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By converting conventional spin-singlet Cooper pairs to polarized spin-triplet pairs, it is possible to sustain
long-ranged spin-polarized supercurrents flowing through strongly polarized ferromagnets. Obtaining such a
conversion via spin-orbit interactions, rather than magnetic inhomogeneities, has recently been explored in the
literature. A challenging aspect with regard to experimental detection has been that in order for Rashba spinorbit interactions, present e.g. at interfaces due to inversion symmetry breaking, to generate such long-ranged
supercurrents, an out-of-plane component of the magnetization is required. This limits the choice of materials
and can induce vortices in the superconducting region complicating the interpretation of measurements. Therefore, it would be desirable to identify a way in which Rashba spin-orbit interactions can induce long-ranged
supercurrents for purely in-plane rotations of the magnetization. Here, we show that this is possible in a lateral Josephson junction where two superconducting electrodes are placed in contact with a ferromagnetic film
via two thin, heavy normal metals. The magnitude of the supercurrent in such a setup becomes tunable by
the in-plane magnetization angle when using only a single magnetic layer. These results could provide a new
and simpler way to generate controllable spin-polarized supercurrents than previous experiments which utilized
complicated magnetically textured Josephson junctions.

I.

INTRODUCTION

When a conventional superconductor is placed in proximity to a normal state metal, the Cooper pairs will start leaking across the interface from the superconductor and into the
metal. These singlet superconducting correlations will,
pin the
D/T
metal, start decaying over a length scale of ξN =
where D is the diffusion constant of the metal and T is the
temperature [1]. If the metal is a ferromagnet, then the antiparallel electrons of the singlet Cooper pair will be injected
into two different sub-bands (majority and minority) in the
ferromagnet, making their Fermi momenta different. This
makes the pair p
decay even faster, namely on a length scale
of order ξF = D/M where M is the amplitude of the exchange field. This pair breaking effect can be avoided if the
singlet pair can be converted into a triplet pair with a non-zero
spin projection along the exchange field. With these so-called
long-ranged triplets (LRTs), the pairs will decay slower and be
comparable to correlation lengths of normal metal ξN . Physical quantities like supercurrents will be on the same order,
and it is thus of great interest to be able to manipulate and
create such LRTs. This topic is currently under intense focus
[2, 3] because of the potential to develop not only cryogenic
spintronics devices, but also radically novel theoretical and
experimental aspects of how such pairs can be generated and

tuned in a controllable manner.
It is well known theoretically and experimentally that LRT
components can be created in ferromagnets where the exchange field has an inhomogenous orientation. Such an exchange field can either be intrinsic to the ferromagnet, or can
be fashioned artificially by stacking several layers of homogoneous ferromagnets with misaligned exchange fields [4–9].
The former severely limits the selection of materials, making the latter more feasible for practical applications. On
the other hand, stacks of misaligned ferromagnets present
their own challenges, particularly in terms of exerting control over the triplet generation, as manipulating the relative
angle between ferromagnetic layers can be difficult. This is
what makes the discovery that spin-orbit coupling can act
as a source of LRTs [11] so promising. Indeed, the presence of LRTs in superconductor-ferromagnet structures with
only a single homogeneous ferromagnet has been theoretically predicted if heavy metal layers are introduced to the
system. This requires, however, that the exchange field in
the ferromagnetic layer has both an in-plane and an out-ofplane component [12]. Although such a scenario is possible
to obtain experimentally [13–15], it complicates the unambiguous identification of spin-polarized Cooper pairs due to
the additional flux injection into the superconductor from the
ferromagnet and also severely restricts the choice of materi-
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Figure 1. A lateral SFS Josephson junction with Rashba spin-orbit
coupling in the heavy metals. The exchange field lies in the plane of
the ferromagnet. A supercurrent is sent through the magnetic layer
via the superconducting electrodes and is tuned via the in-plane angle θ of the ferromagnet. Possible choices of materials for the various
layers are indicated in the figure. We emphasize that by lateral geometry, we mean a geometry where the superconducting electrodes
are attached on top of the sides of the film through which the supercurrent passes, as shown in the figure. This should be viewed in
contrast to a stacked geometry in which case the structure is built up
of successive layers placed on top of each other.

