AN EMBEDDING OF THE UNIT BALL THAT DOES NOT EMBED INTO
A LOEWNER CHAIN

J. E. FORNZASS AND E. F. WOLD

ABSTRACT. We construct a holomorphic embedding ¢ : B> — C2 such that (Z)(BS) is not Runge
in any strictly larger domain. As a consequence, S # S* for n = 3.

1. INTRODUCTION

Recall that a Loewner chain is a family f; : B™ — C" of holomorphic injections, f;(0) =
0,f(0) = e -id,t € [0,00), with f;(B") C fs(B") for t < s. We let S denote the set of all
univalent maps f : B” — C" with f(0) = 0, f/(0) = id, we let S! denote the set of all f € S such
that f embeds into a Loewner chain, i.e., f = fo where (fi):>0 is a Loewner chain, and finally
we let S° denote the set of all f € S* for whom we require that the family (e 7! f;);>0 is normal.

In one variable, the three sets coincide, and they are all compact. On the other hand, in
higher dimensions, the sets S and S' are certainly not compact, as can by seen as a consequence
of the automorphism group of C" being huge for n > 2. On the other hand, it is known that S°
is compact, and so we get the chain of inclusions

stcstes. (1.1)

However, if f € S!, there exist ¢ € Z(C") (the set of entire injective maps), and g € S° such
that f =1 o g, and so we may say that S! splits (see e.g. [2], Theorem 2.6.),

S'=1Z(C") o S°. (1.2)

The background for this article is that it has been unknown whether it is also the case that
S =Z(C") 0 8, or equivalently, whether S = S! (this problem was mentioned and discussed in
[1]). In this context, the following closely related problem was recently posed by F. Bracci: Let
f € 8. Does there exist a Fatou-Bieberbach domain €@ C C" such that f(B™) is Runge in Q7
This turns out not to be the case.

Theorem 1.1. For any € > 0 there exists a continuous injective map ¢ : B’ = C3 with
¢ € O(B3), and such that
(i) l¢ —id[lgs <e, and
(ii) if ¢(B?) C Q is a Runge pair, then ¢(B3) = Q.
Since the conditions in Docquier-Grauert [3] (Definition 20) are satisfied for the increasing

family (f:(B"))o<t<t, for any fixed ¢, and for any Loewner chain, it follows from [3] (Satz 17-19)
that each pair (fo(B"), f:(B™)) is a Runge pair, and we get our second theorem as a corollary:
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Theorem 1.2. For n = 3 we have that S # S'.

2. PRELIMIARIES

The problem mentioned above was recently studied by Gaussier and Joita [4]. In particular,
they studied the map

B(2) = (21,2125 + 22320, 2122 + 23), (2.1)
although we have here changed coordinates to have a fixed point at the origin. (This map was
constructed by John Wermer [5],[6] to produce a non Runge embedded polydisk in C3.) It is
straight forward to check that the map ¢ is injective holomorphic on the half space

H := {z € C®: Re(z3) < 0}.
For 0 < p < 1/4 we set
Dy = {z € C3: 2Re(23) + |23|* + p(|21]* + |22/*) < 0}. (2.2)

Then D, is biholomorphic to the unit ball, 0 € bD,,, and D, C H.
The result obtained by Gaussier and Joita is the following: For r > 0 sufficiently small there
exists 0 < a < r such that the set

Srai={z€ C |z =7 20=0,23 =}
is contained in ¢(D,). Note however that none of the disks
D, :={zC Cc3 . |z1] < 7r,2z2 =0,23 = a}

are contained in ¢(D,); more specifically the point (0,0, ) is not contained in ¢(D)), since ¢
restricted to the zz-coordinate line is the identity. The following is a consequence.

Proposition 2.1. (Gaussier-Joita) If ¢(D,) C 2 and if Q contains an open neighbourhood of
q, then ¢(Dp) is not Runge in Q.

