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Abstract

In the physical world, the system components or the system states are
probabilistically related to each other spatially and temporally. This kind
of relation is termed stochastic dependence or dependence, which is de-
scribed in mathematics by the probability measures of the dependent ele-
ments. We regard the dependence as a physical reality as well as a math-
ematical property and propose to control the dependence for the system
performance improvement. We build a theory of dependence control and
apply the theory to the wireless communication system. Specifically, we
prove that the wireless channel capacity is intrinsically light-tailed due
to the passive nature of the wireless channel and the power limitation,
the dependence of the stochastic process is transformable due to the ex-
istence of both uncontrollable and controllable random parameters, and
dependence in the arrival process and service process of a queueing system
are measurable and have a dual potency to influence the queueing system
performance. Particularly, we summarize the dependence measures of the
queueing system, the dual potency of the arrival and service processes,
and the dependence transformability of the stochastic process as the three
principles of the dependence control theory, i.e., the measurability, duality,

and transformability.
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Preface

This thesis is submitted in partial fulfillment of the requirement for the
degree of Doctor of Philosophy at Norwegian University of Science and
Technology. This thesis is my original work. The main contribution of
this thesis lies in building a theory of dependence control.

The stochastic dependence or dependence for short describes the prob-
abilistic interrelationships between the system states in physical systems.
The dependence is an inherent property of the physical systems and stochas-
tic processes, particularly, the dependence has a significant impact on the
system performance. For example, the dependence in the arrival pro-
cess and the service process, even with light-tailed marginal distributions,
can induce a heavy-tailed distribution of the performance measures of the
queueing system. In parallel with modeling the stochastic dependence in
the physical system, this thesis proposes to control the dependence through
the dependence manipulation techniques in order to obtain a better system
performance. In principle, the control of dependence is feasible due to the
fact that the system performance measures are usually determined by not
only the uncontrollable random parameters but also the controllable ran-
dom parameters, and a manipulation of the dependence in the stochastic
processes of the controllable random parameters has a consequent influence
on the system performance. The dependence control theory applies to the
general stochastic systems, e.g., the queueing systems, specifically, we con-

sider the case of wireless communication systems, of which the stochastic

iii
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properties are studied in particular. The contents of this thesis are expli-

cated as follows.

In Chapter 1, we provide an overview of this work. Specifically, we
introduce the thoughts of dependence control, outline the structure of the
dependence control theory, and provide the reason for choosing the mathe-
matical techniques for proving the results in the dependence control theory.
In addition, the related methodologies, like dependence modeling and de-
pendence coupling, and the related application areas, like simulation and

finance, are reviewed.

In Chapter 2, we provide a tail perspective on the wireless channel gain
and the wireless channel capacity. We show that the wireless channel gain
has finite moments in the stochastic channel models due to the passive
nature of the wireless propagation environment. Furthermore, we show
that the light-tail behavior is an intrinsic property of the wireless channel
capacity considering the power constraints in the wireless communication
system. The results provide a foundation for the mathematical analysis
with respect to the moments of the wireless channel capacity, i.e., the

moments of all orders exist.

In Chapter 3, we investigate how to control the dependence in a queue-
ing system. We consider three fundamental questions raised by dependence
control: what to measure the dependence; where to seek the dependence;
and how to transform the dependence. By answering these questions, we
formulate the underlying rules of dependence influence on the system per-
formance as the three principles of dependence control, i.e., measurability,
duality, and transformability, which verify the feasibility of dependence
control and make up the building blocks of the dependence control theory.
As a demonstration, we provide simulation and numerical results of the ap-
plication of the dependence control theory to the wireless communication

system.

In Chapter 4, we conclude this thesis and discuss the future research



topics. Particularly, it is interesting to extend the dependence control
concept to different application scenarios, different operational systems,

and different probability structures.
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[X; A]
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(1. 0%)
N (0,07)

REEE.

the real number

the positive real number

the non-negative real number

the natural number

the complex number

the conjugate transpose of matrix H

the identity matrix

the probability measure

the mean

the new probability measure after change of measure
the mean for the new probability measure

E[X; A] = E[X14], where 14 is the indicator of A
moment generating function

Gaussian random variable

circularly symmetric complex Gaussian random variable,
with independent real and imaginary parts N (0, a2/ 2)
equal in distribution

the integral stochastic order with generator F

A = B means A implies B

A <= B means A is implied by B

A <= B means A is equivalent to B
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Chapter 1

Introduction

In real world, the stochastic dependence corresponds to the probabilistic
interrelationship of the system states through time and space, and different
forms of dependence result in different system performances. In mathe-
matics, the stochastic dependence is a property of the dependent elements,
specified by the probability measure, and independence is a special case
with a product measure of probability. The dependence scenario, which is
probably uncertain or is intractable to get an explicit mathematical expres-
sion, raises additional analytical issues that differ from the independence
scenario. Considering the diverse characteristics and distinguishing effects
of the stochastic dependence, it is intriguing to study how to control the

dependence in a system in order to obtain an improved performance.

In this chapter, we introduce the stochastic dependence concept and
sketch the dependence control theory. Specifically, we treat the depen-
dence as a physical reality, we show how the idea of dependence control
arises from the mathematical description of the dependence phenomena,
we explain why the dependence is a tradable resource, and we elaborate on
the three principles of dependence control. In addition, the mathematical

methods to build the dependence control theory are discussed.
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1.1 Dependence in Perspective

The dependence exists universally in physics, finance, and engineering. For
example, the particles moving in a fluid is described by the Brownian mo-
tion [74][126], the stock and bond are correlated in finance [13][113], and
the Ethernet traffic is self-similar exhibiting long-range dependence [84].
Particularly, we elaborate on the dependence in the wireless communica-

tion system.

Wireless communication has been around for over a hundred years,
starting with Marconi’s successful demonstration of wireless telegraphy in
1896 and transmission of the first wireless signals across the Atlantic in
1901 [101]. Since 1G in around 1980s [101], the cellular system carries
on upgrading every decade, and the 5G in 2020s is supposed to advance
mobile from largely a set of technologies connecting people-to-people and
people-to-information to a unified connectivity fabric connecting people
to everything, which endows 5G with the potential for thrusting mobile
technology into the exclusive realm of general purpose technology [19], like

electricity and automobile.

It has become a trend that a new generation of wireless systems is de-
ployed every new decade and the theme of each generation is to increase
the capacity and spectral efficiency of wireless channels. The trend is
driven by the explosion of wireless traffic that is a rough reflection of peo-
ple’s demand on wireless communication, and the paradox of supply and
demand [59] is kept relieving generation by generation through exploiting
the physical resources, i.e., power, diversity, and degree of freedom [138].
Considering the trillions of devices to be connected to the wireless network,
the high capacity demand, and the stringent latency requirement in the
coming 5G and beyond [4], it is imperative to rethink the wireless channel
resources. In the affirmative, we propose that the stochastic dependence

is a new resource to exploit.
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1.1.1 Dependence Here and There

We remark that the wireless communication system encompasses a series of
physical parameters, deterministic or random, and the dependence in the
wireless system is rooted in the dependence of these random parameters,
both the spatial dependence and the temporal dependence. We show the
dependence phenomena in the wireless channel fading and channel coding.

The wireless signals are electromagnetic radiations and the signal prop-
agation environment is a passive medium with dissipation that is the loss
of field energy due to absorption, and dispersion that is the variation of
the refractive index in the medium [76][108][67]. The dissipation causes the
energy loss of the signals on the path from the transmitter to the receiver
[108]. This effect is termed the large-scale fading [118]. The dispersion
causes the reflection, diffraction, and scattering of the transmitted signals
[108], which result in the multipath interference and the Doppler shift,
due to the mobility of the scatters or terminals, of the received signals.
This effect is termed the small-scale fading [118]. As a characterization
of the propagation channel, the channel gain is defined by the ratio of of
the receiver-to-transmitter power, of which the reciprocal is defined as the
channel loss. As a result of the energy conservation law, the channel gain
is less than one or the channel loss is greater than one.

In a wireless propagation channel, the gain of received signal is corre-
lated with the angle of arrival of the signal, because of the interference of
the multiple signals that are dispersed through the air from the transmit-
ter to the receiver. This effect is termed the spatial correlation, which is
characterized by the channel gain matrix with dependent elements. The
spatial correlation depends on both the scatter characteristics and the an-
tenna parameters [128], particularly, the spatial correlation increases as
the antenna distance decreases. The influences of the spatial dependence
at the transmitter side are connected with the channel knowledge [72],

i.e., the ergodic capacity decreases with the correlation between the trans-
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mitter antennas in the case of full or no channel side information, which
also holds for the antenna correlation at the receiver side [27], and the
ergodic capacity increase with the transmitter antenna correlation in case
the covariance matrix is known. In addition, the similar impact of channel
knowledge and spatial correlation on the symbol error rate is shown in [16].

On the other hand, the fading elements also bears temporal depen-
dence, due to the temporal correlation of the signal strength or the prop-
agation environment. The temporal dependence influences the variance of
the partial sum of wireless channel capacity through time, i.e., a stronger
dependence implies a greater variance, which further influences the channel
performance, e.g., the latency and buffer size. In the wireless literature,
the typical characterization of the temporal dependence is the autocorre-
lation function [109][95]. However, the autocorrelation concerns just the
first-order and second order moments of the stochastic process [93], and the
uncorrelation can not imply the stochastic independence. The temporal
dependence is further studied in this work.

In addition, the multipath effect causes the intersymbol interference
[103], due to the nonlinear frequency response of the wireless channel,
e.g., the time delay spread or the limited bandwidth. The intersymbol
interference further causes memory in the channel, i.e., an output symbol
depends on multiple input symbols. In information theory, the coding
techniques introduces the stochastic dependence between the input letters
and the dependence is generally necessary to achieve reliable transmission
[50].

1.1.2 Dependence in Mathematics

We focus on the measure theoretic probability theory [78] and we model
the events and random variables through the probability space (2, .7, P).
We classify the stochastic dependence into three types, i.e., independence,

positive dependence, and negative dependence. Other types of classifica-
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tion are shown in [71], e.g., weak dependence and strong dependence.

The random vector X = (X1,..., Xy) has an independence structure,

if the probability measure satisfies
PX <z)=]]P(X;<z). (1.1)

A proper way to define the positive dependence and negative dependence
is to compare the probability measures through stochastic orders [122].
Specifically, for random vectors with the same marginals, X, X, and

X _, with the random vector X | has an independence structure, if
Px, <rPx,, (1.2)

we say X has a positive dependence structure with respect to the stochas-
tic order <z, while if
Px_ <r PXia (13)

we say X _ has a negative dependence structure with respect to the stochas-
tic order <z. In view of the strength of dependence [36], we have the weak
(or strong) positive (or negative) dependence. Explicit definitions of posi-
tive or negative dependence concepts are elaborated in [98][26][63][81][123].
Intuitively, the independence implies that the occurrence of one random
variable doe not influence the occurrences of other random variables, the
positive dependence implies that large or small values of random variables
tend to occur together, and the negative dependence implies that large
values of one variable tend to occur together with small values of others
[36].

The negative dependence and the positive dependence are reversely
symmetric for the two dimension random vector, but in general, the nega-
tive dependence is not a mirror reflection of the positive dependence [14].

Particularly, while the comonotonicity is agreed upon as the extreme pos-
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itive dependence for random vectors of arbitrary dimensions, there are di-
verse notions of extreme negative dependence for random vectors of more
than two dimensions [114].

On the other hand, the independence is of significant importance to
the probability theory, e.g., the focus of the probabilists of the first half
of the twentieth century was mostly on the study of the sums of indepen-
dent random variables, the corresponding limit distributions, aside from
the foundations of probability [92]. In classical (commutative) probability,
there is only one definition of independence, in non-commutative probabil-
ity, there are many concepts of independence and there can be more with a
relaxed regulation on the axioms for being independence [99][49]. A unifi-
cation of the different independence is proposed in the filtered probability
[85].

1.1.3 Dependence as Physical Resource

We consider the physical world as the physical realm, e.g., the wireless
communication channel, and the mathematical model as the mathemati-
cal realm, e.g., the probabilistic definition of dependence. We regard the
stochastic dependence as a physical reality as well as a mathematical reg-
ulation. In parallel with taking advantage of the dependence information
in the mathematical analysis, we propose to control the dependence in the
physical system to improve the system performance. The dependence con-
trol in the physical realm is based on the corresponding analytical results in
the mathematical realm. The correspondences between the mathematical

realm and the physical realm are elaborated as follows.

e The differentiation of the physical and mathematical realms indicates
that we can utilize the dependence as a physical resource as well as a mathe-
matical property. The existence of both the uncontrollable and controllable

random parameters in a physical system indicates that it is feasible to con-
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trol the dependence in the system by manipulating the dependence in the
controllable random parameters, because the system dependence is influ-
enced by both the uncontrollable and controllable random parameters and
is transformable from one form to another by inducing a different form
of dependence through the controllable random parameters, e.g., trans-
forming from positive dependence to negative dependence by inducing the

negative dependence.

e The mathematics provides a way to describe the dependence phenomena
and suggests approaches to utilize the dependence resource. Specifically,
the stochastic order provides an approach to compare the dependence in-
fluences, on the other hand, the mathematical property of the stochastic
orders with respect to different dependence forms explains the advantage
of one form of dependence over another for system performance improve-
ment in practice. For example, the mathematical property of the increasing
convex order of the partial sum of negatively dependent random variables
indicates that taking the advantage of negative dependence attains a bet-
ter performance and preserves other resources in the physical world. In
addition, the strength of dependence manipulation in the physical sys-
tem corresponds to the reflexivity, transitivity, and antisymmetry of the

stochastic orders in mathematics.

e The mathematics is a description of the physical world in a sense to
show that the physical world behaves like the mathematical description,
on the other hand, it is interesting to treat the mathematical description
as a reality as well and engineer the physical world to behave in the way of
the mathematical description. For example, the topology is a mathemati-
cal theory about space, while it is becoming exciting to build the physical
systems that possess the topological properties, like using the quasiparti-
cles in the topological materials to encode the quantum bits [20]. Thus,

there are two types of reality, the natural reality and the artificial reality
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(or the fundamental reality and the emergent reality), which coexist on
earth, like the lake and dam, and in return bolster the degree of freedom

of engineering.

1.2 Essence of Dependence Control

We briefly introduce the theory of dependence control that is concerned
with transforming the dependence structures of the stochastic processes
in the system through dependence manipulation in order to improve the
system performance, e.g., the backlog and delay of a queueing system. We
provide a set of results with respect to the theory and application of de-
pendence control. These are the light-tail behavior of the wireless channel
capacity, which provides the basis for applying dependence control to the
wireless communication system, the tradability of dependence, which is
about the utility of dependence resource in the stochastic process, and the
three principles of dependence control, which are about the dependence

mechanics and dependence manipulation in the queueing system.

1.2.1 The Light-Tail Property

Consider the multiple-input-multiple-output channel model that is ex-
pressed as [138]
y(t) = H(t)x(t) + w(t), te N, (1.4)

where x(t) € CN7, y(t) e CVr, Ny e N, Ng e N, w(t) ~ CN(0, NoIny),
and H(t) e CNr*N7 ig the channel gain matrix. For simplification, we
omit the time index. The instantaneous channel capacity ¢ € R is defined
by the mutual information, which is a function f : R x CNeXNe _ R of
the product of the transmission power p and the channel matrix H H*,
ie.,

f:pHH" — c, (1.5)
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where we treat the instantaneous power as a random variable. Specifically,
if the tail distribution function satisfies [7] Fx(z) = O(e~%), 30 > 0,
where f(z) = O(g(x)) <= limsup% < o, equivalently, E[e?*] <
00,30 > 0, then the distributioflai%o light-tailed; otherwise, it is heavy-
tailed. The heavy-tailed distribution indicates that extreme values occur
with a relatively high probability [45]. Particularly, if the tail is super-
heavy, it has no finite moments [57], e.g., the distributions with slowly
varying tails. The class of slowly varying functions includes constants,

logarithms, iterated logarithms, powers of logarithms [33].

We obtain that the sufficient condition for the light-tail wireless channel
capacity is the existence of the mean value of the power law of the product
of the random power and the maximum eigenvalue of the channel matrix,

ie.,
Fo(z) = O(e’%), 30> 0 — E[(p)\max)a] <w, 30>0, (L6)

where Apax is the maximum eigenvalue of HH™ and the right hand side
is equivalent to E[(p Tr [HH*])Q] < o0, 30 > 0, where Tr denotes the
trace of a square matrix, in terms of the tail behavior, they are equiva-
lently expressed as Fpy,..(z) = O(:E_e), 30 > 0, and FpTr[HH*](x) =
O(m*(’), 30 > 0. Specifically, p = 1 corresponds to the deterministic
power scenario. In addition, for the broadband channel scenario, the
channel matrix is the diagonal matrix of each sub-channel matrices, i.e.,
H = diag{H1,...,Hy}.

We observe that, for the typical stochastic channel models and the
power supply systems in practice, the distribution of the capacity, which
is a logarithm function of the product of the fading effects and random
power, is light-tailed, because the logarithm function transforms a less
than super-heavy-tailed distribution to a light-tailed distribution. The

detailed explanations are as follows.
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e The restriction that the passive channel gain is less than one excludes
the existence of fading models with super-heavy tails. It is interesting to
note that the typical large-scale fading distribution is heavy-tailed, e.g.,
the Lognormal distribution, while the typical small-scale fading distribu-
tion is light-tailed, e.g., the Rayleigh, Rice, and Nakagami distributions.
Specifically, if a random variable is lognormal, then its reciprocal is also
lognormal. The tail property indicates that the large-scale fading effects,
like path loss and shadowing, are more likely to cause large values of both
channel loss and gain, which may be due to the large shadow dynam-
ics in the propagation environment; while the small-scale fading effects,
like the multipath interference and Doopler shift, are less likely to cause
large values of channel gain or the random values are more likely to be
concentrated around the mean. Since both light-tailed and heavy-tailed
distributions with finite mean are used to model the channel gain, the
parametric distributions that can model both heavy-tailed and light-tailed
distributions are of interest, e.g., the Weibull distribution [124][111]. These
theoretical insights on the stochastic models match the empirical results
[67]. In addition, since the random variables in the stochastic models,
whether the light-tailed distribution or the heavy-tailed distribution, are
unbounded, the stochastic models of the wireless channels are strictly not
passive systems [76][89], because of the violation of the energy conservation

law.

e Though the wireless system can be energy unlimited [90], the transmis-
sion power is unlikely to have an infinite mean, thus, the tail of the power
distribution is lighter than the super-heavy distribution. When there are
active relays in the wireless channels, the whole channel gain is the product
of each individual channel gain. However, the tail of the product distri-
bution can be asymptotically bounded above and below by the tail of a
dominating random variable of the product for both independence and de-

pendence scenarios [145][22][69][144]. In addition, the gain saturation also
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exclude the possibility of unlimited gain in active medium [102]. Thus, the
whole channel gain is more likely to have a tail behavior lighter than the
super-heavy tail. On the other hand, when the power in the capacity for-
mula is set to be deterministic, e.g., the mean value of power, normalization
is usually considered for the channel matrix. Specifically, if the channel
description is based on the average transmitter power Pr [110], then, the
channel matrix H is non-normalized; and if the description uses the aver-
age receiver power Pr, then the channel matrix H is normalized [47][135].
Mathematically, the relationship is expressed as [47] P%/ 2 H = Pll%/ 2. H.
For example, the normalized channel gain of the Rayleigh fading channel
is [47][138] Hyj ~ CA(0,1) and E[Ejﬁj‘j] — 1. The normalization indi-
cates that the mean values of the matrix identities exist, which excludes

the existence of the fading models with super-heavy tails.

1.2.2 The Dependence Market

We regard the stochastic process as a functional of random parameter pro-
cesses, which are either uncontrollable or controllable, i.e., the stochastic
process as a function of a set of random parameters, each of which is it-
self a stochastic process. We specify that the cardinality of the parameter
set (th,XtQ,...,Xf) is time-invariant and the function f; : R® — R is
time-variant, i.e.,

Xy = fi (X1, X2, X)) (1.7)

In other words, we treat the stochastic process as a functional of a multi-
variate stochastic process and the functional maps the multivariate stochas-
tic process to a univariate stochastic process. This functional specification
is extensible to the general stochastic process on the Polish space. For
example, in the wireless channel capacity, the uncontrollable parameters
represent the property of the environment that can not be interfered, e.g.,

fading, and the controllable parameters represent the configurable property
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of the wireless system, e.g., power. In addition, this functional perspec-
tive is useful for studying the dependence impact of an individual arrival
process on the aggregation of a set of multiplexed arrival processes.

We study how to transform the dependence in the functional pro-
cess {X;}, by manipulating the dependence in parameter processes {Xti},
1 <7 < n. There are two ways to implement this dependence transform,
i.e., one by transforming the dependence structure from the positive de-
pendence to the negative dependence, and the other by transforming the
marginal distributions. We highlight the following results, which provide

insights for manipulating the dependence.

e The dependence is a resource that can be traded off, i.e., when the de-
pendence is utilized, another form of resource can be saved, e.g., more
amounts of negative dependence can exchange for less amounts of mean
values. The chain relation, X <, X — Z;Zl X <ea Z;Zl )Z'j =
E Z;:1 X;=E 23:1 X j, means the supermodular order of the dependence
structures implies the convex order of the variability of the partial sum with
equal mean. To take into account both the mean and the variability, we
use the increasing convex order for further elaboration. Specifically, the
mean and the variability are exchangeable for each other, i.e., if the vari-
ability is relatively small, then a relatively greater mean can be tolerated
while satisfying the increasing convex order, vice versa. The mathematical
expressions are as follows, if X <;.; Y and EX < EZ' < EY, then it is
possible that Z/ <;.; Y, because we have X <;op, ¥ = X <4 Z <z Y
[127]; and if X <, YV, then X <. Z' <4 Y such that Z’ <., Y, because
we have X <;, ¥ <= X <. Z <4 Y [127]. Complementary results

hold in the sense of the increasing concave order [127].

e The manipulation of the marginal distributions has a dependence bias,
while the manipulation of the dependence structure fixing the marginals
has no such dependence bias. Specifically, the dependence bias means that,

if a parameter process bears negative dependence, then the manipulation
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of each individual marginals with respect to the (increasing) convex order
can not lead effectively to the (increasing) convex order of the partial sums,
i.e., the (increasing) convex order of the marginals implies the (increasing)
convex order of the partial sum holds for positive dependence and not for
negative dependence [98]. The dependence bias of the marginals provides
an opportunity for dependence control. Specifically, the dependence bias
means that the increasing convex order of the partial sum is insensitive to
the marginal manipulation of the parameter process with negative depen-
dence, i.e., the increasing convex order still holds for a partial sum with
smaller mean values of the marginals. For example, a better queueing sys-
tem performance, in terms of backlog and delay, can be achieved in the
scenario of negative dependence in the processes, even with a smaller mean

value of the service process or a greater mean value of the arrival process.

1.2.3 The Three Principles

We consider a queueing system in the discrete-time setting, with the arrival
process a(t) and the service process ¢(t), the instantaneous backlog in the

system B(t) is expressed as [21]
B(t+1)=[B®t)+X(®)]", (1.8)

where [-]* = max(-,0) and X (t) = a(t) — c(t) denotes the difference of the
instantaneous arrival amount and the service amount. For a lossless sys-
tem, the cumulative output A*(¢t) = A(t) — B(t) is the difference between
the cumulative input A(t) = 3'_, a(s) and backlog B(t), and the delay is
defined via the input-output relationship [29],

D(t) =inf{d > 0: A(t — d) < A*(t)}, (1.9)

which is the virtual delay that a hypothetical arrival has experienced on

departure.
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We formulate three principles of dependence control, namely measura-
bility, duality, and transformability. Synthetically, the measurability talks
about the performance measures for a queueing system, the duality talks
about the impact consistency of the dependence of the arrival and service
processes on the system performance, and the transformability talks about
the dependence property of a stochastic process, e.g., the arrival process

or the service process. The three principles are expounded as follows.

1. Measurability. The asymptotic decay rate of the tail of delay or
backlog is able to identify and quantify the dependence influence in the

stochastic processes of the queueing system.

Letting Z denote the backlog or delay, we prove that the decay rates of
their tail distributions converge exactly to two respective constant values,
i.e.,

1
lim ~logP(Z > z) = —%, (1.10)

Z—00 2
where v* > 0, for light-tailed arrival and service processes with weak forms
of dependence. We define the logarithmic asymptotic decay rates of the
tails of backlog and delay as the measure identities and show that the
measure identities, conditional on their existence, have a monotonic rela-
tionship with the dependence of the stochastic processes in the queueing
system. With a manipulation, the asymptotic expression is equivalently

. . logP(Z>z)
written as lim —=—=—~

2—00 loge—z’V*
the logarithmic asymptotics and capture only the dominant term in an

= 1, which shows that the measure identities are

asymptotic expression [7].

2. Duality. The arrival process and the service process have a dual po-
tency of transforming the dependence in the queue increment process, which
further influences the system performance.

Letting X = (X; : t e N) (also X = (X; : t € N)) be the arrival process

or the service process, and fixing one of the two processes and changing
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the other, the duality result is expressed as

X <on X = G(t) < 6(t) = 7% = 7%, (1.11)
where <, and <., denote respectively the multivariate supermodular
order and univariate convex order [127], A . B denotes A implies
B conditional on C, and &(t) = A(t) — S(t), &(t) = A(t) — S(t) or
S(t) = A(t) — S(t). The dual potency of arrival and service dependence
indicates that if the dependence manipulation in the arrival process is not
available, we can transfer to the dependence manipulation in the service
process, vice versa. The supermodular order entails that the marginals
on both sides of the inequality are identical, thus the influences are solely
due to the dependence structure. Considering the influences of both de-
pendence structure and marginals, a sufficient condition for the ordering
of the measure identities for the arrival process is the increasing convex
ordering Z;Zl X <ica Z;Zl X ; and a sufficient condition for the service
process is the increasing concave ordering Z;:l X Zico Z;Zl )Z'j. This
is coherent with the intuition that a smaller and less variable arrival pro-
cess or a greater and less variable service process leads to a better system

performance in terms of the backlog and delay.

