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Abstract: Beam-steering lens arrays enable solar tracking using millimeter-scale relative
translation between a set of lens arrays. This may represent a promising alternative to the
mechanical bulk of conventional solar trackers, but until now a thorough exploration of possible
configurations has not been carried out. We present an approach for designing beam-steering
lens arrays based on multi-objective optimization, quantifying the trade-off between beam
divergence and optical efficiency. Using this approach, we screen and optimize a large number of
beam-steering lens array configurations, and identify new and promising configurations. We
present a design capable of redirecting sunlight into a <2° divergence half-angle, with 73.4%
average yearly efficiency, as well as a simplified design achieving 75.4% efficiency with a <3.5°

divergence half-angle. These designs indicate the potential of beam-steering lens arrays for
enabling low-cost solar tracking for stationary solar concentrators.

© 2020 Optical Society of America under the terms of the OSA Open Access Publishing Agreement

1. Introduction

Solar concentrators can provide highly concentrated solar power for applications such as
concentrator photovoltaics (CPV), concentrated solar power (CSP), or solar lighting [1]. The
concentrators require accurate solar tracking to achieve high concentration [2], which is usually
performed by rotating the concentrator to face the sun. Recent work has considered the use of
tracking-integrated systems that can track the sun without being rotated by an external solar
tracker [3–7].
One approach is the concept of beam-steering, where a tracking-integrated system emits

collimated light, which can be concentrated in a separate concentrator [3], as illustrated in
Fig. 1(a). This approach allows the design of the concentrator optics to be independent of the
design of the tracking optics, and it enables the beam-steering system to be used for different
applications. Several beam-steering concepts have been proposed for solar tracking, including
electrowetting to change the angle of the interface between two liquids with different refractive
indices [8], microfluidic beam-steering arrays [9], rotating prism arrays [10], liquid crystals
controlled by electric fields [11], rotating off-axis Fresnel lenses [12], and beam-steering lens
arrays [13–15].

A beam-steering lens array consists of a set of lens arrays arranged in an afocal configuration,
enabling beam-steering by relative lateral translation between the lens arrays [14], as illustrated
in Fig. 1(b). The concept was originally proposed for steering of laser beams [16–18]. In 2012,
Lin et al. proposed utilizing the same concept for single-axis solar tracking, while also proposing
a design method based on the Simultaneous Multiple Surface (SMS) Method [13]. Johnsen
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Fig. 1. (a) Conceptual illustration of how a beam-steering system can be combined with
conventional concentrator optics. (b) Example of a beam-steering lens array: An afocal
stack of lens arrays, which redirects sunlight utilizing relative movement between these lens
arrays.

et al. extended the concept to two-axis solar tracking and demonstrated the use of numerical
optimization for designing the systems [14,15].

By relying entirely on geometrical optics, beam-steering lens arrays have the benefit that they do
not depend on special materials. This can make them compatible with conventional high-volume
manufacturing methods such as injection molding or roll-to-roll processing. A successful design
may, therefore, have a short path towards commercial implementation. However, the design of a
beam-steering lens array requires a careful balancing of the different requirements of the system,
such as tracking range, divergence of the outgoing sunlight, and optical efficiency.
In this paper, we numerically investigate the achievable performance of a large number

of different beam-steering lens array configurations designed for stationary solar tracking
applications. In order to optimize the systems, we propose and use a design method for beam-
steering lens arrays based on multi-objective optimization. Section 2 contains a description of the
concepts and requirements of beam-steering lens arrays. Section 3 introduces the optimization
method and the optimization parameters selected in this work, including a classification scheme
used to generate the different optimized configurations. In Section 4, we present the results of
the numerical optimization, which are further discussed in Section 5.

2. Beam-steering lens arrays

Figure 2 shows the basic paraxial working principle of a basic beam-steering lens array with a pair
of lens arrays stacked in an afocal configuration. The lens arrays are separated by their combined
focal lengths f1 + f2. The system can track incoming sunlight at an angle φ by translating the last
lens array a distance ∆x such that it is always aligned with the image of the sun from the first lens
array:

∆x = f1 tan φ. (1)

In order for all rays to reach the correct lenslet in the array L2, the second focal length must be
smaller than the first. This leads to an angular magnification factor M:

M =
f1
f2
= 1 + 2

f1
d

tan φmax, (2)

where φmax is the highest supported angle of incidence for the beam-steering lens array.
Sunlight has an inherent divergence half-angle of approximately θ = 0.27◦ [19], which is

magnified by this angular magnification factorM after passing through a beam-steering lens array.
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Fig. 2. Paraxial working principle of a simple beam-steering lens array.

