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a  b  s  t  r  a  c  t

Self-optimizing  control  focuses  on minimizing  the steady-state  loss  for processes  in  the  presence  of  dis-
turbances  by  holding  selected  controlled  variables  at constant  set-points.  The  loss  can  further  be  reduced
by  controlling  linear  measurement  combinations  that  have  been  obtained  with  the  purpose  of  minimiz-
ing  either  the  worst-case  loss  or the average  loss.  Since  self-optimizing  control  mainly  focuses  on the
steady-state  operation,  little  emphasis  has  been  put  on  the  dynamic  behaviour  of  the resulting  closed-
loop  system.  The  general  approach  is  to first compute  the  optimal  controlled  variables  and  then  design
their  respective  controllers.  However,  the optimal  measurement  combinations,  can  often  (especially  if
many measurements  are  used)  result  in very  dynamically  complex  systems,  that  makes  designing  the
feedback  controllers  difficult.  In  this  work,  PI  controllers  and measurement  combinations  are  simultane-
ously  obtained  with  the  aim  to  find  an  optimal  trade-off  between  minimizing  the  steady-state  loss  and
the  transient  response  for the resulting  closed-loop  system.  A solution  can  be  found  by solving  a  bilinear
matrix  inequality  (BMI),  which  becomes  a linear  matrix  inequality  (LMI)  by  specifying  a  stabilizing  state

feedback  gain.  The  optimization  problem  can  also  be  combined  with  the  sparsity  promoting  weighted
l1-norm,  which  penalizes  the number  measurements  used  and  thus, attempts  to find  an  optimal  mea-
surement  subset.  The  proposed  method  requires  solving  a BMI,  for  which  an  iterative  LMI  approach  can
be used  to  find  a  local  optimum,  which  often  seems  to give  good  results,  as  illustrated  on two  case  studies,
consisting  of a binary  and  a Kaibel  distillation  column.

©  2019  The  Authors.  Published  by  Elsevier  Ltd.  This  is  an  open  access  article  under  the  CC  BY license
. Introduction

The ever-increasing competitive pressure in the global markets
esults in the need for continuously improving the performance
f chemical processes. Operating the process close to its economi-
ally optimal operating point is thus essential. This leads to higher
emands on the control system, which has to ensure that the
lant is kept close to the desired operating point. If there are large
eviations from the optimal operation, caused by, e.g., external
isturbances, it would evidently result in an economic loss and
ould violate some of the operating constraints. Therefore, both the
teady-state (economic) objective and the dynamic performance
f the process should be considered when designing the control
ystem.

Chemical process plants are typically operated with the aid of

 multilayer hierarchical control structure, consisting of several
ayers that address different time scales [1,2]. Traditionally, the eco-
omic optimization and the dynamic control of chemical processes
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959-1524/© 2019 The Authors. Published by Elsevier Ltd. This is an open access article u
(http://creativecommons.org/licenses/by/4.0/).

are separated and operate at different layers. The economic opti-
mization is usually located in an upper layer and uses real-time
optimization (RTO) [3] to compute and send the optimal set-points
to the lower layers. The role of the lower layer is to drive the process
to the desired set-point using, e.g., model predictive control (MPC)
or other low-level controllers (typically PID Controllers). Recently
there has been an increasing interest in economic model predic-
tive control (EMPC) [4], which attempts to integrate the economic
optimization and process control performance together. Despite
the recent advancements, there are still challenges when it comes
to implementation in real processes, mainly due to the computa-
tional complexity and requirement for accurate dynamic models of
the process.

Another approach is to use simple control structures that keep
specific controlled variables at a constant value, also known as
self-optimizing control [5]. The central idea of self-optimizing
control is to select controlled variables such that in the pres-
ence of disturbances, the loss is minimized by holding the chosen
controlled variables at constant set-points. Beyond using single

measurements, selecting linear combinations of measurements as
controlled variables will further improve the self-optimizing con-
trol performance. Two  methods that achieve this are the exact local

nder the CC BY license (http://creativecommons.org/licenses/by/4.0/).
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ethod [6] and the null-space method [7]. Most research on self-
ptimizing control (see, e.g., the survey paper by [8]) is mainly
oncerned with the steady-state operation without considering the
ynamic behaviour of the resulting closed-loop system. This can

ead to dynamically complex systems with e.g., right hand-plane
eros at low frequencies that poses limitations on the achievable
ontrol performance. Therefore, it would be preferable to find a
ombination that also takes the dynamic behaviour into account.
owever, the resulting closed-loop system is not just dependent
n the measurement combination, but also on the feedback con-
rollers.

The proportional integral (PI) controller is by far the most com-
only used controller in the process industries due to its simplicity

nd robust performance [9]. With progress in numerical meth-
ds, new convex optimization methods have been developed for
esigning controllers. However, for restricted-order controllers
e.g., PI/PID controller) the optimization problems tend to become
on-convex in the controller parameter space. They are usually
olved by employing heuristics or intelligent methods [10,11]. A
oop shaping method was proposed in [12], by specifying bounds
n the phase and gain margins.

These methods often aim to minimize some common control
erformance criterion, e.g., the integrated absolute error (IAE).
owever, in self-optimizing control (SOC) minimizing IAE may
ot be ideal. Typically, the SOC variables are controlled by the
emaining degrees of freedom, once the plant first has been sta-
ilized and all the active constraints are being controlled. Although

t is economically optimal to operate the plant as close as pos-
ible to its active constraints, it is usually necessary to employ
ome “back off” to avoid dynamic and steady-state problems.
Back off” is the difference between the optimal set-point and
he actual set-point, and is estimated based on the information of
he disturbances and the expected control performance [13,14].
herefore, the SOC variables should preferably, when subjected
o disturbances, drive the process to the new optimal operating
oint while minimizing deviations in the active constraints (i.e.,
educing the “back off”) or in other variables with large economic
mpact.

Instead, of minimizing IAE, it might be better to find the SOC
ariables by recasting it as an optimization problem for finding, e.g.,
he H2 or the H∞ optimal static output feedback (SOF) controller
hat minimizes the deviations in a specified performance output.
ontrary to full state-feedback or full-order controllers, which can
e solved using Linear Matrix Inequalities (LMI), structured static
utput feedback generally results in Bilinear Matrix Inequalities
BMI) and remains an open problem [15,16]. They are often solved
o a local optimum by iteratively fixing some variables and solving
he resulting LMI.

