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Abstract 

In this paper, a new loading device for general mixed mode I/II/III fracture tests is designed and 

recommended. Finite element analyses are conducted on the proposed apparatus to evaluate the 

fracture parameters of the tested samples under various mixed mode loading conditions. The 

numerical results revealed that the designed loading fixture can generate wide varieties of mode 

mixities from pure tensile mode to pure in-plane and out of plane shear modes. The accuracy of 

the proposed fixture is evaluated by conducting a wide range of fracture tests on Compact Tension 

Shear (CTS) specimens made of polymethyl methacrylate (PMMA). The experimental results are 

then compared to the theoretical predictions obtained by the Richard criterion. A good consistency 

is observed between the experimental results and theoretical predictions.  

Keywords: Brittle fracture; Fracture toughness; Mixed mode I/II; Mixed mode I/III; Mixed mode 

II/III; Mixed mode I/II/III.  

 

Nomenclature 

a crack length 

E elastic modulus  

F applied load 

Fc fracture load 

KI mode I stress intensity factor 

KII mode II stress intensity factor 

KIII mode III stress intensity factor 
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KIC mode I fracture toughness  

KIIC mode II fracture toughness  

KIIIC mode III fracture toughness  

KIf critical mode I stress intensity factor 

KIIf critical mode II stress intensity factor 

KIIIf critical mode III stress intensity factor 

Keff effective stress intensity factor 

Keff |f effective stress intensity factor under fracture load 

Kv fracture limit surface 

O(r1/2) higher-order terms of stress field 

(r, θ, z) cylindrical coordinates 

t thickness of test specimen  

Ui, URi (i: X, Y, Z) symbols indicating translational and rotational degrees of freedom 

W width of test specimen  

(X, Y, Z) Cartesian coordinates 

YI mode I geometry factor  

YII mode II geometry factor  

YIII mode III geometry factor  

α loading angle in C-fixture 

β loading angle in J-fixture 

θf in-plane crack kinking angle 

ν Poisson’s ratio 

σij       (i, j: r, θ, z) stress components  

ϕf out of plane crack kinking angle 

CNC computer numerical control  

CTS compact tension shear 

FE finite element 

PMMA Polymethyl methacrylate  

SIF stress intensity factor  

 

 



1. Introduction 

Brittle and ductile fracture are among the main categories of failure modes in real life components, 

hence a large number of researches have been conducted in this field. Due to its importance, the 

majority of the conducted researches are dedicated to the pure tensile mode of fracture, namely 

mode I fracture. However, numerous test specimens and testing procedures have been suggested 

to obtain the fracture behavior of different materials under a combination of tensile mode and in-

plane shear mode (i.e. mixed mode I/II).1-15 Applying different loading angles to the common pre-

cracked specimens or considering angled pre-cracks in the test samples under mode I loading were 

suggested as solutions to get mixed mode I/II fracture properties. Among various test specimens 

for mixed mode I/II fracture experiments, one can suggest the angled edge crack specimen,1 the 

compact tension-shear (CTS) specimen,2-4 the rectangular plate containing an inclined center crack 

and subjected to a uniform far field tension,5,6 the Brazilian disk specimen with central crack,7,8 

the asymmetric three/four-point bend specimen,9-13 and the cracked semi-circular bend 

specimen,14,15 which have been frequently used for mixed mode I/II fracture tests on different 

engineering materials such as ceramics and rocks, polymers and metals. 

In addition to the researches on classic case of mixed mode I/II fracture, some experimental studies 

were conducted by researchers to consider the effect of tearing mode of fracture (i.e. mode III) on 

fracture behavior of pre-cracked components.16-23 Compared to the case of mixed mode I/II, 

relatively fewer test procedures are available for mixed mode I/III loading. For examples, the plate 

with inclined crack through the thickness under a uniform far field tension,16 the three-point bend 

specimen with an out of plane angled crack,17 the compact tension (CT) specimen with inclined 

crack through the thickness,18, 19 the traditional CT specimen subjected to combined tension-tear,20 

the circumferentially notched round bar,21 the three-point bend specimen with asymmetrically 

oriented crack,22 and the single edge cracked specimen under tensile/tear loading23 are some of the 

specimens, which have been employed by researchers for mixed mode I/III fracture tests on 

different materials.  