3. Transformability. The manipulation of the free dimensions of a

stochastic process is able to transform the dependence of the process.

For a stochastic process as a functional of uncontrollable or controllable
random parameters, i.e., X; = f; (th,XtQ, e ,Xt") , we specify that the
dimension of the parameter set (th, X2, ... ,Xt") is time-invariant and the
function f; : R® — R is time-variant and is increasing or decreasing at X}
for all the time. We prove that the dependence in such a stochastic process
is transformable from strong dependence to weak dependence in the sense
of supermodular order, e.g., from positive dependence to independence or

negative dependence, by manipulating the dependence in the controllable
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parameters, i.e.,

(X0, X4, X)) <om (X0, X3, XD, 31<i<n
— (X1, Xo, ..., Xp) <em (X1, Xo,..., X)), (1.12)

where X; = f;(X},... X7 Xi, X! X™), V1 < j < t. Considering
the influences of both dependence structure and marginals, we prove the
transformability with respect to the (increasing) directional convex order.
Specifically, we show that the random parameters in the wireless channel
capacity, the sub-channels of a compound wireless channel, and the random
multiplexing mechanism of an aggregated arrival process, provide a chance

to perform dependence manipulation in practice.

1.3 A Note on Methodologies

The construction of the dependence control theory is based on a series of
mathematical techniques. We discuss the choice of the techniques and the

related work of similar ideas.

1.3.1 The Methodology

Analytically, to build the dependence control theory, we adopt a few math-
ematical tools, which are necessary to describe different aspects of the de-
pendence mechanics and dependence manipulation. Specifically, large de-
viation is used to find the measure identities, change of measure is used to
explain the dual potency of arrival and service dependence, and stochas-
tic order is used to prove the dependence transformability. In addition,
the random matrix theory is used to study the tail property of the wire-
less channel capacity. The structure of the mathematical analysis and the

reason for choosing the mathematical techniques are explicated as follows.

e We prove the measurability and duality principles integratively, due to
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the close relationship between the performance measures and the order-
ing of the measure identities. The measure identities are the logarithmic
asymptotic decay rates of the performance measure distributions and are
supposed to give an exact reflection of the strength of the stochastic de-
pendence in the arrival process and the service process. Specifically, the
change of measure is used to derive an upper bound and a lower bound
of the identities through calculating the probability in a new probability
space. The bounds are then proved to be asymptotically equal. The ap-
proach to derive the upper and lower bounds eases the difficulty of finding

the exact value directly.

e We prove the dependence transformability by using the stochastic or-
ders to compare the dependence between the original stochastic process
and the stochastic process after dependence manipulation, instead of di-
rectly studying the impact of dependence manipulation on the measure
identities. This approach allows to separate the transformability principle
from the other two principles, with analytical flexibility and independent
significance. For instance, it indicates that the transformability applies to
the general stochastic processes beyond the arrival and service processes,
and different stochastic orders indicate different dependence manipulation

techniques.

e We build the connections between the tail of wireless channel capacity
and the fading and power distributions, by utilizing the tail distributions to
characterize the wireless channel property. Specifically, the random matrix
is used to represent the multiple-input-multiple-output channel, of which
the random scalar is a special case to represent the single-input-single-out
channel, and the light-tail property of wireless channel capacity is shown
to be determined by the maximum eigenvalue and the trace of the random
matrix. This reaffirms the universality of the eigenvalue of the random

matrix in the case of wireless channels. To further support the results, the
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asymptotic tail behaviors of the sum and product of the random variables
are investigated, particularly, the regular variation, slow variation, and

exponential variation of the tail distributions are studied.

As an application of the dependence control theory and as a justifi-
cation to the assumptions in this work, we apply the theory to Markov
additive process, which is capable of characterizing a large class of arrival
processes, is versatile in capturing the dependence in the service processes,
and is able to reflect the non-stationarity in the mobile wireless channels,
and focus on the dependence manipulation of the wireless channel capacity.
Particularly, martingale is used to derive the non-asymptotic tail bounds
of the performance measures, and copula is used to represent the Markov
property and the no-Granger causality, and is revived as a dependence

manipulation technique. The application results are described as follows.

e For the performance measures of the queueing system, we derive the non-
asymptotic and time-dependent tail probabilities of delay and backlog for
Markov additive arrival process and Markov additive service process. The
decay rates of the non-asymptotic results sufficiently imply the logarithmic
asymptotic decay rates, on the other hand, the non-asymptotic results
provide an overview of the tail behavior of performance measures in both
the finite time regime and the infinite time regime. The analysis extends
the single Markov additive process model in [7] to the double Markov

additive process model.

e For the random parameters in the wireless channel, we treat the wire-
less fading as the uncontrollable random parameter, which is the inherent
property of environment that can not be interfered, and we treat the power
as the controllable random parameter, which remains constant during a
coherence period and randomly fluctuates through different coherence pe-
riods. Specifically, the purpose of the random power is to induce negative

dependence to the corresponding wireless channel capacity, and the new
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power allocation scheme based on the dependence control principle avoids
the requirement of the channel side information, which is necessary in the

traditional power allocation scheme [138].

e For the dependence manipulation of the stochastic process, we develop
a copula manipulation technique for Markov process and use simulation
to validate this technique. We model the random parameters as a mul-
tivariate Markov process. We use no-Granger causality [25] to model the
relationship between the uncontrollable and controllable parameters, and
provide sufficient and necessary condition of the no-Granger causality for
Markov process. The no-Granger causality guarantees that if the random
parameters form a Markov process then the uncontrollable parameters
and controllable parameters each form a Markov process. This addresses
the challenge in dependence control that the specific characteristics of the

stochastic process under control must be known.

1.3.2 Related Methodologies

The research works on dependence have been focusing on the idea of depen-
dence modeling [36], based on which the dependence influences are mea-
sured and compared [98][36][123]. For example, copula is used to model
the dependence among multiple risks in actuarial theory [36] and the de-
pendence among multiple arrival processes in stochastic network calculus
[38]. The system model provides a domain of the problem and the depen-
dence model provides a way to characterize the form of dependence. The
dependence control advocates that the dependence in a certain system can
not only be taken advantage of in a passive way due to the uncontrollable
parameters but also be manipulated in an active way based on the con-
trollable parameters and transformed from one form to another in order
to improve the system performance.

A related concept is the dependence decoupling [34]. The decoupling
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reduces the mathematical problems on dependent variables to the prob-
lems on independent variables [34], e.g., through inequalities, thus the
mathematical techniques for the independent random variable can be used
for further analysis. The decoupling focuses on reducing the dependence
situation to the independence situation in the mathematical realm, while
the dependence control focuses on transforming the dependence structure
of the stochastic processes in the physical realm. The dependence con-
trol treats the dependence as a physical resource that can be exploited for
better performance, the dependence forms are classified beyond the inde-
pendence, and the utility of different dependence forms are discussed. On
the other hand, there are some overlapping between these two methodolo-
gies, especially in the sense of mathematical techniques that are used in
the mathematical analysis, e.g., the inequalities. Thus, it is reciprocal to

take advantage of the mathematical techniques in each methodology.

The dependence is taken advantage of in stochastic simulation [8]. For
example, the antithetic variates, control variates, and common random
numbers are used for variance reduction. Specifically, the antithetic vari-
ates, which are negatively dependent, are used to drive different runs of
a simulation experiment [82]; the common random numbers, of which the
functions are positively dependent [37], are used to drive the simulation
in order to guarantee the similar experimental conditions when comparing
different experiment configurations [82]; and both negative and positive
dependence are used in the control variates [8]. It is worth noting that
the simulation environment is completely controllable, hence the random
processes in the simulation can be arbitrarily specified and interfered. On
the other hand, the real system is more complex with both controllable
and uncontrollable random parameters, and the dependence control in the
real system manipulates the dependence structure of the controllable ran-
dom parameter process in order to control the system performance that is

a function of both the controllable and uncontrollable random parameters.
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In finance and economics, the stock and bond have been either posi-
tively or negatively correlated, e.g., the correlation has turned from positive
in the 1970s-1990s to negative in the 2000s-2010s [13][113]. In risk man-
agement [91], the correlation is useful for portfolio construction by creating
diversified portfolios that can withstand market volatility and smooth out
portfolio returns, e.g., the bond can be used to diversify against the stock.
Specifically, the portfolio manager can use the negatively correlated assets
to diversify the risk of a portfolio or hedge the portfolio to reduce the
risk. Technically, the hedging requires a highly negative correlation and

the diversification requires a correlation that is not highly positive.
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Chapter 2

A Tale of Tails

An information theoretic measure of the wireless channel is the channel
capacity, which defines the maximum transmission rate with arbitrarily
small error probability. Since the wireless channel is time variant, the in-
stantaneous capacity randomly fluctuates through time, in other words, the
wireless channel capacity is a stochastic process, which brings about diverse
features to the wireless channel and entails more measures to characterize

the fundamental property of this stochastic process, e.g., the distributions.

In this chapter, we show that the tail distribution of wireless channel
capacity is light-tailed. A simple explanation is that the capacity is a loga-
rithm function of some random variables, so long as these random variables
are not heavier than fat tails, the capacity is light-tailed. This property
is fundamental as it holds for all typical wireless channel models, e.g.,
the Rayleigh, Rice, Nakagami, and Lognormal fading channels. Moreover,
this property is extended from frequency-flat to frequency-selective fading
channels, from instantaneous to cumulative time regimes, from single-hop
to multiple-hop scenarios, and from single-input-single-output to multiple-

input-multiple-output channels.

23
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2.1 Single-Input-Single-Output Channel

2.1.1 Channel Capacity

We introduce the basic concepts of wireless channel capacity, including the
ergodic capacity, instantaneous capacity, cumulative capacity, and tran-

sient capacity.

We consider the single-input-single-output channel with additive white
Gaussian noise (AWGN). The complex baseband representation for a flat
fading channel is [138]

y(t) = h(t)a(t) + n(t), teN, (2.1)

where x(t) is the input, y(¢) is the output, hA(t) is the fading process, and
n(t) ~ CN(0, Np) is the noise process. Conditional on a realization of the

fading process h(t), the mutual information is expressed as [135]

P(z, y|h(t))
z|h(t))P(y|h(t))’

IXGY (1)) = ), Playlh(t))log, B (2.2)

reX yey

where X and Y are input and output random variables with alphabets X’
and ). The maximum mutual information over input distribution at ¢,

denoted as ¢(t), is defined as instantaneous capacity [30]:

c(t) = max I(X: Y[h(t)). (2.3)

where the maximum is taken over all possible input distributions p(x) =
P{X = z}, x € X. Specifically, if the channel side information is only

known at the receiver, the instantaneous capacity is expressed as [138]

c(t) = Wlog, (1 + v|h(t)\2), (2.4)
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where |h(t)| denotes the envelope of h(t), v = NOLW denotes the average
received SNR per complex degree of freedom, P denotes the average trans-
mission power per complex symbol, % denotes the power spectral density
of AWGN, and W denotes the channel bandwidth.

For a stationary process of instantaneous capacity, the average over the

probability space is defined as ergodic capacity [135]:
¢ = E[c(t)]. (2.5)

The definition implies that the ergodic capacity is a constant and is a
concept for infinite code length in infinite time regime, i.e., it defines the
maximum transmission rate of the channel with asymptotically small error
probability for the code with sufficiently long length such that the received
codewords is affected by all fading states [55].

To account for finite time regimes, the sum of instantaneous capac-
ity over a time period (s,t], denoted as S(s,t), is defined as cumulative

capacity:
t

S(s,t) = > cli). (2.6)

i=s+1
For S(0,t), we use S(t) as simplification. The time average of the cumu-

lative capacity through (0,¢] is defined as transient capacity:

at) = 22 (2.7)

The transient capacity is random, which essentially defines the achievable
capacity for a code with finite length such that the received codewords

only experience partial fading states [138].

The probabilistic average of the transient capacity in a stationary pro-
cess is expressed as
Efe(t)] ==, (2.8)
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where ¢ is the ergodic capacity of the channel. According to the law of
large numbers, the transient capacity converges to the ergodic capacity
when time goes to infinity, i.e.,

]P’{ lim &(t) = 5} ~1, (2.9)

t—00

for independent and identically distributed instantaneous capacity. How-
ever, the dependence in capacity may be unknown, and a more general
result for the transient capacity on finite time horizon is expressed by the
Chebyshev inequality [106],

Var[e(t)]

B{[e(t) — 7 > o} < —3

, (2.10)

which is a basic result of concentration [17]. It indicates that, in view of
temporal behavior, statistical properties of the cumulative process should

be taken into account besides the instantaneous capacity.

2.1.2 Light-Tail Behavior

A distribution is said to be light-tailed, if the tail F(x) = 1 — F(x) is

exponentially bounded, i.e.,

F(z) = O(e™%®), 30 > 0, (2.11)
where f(z) = O(g(x)) < limsup % < o0; equivalently, it means the
Tr—00

moment generating function F [0] = (e F(dx) is finite for some 6 > 0.
Otherwise, the distribution is said to be heavy-tailed [7, 119]. Specifically,
if () ~27% 6 >0, f(z) ~ g(v) = mhl%o% = 1, it is defined to be
fat-tailed; if F'(z) = O (33_9), 36 > 0, it is defined to be fat-tail bounded.

The following theorem gives the condition for the wireless channel ca-

pacity distribution to be light-tailed.
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Theorem 1. For flat fading, the instantaneous capacity is expressed as
the logarithm transform of the instantaneous channel gain, i.e., c(t) =
W logo (1 + vh(t)?), Vt. If the distribution of the fading process is fat-tail

bounded, the distribution of the instantaneous capacity is light-tailed.

Proof. For convenience, we omit the time index ¢ and write ¢ = W logy(1+
vh?). Correspondingly, the tail of the instantaneous capacity is a function

of the tail of the channel gain, i.e.,

Fua) = Ty 1) 27 2 (2.12)
v
Let r = 2%_1, for some 0 > 0, F.(z) = O(e~%%) entails
Fu(r) =0 (r*‘)) : (2.13)
which completes the proof. ]

The following corollary shows that the capacity distributions of the

typical wireless fading channels are light-tailed.

Corollary 1. If a wireless channel is Rayleigh, Rice, Nakagami-m, Weibull,
or lognormal fading channel, its instantaneous capacity distribution is light-
tailed.

Proof. For Weibull fading channel, the tail of fading is expressed as
Fp(r) = et (2.14)

where b > 0 and k > 0 are constants. Applying Taylor’s theorem to expend

ebrk, it is easily shown that, for some 6 satisfying k > 6 > 0

k
) efbr 7,9
lim ——— =

B il g (2.15)
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This limit shows that though the Weibull distribution is heavy-tailed for
0 < k < 1, it is lighter than the fat tail. Hence from Theorem 1, the
instantaneous capacity under Weibull fading is light-tailed.

Rayleigh fading is a special case of Weibull fading with & = 2. The

distribution of its instantaneous capacity is expressed as [62]

z
1-2W

Flz)=1—¢ 7 . (2.16)

It is trivial to show that the tail is exponentially bounded
— 1
F(x) <eve (2.17)

1
for 0 < 6 < WL7210g2 log2. Hence, the instantaneous capacity under
Rayleigh fading is light-tailed.
For Rice fading channel, the tail of the instantaneous capacity is ex-

pressed as [117]

oo’ 002

F(z) = (S V2 - 1/%S> : (2.18)

where W is the bandwidth, s the amplitude of the LOS (light of sight)
component, o¢? the variance of the underlying Gaussian process, and
the average SNR. According to the exponential bound of the Marcum Q-
function [129],

_ Il \/W
ap = limsu log71:‘(:13)>limsu i 2 1/755_i — o
T—00 xr—00
(2.19)

which means that the instantaneous capacity of a Rice fading channel is
light-tailed [119][48].
For Nakagami-m fading channel [115], since the square of the Nakagami-

m random variable follows a gamma distribution, which is light-tailed [7],
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the distribution of its instantaneous capacity is thus light-tailed.

For lognormal fading channel [116], since the lognormal distribution
has all the moments, which means that it has a lighter tail than the fat-
tailed distribution [57], the distribution of its instantaneous capacity is
light-tailed. O

The rest of this subsection shows that the light-tailed property is ex-
tended from flat-fading to frequency-selective fading, from instantaneous

to cumulative time regime, and from single-hop to multiple-hop scenarios.

Corollary 2. For frequency-selective fading modeled by L parallel indepen-
dent channels with the instantaneous capacity ¢ = >, Wylogy(1 + Yh),
if the distribution of the instantaneous capacity of each sub-channel c; =
Wilogy(1 +'yh§) 15 light-tailed, so is the instantaneous capacity distribution

of the frequency-selective fading channel.

Proof. For this frequency-selective fading channel, its instantaneous capac-
ity is by definition related to the instantaneous capacity of each sub-channel

as
L
=) (2.20)
/=1

The tail of the distribution of the instantaneous capacity can then be

expressed by [70]

Fez)=1-F,®...®F, () (2.21)
<SFe®...®F,, (1), (2.22)
where [ ® g(x) = S_ y)dg(y) is the Stieltjes convolution and f @

g(t) = 1nf0<8<t{f( )+ g(t - s)} is the univariate min-plus convolution [12]
or infimal convolution [123]. The first step results from sum of independent
random variables, and the second step results from that the distribution of

sum of independent random variables is upper bounded by the distribution
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of such a sum without dependence consideration [70]. As is illustrated in
the proof of the next theorem, the latter is light-tailed. O

Corollary 3. Consider a wireless channel, if the distribution of its instan-
taneous capacity at any time is light-tailed, the distribution of the cumula-
tive capacity is light-tailed, and the distribution of the cumulative capacity

of a concatenation of such wireless channels is light-tailed.

Proof. Without considering any dependence constraint, the tail of the cu-
mulative capacity, S(t) = ¢(1) + - - - + ¢(t), is bounded by [70]

FS(t) (l‘) < Fc(l) @...® Fc(t) (x), (2.23)

which is exactly the infimal convolution of the Fréchet upper bound [123].

If the instantaneous capacity is light tailed, i.e.,
Fo(z) < ae™, (2.24)

applying a distribution bound for the sum of exponentially bounded ran-
dom variables [70], the tail of the cumulative capacity is exponentially

bounded, i.e.,
t

FS(t) H akbkw bk“’ 6_73:, (2.25)
k=1

1
b °
For a concatenation of wireless channels, each with a cumulative ca-

where w = Y} _,

pacity S;i(s,t), the cumulative capacity process is essentially the service
process of the channel, and the cumulative capacity of the concatenation

channel is expressed as [70, 46]
S(S,t) =Sl®...®SN(S,t), (2.26)

where f®g(x) = info<y<a{f(y) + 9(y, x)} is the bivariate min-plus convo-
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lution [21]. Then, the tail is expressed as

Fyp(z) =P{S$1®...® Sn(t) =z} (2.27)

N
=P inf Si(u;—1,u;) = 2.28

N
< inf P Si(u—1,u) = 2.29
L {; (i1, u:) x} (2.29)
< inf E|eXm Sl | oh (2.30)

ueld(z)

where U(z) = {u = (ug,u1,...,un) : ugp = O,uy = t,0 < u; < ... <
un—1 < t}, for some 6 > 0. O

2.1.3 Dependence Refinement

In general, the capacity is dependent over time, which results from the
temporal dependence in the environment or in the controllable parameters
of the system. Specifically for the cumulative capacity, the influence of

stochastic dependence is characterized by the Fréchet bounds [123]

Fs(y(x) < Fo (@) < Fs(p (@), (2.31)
where
t +
Fgp(z) = Lz;g); Foy(ui) — (t — 1)] : (2.32)
t
ﬁS(t) (z) = [uelllllfz) i_ch(i) (%‘)]1’ (2.33)

with U(z) = {u = (u1,...,u): Y u; = 2}, []1 = min(+, 1), and [[]* =
max(-,0).

The Fréchet bounds hold generally, making use of specific dependence
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information among ¢(1),¢(2),..., the bounds can be improved. To this
end, three representative capacity processes are investigated in this sub-
section, which are comonotonic process, additive process, and Markov ad-

ditive process.

2.1.3.1 Comonotonic Process

The upper Fréchet bound expresses the extremal positive dependence in-
dicating the largest sum with respect to convex order, and the dependence
structure is represented by the comonotonic copula [37, 41, 44], i.e.,

F(z1,...,2¢) = min Fog(7); (2.34)

1<i<t

equivalently [37], for a uniform random variable U ~ U(0, 1),

(c(1),...,c(t) (F;(j)(U), . .,F;(tl)(U)) , (2.35)

which implicates that comonotonic random variables are increasing func-
tions of a common random variable [41].

If the increment of the cumulative capacity has comonotonicity, the
cumulative capacity is defined as a comonotonic process in this work (which
is different from a similar concept regarding the comonotonicity between
different processes [73]). The distribution results of cumulative capacity

and transient capacity are as follows.

Theorem 2. For a strictly stationary capacity process, the distributions
of the cumulative capacity and transient capacity with comonotonicity are

expressed as
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Proof. Since all the marginal distribution functions are identical F;y ~ I,
comonotonicity of ¢(i) is equivalent to saying that c¢(1) = ¢(2) = ... =
¢(t) holds almost surely [37]. In other words, the sample function of the
capacity process is stationary and depends only on the initial value of the

capacity in each realization. O

2.1.3.2 Additive Process

The independence structure of an additive process is expressed by a prod-
uct copula [43][44]

¢
F(ay,.xe) = [ [P (@), (2.38)

i=1
and the distribution of the cumulative capacity is expressed via Stieltjes

convolution as

Fyuy(x) = Fun) ® ... @ Fyp (). (2.39)

The cumulative capacity with independent increment is modeled as an
additive process [65]. The distribution bounds of cumulative capacity and

transient capacity are as follows.

Theorem 3. For an independent and identically distributed capacity pro-
cess, the distribution of the cumulative capacity with independence is ex-

pressed as, for some 6 > 0,
1— etn(e)fo < FS(t)(x) < etn(79)+917 (240)

where k(0) = logE [eec(i)] is the cumulant generating function of the in-
stantaneous capacity, and the distribution of the transient capacity is ex-
pressed as

l—e ™ <P{e(t) < ¥} <e ¥y, (2.41)

where ¢* = W, with y* = y, and 6% < 0 for the upper bound, and
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y* =1y and 0* > 0 for the lower bound.

Proof. Since all the marginal distribution functions are identical F; ~ I,
a likelihood ratio process of the cumulative capacity is formulated and
expressed as [6]

L(t) = f5~tn(6) (2.42)

where L(t) is a mean-one martingale and () is the cumulant generating
function, i.e.,

k() = logE [eec(i)] = logjeemF(dx), (2.43)

where € © = {# e R : k(#) < o0}.
According to Markov inequality, for any g > 0,

P{L(t) > p} < —E[L(t)] = (2.44)

1
.

=~

Letting o = e " (0)+9% with a manipulation of P{L(t) > u}, for # < 0, the
distribution function of S(t) is bounded by

P{S(t) < x} < )07, (2.45)
while for 6 > 0, the tail distribution function of S(¢) is bounded by
P{S(t) > z} < ™00 (2.46)

which shows that the distribution has a light tail. Letting —y* = tx(6) —

Oz < 0, the distribution of the transient capacity ¢(t) = y is bounded
by

l—e " <P{e(t) < c*}<e ¥y, (2.47)
where ¢* = %, y* =y, for the upper bound with < 0, and y* = y;
for the lower bound with 6 > 0. O

Remark 1. The upper and lower bound of Fg)(x) do not hold simulta-
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neously, the upper bound is useful for x < S(t), the lower bound is useful
for x > S(t), and both bounds are worthless for x = S(t) [51]. Consider-
ing Fs(t) () = 1 — Fg)(t), which means that the upper and lower bound
can not decrease or increase simultaneously, this property holds in general.
An indication of this property is that, for a fixed violation probability, the
obtained bounds on S(t) or ¢(t) based on the upper and lower distribution
bounds are lower and upper bounds of S(t) or ¢(t) with respect to their

mean. It is illustrated in Fig. 2.1.

2.1.3.3 Markov Additive Process

The Markov property is solely a dependence property that can be mod-
eled exclusively in terms of copulas [32, 104]. As a consequence, starting
with a Markov process, a multitude of other Markov processes can be con-
structed by just modifying the marginal distributions [32, 80, 104]. It is
worth noting that the Markov property indicates both positive and neg-
ative dependence, which is determined by the underlying copula. For a
Markov chain, the selection of the copula and the marginal distribution
is coupled [32], the transition matrix can be expressed in terms of the
copula and marginal distribution and vice versa. Particularly for an idem-
potent copula, the process is conditionally independently and identically
distributed given the initial state [80].

Specifically, if the dependence in capacity follows a Markov process and
the instantaneous capacity has a corresponding distribution with respect
to a state transition, then the cumulative capacity is a Markov additive
process, which is a bivariate process with strong Markov property and the
increment process is conditionally independent given a realization of the
underlying Markov process. A formal definition of Markov additive process

is in Appendix B.2.

Theorem 4. For a Markov additive process (S(t), J;) with state space E,
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o

Transient capacity
o o

Time slot

(a) Additive process.

- = upper
0.9 —==-lower |

o o

Transient capacity
o

10" 102 10° 10 10°
Time slot
(b) Markov additive process.