The optimal measurement combination has been shown to
e non-unique, and if multiplied with any non-singular matrix

t results in the same steady-state loss. Based on [17,18], an
terative LMI algorithm was proposed in [19] for simultane-
usly determining this non-singular matrix and PI controller
arameters to improve the dynamic performance. However, the
ptimal self-optimizing control variable is only non-unique if
he degrees of freedom available are greater than one. Further-

ore, while [19] maintains the optimal steady-state solution, it
ay  be beneficial to choose a measurement combination with a

arger steady-state loss if it would provide a significant improve-
ent in the closed-loop performance. That is, if the dynamic

mprovements resulted in better disturbance rejection, it could
llow for a reduction in the “back off” applied to the active

onstraints and as a consequence further increase the profitabil-
ty.

Therefore, in this work, an iterative LMI  algorithm is proposed
hat solves a Pareto optimization problem that gives a trade-off
Process Control 76 (2019) 15–26

between minimizing the steady-state loss and the dynamic perfor-
mance. The proposed method can then be expanded on as in [20], to
include an additional penalty function in the multi-objective opti-
mization problem that promotes sparsity by penalizing the number
of measurements used. The sparsity promoting function is known
as the weighted l1-norm [21], and has been used in several papers
for promoting sparsity in controller design, see, e.g., [22–24]. The
proposed method is validated by applications to models of a binary
and a Kaibel distillation column.

The paper is organized as follows. Section 2 introduces the nota-
tion used in this paper while the concept of self-optimizing control
is described in Section 3. The main contribution is presented in Sec-
tion 4, where the optimization problem of finding a measurement
combination together with PI controllers is formulated as a BMI.
The optimization problem is solved to a local optimum using an
iterative LMI  algorithm. In Section 5, results from simulations are
presented, where the proposed method has been used to design
the control structures for two different distillation column models.
Finally, a conclusion is given in Section 6.

2. Preliminaries

Let R
n×m denote the set of n × m real matrices. For a matrix A,

its transpose is denoted AT, and A−1 denotes its inverse. The iden-
tity and the null matrix of suitable dimension is given by I and 0.
The notation A ≺ 0, A � 0 means the matrix is positive and negative
definite respectively. ‖ · ‖ 1, ‖ · ‖ 2,‖ · ‖ ∞, and ‖ · ‖ F represents the l1,
H2, H∞, and Frobenius norms, respectively.

3. Self-optimizing control

Self-optimizing control is achieved when an acceptable loss is
obtained with constant set-points without the need to reoptimize
when (changes in) disturbances occur [5]. More precisely, the aim
is to select controlled variables rather than determining optimal
set-points. Here, the loss L is defined as the difference between the
actual value of a given cost function and the truly optimal value
(accounting for the correct value of the disturbance), i.e.,

L(u, d) = J(u, d) − Jopt(d), (1)

where truly optimal operation is achieved when L = 0. However,
in general, L ≥ 0 and thus a smaller value for the loss function, L
implies that the plant is operating closer to its optimum. By using
the available degrees of freedom (u), the goal is to minimize the
constrained cost function (J), in order to find the optimal operating
point for the process. Typically, J defines the economic cost of the
process and can often be expressed as

J = feed cost + utilities cost − product value.

However, other objectives such as energy efficiency and indirect
control [25] are also possible.

For specified disturbances (d), the optimization problem can be
formulated as,

min
x,u

J(x, u, d) (2)

s.t. f (x, u, d) = 0 (3)

g(x, u, d) ≤ 0 (4)

y = fy(x, u, d) (5)

where x ∈ R
nx , u ∈ R

nu , and d ∈ R
nd are the states, inputs, and
disturbances respectively. The equality constraints are represented
by f(·) and contain the steady-state model equations; the inequal-
ity constraints in g(·) define the constraints on the operation, and
the available measurements are given by y. The solution to the
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out affecting steady-state performance. However, if nu = 1, then
Fig. 1. Block diagram of the self-optimizing control structure.

ptimization problem usually results in some of the constraints
eing active, i.e., gi(x, u, d) = 0. To achieve optimal operation at
teady-state, the variables related to the active constraints should
e controlled and kept as close as possible to their optimal set-
oints. Stabilizing the plant and controlling the active constraints,
herefore, requires a corresponding number of degrees of freedom.
nder the assumption that the active constraints remain the same
uring operation, then it results in the reduced space optimization
roblem:

in
u

J∗(u, d). (6)

ere, the model equations and active constraints, are implicitly
ncluded in J*. What remains is to determine which of uncon-
trained controlled variables (y and u) that should be kept at
onstant set-point by using the remaining degrees of freedom (u),
n order to minimize loss. To quantify the loss resulting from keep-
ng the selected controlled variables at constant values, methods for
alculating the worst case and average loss were derived in [6,26]
espectively.

.1. Optimal measurement combination

Rather than selecting single measurements for the uncon-
trained optimization problem in (6), a further reduction in loss
an be obtained by selecting the control variables as optimal linear
easurement combinations c = Hy,  resulting in the control struc-

ure seen in Fig. 1. The matrix H ∈ R
nu×ny defines the measurement

ombinations, and y ∈ R
ny is a subset of the available measure-

ents.

.1.1. The exact local method
With the expectation operator denoted E[  · ], and assuming the

isturbances d and measurement noise n are independent and uni-
ormly distributed in the sets d ∈ D, and n ∈ N.  Then, the worst
ase and average loss were derived in [6,26] respectively and are
iven by

worst = maxd ∈ D,n ∈ NL = 1
2

‖J1/2
uu (HGy)−1HY‖2

2, (7)

avg = E
d ∈ D,n ∈ N

[L] = 1
2

‖J1/2
uu (HGy)−1HY‖2

F . (8)

ere, Y :=
[

FWd Wn

]
, with Wd and Wn representing the expected

agnitudes of the disturbances and implementation errors respec-
ively. F = ∂yopt

∂d
is the sensitivity matrix for the optimal deviations

n the measurements (∂yopt) with respect to changes in the dis-
urbances (∂d); Juu = ∂2
J

∂u2 denotes the second derivative of the cost

unction (6), and Gy = ∂y
∂u

, represents the gain from the inputs to the
Process Control 76 (2019) 15–26 17

available measurements. The authors of [26] proved that obtain-
ing the H that minimizes the average loss in (8) is super-optimal
and hence, the same H also minimizes the worst case loss in (7).
However, the opposite is not necessarily true. Therefore, only the
minimization of the Frobenius norm will be considered in this
paper, where the optimization problem can be formulated as

min
H

1
2

‖J1/2
uu (HGy)−1HY‖2

F . (9)

At first glance, this seems like a non-linear optimization problem.
However, an important observation was  discovered in [27], which
found that (9) can be recast as a convex optimization problem.

