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ABSTRACT. We study conditions that ensure uniqueness theorems of Cuntz—Krieger
type for relative Cuntz—Pimsner algebras O(J, X) associated to a C*-correspondence
X over a C*-algebra A. We give general sufficient conditions phrased in terms of
a multivalued map X acting on the spectrum A of A. When X(J) is of Type I
we construct a directed graph dual to X and prove a uniqueness theorem using
this graph. When X (J) is liminal, we show that topological freeness of this graph
is equivalent to the uniqueness property for O(J, X), as well as to an algebraic
condition which we call J-acyclicity of X.

As an application we improve the Fowler—Raeburn uniqueness theorem for the
Toeplitz algebra Tx. We give new simplicity criteria for Ox. We generalize and
enhance uniqueness results for relative quiver C*-algebras of Muhly and Tomforde.
We also discuss applications to crossed products by endomorphisms.

1. INTRODUCTION

The condition, known as topological freeness, was probably first formulated in [47],
in the context of crossed products of Z-actions (see [2, pp. 225, 226| or [31] for more
history of this notion). It implies that any faithful covariant representation of the
system generates an isomorphic copy of the crossed product. A similar uniqueness
property for Cuntz— Krieger algebras was identified in [9]. Since then, uniqueness re-
sults concerning various generalizations of Cuntz—Krieger algebras are typically called
Cuntz—Krieger uniqueness theorems. This concerns, for instance, graph C*-algebras
[52]; Exel-Laca algebras [13], Matsumoto algebras [41], [42], ultragraph algebras [56],
[20], C*-algebras of labelled graphs [3], C*-algebras of topological graphs [26], quiv-
ers C*-algebras [45], Exel’s crossed products [15], [14], [7], [4], crossed products by
endomorphisms [37], [32], [33], and numerous semigroup generalizations of these con-
structions. Importantly, Katsura’s uniqueness theorem [26] unified the combinatorial
condition for graphs, called condition (L), and topological freeness for a homeomor-
phism.

Nowadays a standard model for all of the above mentioned constructions is a
Cuntz—Pimsner algebra, introduced by Pimsner [51] and further developed by Kat-
sura [25, 28]. A Cuntz—Pimsner algebra is a universal C*-algebra Ox associated to
a C*-correspondence X over a C*-algebra A. It is thus desirable to have uniqueness
theorems for general Cuntz-Pimsner algebras Ox, and some partial results in this
direction have been obtained. For instance, when X is a Hilbert bimodule, then Ox
coincides with the crossed product A x x Z introduced in [I], and X induces a partial

homeomorphism X on the spectrum A. The second named author proved in [31] that
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topologically freeness of X implies the uniqueness property for A xx Z. By [38] the
converse implication holds when A contains an essential ideal which is separable or
of Type 1. The result of [31] was adapted in [39] to C*-correspondences whose left
action is injective and by compacts. The authors of [39] introduced a multivalued
map X dual to a regular C*-correspondence X and proved a uniqueness theorem for
(the semigroup version of ) Ox under the condition they called topological aperiodicity.
This condition seems to be well-suited for Hilbert bimodules and C*-correspondences
associated to transfer operators (cf. Example below). However, already for C*-
correspondences coming from graphs it is too strong as the multivalued map X does
not capture multiplicities of edges. The original motivation behind the present paper
was the need of developing a theory that does not have this deficiency.

In the present article we consider general C*-correspondences and prove uniqueness
theorems for relative Cuntz—Pimsner algebras O(J, X ) where J is an ideal contained in
Katsura’s ideal Jy. These relative Cuntz—Pimsner algebras O(J, X)) were introduced
by Muhly and Solel in [43]. They contain as extreme cases the Cuntz—Pimsner algebra
Ox, for J = Jx, and the Toeplitz algebra Tx, when J = {0}. This allows us to cover
another line of uniqueness theorems inspired by Coburn’s theorem [8]. The latter
type of results, proved for various generalized Toeplitz algebras, play a fundamental
role in the theory of C*-algebras associated to semigroups and semigroup actions [46],
[17], [18], [19], [35], [36]. An important contribution in this line of research is Fowler—
Raeburn’s version of the Coburn theorem [I8, Theorem 2.1] proved for the Teoplitz
algebra Ty. As the authors of [18] show the geometric condition they introduce is
necessary and sufficient for the uniqueness property of Ty when the left action of A
on X is by generalized compacts. In general, it is only sufficient. Thus, for instance,
in order to deduce simplicity of the Cuntz algebra O, one needs a stronger result. As
an upshot of our uniqueness theorem we get an improvement of the Fowler—-Raeburn
theorem. Namely, we show that a representation of X generates a copy of the Toeplitz
algebra Ty if and only if its ideal of covariance is {0}.

Our uniqueness theorem (Theorem [7.3)) consists in fact of two statements. Firstly,
we extend the construction of dual multivalued maps from [39] to arbitrary C*-corre-
spondences X. We show that a pair (X,.J) has the uniqueness property (Defini-
tion whenever the dual multivalued map X satisfies on J a weaker form of
the condition introduced in [39]. We call this condition weak topological aperiod-
icity (Definition [3.9)). It works better than topological aperiodicity, for instance, with
C*-correspondences coming from endomorphisms (cf. Example . It can be used
to characterise simplicity of Ox when the left action is not injective (Proposition .
Moreover, when J = {0} this condition is void and hence the pair (X, {0}) always has
the uniqueness property. This gives the aforementioned improvement of the Fowler—
Raeburn theorem (see Theorem [9.1)).

Secondly, in order to get sharper results we adjust the construction of the dual
multivalued map. We take into account multiplicitigs of the corresponding subrep-
resentations and construct a directed graph Ex = (A, EY,r, s) dual to X. This can
be done whenever the multiplicity theory is available, so for instance in the Type
I case. Moreover, in order to detect the uniqueness property it suffices to consider
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the restriction of X to the ideal K = J + X (J) where X (J) is the ideal generated
by (X, JX)4. Therefore we assume that X(J) is of Type I. Then K is of Type I
and we may consider the graph Exxx = (K, Eky .7, s) dual to the restricted C'*-
correspondence K X K. It seems that in this generality Katsura’s condition needs a
slight strengthening. Therefore we introduce a notion of strong topological freeness
(Definition [3.3). If X(J) is liminal (so for instance, when it is commutative), then
strong topological freeness is equivalent to Katsura’s topological freeness (Proposi-
tion . We prove that if Exxx is strongly topologically free, then (X, .J) has the
uniqueness property (Theorem (A2)).

We get the nicest results in the case when X (J) is liminal. Then we are able to
show that topological freeness is necessary for the uniqueness property for O(J, X),
and in addition we characterise it using an algebraic condition that we call J-acyclicity
(Definition . This condition was identified in a purely algebraic setting in [6]. In
particular, by Theorem we have:

Theorem 1.1. Let X be a C*-correspondence over A and let J be an ideal in Jx. If
the ideal X (J) is liminal then the following conditions are equivalent:

(1) for every injective representation (1o, Y1) of X whose ideal of covariance is J
the map g ;1 : O(J, X) — C*(¢o(A) U 1 (A)) is an isomorphism;

(2) X is J-acyclic, i.e. there are no non-zero positively invariant ideals I in J
such that (IX)®" = I for some n > 0;

(3) the corresponding dual graph is topologically free on j, i.e. the set of base
points of cycles that have no entrances and whose base points are contained in
J has empty interior.

Our results have strong potential for numerous applications, including description
of ideal lattice, cf. [29], [30], or pure infiniteness criteria for O(X, J), cf. [38]. A thor-
ough discussion of such applications is beyond the scope of the present paper. As an
illustration we discuss here simplicity criteria for Oy (Subsection . We also gener-
alize and improve uniqueness results for relative quiver C*-algebras (Subsection
and crossed products by endomorphisms (Subsection .

The paper is organized as follows. In Section [2] we present the terminology and
some well known facts that will be used along the paper. In Section [3] we discuss
and establish relationships between various non-triviality conditions for multivalued
maps and directed graphs. Section [4] presents the construction and properties of the
multivalued map dual to a C*-correspondence X. In Section |5 we construct graphs
dual to C*-correspondences and prove certain technical statements that we need in
the proof of our main result. In Section [6] we discuss some general characterizations
and criteria for the uniqueness property for the pair (X, .J). Section [7| contains the
proof of our general uniqueness theorem. In Section [§| we introduce J-acyclicity of X
and examine necessity of this condition and topological freeness for the uniqueness
property. Finally, in Section [9] we discuss applications of our results to Tx, simplicity
of Ox, relative quiver C*-algebras and crossed products by endomorphisms.
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the project “Operator algebras and single operators via dynamical properties of dual
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2. PRELIMINARIES

In this section, we fix terminology and recall some known facts, that we need in
the sequel. We stress that for actions v: A x B — C' such as multiplications, inner
products, etc., we use the notation: v(A, B) = span{vy(a,b) : a € A,b e B}.

2.1. Multivalued maps. We adopt the same conventions concerning multivalued
maps as in [39]. Thus a multivalued mapping from a set V to a set W is by definition a
mapping from V to 2" (the family of all subsets of W). We denote such a multivalued
mapping by f: V — W. Also, we identify the usual (single-valued) mappings with
multivalued mappings taking values in singletons. We define the image of V' < V
under f by f(V') := e f(2). The range of fis f(V'). We say that f is surjective
if f(V)=W. We define the preimage of W’ < W to be the set f~*(W'):={veV:
f(v) " W’ % &}, In particular, we call f~Y(WW) ={veV : f(v) # &} the domain of
f. If V and W are topological spaces, we say that a multivalued map f:V — W is
continuous if f~1(U) is open for every open subset U of W.

The composition of two multivalued maps f : V. — W and g : W — Z is the
multivalued map go f : V' — Z given by (g o f)(2) := U,c() 9(y). The class of sets
and multivalued maps with the above composition form a category (the composition
is associative and identity maps are identity morphisms). A multivalued map is
invertible in this category if and only if it is a bijective single valued map.

Given V' < V we define the restriction fy/: V' — W of f:V — W in the obvious
way. If W < W we define y. f : V' — W' by the formula y f(v) = f(v) n W', ve V.
We also define - fyr : V' — W' by w fy:(v) := w f(v), for ve V'

2.2. C*-correspondences and Hilbert bimodules. We adopt standard notations
and definitions of objects related to Hilbert C*-modules, cf. [40] and [53]. Thus given
right Hilbert modules X and Y over a C*-algebra A we denote by £(X,Y") the space of
adjointable operators from X to Y. Given z € X and y € Y we define ©,,, € L(X,Y)
by ©,..(2) := y{z, 2)a, for z € X. The elements of L(X,Y) :=span{©,,:zv€ X,y e
Y} are called generalized compact operators. In particular, £(X) = L(X,X) is a
C*-algebra and IC(X) := K(X, X) is an essential ideal of £(X).

If I is an ideal of A (which will always be closed and two-sided) then X7 := {za :
r € X,a € I} is both a Hilbert A-submodule of X and a Hilbert /-module [29,
Proposition 1.3]. In particular, we can treat (X ) as an ideal of IC(X).

A representation of a Hilbert A-module X on a C*-algebra C'is a pair 1 = (g, ¢1)
consisting of a *-homomorphism ¢y : A — C and a linear map ¢ : X — C such that

Y1(z)o(a) = Pi(z - a), Vi(x)*P1(y) = Yoz, y)a), a€ A veX.
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If C = B(H), where H is a Hilbert space, we say that ¢ is a representation on H.
Any representation 1) of X induces a representation () : K(X) — C where

(1) ’l/}(l)(@x,y) = (2)1(y)* for all z,y € X.

Given C*-algebras A and B, a C*-correspondence from A to B, written X : A — B,
is a right Hilbert B-module X together with a *-homomorphism ¢x : A — L(X) called
left action of A on X. We will write a - x := ¢x(a)(z) for a € A and x € X. In case
that A = B we say that X is a C*-correspondence over A.

Let A and B be C*-algebras. A Hilbert A-B-bimodule M is both a right Hilbert
B-module and a left Hilbert A-module such that the respective A- and B-valued inner
products, (-, and {-,-)p satisfy 4(x,y)z = x{y, z)p, for every z,y,z € M. Then
M is a C*-correspondence from A to B, cf. [25, Section 3.3], [30, Proposition 1.11].
An equivalence A-B-bimodule is a Hilbert A-B-bimodule which is full on the left and
right, that is 4(M, M) = A and (M, M) = B. If such a bimodule exists we say that
A and B are Morita(-Rieffel) equivalent. We write A ~; B when we want to indicate
that M is an equivalence A-B-bimodule. Given an A-B-bimodule M, we denote by
M* the B-A-bimodule obtained from M by exchanging the roles of left and right
actions (M and M* are anti-isomorphic as linear spaces).

Given C*-algebras A, B, C', and C*-correspondences X : A > BandY : B — C,
we define a C*-correspondence X ®g Y : A — C' in the following way. Let X ®Y
denote the quotient of the algebraic tensor product of X and Y by the subspace
generated by zb®y —x ® (b-y) for x € X, y € Y and b € B. There is a C-valued
inner product on X ®Y determined by the formula

(&1 ® 1,2 ® Yo)c 1= (Y1, Py ({Z1, T2)B)Y2)C,

for 1,29 € X and y1,y2 € Y. The (inner) tensor product of X and Y, denoted
by X ®g Y, is the completion of X ®Y with respect to the norm coming from the
C-valued inner product defined above. Then X ®p Y is a C*-correspondence from A
to C' with left action given by ¢xg,y := ¢x ® 1y where 1y is the identity map on Y.
In order to lighten the notation, we will often write X ® Y instead of X ®p Y.

If M is an equivalence A-B-bimodule then we have C*-correspondence isomor-
phisms my : M ®p M* — A and mp : M* ®4 M — B given by 2* ® y — {(x,y)p
and z®y* — a{z,y), where we treat A and B as trivial C*-correspondences with the
structure inherited from C*-algebraic operations.

The correspondences X and Y over A and B respectively are Morita equivalent,
see |44, Definition 2.1], if there is an equivalence A-B-bimodule M and an A-B-
correspondence isomorphism W from M ®p Y onto X ®4 M. This is equivalent to
saying that there is an equivalence A-B-bimodule M such that we have a correspon-
dence isomorphism M ®p QY ®p M* =~ X. If this holds we write X ~,; Y.

2.3. Cuntz—Pimsner algebras. Let us fix a C*-correspondence X over a C*-algebra
A. For each n = 0,1,2,... we denote by X®" the C*-correspondence given by the
n-fold tensor product X ® --- ® X (X®° := A). Relative Cuntz—Pimsner algebras
[43], could be viewed as crossed products associated to the product system {X®"},
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or as C*-algebras associated to the ideal {K(X®" X®™)} .y in a right tensor C*-
precategory {L(X®", X®)}, en, see [30]. We define them in terms of universal
representations [16].

Definition 2.1. A representation of a C*-correspondence X over a C*-algebra A is a
representation 1) = (vg, ¢ ) of the Hilbert A-module such that ¥ (a-x) = y(a)i (),
a€ A, x € X. The C*-algebra generated by ¢(A) U 11 (X) is denoted by C*(¢).

