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Abstract
The effects of temperature on electronic structure is usually neglected because of energy gaps
being much larger than the thermal energy. This however does not hold for systems such as
condensed matter, which is highly relevant for fields like high temperature superconductors
and the semiconductor industry. New developments of finite-temperature Green’s function
methods seek to address this. Here we look at the GF2 method and its recent progress in the
applications on periodic systems. The method has been used to predict the phase properties
of the 1D periodic hydrogen lattice at various temperatures and pressures, and thus the
construction of a phase diagram. It has also been tested on the 1D boron nitride lattice,
a larger, more realistic system, where similar phase properties was computed at various
temperatures. The predicted band gap matched the expected magnitude from the real 2D
counterpart.
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1

Introduction

In electronic structure theory, temperature effects are usually not taken into account. This
is due to the fact that the magnitude of energy from temperature is usually much lower
than the difference of electronic energy levels. For molecular systems, almost all temperature
dependent effects are due to vibrations. However, for larger systems where there are many
states close in energy, temperature effects suddenly become a very important contribution to
the electronic structure. This is highly relevant for fields such as high temperature superconductors and semiconductors, where the temperature dependence of the electronic structure
is one of the key effects that determines the very specific qualitative properties, such as super
conductivity, that is desired for such materials. For all current day applications of superconductors, as well as all research into quantum computing, large amounts of expensive cooling,
often using liquid helium, is required.
There have been some work to adapt the traditional quantum chemical methods to incorporate temperature in the calculations. The Hartree-Fock method (HF), which is a cornerstone
of quantum chemistry and a starting point for a many other methods, has finite-temperature
variants[1]. However, Hartree-Fock is, even for zero-temperature calculations, inadequate for
describing a many chemical phenomenon because of its defining lack of description of the
electronic correlation energy by being a mean-field method. Other methods that build on
top of the Hartree-Fock solution have been developed, so called post Hartree-Fock methods.
In HF the wave function is parameterized as a single Slater-determinant[2, 3], but these post
HF methods are usually based on some form of taking various excited state determinants
into account. Most notably, the configuration interaction (CI) formalism is a straightforward
approach, where contributions of excited determinants are determined by variation. The
full CI (FCI) method takes all of these determinants into account, and because they form
a complete set of functions the method is exact. However, because of binomial scaling of
the amount of determinants, this method is completely infeasible computationally. For more
than benchmarks on very small systems, truncated methods such as CIS and CISD, where,
respectively, only singly (S) and singly + doubly (SD) excited determinants are used. These
methods have also been adapted for finite temperature[4, 5], however the computational
cost of this quickly becomes too much because of the need for finding both excited state
determinants and corresponding Boltzmann-factors.
Because of the straight forward manner in which CI methods parameterize excited determinants, many properties are lost in the truncated methods such as size-consistency. This can be
improved by parameterizing the excited determinants in a more intelligent way, which gives
rise to methods such as MP2 perturbation theory and coupled cluster theory. These methods
also have finite temperature variants[6, 7, 8, 9]. However, as for the CI formalism, the extension of these methods to incorporate temperature is similarly convoluted and expensive,
so it seems as though in general it would be useful to have some alternative to wavefunction
models for modeling temperature dependent properties.
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The Density functional theory (DFT) formalism has given rise to some very popular methods
that have been the workhorses of quantum chemistry and molecular modeling for decades.
However, a notorious difficulty of these methods is that the exchange-correlation functional
is difficult to parameterize. Because of this, many such functionals have been developed,
based on different criteria depending on what properties one wants to describe. Many of
these functionals are based on empirical data and good accurate benchmarks from other
methods, such as FCI. There does exist a finite-temperature DFT formalism[10, 11]. The
problem however, is that there does not exist any widely used finite-temperature methods
that could serve as a benchmark for developing functionals, which is already a problem in
the zero temperature case. Because of this there has not been much research into its use,
and it remains a quite unexplored territory, apart from some studies that have been done on
warm dense matter[12]. Because of the lack of research, there is also very little knowledge
about how many virtual orbitals one has to use to get accurate descriptions of systems. This
makes for a lot of overcompensation with how many orbitals are used, which comes at a great
computational cost. There is some research into orbital-free DFT[13], however this is also a
very much unexplored area.
A much less used method for electronic structure is the use of Green’s functions. Green’s
functions are a very general tool for solving differential equations[14], that has seen a lot of use
in different fields for a long time, but has not until recently found its way into computational
chemistry. In quantum mechanics, the theory of Green’s functions (often called propagators)
has been well known for a long time[15], however for the many-body interactions of realistic
systems, such as large molecules and solids, the methods have been computationally cumbersome compared to methods such as DFT because of the memory requirements of computing
on large complex energy grids. However in recent years, as computing power and memory
becomes progressively cheaper, the methods have resurfaced and more research has gone into
developing them.
In contrast to the wavefunction models, the temperature dependence in Green’s function
models arises in a much more straight forward manner and has been derived in numerous
books[16, 17, 18]. However, because of the memory requirements, numerical calculations
of thermodynamic quantities, using a fully self-consistent imaginary axis Green’s function,
have until recently mostly been done on small model systems [19, 20, 21, 22]. There has been
some large scale real axis Green’s function calculations for single shot G0 W0 , GW0 , or semi
self-consistent GW for large realistic systems[23, 24, 25, 26, 27, 28, 29]. These calculations
however, can produce non-unique thermodynamic quantities. Until now only a few research
groups have generalized the self-consistent finite-temperature Green’s function formalism to
deal with a general Hamiltonian[30, 31, 32, 33, 34, 35].
To shed light on the current state of temperature dependent Green’s function methods I
will here take a look at a the first application of this Matsubara formalism for calculation
of thermodynamic properties of periodic systems[36], as well as an application of one of the
previously popular GW approximation method on nickel oxide.
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2