Theorem 1. If H is a full matrix (with no structural constraints)
then the problem in (9) can be formulated as a convex constrained
optimization problem [27]:

min
H

1
2

‖HY‖2
F (10)

s.t. HGy = J1/2
uu (11)

Proof. From the original problem in (9), it can be shown that
the optimal solution for H is non-unique and for any non-singular
matrix Q ∈ R

nu×nu ,

Ĥ = Q−1H (12)

results in the same loss. This can be shown by [8]:

Lavg = 1
2

‖J1/2
uu (ĤGy)

−1
ĤY‖2

F

= 1
2

‖J1/2
uu (Q−1HGy)

−1
Q−1HY‖2

F

= 1
2

‖J1/2
uu (HGy)−1QQ−1HY‖2

F

= 1
2

‖J1/2
uu (HGy)−1HY‖2

F .

(13)

The non-uniqueness of H can be used to add the constraint in (11),
which guarantees that the first part in (9) becomes J1/2

uu (HGy)−1 = I.
Hence, the nonlinear optimization in (9) can be recast as the convex
optimization problem in (10) and (11).

Remark 1. Some additional insight was given in [28], where it
was noted that Juu is not needed for finding the optimal H in (10)
and (11).

This means Juu can be replaced with any non-singular matrix Q
and still give the optimal H. This may  simplify the calculations, as
Juu can be difficult to obtain numerically. However, Juu would still
be required to find the correct numerical value of the loss.

Remark 2. For a measurement combination H with nu ≥ 2, a non-
singular matrix Q can be chosen as in (12), to get a measurement
combination with better dynamic properties while still maintain-
ing the same steady-state loss.

The optimal solution to (10) provides the measurement com-
bination that gives the locally best steady-state performance.
However, the optimal solution does not consider the resulting tran-
sient response and can give rise to complex dynamic behaviour.
If nu ≥ 2, then a non-singular matrix Q can be selected to get a
measurement combination with better dynamic behaviour with-
Q becomes a scalar and can only change the steady-state gain of
Ĥ with no effect on the dynamic behaviour. Furthermore, even if
nu ≥ 2 it may  be beneficial to sacrifice some steady-state loss if it
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ignificantly improves the closed-loop performance. Therefore, a
ethod is proposed in Section 4 that tries to obtain the optimal

rade-off between the steady-state and dynamic performance.

.2. Selecting a measurement subset

The lowest steady-state loss can be achieved when the measure-
ent combination H is computed using all available measurements.
owever, for most practical cases this is not desirable as it leads to
verly complex control structures and increases the likelihood of
etting sensor failures. Besides, often, there exists a subset of the
vailable measurements that can be used without any significant
eduction in the steady-state performance.

Finding the best measurement subset is a combinatorial opti-
ization problem, and the loss has to be evaluated at every possible
easurement combination. To solve this problem, [29] developed

 tailor-made branch and bound algorithm. Another approach was
resented in [28], where the combinatorial problem was  formu-

ated using mixed integer quadratic programming (MIQP) that can
e solved using standard MIQP solvers.

An alternative approach, for finding the optimal measurement
ubset is to solve a multi-objective optimization problem, that gives
he optimal trade-off between steady-state loss and the number of

easurements used. If a column-wise sparsity promoting function
s included in (10), the optimization problem can be formulated as,

 = min
H

1
2

‖HY‖2
F + � card(H) (14)

ubject to (11). By specifying a scalar value for �, there will be a
rade-off between the steady-state loss and the cardinality of H,
here the cardinality of the measurement matrix H is defined:

ard(H) := the number of non − zero columns of H.

he cardinality function is non-convex and non-smooth, that still
akes the optimization formulation in (14) a combinatorial prob-

em, which is difficult to solve.
To address this issue, several convex relaxations like the l1-norm

nd the weighted l1-norm have been proposed [21]. By using the
eighted l1-norm, the cardinality function can be replaced with:

ard(H) =
∑

i,j

Wi,j‖Hi,j‖1 (15)

he authors of [21] noted that if the weights Wi,j are chosen to
e inversely proportional to the l1-norm, then there is an exact
orrespondence between the l1-norm and the cardinality function.
owever, this requires a priori knowledge of the H matrix, and

herefore, a re-weighted scheme needs to be implemented, where
he weights are updated after every iteration (k) as,

(k+1)
i,j

= 1

‖H(k)
i,j

‖1 + �
(16)

here 1 
 � > 0 ensures the update is well-defined.
The weighted l1-norm in (15) promotes element-wise sparsity.

owever, it can easily be modified to promote column (or row)
parsity as, e.g., shown in [30] by revising it as,

ard(H) =
∑

i,j

Wj‖Hi,j‖1 (17)

ith the update rule:

(k+1) 1

j

= ∑
i‖H(k)

i,j
‖1 + �

(18)

or a given value of �, the iterative procedure, described in Algo-
ithm 1 can be used to find a subset of the available measurements.
Process Control 76 (2019) 15–26

Algorithm 1:
Initialize: obtain H, by solving (10) s.t. (11) and compute W(k) using (18).

1:  For the obtained W(k) solve:

Jk = min
H

1
2

‖HY‖2
F + �

∑
i,j

W (k)
j

‖H
i,j

‖1

s.t. (11).
2: If ‖H(k−1) − H(k) ‖ 2 < � go to step 3, else update W(k+1) using (18)

and repeat step 1 and 2.
3: Remove the measurements that correspond to the zero

columns in H.
While the convergence properties for the re-weighted l1-norm

are still not clearly understood, numerical experiments have shown
it to be a very efficient method for promoting sparsity, which also
is demonstrated in Section 5.1.1.