Let 1 = (1o, 1) be a representation of a C*-correspondence X on a C*-algebra B.
Then 1, is automatically contractive map. If ¢ is injective, then ), is isometric and
we say that ¢ is injective. For each n > 0 there is a unique representation (g, 1) of
X®" where

Un(1 @22 @+ @ x) 1= Y1 (z1)¥1(22) . .. (@)

for all 21,...,2, € X. Thus we also have a representation ™ : IC(X®") — B of the
C*-algebra KC(X®"), cf. . If 4 is injective, then (™ is also injective. If 9 is a
representation on a Hilbert space H, then the above maps ™ extend uniquely to
representations (™ : L(X®") — B(H) such that ¢ (T)|, xenym: = 0. In the
sequel we will need the following;:

Lemma 2.2 (Lemma 2.5 in [I8]). Suppose X is a C*-correspondence over a C*-
algebra A and that ¢ = (g, 1) is a representation of X on a Hilbert space H. For
eachn > 0, let K,, := Y™ (K(X®")) and let P, be the orthogonal projection of H onto
KoH =, (X®)H. Then P, = P, > ..., P, € (K,,)', and for x € X®* and k > 0 we
have

(2) V(2) Py = Pyri(z).
One associates to X the following two ideals in A:
J(X) = ¢ (K(X)) and  Jx 1= J(X) n (ker gx).
Their significance is indicated in the following lemma.

Lemma 2.3. Let X and Y be two C*-correspondences over A.
(i) If T e K(YJ(X)), then T® 1x € (Y ® X).
(ii) If T € K(Y (ker ¢x)*), then |T| = |T ® 1x||.
Proof. See for instance [40), Proposition 4.7] and [30, Lemma 1.9 i)]. O

Definition 2.4. Let X be a C*-correspondence over a C*-algebra A and let J be an
ideal in J(X). We say that a representation ¢ of X is J-covariant if

J < Iy = f{ae J(X) : g(a) = W (dx(a))}.
We call I, the ideal of covariance for ¢ (it is an ideal in J(X)). We denote by
J = (ja,Jx) the universal J-covariant representation of X, and we call the C*-algebra
O(J, X) := C*(ja, jx) the relative Cuntz—Pimsner algebra determined by J. In par-
ticular, if ¢ is a J-covariant representation of X the maps

jala) — to(a), Jx () — Y1 (x), aceA reX

define an epimorphism ¢ x; X : O(J, X)) — C*(¢). The (unrelative) Cuntz—Pimsner
is OX = O(Jx, X)
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Remark 2.5. The universal representation (ja, jx) is injective if and only if J < Jy,
see [43], Proposition 2.21] and 28, Proposition 3.3], or [30, Corollary 4.15]. Moreover,
by passing to a quotient C*-correspondence one may reduce the general case to the
case when J € Jx, see [37] or [30, Theorem 6.23].

The C*-algebra O(J, X) is equipped with the gauge circle action v : T — Aut(O(J, X))
determined by 7.(ja(a)) = ja(a) and v, (jx(x)) = zjx(z), fora e A,z € X and z € T.
We say that an ideal in O(J, X) is gauge invariant if it is invariant with respect to
this action.

We recall that an image and preimage of an ideal I in A with respect to the C*-
correspondence X are defined as follows:

X(I) = (X, ox(1)X)a =span{(z,a-ypa:ael, z,y e X},
X :={acA:{x,a-y)pelforall z,ye X}.

Both X (7) and X~!(I) are ideals in A, cf. [29]. If X (I) < I, then the ideal I is said
to be positively X -invariant, [29, Definition 4.8].

Given a positively X-invariant ideal I of A, the quotient space X /X is naturally
equipped with the structure of a C*-correspondence over A/I. For any positively
X-invariant ideal I we put

J(I):={aeA:px/xi(a+1)e K(X/XI),aX '(I) S I}.

A T-pair of X is a pair (I,1") of ideals I, I’ of A such that I is positively X-invariant
and I < I' € J(I) |29, Definition 5.6]. Given an ideal J of Jxy we have a bijective
correspondence between the gauge invariant ideals of the relative Cuntz—Pimsner
algebra O(J, X) and the T-pairs (I,I’) of X satisfying J < I’, see [29, Proposition
11.9].

2.4. Induced and irreducible representations. Let A be a C*-algebra. If 7 is
a representation of A we will usually denote the underlying Hilbert space by H,, so
that we have 7 : A — B(H,). Given a representation m of A we denote by [rn] the
class of representations of A that are unitary equivalent to 7. We denote by Irr(A)
the /C\lass of all non-zero irreducible representations of A. The spectrum of A is the
set A of unitary equivalence classes of representations from Irr(A), equipped with the
standard Jacobson topology.

Let B < A be asub-C*-algebra of A, and let m and p be representations of B and A,
respectively. Then p is an extension of 7, denoted by 7 < p, if H is a subspace of H,,
and 7(b)h = p(b)h for every b € B and h € H,. Given a representation 7 of B there
exists a (not necessarily unique) representation p of A with 7 < p (see for example
[10, Proposition 2.10.2]). Moreover, if 7 is irreducible, then p can be chosen to be
irreducible. If I is an ideal of A, then the map [7] — [7]|;] defines a homeomorphism
between {[7] : m € Irr(A), m(I) # 0} and T (see for example [10, Proposition 3.2.1]).
We will use this map to identify I with the open subset {[] : 7 € Irr(A), 7 (I) # 0}
of A.

Let X be a right Hilbert A-module and let 7 : A — B(H,) be a representation. We
may view X as a C*-correspondence from £(X) to A, and H, as a C*-correspondence
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from A to C. The corresponding tensor product, which we denote by X ®, H, is a
C*-correspondence from £(X) to C. In other words, X ®, H, is a Hilbert space and
we have the representation

X-Ind(m) : L(X) — B(X ®; Hy) where X -Ind(7)(a)(x ®; h) = (ax) ®; h,
for every a € L(X) and * ®, h € X ®, H,. This defines the inducing functor

X-Ind = X IndﬁX cf. [53]. Since X is an equivalence K(X)-(X, X )-bimodule [53),
Proposition 3. 8, the e map [7] — [X -Ind(m)] restricts to a homeomorphism [X -Ind]

from <X X)) onto IC( ) (see for example [53, Corollary 3. 33]). Since we identify
<X X), and IC( ) with open subsets of A and E( ) respectively, we may view this

map as a partial homeomorphism from A to L(X).

Definition 2.6. Let X be a right Hilbert A-module. The map dual to X is the partial
homeomorphism [X -Ind] : A — L£(X) constructed above.

Let X* be the Hilbert K(X)-module adjoint to X (see for example [53, page
49]). Then X* is naturally an equivalence (X, X )4-K(X)-bimodule, defining a partial
homeomorphism [X*-Ind] : £(X) — A with domain K(X) and range (X, X),, such

that the restriction )[X -Ind] XX, 18 the inverse of 5 %, [X Ind] (cf [53,

Theorem 3.29]. We therefore often write [ X -Ind]~* for [X*-Ind].

Lemma 2.7. Suppose that 1 = (o,v1) is a representation of a C*-correspondence
X over A on a Hilbert space H. Let m < vy be a representation of A. The map
1 (x)h —  ®; h extends to a unitary U : Yy (X)H, — X ®, H, such that

STy xym, = UH(X -Ind(x)(T))U, T € L(X).

In particular, L(X) 3T — W(TNM(X)HW; is a representation which is equivalent to
X -Ind(7).

Proof. This is straightforward, see for instance [31, Lemma 1.3] or [39, Lemma 4.10].
U

3. NON-TRIVIALITY CONDITIONS FOR MULTIVALUED MAPS AND DIRECTED
GRAPHS.

The aim of the present section is to clarify relationships between various nontrivial-
ity conditions for multivalued maps and graphs. The notion of topological aperiodicity
was introduced in the context of semigroups of multivalued maps in |39, Definition
5.3]. We recall the corresponding condition for a single multivalued map, see [39,
Proposition 5.5.iii)].

Definition 3.1. We say that a multivalued map f : V — V defined on a topological
space is topologically aperiodic if for every n > 0 the set {v € V : v € f™(v)} has empty
interior in V' (here f™ stands for n-times composition of the multivalued map f).

Multivalued maps can be viewed as directed graphs without multiple edges. More
specifically, by a graph from V to W we mean a triple E = (E',s,7) where E! is
a set, whose elements are called edges, and s : E' — V and r : E' — W are
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maps, indicating a source and a range of an edge. Sets s(E') and r(E') are called,
respectively, the domain and the range of the graph FE. We define a multiplicity of
a pair of vertices (w,v) € W x V to be the cardinality m[ , of the set {e € E' :
r(e) = w,s(e) = v} = rH(w) ns7H(v). We say that £ = (E1 s,7) has no multiple
edges if every (w,v) € W x V has multiplicity at most one. We say that two graphs
E = (EYr s)and F = (F',7',s") from V to W are equz’valent written £ ~ F, if there
is a bijection ® : B — F! such that s o ® = s and 1’ o ® = r. Clearly, two graphs
are equivalent if and only if the corresponding multiplicities coincide: mZ = mf
for all (w,v) € W x V. In other words, up to equivalence, a directed graph is glven
by a matrix {my ,}eev,wew Of cardinal numbers. Obviously, given any such matrix
M = {myu}vevwew there is a graph Ey = (E',r,s) whose multiplicities coincide
with M.

Now, if f: V — W is a multivalued map then we may associate to it a directed
graph Ey := ({(w,v) e W x V 1w e f(v)},r,s) where r(w,v) := w and s(w,v) := v.
Clearly, E; has no multiple edges and f(v) = r(s7(v)). Conversely, for every directed
graph £ = (E',r,s) from V to W the formula f¥(v) := r(s7!(v)), v € V, defines a
multivalued map f¥ : V — W. We have E ~ Eye if and only if £ has no multiple
edges.

In case V = W, we will usually write E° =V = W and E = (E°, E',s,r), and
call E a self-graph, a directed graph, or a graph with vertex set E°. In this case, for
n = 2,3, ..., we define the space E" of paths with length n by

E":={(en,...,e0,e1) € B' x ..E' x E' : r(e},) = s(epy1) for all 0 < k < n},

Then (EY, E™ 1", s") where r"(e,, ..., e, e1) := r(e,) and s"(e,,. .., ez, 6e1) = s(e1),
is a directed graph. We define the space E* of infinite paths and the map r®
E® — E° in an obvious way. Let e = (ep,...,e9,¢1) € E™ be a finite path. We

call the vertices s(e;) and r(ex), k = 1,...,n, the base points of e. We say, after |26,
Definition 5.5|, that the path e non-returning if ey # ey for every k = 2,...n. A
path e = (e,,...,e9,61) € E™ is a cycle if r(e,) = s(e1). If e = (ep,...,€1) is a cycle,
we say that e has no entrances if r=(r(ex)) = {ex} for every k = 1,...,n. For any
subsets V, W < E° we define the restricted graph w Ey to be the graph from V to W
with the set of edges wEY, := {ee€ E' : s(e) € V and r(e) e W} = s~ H(V) nr~ (W),
and source and range maps being s|y and r|y. The following definition is an obvious
generalization of [26, Definition 5.4|, cf. [27, Proposition 6.12].

Definition 3.2. Let £ = (E°, E',r, s) be a directed graph whose set of vertices E°
is a topological space. We say that E is topologically free if for every n > 0 the set of
base points of cycles of length n which have no entrances has empty interior. More
generally, let U be an open subset of E°. We say that E is topologically free on U if
for every n > 0 the set of base points of cycles in (yEy)™ which have no entrances in
the initial graph £ has empty interior.

In the proof of uniqueness theorem we will use a slightly stronger version of the
above condition. We say that the set V' has a past in the restricted graph yFEy if
r~™(V) < (yvEy)" for every n = 0.
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Definition 3.3. Let £ = (E° E',r,s) be a directed graph where E° is a topological
space. Let U be an open subset of £°. We say that E is strongly topologically free
on U if for every non-empty open set V' < r*(E®) that has a past in yEy, and for
every n > 0 there is a non-returning path e € r=™ (V') with m > n. We say that E is
strongly topologically free if it is strongly topologically free on U = E°.

Example 3.4. Consider a multivalued map f : V' — V where V' = {vg, v1} is equipped
with the topology 7 = {&, V, {vo}}, and f(v1) = V and f(vy) = &. The corresponding
graph E; is topologically free because {v;} has empty interior, but E is not strongly
topologically free because every path of length n > 2 that ends in {vg} is returning.

Fortunately, the two notions of topological freeness coincide for continuous graphs:

Definition 3.5. We say that a graph E is continuous if the set of vertices E° is a
topological space and the associated multivalued map ros=! : E° — E° is continuous,
that is for every open set V < E° the set E~1(V) := s(r~'(V)) is open in E°.

Note that if E is continuous then for every n > 0 the graph (E° E™, 7" s") is
continuous. Topological graphs considered by Katsura [26] and the graphs underlying
topological quivers [45] are continuous.

Lemma 3.6. Let E = (E°, E',r,s) be a directed graph such that E° is a topological
space. Let U be an open subset of E°. Consider the following conditions:

(i) E is strongly topologically free on U;

(ii) E is topologically free on U.
Then (i)=(ii). If yEy is continuoud, then (i)« (ii).

Proof. (i)=(ii). Suppose FE is not topologically free on U. Then there are n > 0 and a
non-empty open set V' consisting of base points of cycles in (y Ey;)™ without entrances
in E. Clearly, V < r*(E®) has a past in y Fy and every e € r~™(V) with m > n + 1
is returning.

(ii)=(i). Assume, for contradiction, that there are n > 0 and a non-empty open set
V < r®(E®) such that every path in E that ends in V' is a path in yEy;, and every
path e € r=™(V') with m > n is returning (necessarily in yFy;). By the proof of [26,
Lemma 5.9] we get that for every (e,,...,e1) € r=™"(V), there is ky with 2 < kg < n
such that (eg,, ..., e1) is a cycle without entrances in 7 Ey; (and hence also necessarily
in F). Thus, using continuity of ;Ey;, we see that s"(r~"(V')) is a non-empty open
set that consists of base points of cycles in ; Ey;, of length (n—1)!, without entrances
in F. 0

Both version of topological freeness of E on U depend only on the restriction of F
to the union of U with E~Y(U) = s(r~}(U)):

Lemma 3.7. Let E = (E°,E',r,s) be a directed graph where E° is a topological
space. Let U < E° be an open set. The graph E is (strongly) topologically free on U
if and only if its restriction to U u E~Y(U) is (strongly) topologically free on U.

"n fact it suffices to assume that vFEy is “quasi-continuous” in the sense that for every open
Vcu,if UEl}l(V) = s(r~%(V)) is non-empty, then it has a non-empty interior.
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Proof. For topological freeness it suffices to note that a cycle in (y Ey)™ has an entrance
in F if and only if it has an entrance in g g1 )Evog-1v). For strong topological
freeness note that a set V' < U has the past in yEy treated as a restriction of E if
and only if it has the past in By treated as the restriction of g1y Eyog-1@y. U

Now we explain the relationship between topological freeness for graphs and topo-
logical aperiodicity for multivalued maps. In addition we will introduce yet another
condition for multivalued maps which will also be useful.