als showing a tailored out-of-plane anisotropy. Recently, further experimental corroboration for the generation of LRTs
in superconductor-ferromagnet hybrid structures due to the
presence of interfacial spin-orbit coupling has been found in
magnetoresistance measurements [16], and in spin pumping
experiments [17–19]. However, LRTs remain undetected in
Josephson junctions. In fact, Refs. [14, 15] found no clear
signature of a long ranged triplet supercurrent in a Josephson
weak link with heavy metal layers attached to a ferromagnet
with an effective canted magnetization direction, which is in
stark contrast to theoretical predictions [20].
It has been proposed [11] that lateral geometries may provide less stringent requirements to generate LRTs compared
to a stacked geometry, which has the potential to ease their
experimental detection in Josephson junctions. In particular,
it would be desirable to identify a setup where the LRTs can
be tuned with a solely in-plane variation of the magnetization,
in order to minimize the stray field effect on the superconductor itself. This would be a different result than previous works
[14, 15, 20–24] that have considered how to control the su-

percurrent via magnetization in Josephson contacts with spinorbit coupling. A long-ranged supercurrent was predicted in
Ref. [11], but without any accompanying study of its dependence on the magnetization direction in the ferromagnetic
film.
In this paper, we consider a lateral Josephson junction
where two superconducting electrodes are placed in contact
with a ferromagnetic layer through a heavy metal (see Fig. 1).
Due to the inversion symmetry breaking and the large atomic
number of such metals, Rashba spin-orbit coupling is assumed
to be present at these interfaces. As we will show, such a
setup will not only host long-ranged triplet Cooper pairs but
also give a long-ranged supercurrent only for certain in-plane
rotations of the exchange field. Thus, the supercurrent in the
ferromagnet is extremely sensitive to this in-plane rotation as
long as there is a non-zero spin-orbit coupling present in the
heavy metals. We will also show that for some parameters, the
in-plane rotation is be able to create 0 − π transitions, which
means that for a certain in-plane rotation of the exchange field,
the supercurrent is zero. Therefore, such a geometry can work
as a transistor for supercurrents by simply rotating the in-plane
magnetization. We emphasize that the main novelty and benefit of the present result and setup compared to previous works
is that the supercurrent is tuned with a single ferromagnetic
layer and the magnetization only needs to rotate in the plane
of the magnet. Experimental observation of this effect would
represent a significant advance with regard to simplifying control over long-ranged spin-polarized supercurrents, which has
proved challenging before [9].
II.

THEORY

In this paper we will use the quasiclassical theory of superconductivity [25, 26] and consider the dirty limit so that the
quasiclassical Green’s function ǧ in the ferromagnet can be
described by the Usadel diffusion equation [27]


˜ · ǧ ∇ǧ
˜
iD∇
= [ρ̂3 + M · σ̂, ǧ]− ,

(1)

where D is the diffusion constant for the ferromagnet, 
is the energy of the quasiparticles, ρ̂3 = diag(1, 1, −1, −1),
and M is the exchange field. The Pauli matrix vector is σ̂ =
diag(σ, σ ∗ ). The Green’s function ǧ is the 8 × 8 Green’s
function in Keldysh space
 R K
ĝ ĝ
ǧ =
.
0 ĝ A

(2)

