ON THE STRUCTURE AND COHOMOLOGY RING OF
CONNECTED HOPF ALGEBRAS

KARIN ERDMANN, @YVIND SOLBERG, AND XINGTING WANG

ABSTRACT. Let p be a prime, and k be a field of characteristic p. We inves-
tigate the algebra structure and the structure of the cohomology ring for the
connected Hopf algebras of dimension p3, which appear in the classification
obtained in [22]. The list consists of 23 algebras together with two infinite
families. We identify the Morita type of the algebra, and in almost all cases
this is sufficient to clarify the structure of the cohomology ring.

1. INTRODUCTION

The classification of finite-dimensional Hopf algebras in characteristic zero is well
investigated by many people, see survey paper [1]. While this work is stimulating in
its own right, many Hopf algebras of interest are, however, defined over a field k of
positive characteristic, where the classification is much less known. Some work has
been done in this direction. In [28], Scherotzke classified finite-dimensional pointed
rank one Hopf algebras in positive characteristic which are generated by group-like
and skew-primitive elements. Many Hopf algebras in positive characteristic also
come from Nichols algebras which are of much interest, see [7, 15].

We recall that a Hopf algebra is called connected when it admits only one iso-
morphism class of simple comodules, or equivalently, its coradical is k. Note that
finite-dimensional connected Hopf algebras only appear in characteristic p, for in-
stance, group algebras of finite p-groups, restricted universal enveloping algebras
of restricted Lie algebras, finite connected group schemes and others. In [16], all
graded cocommutative connected Hopf algebras of dimension less than or equal to
p? are classified. In the recent work of Nguyen, Wang and the third author [22],
connected Hopf algebras of dimension p3 are classified over an algebraically closed
field k of characteristic p under some assumption on the primitive space of these
Hopf algebras. The result is given below in Theorem 2.1.

We are interested in understanding the structure of the cohomology rings for
these algebras. This only depends on the algebra structure, not on the Hopf struc-
ture. This motivates our work, namely we analyse the algebras, for those which
are not local we obtain a presentation by quiver and relations. This allows us to
obtain the cohomology rings in all cases except one.

Section 2 contains the description of the Hopf algebras in question, and a discus-
sion of antipode, and Nakayama automorphism. Furthermore, we state our results
on the algebra structure. It turns out that the algebras fall into six different classes,
and in sections 3 to 8 we deal with these. Section 9 contains a reduction result which
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relates finite generation of Ext-algebras related via adjoint functors. This is formu-
lated for abelian categories with enough injective and projective objects. Section
10 shows that some of the algebras in our list can be viewed as twisted tensor
products (in the sense of [8]), and using Section 9 it follows that their cohomology
is Noetherian (with one exception). Section 11 gives the cohomology rings of the
various algebras occuring in the classification.

For general background on quivers, path algebras and admissible quotients of
path algebras we refer the reader to [2, 3]. For basic homological algebra we refer
the reader to [4].

2. CONNECTED HOPF ALGEBRAS OF DIMENSION p?

In this section we give the classification of connected Hopf algebras of dimension
p>, and explain the origin of the classification from the primitive space of the Hopf
algebras. We recall some facts about the antipode and the Nakayama automorphism
of finite dimensional Hopf algebras in general, and we apply this knowledge to the
algebras in the classification to describe the antipode and the order of the Nakayama
automorphism. Finally we explain how we classify them as algebras, which is the
base of our further investigations. The classification theorem below assumes k is
algebraically closed. In this paper, the field is usually arbitrary of characteristic p.

2.1. Classification of connected Hopf algebras of dimension p3. The Hopf
algebras in the classification of finite dimensional connected Hopf algebras of di-
mension p® are always presented in the form of k(x,y,2)/I, where I is an ideal of
k(x,y, z) defined by giving generators. The comultiplication is given by

Alz)=z®1+1®uz,
Aly) =y@1+1y+Y,
Az)=2®1+1®0z+ Z,

for some elements Y and Z in (k{z,y,2)/I)® (k(z,y,z)/I). In Theorem 2.1, proved
n [22], the generators for the relations and the ideal I and the elements Y and Z
are given explicitly. If Y and/or Z are not given, then they are zero. In order to
express Y and Z, we use the notation
p—1
_ (p - 1)' ) p—i
w(t) 7;“@_”!:& ® P
Theorem 2.1. Let k be an algebraically closed field of characteristic p. The con-
nected Hopf algebras over k of dimension p> are precisely
Al: K[z, y,2]/(2? —z,yP —y, 2P —2) with Y =w(z) and Z =w(2)[y@1+1Q@y+
w(@)P~ + w(y).
A2: K[z, y,z]/(xP,yP — x, 2P —y).
A3: k[z,y,z]/(xP,yP, 2P).
Ad: kf[z,y,z]/{zP,yP, 2P — x).
A5, p=2: k(z,y,2)/(2* 9% [2,9], [z, 2], [y, 2] — x,2° + zy).
A5, p>2: AB) = klz,y,2)/{zP, 4P, [z, y], [z, 2], [y, 2] — z, 2P + 2P~y — Ba) for
some B € k with Y = w(x) and Z = w(z)(y@ 1+ 1@y)P~1 + w(y). Any
two A(B) and A(B') are isomorphic as Hopf algebras if and only if 8/ = v
for some (p? +p — 1)-th root of unity .
B1: k<l’,y, Z>/<[£L’,y] - Y [x7 Z]a [ya Z]axp - xvyp7zp> with Z = w(y)
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B2: k{z,y,2)/([z,9] — v, [z, 2], [y, 2] — yf(x),a? — x,yP, 2" — z), where f(x) =
DT (p = i)t and Z = w(a).
B3: k(z,y,2)/{[x,y] — vy, |2, 2] — 2, [y, 2] — y*, 2P — ,yP, 2P) with Z = —2x @y for

p > 2.

C1: klz,y, 2]/ (2P —x,y? —y, 2P — 2).

C2: klx,y,z]/(aP — y,yP — z, 2P).

C3: k[iL’ Y,z ]/<5E ’ypiz,zp>_

C4: klz,y,2]/(xP,yP, 2P).

C5: k(z,y,2)/([z,y] — 2, [w, 2], [y, 2], 2P, 4P, 2P).

C6: k{x,y, )/([a: yl — z, [z, 2], [y, 2], 2P — z, 4P, 2P) forp > 2.

C7: klx,y, z]/{zP, yP, zp—z>

C8: k[I7y7 ]/<Ip7y,yp ZP*Z>

C9: klz,y, 2]/ (2P, y? —y, 2P — 2).

C10: ]€<aj Y,z >/<[.’L‘,y] - % [{,1372], [y7z]7wp7yp7zp - Z>

C11: k?(l‘ Y,z >/<[xay] - Y [3’5,2 ,[y,z],mp_x,yp7zp>

C12: k(x,y,z)/([m,y] - Y [QE,Z}, [ya Z]7xp - 'r7yp -z Zp>

C13: k(x,y,z)/([x,y] - Y, [:L‘,z],[y,z],xp - yp 2P — Z>

Cl4: k(z,y,2)/([z,y] — v, [2, 2], [y, 2], 2P — 2, yP — 2,2P — 2).

C15: k(z,y,z)/{[z,y] — 2, [z, 2] — z, [y, ]+y,xp,yp7zp—z> forp>2.

C16: C(\,6) = k‘(m v, 2)/{z, yl, [a:,z] — Az, [y, 2] — ALy, 2P, yP, 2P — §2) for some
A € kX such that § = \P~1 = £1. Any two C(A\1,01) and C()q,d2) are

isomorphic as Hopf algebras if and only if 61 = 62 and Ay = A or Ay Ao = 1.

Remark. 1) The antipode of the above Hopf algebras always exists, because the
coalgebra structure is connected.
2) Let H be a connected Hopf algebra of dimension p? and denote by

PH)={he H|AMh) =h@1+he 1},

the primitive space of H. The isomorphism classes of H given above satisfy the
following conditions:

(A) dimy P(H) = 1.

(B) dimy P(H) = 2 with non-commuting elements.

(C) dimy P(H) = 3.

3) Hopf algebras of type C are exactly the restricted universal enveloping algebras
of restricted Lie algebras of dimension 3. It includes all the p-nilpotent restricted
Lie algebras of dimension 3 classified in [29, Theorem 2.1 (3/1),(3/2)], i.e., (up to
isomorphisms) (3/1) (a) is C4, (3/1) (b) is C3, (3/1) (c) is C2; (3/2) (a) is C5
(p > 3) and C10 (p = 2), and (3/2) (b) is C6.

2.2. Antipode and Nakayama automorphism. In this subsection we review
some known results on the antipode and the Nakayama automorphism of finite
dimensional Hopf algebras in general, and then apply them to the algebras in The-
orem 2.1.