The resulting divergence half-angle limits the maximum achievable concentration of a system
with the configuration from Fig. 1(a) according to the fundamental limit to solar concentration
for 2-axis concentration in air [2]:

Cmax =
1

(sin θ)2
(3)

To allow high concentration ratios, it is therefore desirable that the angular magnification of the
system is low. This leads to a trade-off between the tracking range φmax, and divergence angle θ
for this simple paraxial model of a beam-steering lens array.
It has been shown that this magnification factor can be eliminated in laser beam-steering

systems by introducing an additional paraxial field lens to the system, where all three lens arrays
have the same focal length f [17]. This shows the importance of design choices such as the
number and order of surfaces when designing a beam-steering lens array. We call this the
configuration of the system, which is a topic of investigation in this work.

While utilizing the same underlying principle, there are significant differences between earlier
systems for steering of laser beams [16–18] and a system designed for solar tracking:

• In solar tracking, the beam-steering system receives sunlight from varying directions and
emits it in a fixed direction. The earlier proposed laser systems [16–18] work in reverse,
receiving the beam from a fixed direction and emitting in a variable direction.

• In laser systems, the lens arrays usually work in the diffractive regime, and additional
phase-shifting optics are required to enable continuous beam-steering [17]. For solar
tracking covering larger areas, the individual lenslets can be made large enough that
the geometrical optical approximation is appropriate, and the separate lenslets can be
considered individually.

• The steering range used in previously proposed laser systems is 5◦ to 15◦ [18,20,21],
allowing design considerations based mainly on the paraxial approximation presented in
this section. For stationary solar tracking, much larger steering angles are required, and
the simple paraxial approximation presented in this section is no longer sufficient.

• In solar tracking, the systemmust be able to handle broadband sunlight, requiring chromatic
aberration to be taken into account.

Based on these differences, we believe that a design method based on numerical optimization
will be best able to handle the complexities and requirements of solar tracking applications.

3. Design method

We have utilized a numerical design method based on ray-tracing and numerical multi-objective
optimization to design the beam-steering lens array systems. Numerical optimization is routinely
used to design optical systems, and several studies of imaging optical systems have shown how
the design space can be further explored by the use of multi-objective optimization algorithms,
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identifying the trade-off between a set of competing system objectives [22–24]. In this section, we
describe our design method, demonstrating how multi-objective optimization can also be utilized
to design nonimaging optical system, and we specify the conditions for the results reported later
in the paper.

3.1. Formulation of the optimization problem

We consider three main performance objectives for evaluating the performance of a complete
beam-steering lens array:

• Maximizing the efficiency in redirecting sunlight.

• Minimizing the divergence of outgoing sunlight

• Minimizing the cost/complexity of the resulting system
The design of a beam-steering lens array can be considered a multi-objective optimization
problem. An optimized solution must provide a reasonable trade-off between these objectives.
Multi-objective optimization problems can be solved by finding a set of Pareto optimal solutions:
solutions where the performance in one objective cannot be improved without degrading
performance in another objective. In this way, the trade-off between objectives is quantified,
allowing a designer to make an informed choice among the set of solutions [25].
Efficiency and divergence can be quantified as continuous objective functions, allowing a

multi-objective optimization algorithm to map out the Pareto front between these objectives.
Cost/complexity, on the other hand, is difficult to quantify and depends on several factors.
Rather than quantify complexity directly, we consider cost/complexity to be influenced by the
configuration of the beam-steering lens array – the sequence of surfaces and type of relative
movements between them. We have chosen to optimize a broad set of configurations, enabling
the comparison of different configurations with varying complexity, and allowing the selection of
a configuration with the appropriate level of complexity for a specific use case. Cost/complexity
can also be influenced by a number of other factors, including material selection, manufacturing
tolerances, and optimization constraints for manufacturability - all of which are kept constant in
the present work and may be considered more thoroughly in future work.
We formulated the following optimization problem:

min f (x, θmax) = (−η (x, θmax) , θmax) (4)

such that gj (x) ≤ 0, (5)
where θmax is the allowed divergence of outgoing sunlight, x is a set of free variables specifying
the optical system (as listed in Table 2). η (x, θmax) is the average yearly optical efficiency of the
optical system subject to θmax, as described in Section 3.2. The two components of f represent the
two objectives: Maximizing the average yearly efficiency (minimizing −η̄), while also minimizing
the allowed divergence (minimizing θmax). gj (x) is a set of inequality constraints as listed in
Table 3, ensuring manufacturability.