Lemma 3.8. Let E = (E°, E',r,s) be a directed graph such that E° is a topological
space. Let U be an open subset of E°. Consider the following conditions:

(i) the restricted multivalued map y(r o s~y is topologically aperiodic;

(ii) for every non-empty open set V< r*((yEy)*) and everyn > 0 there isv e V
such that for every path (e, ...,e1) € r~™"(v) N (yEy)"™ we have v = r(e,) #
s(ex) for every k =1,...,n;

(iii) for every non-empty open set V. < r®(E™) that has the past in yEy, and
every n > 0 there is a path (e, ...,e1) € (V) such that r(e,) # s(ex) for
every k =1,...,n;

(iv) E is topologically free on U.

Then (i)< (ii)= (iii)= (iv). If r : yE* — U is injective, then (iv)=(i). If s : yEj; —
U is injective, then (iv)=>(1ii).

Proof. (ii)=>(i). Assume that ;7(ros™!)y is not topologically aperiodic. Then there are
a non-empty open set V < U and n > 0 such that every v € V is a starting point of a
cycle e, in y Fyy of length not greater than n. This implies that V < r®((y Ey)®) and
for each v € V' we may extend the cycle e, to a path of the form e,e € 7" (v) N (y Ey)™.
Since r(e,) = s(e,) = v, we see that (ii) fails.

(i)=(ii). Assume that (ii) fails. Let V' < r*((yEy)*) be a non-empty open set and
let n > 0 be such that for every v € V' there exists a path (e, ...,e1) € r " (v) N (g Ey)"
with v = r(e,) = s(ey) for some k = 1,...,n. This implies that every point in V is a
starting point of cycle in (yEy)™. Hence (i) fails.

(ii)=>(iii). This obvious.

(iii)=(iv). Assume that F is not topologically free. Let n > 0 and let V <
r®(E®) be a non-empty open set that has a past in y £y and every path e € 7= (V)
with m > n is returning. By the proof of |20, Lemma 5.9] we get that for every

(€n,...,e1) € r7(V), there is ky with 2 < ky < n such that (eg,,...,e1) is a cycle
without entrances in yEy (and hence also necessarily in E). This implies that for
every (ens1,...,e1) € r~ " D(V) we have r(e, 1) # s(ex) for some k = 1,....n.

Let V' be a non-empty open set consisting of base points of cycles in (y Ey)"™ without
entrances in E. Then V < r®(E®) has a past in y Ey; and for every path (e, ...,e;) €
r~™(V') we have r(e,) = s(eq).

(iv)=(i). Suppose that r : yE' — U is injective. Then every cycle in E that ends
in U has no entrances. Thus F is topologically free on U if and only if for every n > 0
the set of base points of cycles in (yEy)" has empty interior. The latter is clearly
equivalent to topological aperiodicity of ¢(r o s71)y. This shows (iv)=(i).



TOPOLOGICAL FREENESS FOR C*-CORRESPONDENCES 12

(iv)=-(iii). Suppose that s : yE}; — U is injective and assume that (iii) does not
hold. Let V' < r*(E®) be a non-empty open set which has a past in yEy;, and let
n > 0 be such that for every path (e,,...,e;) € r~"(V') we have r(e,) = s(ey) for some
k =1,..,n. Thus V consists of base points of cycles (of period n!). We claim that
these cycles have no entrances. Indeed, let v € V' and let k = 1,...,n be the smallest
number for which there is a cycle p,, := (ep, ..., e;) in E with v = r(e,,) = s(ex) (then p,
is necessarily a cycle in ;y Ey;). Assume on the contrary that (e,, ..., ;) has an entrance,
that is for some k' = 1,..., k, there is €}, # e in 77! (r(e)). By our assumption the
path (e,,...,ex_1,€},) can be extended to a cycle pl 1= (€, ..., €k—1,€4; €riqs s €])
in yEy, I < n. However, since s : yE; — U is injective, every path in yE
is determined by its length and starting point. We see that either u, = pl or u
is a concatenation of a number of cycles u,. In both cases we get e, = ey, a
contradiction. 0

Definition 3.9. Let f : W — W be a multivalued map on a topological space W.
Let U be an open subset of W. We say that f is weakly topologically aperiodic on U
if the graph E associated to f satisfies condition (iii) in Lemma We say that f
is topologically aperiodic on U if ¢ f; : U — U is topologically aperiodic.

The following example illustrates the relationships between weak topological ape-
riodicity, topological aperiodicity, and topological freeness.

Example 3.10. Let ¢ : A — V be an ordinary map defined on a subset A < V of
a topological space V. Treating ¢! as a multivalued map the corresponding graph
E,-1 is given by putting E_ ., := {(z,y) : v € o7 ()}, r(z,y) := v and s(z,y) := y.
Note that 7 : Eé_l — A is injective. In view of Lemma , for any open U < V, we
get

¢ is topologically aperiodic on U <= ¢! is topologically aperiodic on U

<= the graph E_,-1 is topologically free on U.

Treating ¢ as a multivalued map the associated graph £, is given by putting Eé =
{(p(x),z) : © € A}, r(y,x) := y and s(y,z) := x. Note that the source map s
is injective. Recall after [32, Definition 4.8], see also [33, Definition 2.37|, that ¢
is topologically free outside a set Y < V if the set of periodic points whose orbits
do not intersect Y and have no entrances have empty interior (a periodic orbit O =
{z,0(x), ..., p" 1 (z)} of a periodic point x = ¢™(x) has an entrance if there is y € A\O
such that ¢(y) € O). In view of Lemma , for any open U < V', we get

¢ is weakly topologically aperiodic on U <= the graph E,, is topologically free on U
<= ¢ is topologically free outside V\U.

Let us restrict to the case where V' = {vg,v1} is a discrete space. If A = V and
©(V') = vy, then ¢ is weakly topologically aperiodic but is not topologically aperiodic
on V. If f:V — V is a multivalued map such that f(v;) = V and f(vy) = {v1},
then f is not weakly topologically aperiodic on V' but the corresponding graph Fy is
topologically free.
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4. MULTIVALUED MAPS DUAL TO C*-CORRESPONDENCES

Let a : A — B be a x-homomorphism between two (*-algebras A and B. Following
[39, Definition 4.1] we define the multivalued map & : B — A dual to o by the formula

allp) =={lrle Aim<poa}, [oeB.

Lemma 4.1 (Proposition 4.2 in [39]). Let & : B — A be the multivalued map dual to
a x=-homomorphism o : A — B. Then

~ o —

a(B) = A\kera and @& '(A) < Ba(A)B.

In particular, & is onto A if and only if « is injective. Moreover, if B is liminal, then

~

a1(A) = Ba(A)B and & is continuous.

The following definition is a generalization of |39, Definition 4.4], originally formu-
lated for regular C*-correspondences.

Definition 4.2. Let A and B be C*-algebras, and let X : A — B be a C*-
correspondence from A to B with left action ¢x : A — L(X). We define the
multivalued map X : B — A dual to X as the composition of multivalued maps

& o [X -Ind], cf. Definition .
It follows from the definition that the multivalued map X is given by the formula

X([p) = {[rle A:m < X-Ind(p) o px},  [p] € B.

Lemma 4.3. Let A and B be C*-algebras. Let X : A — B be a C*-correspondence,
and let X : B — A be the associated dual multivalued map. Given an ideal I in A
and an ideal J in B, the following statements hold:
(i) 1X is a C*-correspondence from I to B whose dual multivalued map coincides
with the restriction f)? .
(i) XJ is a C*-correspondence from A to J whose dual multivalued map coincides
with the restriction )A(j.
(iii) 1XJ is a C*-correspondence from I to J whose multivalued map coincides
with the restriction IA)A( -

Proof. (). Let p € Irr(B) and 7 € Irr(A) be such that 7 < X-Ind(p) o ¢px. If
7(I) # 0, then by the irreducibility of (1), we have H, = ¢x(I)H, < IX ®, H,.
Thus, [7] € IX([p]) if and only if [x] € X ([o]).

(ii). Let m € Irr(A) and p € Irr(J) be such that 7 < X-Ind(p) o ¢x. Then
X®,H,=X®,p(J)H, = XJ®, H,, which gives the assertion.

(iii). It follows from (i) and (ii). O

For the sake of simplicity, in the remainder of this section we only consider C*-
correspondences over A (though the following facts could be easily extended to C*-

correspondences from A to B).
The following lemma is a generalization of [39, Proposition 4.5].

Lemma 4.4. Let X be a C*-correspondence over A and let X : A — A be the
multivalued map dual to X.
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(i) We have J( )\ker bx < X(A) = A\\ke/r-gg In particular, the range of X
contains JX -

(ii) For any ideal J in A we have X~1(J) < X(J). Moreover, if X(J) is liminal
and J < J(X), then X-1(J) = X (J).

Proof. (i). By Lemma , the range of qg)\( is ﬁ\@(, and hence the range of
X = Q/S)\( o [X -Ind] is contained in ﬁ\ke/r_%( too. Now let 7 € Irr(J(X)) such that
m(kerpx) = 0, that is [7] € ﬁ)\k/e;qb\x By [10, Proposition 3.2.1], 7 factors
to an irreducible representation 7 € Irr(J(X)/ker ¢x), and since ¢x factors to an
isomorphism ¢x : J(X)/kerpx — ¢x(J(X)) € K(X), we get that 7 o gb}fl
an irreducible representation of ¢x(J(X)). Extending 7 o ¢~X71 to an irreducible
representation 7 of (X)), so that Todyx <7, and applying ¢y, we have 7 < Togy.
But then 7 < 7 o ¢x. Thus, if we define p := X* -Ind(7) we get [7] € X([p]) Hence
[7] € X(A).

(ii). Let m,p € Irr(A) with 7 < X -Ind(p) o ¢y, that is [r] € X([p]), and suppose
that [x] € J. So m(J) # 0. This implies that 0 # 7(J)H, < ( )X ®, H,, and
hence 0 % (oxUNX ) Hy on L)X B, Hyy = <Hypl(on(DX ox (DKo
(H,,p(X(J))H,). Therefore, p(X(J)) # 0, and this shows that [p] e X(J).

Now assume that X (J) is liminal and J < J(X). Let p € Irr(A) be such that
p(X(J)) # 0, that is [p] € )?(7) Note that JX establishes Morita equivalence
between K(JX) and X(J) = (JX,JX)4. Hence K(JX) is liminal, cf. [22], and
therefore JX -Ind(p)(K(JX)) = K(JX ®, H,). The inclusion ¢x(J) < K(X) implies
that in fact ¢x(J) < K(JX). Since X -Ind(p )( (JX)|ixe,m, = JX -Ind(p)(K(JX))
and X -Ind(p) o ¢x(J) vanishes on the orthogonal complement of JX ®, H,, we see

that X -Ind(p)o¢px(J) consists of compact operators. Accordingly, by [10, 5.4.13], the
representation X -Ind(p) o ¢x contains an irreducible subrepresentation 7 of A with

7(J) # 0, that is [7] € J. Thus, [7] € )A(([p]) and hence [p] € )?*1(17) as desired. [

Remark 4.5. In general, the range of X is not equal to .J ( )\ker ¢x. Consider
for instance an infinite dimensional space H as a C*-correspondence over C. Then

J(X) = @ # [1c] = r(X").
Corollary 4.6. Let X be a C*-correspondence over A and let J be an ideal in Jx.

Consider the multivalued map Y dual to the C*-correspondence Y := JXJ over the
C*-algebra J. If X(J) is liminal, then Y is continuous.

~ —

Proof. Let I be an ideal in J. Since X (I) € X (.J) is liminal, we have X~ 1(I) = X (I

by Lemma (ii). Hence in view of Lemma we get 37*1(IA) = )A(*l( ) N J =
XI)nJ=Y() 0
Corollary 4.7. Let X be a C*- orrespondence over A and let J be an zdeal of A. If J
1s positively X -invariant, then J is negatively invariant with respect to X. If X(J) is
liminal and J < J(X), then J is a positively X -invariant if and only sz s negatively
X -invariant.
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Proof. 1f J is a positively invariant ideal of A, then X (J ) € J. Hence X~ W)
X(J) € J by Lemma (ii). If we assume that X (J) is liminal, J < J(X) and J
is negatively invariant with respect to X, then by Lemma (1) we have X (J ( )

X-1(J) < J. Therefore, X(J) is contained in .J.
The following proposition is a generalization of [39, Proposition 4.6].

Proposition 4.8. Let X and Y be two C*-correspondences over a C*-algebra A, and
let @lx : LIY) — LY ® X) be the =-homomorphism defined by T — T ® 1x for
T e L(Y). Then the following diagram of multivalued maps commute:

[(Y®X)-Ind]

(3) A LY ®X).
2 o
A\ [V -Ind] ,C/(\}/)

Moreover, if J is an ideal of Jx then )2_1(<Y7,?J>A) cYJ ®ﬁJ®X>A, and
the diagram restricts to the following commutative diagram:

[(Y®X)-Ind]

(4) YRX,Y®X), KY ®X),
I o
YIYT), Y -tnl) Ky )

where the wvertical multivalued maps are surjective, and the horizontal arrows are
homeomorphisms.

Proof. First we describe the multivalued maps E = [V -Ind] o X and F := ®1ly o
[(Y ® X)-Ind] acting from A to (subsets of) E(Y) For each p € Irr(A) we have

E([p]) = {[Y -Ind(7)] : 7 € Irr(A), 7 < X -Ind(p) 0 ¢x and w({Y,Y )4) # 0},
and

F(lp]) ={lo] o e rr(L(Y)), 0 < (Y ® X)-Ind(p) o 1x}.
We need to show that E([p]) = F([p]). To this end, let [Y -Ind(7)] € E([p]). Then
Y -Ind(7) < Y -Ind(X -Ind(p) o ¢x).

It is straightforward to check that Y -Ind(X -Ind(p) o ¢x) = (
as representation of £(Y). Thus, YV-Ind(r) < (Y ® X)-Ind

[Y -Ind(m)] & F([p]).

Conversely, let [o] € F([p]). Since 0 < (Y ® X)-Ind(p) o (®1x), we see that H,
is a closed subspace of Y ® X ® H, such that (I'® 1x ® 1g,)(H,) S H, for every
T e L(Y). Since L(Y) < L(Y) acts transitively on Y, it follows that

={he X®H,:y®he H, for some y e Y}
={heX®H,:y®he H, forallye Y}

Y ® X)-Ind(p) o 1x
(p) o 1x, and hence
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is a closed subspace of X ® H, such that Y ® H, = H, and ¢x((Y,Y)4)H, = H,.
Define 7 : A — B(H,) by 7(a )h = X -Ind(p)(¢x(a))h. Then 7 is a representation
of A and 7 < X-Ind(p) o ¢px. Let T € L(Y), y € Y, and h € H,. Since 0 <
(Y ® X)-Ind(p) o (®lx) and H, < X ® H,, we have

Y-Ind(m)(T)(y®h) =Ty®@h =o(T)(y®@h).