4. Static output feedback control

In self-optimizing control, the focus mainly lies on the economic
steady-state behaviour. However, in the resulting closed-loop sys-
tem shown in Fig. 1, it can be seen that the dynamic behaviour is
heavily dependent on both the measurement combination H and
the PI controller. Thus, when determining H, it would be advanta-
geous to consider both the steady-state and the dynamic behaviour
of the resulting closed-loop system.

In this section, the method for simultaneously selecting the
measurement combination and designing the feedback controllers
is presented. The method is based on the two-step procedure
for static output feedback controller design, which is similar to
[17,18,31–33]. These methods formulate the optimization problem
as a bilinear matrix inequality (BMI) that becomes linear matrix
inequalities (LMI), if initialized with a stabilizing state feedback
controller.

4.1. Process model and PI controllers

Consider a system described by the discrete linear time-
invariant state-space model,

xk+1 = Axxk + Buuk + Bwwk (19)

yk = Cyxxk + Dywwk (20)

where xk ∈ R
nx , yk ∈ R

ny , uk ∈ R
nu , wk ∈ R

nw are the states, mea-
surements, inputs, and disturbances respectively. The aim is to find
a measurement combination matrix Ĥ  and design a feedback con-
troller that gives the desired trade-off between the steady-state
and dynamic performance. Due to their popularity in the industry,
decentralized PI controllers will be used as the feedback controllers.
In their ideal form, they are represented by

uk = Kp(ek + Ki

k−1∑
n=0

en), (21)

where uk ∈ R
nu and ek ∈ R

nu represent the control variable and the
error value of the PI controller. The parameters Kp ∈ R

nu×nu and
Ki ∈ R

nu×nu are diagonal matrices, representing the proportional
and integral gains respectively. Here, the sampling time is assumed
to be included in Ki, i.e., Ki varies depending on the sampling time.
When a measurement combination Ĥ is used, then the error value
is defined ek := rk − Ĥyk, where rk is the reference input. Setting
the reference value to rk = 0 (using deviation variables), the error
value becomes ek = −Ĥyk, and thus, the PI controller in (21) can be
expressed as:
uk = −Kp(Ĥyk + Ki

k−1∑
n=0

Ĥyn) (22)
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rom the above formulation, it can be seen that this description is
verparameterized, where Kp can be considered as a simple scaling
alue for Ĥ. Therefore, Kp can be selected to be any non-zero value,
.g., setting Kp = I gives:

k = −(Ĥyk + Ki

k−1∑
n=0

Ĥyn) (23)

Defining an auxiliary state vector qk ∈ R
nu for the integral term

the summation term
∑k−1

n=0Ĥyn), then the state space representa-
ion of the PI controller in (23) becomes:

uk

qk

]
=

[
−(Ĥyk + Kiqk−1)

qk−1 + Ĥyk

]
. (24)

y introducing the augmented state vector x̄k ∈ R
(nx+nu)

¯k :=
[

xk

qk−1

]
, (25)

he augmented measurement vector ȳk ∈ R
(ny+nu)

¯ k :=
[

yk

qk−1

]
, (26)

nd the augmented control input vector ūk ∈ R
2nu , given by the

ontrol law:

¯ k := −
[

Ĥyk

Kiqk−1

]
. (27)

hen the closed loop system for the process model in (19) and (20)
ith the PI controllers in (24) can be given by the augmented model

¯k+1 = Āxx̄k + B̄uūk + B̄wwk (28)

¯ k = C̄yxx̄k + D̄ywwk (29)

here the augmented system matrices are:

Āx = [
Ax 0

0 I
], B̄u = [

Bu Bu

I 0
], B̄w = [

Bw

0
],

C̄yx = [
Cyx 0

0 I
], D̄yw = [

Dyw

0
].

(30)

sing the proposed control law for ūk in (27), which is equivalent
o

¯ k = −
[

Ĥ 0

0 Ki

]
C̄yx x̄k −

[
Ĥ 0

0 Ki

]
D̄yw wk, (31)

 −
[

ĤCyxxk + ĤDywwk

Kiqk−1

]
. (32)

hen it can easily be shown that the augmented process model in
28) and (29) becomes

xk+1

qk

]
=

[
Axxk − Bu(Ĥyk + Kiqk−1) + Bwwk

qk−1 + Ĥyk

]
,

hich corresponds to a closed-loop system for (19) and (20) with
he PI controllers in (24).

The proposed augmented system in (28) and (29) differs from

ow state space models typically are augmented with PI controllers
34,35]. E.g., in (27) the length of the augmented control input vec-
or ūk have been doubled by separating Ĥyk, and Ki

∑k−1
n=0Ĥyn from

ach other in (23). The benefit of this approach is that Ĥ and Ki are
Fig. 2. Control configuration for static output feedback control.

decoupled in the control law (31), which will be beneficial when
computing their values in Section 4.2.

It is possible that better performance can be achieved if more
advanced controller formulations are used instead of decentralized
PI controllers. The main difference would be how the controller
description is included in the formulation of the augmented sys-
tem matrices in (30). One important requirement is that the
controllers incorporate some integral action to ensure that the self-
optimizing control criterion is met  at steady-state. However, the
simulations in Section 5.2, and the work in [20] seems to indicate
that well-tuned decentralized PI controllers can give compara-
ble results to more advanced control structures if the controlled
variables (measurement combinations) are chosen properly. Also,
using a decentralized PI control structure allows for relatively easy
retuning of the controllers, when comparing to the case using
advanced multivariable controllers, should future changes in oper-
ating conditions make retuning necessary. Thus, the small potential
improvements in performance for more advanced control strate-
gies may  not be worth their additional complexity.

4.2. H∞ static output feedback control

Consider the following generalized extension of the augmented
system in (28) and (29):

P :

⎧⎪⎨
⎪⎩

x̄k+1 = Āxx̄k + B̄uūk + B̄wwk

ȳk = C̄yxx̄k + D̄ywwk

zk = C̄zxx̄k + D̄zuūk + D̄zwwk

(33)

where zk ∈ R
nz is the performance output vector. The augmented

plant P maps the exogenous disturbance inputs wk and the control
inputs ūk to the performance output zk and the measured outputs
ȳk as shown in Fig. 2.

