section 2 we recall some
preliminaries about Hardy spaces and obtain the above-mentioned structure result
for 0 < p < 1. The proofs of Theorems 1 and 2 are presented, respectively, in
Sections 3 and 4. Section 5 contains some concluding remarks, conjectures and
discussions of related work.

2. PRELIMINARIES

In the present section, we will use several basic facts pertaining to Hardy spaces.
We refer generally to the monograph [5], which contains most of what which we
require. Our goal is to describe the structure of the extremals for bounded linear
functionals Ly on HP, when L (f) depends only on the first k + 1 coefficients
of the function f(z) = ), <,anz™. In the case 1 < p < oo, this description is a
consequence of a general theory of linear extremal problems for HP spaces developed
by Macintyre, Rogosinski, Shapiro and Havinson (see e.g. [8, 11] and [5, Ch. §]).

To set the stage for a discussion of their approach and ours, we recall that every
f in HP has non-tangential boundary limits

f(ew) = 111{17 f(rew)

for almost every e € T = {z € C : |z| = 1}. It also holds that ||f||z» = || £ Lr(r):
so HP is identified with a subspace of LP(T), the latter defined in terms of the
normalized Lebesgue arc length measure on T.

Every bounded linear functional L on HP, for 1 < p < oo, can be represented in
the inner product of L?(T) as

L(f) = (f,%)

for some analytic function ¢ in D which is (at least) integrable on T. Since H>
is a Hilbert space, the analytic function ¢ generating the functional is (up to a
constant) equal to the extremal f for the functional L. This fact leads naturally to
the following.

Since HP is a Banach space when 1 < p < 0o, the Hahn—Banach theorem extends
every bounded linear functional on H? to a bounded linear functional on L?(T) with
the same norm. This makes it possible to formulate the dual extremal problem,
which is to find an element 1 of minimal norm in LP" (T), where 1/p + 1/p* = 1,
such that L(f) = (f,v¢). These two problems are closely related, and this can be
exploited obtain a description of the structure of the extremals (and the structure
of the element ¢ of minimal norm generating the functional) when the functional
depends only on the first k£ + 1 coefficients of f.

These techniques are not available to us in the range 0 < p < 1, both since we
cannot use the Hahn—Banach theorem and even if we could, L?(T) supports no non-
trivial bounded linear functionals. We will therefore replace the duality approach
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outlined above with a variational argument essentially due to F. Riesz [12]. See also
[13, Sec. 2] for a similar argument in a somewhat different context. Note that this
method actually applies in the range 0 < p < 2 without modification. We require
two additional preliminary facts before proceeding.

Every function f in H? can be written as F' = IO, where [ is an inner function
and O is an outer function. In particular, O does not vanish in D and |I(e??)| = 1
for almost every e € T. This allows us to factor

5) f = gh?/r=

where g = TOP/? and h = OP/2. We note that |g(e?)| = |h(e?)| = | f(e*?)[?/? holds
for almost every e?’ € T, which yields the norm equalities || f||%, = |lg[|%2 = [|h[%-.
Let H* denote the algebra of all bounded analytic functions in D, setting

[l e = sup [o(2)].
z€D

Recall that H*° is the multiplier algebra of HP, for 0 < p < oo, i.e. the algebra of
functions ¢ such that ¢ f is in HP for every f in HP.

Here is the key variational lemma which will give the structure of the extremals
as discussed above. We will only use the special case where ¢ is a monomial, but
the proof of the lemma in this special case is identical to the proof for the general
case.

Lemma 3. Fix 0 < p < 2. Suppose that L is a bounded linear functional on HP
and that f is an extremal for Re L(f) with ||f||g» = 1. If f = gh*P~' such that
lgllzrz = ||hllgz = 1 and h does not vanish in D, then it holds that

L(pf) = L(f){w, [n*)
for every ¢ € H*.