Because Y ® H, = H,, this shows that Y -Ind(7) = 0. Since Y -Ind(7) = o, Y -Ind(7)
is irreducible. Since Y is a K(Y) — (Y, Y ) 4-imprimitivity bimodule, 7 is irreducible
on (Y,Y)4. So m is irreducible. Hence [o] = [Y -Ind(7)] € E([p]). Thus the diagram
commutes.

Now, let J be an ideal in Jxy. The map ®1x : IC(YJ) — IC(Y ® X) is injective
by Lemma (ii) Hence the dual multivalued map IC(Y®X ) — Bl IC(YJ ) is sur-
jective, by Lemma Since J cJycJ ( )\ker ¢x, it follows from Lemma
(i) that the multlvalued map X:A—Jis surjective. According to Lemma (i )

L —

the domain of X : A — (YJ,YJ), is contained in the spectrum of X (Y(J)) =
(X, ox(Y LY T)A)X)a = Y IJ® X,YJ® X)s. Since (Y J,YJys < J, the sur-
jective multivalued map X : A—J restricts to a surjective multivalued map X :

YeXY®X), — (YJYJY,. Since (Y@ X,V @ X), 25 ¥V @ X) and

<YJ YJ), B ol K(YJ) are homeomorphisms, we see that restricts to the com-
mutative diagram , with arrows having the desired properties. O

5. DUAL GRAPHS TO C*-CORRESPONDENCES

Let X be a C*-correspondence from A to B. We will now adjust the construction
of the dual multivalued map X, by counting the multiplicities of the corresponding
subrepresentations. In order to do that we will assume that A is of Type I, as for
such C*-algebras a convenient multiplicity theory is available.

We will construct the graph Ex dual X by specifying its multiplicities on the set
of vertices A. Thus Ex will be determined only up to equivalence. Let p € Irr(A).
Consider the representation o : A — B(H,) where 0 := X -Ind(p) o ¢x and H, :=
X ®,H,. Since Ais of type I, cf. e.g. [10, Proposition 5.4.9], there is a unique, up to
permutatlon family of mutually orthogonal projections {E;};e; < B(H,) such that

a) projections E; belong to the center of o(A)" and sum up to identity on H,;

b) the subrepresentations o; of o corresponding to the E; are mutually disjoint;

c) o; is of multiplicity m;;

d) the cardinals m;’s are mutually distinct.
Now, let 7] € A. 1If there are no subrepresentation of o equivalent to m, we put
mfer ) = 0. If there is an irreducible subrepresentation 7’ =~ 7 of o, then there is
a unique j € J such that 7' < ¢;. Since o; has multiplicity m;, it follows, cf. [10,
Proposition 5.4.7|, that there are m; mutually orthogonal representations 7 such that
[7'] = [r], @7 < o and there are no subrepresentations of ¢ © (®;7") equivalent to

m. In this case we put mffT] ] = M- Note that the above description of cardinals
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mffr 1] does not depend on the choice of a representative of [p], and thus they are
well defined.

Definition 5.1. Let X be a C*-correspondence over a C*-algebra A of Type I to
a C*-algebra B. By a graph dual to X we mean a graph Ex from B to A with
multiplicities {m 1) [rled o defined as above.

Remark 5.2. If Ex = (E%,r,s) is a graph dual to a C*-correspondence X from A to
B, then tAhe as/s\ociated multivaluedArnap coincides with the multivalued/\map dual to
X from B to A. That is, we have X ([r]) = r(s*([n])) for every [r] € B. Moreover,
given ideals [ in A and J in B, similarly as in Lemma {4.3] we see that the graph
dual to the restricted C*—correspondeAnce IXJ from [ to J can be identified with the
restriction of Ex to the graph from J to I, ie. Erx; = ;(Ex);.

In the discussion preceding Definition the cardinals mffr] o] are uniquely deter-

mined by the equivalence classes [7?] and [p]. However, the decomposition @;7" of a
subrepresentation of ¢ into the m[ s -number of copies of 7 is not unique even for the
fixed representatives. In order to have a control over the choice of the corresponding
decompositions we will use the map () in the following proposition. This map takes
values in the von Neumann enveloping C*-algebra KC(X)” of K(X).

Lemma 5.3. Let X be a C*-correspondence over a C*-algebra A. If J is an ideal in
Jx such that X (J) is of Type I (resp. liminal), then J is of Type I (resp. liminal).

Proof. Since JX is an KC(JX)-X(J)-equivalence bimodule, we get that K(JX) is of
Type I (resp. liminal). Thus J is of Type I (resp. liminal) because ¢x : J —
K(JX) is an injective homomorphism and being of Type I (resp. liminal) passes to
subalgebras. 0

Proposition 5.4. Let X be a C*-correspondence over a C*-algebra A. Let J be an
ideal in Jx . Suppose that X (J) is of Type I, so that the graph Ey = (j, E'.r s) dual to
Y 1= JXJ is well defined by Lemmal[5.9 There is a map Q : B} — K(X)" such that
for any p € Irr(A) with p(J) # 0, the family {X -Ind(p)"(Qe)}ees—1((p)) S B(X ®, H,)

consists of mutually orthogonal projections and

(5) X ®, H, = Hy® (‘B X -Ind(p)"(Qe)(X ®, H,)

ees~([p])
where the space X -Ind(p)"(Q.)(X®,H,), fore € s ([p]), is irreducible for X -Ind(p)o
éx(J) and the equivalence class of the corresponding representation of J is [r(e)], and
Hy does not contain non-zero irreducible subspace for X -Ind(p) o ¢px(J).

Proof. Let p € Irr(A) with p(J) # 0. Note that X®, H, = X®,p(J)H, = XJ®, H,
and hence JX®, H, =Y ®, H,. As JX is an K(JX)-X(J)-equivalence bimodule it
follows that X -Ind(p)(K(JX)) acts on JX ®, H, =Y ®, H, in an irreducible way.
In particular, Y ®, H, is non-zero if and only if p(X(J)) # 0. If p(X(J)) = 0, then
[p] is a source in By, i.e. s *([p]) = &, and we get by interpreting the empty
sum as zero.

Assume then that p(X (J)) # 0. The algebra K(JX) is of Type I because X (J) is of
Type I. Hence X -Ind(p)(K(JX)) 2 K(Y®,H,). This implies that X -Ind(p)"(K(JX)") =
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B(Y ®, H,). Since ¢x(J) < K(JX) we conclude that X -Ind(p) o ¢x(J) acts as zero
on the orthogonal complement of Y ®,H, and 0 := X -Ind(p)ogx|;: J = B(Y®,H,)
is a non-degenerate representation. Decomposing ¢ into irreducible parts we get a
family of mutually orthogonal projections {F.}ees—1(1,)) S 0(J) < B(Y ®, H,) such
that o compressed to P.(Y ®, H,) is an irreducible representation whose equivalence
class is r(e) € J. Moreover, the orthogonal complement Hy of Dees—1([p) Pe(Y ®, H,)
in X ®, H, has no irreducible subrepresentations for X -Ind(p) o ¢x(J).

For e € s ([p]) we may find a positive element Q. € K(JX)"] = K(X)” such
that X -Ind(p)”(Q.) = P.. In this way we get operators satisfying (5)). In particular,
if p' = p with the equivalence given by a unitary U, then X -Ind(p) = X -Ind(p’)
with the equivalence given by the unitary X -Ind(U) : X ®, H, - X ®, H, where
r®E— x@UE for v € X and € € H,. Thus we get a similar decomposition to (9
with p replaced by p'. In other words, the map s~!([p]) 2 ¢ — Q. € K(X)" is well
defined. Gluing together the maps corresponding to each [p] € J < A we get the
desired map defined on E} = U[p]ejsfl([p]). O

We recall, see [55], that if X is a Hilbert A-B-bimodule, then its Banach space
bidual X” is a Hilbert W*-module over the enveloping von Neumann algebras A”,
B”. In particular, the bidual of a Hilbert A-module X is a Hilbert W*-bimodule from
K(X)" to A”. Moreover, every representation (g, 1) of the Hilbert A-module X on
a Hilbert space H extends to a weakly continuous representation (¢, ) of X" on
H and the associated representation of K(X)” coincides with the weakly continuous
extension ()" of the representation ¢ of K(X).

Property (iv) in the following lemma will be crucial in the proof of our uniqueness
theorem.

Lemma 5.5. Retain the assumption of Proposition and let Q : E}, — K(X)"
be the map defined there (Y := JXJ). Let ¥ = (¢o,11) be a representation of the
C*-correspondence X on a Hilbert space H and let " = (Y§, 1)) be the corresponding
representation of the dual Hilbert module X" over A”.

(i) If ™ < v is an irreducible subrepresentation of A with w(J) # 0 (|7] € f), then
the operators {1V (Qe)}ees—1([x)) restricted to the space 1 (X)Hy are mutually
orthogonal projections. Moreover,

Qﬁl()()]—lw = K@ @ 1/}/11<Q6X)H7r

ees([r])

where for each e € s7([r]) the space V! (QX)Hy = M (Q )1 (X)H, is
irreducible for 1y(A) where the corresponding representation of A is equivalent
to [r(e)] € J, and K does not contain any non-zero irreducible subspaces for
do(4). )

(ii) If, fori = 1,2, we have m; < o with [m;] € J then {(Q.X)Hr, L ¢{(QsX)Hr,
for every e € s ([m1]), f € s ([m]) with e # f.
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(ili) For every n > 0 and 7 < 1y with [7] € J we have
n—1

Un(XO) H = D 1(Qe, X)) 0] (Qe, X) He @ (D vi( X KT

(eny...,e1)es™™([x]) 1=0

where K is a 1o(A)-invariant subspace which has no non-zero irreducible
subspaces for y(J).

(iv) Suppose that m < by with [7] € J and (en, ..., e1) € s ([x]) is a non-returning
path, i.e. ey # ey fork=2,...,n. For every k =1,....n — 1 we have

Ye(X) ] (Qe, X)) (Qes X) Hr L U(Qe, X))t (Qey X) Hir.
Proof. (i). By Lemma we have a unitary U : ¢1(X)H — X ®y, H where

Y1 (z)h — 2 ®y, h. It intertwines the representations (M) : L(X) — B(y1(X)H) and
X -Ind() : L(X) — B(X ®y, H). Hence it also intertwines the corresponding ex-

tended representations ()" and X -Ind(v)” of £(X)”. Moreover, identifying X®, H,
with a subspace of X ®y, H we have U(¢1(X)H,) = X ®, H, and therefore U also
intertwines (" : K(X)" — B(y1(X)H,) and X -Ind(¢)g)” : K(X)" — B(X ®y, Hy).
Hence the assertion follows from Proposition [5.4]

(ii). Let Py, be the projection onto H,,, ¢ = 1,2. Projections Py, P, belong to
the commutant of ¢y(A) and therefore also of j(A”). Hence

( Y(QeX)Pm)*< Y(QfX)Pm) = g(<QeX7 QfX>A”)P7r1P7r2'
If [m1] # [m2], then Pr, Py, = 0 and in view of above ¢{(Q.X)Hr, L ¥{(QrX)H,. If
[m1] = [m2] and e # f, then vW"(Q ) M"(Q )by (X)H,, = 0 by part (i). Accordingly
i/(QeX>H7T1 1 QMI(QfX)HﬂQ‘
(iii). The proof is by induction on n. For n = 1 the assertion follows from (i). If
the assertion holds for a certain n > 1, then it also holds for n + 1. Indeed, it suffices

to note that if H; and Hs are orthogonal and y(A)-invariant subspaces of H, then
so are the spaces ¢ (X)H; and ¥1(X)H,. The latter follows because

W (X)Hy, 1 (X)He) = (Hy, o ((X, X)a)He) = 0.

(iv). Let k = 1,...,n—1. By part (iii) we see that 1, (X® ) (Q., X)... 0] (Qe, X ) Hy
is equal to the following direct sum

k—1
@ 1(Qep X)) 07 (Qe X) He © D 00s(X®) K
(Entkyemse1)€s— (MR ([]) i=0

where K is a 1y(A)-invariant subspace which has no non-zero irreducible subspaces
for o(J), i = 0,1,....,k—1. Note that K is orthogonal to ¥} (Q., ,X)... 0] (Q., X)H,
because the latter is irreducible for 15(A). This implies that ¥} (Qe, X)...¥](Qe, X ) H
is orthogonal to each space 1;(X®) K* because

Wi XK, (Qe, X)) (Qey X) Hre) = (K 4 (Qe, X)) (Qe, X) Hir) = 0.
Thus it suffices to show that

v(3n+k ----- ent1)es *([r(en)]) :/{(Qen+kX) il(QelX)Hﬂ' J—@DY(Q%X) Y(QelX)HW‘
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However, if assume that this is not true, then by part (ii) there exists (€,4, .., €nt1) €
s7®([r(en)]) such that (enik,...,exr1) = (€n,...,e1). This contradicts that e,., #
€1. O

6. THE UNIQUENESS PROPERTY

Let X be a C*-correspondence over A, let J be an ideal in Jx and let (¢g,%1) be
a J-covariant representation of X. It is well known, cf. for instance |29, Corollary
11.7], |30, Theorem 9.1] or [24], that if the epimorphism ¢y x ;11 : O(J, X) — C*(¢))
is injective, then necessarily 1y is injective and

(6) J = {aeA:y(a) e IV (K(X))}.

In fact, 1 is injective and satisfies @ if and only if the representation 1y x ; 1y is
faithful on the core subalgebra span{;™(T) : T e K(X®"),n e N} < O(J, X), cf. [30,
Theorem 7.3] or the proof in [24]. Moreover, since we consider the case where J < Jx
condition @ is equivalent to

(7) J ={ae J(X) :vo(a) = vV (dx(a))},

see |30, Theorem 9.1 (i)]. We note that if J = {0}, then () implies injectivity of .
If J = Jx then is automatically satisfied by any injective covariant representation
(1o, Un), cf. |28, Proposition 3.3]. We are interested in the case when these necessary
algebraic conditions are also sufficient.

Definition 6.1. Let X be a C*-correspondence over A and let J be an ideal in Jx. We
say that the pair (X, J) has the uniqueness property if for any injective representation
(10, 11) of X satisfying the map ¥ x ;11 : O(J, X) — C*(1)) is an isomorphism.

In this section we gather certain general facts concerning the above property. We
start with some useful characterizations (which are known to experts).

Lemma 6.2. Let X be a C*-correspondence over A and let J be an ideal in Jx. The
following conditions are equivalent:
(i) The pair (X, J) has the uniqueness property.
(ii) For every injective representation b = (g, 11) of X satisfying (7)) there is
a circle action v : T — Aut(C*(v)) determined by ~v.(Yo(a)) = o(a) and
Y. (1(x)) = 21 (), forae A, x € X and z € T.
(iii) For every injective representation v = (1o, 11) of X satisfying there is a
linear map Ey : C*(1) — span{yy™(T) : T € K(X®"),n € N} such that

¢n($)¢n(y)*, n=m,
0, n # m.

(Then Ey is necessarily a conditional expectation,).