Figure 2.1: Transient capacity of additive and Markov additive Rayleigh
channel. According to the strong law of large numbers for the additive
process and extended to the Markov additive process, the transient capac-
ity converges to the mean as time goes to infinity, i.e., the convergence
of sample paths. The large deviation results are upper bound and lower
bound with respect to the mean. Results are normalized, with violation
probability € = 1073, W = 20kHz, SNR = €% for the additive process,
SNR = [e"® 0.9¢°5;0.8¢"° 0.7e"%] and P = [0.3 0.7;0.1 0.9] for the
Markov additive process with initial distribution 7 = [0.5 0.5], and 1000
sample paths.
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conditional on initial state Jy, the distribution of the cumulative capacity

1s expressed as, for some 6 > 0,

R (Jy)etr(0)—0x R(=0) (Jy)etr(=0)+bz

< Fgpy(x) <
N (0) - S(t) . (79) ] 3
I}é%l(h (J5)) r]g%l(h (J5))

1—

(2.48)

where k(0) and h(® are respectively the logarithm of the Perron-Frobenius
etgenvalue and the corresponding right eigenvector of the kernel for the
Markov additive process (S(t),Jy), i.e., 27[9], and the distribution of the

transient capacity is expressed as

RO (Jg)e ¥ R0 (Jy)evu

1— =08 e Plet) <t < — 00 2.49

min(h(®(J;)) fe(t) < 7} min(h(=9(J;)) (249)
jeE jeE

where ¢* = %, with y* = y, and 6% < 0 for the upper bound, and

y* = y; and 0* > 0 for the lower bound.

Proof. Like the independent case, a likelihood ratio process is formulated

with an exponential change of measure [6],

KO(T) og
L(t) = (t)—tx(6) 2.50

which is a mean-one martingale. () and h(® are respectively the log-
arithm of the Perron-Frobenius eigenvalue and the corresponding right
eigenvector of the kernel for the Markov additive process (S(t), J;), i.e.,
f‘[ﬁ] In order to provide exponential upper bound for the distribution of

the cumulative capacity, define [51]

minjez(h? (J;)) _
t) = J€ J 0S(t)—tr(6) 251

where L(t) < L(t), i.e., E[L(¢)] < 1. Apply Markov inequality to L(¢) and
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get, for any p > 0,

P{L(t) > u} < ~E[L(t)] < (2.52)

=~
=l

e (hO) (]
Choosing p = e t(@)+0z . %W, based on the tail distribution

function P{L(t) > u}, we get the distribution function of P{S(t) < =}, for
6 <0,
h(e)(‘]o) tk(0)—0x

P{S(t) < 2} < , 2.53
B0 <7 S e O (2:53)
while for 6 > 0,
h(G)(JO)
P{S(t) > z} < tr(0)—0w 2.54
{S(t) = =} minjeE(h(g)(Jj))e , (2.54)

which indicates that the distribution has a light tail. Letting —y* = tx(0)—

fx < 0, the distribution of the transient capacity ¢(t) = 3 s bounded

t
by

h(e)(JO)e_yl h(e) (Jo)e_yu

— e SP{E(t) S P < (2.55)
INOYR? in(h®(J:))’
min(h()(J;)) min(h{(;))
where ¢* = mw@#, y* =y, for the upper bound with # < 0, and y* = y;
for the lower bound with 6 > 0. O

Remark 2. The Markov additive process can be seen as a non-stationary
additive process defined on a Markov process. If the Markov process has
only one state, then it reduces to a stationary additive process [28]. In
addition, the strong law of large numbers applies to the Markov additive
process [100], and the mean of transient capacity exists [7], i.e.,

lim oeBl O] K'(0). (2.56)

t—00 t

It is demonstrated in Fig. 2.1.
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2.2 Multiple-Input-Multiple-Output Channel

Let (92, #,P) be a probability space, m € N, n e N, and X : Q@ — C™*" be
measurable with respect to .# and the Borel o-algebra on C"™*". Denote
X ={XeC"™:X = X"}, where = represents the conjugate transpose.
Denote the cone [1] X5 = {X € X : X > 0}, which introduces a partial
order in X, i.e., X > 0 is equivalent to that all the eigenvalues of X are
nonnegative [1]. Similarly, X590 = {X € X : X > 0}.

2.2.1 Deterministic Power Fluctuation

Consider the flat fading MIMO channel H € CNr*N1 Np e N, Np €
N, HH* € X>o. The capacity, in bits per second, under total average

transmit power constraint, is expressed as [110]

P *
=W logydet | Iy, + — HR; . H™ |, 2.57
¢ Tr[Rac| =Ny 082 4 (NR Np =% ) (257)
where W is the bandwidth, p = NOLW, P is the total average transmit

power, Ny is the noise power spectral density, Rss = E[ss*] is the covari-
ance matrix for the transmitted signal s € CN7x1,

The frequency-selective fading channel formulation requires a block
diagonal extension of the flat fading channel model. The capacity, in bits
per second, under total average transmit power constraint, is expressed as
[110]

W p
= — log, det [ I —HR * 2.58
= N iy, 08240 ( NpN + - HERssH > (2.58)
where W is the bandwidth, p = NOLW, P is the total average transmit

power, INg is the noise power spectral density, N is the number of sub-
channels, H € CNTN*NeN g the block diagonal matrix with H; as the

block diagonal elements, and Rss = E[SS*] is the covariance matrix for
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T T e CNrNx1

the transmitted signal & = [s],...,sy , where [-]T" denotes

the transpose of a matrix.

Remark 3. The identity matriz I in the capacity formula implies that the

capacity is non-negative, i.e., ¢ : ) — Rxg.

Remark 4. The typical stochastic models of the channel gain are the
Rayleigh, Rice, and Nakagami distributions [55]. The shadowing model
is the Lognormal distribution [118][55], which is able to superimpose the
path loss.

Remark 5. If logY ~ N(u,a2), then a + blogyY ~ N(a+ bu, 6202),
where a,b € R, thus, if Y is lognormal, then aY?® is also lognormal in
general. This result explains the product form of the combined effect of the

multiple path interference, shadowing, and path loss [109].

Remark 6. Since the normal distribution with zero mean is symmetric,
we have the equal lognormal distributions Y~ 4 Y, because of —logY 4
logY ~ N(O, 02). This result implies that the quotient X /Y of an arbitrary
random variable X with a lognormal random wvariable logY ~ N(O,O’2),
where X and Y are independent, equals in distribution the product XY of
the two random variable, i.e., XY L XY. This relation does not hold for

the general normal distribution.

Remark 7. For a almost surely positive random variable, X, the right
tail behavior of 1/X, P(1/X > z) = O(e™%*), 30 > 0, and P(1/X >
x) = O(ac_e), 30 > 0, corresponds to left tail behavior of X [56][9],
P(X <1/z) = O(e7%), 30 > 0, and P(X < 1/z) = O(z7%), 30 > 0,

i.e., limsup % < o0, 40 > 0, and limsup P();;y) < 00, 40 > 0. Letting

y—0 y—0
Y = 1/X, we obtain the complementary results. Considering the reciprocal

relation between the channel loss ¢ = Pr/Pg and channel gain ) = Pr/Pr,
both the right tail and the left tail matter for the stochastic channel models.
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Remark 8. The difference between the two dimensional and the three di-
mensional channel models lies in that there are different autocorrelation
functions of the fading process and the same marginals of the fading en-
velopes [11][107]. In addition, it is shown that a horizontal separation of
antennas has a superiority over the vertical separation, though the latter
is able to increase the diversity gain [107][139]. The capacity of multi-user
MIMO is more complex, i.e., the channel involves both multiple access
channel and broadcasting channel, thus, the capacity expression has a di-

verse formulation [110)].

We present some equivalence results of the function of random vari-

ables.

Lemma 1. Consider a flat MIMO channel H € CNEXNT | The capacity is
upper bounded by ¢ = alogy(1 + bAmax), where a,b € Rog and Apax 1s the

mazimum eigenvalue of HH™.
1. For the tail property, we have the equivalent results
Fu(z)=0(e%), 30 >0

= Fapu(@) = 0(™), 30 >0
= Frguas(z) =0, 30>0. (2.59)

2. For the power law function of the maximum eigenvalue, we have the

equivalent expressions

E[(l + A)\max)g] <o, 0<A<oo, 30 >0
— E[(l + )\max)e] < oo, 30 >0

— E[(Amax)e] <, 30>0. (2.60)

Specifically, 0 = 1 corresponds to E[Amax| < 0. In addition, we have
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E[(Amax)9l] — 0 = E[(Amax)%] — 0, V0 < 0 < 0.

3. In addition, we have another pair of equivalent expressions for the ex-

ponential function of the eigenvalue, i.e.,

E[GGTr[HH*]] < o, 30 >0 — E[ee)\max] < 0, 30 > 0. (261)

Proof. 1. Considering the eigendecomposition of the channel matrix in the
capacity formula [110], the capacity is upper bounded by ¢ = alogy(1 +
bAmax), we have Fu(z) = O(e7) <= F,,..(2) = O(z7%)
Fy (e H#](7) ( ) The first relationship follows the transform of

Felw) = 0(e7) o= Frn () = O((1+ b))
and (1 + bz)™ ~ (ba)™? and F, . (2) = O(z7Y) < F,,..(2) =
O((bx)~%). The second relationship follows that Amax < Tr[HH*] =
Frax () < Frry (e (), thus, Frry s (2) = O(27%) = Fy,..(2) =
O(x7%); and r(H)Amax = Tr[HH*] = F,(gr)a,0 (%) = Frry e (2),
thus, Fy,. (z) =0 (z7%) = Fr (HH*(T) = O(z7Y).

random variables, i.e.

2. First, we have the inequality, E[(l + A)\max)e] < (1+A)9E[(1 + )\max)e],

which implies that E[(l + Amax)e] <w, 30>0 — E[(l + AAmax)e] <
0, 30 > 0, because (1 + A)? < co0. Second, for 0 < A < 1, letting A > L
m € N, we have m"E[(l + Axmax)"] > E[(l + )\max)a], which implies that
E[(l + AAW)"] <0, 30>0 — E[(l + )\max)a] < 0, 30 > 0, because
m? < oo; for A > 1, it is trivial.

Since ()\max)e < (1 +/\max)9, we have E[(l—i—)\max)G] < oo, 30 >
0 = E[(/\max)g] < oo, 30 > 0. According to Hélder’s inequal-
ity, E[X"] < (E[X*])"*, 0 < r < s, X € Rsq, which implies that
E[X*] <% —s E[X"] < . Specifically, we have E[()\max ] <o, 30 >
1 = E[()\max)g] < o0, V0 < 0 < 1. Suppose E[()\max) ] < o0, 30 <

0 < 1, we have F)\ , (z) = o(z7%) and §; Fy,..(2)2" 'dz < o0, since
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7% ~ (14+2)7% and 2971 = (1 + 2)~!, we further have I, (v) =
o((1+2)7?) and SSO Fy... ()1 + z)"'dz < oo, which corresponds to
E (1+>\max)9] < 0. Thus, E[(1+)\max)9] <o 0 <0 <1 —
E[(Amax)"] < 0, 30 < 0 < 1. In all, we obtain E[(l + Amax)ﬂ <0, 30>

0 E[(Amax)e] <o, 30 > 0.

If E[Amax] = o0, by Jensen’s inequality, E[(/\max)g] > (E[Amax])o =
o0, Y0 > 1, which implies that E[(l +)\max)9] = o0, VO = 1, because
E[(Amax)e] < E[(l n )\max)a].

3. Considering that the matrix HH™* € X, we have Apax < Tr[HH™|
and Tr [HH*] < r(H)Amax. Then, the proof follows.
]

Remark 9. The parameters 6 in the two equations, Fe(x) = O(e™%%) and

Fy,... () = O(z™%), are not necessarily equal.

Remark 10. The above equivalent results indicate that, for X € Rsg,
E[X?] <o, 30 >0 < Fx(z) = O(z7), 30 > 0. However, it is
interesting to notice that, for a common 6 > 0 and X € Rxq, we only have
E[X?] <0 = Fx(z) = O(z7Y), and the reverse does not hold in
general. Because it is shown in [125] that E[X?] < o0, where § > 0 and
X is a nonnegative random variable, if and only if Fx(x) = o(:c_e) and
SSO Fx(z)2?ldr < 0.

Remark 11. The mean identity E[X?], for X : Q — Rsq and 6 > 0, is a
special case of Mellin-Stieltjes transform [146] of the distribution function
FX (:B) .

Remark 12. Suppose X is a reqularly varying non-negative random vari-
able with index o > 0. Then [42], E[XB] < oo, for B < a; and E[Xﬁ] = w0,
for B> a.
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2.2.1.1 Arbitrary Channel Side Information

We present the sufficient condition for the light-tailed capacity of the flat

channel.

Theorem 5. Consider a flat MIMO channel H € CNeXNT - [f the mean
identity exists, i.e.,

E[(Amax)e] <o, 30 >0, (2.62)

where Amax 1S the mazimum eigenvalue of HH™, the distribution of the
capacity of the MIMO channel (with or without full channel side informa-
tion) is light-tailed.

Proof. First, consider the scenario with channel side information only at
the receiver. We denote p := NOLW. On the one hand, we have an upper

bound of the capacity

r(H) P
c= WZizl log, (1 + ]VT)\i> (2.63)
< Wr(H) log, (1 + p)\max>, (2.64)
Nt

where r(H) is the rank of matrix H, \; is the eigenvalue of the matrix
HH*, and the equality follows the eigenvalue expression of the capacity.
Second, consider the scenario with full channel side information. The

capacity is upper bounded by

r(H) PYi >
c=W max ) lo 1+ i 2.65
Z:SI) vi=Nr lel 52 < Nt ( )
< Wr(H)log, (1 + pymax)\i> (2.66)
Nr
< Wr(H)logy (1 + pAmax)- (2.67)

It is easy to show that E[eec] < o0, 36 > 0, entails E[(l + p)\max)e] <
00, 360 > 0. The rest of the proof follows Lemma 1.2. O
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We present the sufficient condition for the light-tailed capacity of the

frequency-selective channel.

Theorem 6. Consider a frequency-selective MIMO channel with the sub-
channels H; € CNrRXNT e {1,... N}, and block diagonal matriz H =
diag(Hy, ..., Hy). For the scenarios where the channel side information
is known or unknown at the transmitter, if the mean identity exists for

each sub-channel, i.e.,
i 9 .
E[()\max) ] <o, 30>0, Vie{l,...,N}, (2.68)

where A} ., 15 the mazimum eigenvalue of H; H, or the equivalent condi-

tion is satisfied, i.e.,
E[(Amax)"] <, 30 >0, (2.69)

where Amax 45 the maximum eigenvalue of HH™*, the distribution of the

capacity is light-tailed.

Proof. If the channel side information is unknown to the transmitter, then
[110]
N
w p
c== ;ng det (INR + NTHZH;"> (2.70)
Since the light-tailed property is preserved under the sum operation, if
the capacity distribution of each sub-channel is light-tailed, so is the total

capacity distribution.



46 CHAPTER 2. A TALE OF TAILS

If the channel side information is known to the transmitter, then [110]

w L
c= max log ( A(?—t?—t*)) (2.71)
N srC o NpN ; ?
r(HM)
w P Ymax
N 2 lom (1 Do) )
W *
< (M) logy (1 + pNAmax (HHT)). (2.73)
Particularly, we have Apa.x = max ()\rlnax,...,)\ﬁax) which implies the

equivalent expression of the condition. ]

Remark 13. The equivalent expression of the sufficient condition means
that it is equivalent to consider the block diagonal matriz of the frequency-
selective channel as a whole or to consider the matriz of each sub-channel

individually.

Remark 14. If the trace identity exists, i.e., E[Tr [697'”"*]] < o0, 30 > 0,
then the mazimum eigenvalue distribution and the capacity distribution are

light-tailed. Because the maximum eigenvalue distribution is exponentially
bounded [137]

PAmax(X) = 2) < e 707 - E[Tr [egx]], Vo > 0, (2.74)

where X = HH* € % Since the matrix HH* is block diagonal [61],
OHHF _ diag( OH\Hf OHNH*)7
N

sl |- Sofulom]) e

Thus, E[Tr [eeﬂﬂ*]] < o0, 30 > 0 entails E[Tr [eeHiHi*H < o0, 30 > 0,

Vie {l,...,N}, which is non-negative.
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2.2.1.2 Without Channel Side Information at Transmitter

We present the sufficient and necessary condition for the flat channel ca-
pacity distribution to be light-tailed, when the channel side information is

not known at the transmitter.

Theorem 7. Consider that the channel side information is only known
at the receiver. The capacity distribution of the flat channel is light tailed,
if and only if the distribution of the determinant term is fat-tail bounded,

i.e.,

E[(det (In, + A))e] <0, 30> 0, (2.76)

where HH* = QAQ*, QQ* = Q*Q = In,, and A = diag{\1,..., AN, },

Ai = 0. Equivalently, the condition is expressed as
E[(Amax)"] <o, 30 >0, (2.77)

where Amax = max_ A, 0 < \; € A and r(H) is the rank of H.
1<i<r(H)

Proof. For the flat channel without channel side information at the trans-

mitter, the capacity is expressed as [110)]

¢ = W log, det (INR + pHH*) (2.78)
Nt
— W log, det (INR + pA) (2.79)
Nr
B r(H) P\
- Wzizl log, <1 + NTAZ>’ (2.80)

where HH* = QAQ* and QQ* = I, the second equality follows that
det(I,, + AB) = det(I,, + BA) for A € C™*" and B € C"*™, and the

third equality is an equivalent expression.
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The proof follows the light-tailed distribution definition, i.e.,

E|:60Wlog2 det <INR+1\fTA>] < o0, 36 > 0.

Specifically, considering finite rank matrix, we have that, for A > 1
ArEoE(TTED (14 20| = BT 1+ ax)?| = B[ T 0+ 20)°);
and for 0 < A < 1, MHWE[]T(H’ (1+A) ] E[]_[T(H) 1+ AN) ] <

E[H:gl) (1+ )\i)a]. Thus, we have the following equivalent expressions

r(H)
E H (1+AN)" | <0, 0<A <o, 30>0
=1
r(H)
= E[ [[@+X)"]| <o, 30>0. (281)
=1

Considering the two inequalities, H:( 1 ) 1T+ X)7 < (14 Ama) ") and

H:gl) (1+ )\i)e > (1+ )\max)e’ where Apax = max J;, the sufficient
1<i<r(H)

and necessary condition is equivalently written as E[HZ (?) (1+ )\1)9] <

0, 30 > 0 <= E[(1+Amax) ] < o0, 30 > 0 = E[()\max)e] <
00, 30 > 0. This completes the proof. O

Remark 15. Considering the Fredholm determinant [54], for |z| small
enough, logdet (I + zA) = Trlog (I + zA) = >, (—1}1’”12/& Tr[A*], the

condition is alternatively expressed as

k+1 k
[ 03, S (NLT) Tr[Ak]] < o0, 30 >0, (2.82)

where A = HH* or HH* = QAQ™*. Specifically, for HH* = QAQ*,
we have Tr [AF] =377 (q)(Ai(A))k.
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For arbitrary z, according to the Plemelj-Smithies formulas [54], we
have det(I + zA) =1+ Z;(:Al) %zk, thus the condition is expressed as

E| {1+ ) i <NT> <, >0, (2.83)
k=1
where

Tr A k—1 0 0 ... 0

Tr A2 Tr A k=2 0 ... 0

dp(A) =
Tr A1 TrAF2 TrAF3 :© ... TrA 1
Tr A TrA1 Tr A2 1 . TrA?2 TrA

We present a sufficient condition for the light-tailed property of the

frequency-selective channel capacity.

Theorem 8. Consider that the channel side information is only known at
the receiver. The capacity distribution of the frequency-selective channel is
light tailed, if

E[(Amax)e] < 0,30 > 0 (2.84)
where Apax = max )\%mx, /\f;lax = max )\7, Hj is the channel model
1<j<N I<i<r(Hj;) '

of each sub-channel and )\g is the corresponding eigenvalue of H; H .

Proof. The proof of the frequency-selective channel scenario follows that
the light-tailed distribution of the capacity of each sub-channel implies the
light-tailed distribution of the overall channel capacity. ]
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2.2.2 Random Power Fluctuation

We consider the channel scenario, where the channel side information is
known at the receiver and is unknown at the transmitter, and the trans-
mission power randomly fluctuates over the coherence periods and remains
constant in each coherence period. Considering the analog to the deter-
ministic power fluctuation, the obtained results are correspondingly the
sufficient conditions for the channel scenario with arbitrary channel side

information.

For the flat fading MIMO channel H € CNeXNt ' N e N, Np € N,
when the transmit power is allocated evenly across the transmit antennas
during each coherence period, the capacity, in bits per second, is expressed
as [110]

cp.H = Wlog, det <INR + pHH*), (2.85)

1
NpNogW
where W is the bandwidth, Ny is the noise power spectral density, and p
is the transmit power that is constant during each coherence period and

randomly fluctuates over periods. Equivalently, the capacity is expressed

as
_ r(H) 1
CpH = WZiZl 10g2 (]. + Wp)w) (286)
1
< Wr(H)1ogy (14 ———pAuas ) 2.87
(ot (14 s ) (2.87)

where J; is the eigenvalue of the matrix H H* and r(H) is the rank of H.

We present some preliminary results considering the random power.

Lemma 2. Consider a flat MIMO channel H € CNE*XNT | The capacity is
upper bounded by ¢ = alogy(1 + bpAmax), where a,b € Rog, p: Q — R is

the random power, and Amax 18 the mazimum eigenvalue of HH™*.
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1. For the tail property, we have the equivalent results

Fu(z)=0(e%), 30>0
A FpAmax (':L') = O(m_e)? 39 > 0
- FpTr [HH*](CU) = O(x_e), 360 > 0. (2.88)

2. Alternatively, the tail property is expressed as E[eocl] < o0, 40 > 0, and

we have the equivalent expressions
E[(l + bp)\max)a] < oo, 30 >0
— E[(l +p)\max)9] <00, 30 >0
— E[(p)\max)e] <o, 30> 0. (2.89)

If p and A\pax are independent, then E[(p/\max)e] = E[pe]IE[()\maX)e], and
the condition relazes to E[p] < 00 and E[Amax] < c0.

Proof. The proof is analog to the proof of the deterministic power scenario.
O

We present the sufficient and necessary condition for the light-tailed

property of the capacity.

Theorem 9. The capacity distribution of the flat channel is light tailed,
if and only if the distribution of the determinant term is fat-tail bounded,
1.e.,

E[(det (In, + pA))a] < o0, 30 > 0, (2.90)

where HH* = QAQ*, QQ* = Q*Q = In,, and A = diag{\1,..., AN},

Ai = 0. Equivalently, the condition is expressed as

E[(p)\max)e] <o, 30>0, (2.91)
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where Apax = max_ A, 0 < \; € A and r(H) is the rank of H.
1<i<r(H)

Proof. The proof is analog to the proof of the deterministic power scenario.
O

We present a set of sufficient conditions for the light-tailed capacity

and their relationships.

Theorem 10. Consider a flat MIMO channel H : Q — CNrXNT ith
random power fluctuation p : 1 — R. We have the sufficient condition

chain for the light-tailed property of the capacity.

0):=E|a +pAmaX)9] <, 30>0 (2.92)
(D)= E:(l +pTr [HH*])G] < o0, 30> 0 (2.93)
(2):= Ei(Tr [ +pHH*])9] <o, 30> 0 (2.94)
(3):= Ef(Tr [GPHH*])G} <o, 30>0 (2.95)
@)= E:eep’\ma"] <, 30>0 (2.96)
(5) = EiTr [e"PHH*H <o, 30>0 (2.97)
(6):= E:(p)\max)e] <o, 30>0 (2.98)
@) = B[ TH| < 0, 30> 0 (2.99)
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Note we have the equivalent conditions @ — @ and @ — @
Particularly, letting p = 1, we obtain the corresponding sufficient condi-
tions for the deterministic power fluctuation scenario of arbitrary channel

side information.

Proof. We present the proof of the deterministic power scenario, and the
extension to the random power scenario is to replace the matrix HH™
with the scalar multiplication pH H™* of the random variable p and the
random matrix H H*.

We have a sufficient condition, i.e., E[(l + )\max)e] < oo, 360 > 0, which

is equivalent to E[(l + Tr [HH*])Q] < o0, 30 > 0, which is further equiv-
[4
alent to E{(l + Z:g[) )\i> ] < o0, 36 > 0. Furthermore, the condition

relaxes to be ]E[(Tr I+ HH*])G] < o0, 30 > 0.

Considering the transfer rule [137], the function inequality (1 + x)? <
€% 9 > 0, implies the partial order e/™H* _ (I + HH"‘)qSl > 0, thus
Te[e?HH* — (I + HH")"| > 0, e, Tr[(I+ HH?)"] < Te[e?HH"],

0
which implies a further relaxed condition E [ (Tr [eHH*D } < o0, 40 > 0.

In addition, according to the inequality, (1 + pAmax)’ < €PPAmax <
Tr [eﬁpH H *], where ¥ > 0 and the last inequality follows that the spectral
mapping theorem [137], thus we have the relaxed condition E [Tr [69H H *H <
o0, 30 > 0. Similarly, (1 + Tr [HH?*])" < ¢? THH*] 9 > 0, thus we have

0 Tr [HH*]]

the relaxed condition E[e < o0, 36 > 0, which is equivalent to

E[efmax] < o0, 30 > 0. O

Remark 16. Particularly, we have (Tr [ex])ﬁ £ Tr [eﬁX], 19 > 0,
(Tr[X])” € Tr [X7], 39 > 0, eV TXT T [e7X], 30 > 0, where X €

10
X>o. For example, X = 01 and ¥ = 2.
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Remark 17. The channel model HH?* is the product formulation of the

large-scale fading and small-scale fading effects.

Theorem 11. Consider the frequency-selective MIMO channel with ran-
dom power fluctuation. If each sub-channel satisfies any one of the suffi-
cient conditions in Theorem 10, then the distribution of the overall channel

capacity is light-tailed.