The H∞ optimal control problem then consists of minimizing
the H∞-norm of the closed-loop system from the exogenous dis-
turbance signals wk to the performance output signals zk [36,37].
Defining the closed loop matrices,

Acl = Āx + B̄uKC̄yx (34)

Bcl = B̄d + B̄uKD̄yw (35)

Ccl = C̄zx + D̄zuKC̄yx (36)

Dcl = D̄zw + D̄zuKD̄yw (37)

where K is the static output feedback controller. When a state
feedback controller is used, then KC̄yx, KD̄yw , KC̄yx, and KD̄yw in
(34)–(37) are replaced with the state feedback gain KSF. If the result-
ing closed-loop system is defined as
(38)

then the objective is to find the static output feedback controller K
such that ‖Tw,z‖∞ is minimized. The H∞-norm has several interpre-
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ations regarding performance. One is that it minimizes the peak
f the singular value of Tw,z(jω). Alternatively, from a time domain
nterpretation, it can be considered as the worst-case 2-norm [37]:

Tw,z‖∞ = maxw(t) /=  0
‖z(t)‖2

‖w(t)‖2
. (39)

ext, lets recall the well-known Bounded Real Lemma.

emma  1. (Bounded Real Lemma [36]), Tw,z is asymptotically stable
nd ‖Tw,z‖∞ < � iff there exists a symmetric matrix P � 0 such that
he following inequality holds:

AT
cl

PAcl − P AT
cl

PBcl CT
cl

BT
cl

PAcl BT
cl

PBcl − �2I DT
cl

Ccl Dcl −I

⎤
⎥⎦ ≺ 0 (40)

emma  2. Projection Lemma  [38]
Given a symmetric matrix � and two matrices U and V, there exists

 matrix 	 that satisfies

T 	V  + VT 	U  + � ≺ 0 (41)

ff the following projection inequalities are satisfied:

T
U�NU ≺ 0 (42)

T
V �NV ≺ 0 (43)

here NU and NV are arbitrary matrices whose columns form a basis of
he null spaces of U and V, respectively.Based on Lemmas 1 and 2, an
∞ optimal solution for Ĥ, and Ki that ensures a stable closed-loop
nd a minimum upper bound � for ‖Tw,z‖∞ can be obtained from
he following theorem.

heorem 2. There exist decentralized PI controllers and a mea-
urement combination Ĥ ∈ R

nu×ny , that gives a stable closed-loop
ystem and minimizes � while achieving ‖Tw,z‖∞ ≤ � , if there exists

 stabilizing state feedback gain KSF ∈ R
2nu×(nx+nu), a matrix H ∈

nu×ny , a non-singular matrix Q ∈ R
(nu×nu), a matrix P = PT ∈

(nx+nu)×(nx+nu), diagonalmatrices X1, X2 ∈ R
2nu×2nu , where X1

as to be invertible, and matrices Z1, Z2 ∈ R
(nx+nu)×(nx+nu) that solves

he following non-convex optimization problem:

k = min
KSF ,Z1,Z2,P,X1,X2,Q,H

�2 (44)

.t. P � 0 (45)

 + N ≺ 0 (46)

1 = diag(x11 · · ·x1nu
) (47)

2 = diag(x21 · · ·x2nu
) (48)

here M is defined

 :=

⎡
⎢⎢⎢⎢⎢⎢⎢⎣


11 ∗ ∗ ∗ ∗

21 
22 ∗ ∗ ∗
B̄T

uZT
2 B̄T

uZT
1 0 ∗ ∗


41 0 D̄zu −I ∗
B̄T

wZT
2 B̄T

wZT
1 0 D̄T

zw −�2I

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

(49)

ith


11 = −P  + (Āx + B̄uKSF )
T
ZT

2 + Z2(Āx + B̄uKSF )


21 = −ZT
2 + Z1(Āx + B̄uKSF )

22 = P − Z2 − ZT
2 ,


41 = C̄zx + D̄zuKSF
Process Control 76 (2019) 15–26

and N is given by

N :=

⎡
⎢⎢⎢⎢⎢⎣

0 ∗ ∗ ∗ ∗
0 0 ∗ ∗ ∗
�2C̄yx − �1KSF 0 −�1 − �T

1 ∗ ∗
0 0 0 0 ∗
0 0 D̄T

yw�T
2 0 0

⎤
⎥⎥⎥⎥⎥⎦ (50)

with

�1 =
[

Q 0

0 X1

]
, �2 =

[
H 0

0 X2

]

Proof. Similar to the proof in [31], the expression in (46) can be
rewritten as

U�1VT + V�T
1UT + M ≺ 0, (51)

where V and U are defined as

V :=
[

�−1
1 �2C̄yx − KSF 0 −I 0 �−1

1 �2D̄yw

]T
, (52)

U :=
[

0 0 I 0 0
]T

. (53)

Choosing the matrices,

NV =

⎡
⎢⎢⎢⎢⎢⎣

I 0 0 0

0 I 0 0

�−1
1 �2D̄yw 0 0 �−1

1 �2C̄yx − KSF

0 0 I 0

I 0 0 I

⎤
⎥⎥⎥⎥⎥⎦ (54)

NU =

⎡
⎢⎢⎢⎢⎣

I 0 0 0

0 I 0 0

0 0 0 0

0 0 I 0

0 0 0 I

⎤
⎥⎥⎥⎥⎦ (55)

whose columns form the null spaces of V, and U, respectively. Then,
according to the Projection lemma, the expression in (51) is equiv-
alent to⎡
⎢⎢⎢⎢⎣

AT
cl

ZT
1 + Z1Acl − P ∗ ∗ ∗

−ZT
1 + Z2Acl P − Z2 − ZT

2 ∗ ∗
Ccl 0 −I ∗
BT

cl
ZT

1 BT
cl

ZT
2 DT

cl
−�2I

⎤
⎥⎥⎥⎥⎦ ≺ 0 (56)

which is a multiplication of M in (51) by NT
V on the left and NV on

the right. Replacing K in (34)–(37), with �−1
1 �2, guarantees the

stability of the closed-loop system when using the static output
feedback controller. Multiplying M in (51) by NT

U on the left and NU

on the right gives the second condition in the Projection Lemma
and ensures stability for the system when using the state feedback
controller KSF. The resulting expression is the same as in (56), but
with KSF replacing the static output feedback controllers for Acl, Bcl,
Ccl, and Dcl. Finally, multiplying (56) with ˇT on the left and  ̌ on
the right, with

 ̌ =

⎡
⎢⎢⎣

I 0 0

Acl Bcl 0

0 0 I

⎤
⎥⎥⎦ (57)
0 I 0

results in the bounded real lemma.
The optimization problem in (44)–(48) requires solving a bilin-

ear matrix inequality (BMI), which is NP-hard and thus, difficult
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o solve. However, by specifying a stable state feedback gain KSF,
t becomes a linear matrix inequality (LMI), and an iterative algo-
ithm can be used to find a local optimum, following the procedure
escribed in Algorithm 2. The controller parameters and mea-
urement combination can be obtained from Ki = X−1

1 X2 and Ĥ =
−1H.

Algorithm 2:
nitialize: choose a stabilizing state feedback gain KSF .