Due to the triangular structure of ǧ, the Usadel equation
becomes the same for the retaraded Green’s function ĝ R .
To incorporate spin-orbit coupling into our theory, we
˜
have defined [11] ∇(·)
= ∇(·) − i[Â, (·)]− . Here, Â =
diag(A, −A∗ ), where A is a 2 × 2 matrix in spin space which
couples to the momentum k. In effect, the spin-orbit coupling
is included as an effective SU(2) gauge-like field, which is
possible if it is linear in momentum. We will include both
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Rashba and Dresselhaus effects in this paper denoted by their
respective constants α and β, both being precisely linear in
momentum. However, we emphasize that the main merit of
the present setup is that only Rashba spin-orbit coupling and
an in-plane rotation of the magnetization is required to get
a tunable long-ranged supercurrent. The Dresselhaus term
is thus simply included to make the results more general.
Rashba spin-orbit coupling can arise from the lack of inversion symmetry at the interface between two materials. We
will later consider two heavy metals where the width in the zdirection is small, and thus the Rashba Hamiltonian is of the
form
HR =


α
kx σ y − ky σ x ,
m


β
ky σ y − kx σ x .
m

(3)

(4)

A term proportional to σz can appear if the heavy metal
has a noncentrosymmetric crystal structure and additionally is
not confined along one axis, i.e. not thin. This is a different
scenario than the one considered in this work. The two Hamiltonians above can be incorporated into the Usadel equation by
using the 2x2 spin-space vector potential A. This gives us


A = βσ x − ασ y ex + ασ x − βσ y ey .

(5)

We will complement the Usadel diffusion equation with
Kupriyanov-Lukichev (KL) boundary conditions [28]
˜ = [ǧl , ǧr ]− ,
2ζLǧ ∇ǧ

(6)

where l and r denotes the left and right side of the interface,
respectively. L is the length of the respective materials and ζ
is the ratio between the barrier resistance and the bulk resistance. Here, we have also added the gauge covariant derivative
˜ to include spin-orbit coupling. The interface parameter ζ
∇
depends on microscopic parameters such as the normal-state
conductivity and its magnitude determines the magnitude of
the proximity-induced superconducting correlations. Our results do not change qualitatively when varying the strength of
ζ and we thus choose to treat it as a phenomenological parameter rather than specifying the exact value of the normal-state
conductivities and resistance of the interface regions.
To calculate the supercurrent going through the ferromagnetic bridge, we will use quasiclassical expression for the
electric current, following the notation of [29] and [12]

IQ =

N0 DAe
4

Z

∞

−∞

 
K 
˜
dTr ρ̂3 ǧ ∇ǧ
.

Z

∞

IQ = I0

(7)

 

˜ R − ĝ A ∇ĝ
˜ A ,
d tanh(β/2)Tr ρ̂3 ĝ R ∇ĝ

−∞

(8)
We can find ĝ R with the Usadel equa†
tion, and with the relation ĝ A = −ρ̂3 ĝ R ρ̂3 , we have everything we need to find the supercurrent. Later, we will compare our result with the supercurrent through a ferromagnetic
film when no interfacial spin-orbit coupling is present. In this
˜ → ∇.
case, the derivatives become normal derivatives i.e., ∇
It can easily be shown that this current is conserved in regions
that are governed by the Usadel equation, both with and without spin-orbit coupling i.e., ∇ · IQ = 0 [12]. Thus the supercurrent in ferromagnetic region in Fig. 1 will be conserved.
Our problem is inherently two-dimensional, but we will
make it effectively one-dimensional by assuming that the total width of the heavy metals and ferromagnetic film W + d is
much smaller than length scale over which the Green’s function varies. Thus, we can assume the Green’s function stays
roughly constant along the z-axis, and by averaging the condensate function along the z-axis we can apply the KL boundary condition at the superconductor/heavy-metal interfaces.
This effectively gives the differential equations a source of
singlet Cooper pairs in the two regions −G < x < −L/2 and
L/2 < x < G.
We need to solve three sets of differential equations: the
condensate functions in the two superconducting nodes and
in the ferromagnetic bridge. In order to get an exact solution we need an appropriate set of boundary conditions. At
the two vacuum interfaces, x = −G and x = G, we use the
KL boundary conditions. At x = −L/2 and x = L/2 we
require that the condensate functions are continuous and we
also use the KL boundary conditions here. Since the two condensate functions must be continuous, the right side of the KL
boundary condition in equation (6) will be zero. And thus, we
effectively get the condition
where I0 =

where k is the momentum of the quasiparticles. The Dresselhaus SOC, on the other hand, can be caused by lack of inversion center in the crystal structure. For two dimensional
structures in the xy-plane this Hamiltonian becomes