Proof. Set ¢ =2/p—1> 0. By (5) the extremal f in the unit ball of H? may be
written as gh? where g and h are in the unit ball of H? and h does not vanish in D.
If ||@|| g = O there is nothing to prove, so we therefore assume that ||¢||ge > 0
and consider 0 < & < |||/ ;7% A computation reveals that

11+ e9)hll3 = 1+ 25 Re (o, |P) + €[l hll3,

since ||h||g2 = 1. Hence

[N

he(2) = (1+ ep(2))h(2) (1 + 2¢ Re (g, [A]*) + 2| ohl[32) -

satisfies ||he| gz = 1. We then compute
1
The()| = w0(2)h(z) = Sh(z)2Re g, [h?) = h(2)(#(2) = Re (g, |h]*)).

If 0 < e < ||z, then h? is analytic in D owing to the fact that 1+ ey and
h do not vanish in . Hence, by Holder’s inequality and the fact that ¢ > 0 we
find that f. = gh? is in the unit ball of HP. Since f is extremal for Re L, clearly
Re L(f) > ReL(f.) for every 0 < e < ||p|3!. Using that the functional L is
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bounded, we conclude that

0>RelL (dfs
de

)—qungﬂuﬂRu%m%)

= qRe (L(pf) = L(f){p. |h]*).
This inequality also holds when ¢ is replaced by —¢ and +i¢p, which implies that
L(gf) = L(f){e. |h]*). o
One final preliminary result is required. The Fejér—Riesz theorem (see [6]) states
that the trigonometric polynomial Q(0) = >, <, a, e’ is non-negative if and only
if Q(0) = |P(e")|? for a polynomial P of degree at most k.

e=0

Lemma 4. Fiz 0 < p < 2 and let Ly be a bounded linear functional on HP such
that Li(f) depends only on the first k + 1 coefficients of f(2) = 3, 5¢an2". Any

extremal for Ly, is given by a sequence (04]-);?:1 with |aj| <1 and a constant A such
that

!
(6) H
where 0 < I < k and |oj| < 1 for

1
Iflr = 1 and f = gh®/1 as in (5), w
can be written as

k 1
(7) H 1+@;z) and H z+ aj) H (1+a;2)

with suitable constants Ay, As.

k
= H (1+a;2) 2/”
<j In particular, if f is normalised by

=
<.
we have that h and g are polynomials that

Proof. We begin by writing f = gh?/P~! as in (5). We use Lemma 3 with ¢(z) = 2"

to obtain
Ly (2" f) = L(f)(=", |h[?).

Since Ly (2" f) = 0 for n > k, we conclude that |h|? is a trigonometric polynomial of
degree at most k. The non-negativity of |h|? and the Fejér-Riesz theorem implies
that |h(e?)|? = |P(e"?)|? for some polynomial P of degree at most k. It is clear
that P = BIS, where B is a finite Blaschke product and P is an outer polynomial
of degree at most k. Since an outer function is determined up to a unimodular
constant by its modulus on T, we therefore find that h = emﬁ, which means that

k
(2) = A J] (1 +352)

for |a;] < 1. Our next goal is to establish that g is also a polynomial of degree
at most k. Suppose that h is fixed as above and note that h?/P~1! is in H> since
2/p —1 > 0. The fact that f is extremal for L, and Hélder’s inequality implies
that g is an H? function of unit norm attaining the maximum of

(8) 9= ReLi(f) = Re Li(gh*7~1).
It is clear that (8) defines a bounded linear functional on H? which depends only

on the first k + 1 coefficients of g. The Cauchy—Schwarz inequality then implies
that g is a polynomial of degree at most k. By (5), we recall that g = Ih for a inner
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function I and a polynomial h. Clearly this is only possible if the inner function I
is a finite Blaschke product of degree 0 <[ < k. Hence

z+ 5, _
o2) = A [T 2 [T+ a30),
jo1 1+ Bz 5
for |3;] < 1. Since g is a polynomial, we must have 5; = a; for 1 < j <. O

Let us now return to the bounded linear functional defined by Ly (f) = aj for
f(2) =3 ,50@nz™ in HP. In the case 1 < p < oo, the strict convexity of H? yields
easily that the extremal for C(k,p) = 1is f(z) = z*. Hence h(z) = 1 and g(z) = 2*
in (7). In the case p =1 it is known (see e.g. [5, p. 143]) that every function of the
form (6) is an extremal for C'(k,1) = 1.