Theory

2.1

General Green’s function and the Schrödinger equation

A Green’s function is a solution to an inhomogeneous differential equation of the form [37]
[z − L(r)]G (r, r0 ; z) = δ (r − r0 ) ,

z∈C

(2.1)

where L(r) is some linear, Hermitian differential operator, δ is the Dirac delta function and
G is the Green’s function.
Using
δ (r − r0 ) L(r) ≡ hr|L|r0 i
G (r, r0 ; z) ≡ hr|G(z)|r0 i

(2.2)

hr|r0 i = δ (r − r0 )
R

dr|rihr| = 1

we can rewrite (2.1) as
(z − L)G(z) = 1

(2.3)

If we now assume L to possess a complete set of eigenfunctions φn with corresponding eigenvalues λn we have
L |φn i = λn |φn i

(2.4)

hφn |φm i = δnm

(2.5)

X

|φn i hφn | = 1

(2.6)

n

(2.3) can now be solved as
1
z−L

(2.7)

1 X
|φn i hφn |
z−L n

(2.8)

G(z) =
multiplied by (2.6) to get
G(z) =

and distribute into the the unitary operator and substitute L with the corresponding eigenvalue for each n
G(z) =

X 1
X |φn i hφn |
1 X
|φn i hφn | =
|φn i hφn | =
,
z−L n
z
−
L
z
−
λ
n
n
n
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z 6= λn

(2.9)

We can now see that G is a sum of poles which correspond to the eigenvalues of L. To define
G when z = λn we can use the following limit
G± (r, r0 ; λ) ≡ lim+ G (r, r0 ; λ ± is)

(2.10)

s→0

We can now express the solution of the form
[z − L(r)]u(r) = f (r)

(2.11)

in terms of the Green’s function[38]
( R
u(r) =

R

G (r, r0 ; z) f (r0 ) dr0

: z 6= λn

G± (r, r0 ; λn ) f (r0 ) dr0 + φn (r) : z = λn

(2.12)

If we let L(r) be the Hamiltonian operator, H(r) with eigenvalues En , the time independent
Schrödinger equation can be written as
Hψ = Eψ

(2.13)

[E − H(r)]ψ(r) = 0

(2.14)

or equivalently

We can then define the Green’s function for the Schrödinger equation as the solution of
[E − H(r)]G (r, r0 ; E) = δ (r − r0 )