HD =

Here, A is the cross section, N0 is the density of states at
Fermi level, e is the electric charge. The superscript K denotes the Keldysh component of the 8 × 8 matrix. The system in consideration will be in equilibrium, and thus we can
use the relation ĝ K = tanh(β/2) ĝ R − ĝ A where β in this
context is the inverse temperature 1/kB T and should not be
confused with the Dresselhaus constant. The expression for
the charge supercurrent then takes the form

N0 DAe
.
4

˜ i = ǧj ∇ǧ
˜ j,
ǧi ∇ǧ

(9)

where (i, j) are two regions in contact. This also ensures
supercurrent conservation.
III.
A.

RESULTS AND DISCUSSION

Analytical results: general considerations

Before resorting to a numerical analysis, we can draw
several conclusions by making use of the weak proximity
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effect approximation. The assumption is that in any nonsuperconducting materials, the Cooper pair correlations will
be weak, and thus the retarded Green’s function only slightly
deviates from its normal-state value:

ĝ =



1 f
,
−f˜ −1

(10)

˜ changes the sign of the enwhere the tilde conjugation (·)
ergy and complex conjugates. We insert this 4 × 4 Green’s
function matrix to the Usadel equation, and by looking exclusively at the top-right 2 × 2 element, we will get an equation
that is completely independent of f˜. Thus, we only need to
solve for the four elements in f and to get f˜ we perform the
tilde-conjugation, i.e. change sign of the energy and complex
conjugate.
By applying the weak proximity approximation to the Usadel equation, we can linearize it in the anomalous Green’s
function f to obtain

∗ h 
∗ i∗
∇2 f − 2i A, ∇f + − A, A, f +

+

∗

i
2i
+
f + M · σ, f − = 0.
D
D

(11)

where we have used the notation [A, B]∗+ = AB + BA∗ .
We now proceed to show that the KL boundary condition provide an effective source of singlet pairs in our linearized Usadel equation. We will make the standard simplifying assumption that the inverse proximity effect can be neglected and the
Green’s function in the superconductor is the BCS bulk solution given as



cosh(θ)
iσ y sinh(θ)eiφ
ĝ =
,
−iσ y sinh(θ)e−iφ
− cosh(θ)

(12)

where θ = θ() = atanh(∆/). We then average over the
z-direction, which causes the KL boundary condition to act
as a source of singlet state pairs in the linear Usadel equation.
Inserting the weak proximity Green’s function for the ferromagnetic region and the BCS bulk Green’s function, we get

∗
∂f
cosh(θ)
sinh(θ) iφ y
− i Az , f + |S/F =
f−
e iσ . (13)
∂z
ζL
ζL
As we already have seen, Az = 0. Since we are assuming
that the elements of f are much smaller in magnitude than
unity, the first term on the right-hand side can be neglected.
We will now use this boundary condition by first expanding
∂2f

∂2f

the Laplace operator ∇2 f = ∂x2 + ∂z2 , integrate over the
z-direction and use the KL boundary conditions,
Z

W

−d

∂2f
∂f
∂f
sinh(θ) iφ y
dz =
|z=W −
|z=−d =
e iσ .
∂z 2
∂z
∂z
ζ(W + d)
(14)

Here, we used that the length normal to the interface is simply W +d. By now averaging over all components in the linear
Usadel equation, we get
∗