Let H = (H,m,u,A,¢€,S) be any finite-dimensional Hopf algebra over an arbi-
trary base field k. A left integral A in H is an element of H such that hA = e(h)A
for all h € H; and a right integral in H is an element A’ € H such that A’h = e(h)A’
for all h € H. The space of left integrals and the space of right integrals are denoted
by [ Il{ and | ;7 respectively. A well-known result of Larson and Sweedler shows that

dim fH = dim fH = 1. We say H is unimodular if fH fH
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For any algebra map a: H — k, we can define the left winding automorphism
of H associated to a as Z'[a](h) = Y a(hi)hs for any h € H. Similarly, the
right winding automorphism of H associated to a can be defined as =Z"[a](h) =
>~ hia(hg) for any h € H. Note that f}lI C H is a right H-submodule of H. Since
it is one-dimensional, the right H-module structure gives an algebra map a: H — k
such that Ah = a(h)A for 0 # A € fIl{ and h € H. We will use the term left winding
automorphism of | Ili instead of a.

The following results are due to Larson-Sweedler [20], Pareigis [25], and Brown-
Zhang [6].

Theorem 2.2. Let H be any finite-dimensional Hopf algebra. Then
(a) H is Frobenius with a nondegenerate associated bilinear form (—, —): H®
H — k given by (a,b) = A(ab), where 0 # X\ € fIl{ and a,b e H.
(b) The Nakayama automorphism is given by S, where € is the left winding

automorphism of [ IZ_I
(c) H is symmetric if and only if H is unimodular and S? is inner.

This has the following consequence for finite dimensional involutory Hopf alge-
bras. Recall that a Hopf algebra H with antipode S is involutory if S% = 1.

Corollary 2.3. The following finite-dimensional involutory Hopf algebras are sym-
metric:

(a) commutative algebras,
(b) group algebras,
(¢) local algebras,

)

(d) semisimple algebras.
Proof. Parts (a) and (b) are clear. Parts (c¢) and (d) hold because any local or
semisimple Hopf algebra is unimodular. O

The next result for restricted Lie algebras is from [30, 18].

Theorem 2.4. Let g be a finite dimensional restricted Lie algebra over k of char-
acteristic p > 0. Then the restricted enveloping algebra u(g) is Frobenius with
Nakayama automrophism o given by o(x) = x + Tr(adz) for all x € g. As a
consequence, o = 1 and wu(g) is symmetric if and only if Tr(adz) = 0 for all
T Eg.
A direct calculation by using the antipode axiom
m(S® 1A =m(1®S)A = ue
yields that the antipode of Hopf algebras for all A, B, C types is given by
S(z) = —=, S(y) = —v, S(z)=—=z
except for B3 whose antipode is given by
S(ib) = -7, S(y) =Y S(Z) = —z —2uzy.
Using this we have the following.
Proposition 2.5. For the Hopf algebras listed in Theorem 2.1, the following are
true.

(a) All Hopf algebras are involutory except for B3 where S? = 1.
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(b) The Hopf algebras of type A are unimodular and symmetric.

(¢c) The Hopf algebras of type B1 and B3 are not symmetric.

(d) The Hopf algebras C1-C10 and C15 are symmetric, C11-C14 are not
symmetric, and C16 is symmetric if and only if \? = —1.

Proof. (a) is clear since for B3, we have S$?"(z) = z + 2ny for all n > 1.

(b) The algebras A1-A4 are commutative. One checks easily that A5 is local.
Then it follows from Corollary 2.3(c).

(¢c) B1 and C11 are isomorphic as augmented algebras so it follows from (d)
later. For B3, one sees that S?(z) = z + xy is not inner.

(d) This follows from Theorem 2.4. O

Remark. From a Hopf algebra view point it is not known whether B2 is symmetric
or not because it is hard to compute its left or right integral and to check whether
it is unimodular. However we shall show that through finding another presentation
of algebras of type B2 none of them are symmetric (See Proposition 5.1 (a)).

2.3. Algebra structure. The cohomology ring of a finite dimensional Hopf alge-
bra only depends on the algebra structure, not the Hopf structure. So in order to
determine the structure of the cohomology ring it is enough to study the algebra
structure. We will do this in the following six sections, where we show that the
algebras in this classification fall into 6 different classes, (0) semisimple algebras,
(1) group algebras (tensored or direct sum with a semisimple algebra), (2) (direct
sums of) selfinjective Nakayama algebras, (3) enveloping algebra of restricted Lie
algebras, (4) coverings of local algebras, (5) other local algebras. We will show that

Semisimple algebras A1=¢C1

A2 =C2, A3 =C4, Ad =C3, C7,
C8, C9, C10

Selfinjective Nakayama algebras | B2, C12, C13, C14

Enveloping algebra of re-

Group algebras

stricted Lie algebras Cs5, C6, C15
Coverings of local algebras B1 = C11, B3, C16
Other local algebras A5

Note that here we focus on the algebra structure (and we do not consider the
comultiplication).

3. SEMISIMPLE ALGEBRAS

In this section we classify the semisimple algebras occurring among the algebras

in the classification of the finite dimensional connected Hopf algebras of dimension
P’
We show the following.

Proposition 3.1. Let k be a field of characteristic p. The algebras of type A1 and
C1 are equal, and they are isomorphic to kP

Proof. The algebra of type A1l (or C1) are given as
A= k[£7y72}/<xp - x’yp - y’zp - Z>

for a field k of characteristic p. The polynomial u? — u in u has p different roots in
Z,, so that k[u]/(u? — u) ~ kP. Furthermore we have that

A = k[o)/ (2" — 2) @i kly)/ (17 — y) ©n kl2)/ (27 — 2) = k7.
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d

Remark 3.2. As we already said, the p-dimensional algebra B = k[u]/(u? — u) is
isomorphic to kP for k of characteristic p. There is an elementary explicit formula
for the orthogonal primitive idempotents of this algebra, and we will use this later.
Namely for r € Z,, let

= (u—s)
e 1= .
g (r—s)
S#ET
Then ue, = re,, and the e, for r € Z, are pairwise orthogonal idempotents and
their sum is the identity of the algebra. We mention two consequences.

(1) Suppose 0 # ¢ € B and u¢ = r¢, then ( is a scalar multiple of e,. Namely,
we have ( = ), \je; for \; € k, and then 0 = (u —7){ = >, \i(u — r)e;. From the
formula, (u—r)e; = 0 for ¢ = r and otherwise it is a non-zero scalar multiple of e;,
and the claim follows.

(2) Suppose B is contained in some algebra A, and y € A satisfies [u,y] = y. Then
ye; = e;11ye;. Namely we have uy = y(u + 1) and therefore u(ye;) = y(u + 1)e; =
(i + 1)ye;. Variations of this argument will be used later.

4. GROUP ALGEBRAS

In this section we find group algebras occurring in the classification of the finite
dimensional connected Hopf algebras of dimension p*. Here we denote by C,, the
cyclic group of order n, and for a finite group G we denote by kG the group algebra
of G over a field k.

Proposition 4.1. Let k be a field of characteristic p.

(a) The algebras A2 and C2 are equal, and they are isomorphic to kCps.
(b) The algebras A3 and C4 are equal, and they are isomorphic to

E(Cp x Cp x Cp).
(c) The algebras A4 and C3 are isomorphic, and they are isomorphic to
k(Cp X sz).

The algebra CT is isomorphic to the direct sum of p copies of k(Cp x Cp).
The algebra C8 is isomorphic to the direct sum of p copies of kCp2.

The algebra C9 is isomorphic to the direct sum of p* copies of kC,.

The algebra C10 is isomorphic to the direct sum of k(C, x Cp) and p — 1
copies of M, (k).

—
o

—_~
— D
— —

—~
o

Proof. (a) The algebras of type A2 and C2 are given as (with a possible change of
variables)
A =Eklz,y, 2]/ (2P —y,yP — z, 2P).

The algebra homomorphism k[u] — A sending u — z + (2P — y,y? — z,2P) is
surjective with kernel (uP”). Hence A ~ k[u]/(u?"), which is isomorphic to kCps.

(b) The algebras of type A3 and C4 are given as A = k[z,y, z]/{aP, yP, 2P).
Then

A =~ kfz]/(2") @ kly]/ (") @ k[2]/(2").