For 0 < p < 1, we can factor the extremal as

f=gh*r,

where g and h are polynomials related by (7). Our plan is to consider each of the
cases | = 0,...,k in Lemma 4 through the Cauchy product (4). Since we may

assume that || fl|gr = ||gllgz = ||h|lgz = 1 for any extremal f, there must be a
constant A such that the equation
(9) Afg(a7h) = h2/p=1(z) + O ).

holds. Namely, otherwise we could modify g to obtain equality in Cauchy—Schwarz
in (4) while keeping ||g|| g2 = 1 and a fortiori || f||zz» < 1, by Holder’s inequality. By
the same argument, it follows that any such (not necessarily normalized) solution
of the equation (9) satisfies

k k
(10) Li(f) =) bicr—i = A _ [bil* = AllgllZ-
j=0 §=0

In practice this approach will yield a non-linear system of k 4+ 1 equations in the
k+1 unknowns which needs to be solved in order to identify the candidate extremal
function. We complete the program by comparing the solutions for I =0,..., k.

Using Lemma 4 and (9) in this way, it is possible to give a (computationally)
simpler proof of (3) compared to the one given in [2, Thm. 4.1].

3. PROOF OF THEOREM 1

For 0 < p < 1 define ¢ = 2/p—1 > 1. For the functional La(f) = as we get from
Lemma 4 that the extremal functions are of the form

_ Z+a] 2/p
flz)=A ]lill-i-* H (1+a52)

2 2
:AH(z—i—aj) H (1+a;z H 1+a;2)1 = Ag(z)(h(z))4,

j=1+1
where |a;| < 1 with strict inequality for 1 < j < 1. We get three equations from
1 =0,1,2. Recall that ||g||gz = ||| g2, so the normalizing constant is A = ||h\|l_{3/p.
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We begin by computing
T =1+ g+ ((1)5 a0 ) 2+ 02),

where o = @z and 8 = a1 + as. Hence the equation (9) becomes

(11) M2g(z7 ) =1+qB2+ <(g>52 +qa) 22
Note that if f is a normalized solution of the equation (11), then by (10) we get
_ 1-1
(12)  ax=La(f) = ANllgl= = NI = A @+ 187 +[al?) 77
The case [ = 2. Here we have
g(2) = (z+a)(z+az) =22+ Bz +a,
so the equation (11) takes the form:
A=1 M=¢8 Ira= (g>52+qa

Recalling that ¢ > 1 we conclude that « = § = 0. Hence ay = as = 0 and the
normalized candidate extremal function function is f(z) = 2% which has as = 1.

The case [ = 1. Here we have
9(2) = (z + a1)(1 + azz) = @22 + (1 + a1@m)z + 1.

By a rotation, we assume that as > 0 and hence the equation (11) takes the form:

(13) )\042 =1
(14) M1+ aras) = qlag + a2)
(15) At = (9 (a1 + a2)® + qaron

From (13) we get that ap = A™! > 0. Inserting this into (14) yields that
1

(16) — + oy :q(a1 +012).
Qs

Since ¢ > 1 we now see that «a; is real. We then multiply (16) with «; and rearrange
to obtain Aaj — qayae = (¢ — 1)a?, which when inserted into (15) yields

50‘% = (a1 + a2)*.