3.2. Average yearly efficiency

The metric of average yearly efficiency is inspired by the work from Ito et al., who elegantly
showed that such a metric could be used to design a tracking-integrated system [26]. We define
the average yearly optical efficiency as the fraction of yearly direct irradiation successfully
redirected in the desired direction:

η (x, θmax) =
Eout (x, θmax)

Ein
, (6)

where Ein is the yearly direct irradiation received by the beam-steering lens array surface, and
Eout (x, θmax) is the yearly irradiation successfully redirected within the permitted exit cone ±θmax.
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This average efficiency can be estimated by integrating across all angles of incidence φ:

η̄ (x, θmax) =
∫ π

0
e (φ) × η (x, θmax, φ) dφ, (7)

where e (φ) = Ein,φ (φ)
Ein

is the normalized angular distribution of irradiation received by the
beam-steering lens array in its installed location. η (x, θmax, φ) is the optical efficiency of the
beam-steering lens for an optical system x, a maximum divergence of outgoing sunlight θmax and
an angle of incidence φ.
In this work, we consider the beam-steering lens arrays to have a fixed orientation, tilted

towards the equator with an angle equal to the latitude of the installation location, as illustrated in
Fig. 3(a). As noted by Ito et al., this orientation gives a peak in irradiation distribution at 22◦−25◦
angle of incidence, irrespective of installation location [26]. We consider the beam-steering
lens arrays optimized in this paper to be installed at a latitude of 40◦. The location of 40◦ was
chosen as an example to demonstrate the principle. However, as demonstrated by Schuster [27],
this angular distribution is virtually independent of installation latitude when the panel is tilted
according to installation latitude. We simulate the angular distribution of solar irradiation using
Meinel and Meinel’s air mass attenuation model [28] and for simplicity assume that cloud cover
is not correlated to time of day or time of year. The resulting normalized irradiation distribution
is shown in Fig. 3(b).

Fig. 3. (a) Assumed orientation of beam-steering lens array during optimization. (b)
Simulated angular distribution of normalized yearly direct irradiation on a lens array with
the fixed orientation from a, installed at a latitude of 40°.

With this formulation, the location of the installation location, weather data, and orientation
of the beam-steering lens array are all contained in the normalized angular distribution of
irradiation, e (φ), as shown in Eq. (7). The same formulation can therefore be used for optimizing
beam-steering lens arrays with the details of a planned installation, by using the appropriate
distribution e (φ). This may include real-world weather data, as well as other orientations, for
instance being oriented east or west, or being mounted on single-axis external trackers.
It is worth noting that η̄ in Eq. (6) is defined relative to the irradiation reaching the front

surface of the beam-steering lens array while it is mounted in its chosen orientation. The cosine
projection loss is therefore not included in the average efficiency, and will give an additional
reduction in intensity compared to a system pointed directly towards the sun. On the other hand,
fixed-orientation systems can increase power conversion per land area due to reduced shading
between modules, as discussed by Price et al. [29]. These effects must be taken into account when
comparing tracking-integrated systems to externally tracked systems, but have been considered
to be beyond the scope of this work. Here, the aim is to compare different stationary systems that
all share the same cosine projection loss.
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3.3. Classifying different configurations

Previously proposed beam-steering lens array designs have utilized both single-sided [13] and
double-sided [14] lens arrays, with relative lateral [30] or curved [13] tracking motion, and with
both two [13], and three [31] lens arrays stacked together. In order to readily specify, compare,
and evaluate different classes of designs, it can be useful to designate specific symbols for each
of the components in a beam-steering lens array. Specific configurations of beam-steering lens
arrays can then be described using a sequence of these symbols.
In this work, we use the set of symbols shown in Table 1.
The symbols from Table 1 can be used to classify both existing and new beam-steering lens

array configurations. For instance:

• The example beam-steering lens array in Fig. 1: _⤸_

• Lin et al., 2012 [13]: J⤸I

• Watson, 1993 [17] (for steering of laser beams): _↓_ and _↓_▤_

• Johnsen et al., 2018 [14]: _⤸_ and J⤸_⤸_

Table 1. Proposed symbols for classifying different beam-steering lens
array configurations.

