
ISBN 978-82-326-4768-2 (printed ver.)
ISBN 978-82-326-4769-9 (electronic ver.)

ISSN 1503-8181

Doctoral theses at NTNU, 2020:210

Fabrice Abunde Neba

Integrated Model-Based 
Frameworks for Synthesis of 
Anaerobic Treatment Process: 
Optimizing Operation Using 
Reactor Networks

Attainable Regions for Waste-to-Energy 
Optimization 

D
oc

to
ra

l t
he

si
s

D
octoral theses at N

TN
U

, 2020:210
Fabrice Abunde N

eba 

N
TN

U
N

or
w

eg
ia

n 
U

ni
ve

rs
ity

 o
f S

ci
en

ce
 a

nd
 T

ec
hn

ol
og

y
Th

es
is

 fo
r t

he
 D

eg
re

e 
of

Ph
ilo

so
ph

ia
e 

D
oc

to
r

Fa
cu

lty
 o

f E
ng

in
ee

rin
g

D
ep

ar
tm

en
t o

f C
iv

il 
an

d 
En

vi
ro

nm
en

ta
l

En
gi

ne
er

in
g



Fabrice Abunde Neba

Integrated Model-Based 
Frameworks for Synthesis of 
Anaerobic Treatment Process: 
Optimizing Operation Using 
Reactor Networks

Thesis for the Degree of Philosophiae Doctor

Trondheim, June 2020

Norwegian University of Science and Technology 
Faculty of Engineering
Department of Civil and Environmental Engineering



NTNU
Norwegian University of Science and Technology

Thesis for the Degree of Philosophiae Doctor

Faculty of Engineering
Department of Civil and Environmental Engineering

© Fabrice Abunde Neba

ISBN 978-82-326-4768-2 (printed ver.
ISBN 978-82-326-4769-9 (electronic ver.
ISSN 1503-8181

Doctoral theses at NTNU, 2020:210

Printed by NTNU Grafisk senter



i 
 

Abstract 

Anaerobic treatment technology offers great potential towards achieving Sustainable 

Development Goals due to its ability to simultaneously breakdown pollutants, generate 

renewable bioenergy and recycle valuable nutrients from organic waste streams. However, the 

successful operation of anaerobic digestion (AD) process requires design of optimal process 

configurations that are well adapted to the characteristics of feedstock available.  

Due to the highly complex nature of AD, involving multiple reactions with each catalysed by 

specific groups of microorganisms, multistage anaerobic digestion, in which multiple digesters 

are operated in a network configuration becomes highly invaluable. This is because such 

network configurations can optimize overall performance of the AD process by ensuring that 

the specific conditions under which each reaction step takes place is optimized. In addition, 

each digester has unique characteristics often making them more adapted to treat waste of 

specific characteristics than others, and thus utilizing one digester in one configuration may 

limit the possible combination of pathways, hence limiting overall performance.  

Model-based design of anaerobic digesters is particularly important as the kinetics captured by 

AD models can predict operating conditions, volumetric gas production, process stability as 

well as effluent quality. In addition, systematic model-based approaches for design of 

anaerobic digestion systems significantly reduce the number of expensive prototype systems 

and time-consuming studies usually required to obtain and optimal configuration of anaerobic 

digesters. 

Even though there exist several studies that use kinetic models to guide design of anaerobic 

digesters, published literature has primarily been geared towards describing the process of 

developing a given model to guide design of single stage digester configurations. Remarkably, 

little research has been carried out on model reliability analysis, especially for the synthesis of 
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multistage digester configurations. This thesis therefore provides both the theoretical 

background and illustrations (with practical application cases) for development and use of 

systematic model-based frameworks to guide design and operation of multistage anaerobic 

digesters irrespective of the information available to the designer.  The study uses a 

methodological approach that develops synergy by systematically coupling model-based 

techniques (multicriteria decision making tools, practical identifiability, Monte Carlo 

simulation, adjoint based gradient optimization and attainable region theory) in an optimal 

framework for synthesis and optimization of anaerobic digester networks. The result of the 

approach is an optimal framework (decision support system) for synthesis and optimisation of 

anaerobic digester networks under four practical scenarios: (a) Synthesis based on model 

requirements or characteristics whereby the study considered the case of no model availability, 

one-stage kinetic models, two-stage kinetic models, kinetic uncertainty as well as changes in 

kinetic model structure; (b) Synthesis based on operational/ process objectives, whereby the 

study considered process stability and process performance (measured in terms of biogas 

production and organic matter reduction) as design objectives; (c) Synthesis based on economic 

objectives whereby the study developed digester economic evaluation models based on known 

economic feasibility indicators as well as macroeconomic parameters; and (d) Synthesis based 

on feedstock characteristics whereby the study considered two classes of organic substrates 

(industrial wastewater and animal manure) and analysed the effect of substrate characteristics 

on the performance targets and optimal configuration of anaerobic digester networks. The 

results have been captured in five journal publications with the contribution from each paper 

summarized as follows:   

Paper 1 presents a framework that uses two-stage kinetic models and process objectives for 

digester synthesis (mainly methane productivity and volatile solids reduction) while 

considering the effects of substrate characteristics, using five types of animal manure. The 



iii 
 

results illustrate that a change in digested substrate significantly influences the operating limits 

(defined by the attainable region), optimized parameter, as well as the design configuration of 

the optimal digester structure. This observed substrate effect on attainable regions shows great 

promises as it paves the way for other substrates such as blackwater, food waste, lignocellulosic 

waste, as well as co-digested feeds to be considered. 

Paper 2 presents a framework that uses two-stage kinetic models and stability objectives for 

digester synthesis (considering inoculum to substrate ratio and instantaneous methanogenic 

yield) while considering the effects of model structure and sources of inoculum used to start-

up digester operation. The findings illustrate that the inoculum characteristics influences the 

structure of the kinetic model used to describe the growth of anaerobic microorganisms and 

hence the performance targets and digester configurations obtained.  

Paper 3 presents a framework that uses one-stage kinetic models and economic design 

objectives for digester network synthesis (developing economic evaluation models based on 

known economic feasibility indicators as well as macroeconomic parameters), with industrial 

wastewater as feedstocks. The results illustrate that synthesis of the anaerobic digesters can be 

tackled using both technical and economic parameters such as payback period as well as 

country-specific macroeconomic parameters such as interest rate and renewable energy feed-

in tariff rate. A change in the value of any of these parameters affects the optimal digester 

configuration.   

Paper 4 presents a framework that requires no kinetic model for digester synthesis and couples 

fuzzy multicriteria decision tools with attainable regions for simultaneous synthesis of digester 

structures and selection of digester subunits considering both techno-economic and 

environmental aspects. This implies that for the same digester structure, defined in terms of 
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plug flow and continuous stirred tank reactors, the subunits (mainly type of plug flow digester) 

will differ based on the practical considerations for operating the digester system.  

Paper 5 presents one of the more significant findings of the study by introducing a framework 

that simultaneously analyse model reliability, quantifies uncertainty in model states and 

construct attainable regions that are self-optimizing. Hence, when using attainable regions for 

performance targeting and digester network synthesis, the results indicate that it is possible to 

propagate uncertainty of model prediction onto the attainable regions to obtain self-optimizing 

attainable regions, which is generally smaller than the attainable region but has an advantage 

of increased robustness.  

Summarily, the study indicates that using digester networks as opposed to single digesters is 

able to bypass regions of lower reactivity and improve performance of the anaerobic treatment 

process. The decision support system should be considered the first point of contact, and used 

to compliment experiments during planning, design, scale-up and installation of anaerobic 

digestion plants involving multistage digesters. This will significantly reduce the number of 

expensive prototype systems and time-consuming studies usually required to obtain an optimal 

configuration of anaerobic digesters. It is also worth mentioning that even though the study is 

based on the anaerobic treatment process, the developed frameworks can be applied for 

synthesis and optimization of other biochemical processes.  
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Chapter 1: General introduction 

1.1 Context, background and importance  

1.1.1 Biomethane from anaerobic digestion: A source of sustainable energy  

Energy poverty has been a major challenge to sustainable development, particularly in the 

developing world and remains an increasingly important topic in many discourses on 

international development. To put this into perspective, approximately two-thirds of Africa’s 

population rely on wood and other biomass residues as source of energy and predictions show 

that about 650 million people will still lack access to electricity by 2030, 90% being in Sub-

Saharan Africa (IEA et al., 2019). In addition to the unprecedented challenges facing societies 

as a result of energy poverty, the lack of reliable and clean energy is a social and economic 

tragedy, which results in other challenges including greenhouse gas (GHC) emissions, 

environmental deterioration and climate change. There becomes a need to devise technological 

solutions that ensure assess to energy is not only reliable and affordable, but also 

environmentally sustainable.   

Taking all these into consideration, the anaerobic treatment process has become very popular 

due to its ability to simultaneously stabilize waste and reduce GHG emissions, generate 

renewable bioenergy as well as recycle valuable nutrients from waste streams (Jørgensen, 

2009, Henze et al., 2008, Wang et al., 2007).  In fact, recent studies have confirmed that 

anaerobic digestion is a robust technology that offers a great potential to reduce energy poverty 

in developing countries (Andersson et al., 2016). However, the successful operation of the 

anaerobic digestion process is only possible if the following two prerequisite factors are met: 

(1) Availability of a sustainable supply of organic feedstock and (2) design of optimal process 

configurations that are well adapted to the characteristics of available feedstock. Concerning 

the former, huge tones of organic waste (such as livestock manure, food waste and faecal 

sludge) are produced annually from various anthropogenic activities, which can serve as 



 

2 
 

feedstock for the anaerobic treatment process. Surprisingly, disposal of these wastes still 

comprises a significant economic burden to developing countries in addition to the social and 

environmental challenges associated to poor waste management (Andersson et al., 2016). 

Concerning the latter (design of optimal process configurations), a wide variety of anaerobic 

digester systems have been developed (see Figure 1 for some examples), which can be 

classified in to three groups: conventional digesters (e.g. ASBR, CSTR, and PFR), sludge 

retention digesters (e.g. ACR, UASB, UASSR, ABR and ICR) and membrane digesters (e.g. 

AF, EGSB and AFBR) (Mao et al., 2015).  

 

Figure 1: Schematic representation of selected anaerobic digestion systems  

Recent studies continue to develop new digesters, which either modify the principle of an 

existing digester technology or present novel features, all geared towards improving process 

performance. However, the different anaerobic digesters have different physical and 

hydrodynamic characteristics making them more adequate to treat waste of specific 

characteristics than others. Understanding the individual characteristics of each digester is a 

starting point towards obtaining optimal process configuration for a generating biomethane 

from a given feedstock.  
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1.1.2 Anaerobic digestion process and reactor networks  

Although various digester systems exist, each with unique physical and geometric 

characteristics, the hydrodynamic configurations of all digesters can be derived from different 

combinations of three fundamental regimes: flow regime, mixing regime and sludge retention 

regime, as illustrated in Figure 2. 

  

 

Figure 2: Classification of hydrodynamic configurations of anaerobic digester systems 

Under flow regime, anaerobic digesters can be operated as batch, fed-batch or continuous; 

under mixing regime, they can be operated as completely mixed or with no axial mixing and 
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under sludge retention regime, the operation can be with or without sludge retention. For 

example, a continuous flow regime operated with no axial mixing and no sludge retention gives 

a plug flow anaerobic digester (PFR) and when operated with sludge retention can result in 

either AF, ABR, UASB or EGSB. Other digesters can be derived by different combinations of 

the three fundamental regimes: flow, mixing and sludge retention regime. (Ming et al., 2016) 

illuminated critical aspects concerning a plug flow and continuous stirred tank reactors 

focusing on mixing and reaction. By their analogy of a plug flow reactor (reactor with no axial 

mixing along the length) as a series of batch reactors (reacting vessels) travelling on a conveyor 

belt, the Plug flow reactor can be considered a reaction reactor.  The authors also illustrated 

that CSTR operates directly opposite to the PFR with respect to mixing due to its perfect mixing 

assumption where conversion of reactants into product is assumed to occur as a result of mixing 

and dilution rather than from reaction alone. The PFR and CSTR are therefore at the extremes 

of mixing and reaction and different combinations of these digesters will provide different 

extents of mixing and reaction in the entire system. In essence, all high rate digesters (sludge 

retention and membrane reactors) provide separation in addition to mixing and/or reaction. For 

example the anaerobic contact reactor provides mixing and separation while the anaerobic 

baffled reactor provide reaction and separation (Abunde Neba et al., 2019).  What differentiates 

the high rate digesters is the mechanism in which separation is performed. High rate systems 

perform separation using two main mechanisms: (1) fixed microbial films on solid surfaces 

(membrane digesters); or (2) suspended microbial mass where retention is achieved through 

external (e.g. contact reactor) or internal (e.g. UASB) settling (Mes et al., 2003). As expected, 

the different mechanisms result in different extents of separation, each of which is more suited 

for different substrates characteristics or digestion objectives (nutrient recycling, energy 

generation or waste treatment) than others. Therefore, irrespective of the type of digester 

technology, the performance of the anaerobic treatment process depends on three fundamental 
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processes, mixing (performed by CSTR) reaction (performed by PFR) and separation 

(performed by high rate systems). Therefore, the performance targets or limits of achievability 

of the anaerobic treatment process depends on the combination of reaction, mixing and 

separation only. What this means is that instead of focusing attention to devise new or perhaps 

novel digesters with the aim of improving the systems performance, it would be more important 

to focus attention on optimally arranging combinations of PFR, CSTR and/or high rate systems, 

or integrating more fundamental processes to the anaerobic treatment process (e.g. reversed 

osmosis + anaerobic digestion). More interestingly, the anaerobic digestion process involves 

multiple reactions and when operated as a single stage, the process conditions are only suitable 

for all the reactions with no particular reaction being optimized (EPA, 2006). As illustrated in 

section 1.1.1, each digester has unique characteristics often making them more adapted to treat 

waste of specific characteristics than others, and thus utilizing one digester in one configuration 

may limit the possible combination of pathways, hence limiting overall performance. 

Multistage anaerobic digestion, in which multiple digesters are operated in a network are 

designed to optimize each biochemical step of the AD process by ensuring that the specific 

conditions under which each reaction step takes place is optimized (Zhang et al., 2017). 

Multistage systems also allow for operational flexibility, by easily adapting specific system 

configurations to meet different operational targets (EPA, 2006).  For instance, if a multistage 

anaerobic digestion facility wants to produce more of hydrogen as opposed to methane gas, it 

might require a thermophilic stage; however, if organic matter reduction or methane gas 

production is its primary objectives, mesophilic stages may be prioritized. The plant might also 

be configured in a manner that optimizes production of both biohydrogen and methane gases. 

Summarily, because of the multiple biological steps involved in anaerobic digestion, using 

multi-stage systems as opposed to single stage systems can lead to significant improvements 

in quality of treated effluent as well as methane gas productivity.  Therefore, if designers begin 
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to think about anaerobic digesters in terms of digester networks as opposed to single digesters 

then more effective designs may be achieved overall.  

1.1.3 Premise for model-based synthesis of anaerobic digester networks  

The modeling of anaerobic treatment process is a key instrument to improve process 

performance and over the years, various models of varying complexity have been developed 

and applied in three main aspects: operational analysis, technology development, as well as 

digester design. Model development for digester design is particularly important as the 

technical and economic parameters of anaerobic digesters determined from the design process 

is a key motivation to guide investment decisions required to deploy biogas facilities into 

production. In addition, the kinetics captured by anaerobic digestion (AD) models is highly 

important for an optimal digester design since operating conditions, volumetric gas production, 

process stability as well as effluent quality can be predicted (Batstone, 2006, Haugen et al., 

2013, Kythreotou et al., 2014, Yu et al., 2013). The modeling of anaerobic treatment process 

is a mature research area, now with a strong shift from model development towards model 

reliability analysis aimed at using kinetic models to solve various design and operational 

challenges. Even though there exist several studies that use kinetic models to guide design of 

anaerobic digesters, published literature has primarily been geared towards single stage 

digesters. As mentioned in section 1.1.2, single stage systems are limited to specific waste 

streams (due to their unique characteristics) and limit overall combination of biochemical 

pathways involved in the anaerobic treatment process.  On the other hand, there still exist a 

high degree of empiricism in the design of multistage digester networks, often requiring 

construction of expensive prototype systems and time-consuming studies. For instance, during 

design of multistage systems, it is conventional for studies to predefine several candidate 

network configurations (referred to as dimensional space, example in Figure 3), from which 

the best configuration is chosen after experimental evaluation.  
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Figure 3: Conceptual configurations of anaerobic digester structures 

This empirical approach to design of multistage digesters most often results in local minimum, 

with respect to process performance due to the relatively small dimensional space covered by 

the experiments. Most at times, due to economic constraints, studies do not even define a small 

dimensional space but just assume a given network configuration and only perform 

experimental evaluation of its performance. The optimal design of multistage digester systems 

requires a systematic approach to answer the following three questions: (1) How many 

individual digesters should be included in an optimal network (2) what type of digesters should 

be considered (PFR, CSTR, UASB, etc.) (3) Do we include recycle and bypass streams? If so, 

where are they placed within the structure? Very few writers have drawn on any systematic 

model-based procedure for design of anaerobic digester networks, and systematic procedures 

can further increase the ability of multistage digesters to improve process stability and 

operation as well as process economics. Model-based techniques for process synthesis are well-

A 
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established for conventional chemical processes but limited in anaerobic digestion process and 

if such tools are used to compliment experiments during synthesis of anaerobic digester 

structures, it will present a breakthrough in expanding the application of anaerobic digestion 

technology to tackle energy poverty.  

1.1.4 Statement of the Problem  

In conventional process engineering, there are two major approaches for synthesis of reactor 

networks: superstructure optimization and attainable region targeting (Lakshmanan and 

Biegler, 1996). The superstructure optimization involves constructing a very large reactor 

superstructure, which usually suffers from the problem of local optimum (or multiple 

solutions). On the other hand, the AR targeting approach, which solves reactor network 

problem from a geometric point of view, presents a global optimization approach, which uses 

kinetic models to interpret chemical processes as geometric objects. This is followed by 

defining a region of achievability, which contains information about the performance targets 

and reactor structures required to achieve defined targets (Hildebrandt and Glasser, 1990, Horn, 

1964, Ming et al., 2016). However, the use of AR in anaerobic digestion is greatly hampered 

by a couple of limitations, which can be categorized under three main groups: Reactor-based 

limitations, model-based limitations, and feedstock-based limitations. Concerning the reactor-

based limitations, the attainable region targeting approach only yields results for continuous 

flow plug reactors, continuous flow stirred tank reactors or differential side-stream reactors. 

Recall from Figure 2 that there are several anaerobic digesters that can be considered to operate 

in plug flow mode, posing a challenge on what type of plug flow digester to use for a given 

optimal digester structure. Concerning the feedstock-based limitations, the anaerobic treatment 

process presents significant variability in terms of feedstock characteristics resulting in kinetic 

uncertainty as to what settings of kinetic parameters accurately describe the anaerobic 

degradation of a given substrate. The AR technique is unique for a given kinetics and feed 
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composition, hence uncertainty in kinetics will result in digester structure uncertainty and 

possible failure during operation.  Concerning the model-based limitations, there exist several 

types of kinetic models (with different degrees of complexity) describing the same steps of 

anaerobic digestion, making it a challenging task to know, which model is reliable for use in 

AR analysis for a given digestion process.  These limitations explain why up until date, despite 

the strength of the AR technique, no study has been presented using the tool for synthesis and 

optimization of anaerobic digester systems.  

A systematic approach for handling the above challenges and laying down theoretical 

framework for using attainable regions in optimizing the anaerobic treatment process will be 

breakthrough in advancing model-based design and operation of multistage anaerobic 

digesters.  In fact, the retrofitting of multi-stage systems into facilities where single stage 

systems already exist is an important topic of discussion in most research concerning design 

and operation of anaerobic digestion facilities.  

1.1.5 Brief synopsis of relevant literature  

Much of the existing literature on modeling of anaerobic digestion pays attention to model 

development, describing the process of developing a given kinetic model but less effort geared 

towards assessing the performance or reliability of the model for design of anaerobic digesters 

(Batstone et al., 2002, Faisal and Unno, 2001, Zinatizadeh et al., 2006, Linke, 2006, Martinez 

et al., 2012, Borisov et al., 2016, Yang et al., 2016, Ware and Power, 2017, Esposito et al., 

2011, Zaher et al., 2009). In addition, what is known about model-based design of anaerobic 

digesters is focused on using kinetic models to guide decision on engineering/operational 

characteristics such as: hydraulic retention time, organic loading rate, solids retention time, 

volumetric gas productivity, effect of temperature and pH, etc. (Lawrence, 1971, Henze et al., 

2008, Wang et al., 2007, Linke, 2006, Yu et al., 2013, Yang et al., 2016, Lohani et al., 2018, 

López and Borzacconi, 2009, Kythreotou et al., 2014). Very few writers have drawn on any 
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systematic studies for using models to guide synthesis of anaerobic digester structures, which 

is why the current study is designed to develop an integrated model-based framework, which 

includes the concept of attainable regions, for synthesis of anaerobic digester networks. The 

attainable region concept, a technique that incorporates elements of geometry to understand 

how networks of chemical reactors can be designed and improved was first introduced by the 

work on Horn (Horn, 1964). Following this initial work, many other researchers advanced AR 

research. Glasser et al. (Glasser et al., 1987) proposed a geometric approach that identified 

candidate AR’s satisfying several necessary conditions that the AR must possess. Burri et al 

(Burri et al., 2002) demonstrated that, within the Infinite DimEnsionAl State-space (IDEAS) 

conceptual framework, construction of the true AR, and increasingly accurate AR 

approximants, can be carried out through Infinite Linear Programming (ILP), and a sequence 

of approximating finite Linear Programs (LP) respectively. Subsequently, Manousiouthakis et 

al (Manousiouthakis et al., 2004) developed, within IDEAS, necessary and sufficient 

conditions that the true AR must satisfy, proposed the Shrink–Wrap algorithm for AR 

construction, and established, this algorithm’s equivalence to the aforementioned LP based AR 

construction methods. They also demonstrated that the true AR can be potentially larger than 

the candidate AR’s identified by geometric methods. Zhou and Manousiouthakis 

(Manousiouthakis et al., 2004, Zhou and Manousiouthakis, 2006) demonstrated that the true 

AR for reactor networks involving only reaction and mixing may be smaller than the true AR 

for reactor networks also incorporating diffusion effects (e.g. by considering non-ideal 

dispersion reactor models). Zhou and Manousiouthakis carried out pollution prevention studies 

using the AR approach (Zhou and Manousiouthakis, 2007a), extended the AR approach to 

reactor networks involving variable density fluids (Zhou and Manousiouthakis, 2007b), 

discussed the dimensionality of the space in which AR construction can be pursued (Zhou and 

Manousiouthakis, 2008), and extended the AR approach to non-isothermal reactor networks 
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(Zhou and Manousiouthakis, 2009). Around the same time, Posada and Manousiouthakis 

(Posada and Manousiouthakis, 2008), proposed AR construction methods for reactor networks 

with multiple feeds, while Davis et al. (Davis et al., 2008) extended the AR approach to batch 

reactor networks. Seodigeng proposed an automated technique for attainable region 

construction using recursive constant control (RCC) policy algorithm (Seodigeng et al., 2009) 

More recently, Ming et al. (Ming et al., 2013) showed that by use of appropriate 

transformations, results developed from a continuous AR may be used to form a related batch 

structure,  Conner and Manousiouthakis extended the AR approach to general process networks 

(Conner and Manousiouthakis, 2014), while Ming et al. (2016) summarized many of the 

theoretical and applied literature results on AR. As mentioned in section 1.1.4, published 

studies with regards to the use of AR for process synthesis and optimization have been well 

directed to other chemical processes but limited in anaerobic digestion. The AR technique has 

been applied to optimize various systems and processes, which include esterification process 

(Asiedu et al., 2015), production planning and scheduling (Sung and Maravelias, 2006, Sung 

and Maravelias, 2007), comminution process (Metzger et al., 2009), distillation process 

(Agarwal et al., 2008a, Agarwal et al., 2008b), separation and recycle process (Mcgregor et al., 

1998), as well as polymerization process (Smith and Malone, 1997). For synthesis problems 

involving bioreactors, the few studies recorded include that of Scott et al. (Scott et al., 2013), 

who addressed the search of bioreactor configurations with improved residence times for 

continuous enzymatic saccharification and fermentation operations for bioethanol production. 

The only recorded study related to anaerobic digestion is that of Muvhiiwa et al. (Muvhiiwa et 

al., 2015) who used theoretical predictions of biogas production limits based on 

thermodynamics and attainable regions. However, these theoretical predictions based on 

elemental substrate analysis presume complete breakdown of organic matter (actual breakdown 

is usually between 27-76%) (Jingura and Kamusoko, 2017)  as the effect of inhibitions, which 
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normally occur during anaerobic digestion is not accounted for. In addition, no information is 

provided on the reactor designs required to achieve the defined limits. For this reason, it can 

mainly be used for comparing the biomethane potential of different organic substrates and 

cannot provide reliable economic estimates for real-time operation. A couple of reasons can be 

stated to justify why the concept has not been applied for synthesis and optimization of anerobic 

digester configurations. (1) Unlike conventional chemical processes, which receive influent of 

somewhat known composition, the anaerobic digestion process, normally applied to 

waste/wastewater treatment poses as main drawback uncertainty in feed characteristics, very 

common in AD plants.  (2) Unlike conventional chemical reactors, which are classified as plug 

flow, CSTR or DSR, a wide variety of anaerobic digester systems have been developed, which 

are rather classified in to three groups: conventional digesters (e.g. ASBR, CSTR, and PFR), 

sludge retention digesters (e.g. ACR, UASB, UASSR, ABR and ICR) and membrane digesters 

(e.g. AF, EGSB and AFBR) (Mao et al., 2015). Unlike conventional chemical reactions where 

the kinetic constants (mostly order of the reaction) are relatively more defined due to less 

variability in feedstock characteristics and well-defined reaction invariants, the biodegradation 

reactions of anaerobic digestion present kinetic uncertainty as to what settings of kinetic 

parameters accurately describe the anaerobic degradation of a given substrate.  

Owing to the complex and interactive nature of the challenges, the use of integrated model-

based techniques can be advantageous in supporting decision making and making trade-offs 

within the significant and overlapping variabilities that exist amongst the feedstocks, digesters 

and kinetic models. In addition, coupling model-based techniques in a methodological 

framework eliminates the weaknesses of the individual techniques and makes it possible for 

applying an AR-based framework for synthesis of multistage anaerobic digester structures.  

However, due to the unfamiliarity of many researchers to the range of mathematical, analytical 

and computational techniques that could be applied in the field of anaerobic digestion, the 
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advantage of model-based design is not being exercised in research. This thesis is therefore 

designed to fill this gap, by providing both the theoretical background and illustrations with 

practical application cases where some of the relevant systematic model-based techniques can 

be used to guide design and operation of anaerobic digesters. More importantly, some of the 

techniques will be modified or improved in order to enhance their suitability to the anerobic 

treatment process.  Even though the presented methods have a wide range of other areas of 

application, the discussions and case studies presented in this thesis will be focused on 

anaerobic digestion. However, studies on other areas of application, conducted by the author 

of this thesis has been cited (see Table of Contents) for readers who are interested in getting 

more insight into the application of model-based techniques to unlock bioenergy potentials.  

The techniques presented in the thesis include: 

➢ Multicriteria decision-making techniques to support policy formulation in the selection 

of digester subunits for use in synthesis of digester structures, considering both techno-

economic and environmental characteristics 

➢ Attainable region technique for performance targeting, synthesis as well as analysis of 

process configurations required to operate anaerobic digesters   

➢ Monte Carlo simulation method for modeling uncertainty in model states resulting from 

variability in feedstock and kinetic characteristics.  

➢ Practical/sensitivity-based identifiability for assessing the reliability of kinetic models 

by determining parameter subsets that can be accurately estimated to ensure model 

remains reliable for synthesis of anaerobic digester structures.  

➢ Adjoint-based gradient optimization for estimating and identifying kinetic coefficients 

required to completely define a model before it can be used for digester synthesis.  

A more detailed overview on how the different model-based tools are used to guide synthesis 

of multistage anaerobic digesters will be presented in section 2.1 (Chapter 2). 
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1.1.6 Scope and focus of the study  

This thesis was designed to lay down theoretical framework and adapt/improve upon the use 

of the attainable regions for synthesis of anaerobic digester networks. The study used a 

conceptual approach whereby systematic theoretical frameworks are developed for digester 

synthesis based on different practical scenarios, which include: 

a)  Synthesis based on model requirements/characteristics whereby the study considered 

the following cases: no model availability, one-stage kinetic models, two-stage kinetic 

models, kinetic uncertainty as well as changes in kinetic model structure.  

b) Synthesis based on operational/ process objectives, whereby the study considered 

process stability and process performance (measured in terms of biogas production and 

organic matter reduction) as design objectives.  

c) Synthesis based on economic objectives whereby the study developed digester 

economic evaluation models based on known economic feasibility indicators as well as 

macroeconomic parameters.  

d) Synthesis based on feedstock characteristics whereby the study considered two classes 

of organic substrates (industrial wastewater and animal manure) and analysed the effect 

of substrate characteristics on the performance targets and optimal configuration of 

anaerobic digester networks  

1.2 Research goal and objectives 

1.2.1 Research goal 

The goal of this study is to develop a set of integrated model-inspired frameworks, which 

couples model development/configuration, practical identifiability, uncertainty quantification 

and elements of geometry for optimal synthesis of methane bioreactor structures, considering 

both technical and economic design objectives. This would lay down the theoretical and 

practical framework required for using attainable regions for synthesis and optimization of 
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multistage anaerobic digesters, adaptable to various practical constraints, which can be model-

based, reactor based, or feedstock based.  

 To realize this, it is required that the framework built can be used in the following three 

scenarios: when only simplified or semi-simplified models are available, when there exists 

uncertainty in kinetic models or other operational parameters and when there exist no reliable 

kinetic models to describe the process. In addition, the framework should be able to reveal the 

effect of substrate characteristics and model structure on the optimal network configuration of 

the multistage anaerobic digesters.  

1.2.2 Specific objectives  

In achieving the research goal, the study defined the following five specific objectives to be 

attained.  

a) To analyze the physical and hydrodynamic characteristics of anaerobic digester 

systems, devise a generalized digester classification as well as introduce the use of 

fuzzy multicriteria decision tools in selecting digester subunits.  

b) To develop and/or configure (model-dimensionality reduction, model identification, 

etc.) both one- and two-stage microbial kinetic models for use in synthesis of digester 

structures  

c) To design both technical and economic scenarios for digester synthesis and develop 

objective functions, which can be used for model-based synthesis of multi-stage 

anaerobic digesters 

d) To develop systematic methodological frameworks for synthesis of anerobic digester 

structures that integrates the effect of model structure, kinetic uncertainty, substrate 

characteristics and can be used even when no kinetic model is available   
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e) To design (from an engineering point of view) a novel prototype of an AR-inspired 

digester superstructure easily adaptable to different scenarios presented in (c) and (d) 

1.3 Organization of the thesis  

The overall structure of the study takes the form of four chapters, including this introductory 

chapter. Chapter 2 presents a synopsis of the research methods/techniques followed by a 

detailed conceptual synthesis of the research framework. The chapter summarizes how the 

research goal, the specific objectives, the research techniques are logically connected to one 

another and how the publications appended in the thesis are derived from the main objective 

of the study. Chapter 3 presents a summary of the main findings in the form of a decision 

support system and discusses the scientific and practical significance of the results.   The final 

chapter draws upon the summary and conclusion of the entire thesis, tying up the various 

theoretical and empirical strands and presenting both industrial recommendations as well as 

perspectives for further research.  
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Chapter 2: Research methods and conceptual framework  

2.1 Synopsis of research methods and data sources 

The approach taken in this study is a mixed methodology based on five main mathematical 

methods/techniques: Attainable regions for performance targeting and synthesis of anaerobic 

digester structures, multicriteria decision making tools (particularly the AHP-fuzzy TOPSIS 

method) to support selection of digester subunits, practical identifiability for model analysis 

and determination of model parameter subsets that can be reliably estimated, Adjoint-based 

gradient optimization for parameter estimation and the Monte Carlo simulation procedure for 

model uncertainty quantification. The research data for the study is drawn from two main 

sources: (1) primary data from experiments conducted at the Department of Agricultural and 

Biosystems Engineering, Kwame Nkrumah University of Science and Technology, Kumasi 

Ghana (2) secondary data obtained from the literature. The next section presents an overview 

of the of each of the methods.  

2.1.1 Attainable Regions 

The AR theory is a technique for process synthesis and optimization, which incorporates 

elements of geometry to understand how networks of chemical reactors can be designed and 

improved. The attainable region is defined as the set of all possible output for all possible 

reactor designs that can be achieved by using the fundamental processes occurring within the 

system and that satisfies all the constraints placed by the system. Geometrically, the attainable 

region represents the region bounded by the convex hull for the set of points achievable by the 

fundamental processes occurring in the system. Once the AR has been determined, the limits 

of achievability by the system for the given kinetics and feed point is known and the boundary 

of the AR can then be used to answer different design or optimization questions related to the 

system.   
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The following section outlines the methodological flow for AR construction and application 

for process synthesis and optimization. The framework involves five main steps (Ming et al., 

2016): 

Step 1: Preparation 

This involves definition of the reaction kinetics, AR dimension, state variables (those used to 

represent the AR) as well as the feed point used to generate the AR. The feed point defines the 

initial value, or concentration of states fed into the reactor. Defining the reaction kinetics entails 

determining the specific type of kinetic models as well as the settings for the kinetic 

coefficients. The dimension of the AR is determined from the number of independent reactions 

occurring in the reactor system, which defines the dimension of the stoichiometric subspace 

(the rank of the stoichiometric coefficient matrix A), in which the AR must reside. The number 

of independent rows or columns of the stoichiometric coefficient matrix A (rank of A) gives 

the number of independent reactions in the system. A key criterion for choosing variables for 

representation of the attainable region is that the variables must follow the linear mixing law.  

Step 2: AR construction  

This step generates the AR using a combination of fundamental reactor types, which includes: 

PFR, CSTR and mixing for two-dimensional ARs or a combination of PFR, CSTR, DSR 

(Differential side-stream reactor) and mixing for higher dimensional constructions. This is the 

most difficult and time-consuming step but also provides the most valuable information about 

the operating limits of the system. AR construction typically begins by determining the PFR 

trajectory and CSTR locus from the feed. The PFR trajectory is the set of points generated by 

solving the steady state model of a PFR reactor (a set of ordinary differential equations) while 

the CSTR locus is the set of points generated by solving the CSTR model (a set of nonlinear 

equations).  In AR theory, mixing is performed by a continuous stirred tank reactor (CSTR) 
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while reaction (biodegradation) is achieved in a plug flow reactor (PFR), since the operation 

of both reactors respectively mimic the two fundamental processes. At steady state operation, 

the general mathematical representation of a CSTR and PFR are given by Eqs.  (1) and (2) 

respectively.  

𝐶 = 𝐶𝑓 + 𝜏𝑟(𝐶)                                           (1) 

𝑑𝐶

𝑑𝜏
= 𝑟(𝐶)                                                     (2) 

𝐶 is the state vector while 𝑟(𝐶) is the reaction rate vector. 

Solving the CSTR system to obtain the roots at a given feed point (𝐶𝑓) and for different 

residence times (𝜏𝑖  𝑓𝑜𝑟 𝑖 = 1 𝑡𝑜 𝑛) results in a set of points referred to as a CSTR locus. In the 

same way, integrating the PFR system for a given feed point and residence time results in a set 

of points referred to as PFR trajectory.  

Step 3: Boundary Interpretation  

This step involves interpretation of the AR boundary into reactor structures, based on the 

fundamental characteristics of the AR boundary. The boundary of the AR is composed of 

reaction and mixing surfaces only. Reaction surfaces are always convex and the points that 

form convex sections of the AR boundary arise from effluent concentrations specifically from 

PFR trajectories. For a two-dimensional system, points on the AR boundary that initiate these 

convex PFR trajectories arise from specialized CSTRs while for a three-dimensional system, 

they arise from DSRs. The convex hull of the set of points generated by all possible 

combinations of fundamental reactor types and mixing defines the attainable region.  

Step 4: Overlay objective function  

The objective function is modeled in terms of the variables used to represent the AR and then 

overlaid onto the AR. For this study, two types of objective functions were used: (a) 
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operational/ process objectives, whereby the study considered objectives based on process 

stability and process performance (measured in terms of biogas production and organic matter 

reduction). (b) Economic objectives whereby the study developed digester economic 

evaluation models based on known economic feasibility indicators as well as macroeconomic 

parameters. The points of intersection between the objective function and the AR boundary 

represent the optimal points of operation.   

Step 5: Optimize 

Since the entire boundary of the AR has been interpreted in terms of reactor structures (step 3), 

the reactor structure(s) required to achieve the optimal operating points (point of intersection) 

is known. One interesting aspect about the attainable region approach is that it contains 

solutions to all design and optimization problems. What this means is that there is no need to 

reoptimize when the objective function changes, all that is required is to overlay the new 

objective function on to the AR boundary and determine the points of intersection. 

Summarily, starting from the feed point, the procedure entails finding all possible achievable 

outputs for the system under consideration, from the trajectory of the states of interest 

describing the system operation. These trajectories are convexified to obtain candidate 

attainable regions, which are tested against the necessary conditions and recursively updated 

so that any violated necessary conditions is eliminated. The process continues until no other 

necessary conditions are violated otherwise, a candidate AR (subset of the true AR) is obtained, 

which can still provide better understanding of the achievable limits of the system. Some 

necessary conditions for AR can be summarized as follows (Glasser et al., 1987, Glasser et al., 

1993, Hildebrandt and Glasser, 1990, Hildebrandt et al., 1990):  

➢ The AR includes all feed points to the system.  

➢ The AR is convex.  
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➢ No rate vectors point out of the AR boundary.  

➢ Backward extension of rate vectors in the complement region do not intersect the AR 

It is not the intention of this section to present a detailed explanation of the AR theory. 

Interested readers can consult Ming et al. (Ming et al., 2016) for a more in-depth understanding. 

In addition, Chapters II to VI will provide more explanations by presenting specific application 

cases of the AR concept 

2.1.2 Multicriteria decision making tools 

The high level of variability in characteristics of the different anaerobic plug flow digesters 

makes selection of digester subunits a complex problem. Multi-criteria decision-making 

(MCDM) tools, which makes preference decisions over the available alternatives characterized 

by multiple (usually conflicting) attributes becomes indispensable in this case.  Amongst the 

different MCDM based tools (Ibáñez-Forés et al., 2014, Kumar et al., 2017), the thesis 

integrates the Analytical Hierarchy Process (AHP) into the Technique for Order of Preference 

by Similarity to Ideal Solution (TOPSIS) technique in order to take advantage of the weighting 

strength of AHP and the ranking strength of TOPSIS. However, the use of ordinary 

Multicriteria decision making (MCDM) tools for ranking of alternatives requires that the 

performance score of the alternatives with respect to each criterion is quantitative in nature (i.e. 

can be measured and attributed a crisp numerical value). Some examples of quantitative 

attributes include: greenhouse gas emitted, recovered energy, recovered nutrients, operating 

cost, percentage COD removal, etc. For selection of anaerobic digester technologies, the 

performance score of the alternatives with respect to each criterion does not always have crisp 

numerical values and the ordinary MCDM cannot therefore be applied. The strength of this 

study is illustrated by extending the decision-making process to include fuzziness, where by 

ratings of alternatives versus criteria is done using linguistic variables represented as fuzzy 

triangular numbers (Kaya et al., 2019). This provides an opportunity of the decision-making 
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process to be performed even in cases where crisp numerical ratings of the alternatives with 

respect to the criteria is not available or even in cases of uncertainty. The selection of the 

appropriate anaerobic plug flow digester was done using a hybrid of the Fuzzy Technique for 

Order Preference by Similarity to Ideal Solution (FTOPSIS) and the Analytical Hierarchy 

Process (Paper 4). At first, AHP is used to compute the criteria weights, which show the 

relative importance of the different attributes used for digester selection. Afterwards, the 

FTOPSIS method is applied to prioritize the different alternatives (plug flow digesters) based 

on the computed criteria weights. The algorithm for the integrated AHP-Fuzzy TOPSIS method 

utilized in this study is summarized in Figure 4.   