Taking the square root of this we find that

2 1
a9 = a1 (—1j:\/7> and — = (—1:|:\/2q>,
q (e5]

where the second equality was obtained by inserting the first into (16). Note that
for 1 < g < 2 we see from the second equation that we have to choose the negative
sign to ensure that |ajas| < 1. In the range 2 < ¢ < oo we also have to choose the
negative sign to ensure that the sign requirement a; < 0 from first equation also
holds in the second. In particular, we get that a; < 0 in general. Evidently,

(17) ol = ! and o = M
(14 /2/q)(1+ v/2q) 142




8 OLE FREDRIK BREVIG AND EERO SAKSMAN

Recalling that A = a5 *, we get from (12) that the normalized candidate extremal

function f satisfies
1 1-1
(18) az = Lx(f) = P (14 (a1 + a2)® + (a109)?) v

The case | = 0. Here we have
g(z) =4+ az)(1+amz) =az+Fz+ 1.
If 5 =0 we get the extremal (2) for C(1,p) with the argument squared. Assume

therefore that § # 0. There are two rotations ¢?’ and ¢(®+™ such that o > 0. The
equation (11) takes the form:

(19) Ao =1
(20) AB=qp
(21) A= (9)8% +qa

From (19) we get that A = a~! > 0. Since a, \,q > 0 we get from (21) that 32 is
real, and hence f is real or imaginary. By (20) we see that 8 cannot be imaginary,
since A, ¢ > 0. We conclude that 3 is real. Choosing the appropriate rotation above
we get that 8 > 0. Combining (19) and (20) yields that « = A=! = ¢~!. Inserting
this into (21) we find that

q_(q>ﬁ2+1 — 5_\F.
2 g

We get from (12) that the normalized candidate extremal function satisfies

1-1/p

Final part in the proof of Theorem 1. We need to compare the normalized
candidate extremal functions from the equations [ = 0,1,2. Clearly ay = 1 from
[ = 2 can be discarded at once. Comparing (18) and (22), we claim that

1 171/ 2 1*1/17
— (1+ (o1 + a2)? + (ae)?) 7 §q<1++2) 7
Q2 q9 (9

where a; and «ay are given by (17). We recall that 1 — 1/p < 0, so a stronger
statement is

1-1/p 1—gq
2 1 1+ 2/q< 1)
1<« 1+-+— =\ ———q 1+ - = ®(q),
2q< q q2) \/1+\/@q q @

where we used that 2/p — 1 = ¢. Note that (1) = 1. We compute

d ®(q) ! ( L, 1 )+ 2 <1+1)
— lo, = — —lo - .
dg BT T T g \grv2g T 1+v2d) T1vq BU TG
For ¢ > 1 it holds that ¢ +1/2q > 1 + +/2¢, so
1 ( 1 1 ) 1 1 2 -2
- + > - 2 - Z = :
2v2¢ \q++v2q¢ 1+2q V2q+2q V242 1+q

The final inequality is easily checked directly. Consequently

d V2 1
—log ®(q) > —— —1 1+-) =Y(q).
foon®(o) = 2 g (141) = (o)
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We get that ® is increasing on 1 < ¢ < oo by proving that ¥(g) > 0 in the same
range, which can be deduced by checking the non-negativity of ¥ in the endpoints
and at the critical point ¢ = 1++/2. Hence we conclude that the case | = 0 provides
the extremal function and that

1-1/p 2_

2 1 2 ppl

cep =q(1+2+= =2(1-£ .
(2,p) q<+q+q2> p( 2)

In the case [ = 0 we have that g(z) = h(z) = 1+ 82+ az?, so a computation yields
the stated extremal function. (]

4. PROOF OF THEOREM 2

By Lemma 4, we get that the candidate extremal functions for the functional
L3(f) = az acting on H? with p = 2/3 are of the form

l
+
-sfl o

3 3
:AH(H%-) I a+a52) H (14+a@5)? = Ag(2)(h(2))?,
j=1 j=1

j=l+1

where |a;| < 1 with strict inequality for 1 < j < . There are four equations,

from I = 0,1,2,3. Recall that ||g||g2 = ||h||g= and that the normalizing constant
A= ||h||5. We begin by computing