This is in turn isomorphic to k(C), x Cp x Cy).
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(¢) The algebra of type A4 and C3 are given as (with a possible change of
variables) A = k[x,y, z]/(2P,yP — 2, 2P). Then

A =~ k[z]/(xP) @ kly, 2] /(P — 2,27)
~ kla] /(@) @ Klul/ (P,

since the algebra homomorphism k[u] — k[y, z]/(y? — z, 2P) sending u — y + (y? —
z,2P) is surjective with kernel (u?*). This algebra is isomorphic to E(Cp x Cp2).
(d) The algebra of type C7 is given as A = k[x,y, z]/(zP,yP, 2P — z). Then

A >~ k[z]/(z") @k kly]/ (") @k k2] /(2" — 2)
~ klz]/(a?) @ kly]/(y") @k K
The last algebra is isomorphic to k(C), x Cp) ®j kP, which is isomorphic to p copies
of k(C, x Cp).
(e) The algebra of type C8 is given as A = k[x,y, z]/{(zP — y,y?, 2P — z). Then
/(=" = y,y") @k k[2]/ (2" — 2)
~ klz, yl /(2" —y,y") @ kP
~ kfu] /(") @i kP,

since the algebra homomorphism kfu] — k[z,y]/(z? —y,y?) sending u — z + (P —
y,yP) is surjective with kernel (uP”). This last algebra occurring above is in turn
isomorphic to kCp2> ®y kP, which is isomorphic to p copies of kC),

(f) The algebra of type C9 is given as A = k[z,y, z]/{zP,y? — y, 2P — z). Then

A = Kfz)/{a?) @k klul/ (7 — ) @x k=] (2~ 2)
~ Kla]/(a?) @i k¥

This last algebra is isomorphic to kC}, ®j kpz, which in turn is isomorphic to p?
copies of kC),.
(g) The algebra of type C10 is given as

A= k(z,y, Z>/<[Qf,y] — 2 [:E’ Z], [y’ Z]’xp7yp7 2P — Z>

It is clear from the relations that the subalgebra generated by z is in the center of
A and is giving rise to p orthogonal central idempotents {ei}fz_ol with ze; = ie; as
in Remark 3.2. Then A = @f;olAei, and we have that ie; = ze; = [z, y]e;. Further-
more Ae; is generated by {ze;, ye;}, hence we have a surjective homomorphism of
rings ¢;: k(x,y) — Ae; sending x — xe; and y — ye;. The kernel of ; is generated
by the elements P, yP, [z, y] — i giving that Ae; ~ k{x,y)/{xP,yP, [z, y] — ).

For i = 0 we get that Aeo =~ k[z, y]/ (7,47} ~ klz]/(zP) @y Kly]/(y?), which is
isomorphic to k(Cp, x Cp).

Now consider the case when 4 is in [1,...,p — 1]. We have that

A~k ®Zp Zp<mvy7 Z>/<[1’7y} - % [.’E, Z]a [ya Z]a xp’yp’ 2P — Z>7
and all the arguments we used above are valid over Z,. So we first analyze the
algebra over Z, and then induce up to k. So to reduce the amount of notation we
also call the algebra A when considering it given over the field Z,,.
Any element in Ae; can be written as a linear combination of {xrysei}fgi’g -1

A~ klz,y

Given any non-zero ideal I in Ae;, we can assume that zP~'yP~le; is in I by
multiplying with a power of z from the left and a power of y from the right.
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Using the identity zye; — ie; = yxe;, we obtain that y°e;x = zy®e; — siy® le; for
s > 1. Starting with multiplying the element 2P~'yP~le; with  from the right,
we infer that xP~1yP~2e; is in I. Inductively it follows that 2P~ 'e; (and by similar
arguments that y?~le;) is in I. Consequently, 2P~ 1y%e; isin [ forall 1 < s < p—1.
By multiplying 2P~ !e; from the left with y, we infer that 2P~2¢; is in I. Continuing
this way we obtain that e; is in I and I = Ae;. It follows that Ae; is a simple
ring for ¢ in [1,...,p — 1]. By Wedderburn-Artin Ae; is isomorphic to M, (D) for
n > 1 and a division ring D. Using that dimz, Ae; = p?, one can show that the
only possibility for Ae; is M,(Z,). Inducing up to k, we infer that the algebra of
type C10 is isomorphic to k(Cp x C,) & M,(k)P~!. In fact, a simple Ae;-module
S with basis B = {bp,b1,...,b,—1} can be constructed in the following way. Let

bj—1, 7#0 Aiy1bir1, g -1 . .

xb; =14 7 ! ] 7 and yb; = CARCAS J 7P for Ajy1 = —(j+1)i. Then
0, J=0 0, J=pr—1

one can show that the vector space spanned by B is a simple Ae;-module. (]

5. SELFINJECTIVE NAKAYAMA ALGEBRAS

In this section we find selfinjective Nakayama algebras occurring in the classifi-
cation of the finite dimensional connected Hopf algebras of dimension p3. Here we
denote by An the quiver consisting of n+ 1 vertices with one arrow starting in each
vertex forming an oriented cycle. For a field £ and an integer n > 1 we denote by
J the ideal in k&n generated by the arrows.

Proposition 5.1. Let k be a field of characteristic p.

(a) The algebra of type B2 is isomorphic to k&pz_l/ﬂ’, which is not a sym-
metric algebra.

(b) The algebra of type C12 is isomorphic to k&p_l/ﬂ’z.

(¢) The algebra of type C13 is isomorphic to a direct sum of p copies of the
selfinjective Nakayama algebra k;A'p_l/Jp of dimension p?.

(d) The algebra of type C14 is isomorphic to the direct sum of k&p_l/ﬂ’ and
p — 1 copies of My,(k).

Proof. (a) The algebra of type B2 is given as
A= k<f£,y,2>/<[f£,y] - Y [‘T’ZL [%Z] - yf(l’),l‘p - :L.’yp’zp - Z>7

where f(x) = Zf:—ll(—l)i_l(p — i)~z We have that yz = 2y — y, 22 = z2z and
zy = yz — yf(x). This implies that any monomial in the variables {z,y, 2z} can be
written as a linear combination of monomials of the form z"y®z! for r, s and ¢ in
{0,1,...,p — 1}. Hence the set B = {a"y*z! f:;lt:l spans A, which consists of p?
elements. Since the dimension of A is p3, the set B is a basis for A.

All the relations for the algebra are homogeneous in y. It follows from this that

(y)" = (y*). Since y? = 0, it follows that (y)? = (0). Furthermore,
A/(y) = kle)/{a? — z) @k Kl2)/ {2 — 2) = k.
It follows that rad A = (y).
The subalgebra of A generated by = and z is
klx,2) /(2P — z,[x, 2], 2P — 2) =~ k[z] /(2P — ) @y k[2]/ (2P — 2),
which is commutative. Let eq,...,e,—1 be the orthogonal primitive idempotents of
the algebra generated by x so that xe; = ie;. Let also go, ..., gp—1 be the orthogonal
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primitive idempotents of the algebra generated by z so that zg; = jg;. Then these
span a commutative semisimple subalgebra of dimension p? of A, with orthogonal
primitive idempotents e;g;. These correspond to the vertices in the quiver we shall
construct (as they are liftings of the primitive idempotents in A/rad A).

These orthogonal idempotents decompose A = ®; jAe;g; into a direct sum of P2
left modules. The summand Ae;g; has basis {y"e;g; f;é} and the radical is gener-
ated by ye;g; (and Ae;g; is indecomposable as a left module). Hence rad A/ rad? A
is generated by {ye;g; }f,;i’g’_l
shall construct.

We claim that ye;g; = (€i119;—f@i))yeigj(eig;). Clearly ye;g; = yeigj(eig;).

We have the relation xy = y(x + 1) which implies that z - ye; = (i + 1)ye; and
hence z - (ye;g;) = (i + 1)ye;g;. Using Remark 3.2 we obtain that

, and they correspond to the arrows in the quiver we

€i+1Y€ig; = Y€ig;-

We have zy = yz — y - f(x) and 2,z commute, so

2(yg;) = yz9; —yf(®)g; =J-vg; —yg; - ()
and therefore
z(yeig;) = z(ygjes) = (jygs)ei — (yg; f(x))es
= jygje; — yg; f(i)e;
= — f(@) - (yeig;)
and again by Remark 3.2, we have that yg;e; = g;_r() - yg;jei- It follows that
yeig; = (€195 1(i))yeigi(eig;)-
It follows from the above that if @ is a quiver with p? vertices v; ; = ye;g; and p?
aITOWS a; j: Vi j — Uiyl j—f(), then A is a quotient of £Q). To show that @Q is A,2_1,

we need to show that the orbit of (0,0) under the map (é,5) — (i + 1,7 — f(4)) is
all of Z,, x Z,. After kp steps one gets

(1) (kp, —f(1) = f(2) =+~ = f(kp — 1))
To compute this, note that for 1 < m < p — 1 one has Z?;% 7™ = —1modp if
m = p— 1 and is zero otherwise (To see this, one can for example use [12, Lemma
4.3]). Then one gets that (1) is equal to (0, —k) and it follows that the orbit of (0,0)
must have size p? as required. Hence the quiver Q is &pz,l with the orientation as
an oriented cycle. Since the Loewy length of the indecomposable projectives Ae;g;
are all equal, the relation ideal is J*.