Beside the mentioned mixed mode conditions, there are some cases that the components are 

subjected to a mixture of in-plane and out of plane shear loading (i.e. mixed mode II/III), among 

which one can mention the cracks in railways, railway wheels and gears.24, 25 Few researches are 

available in open literature dealing with the mixed mode II/III fracture test using testing rigs.26-28  



Although the results of mixed mode I/II, I/III and II/III fracture tests give valuable knowledge 

about the overall behavior of material in presence of defects, however, considering the real-life 

components, a combination of all three modes of fracture (i.e. mode I, mode II and mode III) can 

results in final failure of the parts. As a matter of fact, performing mixed mode I/II/III fracture tests 

requires complex samples geometries and loading conditions. Hence, there are very limited test 

configurations for experimental investigation of mixed mode I/II/III fracture.29-31 In order to have 

mixed mode fracture in pre-cracked components two different methods can be used; creating an 

angled pre-crack and applying the load (tensile or bending) or applying the load with a specific 

angle to a symmetrically pre-cracked specimen. In this research a testing fixture has been proposed, 

which allows to use traditional CTS specimens for complex mixed mode fracture tests. The 

proposed apparatus and the test sample have simple configuration, inexpensive fabrication 

procedure, convenience of testing set up and also the ability of introducing general mode mixities 

ranging from pure mode I to pure mode II and pure mode III. First the fracture testing fixture and 

test configuration is described and then its capabilities and accuracy are investigated by means of 

numerical simulations. Finally, a wide set of fracture tests are performed on Polymethyl 

methacrylate (PMMA) samples to practically check the fixture.  

 

2. New loading fixture for mixed mode I/II/III fracture tests 

Fig. 1 illustrates the geometry of new loading fixture and the test sample proposed for mixed mode 

I/II/III fracture experiments. The fixture includes two separate parts namely C-fixture and J-fixture 

(see Fig. 1). While C-fixture is used for applying in-plane shear load, J-fixture is used to apply out 

of plane shear load. Depending on the angle of rotation in each fixture different 3D mode mixities 

can be obtained. As shown in Fig. 1(b,c), five loading holes with equal angular position are drilled 

on each half of both C- and J-fixture. CTS geometry has been considered for the mixed mode tests 

(see Fig. 1c). The test specimen is fixed in the fixture using three pins on each side of sample. In 

order to eliminate possible plastic deformation around the loading holes and wear between 

different parts, the whole loading fixture was made of high strength abrasion resistant BRINAR® 

450 steel considering a thickness of 20 mm for both inner and outer fixture. The positions of 

loading holes were chosen in a way to have a wide range of mode mixites among pure mode I (α 

= 0◦, β = 0◦), pure mode II (α = 90◦, β = 0◦) and pure mode III (α = 0◦, β = 90◦) (see Fig. 2).  



 

a 

 

b 

 

c 

 

d 

 

Fig. 1. (a) Schematic view of mixed mode I/II/III loading configuration, (b) J-fixture, (c) C-fixture, and (d) CTS 

specimen (dimensions in mm). 
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Fig. 2. Schematic view of (a) mixed mode I/II loading condition and (b) mixed mode I/III and mixed mode II/III 

loading conditions.  

 

3. Theoretical background  

The stress field around the crack tip in a component under complex loading can be described by 

near-field solutions using the superposition of all three modes of fracture. For a linear elastic 

homogeneous material, the crack tip stress field can be written as: 
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in which, (r, θ, z) are the cylindrical coordinates shown in Fig. 3, KI, KII, and KIII are the mode I, 

mode II, and mode III stress intensity factors (SIF), and ν is the Poisson’s ratio. The higher-order 

terms of stress field, O(r1/2), are often negligible near the crack tip for majority of the geometries. 