1: For fixed KSF , solve the LMI:
Jk,1 = min

Z1,Z2,P,X1,X2,Q,H
�2

s.t. (45), (46), (47), and (48)
2: Fix Z1, Z2, X1, and Q at the values obtained in step 1 and solve

the LMI:
Jk,2 = min

KSF ,P,X2,H
�2

s.t. (45), (46), and (48).
3:  If Jk,1 − Jk,2 < � stop, else update KSF and repeat step 1 to 3.

If Algorithm 2 is initialized with a stabilizing feedback gain KSF
uch that step 1 gives a feasible solution for the first iteration,
hen it will generate a sequence of non-increasing solutions such
hat:

k+1,1 ≤ Jk,2 ≤ Jk,1, ∀k

emark 3. If an optimal measurement combination Hopt has been
btained a priori using e.g., (10) and (11), then Algorithm 2 can be
odified by replacing the augmented measurement matrices C̄yx

nd D̄yw in (29) with

¯yx =
[

HoptCyx 0

0 I

]
, D̄yw =

[
HoptDyw

0

]
.

his results in the controller Ki = X−1
1 X2 and a new measurement

ombination Ĥ = Q−1HHopt that gives the same steady-state loss,
ut should improve the dynamic behaviour of the closed-loop sys-
em.

.3. Static output feedback and self-optimizing control

In the previous section, the problem of finding PI controllers
nd a measurement combination, Ĥ  that minimizes the H∞ norm
f the closed-loop system was investigated, while in Section 3.2
he optimal trade-off between steady-state loss and the number

f measurements used was considered. These two  problems can
asily be combined, resulting in the following optimization prob-
em:

k = min
KSF , Z1, Z2, P

X1, X2, Q, H

�2 + ˛
1
2

‖HY‖2
F + �

∑
i,j

Wj‖Hi,j‖1 (58)

.t. (11), (45), (46), (47), and (48)
The iterative procedure, described in Algorithm 3 can be used

o find a local optimum, where the controller parameters and
easurement combination can be obtained from Ki = X−1

1 X2 and
ˆ

 = Q−1H respectively.
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Algorithm 3:
Initialize: choose a stabilizing state feedback gain KSF and
obtain H by solving (10) subject to (11) for all available
measurements.

1:  Compute W(k) using (18).
2:  For the fixed KSF , and W(k) solve the LMI:

Jk,1 = min
Z1, Z2, P

X1, X2, Q, H

�2 + ˛
1
2

‖HY‖2
F + �

∑
i,j

W (k)
j

‖H
i,j

‖1

Subject to: (11), (45), (46), (47), and (48).
3: Update W(k) using (18) with the H obtained from step 2.
4:  Fix Q, X1, Z1, and Z2 at values obtained in step 2 and solve

the LMI:

Jk,2 = min
KSF , P, X2, H

�2 + ˛
1
2

‖HY‖2
F + �

∑
i,j

W (k)
j

‖H
i,j

‖1

Subject to: (11), (45), (46), and (48).
5:  If ‖H(k−1) − H(k) ‖ 2 < �1, and Jk,1 − Jk,2 < �2 go to step 6, else

update KSF and repeat step 1 to 5.
6: Remove the measurements that correspond to the zero

columns in H.
The convergence of Algorithm 3 follows the convergence prop-

erties of Algorithms 1 and 2. When � = 0 then the convergence is
monotonically decreasing:

Jk+1,1 ≤ Jk,2 ≤ Jk,1, ∀k

If the re-weighted l1-norm is incorporated, then the convergence is
unknown. However, numerical experiments (e.g., [23,30]) indicates
that it tends to converge to a local minimum.

5. Simulations

In this section, the effectiveness of the proposed algorithms is
validated by application to two  different distillation column mod-
els. The optimization problems were formulated by the YALMIP
toolbox [39] and solved using the solver MOSEK [40].

5.1. Binary distillation column

In the first example, the proposed algorithms are applied to the
“column A” distillation column model [41], where a binary mixture
is separated that has a relative volatility of 1.5. The distillation col-
umn  has 41 stages, which includes the reboiler and the condenser.
The stages are counted from the bottom with the reboiler as stage 1
and with the feed at stage 21. For the distillation column, the feed is
assumed to be given. Thus, it has four degrees of freedom; bottoms
flow rate (B), distillate flow rate (D), reflux flow rate (LR) and vapor
boilup (VB). The distillate boilup and bottom flow rate are used to
stabilize the two  liquid levels in the condenser and the reboiler.
This results in the LV configuration shown in Fig. 3 where the two
remaining degrees of freedom are:

u =
[

LR VB

]T
. (59)

The objective is to get a top product with 99% light component (1%
heavy) and a bottom product with 1% light component, i.e., the cost
function is

J =
(

xtop
H − xtop,s

H

xtop,s
H

)2

+
(

xbtm
L − xbtm,s

L

xbtm,s
L

)2

, (60)

where the specifications for the top and bottom products are
denoted with the superscript, s.

As composition often is difficult to measure, they will be con-
trolled indirectly using the temperatures inside the column as in

[25]. It is assumed that the temperatures Ti(◦C) on each stage i can
be calculated using the linear function [41],

Ti = 0xL,i + 10xH,i (61)
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Fig. 3. A typical distillation column with LV configurations.

Table 1
Controlled variables for steady-state loss, where copt [28] is compared to calg , which
has  been obtained using Algorithm 1.