(h(Z)2=1+2Bz+ (B2 +27) 22 +2(By + a) 2° + O(z)

where o = ajasas, 8 = a1 + as + ag and v = ajas + ayasz + asas. Hence the
equation (9) becomes

(23) APg(z7) =14282+ (B2 +27) 2 +2(By+ ) 2*
Note that if f is a normalized solution to the equation (23), then by (10) we get

_ —1/2
(24) a3 = Ls(f) = AP[llglF= = MRl = M@+ 1812+ [y* + o)

The case [ = 3. Here we get
9(z) = (z+a)(z+az)(z +a3) = 2° + B2* + vz + @,
which means that the equation (23) takes the form:
A=1  M=28 M=p8%24+27y Ia=2By+0a)

The only solution is &« = 8 = v = 0, which implies ;7 = a3 = az3 = 0. The
normalized candidate extremal function is f(z) = 23, which has a3 = 1.

The case [ = 2. Here we get

9(2) = (z + a1)(z + ) (1 + @32)

=azz’ + ((a1 + ag)az + 1) 22 4+ (103 + a1 + a2) z + aqas.
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Set £ = ayas, n = a1 + @z and ag = p. By a rotation, we may assume that o > 0.
The equation (23) takes the form:

(25) Ao=1

(26) Ao +1) =2(n+ o)

(27) Ao +n) = (n+ 0)® +2(¢ +ne)

(28) A =2((n + 0)(€ +m0) + €o)

From (25) we get that ¢ > 0. Inserting (25) into (26) and solving for n yields that
1

(29) =72

Inserting (25) into (27) and solving for £ yields that

2
n 1 1
(30) 5—92779(77+9)2—922(1292)<Q9) =30 -2,

where we in the penultimate equality used (29). Inserting (25), (29) and (30) into
(28) now yields

3@—Z=2<(Z—9)(Q2—1)+(392—2)9>=493—Z~

Since o > 0 we get that o = v/3/2, which by (29) and (30) implies that = —/3/3
and £ = 1/4, respectively. Recalling that A\ = o1, a = £p, B = n+oand v = £+,
we get from (24) that the normalized candidate extremal function f satisfies

(31) a3 = L3(f) = % (14 (m+0)*+ (E+mn0)*+ (59)2)_1/2 _ 16 _ 1.0573...

V229

The case [ = 1. Here we get
9(2) = (z + 1) (1 +a2z)(1 + @32)
= w4+ 22 (a + a3 + aopaz) + 2(1 4 aq(az + az)) + a;g.

Set 0 = a1, 1 = as + a3 and & = asas. There are four rotations e*, e!(?+7/2) and
¢®+7) such that ¢ is real. The equation (23) then takes the form:

(32) A=1
(33) A+ 0€) =2(e+n)
(34) A1+ om) = (0 +m)* +2(en +€)
(35) Xo = 2((e+mn)(en+ &) + 0€)
From (32) we get that £ # 0 and A = £~L. Inserting this into (33), we obtain
(36) 0= g — 2.
Inserting (32) and (36) into (34), we obtain
1 =2 ) 2 — 2 |2
R (e

1_%:25_3772_

I
o
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Hence we find that n? is real. By choosing the appropriate rotation above, we may
assume that 77 > 0, in which case it holds that

1 —2¢2
(37) 1=/ 55

We then insert (32) and (36) into (35), keeping in mind that 7 > 0, to obtain

o 3(2) ) (r((-9) ) ram).