Symbola Meaning

J Single-sided lens array with the flat side on the right.

I Single-sided lens array with the flat side on the left.

_ Double-sided lens array

JI A pair of single-sided lens arrays placed back-to-back, with index-matched
lubricating oil between them supporting relative lateral translation between
the lens arrays.

↓ Air-gap between lens arrays supporting a flat, lateral tracking trajectory.

⤸ Air-gap between lens arrays supporting a curved tracking trajectory.

▤ Air-gap between two surfaces, but no relative movement between the
surfaces.

aThe symbols are represented by the following Unicode [32] code-points: J=U+25C0,
I=U+25B6, _=U+25C6, ↓=U+2193, ⤸=U+2938, JI=U+25C0 U+200A U+25B6,
▤=U+25A4

3.4. Selecting configurations

Using the presented code for classifying beam-steering lens arrays, we have performed a
comprehensive optimization of all possible combinations of the symbols in Table 1 with a
maximum of 1 air-gap. This leads to a total of 52 configurations, of which 40 contains at least
1 movable surface. These configurations cover the range from complex configurations such
as JI⤸JI, to simple configurations such as JI. Optimizing across this span can therefore
give good insight into the trade-off between minimizing complexity and maximizing system
performance.

3.5. Numerical optimization

The multi-objective optimization problem in Eq. (4) was solved using a memetic version of
the MOEA/D-DE [33] multi-objective optimization algorithm. This algorithm decomposes
the multi-objective problem into a set of scalarized sub-problems that are solved cooperatively.
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We created the scalarized sub-problems by setting θmax in Eq. (4) to fixed values in the range
0.5◦ ≤ θmax ≤ 5◦, which we assume to encompass the region of interest between high-accuracy
and low-accuracy tracking. The MOEA/D implementation from Pymoo [34] was extended
with the differential evolution strategy and the diversity preservation scheme proposed in the
MOEA/D-DE algorithm [33]. The algorithm was then further extended to augment the global
differential evolution with local searches based on SciPy’s [35] implementation of the SLSQP
optimization algorithm [36], as shown in Fig. 4. The resulting memetic optimization algorithm
was run until convergence, with a limit of 10 000 iterations for each beam-steering lens array
configuration.

Fig. 4. The global MOEA/D-DE optimization algorithm is combined with the SLSQP local
optimization algorithm to form a hybrid optimization algorithm. The choice between local
and global search is based on the number of objective function evaluations in the local search,
nfev,local compared to the total number of objective function evaluations, nfev,total. We used
k = 0.5, which means that 50% of the search effort is dedicated to the local searches.

The optimization workflow was managed using Snakemake [37]. Ray-tracing was performed
using a custom sequential three-dimensional ray-tracer, as reported in previous work [14].
Hexagonal lens apertures were used for all simulations to simulate close packing in a lens
array. Optimizations were performed across the AM1.5D solar spectrum [38], and all lenses
were assumed to be made from Poly(methyl methacrylate) (PMMA). Reflection losses and
chromatic aberration were taken into account, while absorption losses were not considered. The
beam-steering lens array is a scale-invariant afocal system (as long as it is operated far away from
the diffraction limit). Absorption losses depend on the dimensions of the system, which were not
specified in these simulations. Reflection losses were estimated according to Fresnel’s equations,
taking the average of Rp and Rs and assuming that the light stays approximately unpolarized
throughout the system. The angular distribution of sunlight was modeled using Buie’s sunshape
distribution model [39], assuming a circumsolar radiation of 5%. Average efficiency, according to
Eq. (7), was estimated using multi-dimensional numerical integration with a quasi-Monte Carlo
method implemented using a low-discrepancy Sobol sequence. Lens surfaces were represented
as 8th order Forbes’ Qcon surfaces [40], and the full set of free variables that was optimized is
listed in Table 2. The lens arrays were optimized for as-built performance by assuming uniformly
distributed positioning errors of ±0.0025 · T where T is the total thickness of the system, and
assuming uniformly distributed slope errors in the surfaces of ±8mrad, as listed in Table 3. If the
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beam-steering lens array design is scaled to have a thickness of 20mm, this would correspond to
a positioning error of 50 µm. In the ray-optical regime, errors such as curvature error, thickness
error, surface waviness, or tracking error, all have the effect of changing the position and slope
at the point where a ray intercepts a surface [2]. All these errors are therefore combined into
the chosen error distribution for slope and position error. These errors were integrated into the
quasi-Monte Carlo integration of Eq. (7) by sampling from these error distributions each time a
ray crosses a surface, and this approach is further discussed in Section 5.2.