 

Figure 4: Integrated AHP-FTOPSIS model for multi-criterial decision analysis 
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Therefore, by coupling attainable region theory (for reactor network synthesis) and the fuzzy 

AHP-TOPSIS (for selection of digester subunits based on multiple attributes), a reliable tool is 

obtained, which does not only synthesize digester networks in a holistic way but is also able to 

select digester subunits within the network to perfectly match operational constraints. 

2.1.3 Adjoint-based gradient optimization  

Synthesis of anaerobic digesters using the attainable region technique requires well defined 

kinetic models, with optimal settings of kinetic coefficients. Some of the kinetic models used 

to describe the anaerobic treatment process are highly non-linear, involving species in the 

inoculum, liquid and gaseous phases. This results in a system of differential algebraic equations 

(DAEs), which need to be solved to completely identify the model parameters through the 

minimization of an objective function, which represents the error between the model solution 

and the experimental data.  Most local optimization methods require the gradient of both the 

const function and the constraints and this is usually computed by numerical perturbations 

using the finite difference scheme. This study makes use of a two-step adjoint-based gradient 

algorithm (Figure 5), which computes gradients more accurately and efficiently (Benítez et al., 

2017). Firstly, the gradient algorithm fits the whole set of model parameters and assesses the 

variability of the fit using marginal and joint confidence regions of the model parameters. 

Secondly, for parameters that show a high correlation, one of them is kept constant and a 

readjustment of the uncorrelated set of parameters is performed using algorithm. This allows a 

more accurate adjustment of the whole set of model parameters to experimental data. 
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Figure 5: Model identification framework using the adjoint-based gradient optimizer 

The advantage of this procedure is that parameter estimation and variability assessment is 

performed simultaneously, which allows the user to better understand the model’s sensitivity 

to different influences and obtain reliable estimates 

2.1.4 Practical/sensitivity-based identifiability  

Even though the adjoint method presents a reliable method to estimate the kinetic constants of 

AD model, knowing the exact set of parameters that can be estimated to accurately and 

uniquely describe the mechanisms occurring in the digester is highly important. For a given 

kinetic model, there exist a maximum number of kinetic parameters that should be estimated 

(referred to as identifiable subset) to maintain the model’s reliability.  The characteristics of 

the identifiable subset and hence the reliability of a mechanistic model is influenced by three 

main factors: (1) the mathematical structure of the model, (2) the nature of the experimental 

data used for identification, and (3) the size of the identifiable subset. Attempting to estimate a 

higher than possible number of parameters (overparameterization) results in a model that can 

accurately describe the experimental data but loses is predictive or exploratory capabilities 



 

25 
 

(Donoso-Bravo et al., 2011). The techniques in practical identifiability analysis therefore serve 

to increase the reliability of the model for synthesis of anaerobic digesters.   

Practical identifiability consists of analyzing the model’s sensitivity to provide dynamic 

information on how the states (or model outputs) vary with changes in the settings of kinetic 

constants. This information is useful in identifying time intervals where the AD process is most 

sensitive to such fluctuations and experimental data points carry more importance for the 

parameter estimation process. The sensitivities are then used to screen for parameter 

significance ranking by calculating a sensitivity measure, 𝛿𝑘
𝑚𝑠𝑞𝑟

 and for analyzing the near-

linear dependency between parameters by a measure called the collinearity index, 𝐾. 

Given a model for a process, the following five key steps needs to be performed in order to 

completely assess the reliability and usage of the model (Brun et al., 2002): 

Step 1: Compute the absolute sensitivity 

Due to the nonlinearity of the AD models, an explicit solution to the differential equation model 

is normally not possible and the absolute sensitivities must be computed using the sensitivity 

equations. The sensitivity equations are coupled with the original model differential equations 

and solved numerically to obtain the parameter sensitivities for the necessary time points.  

Step 2: Compute the non-dimensional sensitivity  

The observable states have different physical meanings and different domains of variation. In 

order to ensure that the sensitivities are comparable, they are scaled using a weighting matrix, 

resulting in scaled sensitivities.  

Step 3: Compute the sensitivity measure  

From the matrix of non-dimensional sensitivities, an overall scoring for each parameter, called 

root mean squared sensitivity, 𝛿𝑘
𝑚𝑠𝑞𝑟

 is computed to consider changes in time or across 
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experiments. The sensitivity measure (𝛿𝑚𝑠𝑞𝑟) measures the relative importance of the 

parameters with respect to how they influence the model outputs (states). The higher the 

magnitude of the sensitivity measure the more important the influence of the parameter on the 

states.   

Step 4: Compute the normalized sensitivity  

From the matrix of non-dimensional sensitivities, the normalized sensitivity for each parameter 

is computed. 

Step 5: Compute the collinearity index  

The final step consists of computing the collinearity index 𝛾𝐾  where 𝐾 stands for the index of 

the parameter subset, which is a combinatorial function of the parameter vector 𝛽. If the 

sensitivity functions of two or more parameters are orthogonal (implying parameters are 

independent), the index of that parameter subset (𝐾) is equal to unity, but if the parameters are 

linearly dependent, the index approaches infinity. In order to find an identifiable parameter 

subset, a threshold value (1-15) is usually used where by any parameter subset having index 

(𝐾) greater than the threshold is said to be unidentifiable (Sin and Vanrolleghem, 2007, Brun 

et al., 2002).  

2.1.5 Monte Carlo simulation procedure  

As stated in section 2.1.4, using an an identifiable parameter subset reduces uncertainty in the 

parameter settings obtained from the parameter identification process. However, another 

serious challenge, which often arise when using an identifiable parameter subset is that of 

uncertainty in model states. This is because those parameters that are found not identifiable 

need to be kept constant (probably using values estimated from previous studies or independent 

experiments), which influences the reliability of the model. Since the geometric optimization 
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technique of attainable regions is based on achievability of states by the system, uncertainty in 

model states results in uncertainty in performance targets and hence unreliable digester 

systems, which can easily lead to operational failure.  In order to therefore use the model to 

define reliable performance target, one needs to quantify the model prediction uncertainty onto 

the attainable regions, resulting in the so-called self-optimizing attainable regions. The 

quantification of the model prediction uncertainty is done using the Monte Carlo simulation 

procedure, which is performed using four main steps (Sin et al., 2009, Morales-Rodriguez et 

al., 2012):  

Step 1: Define the input/parameter uncertainty range or sample set  

Input-output uncertainty analysis is highly dependent on the input uncertainty range 

(confidence bounds) as well as correlation coefficients. The variance metrics and correlation 

coefficients of the unidentifiable set of model parameters is obtained by estimating the 

complete set of parameters (identifiable and unidentifiable) using the estimation procedure 

presented in section 2.1.3. 

Step 2: Determine the sampling method from the input set 

This step consists of specifying the procedure or procedural rules that produces a pseudo-

sample, which is used as inputs to the kinetic model of the anaerobic digestion process. The 

sampling rules must correspond to the characteristics of the sample set defined in step 1.  

Step 3: Perform Monte-Carlo simulations  

This step consists of simulating the AD process several defined numbers of times, each time 

using a different set of inputs obtained from the sample set by applying the sampling procedure 

presented in step 2. 

Step 4: Compute the output uncertainty.  
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Calculate the probabilities or statistical coefficients of interest using the tabulation of outputs 

obtained from the Monte-Carlo simulations.  

2.2 A conceptual synthesis of the thesis structure  

After having stated the problem, defined the objectives as well as the methods to be utilized in 

the study, a systematic approach, the Functional Analysis System Technique (FAST) was used 

to obtain a work breakdown structure and arrive at the elemental components required to 

achieve the overall goal of the thesis. The advantage of this approach is that the FAST aids in 

thinking about the research problems systematically, clearly illustrating the publications where 

the different components are located and showing the logical relationships between goal of the 

thesis, specific objectives, research edge as well as the research methods. This enables the 

determination of all the necessary publication areas and a clear illustration of how all the papers 

complement one another to achieve the overall thesis goal of the thesis. Put in another way, the 

FAST representation moves the focus away from the interesting technical and scientific 

concepts presented in the manuscripts and places emphasis on how each manuscript contributes 

in solving the problems. Figure 6 presents a FAST-based representation of the thesis.  
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Figure 6: Conceptual framework and hierarchical breakdown of the study  

When reading from left to right, the diagram answers the question “HOW”, when reading from 

right to left, it answers the question “WHY” and when reading from top to bottom, it answers 

the question “WHEN”. Overall, the diagram presents a conceptual framework, which 

summarizes how the research goal, the specific objectives, the model-based 

tools/methodologies are logically connected to one another.  
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Chapter 3: Summary and significance of findings 

3.1 Framework for synthesis of anaerobic digester networks  

There are several important areas where this study makes an original contribution to the field 

of anaerobic digestion and the findings from this study can be summarized in a decision support 

system (DSS) consisting of five main modules for synthesis of multistage anaerobic digesters, 

as shown in Figure 7.  
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Figure 7: Decision support system for synthesis of anaerobic digester networks  

3.1.1 Defining performance criteria for synthesis of digester networks 

In the first module of Figure 7, goal setting module, a decision is made on performance 

objective or criteria to be used for synthesis of the anaerobic digester. Synthesis can be based 

on operational/ process objectives, whereby the study considered process stability (Paper 2) 

and process performance (measured in terms of biogas production and organic matter 

reduction) (Paper 1). Synthesis can also be based on economic objectives whereby the study 

developed digester economic evaluation models based on known economic feasibility 

indicators as well as macroeconomic parameters (Paper 3). 

3.1.2 Information framework for synthesis of digester networks  

In the second module of Figure 7, information available to the designer is collected and a 

decision is made on the synthesis approach based on the available information. Synthesis can 

be based on model requirements/characteristics whereby the study considered the following 

cases: no model availability (Paper 4), one-stage kinetic models (Paper 3), two-stage kinetic 

models (Papers 1 & 2), kinetic uncertainty (Paper 5) as well as changes in kinetic model 

structure (Papers 2 & 3).  

3.1.3 Synthesis techniques of anaerobic digester networks  

In the third module of Figure 7, synthesis module, the actual synthesis of the digester is 

performed at this stage. There are three synthesis modules, two theoretical and one 

experimental of which the choice of synthesis module depends on the information available to 

the designer. The experimental synthesis module is used when no model is available to describe 

the anaerobic treatment process, but data is available from experimental studies (Paper 4).  The 

theoretical synthesis module based on attainable regions is used when there is data limitation 

(only data available is biogas yield measurements) and the designer is constraint to use 

simplified kinetic models (Paper 3).  It is noteworthy that the first theoretical synthesis module 
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can also be used when there is data availability, but the assumption is that the kinetic models 

and parameters are reliable (Papers 1 & 2). The second theoretical synthesis module (based 

on self-optimizing attainable regions) is used when data is available and the designer can use 

semi-simplified models, but there exists uncertainty in the kinetic coefficients (Paper 5). It is 

important for readers to note that even though kinetic data already contains information 

captured by kinetic models, the experimental synthesis module is limited to only graphical AR 

constructions, hence the number of design objectives or operational challenges that can be 

considered becomes limiting (especially for higher dimensional constructions).  

3.1.4 Selection of digester subunits for synthesis of digester networks  

After the synthesis module, the designer now has an optimal configuration of an anaerobic 

digester structure in terms of plug flow and continuous stirred tank anaerobic digesters. The 

next step is to decide on which plug flow digester to include in the network configuration 

considering there exist several types of plug flow digesters. This is done in the fourth module, 

the subunit selection module (Paper 4). After this stage, the designer now contains a complete 

network configuration, defined in terms of specific anaerobic digester system but before the 

system can be recommended for industrial use, it must be evaluated with respect to the 

performance criteria defined in the goal setting module.  

3.2 Effects of feedstock and inoculum characteristics on digester network 

configuration  

In addition, to the findings presented in the DSS, the study makes several noteworthy 

contributions of practical relevance to the scientific community. The study also analysed the 

effects of feedstock characteristics on the performance target and optimal configuration of 

anaerobic digester networks, considering three classes of organic substrates: industrial 

wastewater (Paper 3), animal manure (Paper 1) and inoculum from different sources (Paper 

2). The results from both studies illustrated that a change in digested substrate and/or source of 
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inoculum used to start-up the digester significantly influences the operating limits (defined by 

the attainable region), optimized parameter, as well as the design configuration of the optimal 

digester structure. This observed substrate effect on attainable regions shows great promises as 

it paves the way for other substrates such as blackwater, food waste, lignocellulosic waste, as 

well as co-digested feeds to be considered.  

3.3 Brief discussion on the findings  

Summarily, the contribution from all the five papers presented in the thesis can be stated as 

follows:  

Paper 1: Presents a framework that uses two-stage kinetic models, productivity objectives for 

digester synthesis (mainly methane productivity and volatile solids reduction) and considers 

the effects of substrate characteristics, using five types of animal manure 

Paper 2: Presents a framework that uses two-stage kinetic models, stability objectives for 

digester synthesis (considering inoculum to substrate ratio and instantaneous methanogenic 

yield) as well as effects of model structure and sources of inoculum used to start-up digester 

operation.  

Paper 3: Presents a framework that uses one-stage kinetic models, economic design objectives 

(developing economic evaluation models based on known economic feasibility indicators as 

well as macroeconomic parameters) and industrial wastewater as feedstocks  

Paper 4: Presents a framework that requires no kinetic model for digester synthesis, introduces 

fuzzy multicriteria decision making tools for selection of digester subunits, uses animal manure 

as substrate, and models a novel digester prototype for practical application  

Paper 5: Presents a framework that simultaneously analyse model reliability, quantifies 

uncertainty in model states and construct attainable regions that are self-optimizing.  
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Considering all the five papers put together, the results are highly applicable (summarized in 

the DSS) for synthesis and optimization of multistage anaerobic digesters under different 

practical scenarios and varying degrees of information available to the designer.  

It is important to bear in mind that since the CSTR model consist of a system of nonlinear 

algebraic equations, the existence of multiple steady states is often possible for a given feed 

point and residence time. This presents a considerable challenge when constructing and 

visualizing the AR as some aspects of the AR might change for different steady state values.  

In addition, the roots of the CSTR equation depend on the initial guess used to compute the 

numerical solution. In some cases, the roots give negative values and the author therefore 

limited the computation of CSTR roots to residence time values that give positive roots. It is 

therefore important to be cautious when interpreting the results presented in papers 1, 2, 4 & 

5. 

It is difficult to compare the results obtained in this study with those presented by other 

researchers as this study presents first of its kind, laying down such a comprehensive and 

systematic model-based framework for synthesis and optimization of anaerobic digester 

networks. So only a qualitative comparison with other model-based frameworks presented in 

the literature for bioprocess design could be conducted. Some of the published studies include: 

a model-based framework for optimization of lignocellulosic ethanol production under 

uncertainty (Morales-Rodriguez et al., 2012). The framework predefines candidate process 

configurations, identifies sources of process uncertainties, quantifies their impact on 

performance evaluation metrics of each process configuration, followed by selection of the best 

configuration. The candidates are predefined based on a set of subjective rules, which most 

often results in a local optimum in the final configuration obtained. The second example is a 

model-based framework for optimal synthesis of methane bioreactors using superstructure 

optimization (Pontes and Pinto, 2009). This involves construction of a very large reactor 
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superstructure, which often suffers from multiple solutions. The last example includes the work 

of Alvarado-Morales et al. (Alvarado-Morales et al., 2010), who presented a model-based 

methodology for simultaneous design and control of a bioethanol production process. This 

framework involves the selection of reaction-process and separation-groups, which are then 

combined according to a set of connectivity rules and specifications to generate candidate 

flowsheet structures that are ranked through simulations. The connectivity rules still involve 

the problem of multiple solutions, as other connections can always be derived with similar or 

improved performance that those defined in the flowsheet candidates. As can be noticed, one 

common feature in the cited approaches is that a number of process configurations, referred to 

as flowsheet candidates are first defined before optimization/selection is performed to obtain 

the best configuration. However, an important question raised is that “What if better flowsheet 

configurations exists that are not predefined amongst the flowsheet candidates? On the other 

hand, the power of the framework presented in this study is that the limits of achievability for 

all possible reactor configurations (even in cases of kinetic uncertainties), even those that have 

not yet been devised, are obtained by incorporating attainable region analysis in the process. 

The approach presented in this study synthesizes a reactor configuration as part of the design 

process and connects the evaluation process to technical and economic objectives, which is the 

key interest of investors and engineers.  
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Chapter 4: Conclusion, recommendation and perspectives 

4.1 Conclusion  

Returning to the goal posed at the beginning of this study, it is now possible to state that the 

current study has successfully developed a set of integrated model-inspired frameworks for 

optimal synthesis of methane bioreactor structures, highly adaptable to different design 

objectives and degrees of data or model availability.  

This study has laid down the theoretical framework and illustrated that it is possible to apply 

attainable region technique for synthesis and optimization of multistage anaerobic digesters 

under the following modeling scenarios for anaerobic digestion: one-stage kinetic models, two-

stage kinetic models, and even in cases where there exists no kinetic model. This suggests that 

irrespective of the information available to the designer, the model-based framework can still 

be applied for synthesis of multistage anaerobic digesters. The findings illustrated that the 

structure of the kinetic model used to describe the growth of anaerobic microorganisms 

influences the performance targets and digester configurations obtained. This implies cautious 

selection of kinetic models for describing the anaerobic treatment process is invaluable for a 

reliable use of attainable regions for digester synthesis. The second major finding from the 

study is that synthesis of the anaerobic digesters can be tackled from both technical and 

economic perspectives making it highly attractive not only to engineers but also to investors. 

The study developed and illustrated the use objective functions that include economic 

feasibility indicators, operational indicators (such as volumetric methane production rate and 

volatile solids reduction) as well as stability indicators (inoculum to substrate ratio and 

instantaneous methanogenic yield) of methanogenic microorganisms. 

Another interesting finding to emerge from the study is that a change in the type of digested 

substrate and/or source of inoculum used to start-up the digester significantly influences the 

operating limits (defined by the attainable region), optimized parameter, as well as the design 
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configuration of the optimal digester structure. This finding paves the way for other substrates 

such as blackwater, food waste, lignocellulosic waste, as well as co-digested feeds to be 

considered. Owing to the wide variety of digester systems that exist, the study also introduced 

a framework that couples fuzzy multicriteria decision tools with attainable regions for 

simultaneous synthesis of digester structures and selection of digester subunits considering 

both techno-economic and environmental aspects. What this implies is that for the same 

digester structure, defined in terms of plug flow and continuous stirred tank reactors, the 

subunits (mainly type of plug flow digester) will be differ based on the practical considerations 

for operating the digester system. One of the more significant findings to emerge from this 

study is how the author has been able to propagate kinetic uncertainty on to the attainable 

regions using an integrated framework that couples practical identifiability and uncertainty 

quantification with attainable regions. Hence, when using attainable regions for performance 

targeting and digester network synthesis, the study indicates that it is possible to incorporate 

uncertainty of model prediction during construction of the attainable regions. The attainable 

region obtained in such cases is referred to as a self-optimizing attainable region, which is 

generally smaller than the attainable region but has an advantage of increased robustness.  

Finally, the study has indicated that using digester networks as opposed to single digesters is 

able to bypass regions of lower reactivity and improve performance of the anaerobic treatment 

process. This is illustrated in the following specific predictions obtained from the results: (1) 

Methanogenic microorganisms have been shown to be more viable in digester structures as 

opposed to single digesters, (2) shorter payback periods (higher returns on investment) are 

achievable with digester structures, (3) volumetric methane productivity and improved effluent 

quality is observed with digester structures as opposed to single digesters.  It is also worth 

mentioning that even though the study is based on the anaerobic treatment process, the 
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framework for self-optimizing attainable regions can be applied to other chemical processes, 

where significant uncertainty exists. 

4.2 Recommendation to industry  

The findings, while preliminary, suggests that model-based techniques present an invaluable 

tool for design and operation of multistage anaerobic digesters, which if implemented by 

industry will significantly improve the efficiency of anaerobic digestion, both for small- and 

large-scale systems. The decision support system should be considered the first point of contact 

and used to compliment experiments during planning, design, scale-up and installation of 

anaerobic digestion plants involving multistage digesters. This will significantly reduce the 

number of expensive prototype systems and time-consuming studies usually required to obtain 

and optimal configuration of anaerobic digesters.  

In addition, the novel AR-inspired prototype (developed in Paper 4), though still under 

experimental evaluation, will be highly recommended for use as mobile onsite biogas tank, for 

codigestion of blackwater and kitchen waste, where the gas produced will be used for cooking 

or heating. The AR-inspired prototype offers the following advantages: simple design (relative 

to other multistage systems), no moving parts, stability to organic shocks, low sludge 

generation (as much of the sludge is retained in the system), no requirement of biomass with 

special settling properties, no requirement of a special gas or sludge separation system, etc. 

More detailed performance results from field and experimental studies will be communicated 

in subsequent publications.  

4.3 Perspectives for further research  

The major contribution of the study has been the development and/or configuration of a 

simplified model (one- and two-stage kinetic models) and theoretical frameworks for use of 

attainable regions in digester network synthesis. AR is suitable for use not because of multiple 

reactors (or multistage digesters) but because of multiple reactions, such as the biological 
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reactions in anaerobic digestion involving complex metabolic pathways. However, for 

practicality, the author has applied one- and two-stage lumped reaction models focusing on 

acid producing bacteria and methanogenic archaea to make the problem more tractable. It will 

be very interesting to consider a more complex (series and parallel) reaction set to align more 

closely to the biochemical pathways, i.e. a series of rate equations for hydrolysis, acidogenesis, 

acetogenesis and parallel reactions for acetoclastic and hydrogenotrophic methanogenesis in 

future work. The ultimate goal will be to consider the state-of-the-art anaerobic digestion model 

no. 1 (ADM1) for synthesis of anaerobic digesters using attainable regions.  

More research is needed to expand the concept of self-optimizing attainable regions in the field 

of anaerobic digestion. This study has focused on kinetic uncertainty and it would be interesting 

to assess the effects of other potential sources of uncertainty (such as substrate characteristics, 

presence of inhibitions or temperature variations) on the performance targets of the anaerobic 

treatment process. More importantly, it would be very interesting to understand the geometric 

characteristics of the self-optimizing attainable regions with respect to the necessary conditions 

for attainable regions. Automated approaches for construction of self-optimizing attainable 

regions based on modifying the existing AR construction approaches should be researched.  

Due to the author’s enthusiasm for digital sustainopreneurship, there is great interest for further 

progress in developing a comprehensive web-based expert system, Anaerobic Digestion Expert 

(including all the model-based techniques presented in the decision support system) to serve 

industry practitioners and researchers involved in design of anaerobic digesters. The system 

can also be expanded to include other bioenergy systems as this will be highly relevant for 

engineers, policy makers, and other stakeholders involved in sustainable waste management 

and renewable bioenergy systems.  
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H I G H L I G H T S

• Digester networks as opposed to single digesters improves anaerobic treatment.

• We introduced the use of attainable regions to model anaerobic digester networks.

• A physical and geometric classification of methane bioreactor types are presented.

• Technique uses process kinetics to define performance targets and digester networks.

• Attainable regions and optimized parameters differ for each digested substrate.

A R T I C L E I N F O

Keywords:
Attainable regions
Biodigester networks
Multistage anaerobic digestion
Biogas production

A B S T R A C T

Anaerobic digestion involves multiple reactions, and when operated as a single stage, the process conditions are
only suitable for all the reactions with no particular reaction being optimized, hence limiting overall perfor-
mance. Multistage anaerobic digestion, in which multiple digesters are operated in a network are designed to
optimize each process reaction, but very few writers have drawn on any systematic procedure for the design of
digester networks. This study is about multistage digester networks, but contrary to traditional multistage di-
gestion articles that focus on the experimental evaluation of a predefined network configuration, this study
develops a systematic methodological framework based on the concept of attainable regions for optimal
synthesis of digester networks. Within the framework, a simplified model is developed, which accounts for the
geometric characteristics of fundamental anaerobic digester types. The model is validated with experimental
data of diary, horse, goat, chicken and swine manure, and shows good agreement (model errors between 0.01
and 0.06). The attainable regions and their optimized parameters differ for each digested substrate, and the
optimal networks are made of different combinations of digesters operated in a continuous (axial mixing) and/or
plug flow (no axial mixing) mode. This substrate effect on attainable regions shows great promises as it paves the
way for other substrates such as food waste, lignocellulosic waste, co-digested feeds, etc. This study though
preliminary presents a breakthrough in extending the use of digester networks to solve more operational
challenges as well as support retrofitting multi-stage systems into facilities where single-stage digesters already
exist.

1. Introduction

In the new global economy, bioenergy conversion processes have
become a central component in sustainable development due to their

ability to minimize depletion of natural energy resources as well as
climate and environmental deterioration. Amongst the existing bioe-
nergy conversion processes, the anaerobic treatment process has be-
come very popular due to its ability to simultaneously stabilize waste,
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generate bioenergy and recycle valuable nutrients [1]. The anaerobic
digestion process is highly complex, and the performance of the di-
gester can be affected by a myriad of factors including organic loading
rates, presence of inhibitory or toxic substances, reactor configuration,
hydraulic retention time and environmental factors such as temperature
[2]. For this reason, careful design of methane bioreactors is central to
the optimal operation of anaerobic treatment process, as it is required
to provide an appropriate environment for the complex interaction of
anaerobic microorganisms to grow and produce biogas [3].

Studies have shown that when the reaction mechanism of a process
is complex, the best performance is often achieved in a reactor network
or reactor structure [4]. However, current configurations of methane
bioreactors are simpler, employing one or rarely two different digesters
in the so-called “rational basis of design,” i.e., determination of digester
capacity based on volatile solids (VS) loading, temperature, the extent
of mixing, and so on [2]. It is well known that each digester has dif-
ferent characteristics often making them more adequate to treat waste
of specific characteristics [5], and thus utilizing one reactor in one
configuration may limit the possible combination of pathways, which
may limit performance [6]. This is because anaerobic digestion involves
multiple reactions and when operated as a single stage, the process
conditions are only suitable for all the reactions with no particular re-
action being optimized [7].

Multistage anaerobic digestion, in which multiple digesters are
operated in a network are designed to optimize each process reaction
for the breakdown of organics and generation of methane-rich biogas
[7]. The most common techniques used for staging digester networks
include [8]: Mesophilic Digester Staging in which two heated well-
mixed digesters are operated in series, Acid/Gas (AG) Phased Staging in
which acid-forming and methane-forming stages are physically sepa-
rated, Temperature Phased Staging, which incorporates both thermo-
philic and mesophilic conditions in a series operation and Thermophilic
Staging in which one or smaller digesters follow a large digester to
prevent pathogen short-circuiting. Several studies focusing on anae-
robic digester networks have been published using either two, three or

four individual digesters operating in a particular configuration. Zhang
et al. [9] presented a novel compact three-stage anaerobic digester
(TSAD) for methane production from food waste. The functionalized
staging using the Acid/Gas (AG) Phased technique significantly resulted
in a 24–54% increase in methane production. Akobi et al. [10] in-
vestigated the effect of staging on the anaerobic digestibility of hy-
drolysates obtained from pretreated poplar wood biomass. The authors
reported that the two-stage process resulted in a 16% increase in COD
removal efficiency compared to the single-stage process. Furthermore,
Nasr et al. [11] achieved an increase of 18.5% in the total energy yield
by using a two-stage digester as opposed to a single-stage digester for
digestion of thin stillage. While a handful of studies have demonstrated
the ability of digester networks to enhance process performance, there
still exists a high degree of empiricism in the design of digester net-
works. The aforementioned and all existing studies often predefine the
network configuration, mostly assuming series digester connection,
with no systematic approach to answer the following three questions:
(1) How many individual digesters should be included in an optimal
network (2) what type of digesters should be considered (PFR, CSTR,
UASB, etc.) (3) Do we include recycle and bypass streams? If so, where
are they placed within the structure? Very few writers have drawn on
any systematic procedure for the design of anaerobic digester networks,
and systematic procedures based on optimization techniques can fur-
ther increase the ability of multistage digesters to improve process
stability and operation or improve process economics. Also, using em-
pirical methods to optimize the design of anaerobic digesters often re-
quires construction of expensive prototype systems and time-consuming
studies, which has been a key motivation for reliance on model-based
techniques [12].

A previous article, which attempted to address such digester net-
work synthesis problem involved creating a very large, generalized,
digester superstructure [13]. However, a major challenge with this
approach is that of multiple solutions or the existence of local optima,
which illustrated the following two questions [4]: (1) Are there similar
superstructure configurations that achieve the same result? And (2)

Nomenclature

VS( )0 initial concentration of volatile solids (gVS L)
Af acidity factor (gVFA L) (gBVS L)
B0 biodegradability constant (gBVS L) (gVS L)
Kime VFA inhibition constant for methanogenic archae

(gVFA L)
Ksac monod half-saturation constant for acidogenic bacteria

(gBVS L)
Ksme monod half-saturation constant for acidogenic bacteria

(gVFA L)
SBVS0 initial concentration of biodegradable volatile solids

(gBVS L)
SBVS concentration of biodegradable volatile solids (gBVS L)
SVFA0 initial concentration of volatile fatty acids (gVFA L)
SVFA concentration of volatile fatty acids in bioreactor

(gVFA L)
Tmax maximum temperature at which growth rate is zero (°C)
Tmin minimum temperature at which growth rate is zero (°C)
X0 initial concentration of biomass in reactor (g L)
Xac0 initial concentration of acidogenic bacteria (gac. L)
Xac concentration of acidogenic bacteria in bioreactor

(gac. L)
Xme0 initial concentration of methanogenic archae (gme. L)
Xme concentration of methanogenic archae in bioreactor

(gme. L)
k1 yield constant (gBVS gac. L)
k2 yield constant (gVFA gac. L)

k3 yield constant (gVFA gme. L)
rSBVS reaction rate for biodegradable volatile solids (gBVS L d)
rSVFA reaction rate for volatile fatty acids (gVFA L d)
rXac reaction rate for acidogenic bacteria (gac. L d)
rXme reaction rate for methanogenic archae (gme. L d)
tυ α, 2 student t-distribution parameter
β vector of estimated model parameters
γCH4 volumetric methane productivity (LCH m d4

3 )
γs methane yield
μmac maximum specific growth rate of acidogenic bacteria ( −d 1)
μmme maximum specific growth rate of methanogenic archae

( −d 1)
μac specific growth rate of methanogenic archae ( −d 1)
μme specific growth rate of methanogenic archae ( −d 1)
σ2 standard error
B Ratkowsky parameter (°C−1 −h )0.5

C Ratkowsky parameter C (°C−1)
T reactor temperature (°C)
EMY90 90% experimental methane yield (mLCH gVS4 )
HRT hydraulic retention time (d)
J Jacobian matrix evaluated at parameter estimates
VSR volatile solids reduction (%)
n number of experimental data points
p number of model parameters
α significance level
β vector of real model parameters
ϑ acidogenic fraction
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Does a better superstructure exist? Hence a more reliable and robust
technique for the synthesis and operation of methane bioreactor net-
works will be a major breakthrough in extending the use of digester
networks to solve more operational challenges in anaerobic digestion.
This study is about multistage anaerobic digesters, but contrary to
traditional multistage digestion articles that describe the experimental
evaluation of a predefined network configuration, this study presents a
systematic methodological framework developed for the design of
multistage digester networks. The framework is based on the concept of
attainable regions, which represents a collection of all possible outputs
for all possible reactor designs by interpreting chemical processes as
geometric objects that define a region of achievability without having
to explicitly enumerate all possible design combinations [4]. The main
advantage of this approach over the use of superstructure optimization
is that it enables knowledge of all possible states for all possible digester
configurations (even those that have not yet been devised) to be first
obtained, before looking for configurations to achieve the maximum
attainable states. The application of this concept to synthesize anae-
robic digesters has not been recorded so far, which is why the current
paper aims to develop a theoretical framework to support the applica-
tion of attainable regions to model anaerobic digester networks. As
required by the AR technique, the major contribution of this work is the
development of a simplified model of the anaerobic treatment process,
which has been used to account for the mathematical and geometric
characteristics of fundamental anaerobic reactor types. This is followed
by model identification with test experimental data sets, model di-
mensionality reduction, and construction of attainable regions. Further
to a proof-of-concept for the geometric optimization technique, two
optimization problems are formulated and solved geometrically using
attainable region, to provide methane bioreactor structures that max-
imize volumetric methane production rate and volatile solids reduction.

2. Theoretical developments

2.1. Anaerobic digestion and reactor network synthesis problem

The anaerobic digestion process occurring in methane bioreactors is
a multi-step process involving series and parallel reactions, which are
either biochemical or physicochemical in nature (Fig. 1).

As shown in Fig. 1, compounds can traverse along many different
paths, which makes it difficult to predict the flow of material in the
anaerobic digestion chain, or to know what conditions favour a parti-
cular pathway for the production of a desired intermediate product or a
final product in the chain. For this reason, a network of methane
bioreactor becomes interesting because of complexities in the metabolic
pathways, since a reactor network often gives the best performance
when the reaction mechanism is complex [4].

2.2. Modeling the anaerobic treatment process

Dynamic models that describe the transient behavior of anaerobic
digestion process occurring in methane bioreactors are based on sys-
tems of ordinary differential equations, which represent material bal-
ances for the various components in the metabolic pathway. For using
the model in attainable region synthesis of the reactor, we set four main
requirements an ideal model should attain:

• Present a compromise between being highly accurate but very
complex input requirement and highly simplified but very limited
predictive ability.

• Represent the effect of temperature on the anaerobic treatment
process since the system is highly sensitive to operating tempera-
ture.

• Consider the effect of waste characteristics as different types of or-
ganic waste are normally used in anaerobic systems.

• Predict process optima and instability due to reactor overload or

presence of toxic components in waste stream.

In this study, the objective is to maximize methane productivity,
which is the final product in the chain and the scheme presented in
Fig. 1 is thus simplified to focus on methane production. In our next
paper, we will focus on maximizing an intermediate product, hydrogen,
and the model would be extended to include the effect of hydrogen,
constituting a multidimensional case of attainable region compared to
the two-dimensional case presented in this study.

In order to meet the model requirements for maximizing methane
production through the use of attainable regions, the anaerobic diges-
tion process is simplified into two main biological processes (Fig. 2);
acid formation stage for waste conversion and methane production for
waste stabilization [2]. This considers four main state variables, for
both groups of bacteria as well as their substrates, which include, acid-
forming bacteria, methane-forming bacteria, biodegradable organic
substrate, and organic acids. Bastone, [14] also confirmed that for de-
signing of anaerobic processes, simplified models of at least two stage
are more appropriate since the focus is on hydrodynamics and beha-
viour of solids.

(a) Model state equations

From the scheme shown in Fig. 2, we derive the rate expressions of
the four states, biodegradable volatile solids (BVS); volatile fatty acids
(VFA) as acetate; acidogenic bacteria; methanogenic archae, as ex-
pressed by Eqs. (1)–(4) respectively.

= = −dS
dt

r k μ XBVS
BVS ac ac1 (1)

= = −dS
dt

r k μ X k μ XVFA
VFA ac ac me me2 3 (2)

= =dX
dt

r μ Xac
ac ac ac (3)

= =dX
dt

r μ Xme
me me me (4)

The model assumes the specific death rate of both microbial popu-
lations is negligible compared to the specific growth rate. The specific
growth rate of acidogenic bacteria is modeled using the Monod

Fig. 1. Biochemical pathways for volatile solids reduction and methane gen-
eration [2].
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equation, Eq. (5) while an uncompetitive inhibition term is added to
that of methanogenic archae, Eq. (6) to account for volatile acid in-
hibition during reactor upset or failure.

=
+

μ μ S
K Sac m

BVS

s BVS
ac

ac (5)

=
+ +( )

μ μ S

K S 1
me m

VFA

s VFA
S
K

me

me
VFA
ime (6)

(b) Model inputs

The model is made to have four inputs; temperature, volatile solids
loading, digestion time and type of organic waste to be digested. The
waste type is characterized by two parameters, the biodegradability
constant (B0) and the acidity constant (Af ), which are unique to each
type of waste [12]. The two constants are modelled by Eqs. (7) and (8)
respectively.

=S B VS( )BVS 0 00 (7)

=S A SVFA f BVS0 0 (8)

The initial concentrations of acidogenic and methanogenic archae
contained in the inoculum are expressed as a function of acidogenic
fraction (ϑ) of the inoculum as shown by Eqs (9) and (10). Knowing the
initial concentration of biomass, Xin the acidogenic fraction is estimated
using test data.

=X Xϑac 00 (9)

= −X X(1 ϑ)me 00 (10)

The maximum growth rates of acid-forming (μmac) and methane
forming bacteria (μmme) are functions of the digestion temperature and
this dependence was modeled using the Ratkowsky expanded square
root model, Eq. (11) [15], which describes the effect of temperature
over the entire temperature range of the anaerobic digestion process.

= = − − −μ T μ T B T T exp C T T( ) ( ) [ ( )] {1 [ ( )]}m m min
2

max
2

ac me (11)

< <T T Tmin max

Tmin andTmax are respectively the maximum and minimum temperatures
at which the growth rate is zero while the constants ° − −B( C h )1 0.5 and
° −C( C )1 are known as Ratkowsky parameters, which are normally es-

timated from test data to reflect the process being modelled.

Fig. 2. Simplified two-stage scheme for anaerobic treatment process.

Fig. 3. Model of methane bioreactor showing inputs, outputs, parameters and state variables.
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(c) Model outputs

The model inputs are propagated to model outputs (methane pro-
ductivity and volatile solids reduction) through the state variables. The
volumetric methane productivity and percentage volatile solids reduc-
tion are modelled using Eqs. (12) and (13) respectively [16].

= − ×γ μ X k γ( 1) 1000CH me me s34 (12)

= ×VSR HRT
k μ X
S

100me me

VS

3

in (13)

Fig. 3 presents a summary of the model scheme, clearly outlining
the model inputs, model outputs, kinetic constants as well as state
variables. The result is a much-simplified model of anaerobic process,
which meets all the requirements set above. (See section 2).

The effect of factors such as alkalinity, concentration of cation,
dissolved CO2 and ammonia gas is not considered because their effect is
already lumped into B0 and Af . The model parameters now only depend
on the bacterial consortium present in the methane bioreactor.

2.3. Hydrodynamic configurations of methane bioreactors

Over the past years, a variety of different methane bioreactors have
been designed and are currently in use at industrial and domestic levels.
By using the geometric approach of attainable regions to optimize the
process operation, we provide a general classification of the existing
reactor configurations. Methane bioreactors can be designed using a
number of different hydrodynamic configurations, mainly derived from
a combination of three fundamental regimes: flow regime, mixing re-
gime and reactor regime, as shown in Fig. 4. Under flow regime, me-
thane bioreactors can be operated in a batch, fed-batch or continuous

mode; under mixing regime, they can be operated as completely mixed
or with no axial mixing and under reactor regime, they are classified as
conventional or modified. A continuous flow regime operated with no
axial mixing gives a plug flow operation and when operated as com-
pletely mixed gives a continuous stirred tank operation. When in-
cluding the reactor regime the flow and mixing regimes for a conven-
tional reactor ends at plug flow reactor and continuously stirred tank
reactor. Finally, for modified plug flow reactor regime, we have a
variety of methane bioreactors, which include anaerobic filter (AF),
upflow anaerobic sludge blanket (UASB), anaerobic baffled reactor
(ABR) and Expanded granular sludge blanket (EGSB). A modified
continuous stirred tank reactor gives an anaerobic contact reactor
(ACR).