A Nakayama algebra kA, /J¢ is symmetric if and only if n + 1 divides ¢t — 1 by
[31, Corollary IV.6.16]. Since p? { p — 1 for every prime p, all the algebras of type
B2 are not symmetric.

Remark. Note that the field k can be arbitrary of characteristic p.
(b) The algebra of type C12 is given as

A= k(m,y, z>/<[x,y] - Y [.’L’, z]a [y7 Z], o —x,yf — 2, 2P).
Any element in A can be written as a linear combination of elements in the set
2
{xrys}f;i’é’ 1 Let a = (y) in A. Since the relations are homogeneous in y, it
follows from the above that a is a nilpotent ideal in A. Furthermore it is easy to see

that A/a ~ k[z]/(aP — x) ~ kP. We infer that rad A = a. By the above comments
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we have that rad A has basis {x"ys}f;éf;;l (dimension p* — p) and rad® A has
basis {z"y S}f_é’figl (dimension p® — 2p). The rad A/rad?® A has a basis given by

the residue classes of the elements {z"y}’_ . Hence A is isomorphic to a quotient
of a path algebra kQ over k, where @ has p vertlces

{U _ Haezp\{a}oc—m}
“ Hﬁezp\{a}(a—ﬁ) ez,

and p arrows given by {vay}acz,. By part (2) of Remark 3.2 we have that

VoY = YVa-—1,
so that v441y is an arrow from vertex v, to vertex vo41 for all o in Z,,. It follows
that A ~ kA, 1/J?".
(¢) The algebra of type C13 is given as

A= k(x,y, z>/<[x,y] - Y [.13, Z]’ [y’ Z]’ zP — x’yp, 2P — Z>

This is isomorphic to the tensor product

A=k(z,y)/([z,y] — y, 2" — 2,y") @k k[2]/(z" — 2).
The second tensor factor is semisimple and isomorphic to kP, hence A is the direct
sum of p copies of B = k(z,y)/{[z,y] — y,2P — x,yP). Let a = (y) in B. Since
the relations are homogeneous in y, it follows from the above that a is a nilpotent
ideal in B. Furthermore it is easy to see that B/a ~ k[x]/(zP — x) ~ kP. We infer
that rad B = a. The subalgebra generated by x gives rise to a complete set of
orthogonal idempotents e; with xe; = ie; (see Remark 3.2), so that B = 69 Bel
Then Be; has basis {ysei}f;é and its radical is generated by ye;. We have z(yei) =
y(z + 1)e; = (i + 1)ye;, hence by Remark 3.2 ye; = e;11ye; and ye; gives an arrow
e; — €;41. It follows from this that B is isomorphic to the algebra k&p_l /JP of
dimension p?. By the above, this completes the proof of (c).
(d) The algebra of type C14 is given as

A= k(l’,y, Z>/<[l‘,y] - Y [SC, Z]ﬂ [ya Z]a xP — xayp - Z7Zp - Z>

It is clear from the relations that the subalgebra generated by z is in the center of
A and is glvmg rise to p orthogonal central idempotents {ez}p o With ze; = ie;.
Then A = &, 'Ae;. We claim that Aeg is isomorphic to kAp 1/JP, while Ae; is
isomorphic to M, (k) for ¢ > 1. To do this, we first consider the algebra A as an
algebra over the prime field Z,. The idempotents constructed above are given over
this field. By abuse of notation we still denote the algebra by A when considered
over the field k' = Z,,.

The subalgebra generated by x gives rise to a complete set of orthogonal idem-
potents {f;}?~} with zf; = if;. This implies that {yreifs}f;i’g_l is basis for
Ae;. Let i > 1, then we want to show that Ae; is a simple ring. Let I be a non-

. . . 1
zero ideal in Ae; with a non-zero element m = Zf o g ar sy e; fs. Assume that

Ory.so 7 0. Then mf,, = f 0 Qr,soY €ifs is in I. Since f;y = yf;_1, it follows
that fro+somfsq = Qry,s0Y °€ifs, is in I and consequently y"e; fs, is in 1. Multi-
plying this last element from the right with powers of y, we obtain that y"se; fs is
in I for some 74 for s = 0,1,...,p — 1. Multiplying from the left with y?~"s we
obtain that e;fs is in I for s = 0,1,...,p — 1, hence ¢; is in [ and I = Ae; and
Ae; is a simple ring. Furthermore, Ae; ~ M, (D) for some n > 1 and a division
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ring D. A simple module over Ae; then has dimension ndimg D over k’. Since
Ae; is non-commutative and D is commutative, n > 1. Using similar arguments
as above one can show that S; = k’{yreift}f;é is a simple Ae;-module. Hence
ndimy D = p. It follows that n = p and D = k’, and therefore when inducing up
to the field k we get that Ae; ~ M, (k) for ¢ > 1.

For Aeg, let ¢: k{z,y) — Aeg be induced by the inclusion k{xz,y) — k(z,y, z).
Then {[z,y] — y, 2P — x,yP} are contained in Ker ¢. Since

dimy, Aeg = dimy, k(z,y)/([z,y] — y, 2" — z,y") = p°,

it follows that Aeq ~ k(z,y)/{[z,y] — y, 2P — x,yP), which we consider as an iden-
tification. The ideal generated by y is the radical of Aeg. View the primitive
orthogonal idempotents { fi}f;g as elements in Aeg. Then {y" fs}f;i’é’ s a k-
basis for Aeg. Therefore {f,}7Zs is a k-basis for Aeg/rad Aeg and {yf,}’—; is a
k-basis for rad Aeg/ rad? Aeg. We let these sets define the vertices and the arrows
in a quiver (), which is Ap_l. All the indecomposable projective modules have
the same Loewy length and Aeg has dimension p?, so that Aeg is isomorphic to
kA, 1 /JP.

It follows from the above that A is isomorphic to direct sum of k&p,l /JP and
p — 1 copies of M, (k). O

6. ENVELOPING ALGEBRA OF RESTRICTED LIE ALGEBRAS

In this section we find enveloping algebras of restricted Lie algebras occurring
in the classification of the finite dimensional connected Hopf algebras of dimension
3
p°.
First we give a quick review of the definition of the enveloping algebra of a re-
stricted Lie algebra L. A restricted Lie algebra L is a (finite dimensional) Lie algebra

over a field k of characteristic p with Lie bracket [—, —]: Lx L — L and a p-operation
()Pl L — L (for details see [19]). Suppose L has a k-basis {x1,z2,...,2,}. By
abuse of notation we let k(z1,z2,...,z,) be the free algebra of the indeterminants

{x1,3,...,2,}. Then the universial enveloping algebra UP!(L) of L is given by
UPL) = k(w1 @2, wn) [ {mim; — zjmi = (o, 2]}, {af — 2P)L)).

i,5=1" i

Next we give the description of the algebras C5, C6 and C15 as enveloping
algebras of restricted Lie algebras all of which are 3-dimensional.

Proposition 6.1. (a) Let L be the 3-dimensional restricted p-nilpotent Lie al-
gebra with basis {x1,x2,x3}, the only non-zero bracket being [x1,x2] = x3
and the p-operation given by xgp] =0 fori=1,2,3 for p > 2. Then the
algebra of type C5 is isomorphic to the enveloping algebra of the restricted
Lie algebra of L.

(b) Let L be the 3-dimensional restricted Lie algebra with basis {x1, 2, x3} with
the only non-zero bracket being [x1,x2] = x5 and the p-operation given by
x[lp] = x3 and pr] =0 for i = 2,3, given in [29, Theorem 2.1 (3/2) (b)].
Then the algebra of type C6 is isomorphic to the enveloping algebra of the
restricted Lie algebra of L.

(¢) Let L be the restricted Lie algebra of type sla(k). The algebra of type C15
18 isomorphic to the enveloping algebra of the restricted Lie algebra of L.
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Proof. (a) The algebra of type C5 is given by

A =k(z,y,2)/([z,y] — 2, [z, 2], [y, 2], 2P, yP, 2F).
Let L be the 3-dimensional Lie algebra with basis {z1, 22,23} with the only non-
zero bracket being [z71,23] = x3. We want to show that we can choose a zero

p-operation to obtain a restricted Lie algebra.
We have that

adzr] = [—,;171] = <§ _81 §) and (adzl) = 0,
ad(EQ = [—,51;2] = (§ § §) and (ad(Eg)Q = 0,
adx3:[—,x3}:<§§§) and adzs3=0.

By [19, Chapter V, Theorem 11] there is a p-operation (—)Pl: L — L such that
(z;)P! = 0 for i = 1,2,3. This shows that L is the 3-dimensional restricted Lie
algebra, and therefore A is the enveloping algebra of the 3-dimensional restricted
Lie algebra L.

