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A B S T R A C T

This work investigates the possibility to evaluate the Strain Energy Density value with a free
mesh model suggesting the use of a correcting formula a posteriori.

Several numerical analyses were carried out to prove the good agreement between the method
suggested and the conventional method considered until now to acquire the Strain Energy
Density value that requires the construction of the so-called control volume in the pre-processing
phase of the FEM code.

The main advantage of the methodology shown in the present work to evaluate the Strain
Energy Density value is that, accepting an error in the calculation that depends on different
parameters, it is possible to apply this method directly as a post-processing tool.

This allows also to decrease considerably the effort of the researcher in applying this method
and to reduce the calculation time thanks to the use of a free coarse mesh.

1. Introduction

The presence of a notch or, in a more general term, of a geometrical discontinuity in a component determines the presence of a
localised stress concentration; this could generate a crack affecting considerably the strength and the assessed fatigue life of such a
component.

Since it is impossible to avoid the presence of intrinsic defects in mechanical components and of geometrical discontinuities, it is
particularly important to have specific and reliable tools to assess the structural integrity and the expected fatigue life of the com-
ponents analysed.

The scientific discipline that studies the prevention of fractures is called fracture mechanics; however, even if the field of fracture
mechanics is a topic of active and continuous research, still nowadays the matter of fracture of materials under different loading
conditions is far than completely solved.

The problem of brittle fracture can be treated applying a huge variety of methods [1–3] whose practical application, however, is
possible only neglecting some aspects of the problem analysed; indeed it is not always possible to take into account all the parameters
that could affect the fracture process because of lack of experimental data, limitations of the method considered or also because, even
if software are often used to get more accurate results, the computational time needed could result to be too high for the accuracy
required.

This means that the use of these methods depends on the aspect of the problem of more interest for the researcher or on the
aspects that affect more the fracture process analysed in order to get reliable results in reasonable time. This make clear that the
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application of a method with respect to another is determined mostly on what the research or the designer are looking for but also on
their expertise and on the tools available; indeed, it is also important to say that each method developed to deal with fracture follows
its own methodology.

Among the methods available to deal with brittle failure, we focus in this work on the Strain Energy Density (SED) method, an
energetic local approach validated as a method to investigate both fracture in static condition and fatigue failure [4–11] dealing with
both sharp-V [12–19] and blunt V- and U-notches [20–27].

The basic idea of this method is that the brittle fracture occurs when the local SED W, evaluated in a given control volume, reaches
a critical value =W W¯ C, independent of the notch opening angle and of the loading type [4,28], that is evaluable, in the case of an
ideally brittle material, through the following expression:

=W
2EC

t
2

(1)

Being t the conventional ultimate tensile strength and E the Young’s modulus.
Even if this methods based on a very simple concept, it requires expertise in its application due to the peculiarity of the mesh

required for the finite elements model; indeed its application needs a FE model built in order to have the control volume centered on
the critical point of the component analysed according to the theory of the method that is explained in Section 2.1.

The main aim of the present work is to provide numerical data to make the SED method more suitable for its practical application
also as a post-processing tool to be integrated in the most known commercial software to investigate structural integrity and fatigue
resistance.

This can be also helpful in topology optimisation techniques [29,30]. Indeed, without the need of a mapped mesh, the SED
method is more suitable to be used also with this kind of techniques that could beneficiate of all the advantages leaded by this method
from the mesh low sensitivity to the possibility to take into account mixed mode loading and considering both structural integrity and
fatigue strength. We should underline that, usually, a topology optimised component is produced through additive manufacturing
techniques due to the complex forms that naturally occurred during the topology optimisation. Anyway, in some recent works, the
SED method has been applied also to additive manufactured components showing very good results [19,27].

In order to simplify the method, we evaluated in this work the possibility to estimate the value of the SED without the con-
struction of the control volume in the pre-processing phase of the FEM code suggesting also a correcting formula to decrease the error
of the value achieved.

2. Materials and method

2.1. Strain energy density analytical frame

In this section we explain the principal equations of the SED method in order to make the reader understand the considerations
about the correcting formula suggested and its range of validity.