Table 2. List of free variables during
optimization of the beam-steering lens arrays

Every surface

R Radius of curvature

k Conic constant

a1, a2, a3 Aspherical Qcon coefficients

t Thickness

For the whole system

c1, c2, c3, c4 Polynomial coefficients representing
tracking motion

Every tracking motion (every JI, ↓, and ⤸)

d Proportionality constant for tracking
motion

Every curved tracking motion (every ⤸)

Rt Radius of curvature of tracking
geometry

kt Conic constant for tracking geometry

at,1, at,2 Qcon polynomial representing
tracking geometry

In addition to assuming a fixed distribution of positioning and slope errors, the effect of these
errors was further investigated by optimizing the JI↓JI configuration for a set of different
error distributions.
In each design, the lateral movements of the different lens arrays were constrained to be

proportional to each other, allowing linked control, sharing the same mechanical actuator. The
aspect ratio of each lens surface was constrained to be 0.5 or less, to prevent excessively curved
lenses. Each lens array was constrained not to be thinner than half the lenslet diameter, to prevent
too thin lens arrays, and also to be no thicker than 3 times the lenslet diameter, as summarized in
Table 3.

These assumptions and constraints were chosen as an example of fairly permissive constraints,
to explore a broad design space and get an overview of the performance of different configurations
of beam-steering lens arrays. When planning a physical realization of such a system, these
constraints would be modified according to the requirements of the chosen fabrication process.
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Table 3. Manufacturing errors and
manufacturing constraints assumed during

optimization.

Assumed manufacturing errors (uniform
distributions, T is total system thickness)

Position error ±0.0025 · T

Slope error ±8mrad

Constraints (D is lenslet diameter)

Lens thickness (thinnest point) >0.5 · D

Lens thickness (thickest point) <3 · D

Air gap thickness (thinnest point) >0

Air gap thickness (thickest point) <2 · D

Lens aspect ratio <0.5

4. Optimization results

The result of the numerical optimization is shown in Fig. 5. Each line represents a specific
beam-steering lens array configuration, and each point along the line represents a specific design
optimized for the particular trade-off between efficiency and divergence half-angle. Given the
non-convex nature of the optimization problem, the optimization algorithm is not guaranteed
to find the global optimum. The resulting Pareto front therefore only gives a lower bound on
achievable efficiency for a specific configuration and divergence half-angle.

Fig. 5. Set of the best performing optimized configurations, mapping out the trade-off
between efficiency and divergence half-angle. The value in brackets below the divergence half
angle represents the ideal geometric concentration at this divergence half-angle, according
to Eq. (3).

Due to the number of optimized configurations, only the best-performing configurations are
shown in Fig. 5. The full set is available in Fig. 11.



Research Article Vol. 28, No. 14 / 6 July 2020 / Optics Express 20512

4.1. Selected results

Each point along the lines in Fig. 5 represents a separate beam-steering lens array design. We
report on two of those designs in more detail, representing different trade-offs between efficiency,
divergence, and complexity. The first result is aJI↓JI configuration optimized for a divergence
half-angle of ±2◦, which achieves 73.4% average yearly efficiency. This represents a configuration
with high complexity, low divergence, and high efficiency. The result is highlighted with a blue
circle in the Pareto fronts in Fig. 5, and a ray-traced drawing of the system can be seen in Fig. 6.
Simulated efficiency across the tracking range is shown in Fig. 8(a) and is overlaid with a yearly
irradiation distribution in Fig. 8(b).

Fig. 6. Beam-steering lens array with JI↓JI configuration optimized for 2◦ divergence
half-angle ( in Fig. 5), drawn at 0◦ and 40◦ angles of incidence respectively. The black
arrows indicate tracking motion. The drawing shows a 2 -dimensional slice of the optimized
system, which consists of hexagonally packed three-dimensional lens arrays.

The second result is a JI↓I configuration optimized for ±3.5◦ divergence half-angle, which
achieves 75.4% average yearly efficiency. This is an example of a systemwhere a lower mechanical
complexity is traded for a higher permitted divergence half-angle. The result is highlighted with
a brown circle in the Pareto front in Fig. 5, and a ray-traced drawing of the system can be seen in
Fig. 7. Simulated efficiency across the tracking range is shown in Fig. 8(a), and is overlaid with a
yearly irradiation distribution in Fig. 8(b).