In order to simplify presentation of the fracture parameters, dimensionless form of SIF is 

introduced and used in the current research as given below 
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where Yi is the geometry factor, W is the CTS width, t is the CTS thickness, F is the applied load, 

and a is the crack length.  

 

 

Fig. 3. Mixed mode I/II/III stress fields in the vicinity of the crack tip. 

 

General mixed mode I/II/III problems are often characterized by the superposition of the pure 

mode I, mode II and mode III loading conditions. This means that the SIFs obtained under pure 

modes are used as the key parameter in fracture assessment of the complex crack geometries and/or 

complex loading conditions. Numerous fracture criteria have been proposed by researchers to 

predict the onset of brittle fracture under mixed mode I/II/III.30, 32-38 In the current research, 

Richard criterion30 was employed to evaluate the fracture data obtained using the proposed testing 
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set-up. According to this criterion, sudden fracture will occur if the local stress condition along the 

crack front reaches a point on the fracture limit surface, Kv. This can mathematically be expressed 

by the following expression: 
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in which α1=KIC/KIIC and α2=KIC/KIIIC, while KIC, KIIC and KIIIC are the fracture toughness values 

under mode I, II and III.  

Dealing with mixed mode I/II/III loading, fracture occurs in a plane which has an in-plane angle, 

θf and out of plane angle, ϕf with respect to the initial crack plane. Schematic view of fracture 

angles of a cracked component under different loading modes is displayed in Fig. 4. It is worth 

mentioning that the in-plane and out of plane fracture angles are caused by in-plane and out of 

plane shear loading, respectively. It is evident that for mixed mode I/II and I/III, the out of plane 

and in-plane fracture angles respectively is expected be equal to zero. These two fracture angles 

can be calculated using the following expressions for isotropic materials30: 
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where θf < 0◦ for KII > 0 and θf > 0◦ for KII < 0, and A=140◦ and B=-70◦, 

 

2

III III

f

I II III I II III

K K
C D

K K K K K K


  
 = +   + + + +   

 (5) 

 

where ϕf < 0◦ for KIII > 0 and ϕf > 0◦ for KIII < 0, and C=78◦ and D=-33◦.  

 



 

Fig. 4. In-plane and out of plane fracture angles. 

 

4. Finite element analysis 

4.1. Finite element model 

Finite element models were developed in ABAQUS 6.14 standard finite element code to evaluate 

the new test fixture and to study the fracture parameters (KI, KII and KIII) under various mixed 

mode loading conditions. Although analytical methods might be available for stress intensity 

factors (SIF) calculation of simple test specimens, however, due to complex loading condition of 

the studied test specimens, finite element (FE) method was employed to obtain SIFs.  

Three-dimensional linear elastic finite element analyses were conducted on the new test 

configuration. Due to considerable higher stiffness of the loading fixture compared to the PMMA 

specimens, they were modeled as rigid bodies. While, the PMMA specimens were modeled using 

their elastic material properties. The material properties of the tested PMMA obtained from tensile 

tests are presented in Table 1. Figs. 5a and 5b illustrate a typical finite element mesh pattern used 

for the FE model. The 10-node quadratic tetrahedron and 20-node quadratic brick elements were 

used for meshing the fixture parts and the test sample, respectively. The CTS specimen, C-fixture 

and J-fixture were attached to each other through bolt-holes. Singular elements of 80 µm size were 

used in the first ring of elements around the crack tip to produce the square root singularity of 



stress/strain field. Eight elements were uniformly distributed along the CTS specimen to capture 

the variation of fracture parameters through the thickness. A mesh convergence study was 

performed by considering the SIF values as the key parameter to assure the sufficiency of the 

element size in the FE models. A total number of around 10,000 elements was used to mesh the 

CTS specimen.  

 

Table 1. mechanical properties of PMMA. 