The equation (38) with n as in (37) has five real solutions. Before we compute
them, let us recall that that 8 = o+ 17, v = on+ £ and o = p&, so we get from (31)
that in each case the normalized candidate extremal function f satisfies

1
(39) a3 = L(f) = g (L+ (etm)* + (o0 +8) + (e)7)

The first two solutions of (38) arise from the case n = 0, which occurs when ¢ =0
and &2 = 1/2. Here we easily find from (39) that

~1/2

2
40 a3 = —= = 1.1547....
(10) = —

If n # 0, we may multiply (38) by (2 — 3¢)&/n, then insert the value for n? and
simplify to obtain

106% — 1262+ 26 +1=0.
This equation has the following solutions:

& = %(1 _ \/gcosﬁ) — 0.2049. .
§r = %(2+ \/g(cosﬂ— \/ésim?)) =0.6281... for ¥ = £ arctan (5111711)

£ = %(2 - \/g(cosﬂ—i- \/§sin19)) =0.7768....
Inserting these and the corresponding ¢ and 7 into (39) yields, respectively,
(41) az =1.0739... as =1.1958 ... az = 1.1067...

The case [ = 0. Here we get
9(z) = (1 +aqz)(l +ame)(l+azz) =az’ +52° + Bz + 1.

There are three rotations, e*, e0+7/3) and /9+27/3) guch that o = ajasas > 0.
The equation (23) takes the form:

da=1 M=28 A=p"+27y A=2(By+a)
The first equation shows that a > 0. We insert it into the others and obtain:

(42) 7 =28
(43) B =apf®+ 2ay
(44) 1 =2(aBy+a?)

Our goal is to show that 8 (and hence ) is real. We begin with (43). Inserting the
conjugate of (42), multiplying with £ and applying (44) yields

R NP YR S 5_1-22 (1
af =3 20477(2& 2a> — aff® = %% 7% 2c0 ) .
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Hence 3 is real, so we may choose a rotation above to ensure that 3 is real. Note

now that § = 0 if and only if v = 0, which leads to the extremal (2) for C(1,2/3)

with the argument cubed. Hence we assume 3 # 0. Since know that 8 and ~ are

real and non-zero, we insert (42) into (43) to obtain that

1 —4a?
!

B =ap?+ 4028 e b=

— v =2-—8a?

where we used (42) again for the second implication. Inserting the values for 8 and
7 into (44) yields the equation 1 = 2(2(1 — 4a?)? + a?). Since a > 0 there are only
two solutions:

V15 VE 57$\/33F%\/?§ L_1FVEB
T8 2 T8

Recalling that A = a1, we get from (24) that the normalized candidate extremal
function f satisfies

_ 2 (1103 F 33/33
(45) a3:L3(f):$(1+52+72+042) 1/2\/ ( 1?53 /2),

To maximize this, we choose the negative sign in the expression for «, which yields
that 8,7 > 0 and the value az = 1.4973... in (45).

Final part in the proof of Theorem 2. We need to compare the candidate
extremal functions from the equations [ = 0,1,2,3. Clearly az = 1 from [ = 3 can
be discarded at once. Comparing (31), (40), (41) and (45) we find that the latter
is the largest. Hence the case [ = 0 provides the extremal function so that

Cs.23) \/2 (11035523@) |

In the case I = 0 we have g(z) = h(z) = 1+ 8z +72z% +az?, so a computation yields
the stated extremal function. (]

5. CONCLUDING REMARKS

5.1. Our first observation is that neither the extremal for C(1,p) from (2) nor the
extremals for C(2,p) and C(3,2/3) from Theorem 1 and Theorem 2, respectively,
vanish in ID. This is of course a consequence of the fact that the extremals in each
case stem from the case { = 0 in Lemma 4.

Congjecture 1. For 0 < p < 1 any extremal f for C(k,p) does not vanish in D.

If we a priori knew that Conjecture 1 held, it would significantly decrease the
effort needed to prove Theorem 1 and Theorem 2, since it would be sufficient to
consider only the case [ = 0. Apart from the above-mentioned examples we have
little concrete evidence for the conjecture. However, the following weaker statement
could be a starting point.

Conjecture 2. For 0 < p < 1 the sequence C(k, p) is strictly increasing.