Assuming valid for the material analysed the hypothesis of linear elastic isotropic material [4,5], the total strain energy density is
given by the following expression:

Nomenclature

A Control volume area in 2D problems.
A′ Approximated control volume area achieved

through the FE analysis
E Young’s modulus
e e e, ,1 2 3 mode 1, 2 and 3 functions of 2 in the SED ex-

pressions for sharp V-notches
I I,1 2 mode 1 and 2 functions in the SED expression for

sharp V-notches. Assessed
as: = +I f d( )1( ) 1 ; = +I f d( )2( ) 2

KIC fracture toughness
K K,N N

1 2 mode I and II notch stress intensity factors of a
sharp V-notch. Assessed
as: = =
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+
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1 2 .
r, polar coordinates
R0 control volume radius
SED strain energy density

W averaged strain energy density
WC critical strain energy

Greek

2 opening angle of V-notch
supplementary angle of : =

a fatigue strength of the butt ground welded joints
K A

N
1 NSIF-based fatigue strength of welded joints

WL critical value of the mean SED that corresponds to
the fatigue limit

,1 2 mode 1 and 2 Williams’ eigenvalues for stress
distribution at V-notches
Poisson’s ratio

t ultimate tensile strength
ij ij component of the stress tensor
ij angular stress functions

, ,rr r stresses in the polar coordinate system
,1 2 auxiliary parameters, function of opening angle
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Dealing with V-notches, taking into account Williams’ equations under the hypothesis of plane stress or plane strain conditions,
the stress field [31] near the notch tip is described by Eq. (3) for mode I loading and by Eq. (4) for mode II loading according to the
polar coordinate system (r,θ) shown in Fig. 1.
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K1 and K2 being the Notch stress intensity factors (NSIFs) related to mode I and mode II stress distributions [32].
Introducing , rrand r , function of the notch opening angle 2 and of the position with the polar coordinate , the stress field

close to the notch tip in a mixed mode loading (I + II) can be expressed as follows exploiting the superposition principle:
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In mixed-mode loading conditions, the SED value around the notch tip is given by three different contributions:
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Being W1 the contribute of mode I loading acting alone, W2 the contribute of mode II loading acting alone whileW12 is a combined
contribute of both the two modes to be considered only when they act together.

In order to evaluate the averaged value of the strain energy density, a sector-shaped cylinder of radius R0 along the notch tip line,
called ‘control volume’, is considered. For more consideration about the shape of the control volume, we remand to Refs. [1,8,33] In
plane problems, both in mode I and mixed mode (I + II) loading, the control volume becomes a circle or a circular sector with radius
R0 respectively in the case of cracks and pointed V-notches, as shown in Fig. 2.

In both the cases of the crack and of a V-notch, the radius R0 can be estimated both under plane strain [34–36] and plane stress
[14].

Integrating the strain energy density in the control volume considered, it is possible to get the elastic deformation energy around
the notch tip as follows:

= = + +
+

E W dA W r W r W r rdrd· [ ( , ) ( , ) ( , )]·R
A

R
( ) 0 1 2 12

(10)

Fig. 1. Coordinate system and symbols used for the stress field components.
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Being the contribution of W12 equals to zero because of the symmetry of the integration field, the elastic deformation energy is
given by:

= + = +E E E
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Being and I1, available in the literature, dependent on and on the stresses field. In 2D problems, the value of the area on which
the integration is carried out is given by:
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+
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being expressed in radians. Considering Eqs. (11) and (12), the averaged elastic deformation energy on the area results to be:
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Taking into account all the three modes of loading, I + II + III, [14] the value of the strain energy density is given by:
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2.2. Rapid strain energy density evaluation

The SED low mesh sensibility has already been hugely proved [37–41]. However, the numerical data already available in literature
has been obtained with FE models that involved the construction of the control volume in the pre-processing phase of the FE analysis. In
the present work we are going to show that a good estimation of the SED value is possible also with a completely free mesh.

Dealing with V-notch in plane condition, the control volume area is given by Eq. (12) while the Strain Energy Density value can be
estimated from Eq. (13).

Considering the Eq. (13) limited to mode I loading conditions and comparing it with Eq. (12) it is possible to state that:
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We can state that:
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Applying the logarithmic operator, we have that:
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2

11 (17)

This means that in a double logarithmic diagram the trend of the SED value with varying the volume is described by a straight line
with a slope equal to ( 1)1 . Being the mode I singular with notch opening angle less than 180°, the slope of the straight line is
negative.

With some easy passages it is possible to get the following equation:

=W W R
A

¯ ¯ ·R A
0
2 1

0

1

(18)

Being W̄A the SED value for a control volume with an area equal to A .
This means that the strain energy density value does not need to be evaluated in a control volume with a radius equal to R0.