The attainable region for anaerobic treatment process defines all
possible states that can be achieved by a given organic load and reac-
tion kinetics, using a combination of two fundamental processes only;
reaction and mixing [17]. The plug flow reactor represents an extreme
case of reaction while the continuous stirred tank reactor represents an
extreme case of mixing. As such, methane bioreactors with plug flow
operation can be considered provide reaction while those continuous
stirred operations are considered to provide mixing as illustrated in
Fig. 5.

Since there are several reactors that can be considered to provide
reaction, and/or mixing, the choice of which reactor to use depends on
other operational constraints of anaerobic treatment process such as the
strength of the waste, organic load, type of substrate, etc. [18]. Table 1
presents an overview of other parameters considered for the selection of
an appropriate methane bioreactor.

Fig. 4. Classification of hydrodynamic configurations of methane bioreactors.
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2.4. Geometric interpretation of fundamental methane bioreactors

AR approach applied in this study seeks to incorporate geometry,
calculus and mathematical optimization to understand how methane
bioreactor networks can be designed systematically. This requires
knowledge of the physical, mathematical and geometric properties of
the different methane bioreactors that will be used to construct the
attainable region. In illustrating these properties, we define two im-
portant vectors, the concentration vector (C) and the rate vector, r C( )
of the anaerobic treatment process, which are used to study the char-
acteristics of the fundamental reactor types in section (a) and (b) below.

=C S S X X[ ]BVS VFA ac me
T (14)

=r C r r r r( ) [ ]S S X X
T

BVS VFA ac me (15)

(a) Continuous stirred tank anaerobic reactors (CSTR)

The anaerobic CSTR is presented mathematically as a system of
nonlinear equations Eq. (16), where solving the system to obtain the
roots at a given organic load (Cf ) and for different digestion times
( =τ for i to n1i ) results in a set of points referred to as a CSTR locus
[17].

= +C C τr C( )f (16)

In a geometric interpretation, if we define the mixing vector as
( −C Cf ), then for a given rate expression, r C( ) and organic load (Cf ),
the roots (C) of the system of nonlinear equations results in a mixing
vector which is collinear to the rate vector r C( ), evaluated at the roots
[4]. This implies states generated by an anaerobic CSTR cannot be part
of a true AR boundary since the rate vectors evaluated at CSTR points
may point out of the boundary otherwise; it becomes possible to extend
the region.

(b) Anaerobic plug flow reactors (APFR)

The governing equations of anaerobic plug-flow reactor is a system
of first order ordinary differential equations Eq. (17), where a phase
plane presentation of the solution of the system for a given organic load
and digestion time is called PFR trajectory [17].

=dC
dτ

r C( ) (17)

Geometrically, the rate vector evaluated at points on the PFR tra-
jectory is tangent to all points on the trajectory [4]. This implies that if
rate vectors on the AR boundary evaluated at points on CSTR locus
point out of the region, then it is also possible to extend the AR by

Fig. 5. Grouping of methane bioreactors types into fundamental processes of mixing and reaction.

Table 1
Summary of the operational guidelines for selecting methane bioreactors.

Methane bioreactor Effluent characteristics Loading capacity (kgCOD m d3 ) Ref.

Expanded Granular Sludge Blanket (EGSB) Cold and dilute wastewater, foaming, long chain fatty acids 40–45 [1]
Upflow Anaerobic Sludge Blanket (UASB) More concentrated wastewaters 15–32 [19]
Anaerobic Filter (AF) Soluble types of wastewater 5–15 [19]
Anaerobic Baffled Reactor (ABR) Mostly used for blackwater 1–12 [19]
Anaerobic Contact Reactor (ACR) High strength COD and lipid concentrations higher than 150mg/l 2–5 [20]

< 10 [1]
Anaerobic Sequential Batch Reactor (ASBR) Low-flow applications wider variations in wastewater strength Not applicable [21]
Anaerobic Continuous Stirred Tank Reactor (ACSTR) Slurries with a %TS between 2 and 10 Retention time of 14 to 28 days [20]
Anaerobic Plug Flow Reactor (APFR) Slurries with TSS between 11 and 14% TS Retention time of 15 to 20 days [5]
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running a PFR after a CSTR. In industrial practice, for an anaerobic
treatment process operated using a CSTR the gas production and solids
reduction can be improved if a PFR is combined with the CSTR and
operated in series.

(c) Batch and fed-batch methane bioreactors

For methane bioreactors operated with batch and fed-batch regimes,
[17] introduced the use of appropriate transformations whereby reactor
structures in continuous flow systems can use to form related batch and
fed-batch structures. This implies methane bioreactors operated in
batch and fed-batch modes can also be designed and improved using
techniques in AR theory.

It is not the objective of this article to go into a full description of
techniques in AR theory. Readers interested in the technique can find
relevant resources presented in Ming et al. [4].

3. Framework for designing methane bioreactor network

3.1. Process characteristics for model simulation

Anaerobic digestion of five different organic substrates has been
considered to run the models and estimate the kinetic parameters re-
quired to completely define the rate vectors necessary for construction
of AR. Experimental data for digestion of the different substrates, cow
manure, diary manure, horse manure, chicken manure, and swine
manure were obtained from [22]. Amongst the two model outputs,
VSR% was reported directly from the experiments while YCH4 was

computed using Eq. (18).

= ×γ EMY
HRT

VSLCH
90

4 (18)

Table 2 presents the computed/obtained values of YCH4 and VSR% to
be used for model validation as well as the operational parameters for
anaerobic digestion of the different substrates. The duration for 90%
methane production was used as the hydraulic retention time (HRT)
and the corresponding 90% of the methane yield value was computed.

3.2. Parameter estimation and model validation

(a) Identification of temperature dependence model

The determination of the Ratkowsky parameters (B and C) as well as
Tmin andTmax was made by fitting the Chen and Hashimoto curve (Fig. 6)
for temperature dependence on growth rate, cited by [16] to the Rat-
kowsky expanded square root model. This was done using the Matlab
routine ‘nlinfit’, for nonlinear regression (Mathworks Natick, NA).

The 95% marginal confidence intervals and joint confidence regions
of the estimated Ratkowsky parameters were computed using Eqs. (19)
and (20) respectively.

 ±β t sυ α β, 2 i (19)

 − − ≤ − −β β J J β β pσ F( ) ( )( )T T
α p n p

2
(1 ), ,( ) (20)

where sβi is the approximate standard errors of the parameter estimates,
computed by Eq. (21).

 =s diag cov β( ( ))βi (21)

(b) Identification of the anaerobic digestion model

The following parameters =k k k k γ[ , , , ϑ, ]s1 2 3 are to be estimated
while the values of all other parameters particularly
K K and K,s s iac me me are maintained as in the original Hill model. The
parameter estimation consisted of iteratively searching for parameter
values that minimizes the squared error between the outputs predicted
by the parameterized model and observed experimentally, Eq. (22).

∑= − + −ε x k γ k γ VSR k VSRmin ( , ) ( ( ) ) ( ( ) )
k CH CH

e e2 2
4 4 (22)

For this purpose, the Matlab optimization routine, fmincon was used,
where the dynamic methane bioreactor model integrated numerically
using the Runge-Kutta 4–5th order method implemented by the Matlab
ode45 routine

3.3. Defining attainable region for anaerobic treatment process

After estimating the model parameters, the complete model for the
anaerobic process becomes defined and can now be used for AR ana-
lysis, which is the object of the following section. A stoichiometric
scheme of the bioreaction occurring in the methane bioreactor consists
of two main reactions catalyzed by acid-forming bacteria, Eq. (23) and
methane-forming bacteria Eq. (24).

⎯ →⎯⎯⎯ +k S X k SBVS
r

ac VFA1 2
Xac (23)

⎯ →⎯⎯⎯⎯ +k S X k CHVFA
r

me3 4 4
Xme (24)

Letting rows 1–5 correspond to S X S X CH, , , andBVS ac VFA me 4 re-
spectively, the stoichiometric coefficient matrix A is therefore a ×5 2
matrix, given by Eq. (25).

=

⎡

⎣

⎢
⎢
⎢
⎢

−

−

⎤

⎦

⎥
⎥
⎥
⎥

A

k

k k

k

0
1 0

0 1
0

1

2 3

4 (25)

Table 2
Process characteristics and experimental data for model validation.

Type of waste to be treated HRT T days( ) ( )90 EMY mL gVS( ) EMY mL gVS%90 ( ) VSL gVS l( ) VSR %( ) γ l m d( )CH4
3

Diary manure (DM) 28 204 183.6 3.5 58.6 22.95
Horse manure (HM) 37 155 139.5 3.5 52.9 13.20
Goat manure (GM) 44 159 143.1 3.5 46.4 11.38
Chicken manure (CM) 18 259 233.1 3.5 81.4 45.32
Swine manure (SM) 17 323 290.7 3.5 81.4 59.85

Fig. 6. Chen and Hashimoto curve for temperature dependence of growth rate.
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Since there are two independent reactions participating in the
system ( =Rank A( ) 2), we expect the set of points generated by the
anaerobic treatment process to reside in a two-dimensional subspace in
5. As all model outputs are functions of volatile fatty acids and con-
centration of methanogenic archae, it is sensible to generate the AR in
( −S XVFA me) space, which provides information required to maximize
gas production and volatile solids reduction.

The number of dimensions in which the AR must be constructed was
reduced using the concept of yield coefficients, which has been used
previously to reduce the number of dimensions during AR analysis [23].
This is possible because using yield coefficients, we can calculate the
reaction rates of SBVS and Xac as functions of production rates of SVFA
and Xac as shown in Eqs. (26) and (27).

= +r
k

r k r1 ( )X S X
2

3ac VFA me (26)

= − +r k
k

r k r( )S S X
1

2
3BVS VFA me (27)

This implies that the concentrations of BVS and acidogenic bacteria
can be expressed as a function of VFA and methanogenic archae con-
centrations as in Eqs. (28) and (29).

= + − + −X X
k

S S k X X1 [ ( )]ac ac VFA VFA me me
2

30 0 0 (28)

= − − + −S S k
k

S S k X X[ ( )]BVS BVS VFA VFA me me
1

2
30 0 0 (29)

The ability to calculate Xac and SBVS as a function of Xme and SVFA
allow us to also express the rate and concentration vectors of Xme and
SVFA exclusively. In other words, for each Xme and SVFA in the
( −S XVFA me) space we can calculate a rate vector that uniquely de-
termines the CSTR locus and PFR trajectory from a specified organic
load.

Four main steps used to construct the AR include

• A determination of the PFR trajectory from the organic load.

• A determination of the CSTR locus from the organic load.

• An extension of the AR boundary by running a series of PFR from
each CSTR point.

• Convexifying the entire set of points and test the AR against ne-
cessary conditions.

The CSTR equations were solved using Newton method, im-
plemented by the Matlab routine ‘fsolve’ while the PFR equations were
solved using the Matlab ode45 routine for solving non-stiff differential
equations. The convex hall of the entire set of geometric points is ob-
tained by using the Matlab ‘convhull’ routine, which implements the
Qhull algorithm (Mathworks, Natick NA).

3.4. Design optimization with attainable regions

AR theory offers advantages compared to other optimization tech-
niques in that by computing the AR, we have all answers to all possible
optimization problems, and all that is left is to introduce an objective
function that answers our specific design objective. This is done by
formulating the objective function in the ( −S XVFA me) space and de-
termining the point where the objective function intersects the AR
boundary.

Our two design objectives, volumetric production rate, Eq. (12) and
percentage of volatile solids reduction, Eq. (13) are reformulated in a
way that can be plotted on the AR as shown in Eqs. (30) and (31) re-
spectively.

=
− ×

X
γ

μ k0.5 ( 1) 1000me
CH

me 3

4

(30)

=
×
×

X
VSR S
k μ 100me

VS

me3

0

(31)

Eq. (30) and (31) can respectively be used to graphically determine
the volumetric methane productivity and volatile solids reduction in
the ( −S XVFA me) space.

4. Results and discussions

4.1. Parameter estimates and model validation

(a) Fitting of temperature dependence model

The first set of analyses estimated the parameters of the Ratkowsky
model and examined its ability to predict the temperature dependence
of the specific growth rate using the Hashimoto curve. As shown by
Fig. 7, the Ratkowsky model gives a good prediction of the experi-
mental data and can be used to model the temperature dependence of
the methane bioreactor. In accordance with the present results, pre-
vious studies have demonstrated that the model can predict tempera-
ture dependence in bioreactors producing hydrogen under anaerobic
conditions [24].

Fig. 8 shows the confidence contours of model parameter estimates,
which show varying degrees of correlation, some being positively cor-
related and others being negatively correlated. The correlation amongst
the model parameters does not have an “intuitive” explanation because
it is a consequence of the estimation procedure itself, and does not
reflect some aspect of the temperature dependence. The two-dimen-
sional regions only show where it is reliable to select a parameter value
taking into consideration correlation from the other parameters. The
actual parameter estimates are 0.02, 0.05, 4.22 and 79.96 respectively
for B C T andT, , min max . The results imply that at a minimum temperature
of 4.22 °C and a maximum temperature of 79.96 °C, growth rate in the
methane bioreactor becomes zero. The model offers advantage over the
conventional Arrhenius model in that it represents realistic aspects of
the anaerobic digestion process where the growth rate initially in-
creases with increasing temperature up to a maximum after which its
starts decreasing with increasing temperature.

(b) Validation of the dynamic state model

The parameter estimates of the methane bioreactor model for each
of the organic substrates have been made using a nonlinear optimiza-
tion solver, with the gradients computed using numerical perturbations
at every iteration. The convergence history of the sum of squared error
for all the organic substrates is presented in Fig. 9, which reveals two
important findings. First, the different substrates show different con-
vergence developments, and a possible explanation could be that the
differences in substrate parameters offer different degrees of stiffness to

Fig. 7. Fitting of temperature dependence model to test data.
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the optimization problem. Secondly, the errors between model and data
approach zero for all the data sets as the number of iterations increases,
implying the problem converges to a feasible solution as local mini-
mizers normally select model parameters at every iteration such that
the objective function is monotonically decreasing [25]. Table 3 pre-
sents the parameter estimates and compares the simulated and

experimental values. It is apparent from the table that the model gives a
good prediction of the experimental data.

4.2. Geometric representations and methane bioreactor structures

The objective was to propose optimal methane bioreactor structures

Fig. 8. Confidence contours of parameter estimates for temperature dependence model.

Fig. 9. Convergence history of parameter estimation process for different organic substrates.
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for anaerobic treatment of different substrates by constructing candi-
date ARs in two-dimensional −S XVFA me space. Figs. 10–14 present
attainable regions for anaerobic treatment of the different substrates in
a two-dimensional space of volatile fatty acids (x-axis) and methano-
genic concentration (y-axis). The reaction rate vectors generated by the
system of rate expressions =r C r r( ) [ ]S X

T
VFA me evaluated at

=C S X[ ]VFA me
T is plotted over the regions for the different substrates.

Two very important observations can be made from the figures. (1) The
nature of the attainable region changes with different substrates. This is
because the attainable region is unique for a given kinetics and organic
load, and a change in kinetics generally affect the region and its asso-
ciated reactor structures [4]. (2) All the rate vectors either point into
the region (along the mixing line) or are tangent to the AR boundary
(along the PFR trajectory), which is an interesting property indicating
that there are no combinations of reactors that extend the region fur-
ther.

As mentioned in Section 2.4, each methane bioreactor type exhibits
unique geometric properties, which can be used together with the AR
boundary to obtain reactor structures that define the limits of achiev-
ability for every substrate. The boundary of the attainable regions is the
convex hull for the set of all points achievable by reaction and mixing.
In AR theory, the convex hull is the smallest subset of a set of points that
can be used to generate all other points by reaction and mixing [4].
Geometrically, a convex hull is a finite convex polytope enclosed by a
finite number of hyperplanes, which is interpreted in a two-dimensional
space as the smallest polygon enclosed by planar facets such that all of
the elements lie on or in the interior of the polygon [26]. The inter-
pretation of the boundary into reactor structures will be illustrated
using Fig. 10. The point A is the feed, while the region defined by ABC is

the AR. The convex segment AB is the PFR trajectory while segment A
to D is the CSTR locus. The curves represented by E (which ends at the
point C) are trajectories obtained by running PFR from points on CSTR
locus. The point C is therefore obtained by running a CSTR from point A
followed by a PFR from CSTR. Straight lines on the AR boundary re-
present mixing (lines AC and BC) while curved surfaces represent re-
action (section AB). Concentrations along the line AC (CAC) can be
obtained by mixing point A and C, Eq. (32) (the lever-arm rule) and the
reactor structure is therefore given by a CSTR+PFR (point C) with a
bypass from point A. Concentrations on the line BC (CBC) can be ob-
tained by mixing point B and C, Eq. (33) and the required reactor
structure is given by a PFR+CSTR (point C) run in parallel with a PFR
(point B) with both contents mixed at the end. Similar reactor inter-
pretations were made for the other substrates as presented in
Figs. 11–14.

= + − ≤ ≤C αC α C α(1 ) , 0 1AC A C (32)

= + − ≤ ≤C αC α C α(1 ) , 0 1BC B C (33)

where α is known as the mixing ratio.

4.2.1. Reactor structures for optimal methane productivity and volatile
solids reduction

Once the AR has been determined, the limits of achievability by the
system for the different substrate degradation kinetics and organic load
are known. The boundary of the AR can then be used to answer dif-
ferent design or optimization questions related to the system. This is
done by defining an appropriate objective function in terms of the AR
space variables and overlaying onto the AR to see where intersects the
boundary [4]. The reactor structures corresponding to sections of the

Table 3
Parameter estimates and comparison of simulated and experimental data.

Substrate Parameter estimates Experimental digester values Predicted digester values Model error

k1 k2 k3 ϑ γs VSR γCH4 VSR γCH4 ε

DM 1.096 0.096 5.351 0.519 0.503 58.62 22.95 58.60 22.91 0.0435
HM 1.140 0.140 2.344 0.671 0.460 52.91 13.20 52.97 13.25 0.0603
GM 4.074 3.074 6.341 0.854 0.366 46.41 11.38 46.42 11.36 0.0153
CM 1.251 0.251 2.772 0.334 0.433 81.43 45.32 81.41 45.34 0.0300
SM 1.408 0.408 9.02 0.535 0.346 81.44 59.85 81.43 59.82 0.0154

Fig. 10. Attainable region for anaerobic treatment of diary manure in 2D space.
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AR that intersect the objective function are optimal structures relative
to the specified objective function. Figs. 15–24 presents a number of
contour lines for methane productivity (YCH4), Eq. (30) and percentage
volatile solids reduction (VSR), Eq. (31) overlaid onto the AR for the
different organic substrates (plots to the right of each figure is a closer
zoom of that to the left). Analyzing the figures reveals four important
remarks. (1) For each value of YCH4 and VSR, there exist many points of
intersection with the AR, with every intersection point being an optimal
operating point. This implies that there are multiple optima for the
objective functions and more strikingly an infinite number of optima, if
we include all concentrations on the mixing line joining the two points
of intersection on the AR boundary. The results corroborate the findings
of some of the previous studies using AR to optimize for a reactor
structure, where multiple optima is sometimes observed [4]. However,

if we limit our choice to the points on the AR boundary, we have two
possible operating points and their associated reactor structure, which
can be used to achieve a specified objective for the different substrates
(see Figs. 25–27). (2) As the value of YCH4 and VSR increases, the ob-
jective function shifts diagonally towards the positive quadrant and
reaches a point where it no longer intersect the AR. This observation is
quite interesting as it illustrates the limits of achievability of the system.
The values of YCH4 and VSR where the objective function no longer in-
tersects the AR are values that cannot be attained by the system for the
specified organic load and reaction kinetics. The diagonal shift of the
curve implies higher concentrations of methanogens and volatile acids
are required to achieve higher methane productivity and volatile solids
reduction, which is true for the anaerobic treatment process [2]. (3)
The values of YCH4 and VSR for which the objective functions no longer

Fig. 11. Attainable region for anaerobic treatment of horse manure in 2D space.

Fig. 12. Attainable region for anaerobic treatment of goat manure in 2D space.
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intersect the AR differ for each organic substrate. This is explained by
the fact that different substrates have different degradation kinetics and
as the kinetics of the system changes, the limits of achievability changes
[4]. (4) Both objective functions show similar patterns but with dif-
ferent magnitudes. This is a realistic observation because during
anaerobic digestion, volatile solids are not consumed as all input VS
minus the one incorporated in bacterial mass ends up in the methane
produced [1]. This implies waste stabilization (VS reduction) only oc-
curs in the methane formation step and the profile for methane re-
covery should therefore be similar to the profile for volatile solids re-
duction [2]. The difference in magnitude comes from the fact that some
of the input VS is incorporated in new cell biomass.

Figs. 25–29 presents an illustration of the methane bioreactor
structures required to attain specific methane productivities for the five
organic substrates considered. It should be noted that if the specified
methane productivity is changed the optimal reactor structure would

also change. Observe that the optimal reactor structure has not changed
in this instance even though the kinetics and associated AR have
changed. However, this result is unique to the kinetics. Generally, a
change in the kinetics may affect the AR and hence the optimal reactor
structure associated with it.

As earlier mentioned in Section 2.3 there exist different methane
bioreactors with a plug flow model of operation and the actual choice is
to be made by the designer based on the criteria presented in Table 1. If
the process is to be operated in batch mode, the transformations men-
tioned in Section 2.4 can be applied to the continuous reactor system to
get corresponding batch reactors.

The results show that the attainable regions and their optimized
parameters differ for each digested substrate and the optimal networks
are made of different combinations of digesters operated in a con-
tinuous (axial mixing) and/or plug flow (no axial mixing) mode. This
substrate effect on attainable regions shows great promises as it paves

Fig. 13. Attainable region for anaerobic treatment of chicken manure in 2D space.

Fig. 14. Attainable region for anaerobic treatment of swine manure in 2D space.
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the way for other substrates such as food waste, lignocellulosic waste,
co-digested feeds, etc. This study though preliminary presents a major
breakthrough in extending the use of digester networks to solve more
operational challenges as well as support retrofitting multi-stage sys-
tems into facilities where single-stage digesters already exist. Multi-

stage digesters systems have gained increasing importance due to their
ability to optimize every step in the anaerobic treatment process. For an
already existing digester system, the attainable region concept pre-
sented in this study will show the proximity of the existing system in
relation to the absolute best performance, which is important in

Fig. 15. Contours of volumetric methane productivity overlaid onto AR for diary manure.

Fig. 16. Contours of volatile solids reduction overlaid onto AR for diary manure.

Fig. 17. Contours of volumetric methane productivity overlaid onto AR for horse manure.
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deciding whether or not to invest additional effort and resources to
further revise the system. This is because by interpreting the anaerobic
treatment process as geometric objects, we obtain (by constructing the
AR) a collection of all possible output for all possible reactor designs

that define a region of achievability without having to explicitly enu-
merate all possible design combinations. In the case where a decision is
made to revise the network or to synthesize a new multistage digester
network, the following steps are required:

• Identity the parameters of the simplified model presented in this
study using data from the existing plant or anaerobic treatability
studies. In this study, we used experimental data of diary, horse,
goat, chicken and swine manure, and obtained errors between 0.01
and 0.06.

• Use the identified model to construct the attainable region and op-
timize a defined parameter of the plant in order to obtain an optimal
network structure.

• By comparing the optimal and the existing network, points of
modifications in practical operation will be evident, which includes
answers to three main questions: (1) How many individual reactors
do we consider in each structure? (2) What type of anaerobic re-
actors (CSTRs or PFRs) do we consider in each structure? (3)
Whether and/or where to include recycle or bypass streams within
the structure?

It should, however, be noted that unlike the superstructure opti-
mization method [13] for reactor network synthesis, which requires
defining an initial reactor structure, the AR approach does not require
an existing network to synthesize an optimal network. The attainable
region technique does not only define the limit of achievability of the
system, but it provides reactor structures that can answer key design
question relative to methane productivity and waste stabilization. This
study, therefore, bridges the gap between research, development, and
implementation of digester networks.

It is also interesting for readers to note that the network synthesis
approach utilized in this study can also be applied for synthesis and
optimization of other energy conversion processes (e.g., alcohol fer-
mentation, gasification, pyrolysis, etc.) as well as for planning and
scheduling of energy production processes. The approach provides in-
formation for both performance targeting and reactor network pro-
blems. Therefore the study offers great promises for widespread appli-
cation to enhance energy generation.

5. Conclusion

The development of a systematic methodological framework for
optimal synthesis of multistage digester networks has been presented.
This is the first study indicating the usefulness of attainable regions, a
global optimization technique for modeling configurations of multi-
stage anaerobic digesters. A simplified model for anaerobic digestion is

Fig. 18. Contours of volatile solids reduction overlaid onto AR for horse manure.

Fig. 19. Contours of volumetric methane productivity overlaid onto AR for goat
manure.

Fig. 20. Contours of volatile solids reduction overlaid onto AR for goat manure.
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formulated, and the Ratkowsky expanded square root model is pre-
sented as a reliable alternative to Arrhenius for modeling temperature
dependence in methane bioreactors. Parameter estimation shows that
the model predictions agree well with experimental data of diary,
horse, goat, chicken and swine manure (model errors between 0.01 and
0.06). The model has been used to account for the mathematical and
geometric characteristics of fundamental anaerobic digesters (Plug

Flow and Continuous Stirred Tank digesters), and the results have been
generalized to advanced anaerobic digesters. Two-dimensional attain-
able regions reveal that the optimal reactor structure differs for each
digested substrate and all structures are made of digesters operated in a
continuous (axial mixing) and/or plug flow (no axial mixing) mode.

This knowledge is very useful as it enables the definition of ap-
propriate performance targets for different organic substrates, which is

Fig. 21. Contours of volumetric methane productivity overlaid onto AR for chicken manure.

Fig. 22. Contours of volatile solids reduction overlaid onto AR for chicken manure.

Fig. 23. Contours of volumetric methane productivity overlaid onto AR for swine manure.
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useful to make design and feasibility decisions as well as support ret-
rofitting multi-stage systems into facilities where single-stage digesters
already exist. In addition, the substrate effect observed on the limits of
achievability of the system shows great promises as it paves the way for
other substrates such as food waste, lignocellulosic waste, co-digested
feeds, etc. Further to a proof-of-concept for the geometric optimization
technique, two optimization problems are formulated and solved

geometrically to obtain optimal structures for anaerobic digesters that
maximize volumetric methane production rate and volatile solids re-
duction for five different organic substrates.

As a natural progression of this study, it will be important to subject
the optimized parameter and reactor structures obtained to actual ex-
perimental verification. For this reason, our next study considers re-
sidence time in a three-dimensional attainable region framework where

Fig. 24. Contours of volatile solids reduction overlaid onto AR for swine manure.

Fig. 25. Digester structures to attain methane productivity of 25 and 52 l m d3 respectively diary manure and swine manure.

Fig. 26. Digester structures that can attain methane productivity of 18 and 20 l m d3 respectively for horse manure, chicken manure.

Fig. 27. Digester structures to attain methane productivity of 4.0 l m d3 for goat manure.
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residence time adds the third dimension. This has permitted us to de-
sign and dimension a novel compact digester consisting continuously
stirred tank digester, plug flow digester as well as by-pass and recycle
streams (currently under fabrication for experimental testing).

In this study, the anaerobic digester networks have been staged
based on the Acid/Gas Phased Digestion technique (two-stage bio-
chemical kinetics) in which acid-forming stage is physically separated
from the methane gas-forming stage. Other studies could consider ap-
plying different staging techniques such as Staged Mesophilic Digestion;
Temperature Phased Anaerobic Digestion or Staged Thermophilic
Digestion.

Finally, readers should note that the attainable region technique is
suitable for use not because of multiple reactors but because of multiple
reactions, such as the biological reactions in anaerobic digestion in-
volving complex metabolic pathways. However, for practicality, we
have applied 2-stage lumped reaction models focusing on acid produ-
cing bacteria and methanogenic archaea to make the problem more
tractable. Further studies can also consider more complex reaction
schemes are comprising hydrolysis, acidogenesis, acetogenesis and
parallel reactions for acetoclastic and hydrogenotrophic methanogen-
esis. In such cases, instead of using the graphical approach for attain-
able region construction presented in this study, automated approaches
such as the recursive constant control policy algorithm should be
adopted. This will lead to a generalization of the attainable region
concept for synthesis and optimization of anaerobic digester networks.
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a b s t r a c t

Unlike high-rate anaerobic digesters that employ some mechanism to retain microbial sludge mass, low-
rate systems use sufficiently long hydraulic retention times to ensure process stability, which becomes
economically unattractive for treating large quantities of waste. This study presents the use of attainable
region to develop a new strategy to enhance the stability of low-rate digesters. By considering three
digestion cases, diary manure only (batch 1) or diary manure with granular (batch 2) or lagoon (batch)
sludge as innoculum, the following findings were obtained. (1) For a given concentration of volatile acids
in an anaerobic digester, higher concentrations of methanogenic archae can be attained using a digester
structure (combination of different digesters) as opposed to single digester. (2) For a given digested
substrate, a change in the source of inoculum results in a change in the limits of achievability by the
system (attainable limits for batches 1, 2 and 3 were 46.486(g/L)2, 5.562(g/L)2 and 0.551(g/L)2, which
resulted in performance improvements of 118.604%,175.627% and 200.436% respectively), and hence
optimal digester structure. The evidence from this study suggests that the technique can be used to
simultaneously improve process stability, define performance targets and propose digester structures
required to achieve a given target.

© 2019 Published by Elsevier Ltd.

1. Introduction

The anaerobic digestion process for waste treatment and biogas
generation has received considerable attention from the scientific
community due to rising demand for renewable energy and envi-
ronmental sanitation. As with any other bioprocess, central to the
operation of the anaerobic treatment process is the anaerobic
digester in which microorganisms grow, breakdown organic pol-
lutants and produce methane-rich biogas (Alford, 2006). Unlike
aerobic treatment systems inwhich the loading rate is limited by the
supply of a reagent (such as O2), the loading rate of anaerobic

reactors is limited by the processing capacity of themicroorganisms
(Mes et al., 2003). These microorganisms generally include two
groups: Acid-forming and methane producing microorganisms
(Demirel and Yenigun, 2002), with the latter having a growth rate
five times relatively higher than the former (Henze et al., 2008).
Therefore the stability of anaerobic digesters is highly dependent on
the viability and mass of methanogenic archae retained in the
digesterwith respect to a given substrate concentration. The specific
growth rate ofmethanogenic archae increaseswith concentration of
volatile fatty acids until a maximum specific growth rate is reached
above which volatile acids turn to inhibit growth rate (Henze et al.,
2008; Chen et al., 2008, 2014). Hence an optimal archae to acid ra-
tio (generally referred to as inoculum to substrate (I/S) ratio) is
necessary to ensure an optimal efficiency of biogas production from
anaerobic digesters. This explains why biodigester designs that
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maximize retention of microbial biomass are crucial to the stability
of the anaerobic treatment process and hence its industrial effi-
ciency compared to other biological treatment processes. One of the
major causes of failure in the anaerobic treatment process is inhi-
bition, which depends on the components of the digester, byprod-
ucts ofmicrobialmetabolismaswell as a combinationof loading rate
and retention time, which can result in microbial wash out or inhi-
bition from chemical species. Of the two main type of anaerobic
digester systems, ‘high rate’ systems (e.g. Contact Process, Anaerobic
Filter, Fluidized Bed, UASB, EGSB) enhance process stability by
employing some mechanism either to retain microbial sludge mass
in the digester or to separate the sludge from the effluent and return
it to the digester (Mes et al., 2003; Henze et al., 2008). On the other
hand, ‘low rate’ systems (e.g. CSTR or PFR), use sufficiently long
hydraulic retention times toensureprocess stability,whichbecomes
economically unattractive for treating large quantities of waste or
requiring large digester volumes if a given quantity ofwastemust be
treated (Mes et al., 2003). Hence alternative techniques that maxi-
mize process stability in low-rate anaerobic digesterswill be amajor
breakthrough in the application of anaerobic treatment process. The
useof digester networks, inwhichmultiple digesters aredesigned to
operate as a single unit is such technology (EPA, 2006). It is well
known that each type of anaerobic digester has specific character-
istics oftenmaking themmore appropriate under specific substrate
or digester conditions. In addition, the anaerobic digestion (AD)
process involves multiple reactions (each catalyzed by different
groups of microorganisms) and when operated in a single digester,
the process conditions are only suitable for all the reactions but not
optimal for anyparticular reaction.Hence a combinationof digesters
allows for the flexibility and possibility of improving overall process
performance. Previous experimental studies confirming the efficacy
of digester networks have only been limited to series combinations
(Zhang et al., 2017; Akobi et al., 2016; Nasr et al., 2012) with a lot of
empiricism in the design process. In particular, some of the plants
that use the series digester combinations cannot prove whether
there exist (ornot) othernetworkconfigurations that producebetter
performance. In other words, there exist the problem of local opti-
mum or multiple solutions (existence of other digester combina-
tions that achieve same or improved results). In our recent
publication, Abunde et al. (Abunde Neba et al., 2019) we solved this
challenge by developing a novel theoretical framework for optimal
synthesis of digester networks based on the concept of attainable
regions. The attainable region is a collection of all possible output for
all possible digester designs by interpreting the anaerobic digestion
process as a geometric object that define a region of achievability
without having to explicitly enumerate all possible design combi-
nations (Minget al., 2016). In theprevious study,weconcluded that a
change in the type of digested substrate results in a change in the
limits of ahievability (as well as the optimal combination of di-
gesters), while considering the volumetric methane productivity
andwaste stabilization as design objectives. In the current studywe
aim to illustrate how the attinainable region concept can be used to
solve instability problems in lowrate anaerobic digesters. Unlike the
previous study that considered different organic substrates, this
studyconsiders samesubstrate fordifferent sources of inoculumand
uses I/S ratio and instantaneous methanogenic yield as design ob-
jectives. In other words, we lay down a theoretical framework to
design an optimal digester combination that gives the desired sta-
bility parameters (I/S ratio or instantaneous methanogenic yield)
based on the concept of attainable regions.

It is important for readers to note that the attainable region is
unique for given reaction kinetics (model structure and/or
parameter values), and anaerobic biodegradation kinetics depends
on the inhibitory conditions or type of organic substrate in the
digester. All inhibitory conditions in anaerobic digesters will often

upset the balance between acid-forming and methane-producing
microorganisms resulting in accumulation of volatile acids (Chen
et al., 2014). Different inhibitory conditions and/or substrates will
result in different kinetic behaviour of volatile acids on methano-
genic archae, and some of the published inhibitory patterns
include: competitive, non-competitive, uncompetitive, linear or
exponential kinetic behaviors (Kythreotou et al., 2014). Hence by
using attainable regions, we can understand how the performance
of the digester (concentration of methanogens) can be enhanced
(under higher concentration of volatile acids) using digester
structures as opposed to single digesters.

The determination of performance targets for anaerobic diges-
tion of different organic substrates has been investigated exten-
sively in the past using either experimental methods (such as the
biomethane potential test and spectroscopy) or theoretical
methods (based on chemical composition, chemical oxygen de-
mand or elemental composition) (Jingura and Kamusoko, 2017).
However these approaches are limited to only methane yield and
gives no information about the other states and hence cannot
predict exact cause of process failure or inhibition. In addition, it
provides no information with respect to the digester design
required to achieve a defined target. This paper discusses how the
attainable region concept can be used as a technique to define
performance targets under different inhibitory conditions as well
as model anaerobic digester configurations to optimize process
stability.

2. Process modeling and model identification

2.1. State dynamic model of anaerobic treatment process

For synthesis of low rate anaerobic digesters using attainable
regions, simplified models are considered most appropriate as the
geometric and hydrodynamic analysis are relatively more complex.
The attainable region (AR) technique is suitable for use because it
can solve problems not because of multiple reactors but because of
multiple reactions, such as the biological reactions in anaerobic
digestion involving complex metabolic pathways. However, for
practicality, the authors have applied 2-stage lumped reaction
models focusing on acid producing bacteria and methanogenic
archae to make the problem more tractable. Our subsequent
studies will seek to consider more complex (parallel and series)
reaction set to align more closely with the biochemical pathways,
i.e. series of rate equations for hydrolysis, acidogenesis, aceto-
genesis and parallel reactions for acetoclastic and hydro-
genotrophic methanogenesis. The modified Hill model (Finn et al.,
2013), which was developed for anaerobic digestion of animal
manure (diary, poultry, beef and swine wastes) has been selected
for this study. The model presents a compromise between the
overly simplistic models capable of predicting only gas production
and sometimes substrate consumption and simplistic models (such
as the AM2) (Bernard et al., 2001) that include a hydrolysis step,
alkalinity, cation concentration, dissolved carbon dioxide and
ammonia. These effects are ‘lumped’ into and become part of the
biodegradability constant (Bo) and acidity factor (AF) present in the
modified Hill model (Finn et al., 2013). The species conservation
equations for the modified Hills model are presented as follows:

a) Total biodegradable volatile solids (S1) in the liquid phase of the
bioreactor

dS1
dt

¼ �
S1in

� S1
�
D� k1m1X1 (1)
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b) Volatile fatty acids (S2) in the liquid phase of the bioreactor

dS2
dt

¼ �
S2in

� S2
�
Dþ k2m1X1 � k3m2X2 (2)

c) Acidogens (X1) in the liquid phase of the bioreactor

dX1

dt
¼ �

m1 � Kd1
� D

�
X1 (3)

d) Methanogens (X2) in the liquid phase of the bioreactor

dX2

dt
¼ �

m2 � Kd2
� D

�
X2 (4)

e) Methane gas flow rate

QCH4
¼ Vm2k4X2 (5)

The organic waste is characterized by using the two parameters,
which are biodegradability (Bo), Eq. (6) and acidity (Af ), Eq. (7). Bo
measures the ease with which the organic substrate can be broken
down and stabilized by anaerobic bacteria while Af of a substrate
can be defined as the amount of volatile fatty acids contained in the
substrate per unit mass of biodegradable volatile solids

S1in
¼ B0Sin (6)

S2in
¼ Af S1in

(7)

The anaerobic biodegradability can be computed via Eq. (8)
while the acidity factor is computed using Eq. (19).

B0 ¼
g VSdestroyed
g VSadded

as HRT/∞ (8)

Af ¼
VFAin

B0 � VSL
(9)

Themodified Hill's model considers temperature dependence of
the anaerobic treatment process through an empirical model, Eq.
(10) and since the death rates are set to one tenth of the maximum
reaction rates, Eq. (11) they are also show temperature dependent.

m1mðTÞ¼m2mðTÞ ¼ 0:012T � 0:086 (10)

Kd1 ¼Kd2 ¼ 0:1m1m (11)

10�C < T <60�C

For the purpose of our study, the model is adapted as follows:
The Monod function used to describe the growth rates of acido-
genic and methanogenic microorganisms in the original model will
be used only for acidogenic bacteria, Eq. (12). The growth model for
methanogenic archaewill vary depending on the cases presented in
Table 1.

m1 ¼ mm1
S1

Ks1 þ S1
(12)

In addition, a new parameter, known as the acidogenic fraction
in inoculum (w) is however included to characterize the inoculum.
The value of this parameter is lies in the range 0� w � 1 and is
selected to give the best fit between model and experimental
predictions.

2.2. Kinetic patterns of volatile acid inhibition

Anaerobic digestion involves the complex interaction of
different groups of microorganisms but the methanogenic archae
are known to be the most sensitive to inhibition (Chen et al., 2008).
As the volatile acid concentration is increased, a maximum specific
growth rate of methanogenic archae will be reached at a certain
concentration. A further increase of the substrate concentration
results in a decrease of the specific growth rate. The kinetic patterns
for volatile acid inhibition have been based on modification of the
Monod model, Eq. (13) for growth of methanogenic archae to
include inhibition term.

m2 ¼ mm2
S2

Ks2 þ S2
(13)

The effect of volatile acid on microbial inhibition in anaerobic
digestion has generally been modeled through two main ap-
proaches: The empirical approach, which include a linear or,
exponential inhibition patterns and the enzyme kinetic approach,
which include a competitive, non-competitive and uncompetitive
inhibition patterns. Both approaches are lumped into Eq. (14) by
multiplying the Monod model with a factor that describe the
different inhibition patterns.

m2 ¼ mm2S2ð1� KiS2Þa

Ks2

�
1þ S2

Ki

�e

þ S2

�
1þ S2

Ki

�d

�
1þ S2

Ki

�c�
e�KiS2

�b
(14)

Eq. (14) presents a generalized modified Monod model to
describe volatile acid inhibition on methanogenic archae from
which the different inhibition cases can be derived as shown in
Table 1.