Conjecture 2 is equivalent to the following statement: For 0 < p < 1 any extremal
for C'(k,p) does not vanish at the origin. Indeed, if C(k,p) = C(k + 1,p) for some
k > 1 then we can multiply an extremal for C'(k,p) with z to obtain an extremal
for C(k + 1,p) vanishing at the origin. Conversely, if an extremal for C'(k + 1,p)



COEFFICIENT ESTIMATES FOR H?” SPACES WITH 0<p< 1 13

vanishes at the origin, then we find that C(k,p) = C(k + 1,p) by dividing the
extremal by z. Note that this is precisely how the extremals f(z) = 2% can be
obtained in the range 1 < p < oo, where it holds that C(k,p) = 1 for every k.

5.2. Let NNV, denote the subset of H? consisting of the elements f which do not
vanish in D. Suffridge [13] investigated the extremal problem

~ (k)

C(k,p) = sup {Re ! k:'(O) e = 1}~
FEN, :

Clearly it holds that C(k, p) < C(k,p). By Lemma 4 (see also [5, p. 143]) this is an

equality when p = 1. For 1 < p < oo this inequality is strict, by the strict convexity

of HP and the fact that f(z) = 2* are not in N?.

Note that Conjecture 1 is equivalent to the claim 5’(k,p) =C(k,p)for0<p<1
and k > 1. In particular, we observe that [2, Thm. 4.1] and Theorem 1 extend the
statements for 0 < p < 1 in [13, Thm. 2] and [13, Thm. 7], respectively.

The approach employed in [13] to study C(k,p) is related to the approach of
the present paper to study C(k,p). The difference is that the version of Lemma 4
for N, does not contain a Blaschke product, but instead contains a singular inner
function. It is conjectured on [13, p. 187] that this singular inner function is trivial
when 0 < p < 1. This conjecture is evidently a consequence of Conjecture 1 in view
of Lemma 4.

5.3. Fix 0 <r <1 and let H? denote the subset of H? consisting of the elements
f for which | f(0)| = r. For k > 1, consider the extremal problem
Fa()
Crth) = sup {re 0 s =1

feHt

This extremal problem was solved by Beneteau and Korenblum [1] in the range
1 < p < oo as follows. They first demonstrate that C,(k,p) = C,(1,p) holds
for every k > 1 using F. Wiener’s trick, which relies on the triangle inequality.
Following this, they solve the extremal problem directly in the case k& = 1 using
the factorization f = BF similarly to how we used the factorization f = gh?/P~1
above. Inspecting the solution, it is easy to verify that the function r — C,.(k,p) is
decreasing from Cy(k,p) =1 to Cy(k,p) = 0.

We make a couple of comments on this extremal problem in the range 0 < p < 1.
Since the triangle inequality here takes the form

1 + 9l < 15w + lglEres

we find by F. Wiener’s trick that C,.(k,p) < k*/P~1C,.(1, p). This estimate should be
compared with the Hardy—Littlewood estimate C'(k,p) < El/r=1C (1, p) mentioned
in the introduction. The situation for & = 1 is also different, since by (2) and (3)
we find that the maxima of the function r — C,.(1,p) is in the range 0 < p < 1
attained at 7 = (1 — p/2)'/7.

5.4. The dual space of HP with 0 < p < 1, is (non-isometrically) identified in [4]
through the embedding

JUCICEREED

19 dA(2)
T

< Cpllfllav,
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where dA denotes Lebesgue area measure and Cp, > 1. The embedding is, of course,
also due to Hardy and Littlewood [7]. It is conjectured (see e.g. [3, Sec. 2]) that

Cp

=1 for every 0 < p < 1, but this is known to hold only when 1/p is an integer.

Assuming that this conjecture holds, we can obtain the estimate

U TG+

O(lap)g(2(;—1)/01rk+1(1_r2)é—2d7«) -

5HU0G)

For comparison with Theorem 1 and Theorem 2, we record the special cases

1 16

C(2,p)<- and  (C(3,2/3) < — =1.6976...
P 3T
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