Proof. The proof follows that the light-tail property is preserved for the

sum of random variables. O

Remark 18. The frequency-selective channel provides an additional degree
of freedom or a diversity for dependence control, i.e., the power can be
randomly allocated to each parallel channel with a total power constraint
[138, p. 182], which also provides the flexibility for each parallel channel

to possess temporal dependence in power.

Remark 19. The signal frequency randomly varies with time, due to the
fading of the in-phase and quadrature components of the signals [67]. On
the other hand, the carrier frequency is free to configure such that it varies
randomly through different periods, i.e., the random carrier frequency con-

figuration provides an additional degree of freedom for dependence control.

Remark 20. The tail property of the capacity is determined by the product
of the random power and the random eigenvalues of the channel matriz.
Thus, it is necessary to investigate the tail property of the product of two
random variables. It is reasonable to assume independence between these
two random wvariables, because the channel side information is not neces-
sarily known at the transmitter. On the other hand, it is interesting to

take into account the dependence for refinement.
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2.3 Random Variable Arithmetic

For a simple wireless channel, the tail property of capacity is determined by
the product of the random parameters of fading and the random power, for
a compound wireless channel, the tail property of capacity is determined
by the sum of the capacities of each sub-channel. Thus, it is interesting to
study the tail property of the product and sum of random variables.

We study the impact of the tail property of one random variable on
the overall product or sum distribution. We consider the nonnegative
functions, f(z) and g(z), and define the asymptotic notations, f(z) =

O(g(z)) = hmsup fé)) < o, f(z) = Qg(xr)) <= hmloglf J;Ex; >

0, f(z) = Olgla)) > f(&) = O(g(@)Nf(@) = Agla), fl) =
o(g(x)) < zh_)m fg)) =0, f(z) = w(g(x)) <= l1m @ = o0, and

oo 9()
f@) ~ g(2) — lim L8 1.

We define a class of functions §, Vo € §, ¢ : Ryg — Rs, such that

lim p(z) = o0 and lim @—O ie.,
r—00 T—00
: . T
§= {gp :Rsp — Rzo;zh—l}c}o o(x) = oo,mh_{q(}O (’0; ) = O}. (2.100)

For example, ¢(x) = 2%, 0 < a < 1, or ¢(x) = log(x). This class of func-
tions are useful in decomposing the distribution function of the product or
sum of random variables.

We study the asymptotic behavior of the composition of the function
§ and some classes of tail distributions, e.g., the light-tail distribution,
the regularly varying distribution F' € R+, and the long-tail distribution

F € L (containing the subexponential distribution as a subset).

Lemma 3. Consider the independent random wvariables X; :  — Rxg,
i€ {1,2}.

1. If iy € L, i.e., lim Fxmy) _ 1, Yy > 0, then, Fx,(z—¢(z)) ~

T—00 FX1( )
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Fx,(x) and Fx, (log ﬁ) ~ Fx,(logz), Yo € §. We specify o(z) = 22,
O0<a<l.
(a) If Fx,(z) = Q(z7%), 61 > 0, and Fx,(z) = O(e~%%), 5 > 0, then,
Fx,(p(@)) = O(Fx, (v)).
(b) If Fx,(z) = Q(27%), 61 > 0, and Fx,(z) = O(z™%), 6, > 0, and
aby > 61, then, Fx,(¢(z)) = O(Fx,(z)).

2. If [l e R, i.e., Fx,(x) = Li(2)x%, where 6; = 0, and lim Ltw) _ 1

r—00 Ly (a:)

Vt > 0, then, Fx,(z—p(z)) ~ Fx,(z), V61 = 0, and Fx, (%) =

w(?xl(a:)), V0, > 0 and FX1<ﬁ> ~ Fx,(x) for 61 =0, Vo € §. We
specify p(x) = 2%, 0 < a < 1.

(a) If Fx,(z) = O(e™%%), 63 > 0, then, Fx,(¢(z)) = O(Fx,(z)). If
Fx,(z) =0(e7%%), 62 > 0, then, Fx,(p(z)) = o(Fx, (z)).
(b) If Fx,(z) = O(27%), 62 > 0, and aby > 0y, then, Fx,(p(z)) =
(FXl(x)). If Fx,(z) = @(x*(;?), 0y > 0, and aby > 61, then,
Fx,(p(@)) = o(Fx,(2)).
8. If Fx,(z) = ©(z7%), 6, > 0, then, Fx,(z — ¢(z)) = O(Fx,(z)) and
FXI (%) = w(FXl(x)), Vo eF. We specify p(x) =z, 0 < a < 1.
(a) If Fx,(z) = O(e™%%), 63 > 0, then, Fx,(¢(z)) = O(Fx,(z)). If
FXQ( ) = @(6_929”), 05 > 0, then, FXQ( (x)) = O(FXI( ))
(b) If Fx,(z) = ( *92) 02 > 0, and afly = 61, then, Fx,(p(z)) =
O(Fx,(2)). If Fx,(z) = ©(27%), 6, > 0, and afy > 0y, then,
Fx,(p(2)) = o(Fx,(2)).

4. If Fx,(z) = ©(e7"%), 6, > 0, then, FX1<@xx)> = w(Fx,(z)) and
FXI (:L‘ - (p(:(f)) = W(FXI (m))7 Vpeg.

(a) If Fx,(7) = @(6_021), 0y > 0, then, Fx,(p(z)) = w(FXl(:U)), Vo e
5.
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(b) If Fx,(z) = @(33_02), 02 > 0, then, Fx,(p(x)) = w(Fx, (z)), Vo€ 3.

Proof. The proofs follow the given conditions and the definition of the
asymptotic symbols.
Fx, (z—¢(x))

1. By the given condition, we have lim —=—~—+ =1, Vp € §. Thus,

z—>wo  Fx(z)

Fx, (f —¢(z)) ~ Fx, (). Considezing F olog € Ry, VF € L, we have
lim P (0B gtsy) _ lim (bgw) "~ lim (1 - M)_el — 1,30, >

T—>00 Fxl (1Og :E) r—00 logx T—>00 log z

0, Vo € §. Thus, Fy, <1og ﬁ) ~ Fx,(log x).

Since Fy, (1) = Q(a:_el), 01 >0 < 31 > 0, Vo > x1, 3C; > 0,
Fx,(z) = Ciz7%; Fx,(z) = O(e7%%), 6 > 0 < 3zy > 0, Yz > o,

10y > 0, Fy,(r) < Coe™%%, Letting 29 = max(z1,29) and lim :=

Tr—>00
inf sup, we obtain
T¥>T0 ggk
F C
i Fx,(o(x))  ——Coe 0¥l C%mel
limsup ———-= < lim ———7— = lim i 0.
T—00 FX1 (.’I}) T—00 Ol.’IJ a:—»ooznzOQT

Thus, we obtain Fx,(¢(z)) = O(Fx, ().
Similarly, if Fx,(z) = Q(z7%), 3¢, > 0, and Fx,(z) = O(z™%),
30 > 0, p(x) = 2%, 0 < a < 1, and afs > 61, then

F C —02 C, %
lim sup M < inf sup M = inf sup —2% =
=00 X1 (‘73) TH*>20 gz Crz=" T¥>20 gk Ch x*2

When afly = 6, the limit is also finite. Thus, we obtain Fy,(¢(z)) =
O(FX1 (x))

2. By the given condition, we have

Fr@=o@) _ bile—e@) (| e@\" _
00 Fxl(@ _xl—>oo L1($) (1 X > 17
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Vo € §, because we obtain ¢t = 1 for x — p(z) = txr as x — . Thus,

— — F _z
we obtain F'x, (x — p(x)) ~ Fx,(x). Similarly, we have lim M =
z—w  Fx(z)

Ly %~ —_— =
lim () ()t v e 5. Thus, Ty, (35) = «(Fx,@). ¥6: > 0

and Fy, (ﬁ) ~ Fx,(z) for 6; = 0.
Since Fy,(z) = O(e7%%), 03 > 0 <= 3Jz¢ > 0, Vo > 20, 3C> > 0,

Fx,(z) < Coe~%7% Then, letting lim := inf sup,
T—0 T¥>x0 g%
F Cye—020(x) C 01
hmsupM < lim 267_0 = lim 2 s xw T = 0,
T—00 FXl (gj) T Ll(ﬂ?)l‘ ! IHOOLl(I) Zn:() in

where lim,_,o, L1 (x) = o0, Ve > 0, follows the representation theorem of

the slowly varying function. Thus, we obtain Fx,(p(z)) = O(Fx, (z)).
Similarly, for Fx,(z) = O(27%), af, > 6;, we have

F C —O2cx
lim sup M < inf sup L& =0
T—00 FXl( ) T¥>x0 > Ll( ) -

The proof of the rest results follows the previous proofs, by considering
the complementary lim iorgf (1) and by noticing the fact that, the limit lirrolo ()
T— T

exists if and only if lim ioglf () = limsup(-).

Tr—0
. Since FX1 (ac 91) 1 > 0, we have, 3C% > 0, 3C! > 0, 3¢ > 0,
Vo > xg, Cla FXI( ) < Oz~ and 3CY > 0, 3CY > 0, 3z > 0,
Vo > ), Clx FX1( ) < C¥a~%. Let ¥ = max (g, x)). Then,
xq (—p(2)) : u/ ( go(;t))al cv
bt li L L f 1 — 2@ = 2 and
we obtain liILSolgp FX1( z) x”}gxé‘ xS;lag‘ Cl * G o

. z Cl/ Cl/ Cul ,
h;rn g}f%&()) > 70%, where 70% < C, , because Cl Ct and C’{ <
—_ )

C%'. Thus, we obtain Fx, (z — ¢(x)) = O(Fx, ().

Since Fx,(z) = @(ac* ) 01 > 0, we have that hmsupM <

T—00 Fx, (@)
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inf sup C*(p(x))”" =00, VC* > 0, Vy € §. Similarly, lim inf Fx (0) >

T¥>T0 gk T—00 1

. Thus, we obtain F, (%) = w(Fx, (2)).

The proofs of the rest results are analogical to the previous proofs, by
considering lim (-), liminf(-), and limsup(+).
Tr—00 T—00

T—00

4. Since Fx, (z) = ©(e~%), ; > 0, we have

lim sup M < inf sup C*e —01(z/p(x)—x) _ 0

T—00 Xl( ) T*¥>x0 >

V0 < C* < o0, Yy € §; and lim inf M > sup inf C*e_el<ﬁ_x> -

T—00 FX1( x) ¥ >z =¥

0, V0 < C* < o0 and Yy € §. Thus, Fx, (ﬁ) = w(Fx,(x)). The proof

of the other result follows analogically.

Since Fx,(z) = ©(e7%?), 0; > 0, i € {1,2}, we have

F —02¢(x)
lim sup M < inf sup C* c
T—00 FXl( ) T¥>T0 gk

where the last step follows lim —%= = co. Similarly, lim in
a0 P(2) T—00

Thus, Fx,(p(r)) = w(F)Q (ac))
Since Fx,(z) = ©(27%), 6 > 0, we have Fx, (z) = w(Fx, (2)), V5 >

0. Letting z = ¢(y), then Fx,(¢(y)) = w(Fx,(¢(y))), Vo € §. Since
Fx,(¢(y)) = Fx,(y), thus, Fx, (p(y)) = w(Fx,(y)), Y62 > 0, Vo € 3.

¢ Fxy(0(@)

= 0.
FX1 (z) =

O]

Remark 21. [t is interesting to notice that, from the light-tail to the heavy-
tail distributions, the tail behaviors go from Fx, (%) = w(Fx,(z)) and

Fx, (@ = ¢(@) = w(Fx, (@) to Fx, (55) ~ Fx, (2) and Fx, (@ = (@) ~
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Fx,(x), Yo € . It is impossible to have FXl(ﬁ) = o(Fx,(z)) or
Fx,(z —¢(z)) = o(Fx,()), because the complementary cumulative dis-

tribution function is non-increasing.

Remark 22. [t is known that [42] the distribution function F € L if and
only if F olog € Ro, where (fog)(x) = f(g(x)). The distribution function
F' is regularly varying, i.e., F' € R, if and only if, there exists a positive
function, a(t), such that [45]

lim = , x> 0. (2.101)

These distribution functions have polynomially decaying tail. Letting o —
0, we obtain [45]

= log(x), = >0, (2.102)

which characterizes a class of super-heavy distribution functions with slowly

varying tails Ro.

Remark 23. [t is interesting to define and study a new tail behavior,
lim sup e*®)F(z) = o0, Ve > 0, 3p € §. Note the function F(z) is heavy-

T—00

tailed [48], if and only if limsup e F(z) = o0, Ve > 0.

r—00

We present a necessary condition for the product of random variables
to be light-tailed.

Theorem 12. Consider the independent random variables X; : 0 — R,
i €{l,...,N}. The necessary condition for the existence of the moment
generating function of the product of the random variables, X = Hfil X,

is the existence of the means of all the random variables, i.e.,

E[eGX] <o, 30 >0 = E[X;] <o, Vie{l,...,N}. (2.103)
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Proof. 1t is easy to show that EX[eGX] = Ex, [EX2 [...EXN [eex]]] >
ef HﬁlE[Xi], where the equality follows the independence assumption and

the inequality follows the Jensen’s inequality. 0

Remark 24. The existence of the mean of each random wvariables is not
a sufficient condition for the existence of the moment generating function
of the product. For erxample, there can be no moment generating function
for the product of N = 3 independent standard normal random variables
[131], except the product of N = 2 normal random variables [31].

We present a sufficient condition on a random variable, whose prod-
uct with a fat-tail type random variable remains a fat-tail type random

variable.

Theorem 13. Consider the independent random variables X; : 0 — Rxq,
ie{l,...,N}. Suppose Fx, (z) = @(x_e), and ]E[XJG] <m,V2<j <N,
160 > 0. Then, we have

Fipy (@) = @(x_g). (2.104)

Proof. We prove the case of N = 2 and the proof of the case N > 2 follows

by the iteration of the same procedure.

Considering the independence between X; and X, for x > 0, we have
Fx, x,(x) = E[FXI (XLQ)], which is reformulated as

— x — x - z
E[FXl ()(2):| = IE|:F1X1 <)(2) 10<X2$902(3E):| + IE’|:F‘X1 <)(v2> 1X2><p2(r)]‘

Since Fyx,(z) = @(a:_e), we have, 3zg > 0, 3C;,C] > 0, Yo > x
and Vr/2' > xo, Fx,(x) > C1z~? and Fx, (z/2") < C{(az/m’)_e, and
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T @) _ €Ly
hin_)sololpm < ¢r(2')". Then,

P(X !
limsup lim M

Py, (dz’
z—00  92(2)—>0 J(py(z),0) P(X1>g;) Xz( )

P(X !
= lim limsup—( 1 > 2/7)

Px,(dz’) < 0.
2(x) >0 J(py(z),00) -0 ]P)(Xl >:E) X2( )

P(X1>z/x')

P(X1>x) Px,(dz") = 0. Thus, we obtain

Similarly, h;?i iolgf o (1:1511) . S(m(x)’ )

E[Fx, (%) o pate) | = o(a™)-

Similarly, we have

. . P(X1 > z/2")
limsup lim _
2w w2(@)-0 J0,pa@) P(X1>2)

/
~  lim limn sup DAL > #/T)
pa(x)—>00 (0,p2(x)] T—® P(Xl > .’L‘)

]P)X2 (d.%/)

Py, (dz') < C*E[(Xz)e],

* . . . ]P)(Xl >x/z') /
C* > 0. On the other hand, lim inf W(lir)lioo §0.00(2)] Pxroa)” Pz (da’) =

C’*E[(Xg)g], 3C* > 0. Thus, E[FXI ()%)10“2@2(%)] —0(z).
The proof completes by the fact that, if f(z) = o(h(x)) and g(x) =
©(h(z)) then f(z) + g(z) = O(h(x)). O

Remark 25. If there exists one and only one random variable, E[Xf] =0,
je{2,3,...,N}, V0 > 0, then FH(\il X, (z) = o(xfg). Letting this random

variable be the last one for multiplication yields the proof.

Remark 26. Since f(z) ~ g(v) = f(z) = O(g(x)), if Fx,(z) ~
Cra?,3C1 > 0, and B[ X! | < 00, ¥2 < j < N, 30 > 0, then, Fjj y,(2) =
@(xfe).

Remark 27. If Fx, (z) ~ Ciz~%, 3C} > 0, and E[X;?] <o, ¥2<j <N,
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30 > 0, then,

N

Frp (@) ~ FIZE[XJQ] Cha?. (2.105)
Jj=

The proof of the case N = 2 is available in [18] and the proof of the general

case follows by iteration.

We present a sufficient condition on a random variable, whose product
with a fat-tail upper bounded random variable remains a fat-tail upper

bounded random variable.

Theorem 14. Consider the independent random variables X; : 0 — Rxq,
i € {1,...,N}. Suppose Fx,(z) = O(z7%), 3p; € 3, Fx,(pj(x)) =
O(z7%), and IE[XJ‘?] <, V2<j <N, 30>0. Then, we have

Foon Xi(a:)zO(x_9>. (2.106)

i=1

Proof. We prove the case of N = 2 and the proof of the case N > 2 follows
by the iteration of the same procedure.

Considering the independence between X; and X, for x > 0, we have
Fx,x,(z) = E[FXI (%)], which is reformulated as

— x — x - z
E[FXI ()(2):| = IE|:F1X1 <)(2> 10<X2$4P2(1E):| + E[FX1 <)(2> 1X2><p2(r)]‘

Since 0 < Fx,(z) < 1, we have that 0 < E[FXI (%>1X2>@2(w)] <
P(Xz > ¢3(x)) = Fx, (p2(@)). Thus, B[ Fx, (&) Lx,o(n)| = O(9).

<sz($)

have, Jzg > 0, Vo > zo, 3C; > 0, 30 > 0, E[FXI(XLQ)lk)(Zsm(@] <
0 __
]E[C’l(;é> ] — CiE[X§]a~". Thus, B| Fx, (55 ) loxazpae) | = O(27).
Considering the O(-) polynomial [60], i.e., if fi(z) = O(g(x)) and
fa(z) = O(g(x)) then fi(z) + fa(x) = O(g(x)), we have Fx,x,(z) =

Since Fx,(z) = O(a:_e) and limx_,oo)% > limg o = o0, we



64 CHAPTER 2. A TALE OF TAILS

E|Fx,(&)] = 0@ O

Remark 28. Since lim,_, ng(:v)

p2(x) and Fx,(z) < Fx,(pa2(x)). Thus, if Fx,(p2(z)) = O(z~%), where
limy o 2(x) = 0, then Fx,(z) = O(z7?).

= 0, we have, 3x¢g > 0, Vo > xg, * =

Remark 29. A related result concerning the sharp approzimation, F(z) ~
Cx=% where § > 0 and C > 0 is a constant, is available in [125]. Another
reference is [68].

Remark 30. For the tail behavior of the capacity, it is sufficient to study
the f(x) = O(g(z)) approximation rather than the sharper f(x) ~ g(zx)
approzimation, because a light-tailed distribution of capacity can bear as
heavy as fat-tailed distributions of the random power and the random fade

in the logarithm function of the capacity.

We present the results of the tail upper bounds of the product and sum

of random variables.

Theorem 15. Consider the independent random variables X; : 0 — Rxq,
ie{l,...,N}.

1. Suppose, p; € §, ij(wj(x)) = O(Fxl(w)), and FXl(x/cpj(a?)) =
O(Fx,(z)), V2<j < N. Then, we have

anil& (z) = O(Fx,(2)). (2.107)

2. Suppose, Jp; € §, ij(cpj(:r)) = O(Fxl(.%')), and Fx, (v — ej(z)) =
O(Fx,(z)), V2<j < N. Then, we have

Fon (@) = O(Fx,(2)). (2.108)

Proof. We prove the case of N = 2 and the proof of the case N > 2
follows by the iteration of the same procedure and by the fact that [60], if

f(z) = O(g(x)) and g(z) = O(h(x)) then f(x) = O(h(z)).
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Considering the independence between X; and Xs, for > 0, we have
Fx, x,(z) = IE[FXI ()%)], which is reformulated as

=1 xz =1 T = T
£lP () =B (5 oeromn | B[ (5 ) |

Since 0 < Fy,(z) < 1, we have that 0 < E[Fxl (;%)1)(?@(1»)] <

P(Xz > ¢2(2)) = Py (p2(x)). Thus, E| Fx, (&) 1ot | = O(Fxi ().

Since Fx,(z) is nonincreasing, we have E|Fx, 5 10<X2§¢2(I)] <

Fxi(5555) Thus, E[Fx, () o<xszeatn | = OF x,(@)).

Considering the O(-) polynomial [60], i.e., if fi(z) = O(g(x)) and
fa(x) = O(g(x)) then fi(z) + fa(z) = O(g(x)), we have Fx,x,(z) =
E[Fx,(&)] = 0@

The proof of the result for the sum of random variables follows analog-

ically. O

Remark 31. Since lim,_.o <P2:£33) = 0, we have, 3x¢g > 0, Vo > x¢, x =

p2(x) and Fx,(2) < Fx,(p2(x)). Thus, if Fx,(p2(z)) = O(Fx, (),
where lim, o, pa(x) = 0, then Fx,(z) = O(Fx,(z)).

We present a further result, which indicates that the tail behavior of the
random variables product can not be effectively transformed from heavy
to light, by the product or sum with other random variables, when there is
a slowly varying distribution F' € Rg in the product or a regularly varying

distribution F' € R in the sum.

Theorem 16. Consider the independent random variables X; : 0 — Rxq,
ie{l,...,N}.

1. Suppose, Ip; € §, Fx,(pj(x)) = o(Fx,(x)), F1 € Ro, i.e., Fx,(tx) ~
Fx,(x), ¥t >0,V2<j < N. Then, we have

Fry x (@) ~ Fx, (). (2.109)
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2. Suppose, Ipj € §, Fx,(pj(x)) = o(Fx,(x)), Fx, € L, i.e., Fx,(x —t) ~
Fx,(x), Vt >0,V2<j < N. Then, we have

Fon (@) ~ Fx, (z). (2.110)

(3

Proof. We prove the case of N = 2 and the proof of the case N > 2 follows
by the iteration of the same procedure.

Considering the independence between X; and X, for > 0, we have
Fx x,(z) = E[Fxl (Xi?)], which is reformulated as

— x — x - z
) 5 P P P T

Since 0 < Fx,(z) < 1, we have that 0 < E[fxl (%2)1X2><p2(z)] <
P(Xs > po(z)) = Fx,(pa(z)). Thus, E[fxl (X%)b(w?(z)] — o(Fx, ().

In addition, we have E[Fxl (Xig) 10<X2<§02(x)] ~ E[Fxl (XiQ)], which
follows the Lebesgue dominated convergence theorem. Since E| Fy, (XLQ)] =
{Fx, (%)dF)Q (z2) ~ (Fx,(x)dFx,(z2) = Fx,(z), which follows that
Fx, is slowly varying, i.e., Fx, (txr) ~ Fx,(x), Vt > 0, thus, we obtain
E|Fx, (%) lo<xozpatn| ~ Fxi (@):

Considering the asymptotics polynomial [60], i.e., if fi(z) = o(g(x))
and fo(z) ~ g(x) then fi(z) + fo(z) ~ g(x), we obtain that Fx, x,(x) =
E[Fx,(&)] ~ Fxi ().

The proof of the result for the sum of random variables follows analog-

ically. O

Remark 32. According to Lemma 3, the situation for the product of
random wvariables appears for slowly varying distributions Fy € Rg, and
Fj(z) = ©(z7%) or Fj(z) = ©(e7%%), 6, > 0, j € {2,...,N}; and the

situation for the sum of random variables appears for reqularly varying dis-
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tributions Fy € R0, and Fj(z) = ©(27%) or Fj(z) = ©(e7%7), §; > 0,
je{2,...,N}.

Remark 33. It is interesting to study the possibility of transforming the
tail heaviness of a random variable from heavy to light through some func-

tions with other random variables, e.g., for some special cases.

Remark 34. The asymptotic behavior of the right tail of the sum of the
random variables can be insensible to both positive and negative dependence
[2][133][77][10][52], while the asymptotic behavior of the left tail can be
connected with the dependence structures [56][134]. In addition, there are
scenarios, where the right tail of the sum distribution is sensitive to the

dependence structures [2].

Remark 35. The tail behavior of the product distribution is more com-
plicated. For example, it is shown that the product distribution of two in-
dependent random variables with exponential distributions is subexponen-
tial [132][88]. Particularly, the dependence among the random variables
are crucial for the tail behavior of the product distribution [69][58][22],
e.g., the dependence can either decrease or increase the product distribution
tail heaviness compared to the independence scenario [69][144]. In addi-
tion, the tail of the product distribution with dependence can be asymptoti-
cally bounded above and below by the tail of a dominating random variable
[145][22] or can be asymptotically bounded above and below by the tail with
assumption of independence [69][144].

Remark 36. It is interesting to investigate the extreme influence of the de-
pendence among the random parameters in the wireless channel capacity on
the tail behavior of the marginal distribution of the capacity, e.g., whether
or not the dependence between two light-tailed or heavy-tailed random vari-
ables can cause a super-heavy tail of the product or sum distribution. For
example, considering the comonotonic random variables with identical dis-
tributions [37], Xi ~ X, 1 <i < N, we have F y x,(x) = Fx(z/N)

I<isSN
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and F 11 x,(z) = Fx (a:l/N), compared to the distribution Fx(x), the
I<is<N

sum distribution F x(x/N) is scale invariant for Pareto Type I distribu-
tion and asymptotically scale invariant for reqular varying distributions,
and the product distribution F x (l’l/N) has a smaller tail index for Pareto

Type I distribution.