(iv) The C*-subalgebra jo(A) + ;W (KC(X)) of O(J, X) detects ideals in O(J, X),
that is, every non-zero ideal K of O(J, X) has non-zero intersection with
Ja(A4) + j(K(X)).

(v) Ewvery non-zero ideal in O(J, X) contains a non-zero gauge-invariant ideal.
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Proof. Equivalence (i)<(ii) holds by [29, Corollary 11.7], see also [30, Theorem 9.1| or
[24]. The implication (ii)=>(iii) is straightforward, as the formula Ey(b) = §,7.(b) dz,
be C*(1), gives the desired conditional expectation. To see that (iii) implies (i), note
that for Ey as in (iii) and E the corresponding conditional expectation on O(J, X)
we have Ey o (¢ X 11) = (o ¥y 1) o E. Thus if a € ker(¢pg x5 11), then (1
Y1) (E(a*a)) = 0. But since (g x s 1)) is injective on the range of E, we get E(a*a) =
0. However, E is well known to be faithful. Thus a = 0. Therefore ¥y x; 1)y is an
isomorphism. In particular E, is a conditional expectation. We have proved that
(i) = (i) < (ii).

If K is an ideal in O(J, X) such that K n (ja(A) + jP(K(X))) = {0}, then com-
posing (ja,jx) with the quotient map O(J,X) — O(J, X)/K we get an injective
representation (1, 1) of X satisfying . Moreover, every injective representation
(10, 11) of X satisfying arises in this way and we have K = ker(v x s 11). This
immediately gives (1)< (iv).

It follows from the description of gauge-invariant ideals in O(J, X), see [29, Propo-
sition 11.9], cf. also [33, Theorem A.4|, that gauge-invariant ideals are exactly those
ideals in O(J, X) which are generated by their intersection with j4(A) + ;M (K(X)).
In particular, every ideal in O(.J, X) which intersects non-trivially j4(A) + 7 (K(X))
contains a non-zero gauge-invariant ideal. This readily gives (iii)<>(iv). O

Given two Morita equivalent C*-correspondences X and Y with the equivalence
given by an A-B bimodule M, it is proved in [I1], Proposition 4.2| that the Rieffel
correspondence A = J — M(J) := (M, JM)p < B restricts to an order bijection
between the ideals of Jx and Jy. Moreover, the corresponding relative Cuntz—Pimsner
algebras O(J, X) and O(M(J),Y) are Morita equivalent, see [I1, Theorem 4.4|. An
inspection of the proof shows that this Morita equivalence sends gauge invariant ideals
of O(J, X) to gauge invariant ideals of O(M(J),Y). Thus modulo Lemma [6.2| we get
that uniqueness property is preserved under Morita equivalence. Namely, we have:

Proposition 6.3. Let X andY be two C*-correspondences over A and B respectively,
and let J be an ideal of Jx. Suppose that X and Y are Morita equivalent via an
equivalence A-B-bimodule M. Then the pair (X, J) has the uniqueness property if
and only if (Y, M(J)) has the uniqueness property.

Recall that given a positively X-invariant ideal [ in A the space X is naturally
a C*-correspondence over I. The uniqueness property is preserved under restrictions
to positively invariant ideals:

Proposition 6.4. Let X be a C*-correspondence over a C*-algebra A, and let J be an
ideal of Jx. If (J, X) has the uniqueness property, then (I nJ,IX) has the uniqueness
property for every positively X -invariant ideal I in A.

Proof. Suppose that there is a positively X-invariant ideal I such that (JnI, X)) does
not have the uniqueness property. Equivalently (see Lemma , there is a non-zero
ideal L in O(Jn1I,1X) which does not contain any non-zero gauge-invariant ideal. By
the proof of [33] Theorem A.4], see also the proof of [29] Proposition 9.3|, we may iden-
tify O(J n I, 1X) with the C*-subalgebra of O(J, X) generated by j4(I) and jx(/X),
and then O(J N I,I1X) = j4(I)O(J, X)ja(I) is the hereditary subalgebra of O(J, X)



TOPOLOGICAL FREENESS FOR C*-CORRESPONDENCES 22

generated by ja (7). Thus O(Jn1,1X) and the ideal O(J, X)ja(1)O(J, X), generated
by ja(I), are Morita equivalent. Moreover, the equivalence bimodule ja(1)O(J, X)
respects the gauge actions in the C*-algebras O(J N1, 1X) = ja(1)O(J, X)ja(I) and
O(J, X)ja(I)O(J, X) (they are gauge-invariant subalgebras of O(J, X)). Thus we
have a lattice isomorphism K — K n O(J, X)ja(I)O(J, X) from the set of ideals in
O(Jn1,IX)tothat of O(J, X)ja(I)O(J, X), which restricts to a lattice isomorphism
between the gauge-invariant ideals. Hence, if K is an ideal in O(J, X)ja(1)O(J, X)
corresponding to the ideal L in O(J n I,1X), then K is a non-zero ideal in O(J, X)
and does not contain a non-zero gauge-invariant ideal. Accordingly, (J, X)) does not
have the uniqueness property by Lemma [6.2] [l

7. THE UNIQUENESS THEOREM

The aim of this section is to give sufficient conditions for a uniqueness property
of the relations defining the relative Cuntz—Pimsner algebra O(J, X). In view of
Lemma , to define (strong) topological freeness of a graph E on a given set U, it
suffices to consider the restriction of E to the set U u E~!(U). This motivates the
following definition.

Definition 7.1. Let X be a C*-correspondence over a C*-algebra A, and let J be
an ideal of Jx. Suppose that X (J) is of Type I, so that the ideal K := J + X (J) is
of Type I, by Lemma [5.3] and hence the dual graph EFxxx to the C*-correspondence
KXK over K is well defined. We say that X is topologically free on J it Exxk is
topologically free on J < K. Similarly, we say that X is strongly topologically free on
J if Fgxk is strongly topologically free on J.

Proposition 7.2. If X (J) is liminal, then X is strongly topologically free on J if and
only if X is topologically free on J.

Proof. Combine Lemma [3.6] and Corollary [4.6] O

Theorem 7.3 (Uniqueness theorem). Let X be a C*-correspondence over a C*-
algebra A and let J be an ideal in Jx. Suppose that either

A1) the dual multivalued map X is weakly topologically aperiodic on j, or
A2) X(J) is of Type I and X is strongly topologically free on J.

Then the pair (X, J) has the uniqueness property.

The proof of Theorem 7.3 is given at the end of this section. For the proof, we need
a couple of lemmas and a proposition.

We fix a C*-correspondence X over a C*-algebra A, an ideal J of Jx and an
injective representation ¢ = (b, 1) of X satisfying (7). We start with the analysis
of representations of certain subalgebras of C*(¢)). For each n € N we define the
following C*-subalgebras of C*(1):

K = 0 (K(XOY), KL= @ (K(XEN)), Foi= Y. Kiy Foi= K.
=0 =0

We call F, the core subalgebra of C*(v). The following lemma is well-known to
experts, cf. [28, Section 5].
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Lemma 7.4. Let X be a C*-correspondence over a C*-algebra A and let J be an
wdeal in Jx. We have the following properties:
(i) If a e K(X®"]), then a® 1x € K(X®"*1) and ™ (a) = "V (a® 1x).
(ii) K N K1 = K for every n e N;
(iii) the sum Y ,_. Ky is an ideal in F,, for every 0 < i < n.

Proof. (i). It follows, for instance, from [30, Proposition 3.22].
(ii). This is [28, Proposition 5.9].
(iii). It follows from [28, Lemma 5.4]. O

For every n = 0, the *-homomorphism ™ : IC(X®") — C*(3)) is injective. There-
fore, 1™ induces *-isomorphisms (X®") =~ I, and K(X®"J) = K/, and homeo-

morphisms IC(X®") x~ K, and K(X®J) = KCJ. We will identify these topological
spaces via these homeomorphisms.

Lemma 7.5. Given m € Irr(F,) with 7(K)) # 0 and any extension & € Irr(Foy1)
of m, we have w(K,41) # 0. Moreover, the following diagram of multivalued maps
commutes

@L: :Ld,ﬁ)
K(X®n ) Olx (X ®ent1),

where v : K — K41 is the inclusion, @1y : K(X®J) — K(X®"1) is an embedding
by Lemma and KKJ < F,, and K, 41 S Fni1 are open subsets.

Proof. By Lemma (i), the following diagram commutes

’C;{ ‘ ’Cn+1
O] T; ETMTLH)
K(X®J) Olx C(X®HL),

By Lemma [7.4] (iii), K, is an ideal in F,,. Since K/ is an ideal in K, also K is an
ideal in F,,. In particular, KJ < F,, and K,.+1 € F,41 are open subsets. This readily
implies the assertion. U

Lemma 7.6. Given 7 € Irr(F,) such that ©(KC;) = 0, there ewists @ € Irr(F,41) that

)
extends 7 such that 7(K,41) = 0.
Proof. Since w(K/) = 0, there is an irreducible representation 7 : F,/K! — B(H,)
such that w(x + F,,) = w(z) for x € F,. Let q : Fy1 — Fnr1/Kns1 be the quotient
map, and let & : F,,11 /K11 — Fn/(FonK,y1) be the canonical isomorphism. By [28,
Proposition 5.12], F, n K, 11 = K, so 7 := T o ® o ¢ is an irreducible representation
of F,.1 that extends w. Moreover, 7(K,4+1) = 0. O

The following proposition is the main ingredient in the proof of Theorem [7.3]
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Proposition 7.7. Retain the assumptions of Theorem [7.5. Let n > 0 and m > 0.
For each a € F,, and each € > 0 there exist a representation v : C*(¢)) — B(H,) and
contractions Q1, Qo € B(H,), such that

1) [@Qiv(a)@Q2] = |af —e,
2) Quv(Yi(X®)F,) Q2 = 0 and Qv(Fotou(X®¥)*) Qy = 0 for k=1,2,...,m.

Proof. Let e > 0 and a € F,,, then the functional 7, — C defined by [7] = |7(a)| is
lower semicontinuous, and attains its upper bound equal to |al (see for instance [53,

—~

App. A]). Accordingly, there exists a non-empty open set U < F,, such that
|m(a)| > |al| —€ for every [r] e U.

Let us consider the following two cases.

Case 1). Assume that there exists an irreducible representation = : F,, — B(H,)
with [7] € U, for which there exists an extension 7y € Irr(F,;y), for some N = 0,
such that [my] belongs to m\m (i.e. mn(Kpin) = 0). Let i be the maximal
number with 0 < i < n + N such that 7y (K;) # 0. Thus, WN(ZZiﬁl Ky) = 0,

and hence [7y] € I/C:\ZZ;]L K. In particular, mn : Foion — B(H;, ) restricts to an
irreducible representation of KC;, and hence 7y (K;) Hry = Hry .

Now given any extension v : C*(vp) — B(H,) of my, ¥ 1= (v oy, v o) is a
representation of X on H,.

Let Qr, : H, — H,, be the orthogonal projection onto H,, and for each j > 0,
let P; : H, — v(K;)H, be the orthogonal projection on v(K;)H,. Observe that
v(IC))H, = v(v;(X®9))H, (cf. Lemma. Because v is an extension of 7y we have
that Hy, = 7n(Ki)Hzy S v(K;)H,, so Qry < P;. Moreover, since 7y vanishes on

the ideal ZZ;]L Kk, it follows that Q. P11 = P11Qx, = 0. Hence
(8) Qry < (P — Pipa).
It follows from Equation (2)) in Lemma [2.2] that v(x(X®*))P; = Pppv(vn(X®)) P
for every j,k = 0. Therefore, for k > 0 we get
(P — B+1)V(¢k(X®k))(Pi — Piy1) =0,

and hence by it follows that Qv (¢Yp(X®*))Qry = 0. Let Q. € B(H,) be the
projection onto H,. Since Qr < Qr, we get Qv (vr(X®))Q, = 0 for every k > 0.
In particular, putting @1 = Q2 = Q € v(F,)', we get [Q1v(a)Q2| = [7(a)] = [a] —e,
and

Qu(Vk(XN)Fy) Q2 = Quv(¥(X®)Qov(Fn) = 0,

and similarly Q1v/(Fpihx(X®*)*) Q2 = 0, for every k > 0, as desired.
Case 2). Assume that for every m € Irr(F,) with 7] € U, every k = 0 and
every irreducible extension 7 : Fir — B(Hg) of m we have 7 (KC,ux) # 0. It
follows from Lemma [7.6| that given any 7 € Irr(F,,) with [7] € U and every extension

—

T, € Irr(Frpr), k= 0, of © we have 7, (K, ) # 0 that is [m] € K;_,. In particular,
UcKki.
Claim 1. There are §, n € X®" with [¢]| = || = 1 and ¢ (£)*abn(n)] > |a]—e/2.
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Proof of Claim 1. Since I, is an ideal in F,, a acts on K, as a multiplier, say

m(a). The inclusion U < K, implies that ||m(a)| = |a/. Indeed, we may identify
multipliers of IC,, with operators acting on the space of atomic representation of K,
and then there is [7] € U such that |a| = ||7(a)| < |m(a)|. Moreover, the algebra of

—
multipliers of K, is isomorphic to £(X®"), with the isomorphism ¥ := () = where
¥ (™ is the unique extension of the isomorphism ™ : K(X®") — K. This implies
that

lall = 1W(m(a))]| = sup{|Kg, ¥(m(a))mal = &,ne X €] = |n] = 1}
= sup{ |1 ()" (T (m(a))n) - & n € X&, |g| = || = 1}
= sup{|[¥n(€)*atn(n)] : €, n € X*, €] = [n] = 1}.

m}

Let &, n € X® be as in Claim 1 and put g := ¥, (£)*a,(n). It follows that to

prove the assertion it suffices to show the corresponding assertion for g € 1y(A) = Fo

instead of a € F,,. In fact we will find v : C*(¢)) — B(H,) and a projection @ € B(H,),
such that

|Qu(9)Ql = gl —</2,  Qu(vn(X®)Q=0for k=1,2,...,m.
Then @ = Qu(¢,(£))* and Q2 1= v(¥,(n))Q will fulfill the desired conditions for
a € F,.