Material property  

Elastic modulus, E (GPa) 2.9  

Poisson’s ratio, ν 0.35 

Ultimate strength (MPa) 66  

 

a b c 

 

 

 

Fig. 5. (a) The finite element mesh pattern used for the numerical analysis of loading fixture and (b) CTS specimen 

(the bold line indicates the pre-crack) and (c) the boundary conditions applied to FE models (Ui and URi symbols 

indicate translational and rotational degrees of freedom, respectively).  

 

Due to the contact between different parts, the frictionless “contact pairs” command (available in 

ABAQUS) was used in simulations, while beam elements were employed as pins, which are 

connecting the CTS specimen to C-fixture and C-fixture to J-fixture. Different mixed mode 

loading conditions were simulated by applying the load on different pairs of the loading holes. Fig. 

5c shows the boundary conditions applied to the FE models. According to Fig. 5c, all the degrees 
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of freedom were constrained on the lower hole of J-fixture, while the upper hole was only free to 

move along the vertical direction. An interaction integral approach built in ABAQUS software 

was employed to obtain SIFs directly from the software.39 The CTS specimen with an initial crack 

length of a/W = 0.5 was analyzed under 25 different loading modes.  

 

4.2. Finite element results 

The variation of the normalized SIFs along the crack front are illustrated in Figs. 6 and 7. For the 

sake of brevity, only some of the mixed mode conditions are presented. In these figures, t 

represents the specimen thickness and z indicates the position of each point along the crack front. 

According to Figs. 6, it can be observed that the variations of mode I geometry factor, YI along the 

crack front for the specimen under mode I loading (α=0◦, β=0◦) is symmetric and relatively 

uniform, however, its value decreases about 12% near the free surfaces of specimen, which results 

in a thumb-nail shaped crack front in specimens with high thickness. Unlike the previous case, the 

mode II geometry factor, YII along the crack front for the specimen under in-plane shear loading 

(α=90◦, β=0◦) has its peak values close to the free surface of specimen (also known as coroner 

points) (see Fig. 6). As a well-known fact in fracture mechanics, in-plane and out of plane shear 

modes of fracture (i.e. mode II and mode III, respectively) are coupled, which means that mode II 

or mode III loading of an elastic model with through-the thickness crack also generates a coupled 

three-dimensional mode III and mode II singular stress state, respectively40-47 (see Fig. 8). As 

mentioned earlier by Pook48, “the nature of the crack tip singularity changes in the vicinity of a 

corner point, and these corner point singularities are an important source of three-dimensional 

effects”. It should be mentioned that for the specimens with higher thicknesses and materials with 

high Poisson’s ratios, stronger corner point singularities and consequently stronger coupled 

fracture modes exist. Due to the couple modes of fracture, considerable mode III and mode II SIFs 

exist in the area close to the free surface of the specimens under mode II and mode III loadings 

(see Fig. 6), which results in higher effective SIFs (see Eq. 6) at both sides of the crack front in 

these cases. This increases the probability of crack initiation from both sides of crack front, which 

is consistent with the numerical and experimental findings reported by Zhu et al.49 and Buchholz 

et al50.  



The effective stress intensity factor as a simplified measure of stress singularity under mixed mode 

loading can be defined as below:  

2 2 2

eff I II IIIK K K K= + +  (6) 

 

Fig. 9 illustrates the normalized SIF variation with respect to the in-plane and out of plane loading 

angles. The normalized SIFs in Fig. 9 were obtained by dividing the SIFs to the effective SIFs at 

mid-section of the specimens. The elastic mode mixity parameters for different mixed mode 

conditions of I/II, I/III and II/III were defined according to Eq. 7-9. Based on the SIFs obtained at 

mid-section of the specimen, the mixed mode loading conditions provided by the presented loading 

fixture in the intermediate mixed mode I/II, I/III and II/III cases are 
12

eM = 0.83, 0.63, 0.36, 
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In order to better present each fracture mode portion in different loading condition, the normalized 

SIFs are separately presented in Fig. 10 for different loading angles (α and β). According to Fig. 