No. meas. Controlled variables Loss 1
2 ‖HY‖2

F

2 copt =
[

T12

T30

]
0.548

calg =
[

T12

T29

]
0.553

3  copt =
[

T12 + 0.0446T31

T30 + 1.0216T31

]
0.443

calg =
[

T12 + 1.3030T13

T29 − 0.0705T13

]
0.463

4  copt =
[

1.0316T11 + T12 + 0.0993T31

0.0891T + T + 1.0263T

]
0.344
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(

11 30 31

calg =
[

1.0811T12 + T13 + 0.2075T30

0.1205T12 + T29 + 1.0859T30

]
0.358

ith an accuracy of ±0.5 ◦C.
The main disturbances considered are changes in feed flow rate

F), feed composition (zF) and feed liquid fraction (qF), where F and
F can vary between 1 ± 0.2, and 0.5 ± 0.1 respectively. The nominal
alue for qF is 1.0 with a lower bound of 0.9.

.1.1. Measurement selection for steady-state loss
Finding the optimal subset of measurements that minimizes the

teady-state loss for the binary distillation column example has
reviously been studied in [29,28]. The problem was  solved in [29]
ith a branch and bound method, while in [28] a MIQP formula-

ion was used. The optimal controlled variables and their respective
teady-state loss when using 2, 3, and 4 measurements obtained
rom [28] can be seen in Table 1.

The optimal controlled variables are compared to controlled
ariables computed using Algorithm 1. The trade-off between the
teady-state loss and the number of measurement used can be seen
n Fig. 4 when using different values for � (obtained using trial
nd error). The measurement combination H for sets of 2, 3, and

 measurements, can be seen in Table 1.
Algorithm 1 promotes sparsity, using the weighted l1-norm as

 convex relaxation for the cardinality of the H matrix. As a con-
equence, it cannot guarantee that it converges to the optimal
easurement subset and therefore, it gives subsets with a slightly

arger steady-state loss compared to the ones obtained in [28].
.1.2. Dynamic and steady-state performance
For the optimal control variable when using 3 measurements

in Table 1), the author of [42] implemented two PI controllers, that
Fig. 4. Steady-state loss vs no. of measurements for the binary distillation column.

were tuned using the SIMC method [43] and resulted in cA,3 shown
in Table 2. However, by using Algorithm 2 as described in Remark 3,
it should be possible to find a different measurement combination
(cB,3) together with PI controllers that further improves the tran-
sient response, without affecting the steady-state loss. Similarly, a
controlled variable when using the 4 optimal measurements given
in Table 1 is also obtained, using the same procedure, resulting in
cA,4. For comparison Algorithm 3 is used to find a cB,4, which should
give an improvement in the dynamic behaviour at the expense of
the steady-state loss. Finally, the controlled variables cA,7, and cB,7
are computed when using 7 measurements. The controlled variable
cA,7 puts more emphasis on the steady-state loss (large ˛), while
cB,7 priorities the dynamic performance of the resulting closed-loop
system (small ˛). All the controlled variables cA,n, and cB,n (n defines
the number of measurements) can be seen in Table 2, together, with
their respective H∞-norm and steady-state loss.

Out of the three disturbances F, zF, and qF, changes in feed flow
F have no steady-state effect on the cost. Therefore, the dynamic
performance for changes in F is only considered, as it makes it eas-
ier to compare the transient responses. The simulation for a step
change in F can be seen in Fig. 5, and shows a significant improve-
ment in the response for cB,3 obtained using Algorithm 2 compared
to cA,3 that was  proposed in [42]. As expected, a better response is
also achieved for cB,4 compared to cA,4, when a trade-off between
minimizing the H∞-norm and steady-state loss is computed using
Algorithm 3. It is interesting to note that using 7 measurements
(cA,7 and cB,7), gives the best and nearly the worst dynamic response
depending on whether the focus lies on minimizing the H∞-norm
of the closed-loop system or the steady-state performance. This
would suggest that the dynamic considerations when selecting
measurement combinations become more crucial, the more mea-
surements are used. Furthermore, cB,7 also has the second lowest
steady-state loss and thus, it can be seen that a small sacrifice
in steady-state loss might give a significant improvement in the
control performance.

5.2. Kaibel distillation column

A Kaibel distillation column [44] is a thermally coupled dis-
tillation column that can separate four products using a single
condenser and a single reboiler (see Fig. 6). To achieve the same
four product streams from a single feed stream when using con-
ventional binary columns, it would require a setup consisting of

three different binary columns.

A Kaibel distillation column is an extension to the Petlyuk distil-
lation column [45] and has together with other diving wall columns,
to a great extent been studied in the literature [46]. In comparison
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Table  2
Controlled variables, PI parameters (Kp = I), and their dynamic and steady-state performance for the binary distillation column.

Controlled variables Ki ‖Tw,z‖∞ 1
2 ‖HY‖2

F

cA,3 =
[

−0.022T12 + 0.383T30 + 0.390T31

−0.906T12 + 0.149T30 + 0.111T31

]
0.125
0.125

0.343 0.443

cB,3 =
[

−2.289T12 + 0.451T30 + 0.358T31

−3.715T12 − 0.818T30 − 1.001T31

]
0.175
0.145

0.074 0.443

cA,4 =
[

−0.970T11 − 0.923T12 − 0.200T30 − 0.297T31

−1.093T11 − 1.040T12 − 0.227T30 − 0.336T31

]
0.164
0.173

0.144 0.344

cB,4 =
[

−0.479T11 − 0.479T12 + 1.110T32 + 0.852T33

−0.782T11 − 0.801T12 − 1.265T32 − 1.147T33

]
0.601
0.736

0.070 0.383

cA,7 =
[

−0.118T11 − 0.128T12 − 0.123T13 − 0.015T21 + 0.125T28 + 0.139T29 + 0.126T30

−0.204T11 − 0.220T12 − 0.209T13 + 0.090T21 + 0.062T28 + 0.054T29 + 0.030T30

]
0.170
0.206

0.341 0.222

cB,7 =
[

−0.272T11 − 0.276T12 − 0.267T13 + 0.251T25 + 0.645T32 + 0.530T33 + 0.416T34

−0.536T11 − 0.528T12 − 0.505T13 + 0.244T25 − 1.055T32 − 0.971T33 − 0.784T34

]
0.624
0.731

0.066 0.271

F
f

t
t
s
s
a
o
m

c
o
w
b
t
o
(
S
s
a

s
F
c
t
r

u

d

ig. 5. Distillate and bottom compositions changes in the binary distillation column
or a step disturbance of −10% in F.