Remark 37. The tail asymptotic is investigated in [125] for the product
and sum of random variables in terms of the asymptotic equality f(x) ~
g(xz). In this work, we extend the analysis to specific heavy-tailed and
light-tailed distribution classes, e.g., the long-tail distribution, the reqular
varying distribution, and the light-tailed distribution. Specifically, we find
that the slowly varying distribution can dominate the tail behavior for the
sum and product distribution. Moreover, we extend the analysis beyond the
asymptotic equality to more asymptotic notations, e.g., f(x) = O(g(z)),
f(x) = O(g(x)), f(z) = w(g(x)), and f(x) = o(g(x)). Since the capac-
ity s a logarithm transform of the product of the power and the fading
random variable, the less strict asymptotic bound provides more flexibility
than the asymptotic equality, i.e., it has less restriction and can capture
more distribution scenarios, most importantly, it is sufficiently enough to
investigate the light-tail behavior that is defined by the asymptotic bound
f(x) = O(g(x)). Another related work is [132], which provides conditions
for the product of a light-tailed random variable and a heavy-tailed random
variable to be heavy-tailed. In contrast to the result with asymptotic preci-
sion up to some distribution classes in [132], we show results of the exact

tail domination with respect to a certain distribution function in this work.



Chapter 3

The Facts of Dependence

There are two kinds of stochastic processes in the stochastic systems, the
uncontrollable parameter processes and controllable parameter processes,
which correspond to two kinds of dependence, the uncontrollable depen-
dence and controllable dependence, which provide a degree of freedom to
trade off for the system performance benefits. For example, the dependence
that exists in the fading process of the wireless channels is uncontrollable,

and the dependence that appears in the power process is controllable.

In this chapter, we consider the performance analysis of the queueing
system, e.g., the wireless channel, we study the influence of dependence
in the arrival process and service process on the performance measures,
i.e., the backlog and delay, and we develop the dependence manipula-
tion techniques to transform the dependence structure of the stochastic
processes. The measurability of the dependence with respect to the per-
formance measures, the duality of the dependence in the arrival process
and service process, and the transformability of the dependence structure

constitute the theory of dependence control.

69
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3.1 Foundation

3.1.1 Queueing Behavior

We consider a queueing system with arrival process a(t), service process

¢(t), and the temporal increment in the system
X(t) = a(t) — c(t). (3.1)

The queueing behavior is expressed through the backlog B(t) in the system,

which is a reflected process of the temporal increment X () [6], i.e.,
Bt+1)=[B@1) +X(®)]". (3.2)
Assuming B(0) = 0, the backlog function is then expressed as

B(t) = sup (A(s,t) — S(s,t)), (3.3)

0<s<t

where A(s,t) = Z$=s+1 a(i) and S(s,t) = Z§=s+1 c(1) are respectively the
cumulative arrival process and the cumulative service process. Specifically,
we denote A(0,t) = A(t) and S(0,¢t) = S(¢). For a lossless system, the

output A*(t) is the difference between the arrival input and backlog, i.e.,
A*(t) = A(t) — B(t), (3.4)

and the delay is defined via the input-output relationship, i.e.,
D(t) =inf{d > 0: A(t — d) < A*(t)}, (3.5)

which is the virtual delay that a hypothetical arrival has experienced on

departure.

Consider the infinite time horizon and the time reversal assumption
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that is introduced in Appendix A.3. The delay tail probability is expressed

as

P(D>d)="P {sup {A(d,t) — S(0,t)} > 0} , (3.6)
t=d

which follows that P(D(t) > d) = P{A(t —d) > A*(t)} = P{A(t — d) >

info<s<t{A(0,s) + S(s,t)}} and the last step follows the time reversal with

respect to time 7 = o0. The backlog tail probability is expressed as

P(B>b)=P {sup(A(O,t) —5(0,t)) > b} , (3.7)
t=0
which follows that P(B(t) > b) = P{supgc,<;(A(s,t) — S(s,t)) > b} and

the last step follows the time reversal with respect to time 7 = co.

3.1.2 More Assumptions

In addition to the time reversal assumption in the tail probability expres-
sions of delay and backlog, we specify the cumulant generating functions
of the cumulative arrival process A(t), the cumulative service process S(t),
and the increment process of the queue A(t) — S(¢).

The assumption for the queue increment process is as follows [53], with-
out assumption on the dependence between the arrival process and service

process.

Assumption 1. Denote G(t) = A(t) — S(t) and X (t) = a(t) — c(t). As-
sume that there exist v,e > 0 such that

1. k¢(0) = log Ee?S®) s well-defined and finite for v — e < 0 < v + €;

X(

2. limsup Ee?X®) < o for —e < 0 < ¢;

t—00

1

3. k(0) = tli>nolo +kt(0) exists and is finite for v —e <0 <y +¢;

4. k(v) =0 and k is differentiable at v with 0 < k(y) < 0.
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Assuming independence between the arrival and service process, we get

an alternative expression [53].

Assumption 2. Assume independence between the sequences of a(t) and

c(t), t = 0. Let v,e > 0 be as in Assumption 1 such that
1. k(0) = logRe? A1) is well-defined and finite for v — e < 6 <~ + €;

2. limsup Ee?*") < o0 for —e < 0 < ¢;
t—00

3. kKA(0) = tlim 1K7(0) exists, is differentiable at v, and is finite for
—00

y—e<O<y+e;
4. /ﬁ}t_S(H) = logEe95® s well-defined and finite for v —e < 0 < v +e¢;

5. limsup Ee~ %) < o0 for —e < 0 < ¢;
t—00

6. k3(0) = 1tlim %&;5(9) exists, is differentiable at v, and is finite for
—00

y—e<O<vy+e;

The Assumption 1 and Assumption 2 apply to the scenarios [7], where
there are weak forms of dependence, e.g., Markov dependence, and the
average of the cumulant generating function exists and converges, e.g.,

light-tailed process.

Remark 38. The asymptotic independence [52] is a weak form depen-
dence, which is neither too positively nor too negatively dependent, and
the strong forms of dependence are association and regression [83][39].
Another weak form of dependence is shown in [77]. It is interesting to

provide a review of the dependence concepts in the literature.
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3.1.3 Change of Measure

We introduce a change of measure for aq,...,an,c1,.-.,Cn,

E, (day,...,day,dcy, ... decy)

= eV (day,...,day,decy, ..., dey), (3.8)
where F), is the distribution of ai,...,an,c1,...,¢, and s, = a1 — c1 +
...+ an — ¢, Assuming independence between ay,...,a, and cy,...,cp,
the distributions of a1, ..., a, and c1, ..., ¢, in the new probability measure
are given by
FA(day, ... day) = e "2 (DF, (day, ..., day, 1), (3.9)
~ —-S —-S
ES (dey, ... dey) = €70~ OB (1, dey, ..., dey), (3.10)
where s =a; + ...+ 25 =
. 14+ ...+ an, s, (c1+...4+cp), and
A _
kn(7) = K (1) + 575 (7). (3.11)

In the new probability measure IF’n, we show that, for fixed d,k € N,
S(dn—k) _ A(dn—k)—S(dn—k)
n n

converges in probability to k(y) = %H(’y).

Theorem 17. Let n,d,k e N and d,k < oo, and i = (). Then,

lim B, (Ig(dn—’f) _i
n

> 77) =0, Vn > 0. (3.12)

An equivalent expression of the above theorem is the following theorem.

Particularly, the probability z™ is set to facilitate the proof of Theorem 19.

Theorem 18. Let n,d,k € N and d,k < o0, and i = k(). For each
n > 0, there exist z = z(n) € (0,1) and ng such that
~ (’ S(d,n — k)

B, Qi
n

> 77) < 2", formn = ng. (3.13)
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Proof. Let 0 < 0 < €, where € is as in Assumption 1. Note E [69(6(”)_6("_k))]
< oo for all |§] < ¢ for some § > 0 by Assumption 1 (2).

According to Chernoff bound,

5 (6(7@—12—6((1) —Zi>n> (3.14)
< e ImE [ee(em—k)—e(d»] (3.15)
_ o On(ing, [ee(e(n—k)—G(d)) . ew@(n)—mw] (3.16)
_ e+ —rn () [ewﬂ)es(n)feew)fee(nfk»n)] (3.17)

~

. 71/
< o~ Onliitn)—rn(3) [[Eneﬁpwme(n)]l/” [Ene—qpeew]” q] '

1
-[Ene_q%(”_k’”)] f (3.18)
_ = On(iitn)—n (y)+5n (Bp(0+7))/(Pp) [Ene—qpee(d>]1/<‘fp>
1
-[Ene_q%(”_k’”)] " (3.19)

where we used Holder’s inequality twice, for positive p and ¢ with p~! +

g ' =1, and p and § with p~* + ¢+

= 1, and we choose p and p close
enough to 1 and 6 close enough to 0 that [pp(6+7)—7| < e and |—gpf—v| <
€. Particularly, for ¥k = 0 or d = 0, the proof needs to use Holder’s
inequality only once; for £ = 0 and d = 0, the proof needs no Holder’s
inequality.

By Assumption 1 (1), E,[e~®?9(@] < o0, and by Assumption 1 (2),
E, [e‘qe(G(”)_G(”_k))]l/q < oo for large n, we get

1 ~ —k)—6(d
lim sup — log IP,, (6(n ) = &I )—ﬁ>n>
n

n—0o0 n

< w(pp(0 +7))/(pp) — £(7) =0 (A +n), (3.20)

by Taylor expansion, it is easy to see that the right hand side can be chosen
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strictly negative by setting p and p close enough to 1 and @ close enough
to 0. This establishes P, (S(d,n — k)/n — fi > n) < 2", correspondingly,

~

Pn.(S(d,n —k)/n — i < —n) < 2" follows by symmetry. O
To facilitate the proof of Theorem 19, we have the following Corollary.

Corollary 4. Let n,d,k € N and d,k < o, and i = k(7). Let x € R and
x < 0. For each n > 0, there exist z = z(n) € (0,1) and ng such that

~ (16(n—k)—A(d

P, (’ (n—F) d+z_ ﬁ‘ > 17) < 2", formn = ng. (3.21)
n

Proof. Theorem 18 shows that the convergence is insensible to the head

and tail of the sequence. Replacing &(d) with A(d) and a finite constant

x completes the proof. O

3.2 Dependence Mechanics

3.2.1 The General Rules

As a measure to identify and quantify the dependence influence, we are
interested in the asymptotic tail behavior of the delay and backlog in the
queue and we show that this measure has a monotonic relationship with the
dependence in the arrival process and the service process. Particularly, this
monotonic property is useful for understanding the trend of the dependence
influence, when the explicit results are not tractable in complex dependence
scenarios.

We derive the exact results of the asymptotic decay rate of delay and
backlog, and the logarithmic approximation implies that the asymptotic
behavior of the delay and backlog tail probability is exponential for weak
forms of dependence and light-tailed processes, which is characterized by

Assumption 1 and Assumption 2.
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Theorem 19. Under the conditions in Assumption 2, the asymptotic de-

cay rates of delay and backlog are respectively

hm flog P(D > d) = —k4(v), (3.22)
d—o0 d
lim flogIP’(B >b) = —, (3.23)
b—w b

where v = 6 > 0 is the root to the stability equation k() + x~5(6) = 0.

Proof. We only provide proof for the delay result, since the backlog result
is a trivial reduction of the delay proof. The proof is inspired by [53, 7],
by defining a new change of measure, and by noting the following result,

for large enough n,

B, <‘6(” —F) - Ad) +d _ o n) < 2" (3.24)
We first show that hcrln inf L SlogP(D > d) = x4 (7). Given n > 0 and
let m =m(n) = |d(1 + 77)/,uJ + 1. Then
P(D > d) P(&(m) > A(d)) (3.25)
— &, [e 7M. S (m) — A(d) + d > d] (3.26)
> INEm e—'y@(m)-&-nmﬁ); G(m) — A(d) +d B ﬁ > _ un ] (3.27)
i m 1+m7
> IEm e—WG(m)"er(’Y). G(m) — A(d) +d N ﬁn (3 28)
i ’ m 1+n
~ (16(m)—A(d)+d | i
P — — 2
< m H = 1+mn (3:29)
_ R B Myt i ()
~ S(m)—A(d)+d . on
B, ( - <1y, (3.30)
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where P,,(+) goes to 1 according to Corollary 4. Since ki, (y)/d
— 0 and m/d — (1 +n)/p, we get

hdm 1nf pi logP(D > d) = —k“(y) — 2n. (3.31)

Letting 1 | 0 yields licrln inf L log P(D > d) = —r4(7).
—00

We then show that hmsup logP(D > d) < —k4(7). Let 7(d) =
inf{n : S(n) > A(d)}, then T(d) > d and P(D > d) = P(7(d) < ), i.e.,

ee}
P(D>d)= > P(r(d)=n)=IL+I+I3+1, (3.32)
n=d+1
where I = Y0 P(r(d) = n), I = X0 DA p(r(d) = n),

d(1+8)/7
Iy = SV L P(d) = ), L= 557 sy PO7(d) = 1), n(0)
is chosen such that k,(v)/n < min{d, (—log z)/2} and

B (‘6(n—k)—A(d)+d N

5
H > <z for k<1,  (3.33)

>7
n 1+6

for some z < 1 and all n > n(J). This is possible by Assumption 1 (3) and

Assumption 1 (4) and Corollary 4.

Note
P(r(d) = n) < P(&(n) > A(d)) (3.34)
~E, [576(71)“”(7); S(n) > A(d)] (3.35)
<eFa ™) B (S(n) > A(d)), (3.36)
so that
L o)
L<ermd N e, (3.37)
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L lda=oy/n) N
L<e a0 M P, (&(n) > A(d)) (3.38)
n=n(6)+1
) ld(li)//d fnlogz/2 (‘G(n) —A(d) +d il - 5;7)
n 146
n=n(6)+1
L laazom
<e )y " (3.39)
n=n(d)+1
4 0
<e )y pn/2 (3.40)
n=0
oA 1
—e d(”m, (3.41)
L ldaze)/p
Ir<e > e (7) (3.42)
n=|d(1—48)/fi|+1
L ldaze)/m
<e i > e (3.43)
n=|d(1—48)/fi|+1
<o) (204 1) Hd+I)/i (3.44)
n
Finally, let 6"_,(d) = {S(n — 1) < A(d),S(n) > A(d)},
0
Iy < > P(&"_(d)) (3.45)
n=|d(1+6)/p]+1
0 ~
- Y &, [eﬂ%)m(w); ez,l(d)] (3.46)

oo ~
<era() 2 ern() . P, (‘G(n —)-Ald)+d _ il > O )
n=|d(118)/i]+1 n 1+9
A & 1
< €_Hd (’Y) Z WZ” (347)
n=|d(1+)/A+1
<erdn__1 (3.48)

1— 212
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By Assumption 1 (1) and Assumption 2 (1), we get

1 (140
limsup =log P(D > d) < —k™(7) + ( j_ ) (3.49)
d—0 d 24
Letting 6 | 0 yields limsup % logP(D > d) < —x“(7). O

d—o0

Remark 39. [t is interesting to notice that the event S(t) > A(d) has zero
probability for t < d, i.e., P(1(d) < d) = 0, where 7(d) = inf{t : &(t) >
A(d)}. It is interesting to notice that the probability P(D > d) = P(d <
7(d) < w) = P(r(d) < ), where the last equality follows that P(7(d) <
0) =P(0<7(d) <d)+P(d < 7(d) <) and P(0 < 7(d) < d) = 0.

Remark 40. The change of measure implies that the original probability
measure and the new probability measure are equivalent, i.e., sharing the
same set of null events. Specifically, the event &(t) > A(d) on timeline
0 <t < disa null event, which holds in both the original probability

measure and the new probability measure.

Remark 41. In addition to the asymptotic tail behavior of the right tail
P(X > x), which is about the large value violations, it is interesting to
investigate the asymptotic tail behavior of the left tail P(X < x) [56][9],

which is important to understand the phenomena of small values.

We consider two queue increment processes with respective arrival pro-
cess and service process, &(t) = A(t) — S(t) and &(t) = A(t) — S(b).
Let v, x~4(y), and x~%(7) be the asymptotic decay rates with respect
to &(t), and let 5, #~4(3), and ~°(3) be the asymptotic decay rates
with respect to &(¢). The “positive” queue increment process &(t) =
A(t)—S(t) indicates the change of measure on the positive parameter axis,
ﬁn(dal, oo dag,dey, ... dey) = e”Gn_KS(V)Fn(dal, coydag, deq, ... dey),
v > 0, with the stability equation k4 (v) + x~5(y) = 0, v > 0. The “nega-

tive” queue increment process —S(t) = S(t) — A(t) indicates the change of
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measure on the negative parameter axis, E, (day,...,dap,dcy, ... dc,) =
6*76"*“’;6(7)Fn(da1, ydap,dey, ..., dey), v < 0, with the stability equa-
tion k% (7) + k=4 (y) = 0, v < 0. We use change of measure to explain the
duality principle.

First, we show that the ordering of the “positive” queue increment pro-
cess or “negative” queue increment process implies the ordering of the ab-
solute decay rate of the dependence measure identities. This result means
that when considering the absolute value of the measure identities, the two
ordering rules of the measure identities on the positive and negative axes
are exactly the same, because of the change of measure respectively on the
positive and negative parameter axes.

Theorem 20. Let &(t) = A(t) — S(t) and S(t) = A(t) — S(t).
o IfS(t) <ex 6(1), VEEN, then 0 <5 < v; furthermore, if &(t) and &(t)
have identical service process S(t) = S(t), then k= (7) < K~5(§) < 0.

o If —6(t) <cx —é(t), Vt € N, then 0 > 5 = ~; furthermore, if &(t)
and &(t) have identical arrival process A(t) = A(t), then k=2(y) >
R=4(3) > 0.

Proof. We follow and extend the approach in [96]. Since the exponential
function is convex, S(t) <., S(t) implies Ee?®) < Eeeé(t), thus k. (6) <
kt(0) and subsequently x(0) < K(), V6 € R. Since & is convex with x(0) =
k(y) = 0, which implies 0 < x(0) < K(0), V6 > ~, therefore, we must have
0 < ¥ < . Since k~° is decreasing, we get x°(y) < #9(¥) < 0. The

other results follow analogically. O

Remark 42. The change of measure on the positive parameter azxis 0 > 0
with respect to &(t) and S(t), and the change of measure on the neg-
ative parameter azis 0 < 0 with respect to —S(t) and —&(t), aims to
preserve the absolute invariance, {86(t), 8 > 0} = {—06(t), 6 <0} and
{aé(t), 0> o} = {—eé(t), 0 < o}.
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Remark 43. The closure property of convex order implies that —&(t) <.y
—&(t) < O(t) <ex S(t). This is an alternative perspective on the
dependence duality to the change of measure perspective. In addition, it
indicates that the change of measure on the positive parameter axis and on

the negative parameter axis are equivalent.

Remark 44. The requirement of Ee?S() < Eeeé(t), 0 > 0, considering
the change of measure on the positive parameter axis in the proof, implies
that the sufficient condition of convex order &(t) <cp é(t) can be replaced
by the increasing convez order S(t) <iee S(t).

Remark 45. For the change of measure on the negative parameter axis,
the requirement of Ee ®) < Ee (") 9 < 0 implies that the sufficient
condition of convex order —&(t) <.y —(N'S(t) can be replaced by the increas-

ing concave order —&(t) 2 —6(t).

Remark 46. The equivalence —S(t) =iy —6(t) «— S(t) <icx S(t)
implies the equivalence of the change of measure on the positive parameter

axris and on the negative parameter axis.

Second, we show that the ordering of the arrival process and the service
process implies respectively the ordering of the “positive” queue increment

process and “negative” queue increment process.

Theorem 21. Let &(t) = A(t) — S(t) and &(t) = A(t) — S(t).

o IfA(t) <ex A(t), and &(t) and S(t) have identical service process S(t) =

~

S(t), then &(t) <o S(1).

o IfS(t) <ce S(t), and &(t) and &(t) have identical arrival process A(t) =
A(t), then —6(t) <ecx —S(t).

Proof. Consider a convex function f. Let X = S(t), Y = S(t), and Z =
A(t), Vt. Let g(z) = E[f(X —2)] and h(z) = E[f(Y — z)]. As the function
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x — f(x — z) is convex for all z € R, X <., Y implies g(z) < h(z) for
all z € R. Thus, E[f(X — 2)] = E[g(2)] < E[W(Z)] = E[f(Y — Z)], i.e.,
S(t) — A(t) <ew S(t) — A(t). The other result follows analogically. O

Remark 47. Considering &(t) = A(t) — S(t) and &(t) = A(t) — S(t). If
A(t) <icx A(t), and S(t) and S(t) have identical service process S(t) =
S(t), then &(t) <icw 6). If S(t) icw S(t), and &(t) and &(t) have
identical arrival process A(t) = A(t), then —&(t) Zie —6(t).

Remark 48. The increasing convex order X <;. Y means X is smaller
and less variable than Y in some stochastic sense, and X <jop ¥ <=
E[[X —a]"] < E[[Y —a]"], Va € R indicates that EX < EY is a neces-

sary and not a sufficient condition for X <. Y.

Remark 49. If X <;.. Y and EX < EZ’' < EY, then, it is possible that
7" <ier Y, because we have X <o ¥ = X <g Z <o Y [127]. If
X <iea Y, then, X <o Z' <o Y such that Z' <, Y, because we have
X iz Y = X <o Z < Y [127]. Complementary results hold in the
sense of the increasing concave order [127]. The mathematical relations
indicate that the mean and the variability can trade off each other, i.e.,
if the variability is relatively small, then a relatively greater mean can be
tolerated while satisfying the increasing convex order, and if the mean is
relatively small, then a relatively greater variability can be tolerated while

satisfying the increasing convex order.

Remark 50. The mean and variability trade-off with respect to the in-
creasing convex or concave order tallies with the intuition, i.e., a smaller
and less variable arrival process or a greater and less variable service pro-
cess leads to a better performance. In addition, the consistency of the
less variability of the arrival process and the service process tallies the de-
pendence duality of the arrival process and service process. On the other
hand, it indicates that the convex order describes the dependence duality

more precisely than the increasing convex or concave order.
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Remark 51. The increasing convex (concave) order is a sufficient but
not necessary condition, in other words, the order of the mean values is
not a necessary condition. A stricter sufficient condition is the moment
generating function order <,,qr (for the arrival process) and the Laplace
transform order <r; (for the service process) [35][36][127]. In addition,
the moments order implies the moment generating function order while

the reverse is not true, i.e., X <pmom ¥ = X <pyr Y.

Remark 52. Since the (increasing) convex order of a partial sum of a ran-
dom wvector s respectively insensitive and sensitive to the marginal vari-
ations in megative dependence scenarios and in the positive dependence
scenarios [98], the negative dependence can be utilized to maintain a stable
system that is robust to the bad marginal conditions, e.g., with small mean
value, and the positive dependence can be utilized in case of good marginal
conditions, e.g., with big mean value. Specifically, conditional on the iden-
tical marginals, the negative dependence has an advantage strictly over the

positive dependence.

Last, we show that the ordering of the arrival process and the service
process consistently implies the ordering of the absolute decay rate. This
result means that the dependence impact of the arrival process and service
process on the measure identities are dual to each other, i.e., the same type

of dependence therein influence the system performance in the same way.
Corollary 5. Let &(t) = A(t) — S(t) and &(t) = A(t) — S(t).

o If A(t) <eo A(t), Vt € N, and &(t) and S(t) have identical service
process S(t) = S(t), then 0 <5 <~ and k=5 () < K 5(F) < 0.

o IfS(t) <ex S(t), Vt €N, and &(t) and &(t) have identical arrival process
A(t) = A(t), then 0> 75 =~ and k= 2(7) = 4(F) > 0.

Proof. The proof follows Theorem 20 and Theorem 21. O
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In the extreme case, when both arrival process and service process are
deterministic, the asymptotic decay rate is infinity. Generally, for any
convex function ¢, Jensen’s inequality is expressed as ¢(E[>" ; X;]) <
E[¢(S1, X)), by noting (E[S), X)) = E[$(E[S, Xi])]. we obtain
that the mean of random variables has the minimum sum in convex order,
e, > E[X;] <e Xy Xi, which indicates that deterministic arrival

process or service process can cause the maximum asymptotic decay rate.

Corollary 6. Under the conditions in Assumption 2. For (stationary

or non-stationary) arrival and service processes, if the mean of the time
n
average exists, i.e., E[X] = lim 2 > E[X;], then the situation with the
n—0oo :
1=
constant arrival process with the same mean or the constant service process

with the same mean has the largest asymptotic decay rate of delay and of

backlog.

Proof. According to Jensen’s inequality, ¢(E[X" | X;]) < E[¢(>"; Xi)],
V¢, where ¢ is a convex function. For an arbitrary sequence of random
variables, X1, Xo, ..., Xy, we have >/ | E[X;] < 2,y Xi, L.e., the mean
of these random variables has the minimum sum in convex order. Specif-
ically, lim,, %log FEef Xi-1Xi > 6 - lim,, o %E[Z:”zl X;], where the right
hand side is equivalent to a constant process if the limit exists. This com-

pletes the proof. O

3.2.2 Markov Specialization

We adopt the definition of Markov additive process that is introduced in
Appendix B.2. We derive the non-asymptotic tail probabilities of delay and
backlog on infinite time horizon and on finite time horizon, for Markov ad-
ditive arrival process and Markov additive service process. The decay rate
in the non-asymptotic probability results from sharp approximation and
sufficiently implies the asymptotic decay rate resulting from logarithmic

approximation. For both infinite time and finite time results, we only give
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results of the conditional tail probability, which is sufficient to calculate

the tail probability by averaging over the initial state space.

We consider the time reversed arrival and service processes in the fol-
lowing results. Specifically, for the Markov additive process, the relations
between the Perron-Frobenius eigenvalues and eigenvectors of the original

process and the time reversed process are elaborated in Appendix B.2.