10, pure mode I and pure mode II loading conditions can be obtained under (α=0◦, β=0◦) and (α=90◦, 

β=0◦) loading angles, while pure mode III can be obtained when β=90◦ independent of the C-fixture 

angle, α. Hence, in order to perform mode III fracture experiments using the new fixture, it would 

be enough to test the samples β=90◦ and only one angle of the C-fixture. 
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Fig. 6. The distribution of geometry factors along the crack front for different cases of planar mixed mode loading. 

 

a b c 

   

Fig. 7. The distribution of geometry factors along the crack front for different cases of mixed mode I/II/III. 
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Fig. 8. An example of finite element results demonstrating the coupled modes of fracture; (a) induced out of plane 

deformation (i.e. mode III) in the model under in-plane shear loading (i.e. mode II), (b) induced in-plane deformation 

(i.e. mode II) in the model under out of plane shear loading (i.e. mode III). 
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Fig. 9. The normalized SIFs and elastic mode mixity parameters for different loading conditions; (a) mixed mode I/II 

(β=0◦), (b) mixed mode I/III (α=0◦), and (c) mixed mode II/III (α=90◦). 

 

a b 

  
                                      c 

 
Fig. 10. The normalized SIFs under various loading conditions; (a) mode I SIF, (b) mode II SIF, and (c) mode III SIF. 
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5. Mixed mode fracture tests description  

Polymethyl methacrylate (PMMA or Perspex) has been known by numerous researchers as a 

commonly used model material for performing fracture tests. PMMA is a transparent homogenous 

and isotropic material with linear elastic behavior at room temperature. Its brittle fracture behavior 

at room temperature, machinability and convenience of creating a sharp crack are among the 

advantages of PMMA in brittle fracture experiments.51, 52  

According to the number of holes in C- and J-fixtures, 25 different loading conditions can be 

applied to the tests specimens. Hence, 80 CTS specimens were machined from a PMMA sheet of 

10 mm thick and at least three tests were performed under each loading condition. Computer 

numerical control (CNC) machine was used for machining the border sides of the test specimens 

and 0.4 mm thick circular saw blade was used to create initial notch in the test specimens. For 

creating the sharp pre-crack, a razor blade was pressed carefully to make the final crack length of 

each specimen equal to a/W = 0.5. The depth of the pre-crack was carefully measured by an optical 

microscope (OptoSigma, osMS26-100, Tokyo-Japan) to ensure the precise crack length of the test 

specimens. Fig. 11 illustrates a typical PMMA specimen prepared for the fracture test. A series of 

fracture tests were performed on CTS specimens to examine the applicability and efficiency of the 

proposed loading fixture for mixed mode I/II/III fracture tests. Fracture tests were performed using 

50 kN MTS machine (Minnesota-USA) under static loading at room temperature with a 

displacement rate of 1 mm/min. The external load was applied to the fixture using two forks 

connected to the J-fixture (see Fig. 12). This load was then transferred to the test specimen through 

three pins on each side of the specimen. The load displacement data were recorded during the tests. 

All the test samples were fractured suddenly from the crack tip and the load displacement curves 

represented linear behavior confirming the brittle fracture behavior of PMMA under various 

loading conditions. The representative load-displacement curves of CTS specimens under pure 

mode I, pure mode II, and pure mode III are displayed in Fig. 13. In-plane and out of plane fracture 

initiation angles were measured using high resolution optical microscope.  

 



 

Fig. 11. A typical PMMA CTS test specimen. 

 

 

Fig. 12. loading set up used for mixed mode I/II/III fracture tests (α=0◦, β=22.5◦).  
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Fig. 13. Representative load–displacement curves obtained from the PMMA samples under different pure fracture 

mode conditions (a) mode I, (b) mode II, and (c) mode III. 