Accordingly, we let V := {[r] € A : |7(¥5"(9))| > |lg| — ¢/2}. This is an open
nonempty subset of A. Case 1) for g (instead of a) gives the assertion. Thus we may
assume that we are in Case 2. Namely, we assume that for every 7 € Irr(¢(A)) with
[7 o y] € V and every irreducible extension 7y : Fr — B(Hy), k = 0, of 7 we have

[me] € K. In particular, V < J.
In the following claim and below we treat the multivalued map A and its restriction

to JXJ as directed graphs (with no multiple edges).
Claim 2. For every sequence my < m < ... < m where 7 € Irr(F), [ > 0, and

[70 01be] € V there is a path ([vg, v1],. . ..[ti_1, v]) in X (treated as a graph) such that
9) [me 0w ®] = [X®*-Ind]([v]), forallk=0,..,1L
Moreover, for every path ([vg,v1],...,[vi—1,v]) in X with vy € V there is a sequence
T = v oYyt < m < ... < m where 7 G/IEU:’“) and @Aholds. In particular,
([vo, v1]s- - [vi1,v1]), is necessarily a path in JXJ, i.e. [vg] € J for every k =0, ..., 1.
Proof of Claim 2. Let mg < m < ... < m where 7, € Irr(Fy), | > 0, and
[m0 © 9] € V. By our assumption we have [m] € @, for k =0,...,1. By Lemma ,
putting oy 1= 1, 0 Y*) we get [o}] € IC(?@J), for k=0, ...,1, and [o4] € ®1x[0hs1]
fgr k =0,...,l — 1. Hence by Proposition there is a path ([vg, v1],...,[vi—1,v]) in
X such that [o4] = [X®"-Ind]([vy]), for k =0, ...,1, so (9) is satisfied. In particular,
7 we have [vy] € <X®ﬂ®kJ>A < J for every k =0,..., 1.
Conversely, let ([vg, v1],. .., [i_1,vi]) be a path in X with vy e V. We put oo = vg.
Since vo € J, Propositionimplies that there is oy € Irr £(X) such that [o4] € IEEY)

cf. Proposition
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and oy is equivalent to a subrepresentation of o10¢x. Hence by Lemmal[7.5] there is an
extension of 7y 1= vgothy ! € Irr(Fy) = Irr((A)) to 71 € Irr(F;). Since vy € V we get
[71] € K{ by our standing assumption. In particular, [ o ¢»M] = [X -Ind]([v;]) and
hence v, € J. Thus we may apply the same argument to v; instead of vy. Repeating
this argument inductively, we get the desired sequence 7y < 7 < ... < 7. =

Subcase 2a). Suppose that Al) in Theorem holds. By Claim 2 every v € V
is an end of an infinite path in JXJ. Since X is weakly topologically aperiodic on
J, there is a path ([vo,v1]s - - [Um—1,vm]) such that [vy] € V and [vg] # [vi] for
k=1,...,m. Let my < m < ... < mp, T € Irr(Fy), be the corresponding sequence
satisfying (9) as described in Claim 2. Let v : C*(¢)) — B(H,) be any extension of
Tm. Let kK =1,...,m. We denote by P, : H, — Hj the orthogonal projection onto
the space

Hy, = v (e (X®)*) Hy,.

By Lemma the formula vy (b) = v(¢o(b))|m,, b € A, defines a representation
v+ A — B(Hj) and either H, = {0} or v, € Irr(A) and then

[v] = [X®*-Ind] " ([m}, o Q/J(k)]) = [X®" _Ind] ' [X®* -Ind]-Ind]([v]) = [vk]-

In particular, for every k = 1,...,m, Py € v(A)" and either v = 0 or [vg] = [vk] #
[vo] = [r0]. Since two inequivalent irreducible subrepresentations are disjoint, they
act on orthogonal subspaces. Hence, we get

(10) PokaPkPOZO, kzl,...,m.

Moreover, since H,, = ™ (IKC(X®))H,, and 1, (XEF)*p® (IC(XEF)) = oy (XSF)*,
for each k£ =1, ..., m we have

Hy = v(hp( X)) H,,.

Combining this with (L0]), we get Pyv (¢, (X®*)*) Py = 0. Moreover, we have | Pyv(g)Po| =
lvo(9)]l = llvo(g ()] = |lg| — &/2. Thus putting @ := Py we get the assertion.

Subcase 2b). Suppose that A2) of Theorem holds. By Claim 2, every
v € V is an end of an infinite path in the graph Ey dual to the C*-correspondence
Y = JXJ over J. By strong topological freeness there is a path (e, ...,e;) €
r=Y(V) in By with [ > m such that e, # e, for every k = 2,...,1. In particular,
([r(e), s(e)],. . ..[r(e1), s(e1)]) is a path in Y. Let 7 := s(e;) o by ! be the irreducible
representation of Fy = ¢y(A) and extend it (in an arbitrary way) to a representa-
tion v : C*(¢) — B(H,). Let P, € v(Fy) be the projection onto H, < H,. Let
Q : E} — K(X)” be the mapping as in Proposition Let v" : C*(¢)" — B(H,)
be the weakly continuous extension of v. Using inductively Lemma [5.5(i) we get that
the space

Hq = V" (1(Qe, X)) 0 (Qey X) 17 (Qe, X)) Hr
is irreducible for v(Fy) and the equivalence class of the corresponding representation
of Fo is r(e;) € V. Accordingly, if we let @) to be the projection onto Hy, then

lv(9)Q| = | gl — ¢/2. By Lemma [5.5(iv) we have
v(Y(X®)) Ho L Hyg for k=1,..,1—1.
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Hence Qu(¢p(X®)Q =0for k=1,..,m<1—1. O

Proof of Theorem[7.3 By Lemma [6.2] it suffices to prove that there is a conditional
expectation F from C*(1) onto F,, which sends elements from t,,(X®™)F,, n = 0,
m > 1, to zero. To this end, it suffices to show that for every element of the form
b= Zaik+ao+2ak
k=1 k=1
where a4y € YR(X®*)F,, k = 1,...,m, the following inequality holds ||ao| < |b||. This
follows immediately from Proposition [7.7] O

8. CONDITIONS NECESSARY FOR UNIQUENESS PROPERTY

Let X be a C*-correspondence over A and let J be an ideal of Jx. In this section
we prove the converse to Theorem in case A2). Moreover, we extend it using a
fairly algebraic property called acyclicity whose definition is inspired by the condition
introduced in [6, Definition 4.1]. This property could also be considered a version
of pure outerness for C*-correspondences, cf. [38, Definition 4.3] and [54, Definition
3.7].

Definition 8.1. Let X be a C*-correspondence over A and I a positively X-invariant
ideal of A. We say X is cyclic with respect to I if there exists n € N such that (1.X)®"
is isomorphic to the trivial C*-correspondence I, i.e. there exists a bijective map
U : (IX)®" — [ such that a¥(x)b = ¥(¢x(a)rd) and ¥({(z,y);) = ¥(x)*¥(y) for
every z,y € (IX)®" and a,b € I (then ¥ is necessarily isometric). In this case we say
that X has period n. Given an ideal J of Jyxy we say that X is J-acyclic if there are
no non-zero ideals I in J such that X is cyclic with respect to I.

Remark 8.2. It follows readily from the definition that if X is a cyclic with respect
to I, then I < (ker ¢x)t, IX = IXI and (IX,IX) = I.

The aim of the present section is to prove the following theorem.

Theorem 8.3. Let X be a C*-correspondence over a C*-algebra A, and let J be an
ideal of Jx. Consider the following conditions:

(1) the pair (X, J) has the uniqueness property;
(2) X is J-acyclic.

Then ([I)=). If in addition X (J) is liminal, then (I)<(2)<(3) where
(3) X is topologically free on J.

We start with facts leading to the proof of the implication =>.

Lemma 8.4. Suppose that X is cyclic with respect to a positively invariant ideal I of
Jx. Then the C*-correspondence I X is an equivalence Hilbert bimodule.

Proof. Suppose that I X has period n. By Remark[8.2] (JX,IX) = I, i.e. X is full on
the right, and also we have I < (ker ¢x)*. The latter implies that the homomorphism
brx = Oxlix : I - K(IX) = ¢x(I)K(X)px(I) is injective. Thus it suffices to show
that ¢;x : I — K(IX) is surjective, cf. [25, 3.3| or [30, Proposition 1.11]. To this
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end, let us consider a universal representation (jo, j1) of (I, 1X) into O(I,IX). Since
I < Jrx, this representation is injective. Note that we have

I={acl:jo(a)=j"(brx(a)} ={ael:jla)ejV(KIX))},
cf. |29, Corollary 11.7] or |30, Theorem 9.1]. Moreover, for the associated representa-
tion (™ : K((IX)®") — O(I,1X) we also have

I={ael:joa) =" (¢uxen(a)} = {ae A:jo(a) € jW(K((IX)®"))},
see [39, Lemma 3.6.]. Since (IX)®" = [ is an equivalence bimodule, ¢ xyon : [ —
K((IX)®") is bijective and we conclude that

Jo(1) = j™W(K((IX)®™)).
Multiplying this equality by 7, ((7X)®")* from left and by 7, ((I1X)®") from right, and
using positive invariance of I we get
JolT) = V(KT X)).

Hence, for every T € K(IX) there is a € I such that jM(¢;x(a)) = jO(T). Since OV
is injective, this implies that ¢;x(a)) = T. Thus, ¢;x is surjective. O

Lemma 8.5. Suppose X is a periodic equivalence bimodule over A, i.e. there isn > 0
such that X®" =~ A. Then the pair (A, X) does not have the uniqueness property.

Proof. We may identify the algebra O(A, X) with the crossed product A xx Z in-
troduced in [, cf. [25, Proposition 3.7]. We need to show that A does not detect
ideals in A xx Z. Using Takai duality we may reduce our considerations to a clas-
sical crossed product by Z. Indeed, there is an automorphism « : B — B and an
equivalence A-B bimodule M such that X ~ M ® B, ® M* where B, is the Hilbert
bimodule associated to «, and A does not detect ideals in A x x Z if B does not detect
ideals in B x, Z. However, we have natural isomorphisms

Baon 2B > (M*@XQM)®P" = (M*Q@X®"QM)=M*"®M = B.

This implies that o™ = id. Using this one readily constructs a covariant representation
(m,U) of (B, «) with 7 injective U such that U™ = 1. Then the kernel of 7 x, U does
not intersect B and contains differences b—bu", b € B, where u is the universal unitary
in M(B x4 7). O

Corollary 8.6. If a pair (X,J) has the uniqueness property, then X is J-acyclic.

Proof. Assume that X is cyclic with respect to a positively invariant ideal I < J.
Then by Lemmas and the pair (I, IX) does not have the uniqueness property.
Hence (X, J) does not have the uniqueness property by Proposition [6.4] O

Now we turn to the proof of implication (2)=(3) in Theorem

Lemma 8.7. Let X and Y be two C*-correspondences over A and B respectively.
Suppose that X ~y Y are Morita equivalent.

(i) The dual homeomorphism M : B — A intertwines the dual multivalued maps
X and Y.
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(i1) If A is of Type I, then B is of Type I, and the homeomorphism M:B— A

establishes isomorphism between the dual graphs Ex and Ey, i.e. m%;] (o]

< ~
M i1 1] for all ], [p] € B.
Proof. We will only show (ii). The reader will easily modify the prove to get (i).
Suppose that A is of Type I. Then B is of Type I because it is Morita equivalent

to A, cf. [22]. Let [r],[p] € B. Recall that mE;]y[p] is the largest cardinal such that

there are mutually orthogonal representations 7%, i € I, |I| = m§]7[p], with [7?] = [r]

and @y’ < Y -Ind(p). Since tensor product of C*—cqrrespondences preservers direct
sums, cf. [53], Proposition 2.69|, we get that M -Ind(7*), i € I, are mutually orthogonal

subrepresentations of M ® Y -Ind(p) with M\([ﬂ‘]) = [M-Ind(7")] = [M -Ind(n)] =
M ([r]) for i e I. Since M®Y = X®M we have M ® Y -Ind(p) =~ X ® M -Ind(p).

This implies that m[ 1] S m)i([ﬂ) ) By symmetry and the Cantor-Bernstein
Yy X ’
Theorem we get MU Lol = "5 () T (o)) O

Lemma 8.8. Let A and B be commutative C*-algebras, and let X be a non-degenerate
C*-correspondence frorAn A lo B, that is AX = X. Suppose tf/z\at the dual gmp/f\z
Ex = (EX,r,s) from B to A is a “bijection”, i.e. bothr : Ex — A and s: EX — B
are bijections. Then X is an equivalence bimodule (and A is isomorphic to B).

Proof. By assumption we have B = (X, X)5. Hence B = (X, X)p, i.e. X is full on
the right. Thus it suffices to show that the left action homomorphism ¢x : A — L(X)
is in fact an isomorphism ¢y : A — K(X), cf. |25 3.3] or [30 Proposition 1.11]. By

Lemma | ker o bx S A\T’(El ), but by assumption 7(E%) = A. Hence ¢y is injective.
Since X estabhshes a Morita equivalence between IC(X) and B we see that (up to
unitary equivalence) every representation 7 of IC(X) is of the form 7 = X -Ind(0)

for some [0] € B. Due to our assumptions, A acts on the Hilbert space X ®,
H, in a non-degenerate way and this representation contains exactly one irreducible
subrepresentation. Since A is commutative, this implies that X ®, H, is in fact one-
dimensional. Hence K(X) is commutative (as all of its irreducible representations are

one-dimensional). In fact we may identify K(X) with Cy(B) and A with Co(A). Then
the left action of A on X becomes an injective homomorphism

dx : Co(A) — M(Co(B)) = C(B(B))

where (B ) is the Stone-Cech compactification of B. We need to show that ¢ x(Co(A )) =
Co(B). If we assume that b € ¢y (Co(A))\Co(B) then there is to € B(B) such that
b(to) # 0 and b|, 4y = 0. Such o yields an irreducible representatlon of Cy(A)

which contradicts surJectwlty of r: B} — A. Hence qbX(C’O(A)) < Cy(B ) Since two
different points ¢;, t5 in B, yield two different points X - Ind(t;) and X Ind(tg) in A,

we see that ¢y (Cy(A)) separates the points B. Hence qSX(CO(A)) Co(B ) by the
Stone-Weierstrass Theorem. O
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Proposition 8.9. Let X be a C*-correspondence over a C*-algebra A, and let J be
an ideal of Jx. Suppose that X (J) is liminal and X is not topologically free on J.
Then X s not J-acyclic.

Proof. Let Ey be the graph dual to the C*-correspondence Y = JXJ over J. Since
X is not topologically free on J, it follows that there exists an ideal Fy in J and
m € N such that every point in FO is a base point of a cycle in Ey of length m
without entrances in Ey, and X "(Fy) < J for every n € N. Since X(Fy) < X(J)
is liminal and Fy = J < J(X), we may apply Lemma [4.4[ii) to Fy. Thus we get
XYEFy) = X/(F\o), and hence F} := X(Fp) is an ideal in J. Applying this argument
inductively we conclude that the ideals F; := X ‘(Fy), i € N, are contained in J and
X-i(Fy) = XZ(FO) for i € N. In fact, since Fo consists of base points of length m
cycles without entrances, we have X- (FO) Fo, and hence E(mod my = X (F;_1) for
t=1,....m. In particular, the ideal [ := Fy + F} + ... + F},,_1 is contained in J and
X(I) =1, so I is positively invariant. The set

U = JX7(R)

consists of all base points of cycles attached to points in ﬁb. Since the cycle of length
m in Ey attached to each point in [ is unique, we get that both r : EF;x — [ and
s: FErx — I are bljectlons (the graph Erx dual to IX = I X1 may be treated as the
restriction of Fy to [ ) We wish to apply Lemma [8.8 to the C*-correspondence 1.X.
To this end, we claim that by taking a smaller 1deal than Fj, we may assume that
1X is Morita equivalent to a Hilbert bimodule ,Y associated to an automorphism on
a commutative C*-algebra.