∗ i∗
∂2
2id
∂
d h 
f
−
A,
A,
f
A,
f
−
+ +
∂x2
W +d
∂x + W + d

∗
sinh(θ) iφ y 2i
i
e iσ +
+
f + M · σ, f − = 0. (15)
2
ζ(W + d)
D
D
This equation has to be solved in three regions, the two superconducting nodes i.e., L/2 < x < G and −G < x <
−L/2, and in the ferromagnetic bridge i.e., −L/2 < x <
L/2. In the ferromagnetic bridge, we have no spin-orbit coupling and we can simply set A = 0 in this region. In the
superconducting nodes, the effective magnetization M will
be smaller than in the ferromagnetic film since there is no exchange field present in the heavy metals, so the effective exW
M , assuming similar normalchange field is thus M → d+W
state conductivities of the spin-orbit coupled and ferromagnetic layers. We also allow for different macroscopic phases
for the nodes such that the phase difference is ∆φ = φR −φL .
Note that we have performed the standard approximation of
neglecting the inverse proximity effect in the superconductors
which is formally valid under the assumption that there exists
a strong mismatch between the normal-state conductivity of
the superconducting material compared to the other layers.
Before solving equations, we have to know our boundary conditions. This two-dimensional problem is solved by
making the problem effectively one-dimensional, and thus we
apply the KL boundary conditions at the vacuum interfaces
x = −G and x = G which effectively sets the current moving in the x-direction to zero at these edges. At the two interfaces between the three regions, x = −L/2 and x = L/2,
we require that the Green’s functions are continuous and the
KL boundary condition is satisfied. As mentioned, since the
Green’s functions are continuous we get equation (9). In the
weak proximity limit, this gives us
∗

d
i Ax , f (−L/2− ) +
W +d
(16)

∗
d
∂x f (L/2− ) = ∂x f (L/2+ ) −
i Ax , f (L/2+ ) + .
W +d
(17)

∂x f (−L/2+ ) = ∂x f (−L/2− ) −

For the anomalous Green’s function f , we will make use of
the so-called d-vector formalism [30] where all triplet correlations are compactly expressed through a vector d. The total
superconducting anomalous Green’s function matrix may then
be written as:


idy − dx dz + fs
f = (fs + d · σ) iσ =
.
dz − fs idy + dx
y

(18)

The d-vector representation has the advantage of clearly
separating the long-ranged and short-ranged triplet component of f [12]. The long-ranged component will be component that is perpendicular to the exchange field dLRC =
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|d × M | while the short-ranged component is parallel to the
exchange field dSRC = d·M . We can now enter our d-vector
into equation (15). The set of Pauli matrices with the addition
of the identity matrices form a basis for a general 2×2 matrix.
Therefore, by using the identity σ a σ b = δab I + iabc σ c , we
get four equations for each of the four matrices:
∂ 2 fs
sinh(θ) iφ 2i
2i
+
e +
fs + (Mx dx + My dy ) = 0,
∂x2
ζ(W + d)2
D
D
(19)
d
∂ 2 dx
+
2
∂x
W +d



d
∂ 2 dy
+
∂x2
W +d




∂dz
2
2
− 4α
− 4(α + β )dx − 8αβdy
∂x
2i
2iMx
+
dx +
fs = 0,
D
D
(20)

− 4β


∂dz
− 4(α2 + β 2 )dy − 8αβdx
∂x
2i
2iMy
+
dy +
fs = 0,
D
D
(21)