(b) The algebra of type C6 is given by

A= /{J<[E, Y, z)/([:z:,y] - % [1‘, Z]v [y7 Z]vxp - Z’yp7 Zp>
for p > 2. Recall the 3-dimensional restricted Lie algebra L with basis {x1, z2,z3}
with the only non-zero bracket being [x1,z3] = z3 and the p-operation given by
m[lp] = 3 and xgp] =0 for ¢ = 2,3, given in [29, Theorem 2.1 (3/2) (b)]. Then the
algebra A is isomorphic to the restricted enveloping algebra of the 3-dimensional
restricted Lie algebra L.
(¢) The algebra of type C15 is given by

A= k<1’7y,Z>/<[l’,y} - % [.T,Z] -, [y,Z] +y’xp7yp’zp - Z>

for p > 2. We shall prove that this is the enveloping algebra of the 3-dimensional
restricted Lie of type sly(k).

Let L = sly(k) = key @ kh @ ke_, where the standard presentation usually is
give as

[h,ex] =+2es, [eq,e_]=h.
By letting
1
= _§h7 e =aeq, e =pfe_,
we obtain the equations
[hla el+] = —€4, [h‘I7 eL] = GL, [G/Jr,ei] =M,
whenever af = —% in k.
Now we investigate if there exists a p-operation on L. We have that
00 —1
ade’ =[—, ¢ ] = (8 090 ) and (ade’)® =0,
ade/ :[_76/,]: (§§g> and (adeL)3:0,
1 0 0
adh’:ﬁgwhq::(éfﬁg) and (adhqp::(o(_mpo)::adhx
000 0 0 0

since p is odd. By [19, Chapter V, Theorem 11] there is a p-operation (—)[p] :L— L
such that
(e )P =0 and ()P =n'.
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This shows that L is the 3-dimensional restricted Lie algebra of type sla(k), and
therefore A is the enveloping algebra of the 3-dimensional restricted Lie algebra of
type sla(k). O

7. COVERINGS OF LOCAL ALGEBRAS

In this section we find algebras in the classification of the finite dimensional
connected Hopf algebras of dimension p® which are coverings of local algebras by
a cyclic group. We start off by recalling the notion of a covering of a path algebra
(for details see [13]).

Let A = kQ/I be an admissible quotient of the path algebra kQ over a field k.
Let G be a (finite) group, and let w: Q1 — G be a weight function, that is, just a
function w: Q1 — G. This is extended to a weight function on all non-trivial paths
by defining the weight of a path p = apan,_1---asa; in Q to be

[T w(a:) = wla)w(az) - w(an—1)w(an),

i=1
and for a trivial path p the weight is w(p) = e, the identity in G. Assume that

the relations in I are homogeneous with respect to the weight. With these data we
define a covering Q(w) of @ with the vertex set

Q(w)o = {(v,9) | v € Qo, g € G}

and the arrow set

Qw)1 = {(a,9): (0o(a), 9) = (t(a), gw(a)) | a € Q1,9 € G},

where 0(a) and t(a) denote the origin and the terminus of the arrow a, respectively.

Define a map 7: Q(w) — @ induced from letting
w(v,g) =v and w(a,g) =a

for all vertices v in @, all arrows a in @1 and all g in G. It is straightforward
to see that given an element g in G and a path p in @, there is a unique path
Py = (p,9): (0(p),g) = (t(p), gw(p)) in Q(w) such that m(py) = p. This we extend
to a lifting from kQ to k@(w) Hence, given g in G and a weight homogeneous
relation ¢ in I, there is a unique lifting o4 of o to kQ(w). This is a uniform
element, that is, all paths occuring in o, start in the same vertex and end in the
same vertex. Furthermore, if I’ is the ideal generated by the liftings of a minimal
generating set of I and I(w) is the set of liftings of elements in I, then I’ = I(w)
and I(w) is an ideal in kQ(w). In particular, there is a well-defined algebra map
7 kQw)/I(w) = kQ/I.

We give the following example which will occur in the main result of this section.

Example 7.1. Let

A:k(y61gz)/<yp’yz—zy,zp>’

and define w: {y,z} — C, = (g) by letting w(y) = g and w(z) = e. Let

Q: yC 1 Qz and I = (yP,yz — zy,2?). Then the covering kQ(w)/I(w) is
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given by the quiver
(z.€) (2,9)

O

(17 6) e (lag)

(y,e)

(26" 1) (2,9%)
() (y,9"~") .9 N )
(L,g"™h) (1,9%)
T(yyg"Q) (y,g2)l
(1,9772) (1,9°)
() ()
(2,9772) (2,9%)

and relations
(v, ") (y, 9w, 6" (v, 9°),
(z,9")7,
(,9)(2,9") — (2.9 )(y. 9",

for all ¢ in {0,1,...,p—1}.

Now we are ready to give the algebras in the classification of finite dimensional
connected Hopf algebras of dimension p? which are coverings of a local algebra by
a cyclic group.

Proposition 7.2. Let k be a field of characteristic p. Let
Ay = k{y,2)/ (WP, yz — 2y, 2P)  and Ay = k{y,2)/(yP,yz — 2y — y°, 2P).
Consider the group G = (o) = C).
(a) The algebras of type B1 and C11 are isomorphic, and they are isomorphic
to a covering of the local algebra Ay with the weight function w: {y,z} — G
given by w(y) = o and w(z) =e.
(b) The algebra of type B3 is a covering of the local algebra Ao with the weight
function w(y) = w(z) =o.
(c) Assume that k contains the field of order p* if p > 2. The algebra of
type C16 is a covering of the local algebra A1 with a weight function w of
the form w(y) = o= and w(z) = 0= for some a (precisely, a such that

AL = a)\ when X is the defining parameter occuring in an algebra of type
C16).

Proof. (a) The algebra of type B1 and C11 are given as
A=k, y,2)/([2,y] =y [z, 2], [y, 2], 2" — 2,97, 2P).

Any element in A can be written as a linear combination of elements in the set
{7y 2 7Pe P Let a = (y,z) in A. Since the relations are homogeneous in
y and z, it follows from the above that a is a nilpotent ideal in A. Furthermore it
is easy to see that A/a ~ k[z]/(zP — z) ~ kP. We infer that rad A = a. By the

above comments we have that rad® A has basis {xryszt}ﬁié’f;};pgl. The factor
% =

rad A/ rad® A has a basis given by the residue classes of the elements {z"y, x’"z}f;é.
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Hence A is isomorphic to a quotient of a path algebra k@ over k, where @ has p

vertices
{“ _ gez,\ o (= = B) }
Hﬁezp\{a}(a - B) wcz

and 2p arrows spanned by {xrymcrz}f;é. The linear span of {2'};cz, is equal to

P

the linear span of {vq}acz,. Hence, a basis for rad A/ rad? A is {va¥, vaz}tacz,-
Since z is in Z(A), we have that v,z = 2zv,. By Remark 3.2 (2) the element v,y
gives rise to an arrow from vertex v, to vertex v,41, and the element v,z to a loop
at vertex v,. Hence the quiver ) of A is

. D p—1
The relations are {y;1p—1- - YitoVit1Yi; 21, YiZi — Zit1Yi }i—o - Hence

A kQ/{Wisp1 - YiroYir1Vi, 255 vizi — Zig1¥i Yorg )

Therefore A is isomorphic to the covering of the local algebra A; with the weight
function w: {y,z} — Cp = (o) given by w(y) = o and w(z) = e (see Example 7.1
taking o = g).

(b) The algebra of type B3 is given by

A = k<$,y,2>/<[$,y] - Y, [sz} -z, [y,Z] - y27xp - x,yp’zp>_

The relations [z,y] — vy, [r,2] — z and [y, 2] — y? imply that 2’s can be moved
across y’s, x’s can be moved across z’s and that z’s can be moved across ¥’s.
From this we obtain that (y,z) is a nilpotent ideal in A. It is easy to see that
A/ {y, z) ~ k[z]/{xP — x) ~ kP. Hence (y,z) is the radical in A, and A ~ kQ/I,
where @ is a quiver with p vertices given by

{v _ sezvy@ = F) }
el =8 ],

P

The arrows are given by v,yvg and v,zvg which are non-zero when a and 3 runs
through Z,. Using Remark 3.2 we get that vay = yva—1 and vaz = 2v4—1 for all
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in Z,. Hence the quiver is

U04—4%>U1

SN
S |
N A

{yi+1Zi — Zi+1Yi — Yi+1Yi Yidp—1Yitp—2 " Yi+1Yis Zitp—12i4p—2 " " ° Zi+1zi}z’€Zp-

The relations are

Therefore A is a covering of the local algebra As with the weight function w(y) =
w(z) =o.
(¢) The algebra of type C16 is given as

A =C(\0) = klx,y, 2)/{[x,y], [, 2] — Az, [y, 2] — XLy, 2P, 4P, 2P — 62)

for some \ € kX such that 6 = \A»"! = +1. Any element in A can be written as a
linear combination of elements in the set {xryszt}f;lt‘:pg Lp=1 of p3 elements, hence
it is a k-basis for A. Let a = (z,y) in A. Since the relations are homogeneous in
x and y, it follows from the above that a is a nilpotent ideal in A. Furthermore
it is easy to see that A/a ~ k[z]/(zP — 0z) ~ kP (note that A lies in the field of
order p? if § = —1 # 1). We infer that rad A = a. By the above comments we
have that rad A has basis {z"y*2*}?7 17 P=1 (dimension p® — p) and rad® A has

r+s>1t
basis {wryszt}f+;f2 21 (dimension p® — 3p). The vector space rad A/ rad? A has

a basis given by the residue classes of the elements {zz* ,yzt}tzo

Consider the map ¢: k[u] — A given by ¢(u) = z. Then Ker¢ = (u? — Ju), so
that k[z]/(zP — 0z) is a subalgebra of A. This is a commutative semisimple algebra,
since the polynomial zP — §z is separable.