(2.15)

which gives the solution to the Schrödinger equation as
( R
ψ(r) =

2.2

R

G (r, r0 ; z) dr0
G± (r, r0 ; λ) dr0 + φ(r)

: z 6= λn
:z=λ

(2.16)

Green’s function pertubation theory

For many-body interactions, a common approach to compute the Green’s function is to use
perturbation theory, where the solvable part would be to find the non-interacting Green’s
function G0 and the pertubation would be the interaction[36]. We would then partition the
Hamiltonian as
H = H0 + V

(2.17)

where H0 is the Hamiltonian for the free particle, and V is an interaction.
From this the Green’s function is expressed as a geometric series in terms of the noninteracting Green’s function and the interaction, which gives the Dyson equation
G=

1
−V

G−1
0
6

(2.18)

To describe the interaction V , the interacting Green’s function is treated as having a series
of encounters with an interaction called the self energy. This is the energy the particle has
because of its interaction with the rest of the system, and in turn interacts with itself. The
self energy is then a description of all of the many-body interactions of the system. It is
found by solving the Dyson equation as
−1
Σ = G−1
0 −G

2.2.1

(2.19)

Temperature dependent Matsubara Green’s function

The temperature dependent Matsubara Green’s function formalism was introduced in 1955[39].
This is a statistical theory, relying on boltzmann-factors (c−βH ) to compute ensemble quantities. The Matsubara Green’s function for an electron can be written as


†
Tr e−βH Cpσ (t0 ) Cpσ
(t)
G=
Tr (e−βH )

(2.20)

Time dependence in operators comes from time evolution operators
Cpσ (t) = eitH Cpσ e−itH

(2.21)

similarly to the time evolution factors in time dependent solutions of the Schrödinger equation. For a complete set of eigenfunctions of the Hamiltionian φn , any solution to the
Schrödinger equation (2.13) can be written as a linear combination of the eigenfunctions
ψ(r) =

X

Cn φn (r)

(2.22)

n

These eigenfunctions, have an inherent time-dependence φn (r, t) = eitEn . This comes from
the time dependent Schrödinger equation. Any solution to the time dependent Schrödinger
equation can be written as a linear combination of these time dependent eigenfunctions
ψ(r, t) =

X

Cn φn (r, t) =

n

X

Cn eitEn φn (r)

(2.23)

n

Both Boltzmann factors and time evolution operators e−itH are in exponential form. We can
therefore treat time as a complex inverse temperature by using e−βH eitH = e(−β+it)H
The Green’s function is Fourier transformed into
1
(2.24)
iω − H
where G can be computed by frequency sums over unperturbed Green’s functions. For
G=

Matsubara Green’s function, this is a sum over Matsubara frequencies
iω =

(2n + 1)iπ
,
β
7

n = 0, 1, 2, . . .

(2.25)

We can now obtain the partition function (Z) which is an important quantity from statistical
mechanics, from which many thermodynamic quantities can be derived. The partition function can be obtained from Z = e−βΩ where Ω is the grand potential. The grand potential,
defined as
def

Ω = E − T S − µN

(2.26)

can be computed directly from the Green’s function as
Ω=



1
Φ − Tr ΣG + ln Σ − G−1
0
β

(2.27)

where Φ is the Luttinger-Ward functional, computed as
∞
X


1
Φ=
Tr Σ(m) G
2m
m=1

(2.28)

where m is the level of truncation of the self-energy. Poles of the Green’s function along the
real frequency axis correspond to electron removal/addition energies giving a connection for
evaluating spectra
−1
Tr[Im G(ω)]
(2.29)
π
The Helmholtz free energy (A = E − T S) can be connected to the grand potential through
A(ω) =

A = Ω + µN

(2.30)

where N is the number of electrons. This gives a way to calculate the entropy
E − Ω − µN
(2.31)
T
where the internal energy (E) can be evaluated through the Galitskii-Migdal formula[36]
S=

E=

Nω
1
2X
Tr[(h + F )γ] +
Re (Tr [G (iωn ) Σ (iωn )])
2
β n

(2.32)

where γ is the one-body density matrix, h is the one-body Hamiltonian, F is the Fock-matrix,
and Nω is the size of the complex grid.
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3