However, some considerations must be done:

Fig. 2. Control volume (area) for. (a) Sharp V-notch; (b) crack.
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• The shape of the control volume has to be that of a circular sector. Indeed, the considerations done in the present paragraph are
valid only in the case of a circular sector-shaped control volume. Only in this case it is possible to evaluate the SED value
according to Eq. (13) that represent actually the starting point to achieve the correcting formula reported in Eq. (18).

• The control volume radius has to be within a distance from the notch tip that ensure the prevalence of the local effect of the notch
tip on the stress field. A control volume, obtained through a polar selection with a radius too much big, could result in an
overestimation of the SED value evaluated through the Eq. (18).

From the numerical data acquired, the authors also noticed that without using the correcting formula reported above a good
evaluation of the SED value is already possible with a mesh size of 1/8 of the control volume radius almost independently on the
value of the control volume radius. This, according to the present authors, should be referred to the fact that, expressing the mesh size
as a ratio of the control volume radius, the shape of a circular-sector is approximated almost with the same error being the ratio
between the mesh size and the control volume radius the same. This confirms that the error gained is mostly due to the approximation
of the circular sector shape but does not exclude that a good approximation of the SED value can be acquired without the construction
of the control volume in the pre-processing phase of the FE analysis.

2.3. FE analysis

In order to verify the correcting formula suggested in the Section 2.2 coupled with the possibility to use a control volume free
model, we carried out a series of FE analysis considering the simple case of a sharp V-notched specimen, shown in Fig. 3 with its
geometrical parameters. As regard the notch opening angle 2 , in order to verify the exponent of the correcting formula suggested,
three different cases were considered 2α=|90°;120°;135°|.As regards the control volume radius, it varies, with regards to the notch
depth, as: =R a/ [0.028; 0.042; 0.084; 0.126; 0.168; 0.210; 0.252; 0.294; 0.315]0 . Different cases are taken into account to verify the ex-
ponent of the correcting formula suggested and to prove that, however, there is a limitation, in terms of radius of the control volume
considered, to a distance that ensure the prevalence of the local effect of the notch tip on the stress field. The mesh refinement varies
as ratio of the control volume radius between [] a a a a[1/4; 1/6; 1/8; 1/10; 1/100] for a total of 5 different cases.

Four different models, shown in Fig. 4, are considered.
The model A, showed in Fig. 4(a), results to be the conventional FE model built to evaluate the SED value with the construction of

the control volume. The model B, shown in Fig. 4(b), has the control volume built in the pre-processing phase of the FE analysis, but it
considers a free mesh. In the model C, shown in Fig. 4(c), it was used a mapped mesh, but the model does not have a control volume.
In this case a mapped mesh was considered to take into account those FE models built for any other purpose by designers or
researchers in order to estimate the error in the evaluation of the SED value as a post-processing tool. The model D, shown in
Fig. 4(d), considers instead a completely free mesh with only a refinement in the notch tip in order to consider the error in the
evaluation of the SED value considering the easiest way possible to build the model.

In order to acquire the SED value, as regard the models A and B, it was considered the conventional procedure used to apply the
SED method as it is possible to see from Fig. 5(a) and (b), while, as regards the models C and D, the SED value is acquired through a
selection of the elements close to the notch tips using a polar coordinate system centered in the notch tip with a radius equals to the

Fig. 3. Geometry analysed.
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Fig. 4. FE models for: (a) mapped mesh with control volume, model A; (b) free mesh with control volume, model B; (c) mapped mesh without
control volume, model C; (d) free mesh without control volume, model D.

Fig. 5. Control volume for: (a) mapped mesh with control volume; (b) free mesh with control volume; (c) mapped mesh without control volume; (d)
free mesh without control volume.

a)

c)

b)

d)

Fig. 6. SED vs volume trends for: (a) mapped mesh with control volume; (b) free mesh with control volume; (c) mapped mesh without control
volume; (d) free mesh without control volume.
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control volume radius considered. The result of such a selection is shown both in Fig. 5(c) for a mapped mesh and in Fig. 5(d) for a
completely free mesh.

3. Results and discussion

As stated above, the main aim of the present work is to suggest a correcting formula that allows the use of a free mesh to evaluate
the SED value. In order to prove the validity of the formula suggested in Section 2.2 we report in Fig. 6 the trend of the SED value with
varying the control volume. Table 1 reports the value of found interpolating the data reported in Fig. 6 for the three different
opening angles and the four different models considered in the present work.