It should be noted that even though there exist other product
inhibition models that have been used to model growth of anaer-
obic microorganisms, we consider the most common ones to
illustrate the effect of anaerobic digester conditions on the type of
kinetic pattern used to describe the effect of volatile acids on
methanogenic archae. Instead of predefining an inhibition pattern
as practiced by modelers of anaerobic digestion, the authors of this
study present a framework for determining the inhibition patterns
before using themodel for digester synthesis. Since it is not feasible
to measure the specific growth rate of both microbial populations
during the anaerobic treatment process, the strategy consist of
using the kinetic models in a full dynamic model so that the kinetic
constants can be estimated from easily measurable parameters
such as volumetric biogas and total volatile fatty acid
concentration.

2.3. Model identification

In order to better illustrate the different kinetic patterns and
how the patterns will change with characteristics of digestion
substrate, AD experiment, using diary manure (1.7% TS) mixed
inoculum from different sources was selected for model identifi-
cation (Zaher et al., 2009). The experiments were conducted in
continuously mixed batch reactors at 35 �C. Further details on the
experimental study can be obtained from the cited literature.

In order to identify the model parameters for the different ki-
netic cases, the adjoint-based gradient algorithm defined in Fig. 1 is
implemented. First, the gradient algorithm fits the whole set of
model parameters and assesses the variability of the fit using
marginal and joint confidence regions of the model parameters.
Second, for parameters that show a high correlation, one of them is
kept constant and a readjustment of the uncorrelated set of
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parameters is performed using the algorithm. This allows a more
accurate adjustment of the whole set of model parameters to
experimental data, as illustrated in subsequent sections.

The advantage of this procedure is that parameter estimation
and variability assessment is performed simultaneously, which al-
lows the user to better understand the model's sensitivity to
different influences and obtain reliable estimates. It is not the
intention of this article to go into the mathematical formulations
leading to a full description of the adjoint-based gradient method
for parameter estimation. Interested readers can find a detailed
description of the procedure in the following literature (Benítez
et al., 2017).

3. Attainable region analysis

3.1. Brief theoretical overview

The AR theory is a technique for process synthesis and optimi-
zation, which incorporates elements of geometry to understand
how networks of chemical reactors can be designed and improved
(Hildebrandt and Glasser, 1990; Hildebrandt et al., 1990). The
attainable region is defined as the set of all possible output for all
possible reactor designs that can be achieved by using the funda-
mental processes occurring within the system and that satisfies all
the constraints placed by the system. Geometrically, the attainable
region represents the region bounded by the convex hull for the set
of points achievable by the fundamental processes occurring in the
system. Once the AR has been determined, the limits of achiev-
ability by the system for the given kinetics and feed point is known
and the boundary of the AR can then be used to answer different
design or optimization questions related to the system (Ming et al.,
2016). The theory provides guidelines for construction of attainable
regions as well as some necessary conditions to test the results.

The following requirements are necessary before an AR analysis
can be performed (Glasser et al., 1987, 1993).

Choose the fundamental processes occurring in the system.

➢ Choose the state variables
➢ Define the reaction scheme and process kinetics
➢ Determine the geometry of the process units.
➢ Define the process conditions
➢ Determine the objective of the optimization

Given a set of reactions and associated kinetics, the following
five key steps need to be performed in order to complete an
attainable region analysis.

➢ Define the reaction dimension and feed set
➢ Generate the AR using combinations of the fundamental

processes
➢ Interpret the AR boundary in terms of reactor equipment
➢ Define the objective function and overlay this onto the AR to

determine point of intersection with the AR boundary
➢ Determine the specific reactor configuration required to achieve

the intersection point

Some necessary conditions for AR can be summarized as
follows:

➢ The AR includes all feed points to the system.
➢ The AR is convex.
➢ No rate vectors point out of the AR boundary.
➢ Backward extension of rate vectors in the complement region do

not intersect the AR

The following section outlines the methodological flow for AR
construction and application for process synthesis and optimiza-
tion. The framework involves five main steps (Ming et al., 2016):

Table 1
Structural patterns of volatile acid inhibition.

Empirical constant Kinetic Pattern Model

a b c d e

1 0 0 0 0 Linear inhibition Dagley and Hinshelwood
0 1 0 0 0 Exponential inhibition Aiba et al. model
0 0 0 0 1 Competitive inhibition Anonymous
0 0 �1 0 0 Non-competitive inhibition Haldane model
0 0 0 1 0 Uncompetitive inhibition Andrews model

Fig. 1. Model identification framework using the adjoint-based gradient optimizer.
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3.1.1. Step 1: Preparation
This involves definition of the reaction kinetics, AR dimension,

state variables (those used to represent the AR) as well as the feed
point used to generate the AR. The feed point defines the initial
value or the concentration of states fed into the reactor.

3.1.2. Step 2: AR construction
This step generates the AR using a combination of PFR, CSTR and

mixing for two-dimensional ARs or a combination of PFR, CSTR,
DSR (Differential side-stream reactor) and mixing for higher
dimensional constructions. This is the most difficult and time-
consuming step but also provides the most valuable information
about the operating limits of the system. AR construction typically
begins by determining the PFR trajectory and CSTR locus from the
feed. The PFR trajectory is the set of points generated by solving the
steady state model of a PFR reactor (a set of ordinary differential
equations) while the CSTR locus is the set of points generated by
solving the CSTR model (a set of nonlinear equations).

3.1.3. Step 3: Boundary interpretation
This step involves interpretation of the AR boundary into reactor

structures, based on the fundamental characteristics of the AR
boundary. The boundary of the AR is composed of reaction and
mixing surfaces only. Reaction surfaces are always convex and the
points that form convex sections of the AR boundary arise from
effluent concentrations specifically from PFR trajectories. For a two-
dimensional system, points on the AR boundary that initiate these
convex PFR trajectories arise from specialized CSTRs while for a
three dimensional system, they arise from DSRs. The convex hull of
the set of points generated by all possible combinations of funda-
mental reactor types and mixing defines the attainable region.

3.1.4. Step 4: Overlay objective function
The objective function is modeled in terms of the variables used

to represent the AR and then overlaid onto the AR. The points of
intersection between the objective function and the AR boundary
represent the optimal points of operation.

3.1.5. Step 5: Optimize
Since the entire boundary of the AR has been interpreted in

terms of reactor structures (step 3), the particular reactor structure
required to achieve the optimal operating points (point of inter-
section) is known.

Summarily, starting from the feed point, the procedure entails
finding all possible achievable outputs for the system under
consideration, from the trajectory of the states of interest
describing the system operation. These trajectories are convexified
to obtain candidate attainable regions, which are tested against the
necessary conditions and recursively updated so that any violated
necessary conditions is eliminated. The process continues until no
other necessary conditions are violated otherwise, a candidate AR
(subset of the true AR) is obtained, which can still provide better
understanding of the achievable limits of the system. It is not the
intention of this article to present a detailed explanation of the AR
theory. Interested readers can consult the above sited literature for
a more in-depth understanding.

3.2. Application of AR approach to maximize methanogenic activity

3.2.1. Reaction scheme and process kinetics
Using the estimated kinetic constants, a stoichiometric scheme

of the bioreaction occurring in the anaerobic digester consist of two
main reactions catalyzed by acid-forming bacteria, Eq. (15) and
methane-forming bacteria Eq. (16)

k1S1 /
rX1 X1 þ k2S2 (15)

k3S2 /
rX2 X2 þ k4CH4 (16)

If we assume the specific death rate to be negligible compared to
the specific growth rate of both microbial populations, the rate
expressions for the different reaction species is defined by Eqs. (17)
e (20)

rX1
¼ m1X1 (17)

rX2
¼ m2X2 (18)

rS1 ¼ � k1m1X1 (19)

rS2 ¼ k2m1X1 � k3m2X2 (20)

3.3. Fundamental processes

Various fundamental processes can occur within a system,
which for bioreactors may include: mass transfer, mixing, bio-
reaction (biodegradation, bioconversion), adsorption, heat transfer,
etc. The AR approach requires the fundamental processes taking
place in the system be identified. The following two main funda-
mental processes are identified to be associated with the anaerobic
treatment process: Biodegradation and mixing. The attainable re-
gion (AR) for the anaerobic treatment process therefore represents
the set of all possible states that can be achieved by a combination
the two fundamental processes, biodegradation and mixing. In AR
theory, mixing is performed by a continuous stirred tank reactor
(CSTR) while reaction (biodegradation) is achieved in a plug flow
reactor (PFR), since the operation of both reactors respectively
mimic the two fundamental processes. At steady state operation,
the general mathematical representation of a CSTR and PFR are
given by Eqs. (21) and (22) respectively.

C¼Cf þ trðCÞ (21)

dC
dt

¼ rðCÞ (22)

C is the state vector while rðCÞ is the reaction rate vector as shown
by Eqs. (23) and (24) respectively.

C ¼ ½X1 X2 S1 S2 �T (23)

rðCÞ ¼ �
rX1

rX2
rS1 rS2

	T (24)

Solving the CSTR system to obtain the roots at a given feed point
(Cf ) and for different residence times (ti for i ¼ 1 to n) results in a
set of points referred to as a CSTR locus. In the same way, inte-
grating the PFR system for a given feed point and residence time
results in a set of points referred to as PFR trajectory.

3.3.1. Dimensionality analysis and model reduction
The reaction stoichiometry of the system can be used to deter-

mine the dimension of the system. The dimension of the AR is
determined from the number of independent reactions occurring in
the reactor system, which defines the dimension of the stoichio-
metric subspace (the rank of the stoichiometric coefficient matrix
A), in which the AR must reside. Since there are two independent
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reactions occurring in the system, the set of points generated by the
anaerobic treatment process must reside in a two-dimensional
subspace in R5 (Ming et al., 2016).

Before constructing the AR, the space wherein the AR must
reside (by choosing unique species components in the reactions
that will represent the AR) must first be determined. Methano-
genesis has been known to be the most sensitive step of the
anaerobic treatment process and since the volatile fatty acids and
methanogenic microorganisms, are the key player in this stage, it is
sensible to generate the candidate AR in (S2 � X2) space, which
provides information required to maximize gas production as well
as process stability. However, even if only a subset of the states is
used to construct the AR (candidate AR), it can still be transformed
in terms of the other variables if required (Ming et al., 2016). The
reduced state and reaction rate vectors are therefore presented by
Eqs. (25) and (26).

C ¼ ½S2 X2 �T (25)

rðCÞ ¼ �
rS2 rX2

	T (26)

This reduction in the dimensions of the state and rate vectors is
possible because the reaction rate of biodegradable volatile solids
( rS1 ) can be expressed in terms the reaction rate of acidogenic
bacteria (rX1

), which can in turn be expressed as functions of re-
action rates of volatile acids ( rS2 ) and methanogenic archae (rX2

) as
shown by Eqs. (27) and (28):

rS1 ¼ � k1rX1
(27)

rX1
¼ 1

k2

�
rS2 þ k3rX2

�
(28)

This implies that S1 can be expressed in terms of X1, which can
in turn be expressed as a function of S2 and X2, illustrated by Eqs.
(29) and (30). Notice the presence of two new terms in Eqs. (29) and
(30), X1in

and X2in
, which represent the respective feed concentra-

tions of acidogenic bacteria and methanogenic archea. These terms
are absent in Eqs (1)e(5) because the material balance assumes
that the concentration of anaerobic microbes in the feed is negli-
gible compared to that inside the digester (Finn et al., 2013; Hill,
1983). So in Eqs (29) and (30), X1 �X1in yX1 and X2 � X2in y X2.

S1 ¼ S1in
� k1

�
X1 � X1in

�
(29)

X1 ¼X1in
þ 1
k2

�
S2 � S2in

þ k3
�
X2 � X2in

�	
(30)

The model reduction assumes that the specific death rates of
acidogens and methanogens is negligible compared to their
respective specific growth rates.

3.3.2. AR construction
After stating the process kinetics, the AR construction process is

initiated by defining feed point and process conditions that influ-
ence the system. In this study, three anaerobic digestion batches:
diary manure, diary manure þ granular sludge and diary
manure þ lagoon inoculum were considered each with respective
feed concentrations, Cf ¼ ½S2f ; X2f �T of ½1:89; 0:84�T ,
½1:89; 0:84�T and ½1:62; 1:53�T . The controlled process condition
wasmainly temperature, which was maintained at a constant value
of 35�C throughout retention time. Using the specified feed, ki-
netics and temperature conditions, the set of points generated by
solving the PFR equation are called the PFR trajectory and those
generated by solving the CSTR equation are called the CSTR locus.

The convex hull for the set of points generated by all possible
combinations of CSTR, PFR and mixing defines the AR. The attain-
able region is unique for a given kinetics and feed point and process
conditions. A change in any of these may result in a change in the
AR and hence the operating limits of the system.

3.4. Objective function for optimizing microbial activity

Since the methanogens are most susceptible to process in-
stabilities, we are interested in determining the optimal operating
point that ensures stability of methanogenic microorganisms. For
doing this, we define two objective functions, which translate the
stability of methanogenic archae: The inoculum to substrate (I/S)
ratio and the instantaneous yield of methanogens from volatile
acids.

The inoculum to substrate ratio describes the concentration of
volatile acids that should be maintained in the digester for optimal
activity methanogenic archae. Studies have reported the optimal
tolerance range of volatile acids, above which the methanogens
experience inhibition or toxicity (Chen et al., 2008). The Instanta-
neous yield is defined as the rate of formation of the desired
product (methanogens), divided by the rate of consumtption of the
reactant (volatile acids). The inoculum to substrate ratio (I/S) was
modeled using Eq. (31) while the instantaneous yield of meth-
anogenic archae (YX2

) from volatile acids was modeled by Eq. (32).

IS ¼ X2

S2
(31)

YX2
¼ rX2

�rS2
¼ m2X2

�k2m1X1 þ k3m2X2
(32)

Eqs. (31) and (32) can be rearranged to express X2 as a function
of S2, presented by Eqs. (33) and (34) respectively. It should be
noted that the term m1X1 in Eq. (34) contains X2 and the numerical
computations additionally made use of Eqs. (29) and (30).

X2ðS2Þ¼ IS� S2 (33)

X2ðS2Þ ¼
YX2

k2m1X1

m2ðS2Þ �
�
YX2

k3 � 1
� (34)

Eqs. (33) and (34) can seperately be plotted over the AR
boundary as contours to determine the intersection with the
boundary. Sections of the objective function that intersect the AR
are optimal points, relative to the I/S ratio or YX2

specified. The
points of intersection can be interpreted in terms of digester net-
works depending on the manner in which the AR is constructed
(Ming et al., 2016), and the reactor structure corresponding to the I/
S ratio or YX2

of interest is the optimal reactor structure.

4. Results and discussion

4.1. Model fits and estimate of kinetic constants

We have explored the capabilities of the different biokinetic
models to describe the degradation of organic substrate in the
anaerobic digestion process. Experimental results for three
anaerobic-digestion batches of diary manure, each under different
process conditions were considered (Zaher et al., 2009). In Batch 1,
no external inoculum was added during start-up of the digester. In
Batch 2, granular sludge is added into the digester as inoculum
while in Batch 3, sludge from a lagoon was used as the inoculum.
Fig. 2 presents the fitting results for all the 5 biokinetic models with
experimental measurements of volatile fatty acids and methane
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flow rate obtained from batch 1. From the fitting results, it can be
concluded that the models give a good prediction of the experi-
mental data. However, the competitive model shows the smallest
SSE (see Table 2) and can thus be considered to more closely
represent the experimental data. Hence anaerobic digestion of di-
ary manure with no external inoculum leads to methanogenic in-
hibition described as being competitive. Similar fittings were
performed for Batches 2 and 3, which was observed that the linear
model more closely represented the experimental data for both
cases. Figs. 3 and 4 present the fitting for the linear model with
experimental measurements of volatile acid and methane flow rate
obtained from batches 2 and 3. Table 2 presents the parameter
estimates for all the fitting cases. Even though batches 1 and two fit
well with the linear model, the kinetic constants are different and
we can thus conclude that inhibition characteristics exerted by
volatile acids on methanogenic archae differs based on the condi-
tions in the anaerobic digester. This kinetic behaviour of meth-
anogenic archae might be explained in this way. The growth
kinectis of microorganisms widely depends on nutritional avail-
ability as well as operational and environmental conditions, which
in turn vary for different digester worts. The different sources of
inoculum results in different wort characteristics, which can be
measured in terms of nutritional differences, presence of different
toxicants or other competitive microorganisms in the digester,
thereby varying the kinetic behaviour of the methanogens.

The findings of the current study are consistent with those of
Yang et al. (Ref) who studied the effect of temperature and sub-
strate characteristics on kinetic behaviour of anaerobic digestion
process. The authors considered four different substrates (swine
wastewater, palm oil mill wastewater, protein production waste-
water, synthetic wastewater and pharmaceutical wastewater), five
temperature regimes (10�C; 15�C; 20�C; 25�C; 30�C) and four
kinetic models (modified Stover-Kincannon, Chen and Hashimoto,
Deng and modified Deng) were tested. It was observed that
changes in substrate and temperature as well as a combination of
thereof resulted in different fitting characteristics of the different
kinetic models. This effect of substrate and operating conditions
on the kinetic behaviour of the anaerobic treatment process has
very important implications in the concept of attainable regions.
This is because the attainable region is unique for a given kinetics
(Ming et al., 2016) and a change in kinetics therefore results in a
change in the limits of achievability by the system. What this
implies practically is that the reactor structures required to ach-
ieve the optimal operating point will differ for each digested
substrate, which paves the way to use the concept of attainable
regions to solve operational challenges for different types of
wastewaters. In addition, the study uses the adjoint method for
computing gradient of the parameter estimation objective func-
tion before using the conjugate gradient method for model cali-
bration. Gradient-based methods are widely used for calibration of
anaerobic digestion models (Donoso-Bravo et al., 2011) with gra-
dients mostly computed using the finite difference method. The
adjoint method presents an alternative approach for computing
gradients. Other model calibration methods that have been
applied to anaerobic digestion models include the asymptotic
state observers (L�opez and Borzacconi, 2009), Simplex algorithm
(Zaher et al., 2009), genetic algorithm combined with the gradient
descent method (Martinez et al., 2012), etc. Even though we have
presented the kinetic analysis of anaerobic digestion process using
the adjoint-based gradient method, the emphasis of this paper is
not necessarily on the fitting performance of the different bio-
kinetic models, but on how we use the models to develop new
policies for operation of anaerobic digesters to ensure stability of
methanogenic archae.

4.2. Effects of process kinetics on optimal reactor configuration

4.2.1. Attainable regions: limits of achievability by the system
Fig. 5 presents the PFR trajectory and CSTR locus (dubed base

trajectories) for the anaerobic digestion process in batch 1 while
Fig. 6 presents the two-dimensional candidate AR obained from the
based trajectories, using the specified feed and kinetics. Employing
a CSTR gives a maximum attainable methanogenic concentration of
5.01gme/L (Fig. 5). A PFR however improves upon this concentra-
tion to an attainable value of 24.09gme/L. At this point, the reader
can already notice that by using an anaerobic PFR as opposed to a
CSTR, the concentration of methangoneic archae in the biodigester
increases by approximately 5 times. It can be observed from Fig. 6
that constructing the attainable region further extends the con-
centration of methanogenic archae to 37.51 gme/L. This increase in
the concentration of methanogenic archae for the same feed and
kinetics is attributed to the fact that a systematic manipulation of
the fundamental processs (mixing and reaction in this case)
occurring in a system serves to expand the states that can be ach-
ieved by a system, which is one of the key strengths of the attain-
able region theory. If more fundamental processes are considered
(e.g seperation), the limits of achievabtily by the states of the sys-
tem can be further improved. Fig. 7 presents the base trajectories
for the anaerobic digestion process in batch 2 while Fig. 8 presents
the candidate AR. Recall that the AR is specific for a given kinetics,
which explains why the nature of AR for batch 2 is different from
that in batch 1. We oberve from the base trajectories that using a
CSTR will result in higher concentrations of volatile fatty acids in
the digester (an indication of process instability), while a PFR
presents a maximum limit of volatile acid concentration that can be
attained. Unlike the case of batch 1, constructing the AR doesn't
serve to increase the maximum concentration of methanogenic
archae attained (compared to the that attained with the base tra-
jectories). However, in this case, the AR analysis shows that higher
concentrations of methanogenic arhae can be attained at higher
concentrations of volatile fatty acids by running a PFR from a CSTR
and a bypass valve from feed (see mixing line AB on Fig. 8). Prac-
tically, this implies that using a digester network as opposed to a
single digester results in an increased stability of the methanano-
genic archae. Fig. 9 presents the base trajectories for the anaerobic
digestion process in batch 3 while Fig.10 presents the candidate AR.
Similar to the case of batch 2, constructing the AR doesn't serve to
increase the maximum concentration of methanogenic archae
attained but concentrations of methanogenic archae origninally not
attainable at higher concentrations of volatile acids now become
attainable by using a digester structure indicated by line BC of
Fig. 10.

Even though we have observed a change in the nature of
attainable region for the different kinetics, the boundary of ARs
however have a simple fundamental structure irrespective of the
kinetics used. This boundary is composed entirely of mixing sur-
faces (straight lines) and manifolds convex reaction surfaces (Ming
et al., 2016). The points that form the convex reaction surfaces arise
from effluent concentrations of the PFR trajectories, which are
initiated by points from specialized CSTRs. We will now illustrate
how interpret the AR boundary into anaerobic digester strucures by
using the fundamental characteristics of the AR boundary. The
illustration will be done by using the AR for batch 1 presented in
Fig. 6. In Fig. 6, the point B is the feed point, while the region
defined by ABC is the AR. The convex segment BA are trajectories
obtained by running PFR from points on CSTR locus. The point A is
therefore obtained by running a CSTR from point B followed by a
PFR from CSTRwhile the point C is obtained by running a CSTR from
feed (point B). The lines AC and BC are themixing surfaces while AB
is the reaction surface. Concentrations along the line AC (CAC) can
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Fig. 2. Fitting of biokinetic models to experimental measurements from Batch 1. Columns one and two show the fitting of the volatile fatty acids, (S2) and methane flow rate (QCH4
)

with experimental measurements respectively while the rows show the performance of each biokinetic model (linear, exponential, competitive, non-competitve and
uncompetitive).
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be obtained by mixing points A and C, Eq. (35) (the lever-arm rule)
and the digester structure is therefore given by a CSTRþ PFR (point
A) run in parallel with a CSTR (point C) and both contents mixed at
the end. Concentrations on the line BC (CBC) can be obtained by
mixing points B and C, Eq. (36) and the required digester structure
is given by a CSTR (point C) with a bypass from feed (point B).
Similar digester interpretations were made for batches 2 and 3 as
displayed on Figs. 8 and 10.

CAC ¼aCA þ ð1� aÞCC ; 0 � a � 1 (35)

CBC ¼aCB þ ð1� aÞCC ; 0 � a � 1 (36)

Where a is known as the mixing ratio.

The results obtained imply practically that a systematic sched-
uling of the fundamental processes of mixing and reaction occur-
ring in the anaerobic digester can result in an increased stability of
methanogenic archae. It is interesting to note that for a two-
dimensional attainable region, when mixing and reaction are the
only fundamental processes occurring in a system, the AR may be
constructed by a combination of reactors involving PFRs, CSTRs and
mixing only (Ming et al., 2016). What this means is that there is no
need to devise newor perhaps novel types of digesters with the aim
of extending the limits of achievability by the system. Instead, it is
required to focus attention on optiimally arranging combinations of
these two fundamental digester types or researching more funda-
mental processes to the system.

Table 3 presents a summary of the performance characteristics

Table 2
A generalized table for model parameters and fitting characteristics.

Model Model parameters SSE

k1 k2 k3 k4 Ks1 Ks2 Ki

Batch 1: Diary manure
Linear 1.996e-04 3.515 4.915 1.117 0.779 0.278e-4 0.136e-04 5.67130
Exponential 1.999e-04 3.515 4.915 1.116 0.778 0.278e-4 0.135e-04 5.67129
Competitive 0.0011 9.376 13.712 1.118 0.278 0.056e-4 32.717 5.67124
Noncompetitive 0.421 7.754 11.581 1.3514 2.486 0.0215 45.338 5.86042
Uncompetitive 0.406 7.760 11.581 1.3499 2.487 0.0215 39.338 5.85868
Batch 2: Diary manure þ granular sludge
Linear 14.026 1.152 4.71e-7 112.995 0.061 28.432 61.065 14.1601
Exponential 7.294 0.742 14.501 97.558 1.498 31.401 45.438 43.3498
Competitive 9.1887 1.66e-6 56.367 53.318 26.965 1.1545 76.762 39.4748
Noncompetitive 1.1125 2.8272 60.143 2.73e-6 1.6375 6.8891 2.279 39.4221
Uncompetitive 4.1808 8.9413 23.552 7.66e-6 7.0412 0.8130 0.2758 39.4221
Batch 3: Diary manure þ Lagoon innoculum
Linear 9.3970 0.3433 0.5855 384.557 0.5103 2.3350 0.3960 10.7005
Exponential 12.0561 0.0004 0.8396 9.5819 4.9221 2.4868 0.0266 30.4303
Competitive 14.9995 1.0976 2.5811 15.3191 0.0024 0.0026 5.5585 30.2694
Noncompetitive 12.8286 2.9529 31.873 0.2078 271.81 32.576 0.0011 30.5584
Uncompetitive 12.869 4.465 13.474 56.4751 422.73 53.154 7.148e-8 30.5584

Fig. 3. Fitting of linear model to experimental measurements from Batch 2.

Fig. 4. Fitting of linear model to experimental measurements from Batch 3.
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of limits of achievability of the three batches of anaerobic digestion.
The limits of achievability by the systems have been measured
quantitatively in terms of the area of the convex hull. Note that the
AR is defined by the convex hull of the set of points (states)
generated by the fundamental processes occurring within the
system. The convex hull represents the smallest subset of a set of

points that can be used to generate all other points by reaction and
mixing. Geometrically, a convex hull is a finite convex polytope
enclosed by a finite number of hyperplanes, which is interpreted in
a two-dimensional space as the smallest polygon enclosed by
planar facets such that all of the elements lie on or in the interior of
the polygon (Asiedu et al., 2015).

Fig. 5. Anaerobic base trajectories for digestion process in batch 1.

Fig. 6. Two-dimensional attainable region for anaerobic digestion process in batch 1.

Fig. 7. Anaerobic base trajectories for digestion process in batch 2.

Fig. 8. Two-dimensional attainable region for anaerobic digestion process in batch 2.

Fig. 9. Anaerobic base trajectories for digestion process in batch 3.

Fig. 10. Two-dimensional attainable region for anaerobic digestion process in batch 3.
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From the results in Table 3, The following two conclusions can
be made. (1) The AR analysis serves to improve the peformance of
the system (measured in thems of states attained by the con-
cenertation of methanogenic archae) for all the three batches. (2)
We observe that the % increase in peformance differs for each batch
of anaerobic digestion. This is because a change in digester char-
acterisitics (source of innoculum) results in a change in kinetics and
the ability of the AR to improve the peformance of the system
depends on the process kinetics. We can conclude that even if all
the necessary conditions of the AR are not met, the candidate
(otherwise true) AR still serves to improve the limits of achieva-
bilitity by the system. In the next section, we will present how the
AR has been used to answer few design questions on the anaerobic
digesters.

4.2.2. Digester structures for optimal methanogenic activity
The optimal digester structures for the different batches of

anaerobic digestion have been obtained from the point of inter-
section between the objective function and boundary of the AR.
Fig. 11 shows a number of contour lines for I/S ratio and the
instantaneous methanogenic yield for batch 1. Recall that in the
case of batch one, the competitive inhibitionmodel was selected for
use in modeling the digester configuration using attainable regions.
So for optimizing the instantaneous yield, we substitute m2ðS2Þ
corresponding to competitive inhibition model (see Table 1) into
Eq. (34) to obtain objective function for competitivemodel, Eq. (37).
Since the term m1X1 in Eq. (37) contains X2, the numerical com-
putations additionally made use of Eqs. (29) and (30) in order to
overlay Eq. (37) onto the AR boundary constructed in the (S2 � X2)
space.

X2 ¼
YX2

k2m1X1



Ks2

�
1þ S2

Ki

�
þ S2

�

mm2S2
�
YX2

k3 � 1
� (37)

Observe that the two objective functions intersect the AR

boundary at several points. The I/S ratio becomes smaller while the
instantaneous methanogenic yield becomes larger as we move
toward the horizontal line X2 ¼ 0. This suggests that for a given
concentration of methanogens in the digester, higher I/S ratio
corresponds to lower concentration of volatile acids while the
instantaneous methanogenic yield corresponds to higher concen-
tration of volatile acids.

Fig. 12 shows a number of contour lines for I/S ratio and
instantaneous yield for batch 2. In the case of batch 2, the linear
inhibition model was selected to describe the anaerobic digestion
kinetics. So for optimizing the instantaneous yield, we substitute
m2ðS2Þ corresponding to linear inhibition model (see Table 1) into
Eq. (36) to obtain Objective function for the linear inhibition model
(Eq. (38)) as in the case for batch 1.

X2 ¼ YX2
k2m1X1ðKs2 þ S2Þ

mm2S2ð1� kiS2Þ
�
YX2

k3 � 1
� (38)

Similarly to the case of batch 1, the two objective functions
intersect the AR boundary at several points and the I/S ratio be-
comes smaller w as we move toward the horizontal line X2 ¼ 0.
However, contrarily to batch 1, the instantaneous methanogenic
yield becomes smaller as we move toward the horizontal line X2 ¼
0. This suggests that for a given concentration of methanogens in
the digester, higher I/S ratio and higher instantaneous methano-
genic yields corresponds to lower concentration of volatile acids. A
possible explanation for the reversal of trend observed in instan-
taneous methanogenic yield can be attributed to the fact that the
range of concentrations of volatile acids attained in batch 2 fall
within the inhibitory range there by causing inhibition to the
growth of methanogenic archae. Another possible explanation
could be that the granular sludge used as inoculum for batch 2 is
less adapted to higher concentrations of volatile acids and studies
have confirmed that acclimation or adaptation of methanogens
greatly influence their ability to withstand higher concentrations of
inhibitory substances (Asiedu et al., 2015; Chen et al., 2008, 2014).

Table 3
Performance characteristics of the limits of achievability by the batches.

Batch Digested condition Area of convex hall (g/L)2 Performance improvement

Base trajectory Attainable region

1 Diary manure only 21.265 46.486 118.604%
2 Diary manure þ granular sludge 2.018 5.562 175.627%
3 Diary manure þ lagoon innoculum 0.183 0.551 200.436%

Fig. 11. Contour lines for I/S ratio and instantaneous methanogenic yield for batch 1.
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Fig. 13 shows a number of contour lines for I/S ratio and instanta-
neous yield for batch 3. Contrarily to batches 1 and 2, for some
concentrations of methanogenic archae in the digester, certain
values of instantaneous methanogenic yield correspond to two
different concentrations of volatile acids within the limits of ach-
ievability by the system.

Multiple points of intersection between objective functions and
boundary of the attainable region is an indication of multiple
operating points (multiple optima) for the system. If the only
criteria for design is the I/S ratio and the instantaneous methano-
genic yield, then the optimal digester structure to achieve a given I/
S ratio or instantaneous methanogenic yield can be seelected from
any of the intersection points. However, points corresponding to
lower concentrations of methanogenic yield (points associated
with the lower part of the AR) are preferable since the growth rate
of these microbial population is about 5 times slower that of
acidogens (Henze et al., 2008) hence making it difficult to maitain
higher concentrations in the digester unless a seperation system is
included.

It is interesting to compare the results of this study with that of
Abunde et al. (Abunde Neba et al., 2019), who used attainable re-
gions to compare the limits of achievability of five different
digested substrates using volumetric methane productivity and

waste stabilization as objective functions. The authors concluded
that a change in the type of digested substrate results in a change in
the limits of ahievability as well as the optimized AR parameter of
an anaerobic digestion system. In this study, the results have
demonstrated that for the same digested substrate (diary manure),
different sourcess of inoculum will result in different limits of
achievability by system and hence the optimal digester structure
(using I/S ratio and instantaneous methanogenic yield as objective
functions. The results have shown that using digester structues as
opposed to single digesters can improve the viability of methano-
genic archae at higher concentrations of volatile fatty and for an
anaerobic digestion system, a change in digested subtrate and/or
source of innoculum results in a change in the limits of achievabilty
by the system. This study therefore lays down the theoretical
framework for using attainable regions to define the anaerobic
digetion performance targets for a given innoculum and/or sub-
strate characteristics. Therefore, unlike the BMP assay and the
Buxuells technique for defining performance targets (limits of
achievability), the AR approach does not only provide information
about the limits of achievabily, but it provides the optimal digester
structures required to achieve a given target.

In our previous study (Abunde Neba et al., 2019), we considered
measurable outputs from the digester (volumetric methane

Fig. 12. Contour lines for I/S ratio and instantaneous methanogenic yield for batch 2.

Fig. 13. Contour lines for I/S ratio and instantaneous methanogenic yield for batch 3.
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productivity and waste stabilization) as objectives, while the cur-
rent study we considered parameters directly linked to microbial
stability (I/S ratio and instantaneous methanogenic yield) as ob-
jectives. The combination of results suggest that the AR can be used
to answer any design and optimization questions. This is possible
because for a defined kinetics (model structure and/or kinetic co-
efficients), the AR is fixed for a given feed point and multiple
objective functions (and hence multiple optimizations) may be
formed using a single AR. In other words, the attainable region
represents the solution to several different optimization problems
implying several optimization scenarios can be performed without
any requirement to perform further optimizations (or reconstruct
the attainable region) when the objective function is changed.
Therefore the design approach presented in this study can be used
to optimize any process and design parameter of the anaerobic
treatment processes.

5. Conclusion

Returning to the problems posed at the beginning of this study,
it is now possible to state that the use of digester structues as
opposed to single digesters can improve process stability and per-
formance. For a given concentration of volatile acids in an anaerobic
digester, higher concentrations of methanogenic archae can be
attained using a digester structure (network) as opposed to single
digester. This study has shown that a for a given digested substrate,
a change in the source of innoculum results in a change in the limits
of achievabilty by the system and hence the optimal digester
structures required to achieve a given objective. Another major
finding was that the attainable region technique can be used as
reliable alternatives to the BMP assay and the Buxuells technique
for defining performance targets (limits of achievability), because
the AR approach does not only provide information about the limits
of achievabily, but it provides the optimal digester structures
required to achieve a given target.

The design technique presented in this study can be used to
answer any design and optimization questions regarding the
anaerobic treatment process. This concept has been proven by
formulating and solving two optimization problems to obtain
optimal structures for anaerobic digesters to achieve a given inoc-
ulum to substrate ratio as well as instantaneous methanogenic
yield. The evidence from this study suggests that the technique of
using digester structures presents a break through in the applica-
tion of low-rate anaerobic digesters as it can be used to improve
upon the process dynamics. The current findings add to a growing
body of literature on the application of attainable regions for
solving operational challenges in processs engineering.

These findings enhance our understanding of that a systematic
manipulation of the fundamental processes (mixing and reaction in
this case) occurring in a system serves to expand the states that can
be achieved by a system, which is one of the key strengths of the
attainable region theory. It is highly interesting for readers to note
the geometric optimization technique presented in this study can
also be to optimize operation of other wastewater treatment pro-
cesses (e.g., activated sludge treatment, coagulation, etc.). The
technique is suitable not because of multiple reactors, but because
of multiple reactions in a process.

In order to subject the operational technique to actual experi-
mental verification, pilot scale studies are currently under design.
In the mean time, interested researchers could consider using
economic indicators such as net present value, internal rate of
returns, benefit cost ratio or payback period as objective function
for attainable region optimization, which would present a key
motivation for investors.

Further theoretical study is needed to account for the effect of

temperature regimes (pychrophillic, mesophillic and thermophil-
lic) on the limits of avhievabilit by the system. In this study, the
anaerobic digester networks have been staged two-stage
biochemical kinetics in which acid-forming stage is physically
separated from themethane gas-forming stage. Other studies could
consider applying thermodynamic staging techniques where
digester networks are designed based on different temperature
regimes in order to take advantage of the higher stability of the
mesophilic digestion as well as the higher digestion rate of ther-
mophilic digestion.
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Nomenclature

YX2 Instantaneous methanogenic yield
Af Acidity factor (g VFA =LÞ=ðg BVS=L)
B0 Biodegradability constant (g BVS =LÞ=ðg VS=L)
Ks1 Monod half-saturation constant for acidogenic bacteria

(g BVS =L)
Ks2 Monod half-saturation constant for acidogenic bacteria

(g VFA =L)
Kd1 Specific death rate of acidogenic bacteria (d�1)
Kd2 Specific death rate of methanogenic archae (d�1)
Ki VFA inhibition constant for methanogenic archae

(g VFA =L)
QCH4

Volumetric methane flowrate (mL CH4 =d)
S1in

Input concentration of biodegradable volatile solids
(g BVS =L)

S2in
Initial concentration of volatile fatty acids (g VFA =L)

S2 Concentration of biodegradable volatile solids (g VFA =L)
S2 Concentration of volatile fatty acids in bioreactor

(g VFA =L)
Sin Input concentration of volatile solids (g VS =L)
VFAin Inlet concentration of volatile fatty acids (g VFA =L)
X1in

Initial concentration of acidogenic bacteria (g ac: =L)
X2in

Initial concentration of methanogenic archae (g me: =L)
X1 Concentration of acidogenic bacteria in bioreactor

(g ac: =L)
X2 Concentration of methanogenic archae in bioreactor

(g me: =L)
k1 Yield constant (g BVS =g ac:=L)
k2 Yield constant (g VFA =g ac:=L)
k3 Yield constant (g VFA =g me:=L)
rS1 Reaction rate for biodegradable volatile solids

(g BVS =L=d)
rS2 Reaction rate for volatile fatty acids (g VFA =L=d)
rX1

Reaction rate for acidogenic bacteria (g ac: =L=d)
rX2

Reaction rate for methanogenic archae (g me: =L=d)
mm1

Maximum specific growth rate of acidogenic bacteria
(d�1)

mm2
Maximum specific growth rate of methanogenic archae
(d�1)

m1 Specific growth rate of acidogenic bacteria (d�1)
m2 Specific growth rate of methanogenic archae (d�1)
AD Anaerobic digestion
AR Attainable Regions
CSTR Continuous Stirred Tank Reactor
DSR Differential Side-stream reactor
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I/S Inoculum to substrate ratio
PFR Plug Flow Reactor
T Reactor temperature (�C)
V Volume of digester (L)
VSL Volatile Solids Load (g BVS =L)
a Mixing ratio
t Residence time (days)
w Acidogenic fraction
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a b s t r a c t

Anaerobic digesters are seldom designed based on process kinetics, but rather on a combination of hy-

draulic and organic loading, which may limit operational performance. This study focuses on the incor-

poration of process kinetics in the design of anaerobic digesters, within the attainable region conceptual

framework. Candidate attainable regions for anaerobic digesters are identified using the software environ-

ment Biodigester Rapid Analysis and Design System (B-RADeS), which couples, biodegradation kinetics as

well as economic parameters for the synthesis of biodigester structures. By considering swine, palm oil

and pharmaceutical wastewaters, payback periods of 0.5, 1 & 2 years, and substrate, kinetic model and/or

economic parameters, a promising digester structure (and associated hydraulic retention times) is syn-

thesized, consisting of a CSTR followed by PFR (15 days), CSTR (4.8 hours) and a PFR with bypass of feed

(3 days). The framework offers great promise for widespread practical application.

© 2019 Elsevier Ltd. All rights reserved.