Discussion

To shed light on the current state of temperature dependence in Green’s function methods we
will look at some recent progress in the application on periodic systems, as well as a look at
the use of similar methods on realistic systems in the past. As mentioned, Green’s function
methods have been used heavily on realistic systems such as transition-metal oxides and
semiconductors. This has many applications in fields like high-temperature superconductors,
microprocessor-technologies and others where the electronic properties of solids at various
temperatures are important. The methods that have seen a lot of use in the last few decades
rely heavily on approximations such as the GW approximation. This is a truncated Green’s
function approach which has the potential of losing a lot of higher order information and
produce unreliable and non-unique thermodynamic properties. As the approximations have
seen much use, it is natural that there has been much research into the improvement of
the self-consistency conditions to produce the best results possible. However, to completely
eliminate the shortcomings of these approximations, it is desired to compute a fully selfconsistent imaginary axis Green’s function. This seems to be similar to the evolution from
early mean field approaches like HF to the further development for computing correlation
energies that lead to methods like coupled cluster. These methods are much harder to
rigorously generalize because of the nature of the analytic continuation onto the real axis
that is needed to extract useful quantities. A common model system to serve as a good
benchmark for the computation on periodic systems is the 1D periodic hydrogen lattice.
Except for research specifically into metallic hydrogen, this is not in and of itself a realistic
system, but it does serve as a good stepping stone to the further investigation of more
realistic systems. Even though it is the simplest possible periodic system, it does show some
properties that is characteristic of more complicated solids, such as different phase properties
at different temperatures and pressures that reminisce that of more realistic solids. We look at
the application of the recently developed GF2 method on this system, as well as for a simple
computation of thermodynamic quantities on the HF molecule at various temperatures and
compared to data from Hartree-Fock. We will also look at one of the main current limitations
of the method, being the computation of temperature dependent ionization potentials and
electron affinities. [2]

3.1

Electronic Structure of NiO by GW approximation

As briefly mentioned in the introduction, the GW approximation (GWA) has seen much use
on different realistic systems. This is an approximation of the self energy (2.19) where it is
expressed as a Taylor-series of a screened interaction W and truncated to first order. This
has been a good, and computationally feasible method for computing approximations to the
many-body correlation effects that arise in solids. A notable example is the nickel oxide
crystal. This has been a notoriously hard material to computationally describe accurately
9

as conventional band models as DFT and HF predict that it should behave like a metal
with a band gap of 0.2 eV[40], but experimentally has shown clear insulator properties with
a band gap of around 4 eV[40]. The first ab-initio computation on NiO taking electron
correlations properly into account was done by a GW approximation[40]. This is a much
better approximation than the band models, however, they note that a satellite peak is
missing from the spectra they produced. They explain that these types of satellite peaks are
expected to be absent for the GW approximation since they seem to be inherently linked to
higher order terms in the self-energy, which GWA by definition does not include. We will see
that the fully self-consistent Matsubara Green’s function includes these contributions.

3.2

Comparison of GF2 and HF on the HF molecule

In [36] they use the hydrogen fluoride molecule (HF) as a simple benchmark. They compute
the internal energy E, the Helmholtz energy A, and the entropy S. They compare the Green’s
function method to second order (GF2) to Hartree-Fock, using FCI for the exact values,
using the STO-3G basis as a minimal basis. As the goal was a simple benchmark to compare
methods, rather than the accuracy of the quantities, a minimal basis is fine. To get accurate
results at high temperature, they note, you would need a very large basis set. They also note
that the calculation on the HF molecule is somewhat pointless as the electronic contribution
to thermodynamics is negligible for small molecular systems. It does however work as a small
simple comparison of the methods where the exact values are known. They have produced
some plots which compares the results from HF and GF2 to the exact values from FCI. The
temperature range here is quite large (103 −108 K) since the HOMO-LUMO gap in HF is huge
compared to low temperature energies. For intermediate temperatures GF2 is consistently
closer to FCI than HF, but in the very high temperatures both methods are very close to FCI.
It is expected that HF is close to FCI for very high temperatures as mean field approaches
give good descriptions in the high temperature limit.