 

6. Results and discussions    

The peak values of the load-displacement curves were extracted and considered as fracture loads 

of the tested specimens. These values were then used for calculating the critical SIF values from 

the FE analysis. The details of the fracture tests conducted under different loading conditions are 

presented in Table 2. In this table, Fc represents the average fracture load while KIf, KIIf, KIIIf, and 

Keff |f represent critical mode I, mode II, mode III and effective SIFs corresponding to the fracture 

loads and obtained from the mid-section of the FE models. The critical SIFs under pure fracture 

modes are called fracture toughness in the current research. The average fracture toughness of 

PMMA under pure mode I (KIC), pure mode II (KIIC), and pure mode III (KIIIC) were obtained as 

18.22 MPa mm , 36.77 MPa mm , and 102.50 MPa mm , respectively.  
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Table 2. Summary of mixed mode I/II/III fracture tests conducted on PMMA CTS specimens. 

Loading 

mode 

α 

(degree) 

β 

(degree) 

Fc 

(N) 

KIf 

( MPa mm ) 

KIIf 

( MPa mm ) 

KIIIf 

( MPa mm ) 

Keff |f 

( MPa mm ) 

I 0 0 796.8 ± 86.8 18.22 0 0 18.22 

I/II 22.5 0 833.0 ± 18.5 20.09 5.124 0 20.73 

I/II 45 0 779.7 ± 79.3 16.55 10.81 0 19.77 

I/II 67.5 0 976.8 ± 75.0 14.52 22.58 0 26.85 

II 90 0 1295.4 ± 13.7 0 36.77 0 36.77 

I* 0 0 796.8 ± 86.8 18.22 0 0 18.22 

I/III 0 22.5 928.2 ± 78.2 22.39 0 2.71 22.55 

I/III 0 45 1285.9 ± 76.9 36.73 0 9.70 37.99 

I/III 0 67.5 1174.4 ± 30.0 41.65 0 24.44 48.29 

III 0 90 2180.1 ± 219.2 0 0 102.50 102.50 

II* 90 0 1295.4 ± 13.7 0 36.77 0 36.77 

II/III 90 22.5 1189.9 ± 51.2 0 34.79 7.05 35.50 

II/III 90 45 1277.9 ± 57.7 0 39.95 18.81 44.16 

II/III 90 67.5 1519.2 ± 132.4 0 43.33 47.60 64.37 

III* 0 90 2180.1 ± 219.2 0 0 102.50 102.50 

I/II/III 22.5 22.5 928.5 ± 36.6 22.24 5.92 2.94 23.20 

I/II/III 22.5 45 1090.3 ± 73.4 30.79 7.68 8.91 32.96 

I/II/III 22.5 67.5 1075.4 ± 30.0 36.41 9.73 23.89 44.62 

I/II/III 45 22.5 877.2 ± 106.3 19.62 12.57 3.48 23.56 

I/II/III 45 45 1025.0 ± 35.1 26.67 16.22 10.37 32.89 

I/II/III 45 67.5 1070.4 ± 60.4 29.98 19.17 27.41 44.92 

I/II/III 67.5 22.5 972.4 ± 62.6 15.19 23.19 5.03 28.17 

I/II/III 67.5 45 1116.1 ± 116.5 19.89 28.81 14.49 37.89 

I/II/III 67.5 67.5 1255.0 ± 64.5 21.47 31.69 36.84 53.13 

* previously presented in the current table. 

 

The critical SIFs resulted from mixed mode I/II/III fracture tests are illustrated in Fig. 14. Also 

plotted in this figure are the theoretical predictions based on the Richard fracture criterion30 by 

considering α1=0.50 and α2=0.18. According to Richard criterion, when Kv=KIC brittle fracture 

occurs. According to Fig. 14, there is relatively good agreement between the experimental data 

and the theoretical predictions based on Richard criterion. Apart from the mixed mode cases of 