The following theorem presents the delay and backlog tail probabili-
ties on infinite time horizon. The results have time-invariant decay rates,

because they use a stability condition in the asymptotic time regime.

Theorem 22. Consider a Markov additive arrival process (J{‘, A(t)) with
state space E and initial state distribution w64, and a Markov additive
service process (Jts , S(t)) with state space E' and initial distribution ‘wg .
Specifically, given the initial state distribution, the state distribution at
time t is w; = woP?, where P is the transition matriz. Denote k(+) as
the logarithmic eigenvalue and h(-) as the right eigenvector of the kernel
matriz. Assume independence between the arrival process and the service

process.

The delay tail probability, conditional on the initial state Jqo = 1, i.e.,
{Jf, JO_S} = {iA,i*S}, 1 expressed as

HP  1350) e O < Py(D > d) < HP - h35(0) - =% (3.50)

2
. N N

D _ —xA0) [ minjerhy (6) 1 p _ maxjep hi(0)
where HZ = e . . and HY = ————2—=.
B maxjep hi'(0) | max;cp b (0) + 7 minjep hH(0)

1
min,e gr h;S(G) ’
The backlog tail probability, conditional on the initial state Joo = 1,
i.e., {J({‘, JO_S} = {iA,i*S}, s expressed as

HE -1 (0)h;5(0) - e ® < Py(B > b) < HY - hj (0)h;5(0) - e, (3.51)
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h HB w4 (0) Iféljlglh;‘(@) 1 d HB 1
where =e . : . — an =1 .
- (maxjep hA(0))"  maxh;®(0) + 7 minjep h1(0)

jeE!
-1
min,e g hj_s(é') ’

For delay and backlog, 6 = {0 > 0: k4(0) + k=5(0) = 0} and k(0) :=
kA0) = —k75(0).

Proof. The idea of the proof is to find a likelihood ratio martingale of
the process A(d,t) — S(0,t) for delay and A(t) — S(t) for backlog, change
the measure, by the likelihood ratio identity, we obtain a likelihood ratio
representation of the probability in the new measure. We only present the

proof of delay. The proof of backlog follows analogically.

Recall the definition of the Markov additive process E[f(S(t + s) —
S()g(Je+s)|Zt] = Eg 0l f(S(s))g(Js)], which indicates that the time shift
of the process is only dependent on the state at the shift epoch, specifically,
for 6 > 0, the likelihood ratio martingale [7] of the arrival process A(d,t)

h (0
is expressed as Lﬁd 00g = hffi((g))ee‘q(d’t)_(t_d)”/&w), where 6, is the shift
Ja

operator; and the likelihood ratio martingale [7] of the service process
R75(0 _
—S(t)is L;7° = hitTéo;e*as(o’t)*t“ *(9). Assume the arrival process and the
Jo
service process are independent, then the product of the martingales

Ly, = (Lt yoba) - Li® (3.52)
is also a martingale [23], and E [Lft S] E [LA e Hd] [Lt_s] =1.

Define the stopping time 7(d) = inf{t > d : A(d,t) — S(0,t) > 0}. Let
h3,0)  hyP(0)

H(9) = gy =8 . The delay tail probability, conditional on the
T )hmd) ®)
initial state Jg0 = ¢, i.e., {Jd , } {z S}, is expressed as
P;(D > d) = P;(7(d) < ) (3.53)

:E[ %Wﬁ())A@M@V%%ﬂ@<wy (3.54)
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where 6 is the root to the stability equation x4(8) + k() = 0, and
&r(a) > 0 is the overshoot at the hitting time, which is bounded by

0 < &) < A(r(d) — 1,7(d)). (3.55)

The delay upper bound is expressed as

P;(D > d) = P;(7(d) < o) (3.56)
< B, [H(g)e(T(d)fd)ﬁA(9)+T(d)nfs(9); 7(d) < oo] (3.57)
< Hy - W3S (O)F; [ 0x O @20, 7)< o (3.58)
= H, -h35(0) - e "0, (3.59)
_ maxjep hA(Q) 1
where Hy = mine h;“(@) " ming_p b5 ()"

The delay lower bound is expressed as

P;(D > d) P; (7 (d) < ) (3.60)
>, [ o OA(T 1,T(d))—d5A(9); 7(d) < oo] (3.61)

[ —0A(r(d)— 1Td)) (d) :| H_ hJQS(e) .@7dﬁA(9)? (362)

minjeE h“? (9) 1

where H_ = maxjeg h;‘(@) ' max e g hj_S(G) and
o [G—GA(T(d)—LT(d)); 7(d) < oo] (3.63)
=E;a [e_GA(T(d)_l’T(d)) . (Lf(d)—d o Od) ; 7(d) < OO] (3.64)

hj, A
= Fin [h;‘(d) ' (L(ATwHH © ed) e O 7(d) < OO] (3.65)
T(d)—1

minjep h;‘(@) e ()

= , 3.66
maXjep hf(@) (3.66)

where the first equality is due to the assumption of independence between
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the arrival process and service process, and the last inequality follows that

(L‘(Aﬂ'(d)fl)fd o 0d> is a mean-one martingale. O

Remark 53. It is interesting to find tighter double-sided bounds with the
Wiener-Hopf factorization [5]. However, this pair of bounds are sufficient

for comparing the asymptotic decay rates of the distributions.

The following theorem presents the time-dependent delay and backlog
tail probability, the probability is a function of the violated delay and
backlog, and the decay rates are time-variant, which results from the time-
dependent optimization condition. If the asymptotic stability condition is
used, the tail distribution bounds have an identical decay rate in finite

time regime and infinite time regime.

Theorem 23. Consider the same specification as in Theorem 22. Denote
k(z) = 0k(x)/0x.

For delay, let v be the root to k4(0) + k~5(0) = 0, y, = %;
given any fized y > 1, 6 is the root to yi=(0) = —(y — 1)&(6), and

0, = —yr=5(0) — (y — 1)r™(0), then

Pi(D(t) > dit <yd) < H?(0)e™ ™, y <y,,  (3.67
Pi(D > d) — Pi(D(t) > d;t <yd) < HP(0)e™ ™, y>y,,  (3.68)
maxj-eE h?(@) 1

minjep h? (6) . minge gy hj_S(G) ’

where HP () = Hfh}OS(G) and HP =
J
For backlog, let v be the root to k4 (0) +k=5(0) = 0, y,, = m;
given any fived y > 0, 0 is the root to y(kA(0) + £#~5(0)) = 1, and 0, =

0 —y (k(0) + k75(0)), then

Pi(B(t) > bt < yb) < HP(0)e™, y <y, (3.69)
P;(B > b) — Py(B(t) > b;t < yb) < HE(0)e™, y >y, (3.70)
B(py _ 7BpA -5 B _ 1 . 1
where H(0) = HYhg (0)h; 7 (0) and HY = e TR0 minyepy 50
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Proof. The proof follows two phases. In the first phase, we provide the
condition that the inequalities hold. In the second phase, we provide the
setting of y that satisfies the condition. We only present the proof of delay.
The proof of backlog follows analogically.

First, we prove that the inequalities hold under a condition on x4 () +

hA 0 -S
55(0). Let H(9) = 10 0O porany 9> 0, 54(8) + 55(0) > 0.

Ty @ hjrs(@ ©)

Py(D(t) > d;t < yd) (3.71)
_ &, [H(e)e—ow+<r<d>—d>nA<e>+r<d>m3<e>; (d) < yd] (3.72)
< E; [H(Q)e(T(d)’d)”A(9)+T(d)“_s(9); 7(d) < yd] (3.73)
< H S () [er@-0=" @40, () < o] (3.74)
< Hyh75(0)e v O—@-1s"(0) (3.75)

Second, we link y to the x“(f) + k~¥(f) condition. Denote 6, =
—yr~%(0) — (y — 1)k™(6), which is a concave function of 6 for any fixed
y > 1. Thus, the optimal 6* to maximize 6, is the root to the derivative

equation 6, = 0, i.e., 6% = {0:yi5(0) = —(y — 1)k(0)} . Consider the
. i=S(0) . () —5(0)-i4(0)—#A(0)-5—5(0

equation i =1+ HRA((Q))7 since a% (";A((g))) o QL (521 ;]2( JEZO) 5 ),

which indicates that the decrease of y maps to the increase of 0, it follows,

if y < %, then > v and x4(0) + k~°(0) > 0, vice versa. O
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3.3 Dependence Manipulation

3.3.1 The Theoretical Reality

We treat a stochastic process as a function of a set of random parame-
ters, each of which is itself a stochastic process. In other words, we treat
the stochastic process as a functional of a multivariate stochastic process
and the functional maps the multivariate stochastic process to a univariate
stochastic process. For wireless channel capacity, the random parameters
are either uncontrollable or controllable, the uncontrollable parameters
represent the property of the environment that can not be interfered, e.g.,
fading, and the controllable parameters represent the configurable prop-
erty of the wireless system, e.g., power. For the arrival, this functional
perspective is useful for studying the dependence impact of an individual
arrival process on the aggregation of a set of multiplexed arrival processes.

We specify that the dimension of the parameter set (th, X2,..., Xt") is
time-invariant, the function f; : R™ — R is time-variant, and the function

f¢ is increasing or decreasing at X} for all the time, i.e.,
X = fo (X XE XD (3.80)

Leveraging this functional perspective, on the one hand, we prove the
dependence transformability, on the other hand, we provide additional
results of supermodular order to the literature [98][127].

The following theorem shows that the manipulation of the dependence
in the controllable parameter processes transforms the dependence struc-

ture of the stochastic process.

Theorem 24. Assume the random parameters are spatially independent
and temporally dependent. The supermodular ordering of a parameter se-

ries implies the ordering of the stochastic process, i.e., for any 1 <1 < n,
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if

(X1, X5, XT) <o (X085, 80, (3.81)
then

(X1, Xa, ., X)) <om (Xl,XQ,..., t), (3.82)
where )ij = fj(le, .. .,X;fl,)};,XJ’:H,...,X;‘), Vi<j<t.

Proof. Without loss of generalization, we consider the supermodular order
of the random parameters with index 1 in the proof.

For all increasing or all decreasing functions g; : R - R, i =1,...,t, we
have (X7, X3, ..., X}) <um ()Nfll, )2'21, e )N(tl) = (g1 (X1) ... 9 (X}))
<sm (91 ()N(ll) e Gt ()Z'tl)) , because a composition of a supermodular
function with coordinatewise functions, that are all increasing or are all
decreasing, is a supermodular function [127].

Let Z; = (Xf,XE, e ,Xf) and assume Z; is independent of X}, Vt.
Then, (gl (Xll) e Ot (th)) <sm (gl ()2%) ey Ot ()2}1)) implies

(f1 (X1, 20)..... fi (th,zt)|(zl,...,zt) :z>

<om (f1 ()?11,21) . (X‘g,zt) ‘(zl,...,zt) - z) Yz,

when fz(a:zl, zi), Vi, are all increasing or are all decreasing in a:zl for every

Zi- FinaHY7 (fl(Xlla Zl)7 cee ft(tha Zt)) <sm (fl()N(lla Zl)a s 7ft()~(tl> Zt))a
because the sumermodular order is closed under mixtures [127]. O

Remark 54. If the dimension of the parameter set is time-variant, the
function must take into account the dimension being manipulated, while it
s not necessary to take into account other dimensions. Specifically, for the
dependence in the manipulated dimension to take effect, at least two time
epochs should be taken into account by the functions and it is not necessary
for the functions to take into account every time epoch, because the compo-

sition of a supermodular function with coordinatewise functions, which are
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all increasing or are all decreasing, is a supermodular function, and strict
monotonnity is not necessary. An example is random multiplexing, where

the number of integrated arrivals is random at each time epoch.

Remark 55. Since the supermodular order is closed with respect to the
permutation of the time index [98], the dependence transformability result

1s robust to the time reversibility assumption.

The following theorem shows that a greater number of controllable
random parameter processes brings a stronger transform to the dependence

structure of the stochastic process.

Theorem 25. Assume the random parameters are spatially independent
and temporally dependent. Consider there are i, 1 < i < n, controllable

random parameters. If
(X{,Xg,...,Xg') <om (X{,Xg,...,Xg'), V1< j<i, (3.83)
then
XF <om X, VO<k <j<i, (3.84)

with X} = fu(XY, . XL XEY O X2), 1< m <t and X} =
<X£17"‘7tht)’ le{k7.]}

Proof. According to Theorem 24,

(fi (X1, X7, XT) o fe (X X X))
<om (f1 ()Z'%,X%,...,X?) o ()N(tl,Xf,...,X[‘»
<om (A (RLRB XD X7) L f (R RR XD, XT)),

and the result follows iteratively because of the transitivity property of

supermodular order [98]. O
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In practice, a wireless channel can be a composition of sub-channels and
the wireless channel capacity is a function of each sub-channel’s capacity,
e.g., multiple-input-multiple-output channel and frequency-selective chan-
nel. The following theorem shows that the manipulation of dependence in
a sub-channel capacity transforms the dependence structure of the over-
all channel capacity, the more number of manipulated sub-channels the

stronger dependence transform strength on the overall capacity.

Theorem 26. Consider a wireless channel composing of M independent
sub-channels, the instantaneous capacity of the overall channel, denoted by

¢ = &(t), is a function of the instantaneous capacity of each sub-channels,

denoted by ¢t = c'(t), 1 <i < M, i.e, & = f (c%, .. ,c,{”) . For example,
the overall capacity is the sum of the capacity of each sub-channel, i.e.,
(cty-cnctt)y > fi(et,....cq") = 2%21 cf'. Assume the function is always
increasing or decreasing at the instantaneous capacity of each sub-channels.
If(c’i,...,c%) <sm (511,,5}), V1 <i< M, then
(61,...,&) <sm (Qil,...,Ct), (385)
where €; = f; c}, ,E;‘-',cé-ﬂ, ,céVI), 1<y<t.
If (df,....¢}) <sm (G1,...,8), VI <i< M, then
~k ~i )
¢ <m @, VO<k<j<M, (3.86)

rvmo Tm ’ m

1<m<tandle{k,j}.

o~ N ~1 ~ ~
with & = f (&L, ..., &, M) and €, = (Cél,...,ﬁéJ, where

Proof. The proof follows Theorem 24 and Theorem 25. O

Multiplexing of arrival processes involves deterministic multiplexing
and random multiplexing. Specifically, the aggregated arrival process is
expressed as A(t) = Zi]\;(f) a;(t), where a;(t) is the individual arrival pro-

cess, and N(t) is a deterministic process for the deterministic multiplexing
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and a stochastic process for the random multiplexing. Theorem 26 has a
direct application to the deterministic multiplexing, i.e., the dependence
manipulation in an individual arrival process transforms the dependence
structure of the aggregate process, the more number of manipulated pro-
cesses the stronger strength of dependence transform.

For random multiplexing, in addition to that the dependence manip-
ulation in an individual process transforms the dependence structure of
the randomly multiplexed process, the following theorem shows that the
dependence in the random multiplexing mechanism also has an impact on

the dependence structure of the aggregated process.

Theorem 27. Let X; = (Xj1,...,Xjm) and Y = (Yj1,....Yjm), j =
1,2,..., be two independent sequences of non-negative random vectors, and
let M = (My, My, ..., M) and N = (N1, Na, ..., Npy,) be two vectors of
non-negative integer-valued random variables. Assume that both M and
N are independent of the X;’s and Y;’s.

If M <g,, N, then

M, M, Ny Nm
(Z X'J,...,ZX]',m) <sm (Z X',la--~vZXj,m> . (387)
j=1 j=1 j=1

If X; <sm Y}, Vj, then

N1 Nm Nl Nm
(2 Xjtyoh ). Xj7m> <om (2 Vit ). Yj,m) . (3.88)
j=1 j=1 J=1

IfM <sm N and X] gsm 1/}; vj; then

My M, Ny Nm,
(Z Xitso Y, Xj,m> <om (Z Vit Y, Y-,m) : (3.89)
j=1 j=1 j=1

J=1

Proof. The first result is proved in [127]. The second result follows Theo-



3.3. DEPENDENCE MANIPULATION 95

rem 24 and Theorem 25, by conditioning on (Ni,...,Ny) = (n1,..., %)

and integrating for the expectation. Specifically, since

N1 N,
E[qb <Z Xj,lv"‘72Xj,m> ‘(Nl,,Nm) = (nl,...,nm)]
j=1 =1
J N J N
<}E[¢ (ZY'J""’ZYJ?"”) ‘(Nl,...,Nm) = (nl,...,nm)],
j=1 7j=1

for any supermodular function ¢, thus

N1 Nm Nl Nm
E[¢ <2X12ij>] gE[qﬁ (ZleZng>
j=1 j=1 j=1 j=1

By considering the transitivity property of supermodular order, the third

result follows the first and second results. O

Remark 56. The arrival process under manipulation must be multiplexed
at least twice at different time epochs, in order to take into account the

dependence effect of this arrival process.

Remark 57. It is interesting to extend the results to the increasing super-

modular order <ism, and the symmetric supermodular order <symsm.

3.3.2 A Copula Approach

We develop a dependence manipulation technique based on copula, which
is introduced in Appendix B.3. We consider the stochastic process that
is modeled by a multivariate Markov process of uncontrollable parameters
and controllable parameters. The challenge with dependence control lies
in that, if we model the whole system of the uncontrollable and control-
lable parameters as a Markov process, we need to know respectively the

exact characterizations of the uncontrollable and controllable parameters
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processes, because we need an exact process for dependence manipulation.
To address this challenge, we postulate no-Granger causality among the
random parameter processes.

No-Granger causality refers to a multivariate dynamic system in which
each variable is determined by its own lagged values and no further infor-
mation is provided by the lagged values of other variables [25]. On the one
hand, no-Granger causality and Markov property of each process with re-
spect to its natural filtration together imply the whole system as a Markov
process, on the other hand, a multidimensional Markov process together
with no-Granger causality implies that each of its components is a Markov

process with respect to its own natural filtration [24, 25].

Mathematically, for a n-dimensional process X, we say X', ..., X1,
X1 ..., X"™ do not Granger cause X', if, for any ¢, and z,
. 1 n . 1
P(xXi,, <al7z X)) =p(x),, <alFX), (390)

X1,
where F; "

natural filtration of process X' [24, 25]. In addition, we introduce a

is the natural filtration of process X and ﬁt‘fi is the

copula operator. Denote A(x,dy) = Ac(x,y)C(dy) and B(dx,y) =
of-
Be (x,y)C(dx). The operator g is defined as [104]

AV Bxy) = [ Ackn Belryo@), G

where A is a (k+ n)-dimensional copula, B is a (n+[)-dimensional copula,
C is a n-dimensional copula. Specifically, A + B is written as [32] A x
B(x,z,y) = Sg A (x,7)By (r,y)dr, for 1-dimensional copula C. We refer
to Appendix B.3 and [32, 104] for elaboration on the copula representation
of Markov process.

The copula for Markov process with no-Granger causality is expressed

as follows, which is extension of the 2-dimensional result in [25].
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Theorem 28. For a n-dimensional Markov process X consisting of two
sets X and X, X = YUX, mapping respectively to the uncontrollable

and controllable parameters, X does not Granger cause X, if and only if

Cjj+ (ij YUK UX 1u7j+1>

_c Ox; (“%‘) c 9
X;X; * XX (ufj’quH) ’ (3.92)

X does not Granger cause X, if and only if

Cig+1 (uij UX; 1u5j+1 ’ ufﬂ»l)

“%; <uij>
= Cx x, OV o v (ux, ux,, ) (3.93)

Proof. Since
P (X, < olX)) = Crpny (P, (). P, (X)) Fx, (). 1)
P(X; <z|X;) = Cisticy,, (FXJ- (X)), 1rg » Fx, (@), 1ij+l> ;

the no-Granger causality holds, if and only if

Cj,j+1c£j % (“X UK, UX Hvluyjﬂ)
= Cj’j+1clj7 ('U/X ’luX )uX +17]'qu+1) .

By integrating, we obtain

Cjj+1 (ulj YUK UX 1u§j+1>

Ux .
)
= L %, x, x, (Ufj»ux) OX, X, 00y (U& “Xj+1> Cx, (dux)

= (% * __
CX]'X~ Ox,X,., <qu’ulj+1) :
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The other result follows analogically. O

Remark 58. The result is extensible to high order Markov process [104][64].
For a Markov process of order k = 1, letting j(k) ={j —k+1,...,5}, X

does not Granger cause X, if and only if

Cihy.j+1 (U’Xj(k) UKy YK 1u7j+1>
- CX;) (:‘lﬂk)) C U~ .U (3.94)
XX (k) Xim&irr Xy "X )0 '

and X does not Granger cause X, if and only if

Cj(k),j+1 (uij(k) ’ ufj(k) ’ 1“£j+1 ) ufﬂ»l)

Cwr _
X (k) <“Xj<k>>

_ \ . Y
XjmXit X)X j+1 (uiju@)’quH)

(3.95)

A stronger restriction is that all the 1-dimensional Markov processes

do not Granger cause each other, and the results are as follows.

Theorem 29. For a n-dimensional Markov process X with temporal cop-

ula Cj j11 and spatial copula Cj,
P (X;‘k+1 <zXL, ... ,Xt”k) —P (X;’k+1 < xyxg'k) , (3.96)

if and only if
1 n i
Ciger (@), 1 @y, 1)
_ i 1 i—1 i+l n i i
— C] *Cj,j+1 <x]’7xj ’:Uj ,...,$j,l'j,$j+1), (397)

where C’Jl is the reordered spatial copula, and C*

5 j+1 1s the temporal copula

of the 1-dimensional Markov process X".

Proof. The proof analogically follows Theorem 28’s. O
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Example 1. For a 2-dimensional Markov process X, X? does not Granger
cause X1, if and only if [25]

Cgrr(ur,vi,uz, 1) = Cx2 x1 % Oyt x1 (01, U1, u2), (3.98)
and X1 does not Granger cause X2, if and only if [25]
Cj,j+1(u1, V1, 1, 1)2) = CX},XJZ * CXJ?,X]2+1 (ul, V1, UQ). (3.99)

In the special case, if the spatial dependence is expressed by the product

copula, then

Cj,j+1(ul, V1, U2, 1) = ’Uch;X;Jrl (ul, UQ) s (3.100)

Cj,j+1(ul, U1, 1, ’()2) = U10X]2X]2+1 (Ul, Ug) . (3.101)

To perform dependence manipulation, we calculate the transition ma-
trix of the controllable parameter Markov process based on its copula,
which is an inverse procedure of constructing a copula from the transition
matrix of a Markov process [32]. Since the Markov property is a pure prop-
erty of copula, it is flexible to use different copula functions to character
and configure the negative or positive dependence in the uncontrollable
and controllable parameters. The calculation approach is summarized in

the following theorem.

Theorem 30. For a 1-dimensional Markov process with finite state space
E and initial distribution wo, given the copula between successive levels
Cjj+1;

> @i(s)Pi(sj, 8501 < y) = Cjje1 (Fj(x), Fjra(y)), Yo,y e B, (3.102)

Sj<T

the state distribution at j is w; = @ | [o<pe; P and Fj(s;) = 3 ©;(sk)
SkSSj
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and Fj11 = w;Pj. Together with the unity property of transition matrix

ZjeE pij = 1, Vi € E, the transition probabilities P; are obtained.

Proof. For random variables X and Y with the copula C, E (Iy <y|X) (w) =
C1, (Fx(X(w)), Fy (y)), as. [32], by integrating, > P (X; <y[Xs =¢) =

=

C (Fs(z), Fy(y)), where x € E and y € E. The result directly follows. [

Example 2. For a 2-state homogeneous Markov process, the equations are

expressed as

Topoo = C (F(0), F(0)), (3.103a)

mopoo + mip1o = C (F(1), F(0)), (5.108b)

70 (Poo + po1) + 1 (p1o + p11) = C (F(1), F(1)), (3.103¢)
7o (poo + po1) = C (F(0), F(1)). (5.103d)

Given a stationary distribution [mo m1], F(0) = mp and F(1) = mo + 71, we
obtain the values of pog and p1o from the equations, and we further obtain

po1 = 1 —poo and p11 = 1 — p1o from the unity property.

Remark 59. Regarding the computation of transition matriz from copula
functions, as an alternative to the parametric copula function, where the
negative and positive dependence is indicated by the parameters, the smaller
or greater copula, with respect to independence, based on the supermodular
order is an additional approach. Specifically, the supermodular ordering of

copulas is elaborated in [141].

3.3.2.1 Applying to Wireless Channel

We apply the dependence control theory to the wireless channel, where
the fading represents the inherent characteristic of the propagation envi-
ronment and is an uncontrollable parameter, and the power represents the

free dimension of the wireless system and is a controllable parameter for
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dependence manipulation. Particularly, we model the fading h(t) as an
independent process, the power P(t) as a Markov process, and the accu-
mulation of the wireless channel capacity as a Markov additive process
(S(t), P(t)), where S(t) = 3 c(t) and c(t) = W log, (1 + %\h(m?),
i.e., the evolution of the capacity is modulated by the random power. As
regards the dependence manipulation, we calculate the transition matrix
of the Markov process using the Fréchet copula and Gaussian copula, of
which the dependence parameter is an indicator of the dependence strength

ranging from negative to positive.