Our approach to prove Theorem 1.1 is to produce an embedding which has similar ”bad”
boundary points everywhere on the boundary of the embedded ball. More specifically, by a
"bad” boundary point we will mean the following.

Definition 2.2. Let @ C C" be a domain. We will say that a point ¢ € b is W(ermer)-
degenerate, if for any 6 > 0 there exists an embedded holomorphic disk D C Bg(q) such that
bD C Q and D € Q.

3. MODIFICATION OF THE WERMER MAP

We let B C C? denote the translated unit ball B = {z € C3 : 2Re(23) + |z||* < 0}, and we let
B’ C C3 denote the ball which is scaled by a factor two, B’ = {z € C3 : 2Re(z3)+(1/2)||z||* < 0}.

Proposition 3.1. Let {aj,....,an} C B\ {0} and let ¢ > 0. Then there exists an injective
continuous map ¥ : B — C3 with 1 € O(B?) such that the following holds
(i) v —idlz <e,

(ii) (v —id)(2) = O(|lz — o) for j =1,...,n, and
(iii) ¢(0) =0, and 0 is W-degenerate for 1(B).



Proof. We will compose the map
(21, 22, 23) = (21, 2125 + 22320, 2122 + 23) (3.1)

with several holomorphic embeddings to achieve the claims of the theorem.

For N € N we set
1

1 N(223)
= 1— —
fN(Z3) 223 te ( 223)7
and
N(2z3) o
h?\/(z;g) _ 1l e +(20 1) 1 '
2014 (26 — 1)eN@=3) 2§

The maps h?v map the left half space to the disk of radius 1/26 centred at the point 1/24, and
—oo is mapped to the point 1. So for a fixed § we have that h?v — 1 uniformly on compact
subsets of the left half space, as N — oc.

Then we set

Fl(s(z) = (52175227'23)’
Y (2) = (21, 22fn(23), 23),

F{(2) = (1h(23), 2ahy (23), 23).
Then we set

_ 51\ —1 N1 N3,02 1
FNy Ny 60 = (FUY) T ooyt o Fy o Fyt.

Lemma 3.2. We have that Fn, nN,5,,6, : H — C3 is injective holomorphic for all sufficiently
large N1 € N. Moreover, we have that F, N, s, s converges uniformly to the identity as N1 — oo,
01 = 0, 0o = 0 and Ny — oo, and we may arrange that 0 is W-degenerate for Fn, n,s,.5,(B)-
(We note that the rate of convergence of each of the quantities, depends on the previous one.)

Proof. To prove that Fy, n, 5,6, : H — C3 is injective, we need to check that fy and h‘js\, are
both non-zero on H = {Re(z3) < 0} for sufficiently large N € N. We leave it to the reader to
check that h% maps H to the disk of radius 1/25 centred at the point 1/24.

Suppose that fx(z3) = 0. Then z3 # 1/2. Multiplying by 223 we get that

1+ eN(ZZ3)(223 —1)=0=2Nz3+1log(l —223) =0
= 223 + log(1 — 2z3)/N = 0.

The last expression converges uniformly to the function 2z3 on compact subsets of {Re(z3) <
1/4}, so for a given compact set K containing z3 = 0, the only zero on K is the point z3 = 0.
Nexy we check the convergence to the identity. We have

G(2) = F{(F{ (F{(2))) = (6121h%, (23), 01220, (23) fn (23), 23).
Further
$(G(2)) = (5121h%, (23), 032123 (R, (23))° fv, (23)? + O122h%, (23) fiv, (23) (223),

03212203, (23)° vy (23) + 23),
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and
FNy Noo o0 (2) = (21 (23), 032123 (W (23))° fiv, (23)? + 220 (23) fv, (23) (223),
812122h%, (23) f, (23) + 23).