In Fig. 7, analysing the results reported in Fig. 6(d) for a notch opening angle of 90° (the same considerations are possible also
with the other angles), distinguishing the different data acquired with different mesh refinements but using the same value of the
radius to carry out the selection with polar coordinates. It is possible to notice that, using the methodology suggested in the present
work, the approximation in evaluating the control volume area it is, of course, different considering different mesh refinements but
also that the error, in evaluating the theoretical value of the control volume area for a particular radius, is in part compensated by the
error in evaluating the SED value; this is the reason why the present authors, in suggesting a correcting formula, prefer the use of the
control volume area found directly with the selection of the elements instead of the theoretical one that could be evaluated through
the value of the radius chosen to carry out the selection with polar coordinates.

In Fig. 8, for each case of opening angle, control volume and mesh refinement considered, it is reported the error in evaluating the

Table 1
Williams eigenvalues found interpolating the numerical data acquired.

Opening Angle Williams’ eigenvalue

Theoretical value Model A Model B Model C Model D

Value Δ% Value Δ% Value Δ% Value Δ%

90° 0.5448 0.5420 −0.51 0.5448 0.00 0.5421 −0.50 0.5496 0.88
120° 0.6157 0.6144 −0.21 0.6212 0.89 0.6144 −0.21 0.6233 1.23
135° 0.6736 0.6732 −0.06 0.6794 0.86 0.6733 −0.04 0.6776 0.59

Fig. 7. SED vs volume trends for free mesh without control volume.
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SED value achieved exploiting the correcting formula reported in Eq. (18) using as reference case the value acquired with the
numerical analysis carried out with the most refined mesh with the model A and considering a control volume radius that gives a ratio
with the notch depth equals to 0.028.

Comparing Fig. 8(a) and (c) with Fig. 8(b) and (d), it is possible to see that, as regards the models with a mapped mesh, the error
follows a trend while, as regards the models with a free mesh, the error is stochastic. According to the authors this should be referred
to how the mapped mesh utilised is built. Indeed, even if the control volume radius and the mesh refinement change, the model is
built always in the same way and it is also similar for both the models A and C. This is also clear comparing the value of found
interpolating the numerical data for these two models reported in Table 1.

a)

c)

b)

d)

Fig. 8. Error acquired using the correcting formula suggested for: (a) mapped mesh with control volume; (b) free mesh with control volume; (c)
mapped mesh without control volume; (d) free mesh without control volume.

Fig. 9. Error acquired using the correcting formula suggested for the model with mapped mesh and control volume.
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From Fig. 8(a) and (c), in particular for the case of 90°, it is possible to notice how the error start to increase after a certain value of
the volume; this is due to the fact that for radius major than a limit value the stress field can no longer be described by William’s
equations resulting in an overestimation of the SED value.

To make more clear this last consideration we applied the correcting formula, suggested in Section 2.2, using, as Williams’
eigenvalue, the value obtained interpolating the numerical data for the first three values of the control volume radius, reported in
Table 2, in order to be sure that the stress field can be still considered described by Williams’ equations and to neglect any possible
error related to the bad estimation of lambda caused from the mapped mesh and the geometrical parameters chosen for the model.

Fig. 9 shows the error, for the model A, obtained using the value of Williams’ eigenvalue reported in Table 2:
From Fig. 9. it is possible to see that after a certain value of the control volume radius the error increase because the stress field

does not follow anymore Williams’ equations.
The authors suggest considering a limit ratio of 0.2 between the radius chosen to carry out the selection and the notch depth.

4. Conclusions

The main aim of the paper was to provide enough numerical data to prove the possibility to evaluate the SED value with a free
coarse mesh though the exploitation of a correcting formula.

The numerical analysis carried out showed that:

• A good estimation of the SED value is possible with a free coarse mesh.
• The SED value can be evaluated also with different control volume radius thanks to the possibility to correct the value acquired

with the formula suggested in the present work.
• The control volume considered must be within a distance from the notch tip that ensure the prevalence of the local effect of the

notch tip on the stress field.
• The SED value for a small radius, evaluated considering the value obtained with a control volume radius too much big and

applying the correcting formula suggested, is overestimated.
• The error in evaluating the SED value is mostly due to the approximation of the theoretical shape of the control volume.
• A good estimation of the SED value is possible with a mesh size of 1/8 of the control volume radius near the notch tip; indeed, this

mesh size guarantees a good approximation of the theoretical shape of the control volume and therefore, for what stated above, a
good estimation of the SED value.
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