(α=0◦, β=45◦) and (α=0◦, β=67.5◦) with higher discrepancy between the experimental data and the 

theoretical predictions, theoretical predictions based on Richard criterion followed the 

experimental data for the rest of the mixed mode loading conditions. Compared to the mode I 

loading condition, higher fracture toughness values were obtained for the tested PMMA under 

mode II and mode III loading conditions. One may relate this behavior to the plastic deformation 

around the crack tip. Hence, in order to have a rough comparison between various loading 



conditions, the plastic region around the crack tip was obtained based on von Mises yield 

criterion53 considering the yield strength of 60 MPa for PMMA. Fig. 15 shows the shape and the 

size of plastic zone around the crack tip for some loading conditions. The plastic zones were taken 

from the surface of FE models (z/t=0) under the average corresponding fracture loads in each 

loading condition. According to Fig. 15, larger plastic zones were resulted in the specimens with 

higher in-plane and out of plane loading ratio. The approximate size of the plastic zone for the 

model under mode I was in the micro order of magnitude, while bigger plastic zones in the order 

of hundred micro and millimeter were obtained for mode II and mode III, respectively. It is worth 

mentioning that larger plastic zones dissipate more energy and consequently result in higher 

fracture toughness values. This is consistent with the previous findings by scholars about mixed 

mode I/II and mixed mode I/III fracture.23, 54, 55 

 

 

Fig. 14. The critical SIF results obtained from mixed mode I/II/III fracture tests on PMMA using the proposed fixture 

compared with theoretical predictions by Richard criterion. 
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Fig. 15. Plastic zone formed around the crack tip for different loading modes under the average experimental fracture 

load of each case.  

 

Fig. 16 illustrates the tested specimens under different mixed mode loading conditions. The in-

plane and out of plane fracture angles, θf, ϕf were directly measured at the crack initiation point 

(i.e. a/W = 0.5) by an optical microscope (OptoSigma, osMS26-100, Tokyo-Japan) and the results 

are presented in Table 3. According to the experimental results, except the pure mode I loading 

case which crack extension occurred along the initial crack plane, in mixed mode I/II loading 

condition the crack kinks in the loading plane and in mixed mode I/III loading the crack twists 
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with respect to the initial crack plane. A combination both in-plane and out of plane crack 

extension was observed for the case of mixed mode II/III and the general cases of mixed mode 

I/II/III. For sake of comparison, the theoretical predictions of fracture angles obtain from Eqs. 4 

and 5 are also reported in Table 3. Relatively good agreement can be observed between the 

experimental observations and theoretical predictions.  

The discrepancies between the experimental data and theoretical predictions can be attributed to 

the accuracy of the method used for measurement of crack kinking angle in the specimens loaded 

under complex mixed mode loading conditions and also presence of coupled modes of fracture. 

As explained earlier, dealing with thick test specimens under pure mode II and III, non-zero KIII 

and KII values exist on the specimens’ surface which results in inherent complexities in all the 

loading cases including in-plane and out of plane shear loading. The induced local mode III 

deformation on both sides of crack front prevents the planar crack extension. The twisting angle 

on both sides of crack front depends on the thickness of specimen. On the other hand, dealing with 

the specimens under mode III, induced mode II deformation at both sides of crack front enforces 

the crack not to propagate along the initial out of plane fracture angle, ϕf. and results in a nonplanar 

fracture surface. It is worth mentioning that the coupling mode for the specimens under out of 

plane loading is considerably higher than in-plane loading. Observation of the curvilinear crack 

trajectory in the mentioned loading cases is a difficult task which requires further studies. 

Additional investigations can be conducted to provide modified theoretical models which are able 

to predict the mixed mode fracture angles with smaller discrepancies.  