We now explain how to choose all the constants to get convergence to the identity. Note that
fn,(23)223 is bounded independently of N; and that fu,(z3)2z3 — 1 uniformly on compact
subsets of B"\ {0} as N; — oo. So fix a large N;. This will cause the other terms containing
fn,(z3) to grow, but this growth may now be eliminated by choosing d; small. Next, before
choosing do we consider the image G(B) near the origin after such a choice is made. Note that

fn,(0) = (1 — Nyp) and that h‘]sf,g(O) = 1/62. This implies that G(B) has a defining function
2Re(z3) + |25]” + 02/01 121 * + (83 /(N1 — 1)%61) | 22[* + O(Jz (|21 ]* + |22[*)) < 0.

So if we choose 07 sufficiently small, we see that D, C G(B), which will cause the origin to be
a W-degenerate point for F, n, 6,6, (B). Choosing a small § will cause growth in all the other

terms containing h522, but this is finally ”localised” to the origin by choosing a sufficiently large
Ns. O

Due to the lemma, we have now proved the proposition except for the claim (ii). However,
it is easy to explicitly construct an interpolation operator depending continuously on the input,
that corrects the map at the points aq, ..., ay.

O

4. PROOF OF THEOREM 1.1

Let {ag, a1, as,...} C bB? be a dense set of points. For R > 1 we will let B(j, R) denote the
ball in C? containing B? with the common boundary point a;. Then, for 6 > 0,7 € N, we set

Q(R,n,8) = B*(8) \ Uj_1 B(j, R)°).

We will construct by induction embedded holomorphic disks D; € C3, dj,€; > 0, and injective
continuous maps ¢; : Q(1 + 1/4,4,6;) = C3, ¢; € O(Q(1 +1/4,4,8;)), such that the following
holds

(an) l|¢5 — dj—1llge <€ for j =1,2,....n (¢ = id),

(bn) ¢j(ar) = ¢j—1(ay) for k=0,1,2,....,5 -1, =1,2,..,n

(Cn) Dj C D(1/2)j(04j,1) forj=1,...,n,

)

(dn) bD; C ¢n(B3) for j = 1,...,n7 and
(en) D; & 6n(B) for j =1,

As a preliminary choice of {ej} we set €; = e+ (1/2)7T1. This is just to ensure (i) in the theorem,

as our plan is to define

¢ := lim ¢y, (4.1)

Jj—00
after we explain the inductive procedure. Each €; will however be further decreased throughout
the process. Note in particular, that if the sequence decreases sufficiently fast, then the map
¢ : B — C3? will be injective. To start the induction, we let ¢; be the map furnished by
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Proposition 3.1, creating a W-degenerate point at g, and such that (a;) and (by) hold. This
means that there exists D; such that (¢1)—(e1) hold.

Assume now that (a,)—(e,) hold for some n > 1. Decrease €; for j > n such that any limit ¢
defined as in (4.1) will satisfy

(dso) bD; C ¢(B3) for j =1,...,n, and

(o) Dj € $(B3) for j =1,...,n.

Next we let ¢pi1 : QL+ 1/(n+1),n+1,0,41) = Q1+ 1/n,n,6,) be a map furnished by
Proposition 3.1, creating a W-degenerate point at «,,, and such that (a,+1) and (b,+1) holds for
the composition ¢, 11 = ¢y, © én_l'_l. Note that Q(14+1/(n+1),n+1,0,41) C QUL+ 1/n,n,0,)
as soon as 0,41 < 0y, and note that the existence of gz~5n+1 uses both the approximation property
and the interpolation properties at the points «y, ..., a,—1. Finally choose a disk D,, 1 such that
(Cn+1)—(€n+1) hold.

This completes the induction step, and we now define ¢ is in (4.1). To complete the proof,
assume that ¢(B3) C Q, and suppose there exists a point p € bp(B?) and a § > 0 such that
Bs(p) € Q. Then by (co) there exists a disk D; C Bs(p) which has the properties (doo)—(€oo),
which implies that ¢(B?) is not Runge in Q. O
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