Indeed, since A contains an essential ideal of Type Iy, cf. [50, Theorem 6.2.11],
we may assume by passing to a smaller ideal that Fj is Morita equivalent to a com-
mutative C*-algebra, cf. [21I, Theorem 3.3]. For the inductive step, assume that
Fy+ Fi+ ...+ Fj,_4 is Morita equivalent to a commutative C*-algebra for some k& < m.

1) If F, N F}, # {0} for some iy = 0, ..., k — 1, then we may put F/ := X *(F, n
Fy), fori =0,....k. Then 0 # F/ < X} (X" *(F,)) = X(Fy) = Fy fori =0,...,k—1
and F}, = X™(F;,nFy) = F;ynFy<F;,. Hence F{+ F|+ ...+ F/<Fy+ Fi+ ...+ F;_,
is Morita equivalent to a commutative C*-algebra.

2) Assume that F;nFy, = {0} for all iy = 0, ..., k—1. Take any non-zero ideal F} in Fj
which is Morita equivalent to a commutative C*-algebra. Then Fy+ Fi+...+ Fj_1 + F},
is Morita equivalent to a commutative C*-algebra (as a direct sum of algebras with
this property). Moreover, putting F! := X*™m=k(F/) c F, fori =0,...,k — 1. We get
that Fj+ F] +...+ F|<Fy+ Fi + ...+ F,_; + F}, is Morita equivalent to a commutative
C*-algebra, and F! = X'(F}), i =0,..., k.

This, by induction, proves our claim. Thus we assume that [ is Morita equivalent
to a commutative algebra.

Let M be an equivalence bimodule establishing Morita equivalence from a com-
mutative C*-algebra Cy(V') to the ideal I. Then Y := M ®; IX ®; M* is a C*-
correspondence over Cy(V') which is Morita equivalent to IX. The graphs dual to

’“ij)
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Y and IX are equivalent, by Lemma [8.7 Thus Y is an equivalence bimodule by
Lemma [8.8, The structure of an equivalence bimodule over Cy(V') is well known.
Namely, there is a homeomorphism 6 : V' — V induced by Y (it is equal to r o s7!
where (Ey,r,s) is a graph dual to Y). There is a line bundle L over V' such that
Y is isomorphic to the space of sections of L, with Cy(V') acting by pointwise mul-
tiplication on the right and by pointwise multiplication composed with 6* on the
left. In our case we also have that 6™ = id. Since every line bundle is locally triv-
ial, using the same inductive argument as in the proof of the claim above, we may
find a non-empty open set U < V such that §(U) = U and the restricted Hilbert
bimodule Co(U)Y = Co(U)YCy(U) is isomorphic to the canonical equivalence bi-
module associated to the homeomorphism 6 : U — U. Then it is straightforward
to see that (Co(U)Y)®™ =~ Cy(U). Since Cy(U) is positively Y-invariant, the ideal
I' := M(Cy(U)) is positively X-invariant ideal in I:

I'X=TIX=T'(M*®Y®M) = M*®Co(U)Y ® M
— M*QCo(U)YCo(U) @M < (M*®Y ® M)I' < XI'.
Moreover, using that (Co(U)Y)®™ =~ Cy(U) we get
(I'X)®" = (M*® Co(U)Y @ M)®™ = M* ® (Co(U)Y)®™ @ M
> M*QCy(U)@M ~1I'.
Thus, X is cyclic with respect to I'. U
Theorem [8.3] follows from Corollary [8.6] Proposition [8.9 and Theorem [7.3]

9. APPLICATIONS AND EXAMPLES

9.1. Toeplitz algebras. Let X be a C*-correspondence over a C*-algebra A. Toeplitz
algebra of X, denoted by Ty, is the C*-algebra generated by the universal represen-
tation of X. In other words, it is the relative Cuntz—Pimsner algebra relative the zero
ideal ;| that is Tx = O({0}, X). Fowler and Raeburn showed in [I8, Theorem 2.1|
that if (19, 11) is a representation of X on Hilbert space H that satisfies the following
geometric condition:

(11) Yo acts faithfully on (¢ (X)H)*,

then C*(1)) =~ Tx with the isomorphism given by gy % 1. This result was later
generalized to product systems and more general structures, see [19], [35], [36]. One
of the reasons for further development is that condition (1)) when applied directly
to a C™-correspondence, whose left action is not by compacts, is too strong - it is
not equivalent to faithfulness of ¢y % 1. For instance, one can not deduce from [I8,
Theorem 2.1] simplicity of the Cuntz algebra O,, viewed as the Toeplitz algebra Ty
associated to an infinite dimensional Hilbert space X.
Our uniqueness theorem shows that the following weaker, algebraic condition:

(12) Vaea Wola) € @b(l)(lC(X)) = a=0;

is in fact equivalent to faithfulness of vg x¢ ¢:
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Theorem 9.1 (Uniqueness theorem for Toeplitz algebras). Let X be an arbitrary C*-
correspondence over a C*-algebra A and let (1, 11) be a representation of X. We have
C*(¢) = Tx, with the isomorphism determined by 1¥o(a) — ja(a) and 1 (x) — jx(z),
if and only if (1o, 1) satisfies (12)).

Proof. Clearly, (v, 1) satisfies (12)) if and only if ¢ is injective and (6]) holds with
J = {0}. Moreover, the assumptions of Theorem with J = {0} are trivially
satisfied. O

The above result supports the conjecture discussed below [36, Theorem 2.19].

9.2. Simple Cuntz—Pimsner algebras. Let X be a C*-correspondence over a C*-
algebra A. We present here a number of simplicity criteria for Ox. We start by noting
that a relative Cuntz—Pimsner algebra is not simple unless it is the unrelative Cuntz—
Pimsner algebra Ox. Moreover, the class of C*-correspondences that yield simple
Ox divides into two subclasses where either the left action of A on X is injective, or
X is quasi-nilpotent, i.e. lim,_,» |¢pxen(a)| = 0 for every a € A. We say that X is
minimal if there are no non-trivial X-invariant ideals in A.

Lemma 9.2. Suppose that J < Jx and O(J, X) is simple. Then necessarily J = Jx;
X is minimal; and either ¢x is injective, or X is quasi-nilpotent and J(X) = A.
Moreover, Ox is simple if and only if X is minimal and has the uniqueness property.

Proof. As ({0}, J) and ({0}, (ker ¢x)*) are always T-pairs of X, we see by [29, The-
orem 11.9] that O(J, X) is not simple unless J = Jx. Similarly, Oy is not simple
unless there are no X-invariant ideals in A (for any such ideal I the pair (1,1 + Jx)
is a T-pair). Suppose now that ¢y is not injective. Then Iy = ker ¢x is a non-zero
X-invariant ideal in A. We define I = Iy + Jx n X '(Iy) and I, :== I, .1 + X} (I,,_1)
for n > 1. Then I, := lim,,_, I, is X-invariant ideal by [29] Lemma 4.15 and Propo-
sition 4.16]. Thus I, = A by minimality of A. For every a € I,, n € N, we have
ae J(X) and [|¢pxen(a)| = 0. This implies that X is quasi-nilpotent and J(X) = A.

Suppose that X is minimal. Then the only T-pairs (I, I’) for X with Jx < I’ are
(0, Jx) and (A, A). Hence Ox contains no non-trivial gauge invariant ideals. Thus,
cf. Lemma[6.2(v), Ox is simple if and only if X has the uniqueness property. O

Corollary 9.3. If the dual multivalued map X is weakly topologically aperiodic and
X is minimal, then Ox is simple.

Proof. Combine Theorem and the second part of Lemma O

When X is a Hilbert A-bimodule, then Xisa partial homeomorphism. Thus in this
case, it follows from [38, Theorem 9.12| that the implication in Corollary|9.3is in fact
an equivalence (at least when A contains an essential ideal which is separable or of
Type I). Moreover, for any quasi-nilpotent C*-correspondence X the dual map X has
no “periodic points”. Indeed, if there is [r] € A and n > 0 such that X®"-Ind(r) = T,
then for any a € A with |7(a)]| = 1 and any m € N we get that |¢pxemn(a)| =
| X®m Ind(7)(a)| = |7(a)|| = 1. Thus when the left action on X is not injective we
have the following characterization of simplicity of Ox in terms of aperiodicity of X:
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Proposition 9.4. Let A be a C*-algebra and X a Hilbert A-bimodule. Suppose that
the left action of A on X is not injective. The following statements are equivalent:
(1) Ox is simple;
(2) X is minimal and quasi-nilpotent;
(3) X is minimal and the dual multivalued map X is topologically aperiodic.

Proof. We have (1)=(2) by Lemmal9.2] and (2)=>(3) is clear by the discussion above.
Implication (3)=>(1) follows from Corollary [9.3| O

When the left action is injective we can use the main result of [54] to get the
following characterization of simplicity in terms of acyclicity.

Proposition 9.5. Let X be a C*-correspondence over a unital C*-algebra A. Suppose
also that X is full on the right and the left action of A on X is injective and AX = X.
The following statements are equivalent:

(1) Ox is simple;

(2) X is minimal and non-periodic;

(3) X is minimal and A-acyclic.
Moreover, if J(X) # A, then Ox is simple if and only if X is minimal.

Proof. We have (1)<(2) by [54, Theorem 3.9]. To see that (2)<(3) it suffices to
note that our assumptions and minimality of X imply that there are no non-trivial
positively X-invariant ideals in A. Indeed, suppose that X is minimal and I; is a
positively X-invariant ideal in A and Iy # A. Then I} := X '(I) = {a € A :
(x,a-yys € I for all x,y € X} contains Iy but does not contain 1. Proceeding in
this way we get an increasing sequence {I,,}>_, of ideals in A, each of which does not
contain 1. The ideal I, = |J_, I, is not equal to A (does not contain 1) and it is
X-invariant, cf. [29, Proposition 4.16|. Thus minimality of X implies that I, = {0}
and hence Iy = {0}.

If J(X) # A, then X cannot be an equivalence bimodule and all the more it cannot
be periodic. O

Finally, in the liminal case, using our main results we get:

Proposition 9.6. Let X be a C*-correspondence over a C*-algebra A such that
X(Jx) is liminal. The following statements are equivalent:

(

1)
(2) X is minimal and the graph dual to X is topologically free on j)\(;
(3) X is minimal and Jx-acyclic.

Proof. Combine the last parts of Theorem [8.3 and Lemma [9.2] O

Ox s simple;

9.3. Topological correspondences. Let us fix a quadruple E = (E°, E*,r,s) con-
sisting of locally compact Hausdorff spaces E°, E' and continuous maps r,s : B! —
E°. We will refer to E as to a topological graph. We also fix a continuous family of
measures along fibers of s, i.e. a family of Radon measures A\ = {\,},cp0 on E' such
that

(Q1) supp A\, € s !(v) for all v e E°,
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(Q2) v — §., a(e)d\,(e) is an element of C.(E°) for all a € C.(E").

In [5], the quintuple Q@ = (E°, E',r, s, \) is called a topological correspondence (from
E° to E°). Tt is a mild but important generalization of a topological quiver introduced
in [44, Example 5.4] and studied in [45]. Namely, a topological quiver is a topological
correspondence where in (Q1) we have supp A, = s~ !(v) for all v € E°. We note that
if £ = (E° E'r, s) is a topological graph in the sense of Katsura [26], i.e. if we
additionally assume that s is a local homeomorphism, then each set s~*(v) is discrete
and we may treat E as a topological quiver equipped with the family A = {\,},cgo of
counting measures on s~ !(v), v € E°. Conversely, if Q is a topological quiver such that
each )\, is a counting measure on s~ (v), then s is necessarily a local homeomorphism.
We define the support of the family of measures X\ as the following union:

supp A 1= U Supp Ay .
veEO

Axiom (Q2) implies that the set map v — supp )\, is lower semicontinuous, cf. [34]
Lemma 3.28]. This together with axiom (Q1) gives that the restricted source map
s :supp A — EY is open. Note that the topological correspondence Q is a topological
quiver if and only if supp A = E'. Moreover, the C*-correspondence we associate to
Q depends only on the closure of supp A in E'. Thus without loss of generality we
could assume that supp A\ = E'.

We define the C*-correspondence X g associated to () as the Hausdorff completion
of the semi-inner C*-correspondence over A = Cy(E°) defined on C,(E') via

(a-f-b)=(aor)f(bos) and {fghemn(v) = f Fod,,

s71(v)
f,g9 € Co(EY), a,b € Cy(E®), see |5, Definition 2.5|, [45, 3.1]. We define the quiver
C*-algebra associated to Q as Ox,, cf. [45] Definition 3.17|. For every V < J(X) we
define the corresponding relative quiver C*-algebra as O(Cy(V'), Xg), cf. [45, Section
7].
We wish to compare the topological graph F with the graph Fg dual to the C*-
correspondence Xg.

Lemma 9.7. The multiplicity of a pair of vertices (w,v) € E° x EY for the graph dual
Eg to Xg is the dimension of the Hilbert space L*(r~'(v) n s7H(w), A\y):

m%v = dim(L*(r H(w) N s7H(v), \y)).

Proof. We identify points of EY with irreducible representations of Cy(E®) by putting
v(a) := a(v) for v € E) a € Cy(E®). Let v € E° and consider a representation
Ty : Co(E®) — B(L3 (s7'(v))) defined by

(mo(a)f)(e) = a(r(e))fle),  aeCo(E"), feLi (s (v))
Then the formula (U(z @, A))(e) := Az(e), e € s (v), z € Xg, A € C, defines a
unitary establishing the equivalence Xg-Ind(v) = m,, see [0, Lemma 2.3]. Plainly,
we have w < m, if and only if L*(r~'(v) n s7'(w), \,) is a non-zero subspace of
L3 (s7'(v)), and the multiplicity of the subrepresentation w of m, is equal to the
dimension of L*(r~!(v) n s71(w), \,). This implies the assertion. O
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The above lemma implies that if £ = (E°, E',r, s) is a topological graph in the
sense of Katsura, equipped with counting measures, then the graph dual Fg to Xg is
equivalent to E. For general topological correspondences the graph Eg is equivalent
to a proper subgraph of FE.

Example 9.8. Let Q = (E° E',r,s,\) be a topological correspondence such that
the graph £ = (E° E',r,s) has no multiple edges. It follows from Lemma that
the graph EFg dual to Xg is a subgraph of E where Elg consists of edges e € E!
with Ay ({e}) > 0. Thus for instance if we put E° = [0,1], E' = [0,1] x [0, 1],
s(x,y) =z, r(z,y) = y and let A\, be the Lebesgue measure on [0, 1], for z,y € [0, 1].
Then (E° E',r, s, {\;}ser0) is a topological quiver and the graph Eg has no edges.

Even though, as we have seen above, the graph Fo might have much fewer edges
than FE, this difference does not affect topological freeness (at least for topological
quivers).

Proposition 9.9. Let Q = (E°, E* r, s, {\,}uero) be a topological quiver. The graph
E = (E° E' r s) is topologically free if and only if the graph Eg dual to Xg is
topologically free on Jx.