Note that the set of roots of zP — dz is closed under addition and that 0 is a root,
so it is an additive subgroup of order p of the field. We take A as in the definition
of the algebra. This is a non-zero root of the polynomial 2P — §z, and with this,
the set of roots is precisely

{0, 0, 2\,...,(p— 1A}
Since A~! also is a root, there is a unique integer a with 1 < a < p — 1 such that
At =a\

Next we find a set of complete orthogonal idempotents in A. We have fixed the
roots of zP —§z above. With this, we have a set of complete orthogonal idempotents
{eo,e€1,...,ep—1} of k[z]/(2P — 6z) such that

z€; = I\ - €j.
(for a formula take a variation of Remark 3.2, but we don’t need it). So A =
P~} Ae; as a left module.
The set {z"yVe; }' VP~ a k-basis for Ae; (recall that x,y commute). In partic-

u,v=0
ular ze; and ye; are both non-zero and they generate the radical of Ae;.
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We claim that ze; and ye; are eigenvectors for left multiplication with z: To see
this, we use the relations

zr=1xz—Ax and zy=yz—\"ly.

Therefore
zxe; = (xz — Ax)e; = x(ide;) — M(ze;) = (1 — 1) A\ (ze;)
and the eigenvalue is (¢ — 1)\. This implies that xe, = e;_jxe;, by the Remark 3.2.
Similarly
zye; = (yz — A 'y)es = (IX — a))ye;
and the eigenvalue is (i — a)\. So ye; = e;_qye;.

As we have found a basis for the algebra modulo its radical, and the radical mod-
ulo the radical square, we can find the quiver Q) of A. The vertices of ) correspond
to {ei}fz_ll, and we take as arrows «; = ze; and 8; = ye; starting at i. By the above,
a; ends at vertex i — 1 and 3; ends at vertex i — a, where A~ = a\. It follows from
the above that a;_(,—1) - 10, Bi—(p—1)a "+ Bi—aBi and Bi_10;;—a;_o3; are rela-
tions. It is easy to see that kQ/({a;_(p—1) - Qi—104, Bi—(p—1)a - * Bi—aBis Bim10 —
ai,aﬂi}fgol ) has dimension p?, hence

A~ kQ/<{ai—(p—l) s OG0y, 51—(1)—1)«1 o BizaBis Bic1oi — aifaﬁi}g;()l>'

Therefore A is isomorphic to the covering of the local algebra A; with weight func-
tion w of the form w(y) = ¢! and w(z) = 0= for C,, = (o). O

8. OTHER LOCAL ALGEBRAS

In this section we discuss the algebras which we cannot classify as we have done
with all the other algebras. The only class of algebras left are the algebras of type
A5. Here it is only in characteristic 2 that we can identify this algebra.

Proposition 8.1. For p = 2 the algebra of type A5 is isomorphic to the semidi-
hedral algebra of dimension 8 labelled as Alg II1.1 (d) in [9, page 298].

Proof. For p = 2 the algebra of type A5 is given as
A =k{z,y,2)/ (2% 92, [z, 9], [2, 2], [y, 2] — @, 2° + 2y).

We observe that x is central and not a generator. We substitute x = [y, 2], this is
central, and the other relations translate to

ly, 2%, y%, 2 + [y, 2]y.

Noting that char(k) = 2, the last two relations mean that in the algebra 3% = 0
and z? = yzy. With these, the first relation is equivalent to (yz)? = (zy)? in the
algebra. Moreover if y? = 0 and 22 = yzy, then it follows that [y, z] is central. We
get that

A~ k<y,Z>/<(yZ)2 - (Zy)QayQaZQ - y2y>a

and these relations imply that (zy)2?z = 0.
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The radical layers of this algebra have basis {1}, {y, 2z}, {yz, 2y}, {yzy, zyz},
{yzyz}, hence of dimensions {1,2,2,2,1} and structure of the projective is

1

Yyzyz

This algebra is isomorphic to a semidihedral algebra of dimension 8 labelled as Alg
II1.1 (d) in [9, page 298]. O

Remark. The algebra A of type A5 for p = 2 is a local algebra and not semisimple.
It is not a selfinjective Nakayama algebra, since the radical of the indecomposable
projective is generated by two elements. We don’t know if it is an enveloping
algebra of a restricted Lie algebra. It is not a non-trivial covering of any other
algebra, since it is local.

We also claim that it is not a group algebra as we argue as follows. If A is
isomorphic to a group algebra kG, then |G| = 8. The algebra is not commutative,
and the only non-abelian groups of order 8 are the dihedral group Dg and the
quaternion group Qg. If G = Dg, then kG is isomorphic to the algebra labelled
ITL.1 (c) in [9, page 294], which is not isomorhpic to A. If G = Qs, then kG is
isomorphic to the algebra labelled III.1 (e) or (e’), which again is not isomorphic
to A.

Remark. For p > 2 the algebra of type A5 is given as

AB) = k(z,y,2) /(2P 4", [z,y], [x, 2], [y, 2] — @, 2P + 2P~y — Bx).

We can see that the ideal (z,y,z) in A is the radical of A. Furthermore, A is
generated as an algebra by {y, z}, and direct computations show that

A~ Ky, 2)/{ly, 2]P, 4P, 2yzy—2y® —y 2, y22 + 22y —2zyz, 2P +(y2—2y)P ~ly—B(yz—2y)).

Let 8 # 0. Then one can show directly that the dimension of the radical quotients

are
1,2,3,...,p—Lpp,...,0,p—1,...,3,2,1.
——
p*—p+1

If A(B) ~ kG, then G is a non-abelian group of order p3. It is well-known that
up to isomorphism there are two non-abelian groups of order p*, namely Cp2 x G
and (Cp x Cp) X Cp. The theorem of Jennings determines explicitly in terms of the
group data a basis of kG for G a group, compatible with the radical series.

The group algebra of G = Cp2 x C), has the same dimensions of the radical

2
quotients as A(B). If there exists an isomorphism ¢: A(8) — kG, the element
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¥([y, z]) must be in the center. One can show using a presentation of kG that this
is not possible.

Let 8 = 0. Then the algebra A(0) has the same radical quotients as the group
algebra k((C, x Cp) x C,) and similarly the algebras are not isomorphic.

9. ECKMANN-SHAPIRO LEMMA AND Ext-ALGEBRAS

This section is devoted to studying a situation for an adjoint pair of functors
where Noetherianity of Ext-algebras can be transferred from one category to the
other via the first or the second functor in the adjunction. This is the Eckmann-
Shapiro Lemma in the setting of abelian categories.

Let C and D be two abelian categories with enough projective and enough in-
jective objects. Let F: C — D and G: D — C be a pair (F,G) of adjoint functors,
and denote the adjunction by

¢ = wC,D5 HOmD(F(O),D) — HomC(C’, G(D))

for all C in C and D in D. With this setup we are ready to formulate the transfer
of Noetherianity of Ext-algebras across the adjunction using the functor F'.

Proposition 9.1. Let (F,G) be an adjoint pair of functors as above, and assume
that F is exact and preserves projective objects.

(a) The adjunction induces a functorial isomorphism
Exth (F(C), D) ~ Exts(C, G(D))
for alli > 1 and for all C in C and D in D. We also denote this isomor-
phism by 1.

(b) For every element n in Extg'(C',C) and 6 in Ext;(C,G(D)) the following
equality holds in Exty " (F(C"), D):

YTHO) Fp) =70 ).

(c) Let n be a non-negative integer. If Ext3"(C,G(D)) is a finitely generated
right Ext(C, C)-module, then ExtZ"(F(C), D) is a finitely generated right
Exth(F(C), F(C))-module.

(d) IfExt;(C,C) is a right Noetherian ring and Ext; (C, G(F(C))) is a finitely
generated right Exty (C, C)-module, then Exty, (F(C), F(C)) is a right Noe-
therian ring.