o the traditional configurations, the Kaibel column has the poten-
ial to give up to 40% reduction in energy consumption, as well as
ignificantly reducing the capital investment cost and the physical
pace required in the process plant. However, the energy savings
re only achieved if the distillation column operates close to its
ptimal value, which remains a challenge as it is a highly interactive
ultivariable system that is difficult to control.
The Kaibel column is dived into seven sections, and each section

onsists of several stages. For the simulated model, there are a total
f 64 stages as shown in Fig. 6, where the stages are numbered
ith the prefractionator section first. The ternary feed is located

etween stage 12 and 13 and consists of three components with
he mole fractions zD, zS1 , and zS2 . Four product streams are drawn
f, where the light component zD dominates the distillate stream
D), component zS1 and zS2 dominate in the side-streams (S1, and
2) and the remaining heavy components zB dominates the bottom
tream (B). For a more detailed description of the process model
nd its nominal values, the reader is referred to [47].

The distillate boilup (D) and bottom flow rate (B) are used to
tabilize the levels in the condenser and the reboiler, respectively.
urthermore, vapor boilup VB and the vapor split RV will be kept
onstant as it has been shown to be difficult to control in prac-
ice. Instead, they will be treated as disturbances. Therefore, the
emaining degrees of freedom u and disturbances d are:
 =
[

RL LR S1 S2
]T

(62)

 =
[

VB RV F zD zS1 zS2 qF

]T
. (63)
Fig. 6. Kaibel distillation column.

For the Kaibel column, the objective is to optimize the prod-
uct distribution for given feed rate F and boilup rate VB. Assuming
equal value of the products and that only the main components in
each product stream are of value, then the objective is equivalent
to minimizing the sum of the impurity flows. The cost function J
can then be written as [48]:

J = D(1 − xD) + S1(1 − xS1 ) + S2(1 − xS2 ) + B(1 − xB). (64)

5.2.1. Control structure design
The control structure design for the Kaibel column model has
previously been studied in [47–49]. Most of the work has mainly
been focused on the steady-state operation of the column; how-
ever, different control structures was  presented in [49].
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Fig. 8. Temperature changes in the Kaibel column for a step disturbance of +20% in
zS1 .

Fig. 9. Temperature changes in the Kaibel column for a step disturbance of +10% in
RV .
ig. 7. Temperature changes in the Kaibel column for a step disturbance of +10% in
.

Using the temperatures at stages 17, 30, 49, and 59 as the avail-
ble measurements,

 =
[

T17 T30 T49 T59
]T

, (65)

ecentralized PI control was designed for the Kaibel column in [49],
here the PI controllers were tuned using the SIMC tuning rules

43]. Controlling the temperatures in (65) had been shown to pos-
ess good self-optimizing control properties based on the singular
alue method [6]. However, due to the high level of process inter-
ctions, it was difficult to achieve good control performance using
nly decentralized PI controllers. Therefore, the authors of [49] pro-
osed using an MPC  to better counteract the interactions and obtain

ess total impurity flow. These two control structures will be used
s comparison in the dynamic simulation and are denoted MPC  and
I.

The decentralized PI controllers in [49] are controlling each of
he measurements in (65) individually. However, since the number
f control inputs is equal to the number of measurements (nu = ny),
t is possible to choose a controlled variable c = Ĥy with any mea-
urement combination Ĥ (assuming Ĥ is invertible) and still get
he same the steady state loss. This can be demonstrated by select-
ng Q = Ĥ,  which according to (12), gives H = Q−1Ĥ = I. Therefore,
sing Algorithm 2, a measurement combination

ˆ
 =

⎡
⎢⎢⎣

0.0209 −0.0013 −0.0002 −0.0096

0.0171 0.0292 −0.0009 0.0132

−0.0237 0.0274 0.0019 −0.0247

0.0230 0.0052 −0.0270 0.0224

⎤
⎥⎥⎦ , (66)

nd PI parameters

p = I, Ki =

⎡
⎢⎢⎣

0.0074 0 0 0

0 0.0149 0 0

0 0 0.0073 0

0 0 0 0.0088

⎤
⎥⎥⎦ (67)

an be obtained for the same measurements given in (65). The pro-
osed control structure is denoted SOC and should give a better
ynamic performance compared to the decentralized PI controllers

n [49].

.2.2. Dynamic simulation
Dynamic simulations were performed on the non-linear model
f the Kailbel distillation column. In Figs. 7–9, changes in the con-
rolled temperatures T17, T30, T49, and T59 are simulated for step
hanges in the disturbances F, zS1 , and RV. Compared to the decen-
ralized PI controllers, there is a significant improvement in the
Fig. 10. Impurity flow (64) for a step disturbance of +10% in F.

transient response when using the proposed measurement combi-
nation SOC. Furthermore, in the resulting impurity flows shown in
Figs. 10–12, the proposed control structure seems to be on par with
the MPC.
These results are particularly interesting, as it would suggest
that by properly selecting controlled variables (measurement com-
binations) together with well-tuned PI controllers, it might be
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Fig. 11. Impurity flow (64) for a step disturbance of +20% in zS1 .
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Fig. 12. Impurity flow (64) for a step disturbance of +10% in RV .

ossible to compete with a control structure consisting of an MPC
ombined with real-time optimization.

. Conclusion

In this work, the transient behaviour when selecting the
elf-optimizing control variable has been considered. The main
bjective has been to develop an algorithm that computes the mea-
urement combination together with PI controllers and gives the
ptimal trade-off between dynamic and steady-state performance.

 penalty function can also be included that penalizes the number
f measurement used and attempts to find a subset for the desired
rade-off. The proposed algorithms can’t guarantee a globally opti-

al  solution as they converge to a local minimum. The focus of this
ork is on simultaneous control structure and controller design,

nd not on the solution of BMIs. Therefore, the use of global opti-
ization solvers for the resulting BMI  problems [50] have not been

nvestigated. However, two non-trivial examples demonstrate that
ood results are found both with respect to the (near) optimality
f the steady-state solution, and the control performance of the
esulting closed-loop system.
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