A ray-traced 3D model of the two selected designs is shown in Fig. 9. Zemax OpticStudio
models are available as we show in Code 1 (Ref. [41]), and a comparison between the Zemax
OpticStudio models and the internal ray-tracer models are included in Appendix C.

4.2. Influence of position and slope errors

To investigate the influence of position and slope errors on the optimization results, the JI↓JI
design was optimized for a set of error distributions with magnitudes different from the ones
described in Table 3. The Pareto fronts for the different error distributions is shown in Fig. 10(a),
while a tolerance analysis of selected designs is shown in Fig. 10(b). In addition, all configurations
were also optimized for nominal performance assuming no errors, and the resulting Pareto fronts
are included in Fig. 12 in Appendix B.

https://doi.org/10.6084/m9.figshare.12505784
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Fig. 7. Simplified beam-steering lens array with JI↓I configuration optimized for 3.5◦
divergence half-angle ( in Fig. 5), drawn at 0◦ and 40◦ angles of incidence respectively.
The black arrows indicate tracking motion. The drawing shows a 2-dimensional slice of the
optimized system, which consists of hexagonally packed three-dimensional lens arrays.

Fig. 8. (a) The two selected beam-steering lens arrays have >80% efficiency for ±40◦angle
of incidence, and a gradual drop-off in efficiency at larger angles of incidence. The dashed
curves show nominal performance, while the continuous curves show expected performance
with the chosen set of error distributions. (b) When the systems are placed in a fixed
orientation as described in Section 3.2, this efficiency distribution corresponds to average
yearly efficiency of 73.5% for the high concentration design and 75.6% for the simplified
design, respectively.
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Fig. 9. Ray-traced 3D-model of the two selected beam-steering lens arrays, both shown at a
40◦ angle of incidence. (a) JI↓I configuration optimized for a permitted divergence of
3.5◦, (b) JI↓JI configuration optimized for a permitted divergence of 2.0◦.

Fig. 10. (a) Optimized Pareto fronts for the JI↓JI configuration, assuming different
scaled versions of the error distributions in Table 3. 100% corresponds to the values
reported in the table. The achievable performance is strongly influenced by the scale of
manufacturing errors, as can be seen by the large changes to the Pareto fronts. (b) The
selected designs from a are simulated at different error distributions to see how sensitive they
are to errors. The system optimized for nominal performance has the highest performance at
zero manufacturing errors, but is also the most sensitive to such errors.
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5. Discussion

Stationary solar tracking requires beam-steering lens arrays with a wide dual-axis tracking range,
making it difficult to rely on paraxial models and experience from conventional optical design to
choose the ideal configuration. The use of numerical multi-objective optimization has enabled
screening of many different configurations, to identify designs that are promising for future
implementations of this concept.

The optimization results show that fairly complex optical systems are required to achieve high
efficiency and low divergence for stationary solar tracking. The complex JI⤸JI and JI↓JI
configurations outperform all the other configurations in Fig. 5 across the entire Pareto front.
At higher permitted divergence half-angles, some additional systems achieve relatively high

efficiency, more specifically the class of systems starting with a JI-pair of single-sided lens
arrays.
Simpler configurations with only 1 moving surface, such as _⤸_ or JI do not have the

required degrees of freedom to enable high-efficiency stationary solar tracking. As seen in Fig. 5,
the _⤸_ configuration only achieves 67% average yearly efficiency when divergence half-angle
is permitted to be as high as ±5.00◦.
The selected results presented in Section 4.1 represent two different prioritizations of the

different objectives, and they represent designs that we believe might be of interest for solar
energy applications. The high-complexity JI↓JI design in Fig. 6 redirects sunlight into a
narrow cone of ±2◦ divergence. It may therefore be relevant for high concentration applications,
such as concentrator photovoltaics (CPV) or high-temperature concentrated solar power (CSP)
applications. Figure 5 shows how even higher performance can be achieved with a JI⤸JI
configuration, but the additional complexity in implementing a curved tracking trajectory might
not be worth the relatively minor improvements to performance.
The selected JI↓I design offers a simpler mechanical implementation with 3 lens arrays

instead of 4. This reduced complexity comes at the cost of increased permitted divergence
half-angle. The permitted divergence angle of ±3.5◦ represents a geometric concentration limit
of 268x according to Eq. (3), which is still 26% higher than the 1

sin(0.27◦) ≈ 212 concentration
limit of conventional linear trough concentrators with single-axis tracking [2]. We therefore
believe that this design might be of interest for low- to medium temperature CSP applications.