The proposed general mixed mode fracture test fixture has the capability to induce various modes 

of fracture in the test specimens. This fixture is one of the few testing fixtures which have been 

proposed for mixed mode I/II/III fracture test. The main advantage of the current fixture compared 

to the previous loading fixtures is its simple design which can be readily produced. Additionally, 

having the simple geometry, the test specimens can be easily machined and prepared for fracture 

tests. By use of the same specimen geometry for various cases of mixed mode I/II, I/III and II/III 

fracture tests, comparison of fracture behavior of materials under various loading condition 

regardless of the geometry effect would be possible. Different loading modes can be obtained 

using uniaxial loading of the proposed fixture only by choosing different loading holes for the 

inner part (C-fixture) and outer part (J-fixture). According to the advantages which was pointed 



out, the proposed loading fixture can be recommended as a test set-up for performing fracture tests 

on various engineering materials under any combination of loading modes including, tension-shear 

(I/II), tension-tear (I/III), shear-tear (II/III), and general tension-shear-tear (I/II/III). The proposed 

testing fixture can be used for both for metallic and non-metallic materials and the results can be 

employed for evaluating new fracture prediction criteria under various loading modes.  
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Fig. 16. CTS specimens fractured under different loading conditions, with α=0o on the right and α=90o on the left side 

of the pictures; (a) β=0o, (b) β=22.5o, (c) β=45o, (d) β=67.5o, (e) β=90o. 



 

Table 3. Summary of experimental and theoretical values of mixed mode I/II/III fracture angles. 

Loading 

mode 

α 

(degree) 

β 

(degree) 

θf |EXP. 

(degree) 

ϕf |EXP. 

(degree) 

θf |THEOR. 

(degree) 

ϕf |THEOR. 

(degree) 

θf 

discrepancy  

ϕf 

discrepancy 

I 0 0 0 0 0 0 0 0 

I/II 22.5 0 21.29 0 25.56 0 20 0 

I/II 45 0 35.15 0 44.39 0 26 0 

I/II 67.5 0 55.71 0 59.28 0 6 0 

II 90 0 68.19 0 70.00 0 3 0 

I* 0 0 0 0 0 0 0 0 

I/III 0 22.5 0 19.23 0 8.04 0 58 

I/III 0 45 0 37.08 0 14.86 0 60 

I/III 0 67.5 0 46.71 0 24.33 0 48 

III 0 90 0 42.02 0 45.00 0 7 

II* 90 0 68.19 0 70.00 0 3 0 

II/III 90 22.5 53.80 10.41 68.01 12.21 26 17 

II/III 90 45 47.92 16.02 62.83 21.59 31 35 

II/III 90 67.5 37.53 40.05 50.82 31.79 35 21 

III* 0 90 0 42.02 0 45.00 0 7 

I/II/III 22.5 22.5 33.83 8.00 24.11 7.08 29 12 

I/II/III 22.5 45 18.04 31.84 20.85 13.50 16 58 

I/II/III 22.5 67.5 15.42 48.96 18.10 22.77 17 53 

I/II/III 45 22.5 45.99 9.36 40.64 7.30 12 22 

I/II/III 45 45 25.03 18.47 36.14 13.94 44 25 

I/II/III 45 67.5 32.18 44.39 30.67 23.70 5 47 

I/II/III 67.5 22.5 67.13 10.17 54.81 8.59 18 16 

I/II/III 67.5 45 42.73 13.67 49.28 16.15 15 18 

I/II/III 67.5 67.5 44.25 38.25 40.62 26.40 8 31 

* previously presented in the current table. 

 

7. Conclusions 

A new loading fixture was proposed for general mixed mode I/II/III fracture studies. Three-

dimensional finite element analyses were performed on the designed set-up and the results revealed 

that the loading fixture is capable of providing pure mode I, pure mode II, pure mode III and a 

favorable distribution of mixed mode I/II, I/III, II/III and I/II/III among them. A series of general 

mixed mode fracture tests were performed on CTS specimens made of PMMA to practically 

confirm the performance and efficiency of the proposed fixture. Fracture loads and fracture angles 

were obtained from the experiments and the results were compared with the theoretical predictions 

based on Richard criterion. Relatively good agreement was found between the experimental and 

theoretical results. The proposed fracture test fixture and its associated CTS test specimen is 

recommended as a practical and suitable test set-up for any type of mixed mode fracture studies. 
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