Proof. By [45, Proposition 3.15], we have EY; = J(Xg) where

E?m := {v e E”: there exists a neighborhood U of v such that

r~!(U) is compact and s|,-1(y7) is a local homeomorphism}.
Thus, for every w,v € E° with w € J/(\X) the measure ), restricted to the set 7! (w)
is discrete (is equivalent to a counting measure on r~'(w) n supp A,). In view of
Lemma this implies that the number of edges from v to w in graphs Eg and F
is the same. In other words, the restricted graphs 7 X)EQ and 7 X)E are equivalent.

Moreover, we have Jy = EY,,, 0 Int(r r(EY)), cf. [45, Proposition 3.15].

Now, assume that Eg is not topologically free on j)\( Let V < j)\( be an open
non-empty set consisting of base points of cycles in —~ (EQ) of length n without
entrances in Eg. Since 7 X)EQ and 5 E are equlvalent this 1mphes that V' consists
of base points of cycles in F w1thout entrances in £. Hence E is not topologically
free.

Conversely, assume that E is not topologically free. Let V; < E° be an open non-
empty set consisting of base points of cycles in E" without entrances in F. Defining
inductively Vi = s(r=*(V4_1)) for k = 1,....n—1, we see that V := UZ;(I) Vi is an open
set consisting of base points of cycles in (1 Fy )™ without entrances in . Note that
s: s (V) — V is a homeomorphism (a continuous open bijection). It follows that the
map h:V — V given by h :=r o s~ ! is continuous and bijective. Moreover, we have
h™ = id and in particular h~! = h"~! is continuous. Hence h is a homeomorphism.
Since r : 7~ 1(V) — V is equal to the composition h o s of homeomorphisms, this map

is a homeomorphism. Thus we see that V = Jy = EY;,, 0 Int(r r(EY)). Accordingly,
the graph Ej is not topologically free on j)\( 0
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Remark 9.10. It seems very likely that the preceding proposition holds for every
topological correspondence with supp A = E!. The proof would require description
of the spectrum of J(X), which in case of topological quivers is provided by [45,
Proposition 3.15].

Suppose that @ = (E° E', 7, s,{\,}wero) is a topological quiver. It is shown in
[45, Theorem 6.16 and Corollary 7.16] that topological freeness of £ = (E°, Et,r, s)

—

implies the uniqueness property of every pair (Co(V'), X) with V' < J(X). We extend
this result to topological correspondences. In addition we get that topological freeness
of E is not only sufficient but also necessary for the uniqueness property for (X, Jy).
For relative Cuntz—Pimsner algebras we improve upon results of [45] by showing that
a weaker form of topological freeness of E is sufficient (in fact equivalent) to the

uniqueness property for O(Co(V'), X) with V < Jx. The following result generalizes
also Katsura’s uniqueness theorems [26, Theorem 5.12|, [27, Theorem 6.14].

Theorem 9.11. Let Q = (E° E', 7, s,{\,}vero) be a topological correspondence and

let V < j;-(\g be an open set. Let Eg be a subgraph of E with multiplicities given in
Lemma . FEvery injective representation of Xg satisfying @ integrates to a faithful
representation of O(Co(V'), X) if and only if Eg is topologically free on V.

Proof. Apply Theorem [8.3] O

Corollary 9.12. If Q = (E°, E', 7, s,{\,}vero) is a topological quiver, then the graph
E = (E°, E',r,s) is topologically free if and only if every injective covariant repre-
sentation of Xg integrates to a faithful representation of the quiver C*-algebra Ox, .

Proof. Combine Theorem and Proposition O

Generalization of the theory of topological quivers to topological correspondences
is important for instance in the theory of crossed products by (completely) positive
maps:

Example 9.13 (Crossed products by positive maps on Co(V)). Let P : Cop(V) —
Co(V') be a positive map where V' is a locally compact Hausdorff space. When V' is
compact and P(1) = 1, such maps are called Markov operators in [23]. As in [34]
Lemma 3.30|, we associate to V' a topological correspondence where the space of edges
E' is the closure of a relation R € V x V defined by

def
(v,w) e R <= (Yaeco(v), a(w) >0 = P(a)(v) > 0).
Source and range maps are given by s(v,w) := v, r(v,w) := w. The system of
measures A = {\, },cpo is determined by

Pla)(w) - J a(w)dd,(w), veV.ae A
s (w)

Then Q = (V,R,7,s,{\}wev) is a topological correspondences and R = supp \.

By [34, Proposition 3.32 and Theorem 3.13|, the crossed product C*(Cy(V'), P) con-

structed in [34, Definition 3.5| is naturally isomorphic to the quiver C*-algebra O, .

One easily finds examples, cf. [34, Example 3.5|, of Markov operators for which the
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topological correspondence Q is not the topological quiver in the sense of [45], i.e.
supp A, = s !(v) does not hold in general (equivalently R is not closed in V' x V).
The graph E = (V, R,r, s) has no multiple edges. Hence the graph Eg dual to Xg
arises by taking all atoms of measures \,, v € V, see Example [0.§ When P is
multiplicative then s is injective and the associated algebras are crossed products
by endomorphisms, see Example below. When P is a transfer operator then
r is injective and the associated algebras are Exel’s crossed products, see the next
example.

Example 9.14 (Exel’s crossed products). Suppose that £ : Co(V) — Co(V) is a
transfer operator, that is £ is positive and there exists an endomorphism « : Cy(V') —
Co(V') such that L(a(a)b) = aL(b) for all a,b € Cy(V'). The Exel’s crossed product
Co(V') ¥4, N is naturally isomorphic to the crossed product C*(Cy(V), L) by L, see
[34, Theorem 4.7]. Here we consider Exel’s crossed products as defined in [14] (the
crossed product originally defined in [12] coincides with the modified one in a number
of natural cases, see [34]). Hence Cy(V) %o, N = Ox, where Q is the topological
correspondence associated to £ as in Example [0.13] Endomorphism « is given by a
composition with a continuous proper map ¢ : A — V defined on an open set A < V.
For each v € V' we have supp A\, € ¢~ (v). Hence the graph Eg can be identified with
the graph associated to the map ¢ restricted to the set A := {x € A: A ) ({z}) > 0}.
By Example , we conclude that Exel’s crossed product Cy(V) x4 N has the
uniqueness property if and only if ¢ : A — V is topologically aperiodic on V. This
generalizes uniqueness theorems [15, Theorem 9.1|, [7, Theorem 6|, [4, Theorem 6.1]
proved in the case ¢ is a local homeomorphism and A = A =V

9.4. Crossed products by endomorphisms. We start with recalling a general
definition of crossed products by endomorphisms from [33]. Such C*-algebras are
special cases of crossed products by completely positive maps, see [34, Proposition
3.26].

Let « : A — A be an endomorphism of a C*-algebra A. A representation of an
endomorphism « in C*-algebra B is a pair (7, U) where 7 : A — B is non-degenerate
homomorphism of A and U € M,(B) is a left multiplier of B such that

Ur(a)U* = 7(afa)), for all a € A.

Then U is necessarily a partial isometry and U*U € w(A)’. We call C*(m,U) :=
C*(n(A) uUnr(A)) < B the C*-algebra generated by (m,U). Then U € M,(C*(m,U))
is a left multiplier of C*(w,U). If « is extendible, i.e. it extends to a strictly con-
tinuous endomorphism of the multiplier algebra M (A), then U € M (C*(w,U)), see
[32, Remark 4.1]. Let J be an ideal in (ker o). We say that a representation (,U)
of o is J-covariant if {a : 7(a)U*U = w(a)} < J. We say that (m,U) is strictly
J-covariant if {a : 7(a)U*U = 7(a)} = J. The corresponding relative crossed product
can be defined, see |33 Definition 2.7|, as a C*-algebra C*(A, «; J) generated by a
universal .J-covariant representation (14, u). The representation (14, u) is necessarily
strictly J-covariant and injective, in the sense that ¢4 is injective. By definition every
J-covariant representation integrates to a representation of C*(A, «; J). In the case
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when J = (ker o) we write C*(A, o) := C*(A, a; (ker a)') and call it the (unrelative)
crossed product of A by «.
We associate to a a C*-correspondence X, defined by the formulas:

Xoi=a(A)A, (x,yya:=2"y, a-x-b:=aa)xb, xz,yeca(A)A, a,be A.

Then Jx, = (kera)! and there is a bijective correspondence between J-covariant
representations of a and of X,, see [33] Proposition A.8]. Thus, for every ideal
J < (ker a)t, we have

C*(A, o J) = O(J, X,), C*(A, o) = Ox,,.

Applying case Al) in our uniqueness theorem and results of [38] we get the following
theorem. The second part extends the known fact that topological freeness of an

automorphism on a separable C*-algebra is equivalent to the uniqueness property, cf.
[48, Theorem 6.6], see also [49, Corollary 1], [32, Theorem 4.2].

Theorem 9.15. Let J be an ideal in (ker o)*. Consider the following conditions

(1) the multivalued map @ is weakly topologically aperiodic on J ;
(2) every injective strictly J-covariant representation (mw,U) of « integrates to an
isomorphism C*(m,U) = C*(A, o; J).
Then (1)=(2). If a has a complemented kernel and a hereditary range, A contains an
essential ideal which is either separable or of Type I, and J = (ker a)*, then (1)< (2).

Proof. Identifying the spectra Aa(A)A and a(A)Aa(A) with open subsets of A,
we have Aa(A)A (A)Aa(A). In particular, composing X, -Ind : Aa(A)A —
IC/(—)Z) with the homeomorphism dual to the isomorphism K(E,) 3 ©,, — zy* €
a(A)Aa(A), see |33, Lemma A. 7] we get an identity on AEEA\)A This implies that
the multivalued maps & and X, coincide. Hence (1)=(2) by Theorem |7 .

Assume that J = (ker a)* is complemented ideal in A and a(A) = a(A)Aa(A) is a
hereditary subalgebra of A. Then X, is a Hilbert bimodule and a = )/(\a is a partial

homeomorphism of A. If A contains an essential ideal which is either separable or of
Type I, then |38, Theorem 8.1] implies that (1)<(2). O

Suppose now that K is an ideal in A and that K is liminal. We can construct a
graph on K as follows. For any [p] € K to [7r] e K we define the number M) )
to be the multiplicity of subrepresentations of p o a|x equivalent to 7, where p is
the unique extension of p from K to A. We denote the Corresponding graph by
EX — (K,EX,r,5).

Definition 9.16. Let J be an ideal in (ker o)t and assume that Aa(J)A is liminal.
Then K := J + Aa(J)A is liminal (J is liminal because it is isomorphic to the
subalgebra a(J) of Aa(J)A). We say that « is topologically free on J if the graph

EX constructed above is topologically free on J.

Definition 9.17. We say that an endomorphism « : A — A is inner if there is an
isometry u e My(A) € A” such that a(a) = uau®. Otherwise we say that « is outer.
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Lemma 9.18. An endomorphism o : A — A is inner if and only if X, is isomorphic
to the trivial C*-correspondence A.

Proof. Suppose that a : A — A is inner and let u € M,(A) < A” be an isometry such
that a(a) = uau*. We may treat u as the left centralizer u : A — A of A, cf. [50),
3.12.3]. Then w is an isometry of the trivial Hilbert A-module A. Moreover, a(A)A =
uAu*A < uA and for every a,b € A we have uab = uvau*ub = a(a)ub € a(A)A. Hence
u:A— X, =a(A)A is a unitary, and since a(a)ub = vau*ub = uab, for a,b € A, we
see that u is an isomorphism of C*-correspondences.

Conversely assume that we have an isomorphism of C*-correspondences u : A —
X, Since X, = a(A)A < A, we see that u is a left centralizer of A and hence we
may treat it is a left multiplier. For an approximate unit in {4, } in A and every a € A
we have a = lim\(uy, ay = limy(upy,vay = limy pru*ua = w*ua. This implies that
u*u =1€ My(A) € A”. Furthermore, a(a) = limy a(a)a(py) = limy v*ua(a)a(p,) =
limy u(au*a(py)) = vau®. O

Theorem 9.19. Let A be a C*-algebra and o : A — A an endomorphism. Let J
be an ideal in (ker o)t such that Aa(J)A is liminal. The following conditions are
equivalent:

(1) every injective strictly J-covariant representation (m,U) of « integrates to an
isomorphism C*(m,U) = C*(A, «; J);

(2) « is topologically free on J;

(3) for every non-zero ideal I in J such that a(I) < I, every power (a|;)", n > 0,
of aly is outer.

Proof. Note that K := J + Aa(J)A is liminal (J is liminal because it is isomor-
phic to the subalgebra a(.J) of Aa(J)A). Arguing as in the proof of Theorem [9.17]
one sees that the graph EX = ([? ,EL r s) is equivalent to the graph dual to the
C*-correspondence (X, )r. Hence « is topologically free on J if and only if X, is

topologically free on J. Using that and Lemma [9.18] we get the assertion by Theo-
rem 0

Example 9.20 (Endomorphisms of K (H)). Let A = K(H) be a C*-algebra of com-
pact operators on a Hilbert space H. It is well known that every (non-zero) endo-
morphism « : A — A is of the form a(a) = >, U;aU} where {U;}?_; < B(H) are
isometries with mutually orthogonal ranges and n is a natural number called Power’s
index of a. It follows that the graph dual to a consists of one vertex and n-edges. In
particular,

« is topologically free on A <= Power’s index of « is greater than 1.

Thus, by Theorem , the crossed product C*(A, ) has the uniqueness property if
and only ifA n > 1. Note that the dual multivalued map & is always an identity on the
singleton A. Thus, it is never weakly aperiodic. If n = 1, then the monomorphism «
has a hereditary range and in this case we could infer the lack of uniqueness property

for C*(A, ) from the second part of Theorem [9.15]

Let us generalize the previous example.
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Example 9.21 (Endomorphisms of Cy(V, K(H))). Let V be a locally compact Haus-
dorff space and let A = Cy(V, K(H)). Suppose that (A4, «) is a Cy(V)-dynamical
system in the sense of [33, Definition 3.7|, i.e. @ : A — A is an endomorphism of the
form

00 ¢ A,

where ¢ : A — V is a continuous proper map defined on an open set A < V', and
{a}zen is a continuous bundle of (non-zero) endomorphisms of K(H). The graph
E, = (ﬁ, El r s) dual to a can be described as follows: there is an edge from z € V
toy € V if and only if x € A and y = ¢(x). Moreover, the multiplicity MYy .00 T E A,
is equal to Power’s index of . In particular, the (multivalued) map & coincides with
¢. Let J = Cy(U) be an ideal in (kera)t = Cy(A) and put Y = X\U. In view of
Example [3.10] we have

afa)(x) = {%(G(M)’ rea,

& is weakly topologically aperiodic on J @ is topologically free outside Y.

Thus, in this case Theorem recovers [33, Theorem 4.11]. In order to improve it
let Z be the set of points x € A for which Power’s index of o, is 1. One readily sees
that

« is topologically free on J <= ¢ is topologically free outside Y u Z.

Thus, Theorem leads to an improvement of |33 Theorem 4.11|. If dim(H) < oo
then Z = ¢J and the uniqueness property for C*(A, «;J) is equivalent to topolog-
ical freeness of ¢ outside Y. This generalizes |32, Proposition 4.8| proved in the
commutative case.
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