3.3

Calculations on periodic 1D hydrogen

Perhaps the most interesting results from [36] is from their computations on a 1D periodic
hydrogen lattice. They did this at various temperatures and pressures. Pressures are simulated by changing the bond distance where a low bond distance would correspond to a high
pressure and vice versa. Through these calculations they were able to get phase properties
that were organized into a phase diagram where the different possible phases are marked
for each temperature/pressure combination. For intermediate pressures they were able to
recover multiple solutions for each pressure/temperature combination. Whether this is due
to mathematical artifacts of the method, or if they have a physical correspondence to the
possible coexistence of multiple phases does not seem to be well understood. Whenever
multiple solutions were recovered they used the Helmholtz energies, obtainable from 2.30 to
10

determine which was the most stable.
These different solutions were found by starting at different initial guesses and seeing if they
converge to different solutions. For each of the solutions they plotted the analytic continuation of the Green’s function to the real axis. The 2D plots give rise to a correlated band
structure which is somewhat analogous to the conventional band structure from methods
like HF and DFT. The peaks of the spectra would then be interpreted as the equivalent of
the highest occupied and lowest unoccupied crystalline orbitals (HOCO/LUCO). However,
they stress that this is not a perfect correspondence since the Green’s function contains much
more information as it takes all the many-body interactions into account. It is however, a
useful analogy to get a qualitative understanding of the spectra.
For the highest pressure/lowest bond distance, only one solution was obtainable for all temperatures. This was a metallic solution with no band gap, which one might expect for such
conditions. In their previous work on periodic hydrogen[33] they got two solutions with a
small difference in internal energy for the lowest temperature, however, due to improved
convergence criteria they managed to eliminate this difference for this work.
For intermediate pressures, this metallic solution was still obtainable, but for low temperatures, a solution with a band gap is now obtainable from some starting points. The interesting
part is now how the method is able to describe how the gap shrinks and disappears for higher
temperatures. This is one of the key properties of solids that is important to describe to properly describe qualitative differences in, for example, semi conductors at various temperatures.
For high temperatures, they provide some numerical values which indicate that the two different solutions are really the same solutions for high temperatures, with a difference in
Helmholtz below their convergence threshold of 10−5 a.u. For the lower temperatures the
values indicate that the insulating phase is the most stable with a difference in Helmholtz
energy of 0.1 a.u. which interestingly is dominated by the entropy contribution rather then
the internal energy.
For the second lowest pressure, the temperature dependence is reversed from the intermediate
pressures. There was still the two solutions for low temperatures; one metallic and one
insulator, with the insulator being the most stable. In contrast to the intermediate and high
pressures, the metallic solutions have way more chaotic spectra, indicating that this is close
to a phase transition. Both of the solutions converge to the same insulator phase for the
highest temperature, so no metallic phase is obtained. They note that since GF2 is a low
order perturbation expansion, it may fail to be as reliable close to phase transitions as it us
usually more accurate deep into the phases.
For the lowest pressure only one solution is obtainable for all temperatures, which is a clear
insulator phase with a large distinct band gap.
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3.4

Calculations on periodic 1D boron nitride

As a calculation for a larger and more realistic system that has a real 2D counterpart with
both theoretical and experimental research[41, 42, 43, 44, 45], they[36] also did computations
on 1D boron nitride at various temperatures. This is a much larger system than the 1D hydrogen example, with about 6 times more Matsubara frequencies used, but it is still a fairly
small system to serve as a benchmark for the method. They do not compute at different
pressures here as they can use the corresponding bond distance for the 2D counterpart[42].
They provide a similar spectra to the ones for 1D hydrogen, but now only a 1D slice to illustrate the band gap, which they obtain with a magnitude expected from the 2D counterpart.
The temperature evolution of these spectra is as expected, with broadening of the peaks,
and thus reduction of the band gap with increasing temperature. They do note however,
that this requires very robust computations to reproduce reliably because of the nature of
the analytic continuation to extend the imaginary axis Green’s function onto the real axis.
If done insufficiently, this can result in higher order information, like the satellite peaks in
the NiO spectra, to not be visible.