We provide a simulation example of the dependence manipulation in
wireless channel. We specify the fading as the uncontrollable parameter,
which is an independent process, and the power as the controllable param-
eter, which is a Markov process. We manipulate the power into bearing
respectively negative dependence and positive dependence for two experi-
ments. We study the time series and the lag-1 series of an arbitrary sample
path of the functional processes, i.e., the instantaneous capacity c¢(t), the
cumulative capacity S(t), and the transient capacity ¢(t). We calculate
the correlation coefficient and the probability value [140]. It is reasonable
to consider the correlation coefficient, which requires the existence of the
variance, because the capacity is light-tailed. The correlation coefficient of
the series X and Y is defined as

SO0 oY)
OIS SENO A o

(3.104)

corr =

where X and Y are respectively the sample means of X and Y. The
probability value is a measure of the evidence against the null hypothesis
that the time series is uncorrelated. The null hypothesis test uses the
Student’s t-distribution. If the probability value pval < 0.05, it rejects the
null hypothesis, otherwise, it shows the evidence against the alternative

hypothesis that the time series is correlated.
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Figure 3.1: Wireless channel capacity of Rayleigh channel. The uncontrol-
lable parameter is the fading process with one state and the controllable
parameter is the power that is a Markov process with two states. The
Markov process is time homogeneous without Granger causality. The de-
pendence structure is given by Gaussian copula with correlation matrix
¥=[10 -0.50;0100;-0.5010;00 0 1] as negative dependence (left
column), ¥ =[100.50;0100;0.5010;00 0 1] as positive dependence
(right column), initial distribution zo = [0.3 0.7], stationary distribution
m =[0.3 0.7]. W = 20kHz and P/N = [10* 10*; 10 10]. 1000 time slots.
The correlation coefficient and probability value between the time series
and lag-1 series are provided.
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The simulation results are shown in Fig. 3.1. For the instantaneous
capacity c(t), the result shows that the times series exhibits respectively
negative dependence that is shown in the left column with negative correla-
tion coefficient, and positive dependence that is shown in the right column
with positive correlation coefficient. The probability values are both zero,
which rejects the null hypothesis that no correlation exists. It is evident
that the left column has more density in the left-upper and right-lower
clusters than the right column, while the right column has more density
in the left-lower and right-upper clusters than the left column. This phe-
nomena is coherent with the intuition that the large values of a random
variable tends to occur together small values of other random variables for
negative dependence, while large values or small values tend to occur to-
gether for positive dependence. It is interesting to notice that the marginal
distribution of the instantaneous capacity is bimodal, which results from
the mixture of two distribution functions. Since the instantaneous capacity
is non-negative, the cumulative capacity S(¢) exhibits extremely positive
dependence, no matter the negative or positive dependence in the instan-
taneous capacity, and the influence of the dependence in the instantaneous
capacity is manifested in the transient capacity ¢(¢). The simulation results

validate the dependence manipulation analysis.

We regard the wireless channel as a queueing system for the infor-
mation transmission of arrivals and the wireless channel capacity as the
service process. In order to study the impact of the dependence in the
wireless channels capacity, we consider a constant arrival process. Accord-
ing to Corollary 6, the wireless channel attains the best performance for
constant arrival process in terms of the asymptotic decay identities. Thus,
the constant arrival is fit for investigating the ultimate quality of service
that the wireless channel can provide. Moreover, it indicates that the
ultimate wireless channel performance is solely determined by the statis-

tical properties of the wireless channel regardless of the arrivals, in terms
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of some measure identities. Specifically, the performance analysis results

with respect to the constant arrival process are as follows.

Corollary 7. Consider a constant arrival process A(t) = A\t and Markov
additive service process (Ji, S(t)) with state space E' and initial distribution

w. The delay conditional on the initial state Jy = i is bounded by

e P40y (—6) —0xd hgo (=) Y.

<P(D>d) < ———~- ,
ho(— (—

(3.105)

where A(1) is the amount of arrival in one unit time, —6 is the negative
root of k(0) = 0 of the Markov additive process (Jy, S(t) — At) and h(—0)

1s the corresponding right eigenvector.

Proof. The proof of this special case follows that of Theorem 22. O

Remark 60. For a constant arrival process A(t) = At and independent
and identically distributed service process c(t) 4 C, the delay is bounded
by [119, p. 257]

C_e M < P(D>d) < Cre (3.106)
where
) B(x)
C. = f : 3.107
vel0nzo) {7 e00=2) B (dy) (3.107)
B
C, = sup (z) (3.108)

z€[0,z0) Saoco e@(y—x)B(dy) 7

and B is the distribution of A — C and xo = sup{z : B(z) < 1}.

Remark 61. For a queueing system with constant arrival process with
arrival rate \, the relationship between delay and backlog is expressed as
P(B > b) = P(D > b/\), and the asymptotic tail decay rate of delay vp
equals that of backlog vp multiplied by the arrival rate A\, i.e., yp = A-vp.
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We provide the numerical results of the tail bounds of the performance
measure delay, which are illustrated in Fig. 3.2. We fix the noise power
N = W Ny, and randomize the signal power P in SNR = P/N. The
results indicate that the dependence resource is exchangeable for other
resources, e.g., the power resource. It is shown, by manipulating the de-
pendence and marginals through the power process, the wireless channel
attains a better performance with a smaller power mean, equivalently a
smaller capacity, compared to the independent power case. Moreover, it
shows the increasing convex order is a sufficient but not necessary condi-
tion, i.e., the order of the mean values is not a necessary condition for the
order of the asymptotic decay rates. Considering the performance gain of
the non-stationary Markov additive process over the stationary additive
process, it indicates that the forms of distribution functions are exchange-

able for the mean values.

The asymptotic decay rates with respect to the dependence parameters
of the Fréchet copula and Gaussian copula are shown in Fig. 3.3. The re-
sults show that the Markov additive process bearing negative dependence,
which results in a smoother fluctuation of the measure identities than the
positive dependence scenario, is less sensitive to the marginal variations,
i.e., while a stronger marginal can have a positive effect in the positive
dependence scenario, a weaker marginal does not necessarily have a nega-
tive effect in the negative dependence scenario. However, the impact of
the marginals counts, because the asymptotic decay rate is a joint effect of
the marginal distributions and the dependence structure of the arrival and
service processes, and the supermodular ordering of the arrival process or
service process is a sufficient but not necessary condition. Particularly, it
is shown, for the positive dependence, the upper envelope and the lower
envelope are both decreasing functions, especially, the lower envelope con-
tinues the decreasing trend of the negative dependence scenario. Since

the Markov additive process is a non-stationary process, with respect to
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Figure 3.2: Delay tail distribution of Rayleigh channel. “” and “+4”

depict respectively negative and positive dependence in capacity, the
lines depict the double-sided bounds with the intervals depicted as the
shaded areas. \ = 10kbits, W = 20kHz, SNR = €%® for the indepen-
dence case of additive capacity process, SNR, = [e%5 ;0.7 0.7¢%7],

P = [0.4125 0.5875;0.2518 0.7482] calculated from Fréchet copula with
a = 0.5 for A — ¢(t) indicating positive dependence in capacity and
P = [0.2875 0.7125;0.3054 0.6946] calculated from Fréchet copula with
a = —0.5 for A — ¢(t) indicating negative dependence in capacity, for the

dependence case of Markov additive capacity process with initial distri-
bution zo = [0.3 0.7] and stationary distribution = = [0.3 0.7]. Note
when the initial and stationary distributions are wo = 7 = [0.5 0.5], we
get two interesting matrices, i.e., P = [0.5625 0.4375;0.4375 0.5625] for
positive dependence and P = [0.4375 0.5625;0.5625 0.4375] for negative
dependence in capacity, with a similar tail phenomena.



3.3. DEPENDENCE MANIPULATION

10

Decay rate value

~
T

Decay rate value
B »

N
T

—_
T

-0.5 0 0.5 1

Dependence parameter
(a) Fréchet copula.

(6]
T

w
T

Il
|

| A
i

,,,,,,,,,,,,,,,,,,,,,, A H V“ I H

=)

-0.5 0 0.5 1

Dependence parameter
(b) Gaussian copula.

107

Figure 3.3: Decay trend of measure identities of Rayleigh channel with

Markov additive capacity. A = 1bit, W = 1Hz, SNR =

initial distribution zo = [0.5 0.5] and stationary distribution 7 = [0.5 0.5].

[3 3;1.5 1.5], with
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different dependence parameters, it can have different marginals such that
they have a stronger impact than the dependence structure, which explains
the discontinuity of the trend function, on the other hand, the continuity of
the trend function results from that if the difference between the marginals
with respect to different dependence parameters is small, then the depen-
dence structure has the dominant effect rather than the marginals. In
addition, the numerical results indicate that if the marginals are identical
then the extremely negative dependence results in the optimal asymptotic
decay rate, otherwise, the asymptotic decay rate is optimized at the limit

from the weakly positive dependence to the independence.

3.3.3 Manipulation at Large

We provide the dependence manipulation techniques for both the spatial
dependence and temporal dependence of a stochastic process. The ma-
nipulation of the spatial dependence means the dependence manipulation
of the random parameters of the stochastic process at some time epochs,
while the manipulation of the temporal dependence means the manipula-

tion of some random parameters on the time line.

3.3.3.1 Identical Marginals

We present a sufficient condition that the composition of a supermodular

function with some multivariate functions is a supermodular function.

Lemma 4. Let f; : R" - R, ¥Vt > 1.
g(flv" : 7ft) (R — R7 and g((fl(wl)a '7ft(wt)) A (fl(yl)a" 7ft(yt)))

+9((fi(z1), ..., fe(@e)) v (fi(y), - filye) < g (=150 x) A (Y1,
y)) + 9 (X1, ..., x¢) v (Yy1,---,Yt)), then ¢’ is supermodular.

If g : Rt — R is supermodular, ¢’ :=
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Proof. Considering

g((fi(@1), .- fr(@e)) A (frlyr), .- fo
+g((fi(x1), ..., fi(ze)) v (fi(y1),-- -, fe(ye)))
=g (@1, .. x) + 9 (Y1, ),

the proof follows directly. O

Remark 62. The implicit function theorem [130][120] gives a sufficient

condition on the functions for the existence of their inverse in general.

We investigate the scenario, where the multidimensional process is tem-

porally independent and spatially dependent.

Theorem 31. Assume the random parameters are spatially dependent and

temporally independent. Assume f; : R™ — R,

fi(me) o fi(ye) = fi(zidyr), Yo, ye € R", V>0, (3.109)

where ¢, € {A, v} preserves one of the following three relations for all
t=0:0=3,{o=Al0= v}, and {o = v|[s = A}.

If, forany 1 < j <t,

(X, X7, X7) <o (X1 R2,.,87) (3.110)

and (X}, . ,X}-"”) and ()N(]l, e ,)N(Jn), and (X,i, e ,X,?) are independent
for all j # k, then

(X17X27' . '7Xt) <sm <X1,X2,...,X]‘,...,Xt> ’ (3111)

where X; = f;(X1,...,XP), V1 < i < t, and X; = fj()?l X‘n)
1<j<t.
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(X, X2, X)) <o (R R2.,87) Vi<t (3112)

and (X}, e ,X]’-l> and (X,i, e ,X,’j) are independent for all j # k, so are
()N(},,)Nf]”) and ()N(li,,f(}j), then, V1 < k < j <'t,

<Xv17'-'7)2k7Xk+17"'7Xt> <sm (Xl,...,)?j,XjJ,_l,...,Xt), (3113)

where X; =fj(X;,...,X;l) and X; = g(fg,...,fy), Vi<j<t.

Proof. Considering the temporal independence assumption and the con-

junction property of supermodular order [127], we have

1 n 1 n
(X1, X7 L XL XD
1 n v 1 v 1 n
<em (Xl,...,Xl,...,Xj,...,Xj,...,Xt,...,Xt).

Letting g : R® — R be supermodular and denote ¢’ := g(fi,..., fi) :
R**"™ — R, we have ¢’ is supermodular, which follows Lemma 4. Thus, it

directly implies

(A(XL, XD, (XL X))
<om (fl(Xll,...,X{‘),...,fj<)~(;,...,)N(;?),...,ft(Xg,...,X{‘))

The proof of the other result follows the reflexivity and transitivity

property of supermodular order [98]. O

Remark 63. The results indicate that the spatial dependence of the ran-
dom parameters also influences the dependence of the stochastic process
and more manipulations of the spatial dependence has more strength to

transform the dependence of the stochastic process.
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Remark 64. It is interesting to investigate the relationship between the
requirement of the functional and the spatial dependence of the random
parameters. An example is the comonotonicity dependence structure with
identical marginal distribution, i.e., the random parameters are equal al-
most surely, thus the requirement of the function reduces to the scenario
of the requirement of the univariate functional scenario, i.e., decreasing or

increasing for each variate on the function domain.

We present a result without specification on the spatial and temporal
dependence. Note the relaxation of the specification on dependence is

replaced by the additional conditions on the functionals.

Theorem 32. Assume f; : R" — R and f;(X}|Z] = z}) are all increas-
ing or all decreasing at each component of X' = ( (R Xti), for any z} =
(w%, e ,aﬁi_l,x?l, .. ,:c?) in support of Z} = (th, e ,Xf_l,XZH, e ,Xt”),
V1 <i<mn, Vt>1 Denote 2z ={zi,...,2}}, Z' = {Z],...,Z}}, and
(XI12) <on (X11Z7) = (X120 = 2) <o (XV]Z0 = 27), V2! €
Z.

If, for any 1 < i < n,

(Xi,Xh,..., X]|1Z%) <om ()?{,)?g,...,)?gyzi), (3.114)
then
(X1, X, ..., X2) <om (Xl,Xg,...,Xt>, (3.115)
where X; = fj(X7,..., X7 XL XL X, V1< <t.
IfV1<j<i,
(xf.xd... x{127) <o (X84, X1 27), (3.116)

then
XF <om X1, VO<k<j<i, (3.117)
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with )N(tlm = fo(XE, XL OXHL X)) 1 < m <t and :7\(/1% =
(Xt X4,), Le {k, 5}

Proof. The proof follows analogically the proof of the independence sce-

nario, by using the conditional probability. O

Remark 65. The orders (X|Z = z) <gn (Y|Z = 2z) and E(X|Z) <sm
E(Y|Z) correspond to the conditional supermodular order in the sense of
the uniform conditional ordering [142][121]. The conditional formulation
influences the stochastic ordering of the probability measures, moreover, it
influences the property of the functions of the random variables, e.g., the

monotonicity.

Remark 66. There is an implicit condition that the spatial dependence
must not influence the temporal dependence ordering, or the temporal de-
pendence ordering is conditional on the spatial dependence. Specifically,
if spatial independence is assumed, the conditional probability disappears.
On the other hand, it is interesting to investigate what type of spatial de-

pendence sufficiently imply the conditional ordering.

Remark 67. It is interesting to investigate the conditional probability and
conditional stochastic order expression of the spatial dependence manipu-

lation scenario, e.qg., Theorem 31.

Remark 68. As an example of conditional probability, for the function
of two random wvariables f(X,Y), the independence assumption implies
E[f(X,Y)] = ExEy[f(X,Y)], while the absence of independence implies
that E[f(X,Y)] = ExEyx_,[/(X,V)|X = a].

Remark 69. As an example of conditional monotonicity of deterministic
functions, letting f(x,y) = z¥, x > 0, then f(x,yly > 0) is increasing at
x, f(x,yly <0) is decreasing at x, and f(x,y|ly = 0) = 1 is constant.
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Remark 70. [t is interesting to extend the results in Theorem 32 and
the corresponding results without conditional probability to the increasing

supermodular order <;sm and the symmetric supermodular order <symsm -

3.3.3.2 Different Marginals

We present a result about the manipulation of stochastic process based on

the marginals.

Theorem 33. Assume the random parameters are spatially independent
and temporally dependent.
If, for any 1 < i < n, (Xf,X%,...,Xz) <dex ()Z'i,)?%,,)@) , and

fi (X]l ey X;‘), V1 < j <t, are increasing and affine functions, then
(Xl,XQ,...,Xt) <dcz ()?1,)?2,...,)2}) , (3118)

where X; = f;(X7,..., X7 XL XL LX), V1 < j < t, and

a;X;. (3.119)

t t
=1

Jj=1 J

where aj € Ry, V1 < j < t.
If, for all1 < i < n, (XI, X3, ., X}) <de ()?1)22)@) and

fi <X]1 e ,Xf), V1 < j <t, are increasing and affine functions, then
XF <gex XF,VO< k<K <n, (3.120)

with X! = fo(XL, o XL, XHL LX), 1< m < t, and X} =
(XL,...,X}), le {k,K}, and

t
Do Xf <o Y. a; XK. (3.121)
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where a; € Ryo, V1 < j < t.

Proof. We first prove that the composition of a directionally convex func-
tion g : Rt — R with the coordinatewise increasing and affine functions
fi iR >R, V1l < j <t is a directionally convex function g(fi,..., fi).
Considering x; € R 1 =1,2,3,4, with @1 < @3 < @y, 1 < 3 < 24,
and T1 + x4 = x2 + x3, since f;, V1 < j < ¢, are increasing and affine, we
have f*(x1) < f*(x2) < f*(x4), f*(fﬂl) < fH(x3) < f*(24), and f*(x1) +
(@) = fH(@2) + f*(@s), where f*(m;) = (fi(ad),..., fi(at)), @i —
(zf,...,2t), i = 1,2,3,4. Thus, g(f1,..., fo)(@1) + g(f1,..., fe)(®s) <
g(fi,---, fe)(x2) + g(f1, ..., fi)(x3), which means that g(f1,..., f:) is di-
rectionally convex [97].

Without loss of generality, we consider the first variate. Since the

functional {f; is increasing and affine, we obtain

}1<j<t

(fl(Xllax%avx?) aft(thax%avx?))
\dc:ﬂ (f1<X1,$1,...,.’13?),...,ft()?ﬁ,flf?,...,flf?)),

V<$?, cees J) <X2 . ,X]’-”b), V1 < j < t. By taking the expectation, we
obtain (X1, Xo, ..., Xt) <der <)~(1, )N(Q, .. ,)th), which further implies the
convex order of the weighted sum [97].

The rest of the results follows the transitivity of the directionally convex
order. O

Remark 71. The results show that the manipulation of the marginal dis-
tributions of one dimension is able to transform the distribution ordering
properties of the overall stochastic process, the more dimensions the more

manipulation strength.

Remark 72. To implement the stochastic ordering (X!,...,X}) <des
(Xi,...,X}1), it is sufficient to consider that [97][98] (X}, X3,..., X))
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and <~{,)Z'§,,)?§> have the common conditionally increasing copula
Ci(ul,...,u}), and X; <cz )Z';, V1 < j < t. Similar result [15] holds for

the increasing directionally conver order <;je;.

Remark 73. The marginal distribution manipulation is feasible only for
positive dependence, while the dependence structure manipulation has no
dependence bias. In other words, the marginal distribution manipulation

with respect to negative dependence should be avoided in practice.

The following theorems provide results of more general functionals with

respect to the increasing directionally convex order.

Theorem 34. Assume the random parameters are spatially independent
and temporally dependent. If f; (le . ,X?), V1 < j < t, are increasing
and directionally convex, and ( f, Xg, . 7Xg) <idex ()Nq,;(é, . ,)?Z) ,
V1 <@ < n, the results in Theorem 33 extend to the increasing directionally
convex order <;qe. of the random vectors and the corresponding increasing

convex order <;., of the weighted partial sums.

Proof. The function g(x) = (fi(x),..., fi(x)), g : R"*! — R’ is increas-
ing and directionally convex if the functions f; : R™** — R, V1 < j < ¢,
are increasing and directionally convex [127]. The composition of an in-
creasing and directionally convex function g : R® — R and an increasing
and directionally convex function f : R**! — R? is an increasing and direc-
tionally convex function g o f [127]. The proof follows that the increasing

directionally convex order is closed under conjunction [127]. O

Theorem 35. Assume the random parameters are spatially dependent and

temporally independent. If f; (X;...,Xf), V1 < j < t, are increasing

and directionally convex, and (X;,X]?, e ,X;‘) <idex ()N(;,)N(JQ, .. ,)N(J”> ,

V1 < j <t, then the same results hold as in Theorem 31, but in the sense

of the increasing and directionally convexr order <;jes.
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Proof. Note the composition of an increasing and convex function g : R —
R and an increasing and directionally convex function f : R" — R is
an increasing and directionally convex function g o f [127]. Then, the
proof follows that the increasing and convex order of each elements implies
the increasing and directionally convex order of the random vector with

independent elements. O

Remark 74. It is interesting to extend the temporal and spatial manipu-

lation results to the conditional (increasing) directionally convez order.

Assuming independence among the random vectors, we present the di-
rectionally convex order result for random sums, which are not necessarily

independent.

Theorem 36. Let X; = (Xj1,...,X;m) and Y; = (Yj1,....Y;m), j =
1,2,..., be two sequences of non-negative random vectors with indepen-
dence among components, and let M = (My,Ms,...,M,,) and N =
(N1, No,...,Np,) be two vectors of mon-negative integer-valued random
variables. Assume that both M and N are independent of the X;’s and
Y;’s. Assume that Xj; <cp Xji14, VI <i<m, Vj>1.

If M <g4ep N, then

M M, Ny N,
(Z Xty Y, Xj,m) dex (Z Xty D) Xj,m) . (3.122)
J=1 Jj=1 j=1

If Xj Sdex }fj’ Vj, then

N1 N, Ny Nm
<2X',17-~-72Xj,m> <dex <Z }/j,lp--->2}/j7m> . (3123)
j=1 j=1 J=1
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If M <g4ep N and X <qer Yj, Vj, then

My M N1 N,
(Z Xitso Y, Xj,m> dew (Z Vit Y, Yj,m> : (3.124)
Jj=1 Jj=1 Jj=1 j=1

Proof. The first result is available in [112][127]. For the second result,
Xj <4 Y, = Xji <z Yji, V1 < i < m, the independence assump-
tion implies that the convex order is closed under convolutions [127], i.e.,

2t Xji <ew 23544 Y, V1 < i < m, furthermore, it implies

N1 Nm,
IE[QS <Z Xty h ), X~,m> |IN = (m,...,nm)]
j=1 j=1
Ny Nm
< E[¢ <Z Vit ) Yj,m> IN = (nl,...,nm)],
j=1 j=1

where ¢ is directionally convex. By integrating for expectation, we obtain
the final result. The third result follows the transitivity of the directionally

convex order. O

Corollary 8. With proper revisions, the results in Theorem 36 extend to
the increasing directionally convez order <;qe, and (increasing) componen-
twise convex order (Sicex) <cex- Specifically, the corresponding revisions
are Xj,i S (gcxvgicz)Xj-i-l,i; M Sidex (<CCZ‘7<’iCC.Z’)N; and Xj Sidex

(<60x7 giccm)}fj .

Proof. The proof follows the properties of each stochastic orders and pre-
liminary results in [112][127]. O

Remark 75. It is interesting to notice the fact that: Let X = (X1,...,X;)
be a set of independent random variables and let' Y = (Y1,...,Yn) be an-
other set of independent random variables, then, X <ger (Sidez)Y <
X <er (Siea)Yi, VI<i<m = X <cer (Sice)Y .
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We study the ordering property of the partial sums under the ordering

condition of the sequences.

Theorem 37. If (Xy,,...,Xs,) <ides ()?tl,...,)?tk), Vii,.. . 4, € N,
Vk e N, then we have

(Z Xy Xjk> Sidex <Z Jire D X]k> (3.125)

J71€Th Ik€Tk nen Jk€Tk
for any disjoint subsets T1,...,Tr € N.

Proof. The proof follows that, if f : R™ — RF is increasing and direction-
ally convex and g : R” — R™ is increasing and directionally convex, then

the composition f o g is increasing and directionally convex [127]. O

Remark 76. An alternative approach is to treat the functional stochastic
process as a random field on N® x R, then the comparison result directly
follows the comparison result of random field in [94][127].

Remark 77. The result indicates that the <;q.. ordering of the instanta-

neous values implies the <;q. ordering of the accumulated values.

Remark 78. It is interesting to study the corresponding property of the

supermodular order or the counter examples.

Since the usual stochastic order has a direct indication on the mean
values, i.e., X <4 Y = EX <EY = Y EX,; <> EY, X;eX, Y, e
Y, it is interesting to consider the dependence manipulation with respect

to the usual stochastic order when the mean value is the objective measure.

Theorem 38. Assume the random parameters are spatially independent

and temporally dependent. If f; (le . ) V1 < j <t, are increasing,
and (X1, X3,..., X}) <u ()?{,)”(;’,...,Xg) V1 <i<n, then

(X1, Xo, ..., X)) <o (Xl,Xg,...,)?t), (3.126)
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where )Z'j = fj(X},...,X;fl,)?;,Xj’:H,...,X;‘), V1 < j < t, for any
1<i<n; and

XF <o XF, W0<k<K <n, (3.127)

where )N(tlm = fu(XL XL XL Xn) 1 <m o<t (md)fz:é =
(XL, X)), e (k).

Proof. The spatial independence implies the conjunction property of the
usual stochastic order (Xl, . L ,X") <st (Xl, e ,fi, e ,X”),
where X! = (Xf,X;, e ,Xf), then the first result directly follows the
closure property of the usual stochastic order [127]. The second result

follows the transitivity of the usual stochastic order. O

Remark 79. Particularly, if (X{, Xi ... ,Xf) and ()Z'{, )Nfé, . ,)Z';) have
the common copula C} (uﬁ, .. ,uf;), the order condition (X{, Xé, e ,Xf) <gt
()?i,)wfé, .. ,)?Z) can be replaced by ijj <st )NCJZ, V1< j <t. This result is
available in [127, p. 272].

Corollary 9. Assume the random parameters are spatially dependent and

temporally independent. If f; <Xj1 . ..,Xf), V1 < j < t, are increasing,

and <XJ1,XJ2,...,XJ”> <gt <)Z'j1,)?j2,,)?f> , V1 < j < t, then the same

results hold as in Theorem 31, but in the sense of the usual stochastic order
<

Xst-

Proof. The results follow the closure property and transitivity of the usual
stochastic order [127]. O

Remark 80. It is interesting to extend the results to the scenario without
spatial and temporal dependence specification and express the results in
terms of the conditional probability and conditional stochastic order as in
Theorem 32.