1. Introduction

Anaerobic digestion of solid waste and/or wastewater sludges

has long been used for stabilization of these wastes prior to dis-

posal. Among the benefits involved in anaerobic waste treatment

compared to the aerobic counterpart are: improved dewaterabil-

ity of the treated waste and generation of renewable bioenergy

(Mes et al., 2003). The construction and operation of anaerobic

treatment plants requires optimizing the techno-economic feasi-

bility by defining optimal process configuration of anaerobic di-

gesters. There exist several types of anaerobic digesters each of

which have specific characteristics making them more adequate to

treat specific types of organic wastes (Mao et al., 2015). For treat-

ment of solid waste and sludges, low-rate anaerobic systems are

more appropriate due to their use of long but coupled hydraulic

and sludge retention times to ensure a stable operation of the pro-

cess (Mes et al., 2003). On the other hand, a major breakthrough in

∗ Corresponding author.

E-mail address: fabricen@stud.ntnu.no (F. Abunde Neba).

the anaerobic treatment technology has been the development of

high-rate systems, which use biomass retention to employ shorter

hydraulic retention times, but this technology is mainly adapted to

the treatment of wastewaters (Henze et al., 2008). Design of high-

rate systems for wastewater treatment has received considerable

attention over the past years and a variety of novel or improved

digester designs and hydrodynamic configurations have been pro-

posed in the literature (Zhang et al., 2016; Mao et al., 2015). The

motivation for designing novel digester configurations has been to

increase process stability, simplify construction and operation as

well as improve process economics. However, few researchers have

been able to draw on any systematic research into the improved

design and operation strategies of low rate anaerobic reactors and

the use of long process times (which is linked to economic feasibil-

ity of a system) remains a challenge to such systems. Both efficient

and economical performances of low-rate digesters are extremely

important to promote their widespread adoption for treatment of

https://doi.org/10.1016/j.compchemeng.2019.106607

0098-1354/© 2019 Elsevier Ltd. All rights reserved.
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Nomenclature

Bt Annual savings from electricity consumption ($)

CGen Cost of biogas electricity generator ($)

CInv Investment cost ($)

Ccon Cost of digester construction ($)

Cm Annual cost of digester maintenance ($)

Cmisc Cost associated to miscellaneous activities ($)

Cpf Annual cost of biogas purification ($)

Ct Annual operating cost ($)

K∗ Kinetic constant of Chen and Hashimoto based on

specific methane production rate (−)

Kha Maximum rate of substrate degradation by the

acidogenic bacteria (day−1)

KLr Monod-like half saturation constant for continu-

ous mode operation (gVS/L/day)

Kam Maximum rate of substrate utilization by the ace-

togenic/methanogenic microorganisms

Ki Inhibition constant for biogas yield (g/L)

Ks Monod-like half saturation constant for continu-

ous mode operation (gVS/L)

Lr Organic loading rate (gVS/L/day)

Pel Percentage of methane utilized for electricity gen-

eration

Prpf Price for biogas purification per unit volume

($/m3)

Pt Net annual benefit ($)

R2 coefficient of determination

R2Adj Adjusted coefficient of determination

Rf Recalcitrant fraction of initial volatile substrate

that is non-biodegradable.

Rp Specific rate of biogas production by acetoclastic

methanogens (mLbiogas/gVS/day)

Rpm Maximum specific rate of biogas production by

acetoclastic methanogens (mLb/gVS/day)

Si Initial concentration of substrate taken up by ace-

togenic/methnogenic micororgansims (g /L)

So Initial substrate concentration (gVS/L)

Su Concentration of acidified substrate produced by

acidogenic bacteria (g /L)

Tel Annual time period for use of electricity (d)

Tpr Annual time period for biogas purification (d)

VD Volume of digester (mL)

XTX Characteristic matrix

Xam concentration of acetogenic/methanogenic mi-

croorganisms

YPS Biogas yield coefficient (mLbiogas/gVS)/(gVSutilized/L)

YXS Cell yield coefficient

be Unit conversion coefficient (kWh/m3CH4)

dyt/dt Rate of change in biogas yield

−dS/dt Rate of decrease in the concentration of hy-

drolyzed substrate (gVS/L/day)

ki Inhibition constant for cell growth(g /L)

kn(s) Rate of substrate degradation by acidogenic bacte-

ria (g /g/day)

ks Monods’ half saturaion contant for substrate up-

take

mVS Mass of volatile solids added into the digester

(gVS)

nt Project lifespan (years)

rp Modified rate of biogas production by acetogenic/

methanogenic microorganisms (mLb/gVS/day)

s
β̂i

Approximate standard error of parameter esti-

mates

tυ,α/2 Student t-distribution parameter(−)

tυ,α/2 student’s t-distribution parameter

yt Biogas yield (mLbiogas/gVS)

ytm Maximum attainable biogas yield (mLbiogas/gVS)

(β − β̂ ) Deviation between the real and the estimated

model paramters

β̂ Vector of estimated model parameters (−)

β̂ Vector of estimated model parameters

μmax Maximum specific growth rate of aceto-

genic/methanogenic bacteria (day−1)

σ 2 True variance

χ2 Reduced chi-square

AR Attainable Regions

B-RADeS Biodigester Rapid Analysis and Design System

CSTR Continuous Stirred Tank Reactor

DSR Differential Sidestream reactor

GUI Graphical User Interface

GUIDE Graphical User Interface Development Environ-

ment

IDEAS Infinite DimEnsionAl State-space

NRT Network Residence Time

NRT-C-AR Network Residence Time Constrained Attainable

Region

PFR Plug Flow Reactor

ν Number of degrees of freedom

C Two-dimensional state vector

F F-distribution varince comparism parameter

Prel Feed in tariff rate for biogas based electricity

($/kWh)

Q Volumetric flow rate (mL/day)

RMSE Root mean square error

S Substrate concentration (g /L)

X Acidogenic bacteria concentration (g /L)

b Fraction of initial volatile solids remaining in ef-

fluent.

cov(β) Covariance of estimated model parameters (−)

cov(β) Covariance matrix of estimated model parameters

gVS Gram volatile solids

gVS Gram volatile solids

k Kinetic constant of Chen and Hashimoto (−)

m Measure of microbial adoption to stationary pro-

cesses by mutation (−)

n Could provide a useful measure of microbial coop-

erativity (−)

p Number of model parameters

r Discount rate (%)

r(C) Two-dimensional reaction rate vector

α Significance level

β Vector of model parameters (−)

β Vector of model parameters

μ Specific growth rate of acetogenic/methanogenic

bacteria (day−1)

τ Retention time (days)

sludges and solid wastes. Using empirical methods to optimize de-

sign of anaerobic digesters often requires construction of expensive

prototype systems and time consuming studies, which has been a

key motivation for reliance on model-based techniques (Yu et al.,

2013). Use of the models is again highly dependent on the avail-

ability of kinetic coefficients and hence modelling requirements

for design of anaerobic digesters are often simplified to a mini-

mal number of inputs and experimental states (most commonly
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biogas yield) required for model identification (Batstone, 2006).

The simplified models employed for digester design can be sin-

gle stage, based on the rate limiting step approach, or two-stage,

based on lumping the process in to acid-forming and methane-

producing microorganism. The single stage models previously em-

ployed in digester design include first order models (Linke, 2006;

Momoh and Nwaogazie, 2011) and the models based on maximum

bacteria growth rate (Fdez.-Güelfo et al., 2011; Fdez-Güelfo et al.,

2012) while the two stage models include the biogas yield mod-

els presented by Momoh et al. (2013). Although simplified models

have been used extensively in digester design, published articles

are limited to mainly to determination of digester capacity based

on parameters such a VS loading, temperature, etc. with first or-

der models being mostly used (Momoh et al., 2013; Wang et al.,

2007). For design, critical issues are hydrodynamics, as well as the

behaviour of solids, which requires at least two-stage, with hydrol-

ysis and biological steps (Batstone, 2006). This study focuses on

hydrodynamics and an approach to optimize hydrodynamic config-

uration of anaerobic digesters based on simplified models will be

a highly practicable as it will require less experimental measure-

ments to estimate kinetic constants. Although the study develops

two-stage models which can be identified based using only bio-

gas yield measurements, the emphasis of the paper is not neces-

sarily on the models but on how the authors use the models to

develop new hydrodynamic configurations for operating low rate

anaerobic digesters. The design objective is to minimize the pro-

cess time as well as payback period by considering biodegradation

and mixing as the only permitted fundamental processes occurring

in the digester. The approach is based on the concept of attainable

regions (AR), which is a technique for process synthesis and op-

timization that incorporates elements of geometry to understand

how networks of chemical reactors can be designed and improved.

“Following this initial work, many other researchers advanced AR

research. Glasser et al. (1987) proposed a geometric approach that

identified candidate AR’s satisfying a number of necessary con-

ditions that the AR must possess. Burri et al. (2002) demon-

strated that, within the Infinite DimEnsionAl State-space (IDEAS)

conceptual framework, construction of the true AR, and increas-

ingly accurate AR approximants, can be carried out through

Infinite Linear Programming (ILP), and a sequence of approx-

imating finite Linear Programs (LP) respectively. Subsequently,

Manousiouthakis et al. (2004) developed, within IDEAS, neces-

sary and sufficient conditions that the true AR must satisfy, pro-

posed the Shrink–Wrap algorithm for AR construction, and estab-

lished, this algorithm’s equivalence to the aforementioned LP based

AR construction methods. They also demonstrated that the true

AR can be potentially larger than the candidate AR’s identified

by geometric methods. Zhou and Manousiouthakis (2006) demon-

strated that the true AR for reactor networks involving only re-

action and mixing may be smaller than the true AR for reactor

networks also incorporating diffusion effects (e.g. by considering

non-ideal dispersion reactor models). Zhou and Manousiouthakis

carried out pollution prevention studies using the AR approach

(Zhou and Manousiouthakis, 2007a), extended the AR approach

to reactor networks involving variable density fluids (Zhou and

Manousiouthakis, 2007b), discussed the dimensionality of the

space in which AR construction can be pursued (Zhou and

Manousiouthakis, 2008), and extended the AR approach to non-

isothermal reactor networks (Zhou and Manousiouthakis, 2009).

Around the same time, Posada and Manousiouthakis (2008), pro-

posed AR construction methods for reactor networks with mul-

tiple feeds, while Davis et al. extended the AR approach to

batch reactor networks (Davis et al., 2008). More recently, Con-

ner and Manousiouthakis extended the AR approach to gen-

eral process networks (Conner and Manousiouthakis, 2014), while

Ming et al. (2016) summarized many of the AR literature results.”

Geometrically, the attainable region represents the region bounded

by the convex hull for the set of points achievable by the fun-

damental processes occurring in the system (Asiedu et al., 2015;

Hildebrandt and Glasser, 1990; Hildebrandt et al., 1990). Once the

AR has been determined, the limits of achievability by the system

for the given kinetics and feed point is known and the boundary

of the AR can then be used to answer different design and/or op-

timization questions related to the system. Our recent publication,

Abunde Neba et al. (2019) has been first of its kind laying down

theoretical framework for use of attainable regions to model op-

timal configurations of multistage anaerobic digesters. The study

employed a four-state dynamic model of anaerobic treatment pro-

cess and the attainable region analysis has been based on con-

centration (state) space but not residence time. The lack of res-

idence time makes it impossible to size the digester structure

or perform economic feasibility studies on the optimal digester

structure. In addition, the four-state model (compared to the sim-

plified model in this study) poses requirement for more experi-

mental measurements hence limiting its application to situations

where process measurements are limited. The current study is de-

signed to illustrate how simplified models (requiring only biogas

yield measurements) of the anaerobic treatment process can be

used for attainable region analysis involving residence time space.

“AlHusseini and Manousiouthakis (2013) were the first to incor-

porate residence-time considerations in the AR conceptual frame-

work, by first introducing a production normalized, capital cost

measure for a reactor network, that they termed “Network Resi-

dence Time” (NRT), and defined as “the ratio of the sum of the

volumes of all reactors participating in the reactor network over

the total volumetric flowrate entering the network.” They subse-

quently introduced the Network Residence Time Constrained At-

tainable Region (NRT-C-AR), which they then proceeded to quantify

using a Linear Programming formulation within the IDEAS concep-

tual framework. The advantage of constructing an AR of the anaer-

obic treatment process that incorporates residence time consider-

ations, over the AR presented in our previous study, is that it en-

ables the coupling of biodegradation kinetics, economic feasibility

objectives and country specific macroeconomic parameters for the

synthesis of biogas digester structures. By its use of attainable re-

gions, knowledge of all possible states, for all possible digester con-

figurations can be obtained considering biodegradation and mixing

as the only fundamental processes occurring in the digester. Unlike

previous studies where economic analysis is performed to deter-

mine the feasibility parameters of a predefined digester configu-

ration, this study rather determines the biodigester network con-

figuration required to achieve a given economic objective based

on the macroeconomic situation of a given country. Finally, the

study seeks to deploy the theoretical framework into a software

in order to save time and effort for designers who are plan-

ning and designing biogas plants for different process or economic

scenarios.

2. Attainable region theory for process synthesis and

optimization

The Attainable Region (AR) theory is a technique that incorpo-

rates elements of geometry and mathematical optimization, to de-

sign and improve operation of chemical reactors (Ming et al., 2016).

The power of the AR approach to process optimization is that

the answer to all possible optimization problems, even the ones

not considered are first determine, and then we look for ways of

achieving that answer. In reactor operation knowledge of all possi-

ble reactor states for all possible reactor configurations, even those

that have not yet been devised, is obtained. For a two-dimensional

system, the convex hull for the set of all points achievable by all

possible combinations of CSTR+PFR and mixing defines the attain-
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able region. For higher dimensional systems, the attainable region

is the convex hull for the set of points generated by all possi-

ble combinations of CSTR, PFR, DSR and mixing lines. The convex

hull is understood as the smallest subset of a set of points that

can be used to generate all other points by reaction and mixing

(Ming et al., 2016). Geometrically, a convex hull is a finite convex

polytope enclosed by a finite number of hyperplanes, which is in-

terpreted in a two- dimensional space as the smallest polygon en-

closed by planar facets such that all of the elements lie on or in

the interior of the polygon (Asiedu et al., 2015). Once the AR has

been determined, the limits of achievability by the system for the

given kinetics and feed point is known, which can then be used

to answer different design or optimization questions related to the

system.

Given a set of reactions and associated kinetics, the following

five key steps needs to be performed in order to complete an at-

tainable region analysis (Ming et al., 2016):

➢ Define the reaction, dimension and feed set.

➢ Generate the AR using combinations of the fundamental pro-

cesses.

➢ Interpret the AR boundary in terms of reactor equipment.

➢ Define the objective function and overlay this onto the AR to

determine point of intersection with the AR boundary.

➢ Determine the specific reactor configuration required to achieve

the intersection point.

Some necessary conditions for AR derived from the work of

Glasser et al. (1987) can be summarized as follows:

➢ The AR includes all feeds to the system.

➢ The AR is convex.

➢ No process vector point out of the AR boundary.

➢ No rate vectors in the complement of the AR when extended

backward intersects the AR.

The objective of this section is to analyze the aforementioned

necessary requirements with respect to its application to the

anaerobic treatment process. However, AR analysis requires that

the process kinetics is known and we therefore begin by model-

ing the kinetics of the anaerobic treatment process.

2.1. Reaction kinetics of the anaerobic treatment process

In the present paper, the mathematical models describing the

kinetics of substrate utilization and methane production in anaer-

obic treatment process are developed based on the approach pre-

sented by Momoh et al. (2013). The approach assumes that the

AD process takes place in three stages. (i) hydrolysis/acidogenesis

of the organic substrates in wastewater by acidogenic bacte-

ria to produce acidified substrate; (ii) uptake of acidified sub-

strate by acetogenic/methanogenic bacteria and (iii) acidified sub-

strate assimilation, growth and biogas production by the aceto-

genic/methanogenic bacteria.

2.1.1. Enunciation of the process model

Fig. 2 presents the algorithm used to develop and validate

the simplified two-stage based modes to predict biogas yield. The

model development involves five main aspects, which include:

➢ Develop substrate degradation model.

➢ Formulate substrate uptake model.

➢ Choose microbial kinetic model.

➢ Derive models for substrate assimilation and biogas production.

➢ Identification of the developed model.

Considering these aspects led to a series of ordinary differen-

tial equations to predict biogas yield based on microbial growth

kinetics

Stage 1: Hydrolysis and acidogenesis

Many constituents of organic wastes behave as complex sub-

strates (polysaccharides, proteins, fats etc.). The Grau model pre-

sented in Eq. (1), which has widely been used to model multiple

substrate removal kinetics (Kim et al., 2006; Liu, 2006) was there-

fore adopted for this study.

−dS

dt
= kn(s)X

(
S

So

)n

(1)

where −dS/dt represents the rate of decrease in concentration of

substrate being hydrolyzed, S is the concentration of initial sub-

strate left at every instant following onset of hydrolysis, So is the

concentration of initial substrate, kn(s) is the rate of substrate

degradation by acidogenic bacteria, X is the concentration of acido-

genic bacteria and n defines the degree of adaptation by acidogenic

bacteria for substrate degradation.

The multicomponent substrate degradation model is based on

the assumption that the different components are simultaneously

removed and transported into the cells (Grau et al., 1975). Assum-

ing hydrolysis and acidogenesis are catalyzed by acidogenic bacte-

ria, whose concentration is constant, then Eq. (1) can be re-written

as Eq. (2).

−dS

dt
= Kha

(
S

So

)n

(2)

Where, Kha is the maximum rate of substrate degradation by aci-

dogenic bacteria. Since anaerobic digestion is a biological process

and the AR approach considers biodegradation and mixing as the

only fundamental processes occurring in the digester, it becomes

important to consider the non-biodegradable part of the substrate.

The model is then modified as shown in Eq. (3)

−dS

dt
= kn(s)X

(
S

So
− Rf

)n

(3)

Eq. (3) represents the kinetics of substrate degradation, where

Rf is the recalcitrant fraction of initial volatile substrate that is non-

biodegradable.

Stage 2: Substrate uptake by acetogenic/methanogenic microor-

ganism

The hydrolytic model of Momoh et al. (2013), Eq. (4), which

represents a modified version of the hydrolytic model presented

by previous studies (Barthakur et al., 1991; Faisal and Unno, 2001;

Zinatizadeh et al., 2006) was adopted.

Su = SoA f

(
b− Rf

)n
(4)

This model takes into consideration the acidified substrate pro-

duced after substrate degradation by acidogenic bacteria as well as

the uptake of acidified substrate by acetogenic/methanogenic mi-

croorganism. Su represents the actual amount of the substrate that

was acidified and utilized by the acetogenic/methanogenic bacte-

ria while b is the fraction of initial volatile solids remaining in ef-

fluent. The coefficient Af = Kha/(Kam(1 − α) + Kha) represents the

rate limiting coefficient for very slow (case of 0<α<1) or very

fast (case of α =1) metabolism of acidified substrate by the ace-

togenic/methanogenic bacteria (Momoh et al., 2013). The constant

Kam is the maximum rate of substrate utilization by the aceto-

genic/methanogenic microorganisms.

Stage 3: Kinetics of bacteria growth and biogas production

The attainable region is unique for a given kinetics and

a change in organic substrate can cause a change the ki-

netic model used to describe the growth of microorganisms.

Table 1 presents a list of microbial growth models considered to

model substrate assimilation. The table has been assembled from

Kythreotou et al. (2014), who presented a comprehensive review

of simple to scientific models for anaerobic digestion. As expected,

the different models have different characteristics often making
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Table 1

Microbial growth models selected to model substrate assimilation.

Author Model equation Eq. No. Remark

Monod, 1949 μ = μmax
Su

ks+Su
(5) Describe growth processes for low substrate concentration

Moser, 1958 μ = μmax
Su

m

ks+Su
m (6) Integrates effect of microbial adoption to stationary processes by mutation

Tessier model μ = μmax(1 − e− Su
ks ) (7) An exponential function used to describe cell growth processes

Chen & Hashimoto, 1978 μ = μmaxSu
kSi+(1−k)Su

(8) Considers cell concentration depending on the level of substrate degradation

Haldane, 1930 μ = μmaxSu

(ks+Su )(1+Su/ki )
(9) For growth process affected by the allosteric effectors present in the acidified substrate

Andrews, 1968 μ = μmaxSu

ks+Su (1+Su/ki )
(10) Based on Haldane for enzyme inhibition at high substrate concentrations

Aiba et al., 1968 μ = μmaxSu
ks+Su

exp(−Su/ki
) (11) An empirical correlation to describe substrate inhibition

Dagley & Hinshelwood, 1983 μ = μmax
Su

Ks+Su
(1 − kiSu) (12) An empirical correlation with critical inhibitor concentration of growth stop

Ierusalimsky, 1967 μ = μmax
Su

ks+Su

ki
ki+Su

(13) Haldane model for product inhibition

Moser, 1981 und Bergter, 1983 μ = μmax
Su

m

ks+Su
m

ki
ki+Su

(14) Production inhibition model with effect of microbial adoption

them more adequate to describe microbial growth of specific ef-

fluent and/or digester conditions rather than others.

ks is the Monods’ half saturaion contant for substrate uptake,

μmax is the maximum specific growth rate for methatnogenic ar-

chae, m is the coefficient of acetogenic/methanogenic microbial

adaptation for cooperativity, Si is the initial concentration of sub-

strate taken up by acetogenic/methnogenic micororgansims, k is

the kinetic constant of Chen and Hasshimoto, and ki is the sub-

strate concentration where bacteria growth is reduced to 50% of

the maximum specific growth rate due to substrate inhibition

Taking the case of the Monod model for growth of aceto-

genic/methanogenic microorganisms, and using product and cell

yield coefficients, the rate of biogas production can be expressed

by Eq. (15)

dyt

dt
= YPS

YXS

μmaxSu

ks + Su
Xam (15)

Where dyt/dt is the rate of change in biogas yield, yt is the bio-

gas yield, YPS is the biogas yield coefficient, YXS is the cell yield co-

efficient and Xam is the concentration of acetogenic/methanogenic

microorganisms. If we consider the growth rate of the aceto-

genic/methanogenic bacteria is very slow or relatively constant

while dyt/dt can be described as the specific biogas yield rate

(Rp) at the end of biogas production (Momoh et al., 2013),

then Eq. (15) can re-written as Eq. (16). The parameter Rpm=
(Xam YPS/YXS) is the maximum specific rate of biogas production.

Rp = RpmSu

ks + Su
(16)

Hence, by substituting Eq. (4) into Eq. (16) and rearranging, we

obtain Eq. (15′).

Rp = RpmSo
ks

A f (b−Rf )
n + So

(15′)

The term ks/Af (b− Rf )
n represents the Monod half saturation

constant in terms of the fraction of acidified substrate taken up by

acetogenic/methanogenic bacteria (represented as KS) and the final

biogas yield model considering the Monod kinetics is presented by

Eq. (16′).

Rp = RpmSo

KS + So
(16′)

Eq. (16) describes the biogas yield in anaerobic digester consid-

ering a batch operation mode. In cases where the system in oper-

ated in continuous mode, the initial substrate concentration (So) is

converted to loading rate by multiplying the factor (Q/V) as shown

Table 2

Two-stage based models to predict biogas yield rate.

Author Model equation Eq. No.

Monod, 1949 Rp = Rpm
So

KS+So
(19)

Moser, 1958 Rp = Rpm
So

m

KS+So
m (20)

Tessier model Rp = Rpm(1 − kpe
− So

KS ) (21)

Chen & Hashimoto, 1978 Rp = RpmSo
K∗Si+(1−k)So

(22)

Haldane, 1930 Rp = RpmSo

(Ks+So)(1+So/Ki
)

(23)

Andrews, 1968 Rp = Rpm
So

Ks+So(1+So/Ki
)

(24)

Aiba et al., 1968 Rp = Rpm
So

Ks+So
exp(−So/Ki

) (25)

Dagley & Hinshelwood, 1983 Rp = Rpm
So

Ks+So
(1 − KiSo) (26)

Ierusalimsky, 1967 Rp = Rpm
So

Ks+So

Ki

Ki+So
(27)

Moser, 1981 und Bergter, 1983 Rp = Rpm
So

n

Ks+So
n

Ki

Ki+So
(28)

in Eq. (17). The factor (Q/V) is the ratio of volumetric flow rate (Q)

to volume of the digester (V).

Rp = Rpm(QSo/V )

(KsQ/V ) + (QSo/V )
(17)

The resulting continuous mode counterpart of the biogas yield

model considering Monod kinetics is shown by Eq. (18).

Rp = RpmLr

KLr + Lr
(18)

Where, the variable Lr is the organic loading rate into the biodi-

gester and KLr is the Monod’s half saturation constant defined in

terms of the organic loading rate. Similar process was applied to

develop the other biogas yield rate models by assuming that the

growth process of the acetogenic/methanogenic microorganism can

be described using the other growth models presented in Table 1.

However, a parameter of kp was introduced to the Tessier based

model as a coefficient to the exponential term, which serves as an

index of the processing speed of Rp as it approaches Rpm due to the

change in So or Lr (depending on the mode of operation).The de-

rived biogas yield models considering a two-stage biodegradation

kinetics is presented in Table 2.

K is the kinetic constant of Chen and Hasshimoto defined in

terms of specific biogas yield, Ki is the substrate concentration

where specific biogas yield rate is reduced to 50% of the maximum

specific biogas yield rate due to substrate inhibition and n provides

a useful measure of microbial cooperativity to biogas production.
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2.1.2. Parameter estimation and statistical methods

The kinetic constants of the different models were estimated

using the Matlab nonlinear regression solver ‘nlinfit’ (Mathworks

Natick NA). In assessing the variability of the model identification

process, we used the kernel density estimates and the parameter

confidence regions. It is also interesting to note that marginal con-

fidence intervals often used by several researchers do not account

for correlations between the parameter estimates. Therefore, their

use in parameter estimation can sometimes be misleading if there

is strong correlation between several parameter estimates. In this

study, we rather illustrate the use of joint confidence regions in

assessing reliability of parameter estimates in least square regres-

sion.

The 100(1 − α)% joint confidence region and the marginal con-

fidence intervals of the parameter estimates is computed using

Eqs. (29) and (30) respectively

(
β − β̂

)T(
XTX

)(
β − β̂

)
≤ pσ 2F(1−α),p,(n−p) (29)

β̂ ± tυ,α/2sβ̂i
(30)

Where s
β̂i

is the approximate standard error of the parameter

estimates given by Eq. (31)

s
β̂i

=
√
diag(cov(β)) (31)

XTX = s
β̂i

2/cov(β) is the characteristic matrix, cov(β) is the co-

variance matrix of estimated model parameters, (β − β̂ ) is the de-

viation between the real (β) and the estimated model paramters

(β̂ ), tυ,α/2 is the student’s t-distribution parameter, ν is the num-

ber of degrees of freedom (n − 1), where n is the number of data

points used to compute the variance and average, F(1−α),p,(n−p) is

the F-distribution varince comparism parameter, p is the number

of model parameters being estimated, (n − p) is the model degrees

of freedom, and σ 2 is the true variance, and α = 0.05 is the level

of significance.

2.2. AR analysis of the anaerobic treatment process

2.2.1. Reaction dimension and process vectors

Before it is possible to construct the AR, the engineer must

first determine the space wherein the AR must reside (by choosing

unique species components in the system that will represent the

AR). These are variables required to characterize the state of the

system, in this case, an anaerobic treatment process and must be

sufficient to describe the dynamics of the fundamental processes

chosen to describe the system. These variables would include bio-

gas yield (yt) and retention time (τ ). A key criteria for selecting

variables in AR is that they must obey the linear mixing law. The

concept of “Network Residence Time” (NRT), as introduced by Al-

Husseini and Manousiouthakis (2013) defines the residence time

of a reactor network as the ratio of the sum of the volumes of

all reactor units constituting the network to the total volumet-

ric flowrate entering the network. Using this definition, it can be

shown that the residence time of a network comprising two re-

actor units obey the linear mixing law, Eq. (32). This implies the

overall residence time of the system must lie in a straight line be-

tween the residence times of the individual reactors, τ 1 and τ 2

comprising the system.

τmix = ατ1 + (1 − α)τ2 (32)

Where τmix is the overall residence time of the system compris-

ing two individual reactors. The developed simplified kinetic mod-

els predict biogas yield (yt), which is given in terms of volume of

biogas produced (mL) per gram of volatile solids added to the di-

gester (gVS). yt = Vg/mVS. Assume we have two digesters of known

biogas yield, we can obtain the actual volume of biogas produced

for digesters 1 and 2 by Vg1 = yt1mVS1 and Vg2 = yt2mVS2 respec-

tively. Conservation of mass may be used to calculate the total bio-

gas yield for both digesters. Conservation of mass ensures that the

total mass of volatile solids in the mixture is equal to the sum of

the individual masses contained in beakers 1 and 2, which is given

by mVST = mVS1 + mVS2. Computing the biogas yield of the entire

system is equivalent to determining the biogas yield for a mixture

of digesters 1 and 2 since the density of the liquid phase of the

digester can be assumed constant. The biogas yield of the mixture

(ytM) is given by the ratio of the total volume of biogas produced

to the total mass of volatile acids added as shown by Eq. (33).

ytM = yt1mVS1 + yt2mVS2

mVST

(33)

If we set α = mVS1/mVST then Eq. (33) can be written as

Eq. (34), which is similar to the linear mixing law. What this

means practically is that if we mix the contents of the liquid phase

of two digesters, each of which contains a given quantity of volatile

solids added, then the total biogas yield of the mixture will lie in

a straight line joining that of both digesters.

ytM = αyt1 + (1 − α)yt2 (34)

The process of combining the contents of two parallel digesters

(or digester networks) of different volatile solids contents results in

a linear mixing law measured in term of biogas yield. This implies

biogas yield may be used in the construction of candidate ARs in a

similar manner to that for concentration.

The biogas yield and the retention time grouped together form

a vector called the characteristic vector; �C = [yt τ ], whose dimen-

sion determines the dimension of the optimization problem. We

therefore have a 2-D optimization problem with the objective of

minimizing [τ ], time parameter.

If we assume that as substrate is consumed rate of change of

biogas yield is directly correlated with the quantity of biogas to

the biogas yield yt, such that the driving force for gas production is

disappearing when the biogas yield gradually approaches its max-

imum (ytm) then for the mass of volatile solids added to the di-

gester. This is modelled by Eq. (35)

rp = dyt

dt
= Rp

(
1 − yt

ytm

)
(35)

Where, rp is the modified rate of biogas production by ace-

togenic/methanogenic microorganisms. The reaction rate vector is

therefore given by
−−→
r(C) = [rp rτ ]

2.2.2. Generate the AR using combinations of the fundamental

processes

The attainable region (AR) represents the set of all possible

states that can be achieved by a combination two fundamental

processes, biodegradation and mixing in the case of the anaerobic

treatment process. In AR theory, mixing is performed by a contin-

uous stirred tank reactor (CSTR) while biodegradation (reaction) is

performed by the plug flow reactor (PFR), since the operation of

both reactors respectively mimics the two fundamental processes.

At steady state operation, the general mathematical model of a

CSTR and PFR are given respectively by Eqs. (36) and (37) respec-

tively.

C = Cf + τ r(C) (36)

dC

dx
= r(C) (37)

C is the two-dimensional state vector made of biogas yield and

the residence time, Eq. (38) while r(C) is the reaction rate vector,

which can be illustrated to be given by Eq. (39).
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C = [yt τ ]T (38)

r(C) = [rp 1]
T (39)

During construction of AR, the PFR trajectory is the set points

generated by numerically solving the PFR equation while the CSTR

locus is the set of points generated by solving the CSTR equation.

The convex hull for the set of all points achievable by all possi-

ble combinations of CSTR+PFR defines the attainable region. The

convex hull is understood as the smallest subset of a set of points

that can be used to generate all other points by reaction and mix-

ing (Ming et al., 2016). Geometrically, a convex hull is a finite con-

vex polytope enclosed by a finite number of hyperplanes, which is

interpreted in a two- dimensional space as the smallest polygon

enclosed by planar facets such that all of the elements lie on or in

the interior of the polygon (Asiedu et al., 2015)

The candidate attainable region was constructed with Matlab

using the following five-steps

Step 1: Determine PFR trajectory from feed

Step 2: Determine the CSTR locus from feed

Step 3: Determine PFR trajectory from each CSTR point

Step 4: Construct the convex hull of the set of achievable points

Step 5: Verify the obtained AR against the necessary conditions

of AR and if any condition is not met return extend the AR

by running a PFR from the point of disagreement

The PFR equations are solved using the Matlab ode45 routine

for solving non-stiff differential equations while the system of non-

linear CSTR equations were solved using ‘fsolve’ routine The con-

vex hall of the entire set of geometric points is obtained by using

the Matlab ‘convhull’ routine, which implements the Quickhull al-

gorithm (Mathworks, Natick NA).

It is important to mention that even though this construction

approach has been applied in a couple of studies (Ming et al., 2013;

Ming et al., 2016), the NRT-C-AR obtained is a candidate and not

the true NRT-C-AR. For a true AR, the Infinite DimEnsionAl State-

space (IDEAS) conceptual framework is applied to obtain a general

linear programming formulation for the construction of the true

NRT-C-AR, as shown in (AlHusseini and Manousiouthakis, 2013).

However, the interest of the study is not necessarily on the method

used for AR construction, but on how the concept of attainable re-

gions can be applied to optimized operation of the anaerobic treat-

ment process. Also, even if just a candidate AR is obtained, it can

still be used for process synthesis and optimization only that the

totality of outputs is not obtained.

2.2.3. Interpret the AR boundary in terms of reactor equipment

The AR boundary is composed of two types of geometries: mix-

ing lines referred to as lineations and manifolds of PFR trajectories

referred to as protrusions. The role of PFRs on the AR boundary is

to generate the outer extremities whereas CSTRs and DSRs (in the

case of higher dimensional constructions) are used as connectors

to these PFRs (Ming et al., 2016). This implies the AR boundary

is defined in terms of reactor structures, and for two-dimensional

constructions, the boundary is composed of combinations of the

two fundamental reactor types and mixing lines. The PFR and CSTR

each exhibit unique geometric interpretation and hence determin-

ing the reactor configurations that form the AR relates to inter-

preting the surfaces that form the AR boundary using its geometric

properties.

2.2.4. Define the objective function and the optimal reactor structure

The AR, which defines the limits of achievability by the system

for the given kinetics and feed point can be used to answer one or

more design or optimization questions related to the system. Two-

dimensional ARs involving residence time are particularly impor-

tant for understanding the minimum reactor volume required for

a given output. Since the construction and operation of anaerobic

digesters generally requires capital investment, it would be inter-

esting to use the AR concept in determining the profitability of the

plant. However, we need to develop a suitable objective function

that incorporates biogas yield and residence time (or digester vol-

ume).

The economic evaluation considers that biogas generated from

the anaerobic digester is utilized for electricity generation. The

total annual income, benefit (Bt) from installing the biomethane

plant is determined by Eq. (40), which is benefit due to savings

from electricity consumption.

Bt = 0.9Pel × Tel × be × Prel × gVS × yt (40)

Where Pel is the percentage of methane utilized for electricity

generation (which is 100% in the case of the current study), Tel is

the annual time period for use of electricity, be is the unit conver-

sion coefficient, Prel is the feed-in tariff rate for biogas based elec-

tricity, gVS is the gram mass of volatile solids fed in the digester.

The total annual expenses or operating cost (Ct) is computed by

Eq. (41). The operating costs are assumed to be a function of two

factors: the repair and maintenance costs, Eq. (41a), which is taken

to by 1% of the cost of construction (0.01Ccon) and the cost of bio-

gas upgrading, which is a function of the biogas volume, Eq. (41b).

Ct = Cm +Cpf (41)

Cm = 0.01Ccon (41a)

Cpf = gVS × yt × Tpr × Prpf (41b)

Where, Cm is the annual cost of digester maintenance, Cpf is the

annual cost of biogas purification, Ccon is the cost of digester con-

struction, Tpr is the annual time period for biogas purification and

Prpf is the price for biogas purification per unit volume.

The cost of investment/construction is computed using the rates

of a commercial biogas company in Ghana, stating the cost of di-

gester construction to be $300 per cubic meter (Mohammed et al.,

2017). This includes administrative, transport costs, consultancy

fees and other logistic aspects. The final expression of the total an-

nual cost of digester operation is given by Eq. (42).

Ct = 3VD + gVS × yt × Tpr × Prpf (42)

Where VD is the volume of digester. The annual profit (Pt), is

defined as the difference between annual benefit, Bt, due to savings

from electricity consumptioin and the annual operating costs, Ct.

This is expressed by Eq. (43).

Pt = Bt −Ct (43)

Substituting the expressions for Bt and Ct into Eq. (43) the ex-

pression for the annual profit can be written as in Eq. (44)

Pt = gVS × yt
(
0.9Pel × Tel × be × Prel − Tpr × Prpf

)
− 3VD (44)

Since the AR is constructed in residence time space, it is neces-

sary to express the volume of digester (VD) in terms of residence

time τ and volumetric flow rate Q. The expression for Pt as a func-

tion of residence time becomes;

Pt = gVS × yt
(
0.9Pel × Tel × be × Prel − Tpr × Prpf

)
− 3τQ (45)

The economic evaluation of the digester investment is based on

the payback period (PBP) (Gittinger, 1986) and the decision rule is

that one generally accepts projects that require shorter number of

years to recover the investment. The payback period is given by the

annual profits, generated over n years, needed to recover the total
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Fig. 1. B-RADeS software development procedure.

Table 3

Summary of input parameters used for the economic evaluation.

S.N Parameter Unit Value

1 Discount rate % 10

2 Average cost of digester and infrastructure $/m3(Base) 300

3 Biogas-based electricity generator (500 kW) $/4 PCS 600

4 Biodigester lifespan years 20

5 Upper calorific value of methane gas MJ/m3 39.8

6 Density of methane kg/m3 0.75

7 Electricity equivalent of methane kWh/m3 11.06

8 Feed-in tariff rate for biogas based electricity $/kWh 17.5

future cost of the biogas plant, determined using the compounded

interest formula. The payback period is evaluated using Eq. (46).

ntPt = CInv(1 + r)
nt (46)

CInv = Ccon +CGen +Cmisc (46a)

Where CInv is the cost of investment, r is the discount rate, CGen
is the cost of biogas generator, Cmisc is the miscellaneous cost and

nt is the project lifespan. Eq. (46) can be rearranged to express

yt as a function of τ , Eq. (47) which may be plotted over the AR

boundary as contours (for different specified values of n) to deter-

mine the point(s) of intersection with the AR boundary. These in-

tersection points represent the optimal operating point (which can

interpreted into an optimal reactor structure) required to achieve a

specified payback period.

yt (τ ) = CInv(1 + r)
nt + 3τQ

ntgVS ×
(
0.9Pel × Tel × be × Prel − Tpr × Prpf

) (47)

Table 3 presents of summary of the parameter sets that are

used to perform the economic evaluation of designing a construct-

ing a methane plant.

3. Development of computational model

The design of the graphical user interface (GUI) was done using

the Matlab GUIDE (Graphical User Interface Development Environ-

ment). This is done using icon-based programing using several ob-

jects such as push buttons, static texts, edit texts, pop-up menus

and axes handles. GUIDE generates a GUI and the m-file that con-

tains the code to handle the initialization and launching of the GUI.

After creation of the GUI, it was programmed by entering the al-

gorithms into the various callback functions in the Matlab m-file.

The steps of creating the B-RADeS GUI in Matlab are shown in the

flowchart in Fig. 1.

4. Results and discussion

4.1. B-RADeS user interface

Fig. 2 presents the Graphical User Interface of the Biodigester

Rapid Analysis and Design System (B-RADeS). This multi-level pro-

cess design and simulation tool can be used to find the most effi-

cient design of multi-stage anaerobic digester networks to achieve

a defined economic and process objective. B-RADeS has several at-

tributes that make it useful for a scientifically and economically

objective process design and analysis platform for use by engineers

to do their calculations during design and operation of multi-stage

digesters. The main features of B-RADeS are as follows:

➢ B-RADeS is based on peer-reviewed models that describe

growth kinetics of anaerobic digestion microorganisms. It in-

cludes ten simple biokinetic models derived based on biogas

yield analogy.