3.5

Ionization potentials and electron affinities from finite temperature Green’s function

In electronic structure it is useful to know ionization potentials and electron affinities. These
have been calculated with great accuracy by multiple various methods for zero-temperature,
however, experimental values are naturally done at finite temperature. The methods they use
include some extensions of HF by using the self energy from the Matsubara Green’s function,
as well as a Green’s function extension of Koopmans’ theorem. As stated previously, finitetemperature adaptations of conventional electronic structure methods like HF and DFT
are very costly and we have seen how the finite-temperature Green’s function formalism
performs very well for computing thermodynamic properties. [36] have explored multiple
different methods for extracting this information. This unfortunately seems to be one of the
great current limitations of the formalism. In general it seems as though this is not simple to
achieve. They state that for small systems such as atoms and small molecules, the apparent
agreement with experimental values for some systems is due to the cancellation of errors,
rather than the method actually being systematically accurate. They conclude that it is very
unclear whether the inclusion of correlation increases the accuracy of the methods. It is clear
that until a lot more research has gone into these kinds of methods, one needs to be very
cautious when evaluating spectra from imaginary axis Green’s function methods, and using
them to determine ionisation potentials and electron affinities.
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4

Conclusion

The use of Green’s function methods in quantum chemistry has seen an increasing use as
the cost of computing power and memory has fallen in the last few decades. As such,
there has been a lot of research into the development of different methods for computing
various properties. One key strength of the Green’s function formalism is the manner in
which temperature dependence can be incorporated. This enables the computation of various
thermodynamic properties in large realistic systems such as periodic lattices.
As Green’s function method are computationally intensive, and hard to rigorously generalize,
approximations like the GW approximation have seen a lot of use on realistic systems. Here
we have looked at one such computation on the notorious nickel oxide. The strongly correlated
electronic structure here makes the compound qualitatively different from the predictions
made by HF and DFT. The Green’s function approach on the other hand, correctly predicts
its insulating nature. However, because of its truncated nature, it does lose some satellite
peaks in the spectra.
In more recent times, a lot of work has gone into the development of a fully self-consistent
Matsubara Green’s function method (GF2). This addresses a lot of the problems with the
previously popular approximations. Here we have looked at the first application of this
method for computing thermodynamic properties, such as Helmholtz energy, internal energy,
and entropy. As a simple molecular example we have looked at the HF molecule with the
STO-3G minimal basis set, which is a simple enough system that the exact values can be
calculated through the finite temperature FCI formalism. For low and high temperatures
GF2 was in excellent agreement with the FCI values and for intermediate temperatures there
was some deviation, but this was well within the magnitude of which Hartree-Fock deviates.
We also looked at the application of this method for the 1D periodic hydrogen lattice. This
was done at various temperatures and pressures (simulated by bond distances). From the
thermodynamic properties a phase diagram was produced, which showed if the system was
in a metal or insulator phase. For intermediate pressures, the method was able to converge
to two different solutions. It seems unclear whether this is because of mathematical artifacts
in the method or if it corresponds to different physical phases. In any case, the most stable
of the solutions were determined by the computation of the Helmholtz energy, which ended
up being the insulator phase.
Another potential application of the method, which proved to be one of its greatest current
limitations was the computation of temperature dependent ionization potentials and electron
affinities. This showed highly unreliable results, and the apparent accuracy on small systems
seemed to come from error cancellation.
All in all, the computational methods based on the Matsubara formalism seem very promising. However, there is still a lot of research needed to get rigorous results, and making
sense of the multiple converging solutions.
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[5] P. Prelovšek and J. Bonča, “Ground State and Finite Temperature Lanczos Methods,”
in Strongly Correlated Systems: Numerical Methods (A. Avella and F. Mancini, eds.),
Springer Series in Solid-State Sciences, pp. 1–30, Berlin, Heidelberg: Springer, 2013.
[6] S. Hirata and X. He, “On the Kohn–Luttinger conundrum,” The Journal of Chemical
Physics, vol. 138, p. 204112, May 2013. Publisher: American Institute of Physics.
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