Proof. (a) Let --- — P; — Py — C — 0 be a projective resolution of C' in C. Then
-+ = F(Py) = F(Py) — F(C) — 0 is a projective resolution of F(C') in D. Apply-
ing the functor Home(—, G(D)) to the first projective resolution and Home(—, D)
to the second projective resolution, we obtain the following commutative diagram
where all vertical maps are isomorphisms:

0 —— Hom¢(C, G(D)) — Home(Py, G(D)) — Home (P, G(D)) —— -+ -
B
0 —— Homp(F(C), D) —— Homp(F(Py), D) — Homp(F(Py),D) —— - - -

The claim follows immediately from this commutative diagram.
(b) Let n be an element in Extg'(C’, C) and 6 an element in Ext;(C, G(D)). Let

P:. 5P P, =P —=C =0
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and
P. .. P, =P, 11— —PFP—>C—=0

be projective resolutions of C” and C, respectively. Here P and Py are in degree 0.
Then n and 6 can be represented by maps P/, — C and P,, — G(D), which we also
denote by n and 0, respectively. These give rise to chain maps 77: PL; — P>o[—m]
and 0: P> — G(D)[—n], viewing G(D) as a stalk complex concentrated in degree 0.
Then the Yoneda products #n and ¢~ () F'(n) can be represented by the morphisms
O[—m]7 = On, and ¥»~1(0)F(n,), where n, is a n-th lifting of 7. We have the
following commutative diagram of complexes

Homp (F(Pso), D[—n]) ——— Home (Pso, G(D)[—n))

F(ﬁ[m])*l lﬁ[m}*

Homp (F (P o[m]), D[—n]) e Home (P [m], G(D)[—n])

Starting with ¢~1(6) in the upper left corner and taking homology, it follows that
the Yoneda products ¢ =1 (8)F(n) and 1 (6n) are equal in Ext7; " (F(C"), D).

(c) Let n be a non-negative integer. Assume that EX‘L?”(C7 G(D)) is a finitely
generated right Ext;(C, C)-module. Suppose {61,...,0:} is a set of generators of
ExtZ"(C,G(D)) as a Ext}(C, C)-module. Consider the set {/~'(61),...,%~1(6;)}
in ExtZ"(F(C), D). Then it follows immediately from (b) that this is a generating
set as a Exty, (F(C), F(C))-module.

(c) Let ¥ = F(Ext;(C,C)). Then X is a subalgebra of Exty, (F(C), F(C)). Let
U be a right ideal in Exty, (F(C), F(C)). In particular, U is a right X-submodule
of Exty,(F(C), F(C)). This corresponds to a right Ext;(C,C)-submodule U’ of
Ext;(C,GF(C)). Since Ext;(C, C) is Noetherian and Ext;(C, GF(C)) is a finitely
generated Extg (C, C)-module, the submodule U’ is a finitely generated Ext;(C, C)-
module. Then we infer that U is a finitely generated ¥-module and therefore a
finitely generated Extp, (F(C), F(C))-module, hence a finitely generated right ideal.
This shows that Exty, (F(C), F(C)) is right Noetherian. O

Next we state the dual result, where we leave the proof to the reader.

Proposition 9.2. Let (F,G) be an adjoint pair of functors as above, and assume
that G is exact and preserves injective objects.

(a) The adjunction induces a functorial isomorphism
Ext’ (F(C), D) ~ Exts(C, G(D))

for alli > 1 and for all C in C and D in D. We also denote this isomor-
phism by V.

(b) For every element n in Ext; (D, D’) and 6 in Exty, (F(C), D) the following
equality holds in Ext}' ™™ (C,G(D")):

P(n-0) = G(n) - P(0).

(¢) Let n be a non-negative integer. If EXt%n(F(C),D) is a finitely generated

left Extp (D, D)-module, then Ethn(O,G(D)) is a finitely generated left
Ext;(G(D), G(D))-module.
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(d) If Extp(D, D) is a left Noetherian ring and Exth(F(G(D)), D) is a finitely
generated left Exty, (D, D)-module, then Ext;(G(D),G(D)) is a left Noe-
therian ring.

We end this section by an application of the above.
Let v: I' = A be an algebra inclusion of finite dimensional k-algebras for a field
k. Then we have the induction functor

F=A®r—: modI' = modA
and the restriction functor
H = Homp (pAAr,—): mod A — modT,
which clearly is an adjoint pair (F, H) of functors.

Corollary 9.3. Let v: ' — A be an algebra inclusion of finite dimensional k-
algebras for a field k. Let v denote the Jacobson radical radT" of ', and assume that
Av =rad A. Moreover assume that Ar is a projective I'-module.

If Ext[ (T /t,T'/¢) is right Noetherian, then Ext} (A/rad A, A/rad A) is right Noe-
therian.

Proof. Note that F' is exact and takes projectives to projectives since Ar is projec-
tive. By assumption Ext}.(I'/t,T'/t) is a right Noetherian algebra. Using induction
on the length of a module and that Ext.(T'/t,T'/t) is right Noetherian, it follows
that Ext;(I'/v, M) is a finitely generated right Ext{(I'/¢,T'/t)-module for all finitely
generated I'-modules M.

mult

We have At = rad A, the functor F is exact and F(T') = A®@r T —— A is an
isomorphism. It follows that F(T'/t) ~ A/rad A. Then Proposition 9.1 (d) implies
that Ext} (A/rad A, A/rad A) is right Noetherian. O

10. TWISTED TENSOR PRODUCT ALGEBRAS

We recall the notion of a twisted tensor product of two algebras discussed in
[8], and the fact that a covering of an algebra can be viewed as a twisted tensor
product.

Let A and I" be two algebras over a commutative ring k. Let 7: T®r A = A®, T’
be a linear map. Define the following operation on A ®; I' by letting

A®7) - N @) =Ar(y@X)y/
for A, A in A and v,7’ in T". Denote A ®; I" with this structure by A ®, I'. If the
linear map 7 satisfies the following equalities
Q@) -7(r@AN) =7(y'7® )
T(YRN) N ®1)=71(y@AN)
Tyl =1®y
TleA) =21
for all A\, \ in A and all 4,7’ in T, then A ®, T is an associative algebra. It is called
a twisted tensor product of A and T' over the twisting .

Assume from now on that A ®, I' is a twisted tensor product over the twisting
7. Then the natural maps vp: A > A, Tand vr: I' > A®, T given by A — A®1
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and v — 1 ® ~, respectively are homomorphisms of algebras. Then A ®. I is a
(A ®, I')-T-bimodule, so that we have the induction and the restriction functors

F=A®,T® —: modI' - modA ®, T

and
G =Hompg r(A®,T,—): modA ®, T = modT

respectively. These functors are an adjoint pair, so we have functorial isomorphisms
Hompg (A ®,; ' ®@p M, N) ~ Homp(M,Hompg_ (A ®, ', N)) ~ Homp (M, pN).

The functor F' preserves projective modules. Since A @, I' is isomorphic to A ®; I’
as a right [-module, it is a projective right I'-module if and only if A is a projective
k-module. Assume that A is a projective k-module. Then F' is an exact functor
and if P — M is a projective resolution of M as a I-module, then F(P) — F(M)
is a projective resolution of F'(M) as a A ®, I'-module. Using the above adjunction
we infer that

Exths r(A®, T ®p M, N) ~ Ext}.(M, Hompg.r(A ®, ', N))
~ Exth(M,N)

We shall apply twisted tensor products to coverings of algebras. To this end we
need to recall the dual of a group algebra. Let G be a (finite) group, then

k[G]* = {Z ag€q | almost all o, are zero},
geG

where €g€j, = d4.1€4. With these preliminaries we can state one of the main results
from [8], namely [8, Theorem 5.7], taking into account the final comment in the
paper concerning the extension of that result to coverings of quivers with relations.

Theorem 10.1 ([8, Theorem 5.7]). Let kQ/I be an admissible quotient of the
path algebra kQ. Let w: Q1 — G be a weight function into a (finite) group, and
assume that I is generated by weight homogeneous elements. Then the covering

kQ(w)/I(w) is isomorphic to k[G]* @, kQ/I, where the twisting map 7: kQ/I @y,
K[G]* — K[G]* @, kQ/1 is given by T(P ® €5) = €gu(p) @ P-

For an illustration see Example 7.1.

Using the general setup with an adjoint pair of functors for a twisted tensor
product of algebras reviewed above, we apply Proposition 9.1 to coverings of quivers
with relations by a finite group.

Proposition 10.2. Let T' = kQ/I be an admissible quotient of the path algebra
kQ. Let w: Q1 — G be a weight function into a finite group, and assume that I is
generated by weight homogeneous elements. Assume that Ext.(I'/t,T'/t) is a right
Noetherian algebra. Let A = kQ(w)/I(w).
(a) Let T be the direct sum of all isomorphism classes of simple A-modules.
Then Exty (T, T) is a right Noetherian algebra.
(b) For each simple A-module S the algebra Ext} (S, S) is right Noetherian.