➢ It does not rely on published kinetic coefficients, but it in-

cludes a section where the user determines kinetic coefficients

required for digester synthesis from own experiments. Upon in-

put of experimental data, B-RADeS automatically scans through

the 10 models and ranks them in order of best fit using both

quantitative and qualitative techniques.

➢ Data requirements are simple: Only experimental measure-

ments of biogas yield are required to determine kinetic coeffi-

cients, construct attainable regions a well as synthesize digester

networks.

➢ It takes into account the country-specific macroeconomic pa-

rameters (interest rate, electricity feed in tariff rate and annual

working days) into the design process, which is a key motiva-

tion for investors.

➢ It is based on a systematic methodological framework for the

design of multistage digester networks using the global opti-
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Fig. 2. B-RADeS inferace: Main overview screen.

mization technique of attainable regions. The main advantage

of this approach over the use of superstructure optimization is

that it enables knowledge of all possible states for all possible

digester configurations (even those that have not yet been de-

vised) to be first obtained, considering mixing and biodegrada-

tion as the only fundamental process occurring in the digester.

At the level of the main interface, users can get a description of

the different biokinetic models, examine the underlying assump-

tions and approximations of the models, fundamental concepts re-

quired to interpret AR boundary in terms of digester structures, se-

lect the level of activity (Model fitting and analysis or digerter syn-

thesis and analysis), and export simulations results for documenta-

tion. The software interface thus allows easy interactive modeling,

design and simulation of multistage anaerobic digesters taking into

consideration process kinetics and economic parameters.

4.2. Digester design and analysis with B-RADeS

The following four steps are required to perform complete anal-

ysis of an anaerobic treatment process using B-RADeS:

Step 1: Determine biogas yield kinetic model that best de-

scribes the organic substrate of interest. This requires data from

anaerobic treatability studies using the substrate of interest. Upon

input of experimental data, the software performs an automated

fitting for all the ten models and ranks them in order of best fit

using both numerical and graphical approaches. The numerical ap-

proach resides in the computation of a parameter, α (Eq. (48)),

which takes into account four statistical coefficients for its com-

putation. These coefficient include: the coefficient of determina-

tion (R2), adjusted coefficient of determination (R2Adj), root mean

square error (RMSE) and the reduced chi-square (χ2) were major

validation criteria for model selection. For good quality fit,R2, and

R2Adj values should be high while RMSE and χ2 should be low.

α = χ2 + RMSE +
(
1 − R2Adj

)
+

(
1 − R2

)
(48)

Models with the lowest value of α are considered more appro-

priate to describe a given data set if they share similar correla-

tion coefficient. The graphical approach is based on examining the

confidence contours which describe the correlation between the

model parameter. The following five conditions are necessary for

interpreting joint confidence regions

(a) If the region, given by an ellipse is aligned with the any of

the coordinate axis (vertically or horizontally), then no cor-

relation exist between the parameters that constitute the re-

gion.

(b) The parameter that lies on the coordinate axis with the

greatest shadow corresponds to the parameter with the

greatest variation.

(c) By definition, the elliptical region is centered at the least

square estimate of the model parameters.

(d) If the region is a long narrow rotated ellipses, it indicates

there exist significant correlation between parameter esti-

mates.

(e) If values of zero for one or more of the parameter estimates

lie in the region, these parameters are plausibly zero and the

corresponding terms are not significant in the model.

Models, which show less correlation between the estimated pa-

rameters are more reliable. The user can also manually test the

fitting of a particular model of interest without necessarily going

through the automated fitting procedure (Fig. 3).

Step 2: Specify economic objective to be attained as well as

county-specific macroeconomic parameters governing operation of

the anaerobic digester system. The economic objective is specified

in terms of the number of years required to recover investment fol-

lowing construction of an anaerobic digester for biogas production

and electricity generation. The macroeconomic parameters are the

interest rate, feed-in tariff for electricity generation from biogas as

well as annual working days. B-RADeS the passes the estimated ki-

netic constants (for the best fitted model) to the design functional-

ity, which together with the specified economic parameters is able
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Fig. 3. B-RADeS interface: Here users can input experimental data, and estimate the kinetic constants for a given digestion process.

Fig. 4. B-RADeS interface: Here users set economic feasibility targets and country specific macroeconomic parameters, for B-RADeS to perform AR analysis for the user to

interpret into digester structures.

to construct candidate attainable regions, and overlay the defined

economic objective (payback period) onto the boundary of the at-

tainable region in order to determine the point of intersection (see

Fig. 4).

Step 3: Interpret the attainable regions and particularly the in-

tersection point (which represents the optimal operating point)

in terms of optimal digester structure. The interpretation of the

AR boundary is based on three key fundamental results of two-

dimensional AR used in everyday practice (Ming et al., 2016). These

include:

➢ The AR is composed of reaction and mixing surfaces only. Re-

action surfaces are always convex.

➢ Points that form convex sections of the AR boundary arise from

effluent concentrations specifically from PFR trajectories.
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Table 4

Statistical validity and kinetic coefficients of biogas models for swine wastewater.

Model

Statistical coefficients Parameter estimates

α χ2 RMSE R2 AdjR2 Rpm KS Other

Moser & Bergter 0.0134 0.0000 0.0032 0.9955 0.9943 0.3451 0.7703 m= 1.5000 Ki = 2.0000

Moser 0.0288 0.0000 0.0052 0.9911 0.9852 0.1493 0.1663 m= 2.0332

Tessier 0.0297 0.0000 0.0053 0.9908 0.9847 0.1439 0.4041 kp=1.3171

Andrews 0.0748 0.0001 0.0082 0.9704 0.9630 0.4162 1.7980 Ki = 2.0000

Aiba 0.0797 0.0001 0.0084 0.9684 0.9604 0.6583 2.7423 Ki = 2.0000

Ierusalimsky 0.1021 0.0001 0.0096 0.9590 0.9487 0.7091 2.7938 Ki = 2.0000

Haldane 0.1200 0.0001 0.0111 0.9592 0.9320 0.5963 2.3614 Ki = 2.3615

Dagley & H- inshelwood 0.1431 0.0001 0.0115 0.9416 0.9270 0.2263 0.8273 Ki = 2.0000

Chen & Hashimoto 0.1464 0.0001 0.0116 0.9402 0.9252 0.1211 0.4507 Ki = 2.2000

Monod 0.1464 0.0001 0.0116 0.9402 0.9252 0.2205 0.8011 —

➢ Points on the AR boundary that initiate these convex PFR tra-

jectories (from point 2 above) arise from specialized CSTRs for

two-dimensional constructions.

These guidelines are provided in the Attainable region section

on the main menu of B-RADeSS.

4.3. Biodigester design case studies with B-RADeS

Multi-stage anaerobic digestion in which multiple digesters

are operated in a network are designed to optimize each step

of the anaerobic digestion process are potentially applicable for

all wastewater treatment plants (EPA, 2006). Therefore, although

many anaerobic wastewater treatment plants have traditionally

performed anaerobic digestion processes as single stage, the use of

multistate network digesters would allow these facilities to opti-

mize the various stages of the anaerobic digestion process to meet

their need. In fact, multistage digesters provide a great potential

for a more efficient and flexible biogas systems that can better in-

tegrate into the bioeconomy and help harvest the energetic po-

tential of organic waste while contributing to sustainable nutri-

ent recycling (Cumiskey, 2005; Theuerl et al., 2019). We illustrate

the capabilities of B-RADeS considering three anaerobic wastewa-

ter treatment case studies as presented in the following section.

Case study 1: Anaerobic digestion of swine wastewater

The objective here was to design a biodigester for treatment of

swine wastewater that will yield a return on investment within

6 months (payback period) following start-up. Experimental data

for anaerobic digestion of swine wastewater was obtained from

Yang et al. (2016). Table 4 presents fitting characteristics and ki-

netic coefficients for all ten biogas yield models present in B-

RADeS. The models are ordered using the automating fitting func-

tionality in B-RADeS (see step 2 in Section 4.1). Amongst the Ten

models fitted, the Moser & Bergter, Moser and Tessier based biogas

yield models were the top three based on the numerical value of

the α-parameter.

However, the selection of most accurate model for description

of swine wastewater required consideration of the graphical ap-

proach of confidence contours as well. Fig. 5 presents model fits

and confidence contours for the first three models.

By examining the confidence contours of the top three mod-

els presented in Fig. 5, we see that all the models have long

rotated ellipses but that of the Moser-based model is narrow-

est indicating that there exist significant correlation between its

parameter estimates. No major significant difference can be ob-

served between that of the Moser & Bergter and the Tessier but

since the former was better in terms of the numerical fitting cri-

teria (alpha parameter), it therefore more accurately describe the

experimental data for swine wastewater. Given the kinetic model

of the system, the next step was to use the design analysis func-

tionality of B-RADeS to perform an attainable region analysis of the

system. Fig. 6 presents the candidate two-dimensional attainable

region on which different payback period has been overlaid to in-

dicate optimal operating points (points of intersection between the

AR boundary and the objective function).

The objective function formulated is particularly important as it

incorporates aspects of both total digester volume (residence time)

and biogas yield. Three very interesting observations can be made

from Fig. 6. (1) For a given biogas yield, higher payback periods

are achievable for larger digester volumes (higher residence times).

This is because for a given biogas yield, higher digester volumes

will require more investment cost, hence resulting in a longer time

to break even in investment. (2) For a given residence time on

the AR boundary, shorter payback periods are achievable for higher

yields of biogas. The results are highly consistent with practice be-

cause if we maintain the volume of the biogas plant constant, then

we only require high yields in order to break even in investments

for relatively shorter duration. (3) The range of payback periods

considered intersect the AR at many points in the region, indi-

cating that there are multiple operating points (multiple optima)

for this system. However, since the objective of the design is to

find a digester configuration with a payback period of 0.5 year, the

reader can observe Fig. 7, which shows how the payback period of

0.5 year has been independently overlaid onto the boundary of the

AR. The left plot of Fig. 7 presents the PFR trajectory and the CSTR

locus, referred to as the base trajectories.

From Fig. 6, it is also important for readers to note that even

though there are multiple intersection points of the objectives, the

actual operating point to be chosen will depend on the investor’s

amount of capital. Points corresponding to smaller digester volume

or smaller residence times (points associated with the lower part

of the AR) require smaller capital investment while points corre-

sponding to larger digester volumes require huge capital invest-

ment. Another very interesting remark in this example is that as

the payback period increases, the influence of running cost (di-

gester volume) on the payback period decreases, seen by the close

proximity of the 2-, 3- and 4-year payback periods are to each

other. This behavior has interesting interpretations on the invest-

ment strategy as it implies that it is more favorable to construct a

larger digester, with larger operating expenses, with the intention

of producing a higher biogas quantity of biogas. Hence, even if the

required digester system is more complex, the plant is profitable

in shorter a period of time.

Furthermore, notice from Fig. 6 that payback periods of less

than 0.3 years are not achievable irrespective of the digester struc-

ture employed. Contour lines for payback periods less than 0.3

years turn to approach the horizontal axis and do not inter-

sect the AR boundary at all. However, the attainable region is

unique for a given kinetics and feed point, and if any of these

change, the limits of achievability by the system may also change

and hence payback periods less than 0.3 years could become

attainable.
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Fig. 5. Model fits and confidence contours for anaerobic digestion of swine wastewater.

Fig. 6. Candidate attainable region showing contours of different payback periods: Feed-in tariff: 17.5, annual working days: 300, discount rate: 10%, digestion time: 10days,

organic load: 0.5 gVS/L, experimental methane yield: 0.5 mL/gVS. The dark green part represents a series of PFR trajectories run from each point on a CSTR locus. They are

actually dark line plots but since they are many, it gives an appearance of dark green. Notice on the legend that the CSTR+PFRs appear as a dark line plot.
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Fig. 7. PFR trajectory and CSTR locus (left figure) and candidate attainable region with overlaid payback period of 0.5year (right plot).

Table 5

Statistical validity and kinetic coefficients of biogas models for POME.

Model

Statistical coefficients Parameter estimates

α χ2 RMSE R2 AdjR2 Rpm KS Other

Moser 0.1140 0.0038 0.0613 0.9817 0.9694 1.4448 12.1648 m= 3.3230

Tessier 0.1439 0.0051 0.0718 0.9749 0.9581 1.4538 1.3568 kp= 2.3461

Moser & Bergter 0.3623 0.0153 0.1236 0.9007 0.8759 25.1932 47.3672 m= 1.5000

Ki = 2.0000

Andrews 0.3861 0.0165 0.1284 0.8928 0.8660 16.4562 42.2917 Ki = 2.0000

Dagley & H- inshelwood 0.4428 0.0194 0.1393 0.8738 0.8422 4.5000 10.4429 Ki = 2.0000

Chen & Hashimoto 0.4488 0.0197 0.1405 0.8717 0.8396 0.1915 0.9498 Ki = 2.2000

Monod 0.4488 0.0197 0.1405 0.8717 0.8396 3.8114 8.7594 —

Haldane 0.5162 0.0255 0.1596 0.8758 0.7930 8.7345 20.3733 Ki = 20.2753

Ierusalimsky — — — — — — — —

Aiba — — — — — — — —

It is also interesting for the readers to note that the particular

choice of payback period might also influence the optimal reactor

structure necessary to achieve it. To attain a payback period of 0.5

year, larger capital investments will require a CSTR followed by a

PFR as the optimal digester structure (corresponding to intersec-

tion point at the lower part of the AR) while smaller capital in-

vestments will require a PFR as the optimal reactor structure (cor-

responding to intersection point at the upper part of the AR)

Case study 2: Anaerobic digestion of palm oil mill effluent

(POME)

Here, we consider the design and optimization of a multistage

anaerobic digester for the treatment of palm oil mill wastewater in

which the design objective is to attain a payback period of 1 year.

We demonstrate the use of B-RADeS by considering experimental

data from Faisal and Unno (2001). Table 5 presents fitting char-

acteristics and kinetic coefficients for all ten biogas yield models

present in B-RADeS while Fig. 8 presents model fits and confidence

contours for the first three models. Considering the numerical and

graphical approaches for model selection (as clearly explained in

case 1) the Moser based biogas yield model was selected to de-

scribe the kinetics of the process. Unlike case study 1, we notice

that information for the Ierusalimsky and the Aiba based models

is not included. This is because B-RADeS is programmed such that

during automatic fitting of all 10 models, models that show any

error during the fitting process are assigned a very large alpha

value. The user then gets a displayed message stating such mod-

els and indicating that they should be deleted from the list. Hence

the Ierusalimsky and the Aiba based models were not considered

in the fitting experiment for POME.

Fig. 9 (right plot) presents the candidate two-dimensional at-

tainable region on which the 1 year payback period has been over-

laid to indicate optimal operating points (points of intersection be-

tween the AR boundary and the objective function). The left plot

of Fig. 9 presents the PFR trajectory and the CSTR locus.

Unlike case 1, the objective function intersects the lower part

of the AR boundary slightly close to the feed point and rather ap-

proaches the unbounded section of the AR in the upper part of the

curve. It is worth noting that the AR will always be unbounded

at the residence time axis owing to the fact that states that are

achieved at a given residence time will always be achievable for

all later residence times (Ming et al., 2016). Considering the inter-

section point at the lower part of the AR boundary, an anaerobic

PFR is required as an optimal reactor structure to achieve a pay-

back period of 1 year.

Case study 3: Anaerobic digestion of pharmaceutical wastewa-

ter

Finally, we demonstrate the usability of B-RADeS for synthesis

of a digester structure for treatment of pharmaceutical wastew-

ater in which the objective is to attain a payback period of 2

years. The experimental data has been obtain from the work of

Pandian et al. (2011). Table 6 presents fitting characteristics and

kinetic coefficients for all ten biogas yield models while Fig. 10

presents model fits and confidence contours for the first three

models. Considering the numerical and graphical approaches for
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Fig. 8. Model fits and confidence contours for anaerobic digestion of POME.

Fig. 9. PFR trajectory and CSTR locus (left figure) and candidate attainable region with overlaid objective function (1-year payback period). Feed-in tariff: 17.5, annual working

days: 300, discount rate: 10%, digestion time: 10days, organic load: 1.0 gVS/L, experimental methane yield: 0.5 mL/gVS.

model selection the Tessier based biogas yield model was selected

to describe the treatment kinetics of pharmaceutical wastewater.

Fig. 11 (right plot) presents the candidate two-dimensional at-

tainable region on which the 2 year payback period has been over-

laid to indicate optimal operating points (points of intersection be-

tween the AR boundary and the objective function). The left plot

of Fig. 11 presents the PFR trajectory and the CSTR locus.

Unlike cases 1 and 2, the objective function intersects the lower

part of the AR boundary at the feed point (0, 0), which is not feasi-

ble to operate a system at this point. However, the objective func-

tion passes through other points within the AR, any of which could

be selected to operate the system. Consider a line A-B drawn such

that it cuts the residence time axis as indicated on Fig. 12.

The intersection point (point C) of line AB and the objective

function is selected to be the optimal operating point and the di-

gester structure corresponding to this point is the optimal digester

design. Since this point lies on line AB, it is attainable my mixing

digester effluents from points A and B, Eq. (49) (see illustration in

Section 2.2.1). Point B lies on the PFR trajectory and is therefore at-

tainable by running an anaerobic PFR for 3 days (point where line

AB intersects the residence time axis). Point A lies on the residence

time axis (corresponding to biogas yield of zero) but since a biogas
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Table 6

Statistical and kinetic coefficients of biogas models for pharmaceutical wastewater.

Model

Statistical coefficients Parameter estimate

α χ2 RMSE R2 AdjR2 Rpm KS Other

Moser 0.3880 0.0357 0.1890 0.9388 0.8980 1.7323 152.4800 m= 2.4740

Andrews 0.3962 0.0343 0.1853 0.9215 0.9019 48.4565 384.4733 Ki = 2.0000

Tessier 0.4244 0.0402 0.2005 0.9311 0.8852 1.7138 6.9871 kp=1.4187

Dagley & H- inshelwood 0.5460 0.0518 0.2277 0.8816 0.8520 5.3108 35.0258 Ki = 2.0000

Moser & Bergter 0.6524 0.0648 0.2545 0.8520 0.8149 105.7607 486.2520 m= 1.5000 Ki = 2.0000

Monod 0.7000 0.0707 0.2659 0.8385 0.7981 2.6339 15.5124 —

Chen & Hashimoto 0.7000 0.0707 0.2659 0.8385 0.7981 0.0747 0.9716 Ki = 2.2000

Haldane 0.7083 0.0773 0.2780 0.8676 0.7793 7.0897 44.5099 Ki = 44.4790

Aiba — — — — — — — —

Ierusalimsky — — — — — — — —

Fig. 10. Model fits and confidence contours for anaerobic digestion of pharmaceutical wastewater.

Fig. 11. PFR trajectory and CSTR locus (left figure) and candidate attainable region with overlaid objective function (2-year payback period). Feed-in tariff: 17.5, annual

working days: 100, discount rate: 10%, digestion time: 5days, organic load: 5.0 gVS/L, experimental methane yield: 0.5 mL/gVS.
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Fig. 12. Selection of operating point for anaerobic digestion of pharmaceutical wastewater.

Fig. 13. Optimal digester structures obtained depending on the design operating point for different digested substrates. (a) Swine wastewater: a CSTR followed by a PFR, (b)

Palm oil mill wastewater: A PFR, and (c) Pharmaceutical wastewater: PFR with bypass of the feed.

yield of zero is achieved at a lower residence time (feed point) it

is also achievable at any later residence time on the residence time

axis. The optimal digester structure required to achieve a payback

period of 2 year therefore consist of a PFR and a bypass valve from

the feed point.

ytC = αytA + (1 − α)ytB 0 ≤ α ≤ 1 (49)

Table 7 provides a summary of the payback periods, intersec-

tion points as well as the required digester volumes for the three

design case studies. As earlier mentioned, there a several intersec-

tion points between the objective function and the AR and the

points selected in Table 7 are for illustration. In practice, the ac-

tual operating point selected by the designer will depend on other

factors such as cost and space constraints. This is because differ-

ent points will correspond to different digester structures some of

which have different space and/or cost requirements.

Fig. 13 present the optimal digester structures corresponding to

the selected points of operation (see Table 7) for the three case

studies of anaerobic digestion.

The article is of high relevance to designers of biogas digesters

as it is first of its kind demonstrating the usefulness of biogas yield

measurements for design and optimization of biodigester struc-

tures. Biodigester structures, which involve a staged operation of

either multiple digesters or a single digester with by-pass or re-

cycle streams has gained increasing importance due to their abil-

ity to optimize every step in the anaerobic treatment process. The

authors of this study have presented a systematic model-based

methodology for synthesis of biodigester structures requiring sim-

ple data requirements. The framework is based on the global op-

timization technique of attainable regions. The main advantage of

this approach over other approaches is that it enables knowledge

of all possible states for all possible digester structures (even those

that have not yet been devised) to be first obtained, considering

mixing and biodegradation as the only fundamental process oc-

curring in the digester. The main novelty of the study is that it

couples, biodegradation kinetics, economic objectives (payback pe-

riod) and country specific macroeconomic parameters in the de-

sign process. It is also interesting for the readers to note that

the particular choice of economic feasibility objective (payback

Table 7

Summary of required design specifications for three case studies.

Case study Payback period Operating point Residence time

Swine wastewater 6 months [0.45, 15.00] 15 days

Palm oil mill effluent 1 year [0.03, 0.20] 4.8 h

Pharmaceutical wastewater 2 years [0.02, 3.00] 3 days
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period), as well as macroeconomic parameters (interest rate or

feed-in tariff rate) influence the optimal biodigester structure nec-

essary to achieve it. Due to the minimal data requirements, the

study offers great promises for widespread application to enhance

design of biodigester structures since biogas yield measurements

are readily available from treatability studies. Even though the

model-based methodolgy has been applied to only been applied

to swine wastewater, palm oil mill effluent and pharmaceutical

wastewater, other types of wastewaters as well as solid wastes

or even wastewater sludges offers a strong research attraction for

application of the framework presented in this study. This study

bridges the gap between research, development and implementa-

tion of digester networks.

It is interesting to compare the results of this study with our re-

cent publication Abunde Neba et al. (2019) using attainable regions

to synthesize multistage anaerobic digesters. The study considered

a four-state dynamic model of anaerobic treatment process. More

states imply more need for experimental measurements making it

less applicable to situations where process measurements are lim-

ited. In addition, the two-dimensional attainable regions were con-

structed in concentration space only, and the lack of residence time

makes it impossible to size the digester structure. Furthermore, the

study focused on process objectives (volumetric methane produc-

tivity and gas stabilization) for design meanwhile the current study

simultaneously couples process parameters, economic objectives in

the construction attainable regions in residence time space, which

is a key motivation for investors and makes it possible to size the

digester structures.

Considering both studies put together, the results can be ap-

plied to design and optimize (based on economic and process ob-

jectives) multistage digester structures in cases of available as well

as limited experimental measurements.

5. Conclusion

The present study was designed to develop a theoretical frame-

work for using simplified kinetic models based on only biogas

yield to model and optimize (based on economic objectives) hy-

drodynamic configurations of anaerobic digesters. The study has

developed two-stage kinetic models based on the biogas yield ap-

proach and formulated and economic evaluation model based on

simple payback period. Furthermore, the study has shown that by

using two-dimensional attainable regions in residence time space,

it is possible to design and optimize hydrodynamic configurations

for operating low rate anaerobic digesters considering mixing and

biodegradation as the only fundamental processes occurring in the

digester. Attainable region analysis is a global optimization tech-

nique which incorporates elements of geometry and mathemati-

cal optimization to synthesize optimal reactor networks to achieve

a given objective. For proof-of-concept, we have considered three

design case studies and applied the simple payback period as the

design objective for modeling optimal digester configurations.

In this article a novel software, which can be used by biodi-

gester design engineers to rapidly model hydrodynamic configura-

tions using experimental measurements of biogas yield. The soft-

ware package has been successfully employed to model the kinet-

ics and design optimal digester configurations for three different

substrates: swine wastewater, palm oil mill effluent and pharma-

ceutical wastewater. Broad functionalities of B-RADeS is able to ad-

dress key problems arising in design and optimization of anaero-

bic digester networks including: (1) modeling of anaerobic diges-

tion kinetics by automatically fitting 10 different biokinetic mod-

els and assessing the quality of fit using numerical and graph-

ical approaches, and finally using the selected models to deter-

mine kinetic coefficients of the process (2), Construction of two-

dimensional attainable regions in residence time space, and (3)

optimization of anaerobic digester structures using simple pay-

back period as well as county-specific macroeconomic parameters

such as interest rate and renewable energy feed-in tariff rate. This

software allows user to animate simulation results and, thereby,

present them in more comprehensible and aesthetic mode. The ar-

ticle therefore concludes that, in principle, with only experimental

measurements of biogas yield, B-RADeS can be used to generate

the attainable region of the process which can be used to propose

the optimal digester configuration for the process. This is highly

practicable for use in small-scale onsite systems since data require-

ments are simple: Only experimental measurements of biogas yield

are required to complete determination of kinetic coefficients, con-

struction of attainable regions a well as synthesis of digester net-

works.

Finally, the study has demonstrated that the use of digester

structures as opposed to single digesters improves process eco-

nomics and reduces the time required to break even in invest-

ment. This result can be considered as a fundamental framework

for design of digester networks using attainable regions when only

biogas yield measurements are available. As recommendation for

further studies, it would be interesting to apply the Infinite Di-

mEnsionAl State-space (IDEAS) to obtain a general mathematical

formulation for the construction of a true NRT-C-AR and compare

the optimization performance with what has been obtained in the

current study.
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A B S T R A C T

This study sets out to develop an approach that couples attainable regions and fuzzy multicriteria decision
methods for modeling optimal configurations of multistage digesters without using a kinetic model of the
process. The approach is based on geometric analysis of methane curves as their shapes contain valuable insight
into substrate biodegradability characteristics during anaerobic digestion. With the case study of abattoir waste,
the results indicate that the optimal batch operation policy involves four anaerobic sequencing batch reactors
operated in series with fresh feed being added at the second and the four stages (fed-batch systems). For con-
tinuous mode operation, the optimal configuration involves a continuous stirred tank digester with bypass from
feed followed by an anaerobic baffled digester, which has been used to obtain a novel prototype. The metho-
dological framework presented in this study can be adopted to enhance design of multistage anaerobic digesters
especially when reliable kinetic models are unavailable.

1. Introduction

The anaerobic treatment process has increasingly been recognized
as an efficient technology for sustainable nutrient recycling, renewable
energy generation and waste sanitation, having a strong potential to
mitigate current energy resource and climate change challenges.
However, the success of an industrial-scale anaerobic digestion is only
possible if the following two prerequisite factors are met: (1)
Availability of a sustainable supply of organic feedstock and (2) Design
of optimal process configurations that are well adapted to the char-
acteristics of the feedstock of interest. Concerning the second require-
ment, a wide variety of anaerobic digester systems have been devel-
oped, which can be classified in to three groups: conventional digesters
(e.g. ASBR, CSTR, and PFR), sludge retention digesters (e.g. ACR, UASB,
UASSR, ABR and ICR) and membrane digesters (e.g. AF, EGSB and
AFBR) (Mao et al., 2015). Recent studies continue to develop new di-
gesters, which either modify the principle of an existing digester tech-
nology or present novel features, all geared towards improving process
performance (Pan et al., 2019; Terboven et al., 2017; Xiong et al.,
2019).

Although various digester systems exist, each with different physical
and geometric characteristics, the hydrodynamic configurations of all

digesters can be derived from different combinations of three funda-
mental regimes: flow regime, mixing regime and sludge retention re-
gime. Under flow regime, anaerobic digesters can be operated as batch,
fed-batch or continuous; under mixing regime, they can be operated as
completely mixed or with no axial mixing and under sludge retention
regime, the operation can be with or without sludge retention. For
example, a continuous flow regime operated with no axial mixing and
no sludge retention gives a plug flow anaerobic digester (PFR) and
when operated with sludge retention can result in either AF, ABR, UASB
or EGSB. It is also important to mention that batch and fed-batch re-
actors can be operated as completely mixed or unmixed depending on
the practical considerations.

Ming et al. (2016) illuminated critical aspects concerning a plug
flow and a continuous stirred tank reactor focusing on mixing and re-
action. By their analogy of a plug flow reactor (reactor with no axial
mixing along the length) as a series of batch reactors (reacting vessels)
travelling on a conveyor belt, the Plug flow reactor can be considered a
reaction reactor. The authors also illustrated that CSTR operates di-
rectly opposite to the PFR with respect to mixing due to its perfect
mixing assumption where conversion of reactants into product is as-
sumed to occur as a result of mixing and dilution rather than from re-
action alone. The PFR and CSTR are therefore at the extremes of mixing
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and reaction and different combinations of these digesters will provide
different extents of mixing and reaction in a reactor system (or reactor
network) made up of both reactor types.

Generally, digester technologies can be broadly classified into high-
rate (having separate solids and hydraulic retention times) and low-rate
(having coupled solid and hydraulic retention times systems (Mes et al.,
2003). In essence, all high rate digesters (sludge retention and mem-
brane reactors) provide a mechanism of sludge separation in addition to
the mixing and/or reaction. For example the anaerobic contact reactor
provides mixing (due to presence of a CSTR) and separation while the
anaerobic baffled reactor provide reaction (because the ABR operates in
plug flow mode) and separation (Abunde et al., 2019b). What differ-
entiates the high rate digesters is the mechanism in which sludge se-
paration is performed, which can either be through fixed microbial
films on solid surfaces or through an external separation and recycle
(Mes et al., 2003). As expected, the different mechanisms result in
different extents of separation, each of which is more suited for dif-
ferent substrates and operational characteristics than others. Therefore,
irrespective of the type of digester technology, the performance of the
anaerobic treatment process depends on three fundamental processes,
mixing (performed by CSTR) reaction (performed by PFR) and se-
paration (performed by high rate systems). What this means is that
instead of focusing attention to devise new or perhaps novel digesters
with the aim of improving the systems performance, it would be more
important to focus attention on optimally arranging combinations of
PFR, CSTR and/or high rate systems, or integrating more fundamental
processes to the anaerobic treatment process (e.g. reversed os-
mosis+ anaerobic digestion). This is referred to as the so called multi-
stage anaerobic digestion in which every step of the anaerobic treat-
ment process is optimized by operating digesters in a network in a
network (EPA, 2006).

Several studies exist operating anaerobic digestion by coupling two
or more types of digesters in multiple stages. Some examples include:
AF+UASB (Lew et al., 2004), UASB+AF+AF (Chernicharo and
Machado, 1998) CSTR+UASB (Aslanzadeh et al., 2014), ABR+AF
(Mang and Li, 2010) CSTR+CSTR (Gaby et al., 2017), etc. The cited
studies and many other practical examples of coupled digester systems
are usually designed using an empirical approach, where candidate
digester configurations are predefined at the start followed by experi-
mental evaluations to select the configuration that yields the best per-
formance. This strategy is not only expensive and time-consuming, but
also limited to series combination of digesters, without any systematic
way to determine the number and type of digester subunits or how the
individual digester subunits should be connected. In addition, other
combinations (e.g. parallel or both parallel and series) of the funda-
mental anaerobic digester types can always be derived, which can have
similar or even improved performance than the series combinations
(hence problem of multiple solutions). The authors’ recent studies, have
been first to lay down the theoretical framework for use of attainable

regions (AR) in solving the problem of multiple solutions during
synthesis of anaerobic digester networks (Abunde et al., 2019b,a).
However, the attainable region approach used for modeling config-
urations of anaerobic digester networks provides a global optimal
structure consisting of digesters operated in a plug flow or continuous
stirred mode (sometimes involving bypass and or recycle streams)
(Ming et al., 2013, Hildebrandt and Glasser, 1990) but provides no
information about the type or nature of the individual digesters. This
therefore poses another challenge on the choice of plug flow digester to
use considering that there exist several digesters that can be considered
to have a plug flow mode of operation. This study has therefore been
designed to develop a novel methodological framework that couples
attainable region theory (for reactor network synthesis) and a fuzzy
multicriterial decision making method (for optimal selection of sub-
units for a digester network configuration) for optimal synthesis of
anaerobic digester structures. Another interesting aspect of the study is
that unlike previous studies that require a reliable kinetic model before
AR can be applied to synthesize anaerobic digesters, the framework
presented in the current study only requires experimental data for
synthesis of digester network configurations.

2. Methods

2.1. Attainable region synthesis of anaerobic digester networks

The Attainable Region (AR) theory is a technique that incorporates
elements of geometry and mathematical optimization, to design and
improve operation of chemical reactors (Hildebrandt and Glasser,
1990). The power of the AR approach to process optimization is that the
answer to all possible optimization problems, even the ones not con-
sidered are first determined, before looking for ways of achieving that
answer. In reactor operation knowledge of all possible reactor states for
all possible reactor configurations, even those that have not yet been
devised, is obtained. The convex hull for the set of all points achievable
by all possible combinations of CSTR+PFR defines the attainable re-
gion. The convex hull is understood as the smallest subset of a set of
points that can be used to generate all other points by reaction and
mixing (Ming et al., 2016). Geometrically, a convex hull is a finite
convex polytope enclosed by a finite number of hyperplanes, which is
interpreted in a two- dimensional space as the smallest polygon en-
closed by planar facets such that all of the elements lie on or in the
interior of the polygon (Asiedu et al., 2015). Once the AR has been
determined, the limits of achievability by the system for the given ki-
netics and feed point is known, which can then be used to answer
different design or optimization questions related to the system.

Given a system, the following needs to be performed to do an AR
analysis

• Define the fundamental processes occurring within the system

Nomenclature

Vg volume of biogas produced (mL)
mS mass of substrate added to the digester (g)
yt cumulative biogas yield (mL/g)
ABR Anaerobic Baffled Reactor
AF Anaerobic Filter
AFBR Anaerobic Fixed Bed Reactor
AHP Analytical Hierarchy Process
APFR Anaerobic Plug Flow Reactor
AR Attainable Regions
ASBR Anaerobic Sequencing Batch Reactor
CSTR Continuous Stirred Tank Reactor
DSR Differential Sidestream Reactor

EGSB Expanded Granular Sludge Bed
F TOPSIS Fuzzy Technique for Order of Preference by Similarity to

Ideal Solution
FBDR Fixed Bed Disc Reactor
ICR Internal Circulating Reactor
MCDM Multi-criteria decision-making
PFR Plug Flow Reactor
TOPSIS Technique for Order of Preference by Similarity to Ideal

Solution
UASB Up flow Anaerobic Sludge Bed
UASSR Up flow Anaerobic Solid-State Reactor
α mixing ratio (–)
τ Residence time (days)
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• Determine the state variables used to construct the AR

• Define the geometry of the fundamental reactor subunits

• Generate the AR using combinations of the fundamental processes

• Interpret the AR boundary in terms of reactor structures

• Define and overlay an objective function onto the AR boundary

• Determine the specific reactor configuration required to achieve the
intersection point

The last two bullet points are essential if the attainable region is to
be used to determine a specific design or optimization question. It is not
the focus of the paper to present a deep theory of the AR concept.
Interested readers can consult the cited literature for a more in-depth
theoretical background (Ming et al., 2016).

2.2. Selection of plug for anaerobic digesters

2.2.1. Formulation of digester selection problem
As mentioned in Section 1, there are several anaerobic digesters

(UASB, EGSB, AF, ABR, etc.) that can be considered to have a plug flow
mode of operation (hence no axial mixing), selecting the appropriate
plug flow digester becomes a challenging task. After a detailed litera-
ture survey, the most common plug flow anaerobic digesters were se-
lected as candidates for the multicriteria decision making. These in-
clude: Anaerobic Fluidized Bed Reactor (AFBR), Anaerobic Plug Flow
Reactor (APFR), Expanded Granular Sludge Bed (EGSB), Internal Cir-
culating Reactor (ICR), Up flow Anaerobic Sludge Bed (UASB), Anae-
robic Baffled Reactor (ABR) and Anaerobic Filter (AF). Therefore, the
approach proposed in this paper relies on a modular coupling of the
geometric technique of attainable regions followed by the multicriteria
decision making tools. It is worth mentioning that the idea is not to
explore all the existing types of plug flow digesters, but to present a
framework for selection of plug flow digesters that will accompany the
optimal structure defined by the attainable regions. Several criteria
have been defined for use in evaluating the digester alternatives as
described in Table 1. The next section of the paper will present the
fuzzy multi-criteria decision-making process for selection of the most
appropriate plug flow anaerobic digester using anaerobic treatment of
abattoir waste as the case study.

2.2.2. Fuzzy multicriteria decision making process
The use of ordinary Multicriteria decision making (MCDM) tools for

ranking of alternatives requires that the performance score of the al-
ternatives with respect to each criterion is quantitative in nature (i.e.
can be measured and attributed a crisp numerical value). An example is

the work of Karagiannidis and Perkoulidis (Karagiannidis and
Perkoulidis, 2009), quantitative characteristics, which can be measured
(such as greenhouse gas emitted, recovered energy, recovered nu-
trients, operating cost, etc.) for selection of anaerobic digester tech-
nologies. However, in this study the performance score of the alter-
natives with respect to each criterion did not have crisp numerical
values and the ordinary MCDM cannot therefore be applied. The
strength of this study is illustrated by extending the decision-making
process to include fuzziness, where by ratings of alternatives versus
criteria is done using linguistic variables represented as triangular fuzzy
numbers (TFN). The linguistic variables and their corresponding TFN
(presented in parenthesis) utilized include: very poor (1,0,0), poor
(3,1,1), medium poor (5,3,3), fair (7,5,5), medium good (9,7,7), good
(10,9,9) and very good (10,10,10). This provides an opportunity of the
decision-making process to be performed even in cases where crisp
numerical ratings of the alternatives with respect to the criteria is not
available or even in cases of uncertainty.

The selection of the appropriate anaerobic plug flow digester was
done using a hybrid of the Fuzzy Technique for Order Preference by
Similarity to Ideal Solution (FTOPSIS) and the Analytical Hierarchy
Process. At first, AHP is used to compute the criteria weights, which
show the relative importance of the different attributes used for digester
selection. Afterwards, the FTOPSIS method is applied to prioritize the
different alternatives (plug flow digesters) based on the computed cri-
teria weights (Esmaili Dooki et al., 2017, Balioti et al., 2018, Basahel
and Taylan, 2016). Assuming there exist m alternatives and n criteria/
attributes, the algorithm for the integrated AHP-Fuzzy TOPSIS method
utilized in this study is summarized in the following 6 steps:

Step 1: Construct the decision matrix. The performance value of each
alternative with respect to each criterion is determined using a fuzzified
seven-point scale. The seven-point scale is fuzzified using a triangular
membership function, where each linguistic term is expressed in posi-
tive triangular fuzzy numbers. In case of multiple decision makers, each
decision maker attributes a linguistic label on all alternatives with re-
spect to each criterion and Eq. (1) is used to compute the combined
positive triangular fuzzy numbers for all the decision makers.
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Table 1
Set of decision criteria to evaluate plug flow anaerobic digesters.