d
∂dx
∂dy
∂ 2 dz
2
2
+
4α
+ 4β
− 8(α + β )dz
∂x2
W +d
∂x
∂x
2i
+
dz = 0.
(22)
D
We can immediately draw several conclusions before attempting to solve the differential equations. First of all, the
transformation dx ↔ dy , α ↔ β, Mx ↔ My leaves the equations invariant. We will mostly look at the case where we
only have Rashba spin-orbit coupling present since this case
is experimentally more feasible, but due to this invariance, our
conclusions of the supercurrent and triplets will also be invariant to this transformation.
We continue by looking at the case β = My = 0, and
Mx 6= 0. This decouples the third equation from the rest of the
equations, and thus there is no way for the singlet state fs to be
transformed into a triplet dy state. In a spatially homogeneous
system, the long ranged triplet state dLRC = |d × M | ∝ dz
decouples as well, and hence only the short ranged triplets dx
emerge. If, on the other hand, there is an uneven distribution of the triplet correlations, this may lead to a precession
of the triplet Cooper pairs due to the Rashba spin–orbit coux
pling. In particular, ∂d
∂x 6= 0 causes a precession about the
y axis, and the generation of dz triplets. This is precisely the
case for the lateral geometry of Fig. 1; the superconducting
correlations are largest directly beneath the superconducting
electrodes, and reduces in strength as one moves along the x
axis, towards x = 0, producing the necessary gradient.
While increasing α increases the production of long ranged
triplets, a larger α also has a detrimental effect on all triplet
Cooper pairs due to the Dyakonov-Perel-like spin relaxation [11]. The manifestation of this effect is the appearance

of an imaginary term in the quasiparticle energy, which for the
long ranged triplets takes the form,

LRT =  − i

4dD 2
α .
W +d

(23)

Imaginary contributions to the energy are normally associated with pair-breaking processes, and therefore, these LRT
components will decay faster if the Rashba coefficient is large.
On the other hand, if the Rashba coefficient is zero, then there
will be no LRTs at all. We therefore expect to find a maximum
value for the triplets and supercurrent for a certain intermediate value of α. We will later show numerically that this reasoning is correct, resulting in a non-monotonic behavior of the
supercurrent as a function of α, and that an in-plane rotation
of the exchange field will drastically change the magnitude of
the supercurrent.
If we instead set β = Mx = 0, and My 6= 0, we decouple the second and fourth differential equations from the other
two, and thus dx = dz = 0. The Rashba coupling has in this
case a very small impact on the system and will only impact
singlet pairs and the short range triplets (SRTs) with no LRTs
present. Thus, in the case of Rashba coupling, an in-plane rotation of the exchange field from Mx ex to My ey will make
all LRTs vanish and only SRTs will remain.

B.

Analytical results: in-plane magnetization

We will now show explicitly that we get a long-ranged
triplet pair correlation with spin-orbit coupling which in turn
gives a long-ranged charge-supercurrent. We will only be
looking at a pure Rashba spin-orbit coupling and set β = 0.
We will also place the magnetic field in the x-direction and
thus My = 0.
We assume now that the distance L between the two superconducting electrodes is so large that the solution for the
anomalous Green’s function in the ferromagnetic bridge will
consequently be the superposition of the Green’s function in
two systems with only one effective superconducting node. In
this way, we only need to solve the anomalous Green’s function in a lateral geometry with one effective superconducting
node with spin-orbit coupling present. Thus, we start by finding the solution for an effective bilayer in which a superconductor with spin–orbit coupling is located in the region x ≤ 0,
and a ferromagnet at x ≥ 0. Far into the semi-infinite regions
the solutions will converge to zero, and we only take into account the boundary conditions at x = 0 in Eqs. (16) and (17)
with the addition of continuity of the anomalous Green’s functions. We will also assume that the Rashba coupling is weak,
α2  |M |/D, so that we can remove any second order term
in α in the differential equation. The general solution of the
differential equations then becomes
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Z

2αk
C4 ekx + C5 eKp x + C6 eKm x
fs = − 2
Kp − k 2
+

Kp2

k2
 heiφ1
2k 2 − Kp2

dx = C5 eKp x − C6 eKm x −

(24)
Kp2 − k 2
Kp2

2k 2

−

Kp2

 heiφ1

dy = 0

(25)

∞

d tanh(β/2)
IQ = 4N0 De
  0


+ −
− +
−kL
× < k C3 C̃3 − C3 C̃3 e
.