The beam-steering lens arrays demonstrated here emit collimated and redirected sunlight. To
be used in CSP or CPV applications, these devices must be combined with a solar concentrator,
for instance in the configuration illustrated in Fig. 1(a). An investigation into the best way to add
such a concentrator, as well as a comparison of the resulting performance compared to other
tracking-integrated solar concentrators, will be of interest for future development of this concept.

5.1. Optimizing for as-built performance

As described in Section 3.5, the systems were optimized for as-built performance by estimating
the expected efficiency under the influence of manufacturing errors. Optimizing the systems for
as-built performance is important because a system optimized for nominal performance can be
very sensitive to manufacturing errors, while a system with slightly lower nominal performance
may exhibit significantly lower sensitivity to surface errors [42]. We consider optimization
for as-built performance to be especially important in the type of screening performed in this
work, in order to not unrealistically favor highly complex configurations that may turn out to
require very strict manufacturing tolerances. This effect is demonstrated in the tolerance analysis
in Fig. 10(b): The system optimized for nominal performance is more sensitive to errors than
systems optimized for as-built performance.
The optimization results are strongly affected by the chosen error distributions, as seen in

Fig. 10(a), where the same configuration has been optimized for different error distributions.
The distributions in this work were chosen as an example to demonstrate how the systems can
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be optimized while taking manufacturing errors into account, and as a common ground for
comparing the different beam-steering lens array configurations. When planning a real-world
implementation of a beam-steering lens array, these error distributions should be updated to
more accurately match selected manufacturing tolerances of the chosen lens molding process
and system assembly.

Due to the strong influence of the error distributions, it can be difficult to compare the results
in Fig. 5 with other related work optimized for different tolerances, or for nominal performance.
For this reason, we have also included Pareto fronts optimized for nominal performance, available
in Fig. 12 in Appendix B. The nominal results in Fig. 12 can be useful for comparing the beam-
steering lens array configurations in this work against other alternatives optimized for nominal
performance. However, we expect the nominal designs to be too sensitive to manufacturing
errors to be used as a basis a physical beam-steering lens array, and therefore keep them outside
the main body of the paper.

5.2. Implementation

There is no universally accepted way to optimize an optical system for reduced sensitivity to
manufacturing errors, and different optical design software packages have implemented different
heuristics to try to achieve this goal [42]. The task is especially challenging in conventional
optical design, where the design of each individual system is of interest. In these designs,
tolerance analysis is typically performed by sampling each surface error from the manufacturing
tolerances, before applying an error compensation such as a refocus and simulating the resulting
performance of the whole system. In the case of a beam-steering lens array, on the other hand,
the object of interest is the combined average performance of the full set of lenses in the lens
arrays, each subject to their own set of errors. We have therefore chosen to directly integrate
the error distributions into the objective function by including them in the quasi-Monte Carlo
integration of Eq. (7). In this way, each ray traced through the system is subject to a unique set of
manufacturing errors sampled from the error distribution. This approach enables fast calculation
of the average performance of a system subject to the selected error distributions, allowing the
estimate to be directly used during optimization.

Unlike conventional tolerance analysis, our approach does not enable the use of compensators.
The estimate might, therefore, be too pessimistic when estimating the influence of lateral
positioning errors, which can likely be partially compensated for by the closed-loop tracking
system in a physical realization of a beam-steering lens array. When planning a real-world
implementation of a beam-steering lens array, the resulting design should therefore also be
subjected to conventional tolerance analysis to more accurately validate the predicted as-built
performance.

5.3. Multi-objective optimization

The use of a multi-objective optimization algorithm has enabled a comprehensive screening a
large number of configurations of beam-steering lens arrays for stationary solar tracking, without
having to make an upfront decision for the trade-off between permitted divergence angle and
efficiency.