Proof. (a) We have that A ~ k[G]*®,T as defined above. Then we have an inclusion
of finite dimensional k-algebras v: I' — A. The right I'-module A is isomorphic to

F‘FG‘, hence is free and in particular projective. By the definition of the twisting 7,
the subset k[G]*®,tis an ideal in A and in fact a nilpotent ideal in A. Furthermore,
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since the weight of the trivial paths is the identity in G, it is straightforward to see
that

(K[G]" @ D)/ (K[G]" @7 v) = k[G]" @, T'/v = K[G]" @ T'/x,

where in the last isomorphism we use that the weight of any vertex is the identity
in G. The last algebra in the above formula is clearly semisimple. It follows that

rad A = k[G)* ®, v = (k[G]" @ T)(1 ® )

Now we can apply Corollary 9.3 to obtain (a).

(b) Let T' = @7,S;, where S; is a simple module. Let f = f; be the idempotent
in Homyg)-g, (T, T) corresponding to the direct summand S = S; of T. Then
P = fExtygpg.r(T,T) is a finitely generated projective right Extygg, (T, T)-
module. Since Exty g (7, T) is a right Noetherian algebra, it follows from [26,
Proposition 2.3 (i)] (see also [14, 10]) that

EndR(P) ~ fEXtZ[G]*(X)TF(T’ T)f ~ EXtZ[G]*@)TF(S, S)

is right Noetherian. This completes the proof of the proposition. ([l

11. COHOMOLOGY RINGS

In this final section we show that the cohomology ring of the various algebras
occurring in the classification of the finite dimensional connected Hopf algebras of
dimension p® are Noetherian, except for the algebras of type A5 for p > 2 and
B8=0.

Before reviewing the cohomology rings of the algebras in the classification we
recall the following general result on cohomology of tensor products of algebras.

Let A and T be two (finite dimensional) k-algebras for a field k. Then we can
form their tensor product A ®; I' with componentwise multiplication. Given a A-
module M and a I'-module N, their tensor product M ®j; N over k is in a natural
way a module over A ®; I'. Furthermore it is well-known that

Ext}g,r(M @ N,M @ N) ~ Ext} (M, M)®}, Extr.(N, N),

where ®; denotes the usual tensor product with the product of homogeneous el-
ements of degrees d; and d is twisted by (—1)%92 (that is, odd degree elements
anti-commute). In particular, if A and I" are augmented k-algebras, then k is in a
natural way a A-module and a I'-module, so that we can consider the cohomology
rings Ext} (k, k) and Extp(k, k). Then it follows from the above that

(2) Ext}g, r(k, k) = Ext} (k, k)@, Ext}(k, k).

When £ is a field of characteristic p, then kC), ~ k[z]/(zP). Hence it is of interest
to discuss the cohomology ring of algebras of the form k[z]/(z™) for n > 2. When
A, = E[x]/(x™) for n > 2, then we have (see [5, Lemma 5.2])

k[y], when n = 2,

®) Pt (R, ) = {k[y,z]/<y2>7 when n > 2

where the degree of y is 1 and the degree of z is 2.
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11.1. Semisimple algebras. Let H be a semisimple Hopf algebra. Since the
global dimension of a semisimple algebra is zero, it is well-known that cohomol-
ogy algebra of H is isomorphic to k. This gives the cohomology ring of the only
semisimple algebra in the classification, namely the case C1. The cohomology ring
is clearly Noetherian.

11.2. Group algebras. The algebras of type A3 = C4, C7, C9 and C10 are
elementary abelian groups, (C))” for some r > 1. For a field k of characteristic p
and k(C))" it is known that

(4) H*((Cp)’f7 k) = EXtZ(Cp)”'(k7 k) = /\(xlvaa CI 7xr) ®k k[y17y27 cee 7yr]

where the degree of x; is 1 and the degree of y; is 2. Hence this describes the
cohomology rings of the above mentioned algebras.

The algebras of type A2 = C2 and C8 are group algebras of cyclic groups
of order p3 and p?, respectively. Since the field k£ has characteristic p they are
isomorphic to k[z]/(z?") and k[z]/(z?"). The structure of the cohomology ring of
these algebras are then described by (3).

For the algebra of type A4 = C3 we have to use both (2) and (3) to describe
the cohomology ring.

In all cases the cohomology ring of the algebra is Noetherian.

11.3. Selfinjective Nakayama algebras. Let A, ; = k&n_l/,]t for a field &,
which is a selfinjective algebra with n indecomposable projective modules of length
t. The Ext-algebra of a simple module over Ay ; is described in (3). So we assume
that n > 1.

Lemma 11.1. Let S be a simple module over Ay, ¢, andt = gn+r for ¢ > 0 and
0 <r <n withn > 1. Define l; to be the order of the subgroup (r + Zn) of Zy,
and define ls > 0 smallest possible such that lor +1 = 0modn, if such an ly exists.
Then the Ext-algebra of S is given as

klx], if la doesn’t exist,
klz, yl/y?), if 1o exists,

where x has degree 211 and y has degree 2l + 1.

Exty, (S,5) ~ {

Proof. Each indecomposable module over A, ; can be identitified with the radical
series, for instance, the projective associated to vertex 1 is

(1,2,...,n,1,2,...0n,..., 1,2, ... n, 1,2, ...,r),

q

where 1 symbolize the simple module associated to vertex 1, and so on. It is easy
to see that the top of the 2i-th syzygy is Ir + 1 and the top of the (20 + 1)-th syzygy
is Ir + 2. These numbers are always taken module n, where we choose {1,2,...,n}
as representatives for the different equivalence classes. The smallest [ > 1 such that
Ir+1 = 1modn is the order of the subgroup (r + Zn) of Z,, that is, the top of the
2[-th syzygy is 1. This means that Ext?\lii(S, S) ~ k for all r > 1. If there exists a
smallest [ such that lsr 4+ 2 = 1 modn, that is, the top of the (21 + 1)-th syzygy
is 1. This means that Extigzjllr)ﬂ(s, S) ~ k for all » > 1. Direct computations
show that the structure of the Ext-algebra of the simple module is as claimed. O
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Using this we find that the cohomology ring of the algebra of type B2 is k[x]
with the degree of x equal to 2p, of the algebra of type C12 is k[x] with the degree
of z equal to 2, of the algebra of type C13 is p copies of k[z] with the degree of x
equal to 2 and of the algebra of type C14 is k[z] ® (M, (k))?~! with the degree of
x equal to 2.

In all cases the cohomology ring of the algebra is Noetherian.

11.4. Enveloping algebras of restricted Lie algebras. The enveloping algebras
of restricted Lie algebras are finite dimensional cocommutative Hopf algebras, and
for such algebras the cohomology ring is finitely generated by [11, Theorem 1.1].
This shows that the cohomology rings of the algebras of type C5, C6 and C15 are
Noetherian.

11.5. Coverings of local algebras. Let k be a field of characteristic p. Let

A=Ky, 2) /(4P gz — 2y, 2%) and Mg = k(y, 2)/ (P, yz — 2y — y*, 2F).
The algebra A; is isomorphic to k[y]/(y?) @y k[z]/(zP) ~ k(C, x C,), so that using
(3) and (2) or (4) one can describe the structure of the cohomology ring of this
algebra and it is a Noetherian algebra.

For p = 2 the algebra Ay is given by Ay = k(y, 2)/(y?, yz — 2y, %), which is a
Koszul algebra. Then Ext}, (k, k) ~ k(y,z)/(yz + zy), which is Noetherian. For
p > 2 the cohomology ring of A is shown to be Noetherian in [23, Section 4] (see
also [24]).

The algebras H of type B1 = C11 and type C16 are coverings of the algebra
A7 and the algebras of type B3 are coverings of As. Then by Proposition 10.2 (b)
it follows that cohomology ring S = Extj;(k, k) of H is right Noetherian. Since S
is graded commutative, it follows that S is Noetherian.

11.6. Other local algebras. The cohomology ring of the algebra of type A5 is
to our knowledge unknown in general. When p = 2, it is a semidihedral algebra
of dimension 8. This algebra is the smallest algebra in a family which contains
group algebras of semidihedral 2-groups. The cohomology of semidihedral 2-groups
is known and a presentation can be found in [27]. The cohomology of the algebra
of type A5 for p = 2 is closely related. With lengthy calculations we can show that
A5 for p > 2 and 8 # 0 also has finitely generated cohomology, we will not include
the details.

11.7. Conclusion. Our investigations show that there is only one case where we
do not know that the cohomology ring is Noetherian, namely the algebras of type
A5 for p>2and §=0.
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