Symbol Name of Criteria Objective Description

C1 COD/VS Reduction Efficiency Maximize This measures the ability of an anaerobic digester to reduce organic pollution

C2 Retention of Residual Nutrients Minimize High nutrient retention by anaerobic digestate can result in eutrophication when disposed to the environment. The
objective is to maximize biogas production and not nutrient recovery

C3 Total Solids content in the
Digester

Minimize This parameter differentiates between wet fermentation (15–25%T) and dry fermentation (> 30%). Wet digesters that
are more adapted to minimal TS because the substrate (abattoir waste) fall in the range of wet fermentation
(TS= 17.5%)

C4 Organic Loading Capacity Maximize This measures the processing rate of organic matter for a given anaerobic digester type. Higher values are economically
attractive

C5 Axial Mixing Minimize Digesters with plug flow operation (PFRs, UASB, AFs, ABRs, etc.) offer a higher processing capacity to microorganisms
and hence higher degree of biodegradation. This is because such systems present little or no axial mixing of the digester
content during operation

C6 Biogas Yield Maximize Biogas is a renewable energy, which can be used as substitute for fossil-based fuels

C7 Stage of Treatment (Primary or
Secondary)

Maximize Nutrient removal, hygienisation and COD reduction mostly occur in the secondary treatment

C8 Thermal stability of the system Maximize Small-scaled digester systems mostly operate under non-isothermal conditions. Hence system that are less sensitive to
temperature variations are more attractive
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Step 2: Construct a normalized fuzzy decision matrix. This was done
by calculating a normalized fuzzy performance value of each alter-
native with respect to each criterion. For the benefit criteria, a max-
imum value is desired while for the cost criteria, a minimum value is
desired. The normalized fuzzy performance ratings for the alternatives
with respect to the benefit and cost criteria was done using Eqs. (2) and
(3) respectively.

= ⎡

⎣
⎢

⎤

⎦
⎥ =∗ ∗ ∗

∗r
a
c

b
c

c
c

c c benefit criteria~ , , , max{ } ( )ij
ij

j

ij

j

ij

j
j

i
ij

(2)

= ⎡
⎣
⎢

⎤
⎦
⎥ =

− − −
−r

a
c

a
b

a
a

a a cost criteria~ , , , min{ } ( )ij
j

ij

j

ij

j

ij
j

i
ij

(3)

= ⋯⋯ = ⋯⋯where j n and i m1, 2, 3 .. 1, 2, 3 ..

Step 3: Construct a weighted normalized fuzzy decision matrix by
multiplying the normalized TFNs with the weight of each criteria as
shown in Eq. (4)

= ×v r w~ ~
ij ij j (4)

The weights of relative importance (wj) of each of each criterion
were determined using the AHP. A pairwise comparison matrix, A using
a scale of relative importance was then constructed whereby an attri-
bute compared with itself is always assigned the value 1. The numbers
3, 5, 7, and 9 correspond to the verbal judgments “moderate im-
portance”, “strong importance”, “very strong importance”, and “abso-
lute importance”.

The criteria weight vector = …W W W W[ , , ]N1 2 was determined using
these two steps:

• Normalize the pair-wise comparison matrix, Anorm by dividing each
entry in Anorm column i of A by the sum of the entries in column i.

• The Wi was estimated as the average of the entries in row i of Anorm.

The pair-wise comparison matrix is then subjected to consistency
check, which involves determination of the maximum Eigen value, Eq.
(5) and the consistency Index (CI), Eq. (6).

∑=
=

λ n i entryin AW
i entry in W

1/max i

n th T

th T1 (5)

where

λmax =maximum Eigen value
n=number of attributes
A=pairwise comparison matrix
W=The estimate of the decision-maker’s weight

= −
−

CI λ n
n 1
max

(6)

Consistency is checked by comparing the consistency Index to the
Random Index (RI) for the appropriate value of n, used in decision-
making (Saaty, 2000). If (CI/RI) < 0.10, the degree of consistency is
satisfactory, but if (CI/RI) > 0.10, serious inconsistencies may exist,
and the results produced by AHP may not be meaningful.

Step 4: Determine the fuzzy positive ideal solution (FPIS) and fuzzy
negative ideal solutions (FNIS). For benefit attributes, the ideal best
value of all alternatives with respect to a given attribute is the max-
imum while negative ideal is the minimum weighted normalized fuzzy
performance value. The FPIS and FNIS are computed by Eqs. (7) and (8)
respectively.

= … =∗ ∗ ∗ ∗ ∗A v v v where v v(~ , ~ , .~ ) ~ max{ }n j
i

ij1 2 3 (7)

= … =− − − − −A v v v where v v(~ , ~ , .~ ) ~ min{ }n j
i

ij1 2 1 (8)

Step 5: Calculate the separation measurement Euclidean distance of
each alternative from the FPIS and FNIS. The distance from FPIS ( +Si ) is
computed using Eq. (9) while the distance from FNIS ( −Si ) is computed
using Eq. (10). The Euclidean distance between two triangular fuzzy
numbers, =a a a a~ ( , , )ij ij ij ij1 2 3 and =b b b b~ ( , , )ij ij ij ij1 2 3 is given by Eq.
(11)
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Step 6: Determine the relative closeness or performance score ( ∗CC )
of each alternative, Eq. (12). The alternatives are then ranked based on
their performance score with respect to the ideal solution.

=
+

∗
−

+ −CC S
S S (12)

2.3. Experimental edge

2.3.1. Substrate sampling and characterization
The Anaerobic Digestion experiment was conducted at the

Department of Agricultural and Biosystems Engineering, Kwame
Nkrumah University of Science and Technology (KNUST), Ashanti
Region of Ghana. It is located within 06° 41′ 5.67″N 01° 34′ 13.87″W.
The abattoir waste was obtained from the Kumasi central abattoir. Seed

Table 2
Characteristics of abattoir effluent used for anaerobic treatability studies.

Elemental characteristics (ppm or mg/L)

Ca Mg S P Fe Cu Zn Ni Mn K N

0.10 0.74 0.50 0.4 114.6 9.1 39.19 0.04 22.9 1.25 2.02

Biochemical characteristics

Protein (%
DM)

Crude fiber
(%DM)

Carbohydrates (%
DM)

Total Ash
(%DM)

Fats (%
DM)

BOD
(mg/L)

27.6 13.96 44.48 3.926 2.25 520

Physicochemical characteristics

Volatile solids (%) Total solids (%) Moisture (%) Total alkalinity (mgCaCO3/L) Total dissolve solids (mg/L) COD (mg/L)

87.41 17.515 82.49 1650 220 740
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sludge used to facilitate start-up of the digestion process was obtained
from a 40m3

fixed dome digester fed with faecal matter and located at
the Kumasi Institute of Tropical Agriculture. To better understand the
intrinsic nature of the abattoir waste, the elemental, biochemical and
physiochemical characteristics were determined as presented in
Table 2. Moisture content was determined using oven drying method
105 °C while the Total solids (TS) and volatile solids (VS), total dis-
solved solids (TDS) chemical oxygen demand (COD) biological oxygen
demand (BOD) and total alkalinity were determined following the
standard methods (APHA, 1998). The analyses of crude fiber (CF),
crude protein (CP), crude fat (ether extract) (TF), ash and nitrogen free
extract (NFE) were performed following the methods detailed in
(AOAC, 1990). Total carbohydrate (TC) was calculated by using values
obtained for CF and NFE (TC=CF+NFE). The quantification of heavy
metals was done using an absorption spectrophotometer located at the
crop research institute, Kumasi, Ghana.

2.3.2. Experimental setup and procedure
4.5 kg of substrate and 0.5 kg of inoculum and 1 L of water was

mixed using a paddle and fed into the digester. Anaerobic digestion was
performed in a 5 L batch reactor with a total digestion time of 30 days.
The digester was insulated with a black polyethene sheet and the
system was operated under an average room temperature of 31 °C. A
0.5 L changeable gas collection bag was connected to the digester using
a drip set and a silicone sealant was used to make the connection air-
tight in order to ensure anaerobic conditions exist in the system. The
digester was agitated everyday by shaking in order to prevent the for-
mation of surface crust which may prevent contact between the anae-
robic microorganisms and the substrate. The daily volumetric gas
production was measured everyday using the water displacement
method.

3. Results and discussion

3.1. Experimental studies and attainable region construction

Fig. 1 presents the dynamics of cumulative biogas yield obtained
from anaerobic treatment of abattoir waste. The curve has a sigmoidal
shape, which is characteristic of easily degradable substrates that are
prone to some degree of inhibition (Labatut et al., 2011). The interest is
not necessarily on the shape of the biogas yield curve, but on how the
authors use the curve to synthesize digester structures to minimize di-
gestion time. The design of the optimal digester structure to minimize
digestion time involves three main aspects: (1) Construction of attain-
able regions using geometric techniques, (2) scheduling of batch op-
eration from the attainable regions, and (3) interpretation of con-
tinuous mode operation structures from the batch operation.

3.1.1. Construction of attainable regions
The optimization of digestion time using the attainable region

technique is done using three major steps and Fig. 2 presents the plots
obtained at the different stages of the construction process.

Step 1: Construction of base trajectory
In AR convention, when dealing with data involving residence time

space, it is often conventional to plot residence time on the vertical axis
while concentration or yield is plotted on the horizontal axis. Fig. 2(a)
presents the cumulative biogas yield curve plotted in AR convention
and the curve ABCD is called the base anaerobic digestion trajectory.

Step 2: Determine and bypass concavity using a mixing line
Observe that the base anaerobic digestion trajectory given by curve

ABCD, is concave with respect to residence time axis, which may be
filled by joining points A and C with a mixing line as shown in Fig. 2(b).
The location of ABCD on the curve is done as follows: Firstly, determine
point A (usually the starting point or feed point. Secondly, identify the
region of concavity (on the lower side of the residence time axis) and
locate another point, C such that a line drawn from A to the point C fills

the concavity. Thirdly, the segment of the curve between A and C is
called B.

The straight-line AC has a very significant property. A key criteria
for selecting variables in AR is that they must obey the linear mixing
law (Hildebrandt et al., 1990). It can be shown that the residence time
of a system must lie in a straight line between the residence times of the
individual reactors, τ1 and τ2 comprising the system (Ming et al., 2016).
This implies the residence time obeys the linear mixing law, Eq. (13)

= + −τ ατ α τ(1 )mix 1 2 (13)

The cumulative biogas yield (yt) is given by the volume of biogas
produced (mL) per mass of substrate added to the digester (g).
=y V m/t g S. Consider two digesters of known biogas yield, the actual

volume of biogas produced for digesters 1 and 2 can be obtained by
=V y mg t S1 1 1 and =V y mg t S2 2 2 respectively. Conservation of mass may be

used to calculate the total cumulative biogas yield for both digesters.
Conservation of mass ensures that the total mass of substrate in the
mixture is equal to the sum of the individual substrate masses contained
in digesters 1 and 2, which is given by = +m m mST S S1 2. Computing the
biogas yield of the entire system is equivalent to determining the biogas
yield for a mixture of digesters 1 and 2 because the density of the liquid
phase of the digester can be assumed constant. The biogas yield of the
mixture is given by the ratio of the total volume of biogas produced to
the total mass of organic substrate added as shown by Eq. (14).

=
+

y
y m y m

mtM
t S t S

ST

1 1 2 2

(14)

By setting =α m m/S ST1 then Eq. (14) can be written as Eq. (15),
which is similar to the linear mixing law. What this means practically is
that by mixing the contents of the liquid phase of two digesters, each of
which contains a given mass of organic substrate, then the total cu-
mulative biogas yield of the mixture will lie in a straight line joining
that of both digesters.

= + −y αy α y(1 )tM t t1 2 (15)

This is known as the lever-arm rule and the process of combining
the contents of two parallel digesters of different substrate masses re-
sults in a linear mixing law (where α is known as the mixing ratio)
measured in term of cumulative biogas yield.

The point A on the curve represents a digester condition where a
fresh mass of substrate has just been added and no biogas has been
produced. The straight-line AC therefore represents a batch digester,
which is run up to a certain residence time then the content is mixed
with fresh substrate. Because the base anaerobic trajectory lies higher
up on the residence time axis than the mixing line AC, bypassing fresh

Fig. 1. Cumulative biogas yield curve for anaerobic digestion of abattoir waste.
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organic substrate reduces the overall residence for the same cumulative
biogas yield (this is only for yields between points A and C). For ex-
ample, on the initial anaerobic digestion trajectory, observe that a re-
sidence time of 10 days is needed to achieve a cumulative biogas yield
of 0.5 mL/g, meanwhile the same yield can be achieved at 5 days using
the mixing line. This is possible by operating the batch digester up to
point C and then mixing fresh substrate with this stream to obtain the
desired overall yield. Note that this optimization is only possible be-
cause of the concavity in the original anaerobic digestion trajectory,
and hence regions of low digestion rate in the digester are to be by-
passed by the use of mixing. This phenomenon can be attributed to the
fact that adding fresh substrate increases nutrient bioavailability for the
anaerobic microorganisms thereby increasing growth and hence pro-
duction of the desired biogas

Step 3: Expansion of candidate attainable regions using batch tra-
jectory and the mixing line

Notice from step 2 how graphical techniques have been applied to
expand the total set biogas yields that is achievable in the anaerobic
digester by making use of concavities in cumulative biogas yield curves.
Furthermore, from the principles of differential algebra, process tra-
jectories from batch reactors are directional. Geometrically, the reac-
tion rate vectors of batch processes have a unique nature, which ensures
that different batch trajectories progress in a manner that they do not

cross one another (Asiedu et al., 2014). For a given feed point there
exists a unique trajectory for a process operated in batch mode. The
overall residence time for anaerobic digestion can be decreased by
using the base anaerobic digestion trajectory. This is done by moving
the trajectory down until it touches the mixing line at a unique point
(point E) as shown in Fig. 2(c). This point of contact (point E) has a
significant geometric and practical meaning for further optimization of
the anaerobic digestion process. Geometrically, it represents the point
where the reaction rate vectors point out of the boundary of the at-
tainable region, which means the region can further be expanded from
that point in order to meet the necessary condition of convexity (Glasser
et al., 1993, Hildebrandt et al., 1990). Practically, it represents the
lowest digestion time on the boundary of the candidate attainable re-
gion where from an additional batch digester can be initiated to further
expand the region and minimize the residence time. By translating the
curve downwards, the direction of the reaction rate vectors vary along
the length of the mixing line. Observe that the shifted trajectory this has
some small concavity with respect to residence time axis, which may be
filled by joining points A and F with a mixing line as shown in Fig. 2(d).
By translating the curve downwards, the direction of the reaction rate
vectors varies along the length of the mixing line. When the attainable
region becomes convex, it implies there is no part on the boundary of
the attainable region where the rate vectors point outward, and this

Fig. 2. Attainable region construction process (a) Base anaerobic digestion trajectory in AR convention. (b) Base anaerobic digestion trajectory showing mixing line.
(c) Moving down the based trajectory until it touches the mixing line. (d) Generating a candidate AR using only PFRs and a base trajectory.
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implies that the true attainable region has been obtained. The convex
curve AFD represents therefore represents attainable region for the
anaerobic treatment process. The attainable region represents all pos-
sible outputs that can be achieved for all possible reactor designs by
interpreting chemical processes as geometric objects. Geometrically, it
represents the convex hull for the set of points achievable by a given
system.

3.1.2. Modeling process configurations
Fig. 3 presents the optimal process configurations of the anaerobic

treatment process for both batch and continuous mode operation
Sections 3.1.2.1 and 3.1.2.2 provides a detailed description of how the
process structures have been obtained.

3.1.2.1. Scheduling of batch operation policy. After the attainable region
has been obtained, the boundary of the attainable region can be used
the schedule an operating policy for batch anaerobic digestion, which
can be used to achieve the limits define by the system Point E is
obtained by running a batch with fresh feed, up to the point C (stage 1)
then mixing the content into another batch digester, which is then
mixed with fresh organic waste (stage 1). This batch operation policy is
illustrated in Fig. 3(a). Another batch is run with the contents of stage 2,
stage 3 (from point E) to obtain the point F found on the EFD trajectory
then mixed with fresh organic waste (stage 4) to obtain points located
on line AF.

3.1.2.2. Continuous mode operation. The boundary of the attainable
region can also be interpreted into continuous process configurations,
which can be used to attain the same achievable limits defined by the
attainable region (Hildebrandt and Glasser, 1990). This will be based
on the final structure of the attainable region boundary defined by the
curve AFD. The interpretation of the AR boundary is based on three key
fundamental results of two-dimensional AR used in everyday practice
(Ming et al., 2016). (1) The AR is composed of reaction and mixing
surfaces only. Reaction surfaces are always convex. (2) Points that form
convex sections of the AR boundary arise from effluent concentrations
specifically from PFR trajectories. (3) Points on the AR boundary that
initiate these convex PFR trajectories (from point 2 above) arise from
specialized CSTRs for two-dimensional constructions. This implies that

the point (F), arise from a CSTR and is used to imitate convex PFR
trajectories to form the AFD trajectory. The mixing line AF, which
eliminates the concavity in the system is represented structurally by a
CSTR with a bypass from point A. The final structure of the continuous
digester structure is shown in Fig. 3(b).

It is interesting to compare the results of this study with that of the
authors’ recent studies using attainable regions to synthesize anaerobic
digester structures (Abunde et al., 2019a,b). The studies developed a
simplified kinetic model of the anaerobic treatment process and applied
the kinetic models to construct the attainable regions. The reliability of
this approach depends on the availability of a suitable kinetic model as
well as kinetic coefficients of the process. In the current study, the
construction of attainable regions using only experimental data has
been presented. This implies that even without having a kinetic model
of the process, it is still possible to design optimal digester systems.

3.2. Selection of digester subunits and definition of optimal process
configurations

As mentioned in Section 3.1, the attainable region defines optimal
digester structures in terms of the mode of operation, which can be plug
flow (with no axial mixing) or continuous (with mixing). Also, Fig. 1
illustrates that there exist several anaerobic digesters, which can be
considered to have a plug flow operation. A list of criteria used to select
the appropriate plug flow digester to enhance biogas generation has
been presented in Table 1. Fig. 4 presents a spider web diagram
showing the weights of the criteria (obtained using the analytical
hierarchy process), which indicates the extent to which each criterion
has on the selection of an anaerobic plug flow digester. Compared to
other multi-criteria decision-making methods, the AHP is well known
for its strength of weighting criteria, which is why the authors chose it
for criteria weighting. The AHP determines the weight of importance of
each criterion by using pair-wise comparison matrix that uses the scale
of relative importance proposed by Saaty.

It should be noted that out of the three main applications of anae-
robic digestion (waste hygienisation, renewable generation and nu-
trient recycling), the weighting has been focused on maximizing re-
newable energy generation potential of the process. Fig. 4 shows that
biogas yield and stage of treatment carry the highest weights, followed

Fig. 3. Optimal process configurations of anaerobic treatment process (a) Optimal scheduling of operating policy for anaerobic batch digesters. (b) Optimal con-
tinuous digester structure of treatment of abattoir waste.
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by organic loading rate and retention of residual nutrients while axial
mixing, thermal stability and total solids content carry the smallest
weights. This can be explained as follows: biogas yield is highest since
the objective is to generate renewable energy and hence plug flow di-
gesters more adapted to produce more biogas per gram of substrate are
given priority. Regarding stage of treatment, anaerobic digestion can be
operated as a primary or secondary treatment system and the primary
systems are more adapted to biogas generation while the secondary
systems are more adapted to waste hygienisation of nutrient recovery
(Mang and Li, 2010). It is therefore important to select digesters that
are more adapted to primary treatment. Organic loading rate carries
relatively less weight because when anaerobic digestion is used for
renewable energy generation, the system is dimensioned based on the
energy requirements of the users and not on the flowrate of effluent
available. The goal is not to digest all the effluent, but to digest the
effluent that will produce the required quantity of energy. However, if
the system is to be designed mainly for treatment of effluent, the di-
mensioning would base on the flow rate of effluent available, which
must be treated to meet a given discharge standard. In the same light,
the retention of residual nutrients is relatively less important as the goal
is to maximise biogas generation. For the case of thermal stability, the
relatively low weight is attributed to the fact that the digester will be
operated under isothermal conditions and for and axial mixing, all the
plug flow digesters are assumed to have no axial mixing, with little
variations. Finally, for the case of total solids content, the digester is to
be used for the treatment of effluent from abattoir with a defined solids
content. It is important for readers to note that the authors are not
saying some of the criteria are not important but are just explaining
why some of the criteria are considered more important that others in
the selection of the appropriate plug flow digester.

Therefore, according to the criteria weights, the ranking order of all
the plug anaerobic digesters according to importance was determined
using the fuzzy TOPSIS approach and the best alternative was selected
among seven alternative anaerobic digesters. The ranking order of the
anaerobic digesters based on the closeness coefficient to the ideal so-
lution is given in Table 3. Table 3 indicates that out of the seven
anaerobic plug flow digesters considered, the Anaerobic Baffled Reactor
(ABR) had the best performance. The results are further strengthened
by the findings presented by other researchers concerning the opera-
tional characteristics of the ABR. The ABR is a high rate anaerobic plug
flow digester having a decoupled sludge and hydraulic retention times
enabled by a series of vertical baffles through which effluent flows (Mao

et al., 2015). The baffles divide the reactor into a series of compart-
ments and forces incoming effluent to flow axially through a series of
blanketed sludge trapped in each compartment. The ABR is therefore
considered to be a multi-stage system consisting of several UASB con-
nected in series. The separation of the biological steps within the system
ensures overall improvement in performance, as each of the steps can
be allowed to operate at their optimal conditions there by minimizing
issues of toxicity (Bachmann et al., 1985, Barber and Stuckey, 1999).
Recall that the optimal digester structure (Fig. 4b) obtained for the
treatment of abattoir effluent consist of a CSTR with bypass of feed
followed by a PFR, which will now be a CSTR with bypass of feed
followed by an ABR. The optimal reactor configuration has been
modelled in 3D as presented in Fig. 5(a). Fig. 5(b) shows a cross sec-
tional view of the system indicating how the baffles have been designed
while Fig. 5(c) shows a transparent view of the novel system.

Studies have shown that the optimal application of ABR is post-
treatment after a primary treatment step (Mang and Li, 2010). On the
other hand, the operation of a single CSTR is less efficient in terms of
the biogas yield and hence effluent quality (Boe and Angelidaki, 2009).
This further supports why the ABR coming after a primary digestion
step using a CSTR is an optimal reactor structure. The novel prototype
combines the advantages of a continuous stirred tank anaerobic reactor
and an anaerobic baffled reactor.

The system is envisaged to operate as in three stages as follows: In
stage 1, effluent is mixed and homogenized in a continuous stirred tank
for a given retention time. This first stage has the advantage of rapid
acidification due to mixing from continuous stirring, resulting in the
production of high quantities of volatile fatty acids. The second stage
involves bypass of fresh effluent to mix with the effluent from CSTR. As

Fig. 4. Criteria weights for selection of anaerobic plug flow digester.

Table 3
Importance ranks of anaerobic plug flow digesters fuzzy AHP-TOPSIS method.

Positive ideal
Solution ( +S )

Negative Ideal
solution ( −S )

Relative closeness to
ideal solution

+− − +S S S/( )

Rank Digesters

A1 2.301 1.910 0.453 6 AFBR
A2 0.718 2.888 0.800 2 UPFR
A3 2.254 1.304 0.366 7 EGSB
A4 1.292 3.543 0.732 3 ICR
A5 1.895 2.459 0.564 5 UASB
A6 0.146 3.855 0.952 1 ABR
A7 1.307 3.675 0.677 4 AF
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demonstrated in Section 3.1, the bypass valve from feed has been sys-
tematically added based on the attainable region process to bypass
regions of slow biodegradation increases the overall efficiency of the
process. The third stage (ABR), which retains high amounts of sludge
rapidly converts the volatile acids in to biogas. Observe from Fig. 5 that
other valves have been included in the system meanwhile the optimal
system for treatment of abattoir effluent includes only a single bypass
stream. The authors’ previous study on attainable regions indicated that
the attainable region and hence the optimal digester structure is unique
for each digested substrate (Abunde et al., 2019b). Hence a different
organic substrate might require a change in the position of the bypass
stream or the addition of a recycle stream. In such cases, the network
configuration can be changed by simply opening and closing certain
valves, which ensure robustness in the reactor structure for different
substrates. This will be very helpful during experimental testing of the
system where multiple substrates can be tested using the same proto-
type without the need to redesign a completely new system in cases
where the configuration changes due to change in substrate. It is in-
teresting to compare the conceptual operation of the novel prototype
presented in this study with some of the multistage studies presented in
the literature involving CSTR in the primary stage. Boe and Angelidaki
(2009) confirmed that using a multi-stage system involving two CSTRs,
an improvement in biodegradation efficiency and biogas generation is
seen mainly after addition of the second stage. In another study using a
CSTR as a primary stage and an up-flow anaerobic sludge blanket re-
actor as the second stage, the results showed that the two stage system
is more stable at higher organic loading rates compared to a single stage
involving only a CSTR (Aslanzadeh et al., 2014). Observe that in both
cases, CSTR performs optimally when used as a first stage. However, a
major drawback with the aforementioned and many other studies in-
volving multistage digestion is that the digester configuration is often
predefined at the start of the study with no systematic rule for an-
swering the following key questions: (1) what type of digesters subunits
to include in the network (2) how many individual digester subunits
should be included (3) should the subunits be connected in series,
parallel or both (4) should bypass or recycle streams be included and if
yes where within the system? The main advantage of the presented

prototype compared to other multistage systems in that it has been
designed based on a systematic framework that uses experimental data,
which contains necessary information about the kinetics of the process.
In addition, by being a compact multistage system, the prototype can
separate the acidogenic and methanogenic phases axially within the
reactor (as with other multistage systems) but without the high cost and
control problems normally associated with multistage systems.

Although the prototype is still to be subjected to experimental va-
lidation, it can be theorised to have the following advantages: simple
design (relative to other multistage systems), low sludge generation (as
much of the sludge is retained in the system), no requirement of bio-
mass with special settling properties, no requirement of a special gas or
sludge separation system as well as stability to organic shocks. A nat-
ural progression of the study will be to subject the prototype to ex-
perimental testing whereby it will be constructed and operated si-
multaneously with a conventional fixed dome system under similar
experimental conditions. This will allow for the determination of op-
timal flow rates for the feed stream, bypass stream and effluent stream
from the primary treatment stage.

A very interesting continuation of the current study with respect to
the fuzzy decision-making aspect will be to consider other scenarios for
use of anaerobic digestion technologies. The anaerobic digestion tech-
nology can be used for three main applications: Renewable energy
generation, sustainable nutrient recycling as well as waste sanitation
and different digester technologies are more adapted for one applica-
tion than the other. This implies the ranking of the digester technolo-
gies using the fuzzy method will be different if the application of
anaerobic digestion technology changes. This study has only focused on
use of anaerobic digestion for renewable energy generation. It will be
interesting if further studies could expand the fuzzy multicriteria de-
cision to the other two applications of anaerobic digestion and compare
the results for all three cases. More interestingly, because the method is
novel and not very common in the field of anaerobic digestion, the
ultimate research goal should be to integrate the methodological fra-
mework presented in this study into a web-based application, which
can serve industry practitioners and researchers involved in design of
anaerobic digester systems

4. Conclusion

A framework that couples attainable regions and fuzzy multicriteria
decision making for modeling configurations of anaerobic digesters
without use of a kinetic model has been developed. Taking a case study
of anaerobic treatment of abattoir effluent, the optimal batch policy
involves four anaerobic sequencing batch reactors operated in series
with fresh feed being added at the second and the fourth stages (fed-
batch systems). In the case of a continuous mode operation, the optimal
digester structure involves a continuous stirred tank digester with by-
pass from feed followed by an anaerobic baffled digester, which has
been modelled as a compact three-dimensional prototype.
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a b s t r a c t

Despite the advantage of model-based design, anaerobic digesters are seldom designed using biokinetic
models due to lack of reliable kinetic coefficients and/or systematic approaches for incorporating kinetic
models into digester design. This study presents a systematic framework, which couples practical
identifiability, uncertainty quantification and attainable region (AR) concepts for defining process per-
formance targets, especially when reliable kinetic coefficients are unavailable. Within the framework, we
introduce the concept of self-optimizing ARs, which define performance targets that results in near
optimal operation in spite of variations in kinetic coefficients. Using the case of modified Hill model, only
3 out of the 6 model parameters (unidentifiable set) are responsible for the model prediction uncertainty.
The uncertainty bands (mean, 10th percentile and 90th percentile) on the model states has been
computed using the Monte Carlo Simulation procedure and attainable regions for the different levels of
uncertainty has been constructed and the boundaries interpreted into digester structures. The self-
optimizing attainable regions have been defined as the intersection region of the attainable regions
corresponding to the mean, 10th percentile and 90th percentile. Incorporating uncertainty significantly
reduces performance targets of the process but increases self-optimality in defining performance targets.
Unlike the attainable region, which represents the limits of achievability for defined kinetics, the self-
optimizing attainable region represents the set of all possible states attainable by the system even in
cases of kinetic uncertainty. In summary, the concept of self-optimizing ARs provides a systematic way of
defining process performance targets and making economic decisions under conditions of uncertainty.
© 2019 The Authors. Published by Elsevier Ltd. This is an open access article under the CC BY-NC-ND

license (http://creativecommons.org/licenses/by-nc-nd/4.0/).

1. Introduction

Anaerobic digestion (AD) of animal manure is of great impor-
tance to the waste treatment and bioenergy industries, since the
biomethane produced is a promising renewable energy alternative
to fossil fuels. The modelling of anaerobic treatment process is a
mature research area, now with a strong shift from model devel-
opment towards application development, aimed at solving various
design and operational challenges. Various models have been
constructed to describe the anaerobic treatment process and the
key motivations for model development have mainly been opera-
tional analysis, technology development, as well as digester design

(Batstone, 2006). The model-based design is particularly important
as the capital cost for anaerobic digesters determined from design
is a key motivation for implementers. The kinetics captured by AD
models is highly important for an optimal digester design since
operating conditions, volumetric gas production, process stability
(Finn et al., 2013; Yu et al., 2013; Batstone, 2006; Kythreotou et al.,
2014), as well as effluent quality can be predicted (Kythreotou et al.,
2014; Yu et al., 2013). Despite the advantage of model-based design,
anaerobic digesters are seldom designed using biokinetic models
but rather based on a combination of hydraulic and organic loading,
where the digester capacity is determined for a given loading rate,
temperature regime, mixing, etc. (Wang et al., 2007). This is
because the use of biokinetic models is highly dependent upon
availability of kinetic coefficients (Batstone, 2006; Wang et al.,
2007), but it is often difficult to get reliable kinetic parameters in
practical operation, which results in kinetic uncertainty (and hence
uncertain process performance) if the models are used for digester
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design. Summarily, three main challenges can be mentioned with
the use of models to design anaerobic digesters: (1) Lack of sys-
tematic approaches for incorporating process kinetics in digester
design. (2) The reliability of some of the studies using kinetic
models to guide design of anaerobic digesters is undermined by
uncertainty existing in the in kinetic coefficients. (3) Existing
model-based studies are limited to single stage digesters and
operating the process as a single stage generally limits overall
performance. This is supported by the fact that AD involves mul-
tiple bioreactions steps (each step catalyzed by a specific group of
microorganisms) and when operated as a single stage, it limits the
possible combination of pathways since the process conditions are
only suitable for all microorganisms with no reaction being opti-
mized (EPA, 2006). However, most of the modeling studies on AD
have focused on the model development approach, techniques for
parameter estimation, with less effort devoted to assessing model
reliability (identifiability and uncertainty) or how to incorporate
uncertainty in digester design and operation. A systematic
approach for handling kinetic uncertainty in design of anaerobic
digesters with focus on multi-stage anaerobic digesters networks
as opposed to single stage systems will be a breakthrough in
advancing model-based optimization of anaerobic digestion.

This study is therefore designed to develop a systematic model-
based framework (Fig. 1) for performance targeting and synthesis
of anaerobic digester networks, when reliable kinetic models are
not available. The framework (Fig. 1) is realized in two phases,
which may involve feedback checks at specific steps depending on
the system performance after every step. In the first phase (model
reliability assessment), one selects a kinetic model appropriate for a
digested substrate of interest (e.g. solid waste, sludge, wastewater,
etc.), assesses the model’s reliability and quantifies the model
prediction uncertainty resulting from kinetic uncertainty. In the

second phase (self-optimizing design), one mainly defines the
robust performance targets of the system considering the uncer-
tainty bounds computed in phase 1. Phase 2 is based on the concept
of attainable regions, which is a geometric optimization technique
that is used for both performance targeting and reactor network
synthesis (Hildebrandt et al., 1990). The AR is a collection of all
possible output for all possible reactor designs by interpreting
chemical processes as geometric objects that define a region of
achievability without having to explicitly enumerate all possible
design combinations (Hildebrandt and Glasser, 1990). Central to the
AR concept is the availability of reliable kinetic models of all
fundamental processes (e.g. biochemical, physicochemical, physical
in the case of AD) occurring within the system. In particular,
simplified kinetic process models are emphasized as the AR theory
involves mixing and attainability of states through a relatively
complex geometric and hydrodynamic analysis (Hildebrandt et al.,
1990; Ming et al., 2016).

The novel idea presented in this study is that instead of using AR
to define an optimal performance target, which can only be ach-
ieved some of the times (due to kinetic uncertainty), the authors
define a near optimal performance target, which can be attained all
the time. This however involves an acceptable loss in process per-
formance resulting from the kinetic uncertainty. Anaerobic digester
systems designed with such an acceptable loss in performance
resulting from uncertainty in kinetic coefficients are referred to as
self-optimizing. Self-optimizing operation also referred to as self-
optimizing design/systems (Permin et al., 2016; Gausemeier et al.,
2006) is when we can achieve an acceptable loss by using con-
stant setpoint values for design/operation variables (e.g. tempera-
ture, kinetics, substrate characteristics, etc., for the case of
anaerobic digestion) without the need to reoptimize when varia-
tions occur. In the case of this study, we define self-optimizing

Fig. 1. Two-phase framework for model-based synthesis of methane bioreactors.
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operation as an attainable region or performance target that results
in near optimal operation despite variations in kinetic coefficients
of the process. In the context of process engineering, a similar
concept has been applied to plant wide control, known as self-
optimizing control, characterized by the choice of self-optimizing
controlled variables (Skogestad, 2000; J€aschke et al., 2017).

In order to illustrate the applicability of the framework pre-
sented in Fig. 1, the modified Hill model published by (Finn et al.,
2013) was selected as a case study. The model considers substrate
effects and applies to anaerobic digestion of animal manure (diary,
poultry, beef or swine wastes) and predicts acidogens, metha-
nogens, organic substrate and volatile acids. In addition, the model
eliminates the need for factors such as alkalinity, concentration of
cation, dissolved CO2 and ammonia gas because their effect is
already lumped into two important parameters found in themodel,
the biodegradability constant (B0) and acidity factor (Af ).Even
though the modified Hill model has been selected, it is important
for readers to note that the major contribution of this study is the
development of a systematic framework, which couples practical
identifiability, uncertainty quantification and attainable region (AR)
concepts for defining process performance targets and synthesizing
anaerobic digester networks, especially when reliable kinetic co-
efficients are unavailable. The framework can be used for any other
dynamic model selected to describe the kinetics of the anerobic
treatment process.

Our recent studies have been first to illustrate the usefulness of
AR to define performance targets and model digester configura-
tions that optimize methane productivity and volatile solids
reduction (Abunde Neba et al., 2019c), as well as stability of
methanogenic archaea (Abunde Neba et al., 2019b). Both studies
put together have illustrated that a change in the kinetic model
structure or value of kinetic coefficients, induced by differences in
substrate and inoculum characteristics significantly influences the
performance target as well as the optimal digester configuration
required to achieve the target. In another recent study by the au-
thors, a framework was developed and embedded into a software
for using simplified microbial kinetic models for AR analysis in
cases where data requirements are limited (Abunde Neba et al.,
2020a). The integration of economic feasibility indicators (such as
payback period, benefit cost ratio, net present value and internal
rate of returns) with attainable region analysis has also been pre-
sented by the authors, which is very interesting for synthesizing
digester structures based on economic objectives (Abunde Neba
et al., 2019a). Finally, another approach, which only relies on
experimental data (no model required) is developed by coupling
attainable regions and fuzzy multicriteria decision making for se-
lection of digester subunits and synthesis of digester network
configurations (Abunde Neba et al., 2020b). It is interesting to
mention at this point that unlike other model-based studies on AR,
which assume that the kinetic coefficients of a model are known
before constructing the attainable regions, this study is novel in
that it rather quantifies the uncertainty in the kinetic coefficients
and propagates it onto the attainable regions. The authors call such
regions ‘self-optimizing attainable regions’, because they will al-
ways be attained even if variations occur in kinetic coefficients.
Once the AR is obtained, its boundary can always be interpreted
into digester structures, which can be used for industrial operation
in order to achieve the performance target defined by the region.

2. Theoretical concepts and methods description

2.1. Model reliability assessment

The reliability of a mechanistic model has to do with the degree
of uncertainty (the confidence band) of its model parameters and it

is influenced by three main factors (Sin et al., 2009, 2010a): (1) the
mathematical structure of the model, (2) the nature of the exper-
imental data used for identification, and (3) the set of model pa-
rameters used in the identification process. In this paper, the focus
is on analyzing the relation amongst model structure (factor 1),
identifiable set of parameters (factor 2) and reliability of anaerobic
digestion model although the discussion of the results is extended
to also reflect on the impact of the information content in the
experimental data (factor 2).

Given a kinetic model for a process, we define the following
three key steps needed to completely assess the reliability and
usage of the model:

Step 1: Perform a sensitivity-based identifiability to determine
the identifiable set of model parameters
Step 2: Estimate the identifiable set of model parameters and
quantify the confidence band
Step 3: Quantify the model prediction (output) uncertainty us-
ing the unidentifiable parameter set as inputs

For studying the identifiability of the biokinetic models, the
sensitivity and collinearity analysis are used. For parameter esti-
mation, the method of first order gradients, with gradients
computed using the discrete adjoint method, was used and 95%
joint and marginal confidence regions were used to assess the
identifiability following parameter estimation. For the input-output
uncertainty analysis, the Monte Carlo simulation procedure was
used.

The objective of this section is to analyze the aforementioned
necessary steps with respect to its application to the anaerobic
treatment process. However, the analysis requires that the process
model is known, and we therefore begin by describing the model of
the anaerobic treatment process.

2.1.1. Model selection and description
A number of simplified state-space dynamic models for the

anaerobic digestion process have been reviewed by Finn et al.
(2013). The modified Hill model which was developed for anaer-
obic digestion of animal manure (diary, poultry, beef and swine
wastes) was selected for this study. The model lumps the effect of
hydrolysis, alkalinity, cation concentration, dissolved carbon diox-
ide and ammonia into two important constants, the biodegrad-
ability constant (Bo) and acidity factor (AF) present in the modified
Hill model. The Hill model is a mechanistic (model parameters have
a physical meaning), which makes it interesting to understand the
identifiability characteristics of the model. The identifiability
characteristics of a model relates to set of parameters to be esti-
mated in order to accurately describe the observed mechanisms
described by the model (Donoso-Bravo et al., 2013) An “over-
calibrated” model would accurately describe/fit experimental data
but would lose its capability to predict(Donoso-Bravo et al., 2011),
which weakens the model’s reliability and hence applicability for
design purposes.

Fig. 2 presents an illustration of the model by showing the flow
of information between four compartments in the methane
bioreactor, which include inoculum, substrate, liquid phase and gas
phase.

The species conservation and biogas production equations for
the modified Hills model is presented as follows

a) Biodegradable volatile solids (S1) in the liquid phase of the
bioreactor

F. Abunde Neba et al. / Water Research 171 (2020) 115377 3



dS1
dt

¼ �
S1in

� S1
�
D� k1m1X1 (1)

b) Volatile fatty acids (S2) in the liquid phase of the bioreactor

dS2
dt

¼ �
S2in

� S2
�
Dþ k2m1X1 � k3m2X2 (2)

c) Acidogens (X1) in the liquid phase of the bioreactor

dX1

dt
¼ �

m1 �Kd1
�D

�
X1 (3)

d) Methanogens (X2) in the liquid phase of the bioreactor

dX2

dt
¼ �

m2 �Kd2
�D

�
X2 (4)

e) Methane gas flow rate

QCH4
¼Vm2k4X2 (5)

The organic waste is characterized by using the two parameters,
which are biodegradability (Bo), Eq. (6) and acidity (Af ), Eq. (7). In
the modified Hill model, Bo measures the ease with which the
organic substrate can be broken down and stabilized by anaerobic
bacteria while Af of a substrate can be defined as the amount of
volatile fatty acids contained in the substrate per unit mass of
biodegradable volatile solids

S1in
¼B0Sin (6)

S2in
¼Af S1in

(7)

In themodified Hill model the anaerobic biodegradability can be
computed via Eq. (8) while the acidity factor is computed using Eq.
(9).