The permitted divergence angle is related to the achievable concentration ratio through Eq. (3).
The trade-off curves in Fig. 5 are therefore a representation of the efficiency-versus-concentration
curves known fromNonimaging Optics [2], and the objective function in Eq. (4) can be considered
a special case of the overall problem in Nonimaging Optics of simultaneously optimizing both
efficiency and concentration. The use of multi-objective optimization algorithms may, therefore,
be of general interest to several problems in the field of Nonimaging Optics, and may constitute a
topic of further future investigation beyond the topic of beam-steering lens array design.
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6. Conclusions

We have performed a thorough screening of beam-steering lens array configurations in order to
identify the most promising configurations for stationary solar tracking applications. This was
enabled by using a set of symbols to specify and generate each configuration, and optimizing each
configuration using multi-objective numerical optimization. The multi-objective optimization
approach has enabled the optimization of beam-steering lens arrays without having to make an
up-front decision for the trade-off between efficiency and divergence. The approach also enables
the handling of manufacturing constraints and expected manufacturing errors, and may be of
interest for other design problems in the field of nonimaging optics.
From this screening, we have identified beam-steering lens array designs capable of high

efficiency full-day stationary solar tracking, and we specifically picked out two designs that
might be candidates for solar energy applications. The first design has relatively high mechanical
complexity with 4 optical surfaces, and can be suitable for high-concentration applications,
achieving 73.4% average yearly efficiency in redirecting sunlight into a <2◦ divergence half-
angle. The second system has lower complexity, with 3 optical surfaces, and may be suitable
for low-concentration applications. It achieves 75.4% average yearly efficiency in redirecting
sunlight into a <3.5◦ divergence half-angle. These reported configurations may contribute to
the development of low-cost tracking-integrated solar energy, and further the development of
tracking-integrated solar concentrators.
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Appendix A Full optimization results

Fig. 11. Full set of trade-off curves for different configurations of beam-steering lens arrays
optimized as described in Section 3.5.
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Appendix B Full optimization results optimized for nominal performance

Fig. 12. Full set of trade-off curves for different configurations of beam-steering lens arrays
optimized as described in Section 3.5, but assuming nominal performance instead of as-built
performance.

Appendix C Details on Zemax OpticStudio model

Zemax OpticStudio models of the two selected beam-steering lens array designs is available in
the supplementary materials Code 1 (Ref. [41]). These models are used to document and verify
the designs, and also used to create the 3D models in Fig. 9. However, due to limitations in
Zemax OpticStudio, the models do not capture the full complexity of the Python ray-tracer used
during optimization.

https://doi.org/10.6084/m9.figshare.12505784
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The Zemax OpticStudio model includes a Merit Function used to evaluate optical efficiency
at the discrete set of angle of incidence. This merit function is used to verify the performance
of the beam-steering lens arrays, as shown in Fig. 13. However, the merit function does not
implement the design method described in Section 3, and is not suitable for optimization using
the built-in optimization algorithms in Zemax OpticStudio, which do not support multi-objective
optimization.

Fig. 13. Comparing internal Python model and Zemax OpticStdio model of the selected
beam-steering lens array designs. The Zemax OpticStudio model assumes nominal per-
formance and constant azimuth angle, and the simulated efficiencies agree well with the
internal Python model when these assumptions are replicated.

The efficiency estimate from Zemax OpticStudio contains the following set of simplifications
compared to the Python model:

• Tracking motion is represented at a set of discrete angles of incidence using the multi-
configuration functionality in Zemax OpticStudio. During optimization, tracking motion
is represented as a continuous function of angle of incidence.

• The builtin PMMA material model in Zemax OpticStudio is only defined between 365nm
and 1060nm, and the AM1.5D solar spectrum is therefore clipped to this range. During
optimization, the whole AM1.5D spectrum is used.

• For simplicity, the Zemax OpticStudio model only demonstrates solar tracking across 1
axis – in other words, with a constant azimuth angle. Since lenslets are packed hexagonally
and thus not completely rotationally symmetric, tracking performance is not fully uniform
across different azimuth angles. During optimization, the azimuth angle is included as an
integration dimension in the multi-dimensional quasi-Monte Carlo integration of Eq. (7).

• The Zemax OpticStudio model estimates nominal system performance, not as-built
performance, as discussed in Section 5.1.

• During optimization, the lenslet surfaces are represented using 8th order Forbes’ Qcon

surfaces [40]. When creating the Zemax OpticStudio models, this representation is
converted to an even polynomial representation, in order to be represented as Zemax
OpticStudio’s “Hexagonal Lenslet Array” object type.
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• The Zemax OpticStudio system is modeled as a lens array with 9 by 9 lenslets, and the
source is modeled as a rectangular source aimed towards this array. There might therefore
be small edge-effects, where some of the lenslets are only partially illuminated. During
optimization, an infinite array of lenslets is assumed.
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