We have the following results of the random sums with respect to the

usual stochastic order.
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Remark 81. Let X; = (Xj1,...,Xjm) and Y; = (Yj1,...,Yjm), j =
1,2,..., be two sequences of non-negative random vectors, and let M =
(My, My, ..., My,) and N = (N1, Na, ..., Ny,) be two vectors of non-negative
integer-valued random variables. Assume that both M and N are inde-

pendent of the X;’s and Y} ’s.
If {X;,jeN} <4 {Y;,j e N} and M <4 N, then

M1 My, Nl Npm,
(2 Xjtss )] Xj,m> <st (Z Vit Y, ij) . (3.128)
j=1 j=1 j=1 j=1

This result is available in [127]. Specifically, the proof follows the transi-
tivity of the following results,

M1 Mm Nl Nm
(Z Xj117""ZXj7m) <st <Z XjJ?'"aZXj,m) , (3129)
j=1 j=1 j=1 j=1
which is provided in [112], and

Ny N N N,
(Z Xty ). Xj,m> <st (Z Vit ) Yj,m> : (3.130)
Jj=1 Jj=1 Jj=1 j=1

which follows the closure property of the usual stochastic order, by condi-

tioning on (N1,...,Np) = (n1,...,ny) and integrating for expectation.



Chapter 4

Conclusion

This work advocates the research on dependence control, which concerns
transforming the dependence structure of a stochastic process in the sys-
tem through dependence manipulation to improve the system performance.
Specifically, we develop a dependence control theory and formulate three
principles of dependence control, namely measurability, duality, and trans-
formability. In the development of the theory, we adopt various mathemat-
ical techniques, like large deviation, change of measure, stochastic order,
martingale, and copula. In addition, several assumptions are made, which
allow to characterize weak forms of dependence and light-tailed process,
and an example is the Markov additive process. We remark that, among
the three principles, these assumptions are necessary only for the first.
For the second principle, it relies on the assumptions when the dual po-
tency of arrival and service dependence implies the ordering of the measure
identities, and for the third principle, the results do not require these as-

sumptions provided that the stochastic orders make sense.

We apply the dependence control theory to the wireless channels. We
find that the light-tail behavior is an intrinsic property of the wireless

channel capacity, which is due to the passive nature of the wireless prop-
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agation environment and the power limitation in the practical systems. It
is interesting to note that the marginal manipulation has a dependence
bias, i.e., it is effective with respect to positive dependence rather than
negative dependence. Considering the trade-off between the dependence
and the marginal distributions, it is reasonable that a process with positive
dependence has a better effect on system performance than a process with
negative dependence and vice versa. This property indicates that the de-
pendence is a tradable resource in the physical world and it sheds light on
the development of new wireless technologies to trade off the dependence
resource and other resources, e.g., exchanging dependence for transmis-
sion power. While the focus of the application is on dependence control
in wireless channel capacity, many of the obtained results hold for general

stochastic processes and queueing systems.

An Outlook on Future Research

We believe that dependence control is a new direction for research. On
the one hand, we hope this work paves the way for the development of
the dependence control theory, on the other hand, we hope the theoretical
results can stimulate the development of new mathematical techniques and
new engineering technologies. Specifically, the potential research directions

are outlined as follows.

1. It is interesting to study the tail property of the wireless channel ca-
pacity in the wireless network scenarios, e.g., the multi-user scenario of
multiple access channel and the broadcast channel. Moreover, it is inter-

esting to take into account the tail behavior of the noise process.

2. It is interesting to study the extreme strength of dependence transform,
e.g., whether there are some strong forms of dependence that are unable

to be transformed from strong to weak, or one form of dependence that
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can not be transformed from one form to another form. It is interesting
to study the mixing property of the Markov additive process when the
dependence of the Markov chain goes from positive dependence or negative

dependence to independence.

3. It is interesting to define a probability metric to quantify the depen-
dence advantage, e.g., the distance between average power of different de-
pendence schemes or the distance between the power distributions in the
wireless channel capacity, or the distance between the asymptotic decay
rates of the performance measures of a queueing sytem. While the stochas-
tic orders provide comparison results in a qualitative way [98], it is inter-
esting to investigate the quantitative properties regarding the comparison
results, e.g., the probability metrics [36]. It is interesting to investigate the
dependence advantage in different wireless channel situations or scenarios,

e.g., of different signal-to-noise ratios.

4. Tt is interesting to consider the dependence control principles in the
queueing network, where the dynamics are expressed as a high-order Lind-
ley equation [75], which is an extension of the simple Lindley equation of
the single-server queue. In addition, it is interesting to consider the sce-
nario of a multi-server queue, where the dynamics are expressed as one
type of recursive equations [79][3]. It is interesting to notice the poten-
tial duality among the multi-class arrivals [143], parallel queues [86], and

multi-component shock models [87].

5. It is interesting to study new ideas of dependence control, e.g., new
perspectives on dependence and new methods to transform the depen-
dence. Specifically, it is interesting to study the additional perspectives
on the measure identity, diverse manipulation techniques to transform the
dependence structure, and more application scenarios. For example, it is
interesting to study the left tail of the performance measures besides the

right tail and it is interesting to extend the three principles of dependence
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control to other forms of dependence and heavy-tailed processes.

6. It is interesting to apply the dependence control theory to simulation,
e.g., for generating statistically independent random variables and for vari-
ance reduction. Specifically, the simulation provides a controllable envi-
ronment, which eases the difficulty of manipulating the dependence of the

stochastic process.

7. It is interesting to apply the dependence control to different physical
systems, e.g., the real-time system that has strict delay requirement, the
data center services, and the future Internet architecture. It is interesting
to apply the dependence control concept to different research fields, e.g.,
economics, finance, and insurance. For instance, an analogical result is
to improve the ruin probability by controlling the dependence in the risk
process. In addition, the application of dependence control to reliability

theory is also of interest.

8. It is interesting to develop new technologies that implement the depen-
dence control theory as proof-of-principle of the mathematical analysis in
this work. For example, by analogy with power allocation in wireless com-
munication, it is interesting to define new dependence measures and study
the mechanism of dependence allocation. It is interesting to study the pos-
sibility to encode information into dependence and decode the information
from dependence. It is interesting to study the dependence management

and dependence engineering.

9. It is interesting to extend the mathematics of the dependence control
theory to other probability foundations, e.g., from the concrete probability
space to the abstract probability space, from commutative probability to
non-commutative probability, and from quantitative probability to quali-
tative probability. The extension requires the definitions of new concepts

and relations, which are the opportunities to create new mathematics.
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Appendix A

Probability Preliminaries

A.1 Basics

A probability space is a triplet (2,.%,P), where (Q,.7) is a measurable
space and P is a probability measure. A filtration {%#;},.;, T = N or
T = Rxy, is an increasing and right-continuous family of sub-o-field of .7,
Le., Fs < Ffor s <tand F =)o, Fs.

A stochastic basis (Q,.%#,{Z%},cr,P), which is also called a filtered
probability space, is a probability space (2, %, P) equipped with a filtration
{Zther

A random time 7 < o0 is a stopping time with respect to the filtration
{Fi}iep it {7 <t} e F forall teT.

More about the stochastic basis and stopping time are available in

[66][6].

A.2 Transforms

For a random variable X with distribution function F(x), the moment
generating function is defined as F|[f] = E[e?*] = (e’ F(dz) and the

cumulant generating function is defined as () = log F[6].
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The kth derivative of the moment generating function or cumulant
generating function at 0 is the kth moment or cumulant of the distribution.
Specifically, the first cumulant is the mean, the second cumulant is the

variance, and the third cumulant is the central third moment [6].

A.3 Time Reversal

Consider a stochastic process X;. The reversed process X;* with respect
to time 7 is defined as
X! =X, (A1)

If the reversed process X;* and the original process X; are statistically

indistinguishable, i.e.,

(Xtys Xty X)) & (Xoetyy Xo—ty -, Xry,) for all t1,t9, ... £, and n
(A.2)

the process X, is said to be time reversible with respect to time 7.

A.4 Stochastic Order

The stochastic orders are special cases of the partial orders [98].

Definition 1. A binary relation <x on an arbitrary set X is called a

partial order if it satisfies the following three properties.
1. Reflexivity: x <x x for any x € X;

2. Transitivity: if x,y,z € X are such that v <x y and y <x z, then

T <x 25

3. Antisymmetry: if x,y € X are such that x <x y and y <x x, then
T =1y.

A partially ordered set is a set X together with a partial order <x on X.
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We introduce the univariate usual stochastic order, the convex order,

and the multivariate usual stochastic order.

Definition 2. The random variable X is said to be smaller than the ran-

dom wvariable Y with respect to the usual stochastic order <g, if
P(X >2) <P(Y > z), Vo e (—o0,x0), (A.3)
or equivalently,
E[o(X)] < E[¢(Y)] for all increasing functions ¢ : R — R, (A4)

provided the expectations ezist.

Definition 3. The random variable X is said to be smaller than the ran-

dom variable Y with respect to the conver order <., if
E[¢(X)] < E[o(Y)] for all convex functions ¢ : R — R, (A.5)

provided the expectations ezist.

Remark 82. Similarly, the increasing convex order <;.., the concave or-
der <., and the increasing concave order <., are defined in terms of
the increasing convex functions, the concave functions, and the increasing

concave functions.

Let ¢ = (z1,29,...,2,) and y = (y1,Y2,...,Yn). We denote x < y
if x; < y; for i = 1,2,...,n. We say that the function ¢ : R" — R is
increasing (decreasing), if ¢(x) < (=)¢(y) whenever = < y.

Definition 4. The random vector X is said to be smaller than the random

vector Y with respect to the usual stochastic order <g, if

E[¢(X)] < E[¢(Y)] for all increasing functions ¢ : R - R,  (A.6)
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provided the expectations exist.



Appendix B

Elements of Dependence

B.1 Dependence Order

The dependence orders are reviewed. There are many concepts of depen-

dence corresponding to different dependence orders [98][123].

For a function, f : R®™ — R, € > 0, the difference operator is defined as
[98][123]
ASf(x) = f(x +ee;) — f(x), ie{l,...,n}, (B.1)

where e; = (0,...,0,1,0,...,0) denotes the i-th unit vector.
Let f : R" — R. f is A-monotone [98][123], if for every subset

{ir,..., i} e{l,...,n} and €1,...,, > 0,
Al A () =0, Ve (B.2)

Corresponding to the A-monotone functions §a, the A-monotone func-
tions §a is defined as [123] Ao = {h: R" > R; 3f € Fa, h(x) = f(—x)}.
The functions h € Fa are decreasing and satisfy (—1)"“Afl1 . Af:h(w) >
0, Y, for every subset {i1,...,it} € {1,...,n} and €1, ..., > 0. In brief,
f(x) € Fa if and only if —f(—x) € Fa.
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The function f : R” — R is supermodular [98][123], if for all 1 < i <
j<n,ed >0,
ASASf(x) =0, Va. (B.3)

Equivalently, the function is supermodular, if

flry)+ flxvy) = f(z)+ fly), Vo9, (B.4)

where A y = (min{z1,y1},...,min{z,,y,}) and x v y = (max {z1,y1},
co oy max {Tn, Yn})-

If the function log f(x) is supermodular, i.e., log f(x) € Fsm, then
the function f(x) is multivariate totally positive of order 2 [123], i.e.,
f(x) € Fmrp,-

If AfA?- f(x) = 0 holds for all i < j, then f is directionally convex
[98][123]. A function is directionally convex if it is supermosular and com-

ponentwise convex [98].

Definition 5. The stochastic orders generated by the supermodular func-
tion, the increasing supermodular function, the symmetric supermodular
function, the directionally convex function, and the increasing direction-
ally convexr function are respectively defined as the supermodular order
<gm, the increasing supermodular order <;sm, the symmetric supermod-
ular order <symsm, the increasing directional convex order <ge,, and the

increasing directional convexr order <;jeqp.
idex

Remark 83. Since the supermodular order is invariant to both compo-
nentwise increasing transforms and componentwise decreasing transforms
[98], we have X <4, ¥ < —X <4, —Y. Thus, we have the chain
rule, X <em Y <= —X < -Y = D X <)Y = —>Y X<,
—>Y.

The classical dependence ordering is based on the orthant ordering

[123]. For two random vectors X,Y € R”", the upper orthant order is
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defined as X <,, Y, if Fx(x) < Fy(z), YT € R"; the lower orthant order
is defined as X <, Y, if Fx(x) < Fy(x), V& € R"; and the concordance
order is defined as X <. Y, if X <,, Y and X <, Y. Particularly, we
have [98], if X <4 Y, then X >, Y and X <,, Y. Note <;, and <y
are denoted as the lower concordance order and upper concordance order
in [98]. We denote the stochastic order <a and <a, which are respectively
generated by the A-monotone functions and A-monotone functions. Then,

the upper orthant order is equivalently expressed as [123]

X <Y < X <Y, (B.5)
and the lower orthant order is equivalently expressed as [123]

X<,Y < X<aY. (B.6)

In addition, the positive orthant order and negative orthant order are
defined by comparing the probability measure with the probability measure
of independence [98].

Since the multivariate distribution function and survival function are
supermodular functions, for X,Y € R"™, we have the follows relation
[98][123]

X<mY = X< Y, Vn=2, (B.7)

particularly, X <4, ¥ < X <, Y and X <, Y = X <
Y < X <.Y, forn = 2. It indicates that the comparison based

on the supermodular order is stronger than the comparision based on the
orthant order [123].

Remark 84. The relationships between the supermodular order, (weak) as-
sociation, and (weakly) conditional increasing are elaborated in [98][26][123].
Another reference is [81]. In case of positive dependence, the dependence

concepts ranging from strong to weak are as follows [123]: multivariate
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totally positive of order 2, conditional increasing, conditional increasing
i sequence, associated, weak associated, weak associated in sequence, and
positive supermodular dependent. In case of negative dependence, the strong
to weak ranging is as follows [98][26][63]: negatively associated, negatively
supermodular dependent, negative concordance, and negatively lower and

upper orthant dependence.

Remark 85. The directionally convex order, compared to the convex or-
der, is more suitable for the comparison of random vectors with a common
copula [97], moreover, the convex order of the marginals can not imply the
convex order of the partial sum, if the components are negatively depen-
dent [98]. Thus, a common conditionally increasing copula, which indicates

positive dependence, is assumed for the comparison of the partial sum.

Remark 86. For a Polish space with a closed partial order, that the space
1s totally ordered is equivalent to that every probability measure on this

space is associated [98, p. 124], i.e., exhibiting positive dependence.

Remark 87. It is interesting to find the extreme negative dependence by
symmetric of the extreme positive dependence in terms of some stochastic
orders, i.e., letting X* be with the extreme positive dependence and T(X™)
be with the extreme negative dependence for some transform T, such that
T(X*) <r X <g X* for any X, provided the order <r exists. Thus,
to find the symmetric negative dependence, it is fundamental to find the
transform that is symmetric with respect to the dependence structure and
equivalent with respect to the stochastic order, which boils down to the

definition of the symmetry and equivalence.

Remark 88. It is interesting to give an overview of the different depen-
dence concepts and link the dependence concepts to the stochastic orders. It
is interesting to investigate the the extension of the dependence control with
respect to different dependence orders, which manifests the characteristics

of different dependence definitions.
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B.2 Markov Process

Let (92,7, (% )N, P) be a filtered probability space and (X;)en be an

adapted stochastic process. X is a Markov process if and only if
IP)(Xt < x‘Xt—la Xt—27 s 7X0) =P (Xt < J"|Xt—1) . (B8)

A Markov additive process is defined as a bivariate Markov process
{X:} = {(Jy,S(t))} where {J;} is a Markov process with state space E and
the increments of {S(¢)} are governed by {J:} in the sense that [7]

ELf(S(t+s) = S()g(Jess)| 2] = B0 [£(S(5))g(Js)]- (B.9)

We consider the finite state space and discrete time scenario [6][7].

In discrete time, a Markov additive process is specified by the measure-
valued matrix (kernel) F(dz) whose ijth element is the defective probabil-
ity distribution

Fij(dz) = Pio(J1 = j, Y1 € dx), (B.10)

where Y; = S(t) — S(t — 1). An alternative description is in terms of the
transition matrix P = (pij)ijer, pij = Pi(J1 = j), and the probability
measures

Hij(d{E):P(YiEd‘ﬂJO:i’Jl:j): p
ij

(B.11)

With respect to a transition probability p;;, the increment of {S;} has a
distribution B;;.
Consider the matrix F;[0] = (E;[¢?S®); J, = J1)ijer. In discrete time,

F.[0] = F[6]", (B.12)

where F[f] = Fi[0] is a E x E matrix with ijth element F()[4] =
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pij §eP*H)(dx), and @ € © = {§ € R : (e’ HW)(dz) < oo} [6]. By
Perron-Frobenius theorem, f‘[&] has a positive real eigenvalue with max-

#(9) " The corresponding right and left eigenvectors

imal absolute value e
are respectively h(6) = (h;(0)),.p and v(0) = (v;i(0)),c, with the normal-
ization in particular, v(6)h(f) = 1 and wh(f) = 1, where 7w = v(0) is the

stationary distribution and h(0) = 1.

If the stationary distribution @ = (7(j)) ;e exists, the time reversed

process, {(J;¥, X;¥)}, is represented by [5]

P 4) = Balh = 5 X € Al =) = “H PG, (B
ie, m(i))F*(i,7; A) = n(4)F(j,4; A). The time-reversed transition proba-
bility, when looking at {.J*} alone, is pi; = %pﬁ, ie, P* = A'PTA,,
where Ay is the diagonal matrix with 7 on the diagonal, see [6, p. 314],
and that the conditional distribution of Xj given Jj = ¢ and J;* = j is the
same as the conditional distribution of X; given Jy = j and J; = i, i.e.,
H*(i,j; A) = H(j,i; A). Considering the matrix F*[0] = AZ'F[0]T A,
the roots of det (f[@] - I) =1 and det (f‘*[&] - I) = 1 are the same [6,
p. 331], i.e., the same eigenvalues with the Perron-Frobenius eigenvalue in
particular

A*(0) = \(6). (B.14)

~

Letting F[O]R* () = A(A)h*(6), then h*(0)T ALF[0] = A(B)h*(6)T Ay
Thus, if the matrix ﬁ[@] has the Perron-Frobenius eigenvalue A(6) with
the corresponding left eigenvector v(f), the matrix F*[0] has the same

Perron-Frobenius eigenvalue A(f) with the corresponding right eigenvector
h*(0) = A lv(H)T. (B.15)

Similarly, if the matrix F[#] has the Perron-Frobenius eigenvalue A(6) with
the corresponding right eigenvector h(#), the matrix f‘*[@] has the same
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Perron-Frobenius eigenvalue A\(#) with the corresponding left eigenvector
v¥(0) = v(0)T Ax. (B.16)

Remark 89. The fact that the time reversed process and the original pro-
cess have the same Perron-Frobenius eigenvalue for a Markov additive pro-
cess, which further determines the asymptotic decay rate of the performance
measures in the queueing system, implies that the influence of dependence

18 robust to the time reversibility assumption.

Considering a Markov additive process (J;, S(t)) with the kernel F(A)
and a linear transformation 7' : R — R, letting S*(¢) = T'(S(t)), then
(J.S*(t)) is a Markov additive process with the kernel F*(B) such that
105]

Fj5(B) = Fy;(TX(B)). (B.17)

The more general formation is shown in [105]. The result is useful for
studying the dual process of the queueing processes, e.g., the dual process
of the service process or the arrival process. The problem lies in the spec-
ification of the process, e.g., letting the dual process be (J;, —S(t)), the
transition matrix remains the same as the original process. Particularly,
for the kernel matrix of the moment generating functions, considering the
dual process on the positive parameter axis is equivalent to considering

the original process on the negative parameter axis.

Remark 90. [t is interesting to study the marginal distribution of the
Markov additive process. Since the Markov additive process is not station-
ary in general, it can not be compared with an independently and identically
distributed process based on the supermodular order. On the other hand, it
1s interesting to study whether or not the Markov additive processes with
respectively negative and positive dependence can be compared based on the

supermodular order.
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B.3 Copula

Consider a joint distribution F(X3, ..., X,) with marginal distribution
Fi(X;), i =1,...,n. Denote u; = F; (X;), which has a uniform distribu-

tion, then

(7t (w) e Byt (un)) (B.18)

where C'is a copula, with standard uniform marginals [40]. Specifically,
if the marginals are continuous, the copula is unique. It is interesting to
study the relationship between copula and other dependence concepts, e.g.,
autocorrelation, regression and association.

It is well known that the copula is invariant to the strictly increasing
transforms. However, for the strictly decreasing transform, we have the
following result [43]. Let (X1,...,X,) be a vector of continuous random
variables with copula Cx, . x,. Let fi,..., f, be strictly monotone on the
range RanXj, ..., RanX,, respectively, and let (f1(X1),..., fn(Xy)) have
copula Cy, (x)),....f.(X,)- Furthermore let fj be strictly decreasing for some
k. Without loss of generality let &k = 1. Then [43],

C 1 (X1)fr (X)WL -5 Un) = Clhy(x), f (X)) (U2, - -+ Un)
— CXlqu(XQ)P“ufn(X’n)(l — U, uU2,... ,un). (BQO)

Recursively, the copula Cy, (x,).....1.(x,) can be expressed in terms of the

copula Cy, . x, and its lower-dimensional marginals [43].

-----

Example 3. For the 2-dimensional case, let fi and fo be strictly decreas-
ing, then [43]

Cfl(Xl)JQ(XQ)(ul,UQ) =u; +uy—1+ CXl,XQ(l —uy, 1 — u2). (B.Ql)
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The Markov property is solely a property of copula [32, 104]. The n-
dimensional process X is a Markov process, if and only if, for all ¢; < to <
... < tp, the copula Cy, 4, of (Xyy,...,Xy,) satisfies [104]

P

Ciy () Ciy()  Crpr ()

Ctl,...,tp = Ot1,t2 i Ct27t3 * . * Ct (B22)

p—1rtp>

where Cy, 4, ., is the (n + n)-dimensional copula between X, and X

i+1 i+17

and Cy,,, is the copula of Xy, ,. Provided that the integral exists for all

o
X, y, z, the operator i) is defined by

4 By = [ et Boy)cw). B2
0

where A is a (k +n)-dimensional copula, B is a (n + [)-dimensional copula,

C is a n-dimensional copula, A ¢(x,y) and B¢, (x,y) are defined by the

derivative of the copula A(x,-) and B(-,y) with respect to the copula C,

ie, A(x,dy) = Ac(x,y)C(dy) and B(dx,y) = Bc,(x,y)C(dx). A¢c and

B¢, are well-defined. Specifically, for 1-dimensional Markov process, the

copula is expressed by [32]

Chivoty = Ctity * Cypg * .. x Gy (B.24)

tp p—1,tp?

, is the copula of (th,...,ti), Ct. 1 tp 1s the copula of
(Xt, 1, Xt,), and A B is written as

where Ctl,...,t

A*B(21,. .., Tmin-1)
= f Aﬁ(iﬁl, ey Tm—1, g)Bg’(f, Tm+1y--- >$m+n71)d§7 (B25)
0

for m-dimensional copula A and n-dimensional copula B.

Remark 91. Considering the supermodular order of the Markov process,

X <gm f, the question reduces to the supermodular order of the cop-
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ula of the Markov process, i.e., C <gm C. It is interesting to study the
stochastic ordering of the Markov copula. Specifically, it is interesting to
study the relationship between Cy, 4., <sm CNJ'ti,t

Cty,ty <sm Cy,.t

s VO < t; <ty <t, and

-

The copula representation of the Markov property requires the Markov
family copula [32][104][64]. Examples of Markov family copula are Gaus-
sian copula and Fréchet copula [104]. The 2-dimensional Fréchet copula is

available in [32] and the n-dimensional extension is available in [104].

Example 4. The n-dimensional Gaussian copula is written as [104]
Cx(u) = &5 (27 (u1),..., 27 (un)), (B.26)

where ®x denotes the joint distribution of the n-dimensional standard nor-
mal distribution with linear correlation matriz ¥, and ®~ ' denotes the
inwverse of the distribution function of the 1-dimensional standard normal
distribution. The Gausstan copula allows for equal degrees of positive and

negative dependence. [136].

Remark 92. Considering the two Gaussian random vectors, X ~ N (u, X)
and X ~ N(ﬂ, f)), X <gm X if and only if X and X have the same
marginals and o;; < 045 for all i,j [98, p. 144]. Specifically, the Gaus-
sian copulas are supermodular ordered if and only if the linear correlation

matrices are correspondingly ordered.

Example 5. The extremely positive dependence, independence, and ex-
tremely negative dependence are expressed by copulas. For 2-dimensional
copula, the extremely positive copula, product copula (independence), and
extremely negative copula are defined as M(x,y) = min(x,y), P(z,y) =
xy, and W(z,y) = max(x +y — 1,0).

A convex combination of M, P, and W is a Fréchet copula [32], i.e.,

Cst = a(s, )W + (1 — a(s,t) — B(s,t))P + B(s,t) M, (B.27)
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if and only if [32, 104], for s <u <,

o5, 1) = B(s, w)a(u,£) + (s, w) B(u, 1), (B.238)

B(s,t) = als, u)a(u,t) + B(s, u)B(u,1), (B.29)

where a(s,t) = 0, B(s,t) =0, and a(s,t) + B(s,t) < 1. For homogeneous
case, a(s,t) = a(t — s) and B(s,t) = B(t — s), a solution is as follows

a(h) = e 2h(1 —eh) /2, (B.30)
B(h) =e (1 + e )2, (B.31)

Let o = e, it’s a one-parameter copula [32]

2
1—
Oazo‘(zo‘)w+(1—a2)P+

a?(1+a)

M, (B.32)

where —1 < a < 1, if |al is small, independence is indicated, if « is near
1, strongly positive dependence is indicated, and if « is near —1, strongly
negative dependence is indicated. The n-dimensional extension is available

in [104)].
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