B0 ¼
g VSdestroyed
g VSadded

as HRT/∞ (8)

Af ¼
VFAin

B0 � VSL
(9)

The modified Hill’s model considers temperature dependence of
the anaerobic treatment process through an empirical model, Eq.
(10) and since the death rates are set to one tenth of the maximum
reaction rates, Eq. (11) they are also show temperature dependent.

m1mðTÞ¼m2mðTÞ¼0:012T � 0:086 (10)

Kd1 ¼Kd2 ¼ 0:1m1m (11)

10�C < T <60�C

In the modified Hill’s model, the Monod function, Eq. (12) is
used to describe the growth rates of acidogenic and methanogenic
microorganisms.

m1 ¼
mm1S1
Ks1 þ S1

(12)

It is known that anaerobic digestion is sensitive to a wide-range
of inhibitory conditions either from toxic substrates or by-products
of microbial metabolism (Chen et al., 2014). Since the methano-
genic archaea are most sensitive to inhibition than any other group
of anaerobic microorganisms (Chen et al., 2008), the Monod func-
tion used to describe the growth rate of methanogenic archaea will
be replaced by an inhibition counterpart, the Haldane model, Eq.
(13). The Haldane model is suited for growth processes affected by
the allosteric effectors present in the acidified substrate, non-
competitive inhibition (Kythreotou et al., 2014).

m2 ¼
mm2S2

ðKs2 þ S2Þ
�
1þ S2=Ki

� (13)

After having defined the kinetic model, we now proceed with
assessing the model’s reliability for synthesis of anaerobic
digesters.

Fig. 2. Information flow of the modified Hill model.
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2.1.2. Sensitivity-based identifiability
Model sensitivity analysis provides dynamic information on

how the states of a process vary with changes in the model pa-
rameters. This information can be used to identify time intervals
where experimental data points carry more or less importance for
the parameter estimation process. For instance, if the sensitivity of
a model state to a given parameter is zero or close to zero in some
time interval, then variations in that parameter would have a little
influence on that state variable. What this means in practical
operation is that having a more accurate experimental measure-
ment of the state variable at that insensitive time interval will not
serve to improve the reliability of the parameter estimate. The
sensitivity-based identifiability consist of analyzing the sensitivity
of the model states to the model parameters, and using these
sensitivities to screen for parameter significance ranking by
calculating a sensitivity measure, dmsqr

k and for analyzing the near-
linear dependency between parameters by a measure called the
collinearity index, K .

Given amodel for a process, the following five key steps needs to
be performed in order to completely assess the reliability and usage
of the model (Brun et al., 2002).

Step 1: Compute the absolute sensitivity

Since we do not have an explicit solution to the differential
equation model, the absolute sensitivities must be computed using
the sensitivity equations. For an n-dimensional system given by Eq.
(14)

_Y ¼ f ðt; Y ;bÞ; Yð0Þ¼Y0 (14)

With state variable Y2Rn, the parameter b2Rp and Y0 the
initial condition, the matrix of sensitivities vY=vb satisfy

d
dt

vY
vb

¼ vF
vY

vY
vb

þ vF
vb

(15)

With initial conditions

vYð0Þ
vb

¼0n�p (16)

vY=vb is the Jacobian of the system. The sensitivity equations are
coupled with the original model differential equations and solved
to obtain the parameter sensitivities for the necessary time points.
The resulting matrix of absolute sensitivities at time point t SaðtÞ ¼
vY=vb will be of the form shown by Eq. (17).

SaðtÞ¼

2
664
Sa;11 Sa;12 … Sa;1p
Sa;21 Sa;22 … Sa;2p
« « « «

Sa;n1 Sa;12 … Sa;np

3
775 (17)

Step 2: Compute the non-dimensional sensitivity

The sensitivities of the observables are scaled using the same
weights as in Eq. (18), resulting in scaled sensitivities for an output j
and a parameter i:

Snd ¼ SaðtÞ$W (18)

The non-dimensional scaling/weighting matrixW is of the form
shown by Eq. (19) while the resulting non-dimensional sensitivity
of the form given by Eq. (20).

W ¼

2
664
b1=Sc1 b2=Sc1 … bp

�
Sc1

b1=Sc2 b2=Sc2 … bp
�
Sc2

« « « «
b1=Sc3 b2=Sc3 … bp

�
Scn

3
775 (19)

SndðtÞ¼

2
664
Snd;11 Snd;12 … Snd;1p
Snd;21 Snd;22 … Snd;2p

« « « «
Snd;n1 Snd;12 … Snd;np

3
775 (20)

Step 3: Compute the sensitivity measure

From the matrix of non-dimensional sensitivities, we compute
an overall coring for each parameter, called root mean squared
sensitivity, dmsqr

k , to consider changes in time or across experiments.
The root mean squared sensitivity is computed using Eq. (21)

dmsqr
k ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1
N

XN
l¼1

�
Snd;lk

�2
vuut (21)

N is the number of state variables and k ¼ 1;2…pwhere p is the
number of model parameters. A vector of root mean squared sen-
sitivities of the different model parameters is created of the form
given by Eq. (22)

dmsqr ¼
h
dmsqr
1 dmsqr

2 … dmsqr
p

i
(22)

The sensitivity measure (dmsqr) measures the relative impor-
tance of the parameters with respect to how the influence the
model outputs (states). The higher the magnitude of the sensitivity
measure the more important the influence of the parameter on the
states.

Step 4: Compute the normalized sensitivity

From thematrix of non-dimensional sensitivity, we compute the
normalized sensitivity for each parameter using Eq. (23), re-written
as Eq. (24).

Snorm ¼ Snd;lk
SndðtÞ

(23)

Snorm ¼ Snd;ðl;kÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiPn
k¼1S

2
nd;ðl;kÞ

q l ¼ 1;2; …:;n; k ¼ 1;2; …;p (24)

Step 5: Compute the collinearity index

Finally, step five consist of computing the collinearity index gK
using Eq. (25)

gK ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
minlK

p (25)

lK ¼ eigen
�
STnorm; KSnorm; K

	

K stands for the index of the parameter subset, which is a
combinatorial function of the parameter vector b.

If the sensitivity functions of two or more parameters are
orthogonal (implying parameters are independent), the index of
that parameter subset (K) is equal to unity, but if the parameters are
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linearly dependent, the index approaches infinity. In order to find
an identifiable parameter subset, a threshold value (1-15) is usually
used (Brun et al., 2002; Sin and Vanrolleghem, 2007) where by any
parameter subset having an index (K) greater than the threshold is
said to be unidentifiable.

2.1.3. Parameter estimation: confidence bounds and correlation
analysis

In this section, we describe the adjoint-based gradient method
for parameter estimation. The method is selected rather than the
standard finite difference method because it takes less computing
time and is less sensitive to round-off and truncation errors, which
becomes very attractive for optimization problems with large
number of variables (Benítez et al., 2017). To facilitate mathematical
developments in subsequent sections, we redefine themodel states
and parameters as follows;

Y1 ¼ S1; Y2 ¼ S2; Y3 ¼ X1 Y4 ¼ X2 ; Y5 ¼ QCH4

b1 ¼ k1; b2 ¼ k2; b3 ¼ k3; b4 ¼ k4; b5 ¼ Ki1; b6 ¼ Ki2

Minimize JðbÞ¼1
2
Yobs
i � HM

�
t;Yi;b

	2
(26)

subject to

dY1
dt

¼ �
Y1in

�Y1
�
D� b1m1Y3 (26a)

dY2
dt

¼ �
Y2in

�Y2
�
Dþb2m1Y3 � b3m2Y4 (26b)

dY3
dt

¼ �
m1 �Kd1

�D
�
Y3 (26c)

dY4
dt

¼ �
m2 �Kd2

�D
�
Y4 (26d)

Y5 ¼Vm2b4Y4 (26e)

b1 < b3; b5 <b6 b1;b2; b3; b4 >0 b5; b6 � 0

mi ¼miðbiþ4Þ; i¼1;2

Eq. (26) presents a constraint nonlinear optimization problem,
where the constraints are differential algebraic equations. In order
to find the numerical solution of the problem there exist indirect
and direct methods of minimization of the objective function. In the
direct method, the state equations are influenced only by the pa-
rameters, and the minimization of the function is done by direct
adjustment of the model parameters. The simplest approach to a
direct method is that of first order gradients in which the state and
co-state equations remain separated. The system of continuous
equations is regarded as a limiting case of a system of discrete
equations as the time of a subinterval approaches zero. The opti-
mization problem is solved using the method of conjugate gradi-
ents with the gradient computed by the adjoint method. The
conjugate gradient algorithm is illustrated as follows

Given J : Rn/R and VJðbÞ. Let bð0Þ be the initial guess and set
wð0Þ ¼ � VbJðbð0ÞÞ

For k¼0;1;2;3;…

Step 1: Perform a line search in the direction of to compute g ¼
Arg minFðrÞ, which minimizes the scalar function FðrÞ ¼ f ðbðkÞ;
rwðkÞÞ
Step 2: Compute bðkþ1Þ ¼ bðkÞ þ gðkÞwðkÞ

Step 3: Test for convergence. If satisfied Exit, else go to Step 4.
Step 4: Define tðkÞ ¼ VJðbðkÞÞ2

VJðbðk�1ÞÞ2
Step 5: Computewðkþ1Þ ¼ �VbJðbðkþ1ÞÞ þ tðkÞwðkÞ and go to step
(1).

We notice that from the computational point of view a discrete
adjoint approach is the one needed to accurately compute the
gradient. The model equations are discretized using the Runge-
Kutta 4th order scheme as shown by Eq. (27)

Yðkþ1Þ ¼M
�
YðkÞ;b

	
(27)

f ðt; YðtÞ; bÞ¼

2
66664

�
Y1in

� Y1
�
D� b1m1Y3�

Y2in
� Y2

�
Dþ b2m1Y3 � b3m2Y4�

m1 � Kd1
� D

�
Y3�

m2 � Kd2
� D

�
Y4

Vm2b4Y4

3
77775 (27a)

K1 ¼ f
�
tðkÞ; YðkÞ; b

	
(27b)

K2 ¼ f
�
tðkÞ þ0:5h; YðkÞ þ0:5K1;b

	
(27c)

K3 ¼ f
�
tðkÞ þ0:5h; YðkÞ þ0:5K2;b

	
(27d)

K4 ¼ f
�
tðkÞ þh; YðkÞ þK3; b

	
(27e)

M
�
YðkÞ; b

	
¼YðkÞ þ 1

6
ðK1 þ2K2 þ2K3 þK4Þ (27f)

The optimization problem can then be simply written in a
discrete and compressed form as in Eq. (28)

Minimize JðbÞ¼1
2

XN
k¼0

�
Yobs
k � HYðkÞ

	2
(28)

subject to

Yðkþ1Þ �M
�
YðkÞ; b

	
¼0 (28a)

The adjoint method consist of transforming a constraint opti-
mization problem into an unconstrained problem by defining the
Lagrangian, Eq. (29)

LðY ; b; lÞ¼ JðbÞ þ
XN
k¼0

lk

h
Yðkþ1Þ �M

�
YðkÞ;b

	i
(29)

From the Lagrangian, we can then derive the state equations, Eq.
(30) and gradient of the optimization problem, Eq. (31). The Adjoint
model is given by Eq. (32) (Roulston, 1999).

vLðY ; b; lÞ
vYðkÞ ¼ vJkðbÞ

vYðkÞ þ lk�1 � lk

"
vM

�
YðkÞ; b

	
vYðkÞ

#T
(30)
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VbJðbÞ¼
vLðY ;b; lÞ

vb
¼ �

XN

k¼0
lkM

T
b

�
YðkÞ; b

	
(31)

lk�1 �MT
Y

�
YðkÞ; b

	
lk ¼ ek lN ¼0 (32)

Step 1: Choose an initial guess bð0Þ and set counter k ¼ 0
Step 2: Solve the forward model Yðkþ1Þ ¼ M ðYðkÞ; bÞ and
compute the criterion JðbÞ
Step 3: Solve the Adjoint model lk�1 �MT

Y ðYðkÞ; bÞlk ¼ ek and
compute the gradient

VbJðbÞ¼ �
XN
k¼0

lkM
T
b

�
YðkÞ;b

	

Step 4: Determine the descent direction

if k¼0

wðkÞ ¼ � VbJ
�
bðkÞ

	

else

wðkÞ ¼ �VbJ
�
bðkÞ

	
þ

VJ
�
bðkÞ

	2
VJ

�
bðk�1Þ�2wðk�1Þ

Step 5: Perform a line search in the direction of to compute g ¼
Arg minFðrÞ, whichminimizes the scalar functionFðrÞ ¼ f ðbðkÞ;
rwðkÞÞ
Step 6: Compute a new state vector estimate bðkþ1Þ ¼ bðkÞ þ
gðkÞwðkÞ

Step 7: Set k ¼: kþ 1 and return to step 2 until a termination
condition is reached

All the work on the computer was carried out using Matlab
R2017b (Mathworks Natick) using i7-6600U, 2.6 GHz CPU PC with
16 GB RAM and 64bits operating system.

2.1.4. Uncertainty quantification in model predictions
As mentioned in section 1, self-optimizing operation of anaer-

obic digesters is whenwe have an acceptable loss in performance as
a result of kinetic uncertainty in themodel. In order to therefore use
the model to model the self-optimizing performance target, one
needs to quantify the model prediction uncertainty resulting from
uncertainty in kinetic coefficients. In order to quantify the model
prediction uncertainty, the Monte Carlo simulation procedure,
presented in Fig. 3 was applied in a similar way as in Sin et al.
(2010b).

Input-output uncertainty analysis is highly dependent on the
input uncertainty range (confidence bounds) as well as correlation
coefficients. The variance metrics and correlation coefficients of the
unidentifiable set of model parameters for the different biokinetic
models were obtained by estimating the complete set of parame-
ters (identifiable and unidentifiable) using the estimation proced-
ure presented in section 2.1.3.

2.2. Self-optimizing performance targeting

Given a set of reactions and associated kinetics, the following

five key steps needs to be performed in order to define the per-
formance target of a process using attainable region analysis (Ming
et al., 2016):

➢ Define the reaction, dimension and feed set
➢ Define the fundamental processes occurring in the system
➢ Generate the AR using combinations of the fundamental

processes
➢ Interpret the AR boundary in terms of reactor equipment
➢ Define the objective function and overlay this onto the AR to

determine point of intersection with the AR boundary
➢ Determine the specific reactor configuration required to achieve

the intersection point

The previous two bullet points are important if the attainable
region is to be used to answer a specific design or optimization
question.

Some necessary conditions for AR can be summarized as follows
(Hildebrandt and Glasser, 1990; Hildebrandt et al., 1990):

➢ The AR includes all feeds to the system.
➢ The AR is convex.
➢ No process vector point out of the AR boundary.
➢ No rate vectors in the complement of the AR when extended

backward intersects the AR.
The objective of this section is to analyze the aforementioned
necessary requirements with respect to its application to the
anaerobic treatment process.

2.2.1. Reaction scheme and process kinetics
Using the information flow diagram of the kinetic model pre-

sented in Fig. 2, a stoichiometric scheme of the bioreaction occur-
ring in the anaerobic digester consist of two main reactions
catalyzed by acid-forming bacteria, Eq. (33) and methane-forming
bacteria Eq. (34)

k1S1/
rX1 X1 þ k2S2 (33)

k3S2 /
rX2 X2 þ k4CH4 (34)

If we assume the specific death rate to be negligible compared to
the specific growth rate of both microbial populations, the rate
expressions for the different reaction species is defined by Eq. (35)
e (38)

rX1
¼m1X1 (35)

rX2
¼m2X2 (36)

rS1 ¼ � k1m1X1 (37)

rS2 ¼ k2m1X1 � k3m2X2 (38)

2.2.2. Fundamental processes
Various fundamental processes can occur within a system,

which for bioreactors may include: mass transfer, mixing, bio-
reaction (biodegradation, bioconversion), adsorption, heat transfer,
etc. The AR approach requires the fundamental processes taking
place in the system be identified. The following two main funda-
mental processes are identified to be associated with the anaerobic
treatment process: Biodegradation and mixing. The attainable
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region (AR) for the anaerobic treatment process therefore repre-
sents the set of all possible states that can be achieved by a com-
bination the two fundamental processes, biodegradation and
mixing. In AR theory, mixing is performed by a continuous stirred
tank reactor (CSTR) while reaction (biodegradation) is achieved in a
plug flow reactor (PFR), since the operation of both reactors
respectively mimic the two fundamental processes. At steady state
operation, the general mathematical representation of a CSTR and
PFR are given by Eqs. (39) and (40) respectively.

C¼Cf þ trðCÞ (39)

dC
dt

¼ rðCÞ (40)

C is the state vector while rðCÞ is the reaction rate vector as shown
by Eqs. (41) and (42) respectively.

C ¼ ½X1 X2 S1 S2 �T (41)

rðCÞ ¼ 

rX1

rX2
rS1 rS2

�T (42)

2.2.3. Dimensionality analysis and model reduction
The reaction stoichiometry of the system can be used to deter-

mine the dimension of the system. The dimension of the AR is
determined from the number of independent reactions occurring in
the reactor system, which defines the dimension of the stoichio-
metric subspace (the rank of the stoichiometric coefficient matrix
A), in which the AR must reside. Since there are two independent
reactions occurring in the system, the set of points generated by the
anaerobic treatment process must reside in a two-dimensional
subspace in R5 (Ming et al., 2016). The reduced state and reaction
rate vectors are therefore presented by Eqs. (43) and (44).

C ¼ ½ S2 X2 �T (43)

rðCÞ ¼ 

rS2 rX2

�T (44)

The reduction involved expressing S1 and X1, as a function of S2
and X2, as shown by Eqs. (45) and (46).

S1 ¼ S1in
� k1

�
X1 �X1in

�
(45)

X1 ¼X1in
þ 1
k2



S2 � S2in

þ k3
�
X2 �X2in

��
(46)

This reduction in the dimensions of the state and rate vectors
was done using the approach illustrate in our recent study using
attainable regions for synthesis and optimization of methane bio-
reactors (Ref). The model reduction assumes that the specific death
rates of acidogens andmethanogens is negligible compared to their
respective specific growth rates.

2.2.4. AR construction and defining performance target for the
system

After stating the process kinetics, the AR construction process is
initiated by defining feed point and process conditions that influ-
ence the system. In anaerobic treatment, the digester is normally
maintained at constant temperature (isothermal process)
throughout retention time, which makes the AR dependent on the
particular temperature in the system. The anaerobic digestion was
carried out under mesophilic conditions at a temperature of 35�C.
Using the specified feed, kinetics and temperature conditions, the
set of points generated by solving the PFR equation are called the
PFR trajectory and those generated by solving the CSTR equation
are called the CSTR locus. The convex hull of the set of points
generated by the system defines the attainable region, which rep-
resents the limits of achievability by the system.

3. Results and discussion

In this section, data from a real experiment is utilized to illus-
trate the theories presented in the previous sections. The case study
is based on a batch methane bioreactor operated with diary
manure, where experimental measurements of volatile fatty acids

Fig. 3. Monte-Carlo simulation method for uncertainty propagation (Morales-Rodriguez et al., 2012).
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and methane gas flowrate (which, can be used to get the concen-
tration of methanogenic archae) were obtained (Zaher et al., 2009).

3.1. Parameter identifiability measures

3.1.1. Sensitivity analysis
In this section, the objective was to determine, which set of

parameters should be estimated to accurately describe the mech-
anisms of the anaerobic digestion process. This depends on
analyzing the sensitivity function of the model parameters with
respect to with respect to the states. Fig. 4 presents the sensitivity
functions (dynamic sensitivities) of the states for the parameters of
the biokinetic model. From the shape of the sensitivity functions,
the authors made the following remarks: (1) All the states show
some sensitivity to the model parameters, which can either be a
negative or positive sensitivity. (2) The anaerobic microorganisms
mostly show negative sensitivity while the substrates show both
negative and positive sensitivities to the model parameters. Table 1
presents the numerical characteristics sensitivity analysis, which
include: the nominal values and scale of the model parameters; the
mean, minimum andmaximumvalues of the dynamic sensitivities;

the sensitivity measures (L1 and L2) as well as the number of data
points (N). The 130 data points corresponds to the small time step
of 0.0769 that was used to integrate the sensitivity equations from
0 to 10days.

Particularly, it is worth mentioning that for the substrates, the
biodegradable volatile solids is most sensitive to the acid yield
coefficient (k2) while volatile fatty acids are most sensitivity to the
Monod saturation constant for volatile acids (Ks2) and inhibition
constant (Ki). For the anaerobic microorganisms, the acidogenic
bacteria is highly sensitive to the Monod saturation constant (Ks2),
while the methanogenic archae are highly sensitive to inhibition
constant (Ki). These outcome accurately describe the underlying
theories of the anaerobic treatment process, which include:
breakdown of volatile solids into volatile fatty acids by acidogenic
bacteria, utilization of volatile fatty acids for growth of methano-
genic archaea aswell as high sensitivity ofmethanogenic archaea to
inhibitions (Henze et al., 2008;Wang et al., 2007). Hence the results
clearly illustrate the ability of the model to describe the anaerobic
digestion process.

Fig. 5 presents the use of the sensitivity measure (sum of
sensitivity functions of the available measurements with respect to

Fig. 4. Sensitivity of model states to model parameters.
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parameters) to rank the model parameters, which reveals the
relative significance of the parameters with respect to the observ-
able states. Only the relative ranking for volatile acids, methano-
genic archaea as well as volatile acids þ methanogenic archae as
model as model outputs are considered. This is because the
experimental data, which is used as our case study only contains
measurements for volatile acids methanogenic archae (calculated
form methane flowrate) and we therefore determine the set of
model parameters that are identifiable considering these two
observable states.

It is noteworthy that the yield coefficient (k1) is found

completely not sensitive to any of the observable states. The inhi-
bition constant (Ki) was found most significant for all the observ-
able states followed by the yield coefficient (k3). The Monod
constants (Ks1 and Ks2) and the yield coefficient (k2) were found
significant albeit to a relatively lower degree. The practical rele-
vance of the parameter significance ranking is that only those pa-
rameters with significant sensitivity measure with respect to the
observable states can be identified. Therefore, considering volatile
fatty acids and methanogenic archaea as the only observable states
in the system, the yield coefficient k1 cannot be identified from the
available data since it has a sensitivity measure of zero. This implies

Table 1
Sensitivity measures of the observable states to the model parameters.

Parameters Value Scale L1 L2 Mean Min Max N

k1 0.1920 0.1920 0.0000 0.0000 0.0000 0.0000 0.0000 130
k2 0.5029 0.5029 0.2131 0.6086 �0.2042 �2.5915 0.0302 130
k3 0.1920 0.1920 4.6606 9.4970 3.9058 �1.9351 30.5131 130
Ks1 25.0687 25.0687 0.7843 1.3894 �0.5965 �3.3613 0.4591 130
Ks2 0.0899 0.0899 2.7457 7.4232 �2.5820 �30.8306 0.5022 130
Ki 1088.8324 1088.8324 7.3896 12.9875 4.5331 �7.4461 32.5866 130

Fig. 5. Parameter significance ranking for observable states based on sensitivity measure.
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only 5 out of the 6 model parameters can be candidates for
parameter estimation.

3.1.2. Collinearity analysis
This section of the identifiability analysis only considers those

set of parameters (5 out of the 6 model parameters were signifi-
cant), which have a significant effect on the observable states. The
collinearity analysis screens all possible subsets of the potential
candidate parameters to determine the identifiable subsets using a
collinearity index. The five potential candidates for parameter
estimation gives a total of approximately 31 parameter subset
combinations, with a maximum subset size of five parameters

Fig. 6a presents the collinearity analysis for all possible combi-
nations of parameter subsets while Fig. 6b presents collinearity
analysis for the potentially identifiable subsets. From Fig. 6, it can be
observed that of the 31 possible subset combinations, only 18 are
potentially identifiable (those having collinearity index less than
15) and with a maximum identifiable subset size of three
parameters

These findings suggest that for a given set of observable states
(experimental measurements), there exist many identifiable subset
combinations of model parameters having a maximum number of
parameters that can be estimated uniquely. Unique estimation
means that by using an identifiable subset, the estimated param-
eters should have a relatively lower correlation values and/or
confidence intervals. The results corroborate the theoretical
premise that subjecting an overparameterized model to limited
quality/quantity of data limits the number of parameter that can be
estimated to uniquely and accurately describe the system (Brun
et al., 2002; Sin and Vanrolleghem, 2007).

3.2. Model fits and parameter uncertainty

Two cases of parameter estimation were considered: one with
an identifiable subset (specifically k2; Ks2 and Ki) and one with all
the model parameters (known as the nominal case) so that the
effect of identifiability analysis can be ascertained. The model fits
for both cases are presented in Fig. 7 while parameter estimates
together with their 95% marginal confidence intervals are shown in
Table 2. Visually, both cases show a good fit between the experi-
mental measurements and model predictions with no observable
difference in both cases. However, from a numerical perspective
(see Table 2), the parameter estimates from the nominal case shows
a much higher degree of uncertainty (given as the standard

deviation, which relates to the 95% marginal confidence interval)
than that of the identifiable case. Put it in another way, the iden-
tifiability analysis has served to reduce the degree of uncertainty in
model parameter estimates.

The results indicate that despite variation in parameter uncer-
tainty, the quality of the model fit to experimental data is not
compromised and using an identifiable subset of model parameters
serves to improve the quality of the model parameters. It is worth
mentioning that the identifiable parameter subset utilized for
parameter estimation is just one of the three identifiable subsets
available with size of 3. Other three-parameter combinations of
identifiable subsets can still be selected as candidates for the
parameter estimation. The focus of this study is not to consider all
the identifiable subset, but to illustrate how these identifiability
issues should be incorporated in digester synthesis.

3.3. Uncertainty quantification on model states

Recall from step 3 of section 2, which stated the need to quantify
the model prediction (state) uncertainty using the unidentifiable
parameter set as inputs. From section 3.2, we have demonstrated
the use of an identifiable parameter subset (k2;Ks2 and Ki) to reduce
uncertainty in model parameters. Even though the use of an
identifiable subset reduces parameter uncertainty, it causes
another problem, which is that of model uncertainty. This is
because those parameters that are not identifiable (k1; k2 and Ks1)
need to be kept constant (probably using values estimated from
previous studies or independent experiments), which influences
the reliability of the model. Since the geometric optimization
technique of attainable regions presented in this study for synthesis
of anaerobic digesters is unique for a given kinetic model, an un-
reliablemodel will therefore result in an unreliable digester system,
which can easily lead to operational failure. Hence before using the
model to construct the attainable regions (which can be interpreted
into digester structures), we quantify and incorporate the model
prediction uncertainty into the limits of achievability of the system,
which is defined by the attainable regions.

Fig. 8 presents the results obtained from the Monte Carlo sim-
ulations. From a general perspective, the results indicate that each
of the model states have a time varying uncertainty band defined
by the 10th and the 90th percentile. The methanogenic archaea
shows insignificant uncertainty band to the model inputs at certain
times instants, where the mean, 10th and 90th percentile are equal.
The width of the band (difference between the 10th and the 90th

Fig. 6. Collinearity analysis for: (a) all possible combination of parameter subsets (b) potentially identifiable parameter subsets.
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percentile) describes the spread of the distribution of the model
states resulting from parameter uncertainty and the larger the
width, the higher the degree of model output uncertainty. This is
often called mapping/propagating parameter (input) uncertainty
onto states (output) uncertainty.

The state uncertainty bands presented in Fig. 8 are highly
dependent on the uncertainty range of the model parameters. The
study used the joint confidence region (Fig. 9) of the sampled pa-
rameters, which takes into consideration the correlation amongst
model parameters and eliminates the need to define the correlation
amongst model parameters during the Monte Carlo procedure.

The interpretation of these results is based on the relationship
between uncertainty band and model quality: the higher the un-
certainty band, the lower the model quality. Hence model pre-
dictions for biodegradable volatile solids followed by volatile fatty
acids and acidogenic bacteria are deemed of low quality (large
uncertainty bands) while that of methanogenic archaea can be
deemed acceptable.

3.4. Self-optimizing attainable regions

Surely, whether of acceptable quality or not, the prediction

uncertainty around the model states affects the limits of achiev-
ability of the anaerobic digestion process and hence the nature of
the optimal digester structures. This is because for synthesis of
methane bioreactors using attainable region analysis, the predicted
performance target or limits of achievability by the system is
computed by the area of the convex hull for the set of states (out-
puts) achievable by the system.

Hence, when using attainable regions for performance targeting
and digester network synthesis, we suggest that it should be
mandatory to incorporate uncertainty of model prediction during
construction of the attainable regions. The approach here relies on
constructing the attainable regions using the three key points of the
state’s prediction (mean,10th and 90th percentile) and superposing
the regions to obtain a robust region which considers the effect of
uncertainty. Fig. 10 presents the AR for the 10th percentile, mean
and 90th percentile state predictions on to which the digester
structures required to attain points on the AR boundary has been
overlaid. A detailed explanation of how the AR boundary has been
interpreted into digester structures is presented in our recent
publication (Abunde Neba et al., 2019c). It can be observed that for
all the cases where the AR boundary is convex, the optimal digester
structure involves a plug flow digester in order to attain points on

Fig. 7. Model fits to experimental data for both nominal and identifiable cases.

Table 2
Parameter estimates and uncertainty given as the standard deviation.

Model Parameters Parameter Estimates Standard Deviation

Nominal case Identifiable case Nominal case Identifiable case

k1 0.1920 0.1920 45.8498 N/A
k2 0.5029 0.514889 3.2951 0.62322
k3 0.1920 0.1920 3.6133 N/A
Ks1 25.0687 25.0687 386.8622 N/A
Ks2 0.0899 0.852436 0.2822 0.78416
Ki 1088.8324 1088.5435 22887.6440 12.1010

F. Abunde Neba et al. / Water Research 171 (2020) 11537712



Fig. 8. Model uncertainty quantification (the mean, the 10th and 90th) using 1000 Monte Carlo simulations.

Fig. 9. Joint confidence region of unidentifiable parameters showing parameters sample for 1000 Monte Carlo simulations.
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the AR boundary. This can be explained by the intrinsic geometric
characteristics of this type of reactor in relation to the properties of
the AR boundary. The AR boundary is composed entirely of reaction
and mixing surfaces only. Reaction surfaces are always convex and
the points that form convex sections of the AR boundary arise
specifically from points on PFR trajectories (Ming et al., 2016). This
is so because governing equations of a PFR is a system of first order
ordinary differential equations Eq. (17), where a phase plane pre-
sentation of the solution of the system for a given organic load and
digestion time is called PFR trajectory. Geometrically, the rate
vector evaluated at points on the PFR trajectory is tangent to all
points on the trajectory (Hildebrandt and Glasser, 1990; Ming et al.,
2016). This implies the boundary of a true AR will always contain
points originating from PFR trajectory, otherwise it becomes a
candidate AR. Fig. 10d present the intersection of the three regions
to define the self-optimizing attainable region. It can be observed
that the region looks smaller than any of the three individual re-
gions (10th percentile, mean and 90th percentile). This illustrates
the accept loss in process operation mentioned in section 1. It is
necessary here to re-clarify exactly what is meant by self-
optimizing attainable regions. Unlike the attainable region, which
represents the set of all possible states that is attainable by the
system for a defined kinetics and initial condition (feed point), the

self-optimizing attainable region represents the set of all possible
states attainable by the system even in cases of kinetic uncertainty.
The size of the self-optimizing attainable region is related to the
domain of uncertainty defined for the unidentifiable set of model
parameters used for the uncertainty propagation. The presence of
uncertainty reduces the size of the self-optimizing AR and if the
domain of uncertainty is reduced, the size increases. As mentioned
in section 1, the attainable region defines the limits of achievability
(performance targets) by a system. This implies that considering
uncertainty has greatly reduced the limits of achievability by the
system even though we have benefited from increased robustness.
The authors will also like to clarify at this point that by performance
targets, the authors refer to the totality concentration of microor-
ganisms and substrates that can be output by the different digester
combinations using the fundamental processes occurring in the
system. This is defined by the attainable region of the system for a
given kinetics and by the self-optimizing attainable region for
different kinetic variations within a defined domain.

The findings from this study are therefore highly important in
making economic feasibility decisions about the performance of
biogas plants especially in cases where accuracy is very necessary.
Put it in another way, when assessing the economic feasibility of
the anaerobic treatment process, one can now consider the

Fig. 10. Illustration of the self-optimizing attainable region: (a) Attainable region for 10th percentile uncertainty bound. (b) Attainable region for mean parameter values. (c)
Attainable region for 90th percentile uncertainty bound. (d) Self-optimizing attainable regions of the anaerobic treatment process.
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economic performance of the process even in cases of uncertainty
and reliably compare it with other process alternatives. In summary
coupling uncertainty analysis and attainable region theory provides
a systematic methodological framework for dealing with kinetic
uncertainty during design of biogas digesters and hence allows
biogas engineers to benefit from the advantages of model-based
design. These advantages include easy digester scale-up, less
experimental runs (hence less cost), as well as obtain optimal
design parameters and digester configurations. This approach is
therefore recommended as a reliable strategy for design of biogas
plants in cases of kinetic uncertainty, which is very common with
biokinetic models for anaerobic digestion.

4. Conclusion

A systematic model-based framework for the synthesis of biogas
reactors under cases of kinetic uncertainty has been developed.
Using the case of the modified Hill model for anaerobic digestion,
the following conclusions are made:

➢ Identifiability analysis reveals that only 5 out of the 6 model
parameters can be candidates for parameter estimation. The 5
potential candidates for parameter estimation gives a total of
approximately 31 parameter subset combinations, with a
maximum subset size of 5. Of the 31 possible subset combina-
tions, only 18 are potentially identifiable and with a maximum
identifiable subset size of 3.

➢ Parameter estimation indicates that despite variation in
parameter uncertainty, the quality of the model fit to experi-
mental data is not compromised and using an identifiable sub-
set of model parameters serves reduce the degree of uncertainty
(confidence interval) in model parameter estimates.

➢ Following sensitivity analysis, the biodegradable volatile solids
are most sensitive to the acid yield coefficient (k2) while volatile
fatty acids are most sensitivity to theMonod saturation constant
for volatile acids (Ks2) and inhibition constant (Ki). For the
anaerobic microorganisms, the acidogenic bacteria is highly
sensitive to the Monod saturation constant (Ks2), while the
methanogenic archae are highly sensitive to inhibition constant
(Ki).

➢ Uncertainty quantification reveals that of the four model states,
the methanogenic archaea, shows an insignificant uncertainty
band to the model inputs at certain times instants, while all the
other sates show a degree of significant uncertainty to the
model inputs at all times instants

➢ The systematic model-based framework proposed in this study
has been based on the concept of attainable regions. Hence,
when using attainable regions for performance targeting and
digester network synthesis, we suggest that it should be
mandatory to incorporate uncertainty of model prediction
during construction of the attainable regions. The attainable
region obtained in such cases is referred to as a self-optimizing
attainable region, which is generally smaller than the attainable
region. It is concluded that incorporating kinetic uncertainty
onto attainable regions has greatly reduces the limits of ach-
ievability by the system even though we have benefited from
increased robustness. When the AR is obtained, the boundary of
the AR can be interpreted into digester structures, whereby the
optimal digester structure always involves a plug flow digester
in combination with either a CSTR and/or bypass streams.

In summary coupling identifiability analysis, uncertainty quan-
tification and the attainable region theory provides a systematic
methodological framework for defining the performance targets of
the anaerobic treatment process under conditions of uncertainty. It

is alsoworthmentioning that even though the study is based on the
anaerobic treatment process, the framework can be applied to
optimally design other environmental chemical processes, which
can be described with a kinetic model.

More research is needed to extend the concept of self-
optimizing attainable regions in the field of anaerobic digestion.
This study has focused on kinetic uncertainty and it would be
interesting to assess the effects of other potential sources of un-
certainty (such as substrate characteristics, presence of inhibitions
or temperature variations) on the performance targets (defined by
the self-optimizing attainable regions) of the anaerobic treatment
process.
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Nomenclature

X1in Influent concentration of acidogenic bacteria (g ac:=L)
Af Acidity factor (g VFA=LÞ=ðg BVS=L)
B0 Biodegradability constant (g BVS=LÞ=ðg VS=L)
Kd1

Specific death rate of acidogenic bacteria (d�1)
Kd2

Specific death rate of methanogenic bacteria (d�1)
Ki VFA inhibition constant (g VFA=L)
Ki1 VFA inhibition constant for acidogenic bacteria

(g VFA=L)
Ki2 VFA inhibition constant for methanogenic bacteria

(g VFA=L)
Ks Monod half-saturation constant (g=L)
Ks1 Monod half-saturation constant for acidogenic bacteria

(g BVS=L)
Ks2 Monod half-saturation constant for acidogenic bacteria

(g VFA=L)
QCH4

Methane gas flow rate (L CH4=d)
S1in

Influent concentration of biodegradable volatile solids
(g BVS=L)

S2in
Influent concentration of volatile fatty acids (g VFA=L)

S1 Concentration of biodegradable volatile solids in
bioreactor (g BVS=L)

S2 Concentration of volatile fatty acids in bioreactor
(g VFA=L)

SaðtÞ Matrix of absolute sensitivities
Sin Influent concentration of volatile solids (g VS=L)
Snd Non-dimensional sensitivity
X2in

Influent concentration of methanogenic bacteria
(g me:=L)

X1 Concentration of acidogenic bacteria in bioreactor
(g ac:=L)

X2 Concentration of methanogenic bacteria in bioreactor
(g me:=L)

Xin Influent biomass concentration (g=L)
k1 Yield constant (g BVS=g ac:=L)
k2 Yield constant (g VFA=g ac:=L)
k3 Yield constant (gVFA=g me:=L)
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ty;a=2 Student t-distribution parameter
dmsqr
k Root mean squared sensitivity
m1 Specific growth rate of acidogenic bacteria (d�1)
m1m Maximum specific growth rate of acidogenic bacteria

(d�1)
m2 Specific growth rate of methanogenic bacteria (d�1)
m2m Maximum specific growth rate of methanogenic

bacteria (d�1)
mm Specific growth rate of bacteria (d�1)
D Dilution rate (d�1)
HRT Hydraulic retention time (d)
S Substrate concentration (g=L)
T Reactor temperature (�C)
V Volume of methane bioreactor (L)
VFAin Influent concentration of volatile fatty acids (g VFA= L)
VS Volatile solids
VSL Volatile solids loading (g VS=L)
W non-dimensional scaling/weighting matrix
f Inhibition factor
w Acidogenic fraction
Y Model states
b Parameter set
Y0 Initial Condition
N Number of state variables
n Number of data points
p Number of parameters
Snorm Normalized sensitivity measure
gk Collinearity index
lk Eigen values of normalized sensitivity matrix
JðbÞ Least Square Criterion
VJðbÞ Gradient of Least Square Criterion
Yobs
i Observable states

H Observation matrix
Mðt;Y;bÞ Discretized model
LðY;b;lÞ Lagrangian
w Descent direction
r Step length
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List of Appendices  

A1: Anaerobic treatability experiment with abattoir waste  

The table below shows experimental measurements of cumulative biogas, obtained from 

anaerobic digestion experiments of abattoir effluent and used for AR construction (Paper 4) 

Retention time (days) Cumulative biogas production  

1 0 

2 0 

3 0.005 

4 0.03 

5 0.12 

6 0.48 

7 0.76 

9 1.53 

10 2.78 

11 4.3 

12 5.4 

13 7.3 

14 8.2 

15 9 

16 10.53 

17 11.02 

18 11.54 

19 11.63 

20 11.91 

21 11.91 

22 11.91 

23 11.91 

24 11.91 

25 11.91 

26 11.91 

27 11.91 

28 11.91 

29 11.91 

30 13.38 
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