(34)
(35)

Here the tilde conjugation is as mentioned just doing the
transformation  → − and i → −i. Using the approximated
C3 in Eq. (32), the long-ranged supercurrent becomes

(26)

dz = C4 ekx −

2αKm
2αKp
C5 eKp x − 2
C6 eKm x (27)
Kp2 − k 2
Kp − k 2

p
when x < 0. Here, k =
−2i/D, Kp(m) =
−2i( + (−)Mx )/D and h = sinh(θ)/ζ(W + d)2 and in
the ferromagnetic bridge when x > 0 the solution is

p

fs = −C1 e−Km x + C2 e−Kp x
dx = C1 e

−Km x

dz = C3 e

−kx

+ C2 e

−Kp x

.

(28)
(29)
(30)

As expected, only dz has any long-ranged triplet components in the purely ferromagnetic region, and thus we are
mostly interested in finding C3 . Applying the boundary conditions at x = 0, we get to the first order in α,
3Kp4 − kKp3 + (kKm − 6k 2 )Kp2 + 2k 3 Kp + k 4

4kKp6 − 12k 3 Kp4 + 8k 5 Kp2
d
×
αheiφL ,
(31)
W +d

C3 = −

which clearly shows that we only get a long-ranged triplet
component if we have Rashba spin-orbit coupling present.
Letting |Mx |  , we get |K(m/p) |  |k| and

C3 = −

3dαheiφL
.
4(W + d)kKp2

∞


d tanh(β/2)

IQ = 8N0 De sin(∆φ)
0

3dα
4(W + d)

2




hh̃
−kL
e
,
×< −i
2 K2
kKm
p

(36)

where ∆φ = φR − φL . Therefore, this long-ranged triplet
component also gives a long-ranged supercurrent that is proportional to α2 for small α. In this expression for the supercurrent, we have used the simplified C3 solution which amounts
to the approximation that the main contribution to the integral for the supercurrent comes from the region ε  |Mx |.
Numerically, we have confirmed that the main contribution
indeed comes from the region near ε = ∆. Alternatively, and
more accurately, we could simply use the whole solution for
C3 in equation (31) which results in a much longer expression
for IQ . The point is nevertheless that we get a long-ranged supercurrent when α 6= 0. As previously argued, if we rotate the
exchange field from a pure x-direction to lie along the y-axis,
the long-ranged component will become zero. An in-plane rotation of the exchange field from M = M ex to M = M ey
with Rashba coupling should therefore result in a significant
drop in the magnitude of the supercurrent.
As mentioned above, the system is invariant under the transformation dx ↔ dy , α ↔ β, Mx ↔ My and hence we get
the same expression for the long-ranged supercurrent with β
instead of α if we set α = Mx = 0 and keep β and My nonzero. This means that pure Dresselhaus spin-orbit coupling
would also be sufficient to get a long-ranged supercurrent.

(32)
C.

We now place a second superconducting electrode at x =
L/2 and push the first electrode back to x = −L/2. We solve
the differential equations for the second node and assume that
total condensate function f is a superposition of the two solutions and that the superconducting nodes are so far apart that
the overlap between the two solutions is small. The complete
solution for the long-ranged component is thus
dz = C3− e−k(x+L/2) + C3+ ek(x−L/2) .

Z

(33)

Here, C3− is the coefficient for the left superconducting
node and C3+ for the other node. C3− is given in Eq. (31),
while C3+ is found by making the replacements k → −k,
K(p/m) → −K(p/m) , and φL → φR Entering this LRT component into the formula for the supercurrent, we get

Numerical results

The weak proximity approximation is only valid if the magnitude of the elements of f are much smaller than unity which
limits the choice of parameter values that can be explored. We
will solve the full proximity effect Usadel equation numerically in this section, which is free from this restriction.
We will solve the problem by using the Riccati parameterization with spin-orbit coupling derived in Ref. [12],


D ∇2 γ + 2 (∇γ) Ñ γ̃ (∇γ) = −2iγ − iM · (σγ − γσ ∗ )


2
+D A2 γ − γ (A∗ ) + 2 (Aγ + γA∗ ) Ñ (A∗ + γ̃Aγ)


+2iD (∇γ) Ñ (A∗ + γ̃Aγ) + (A + γA∗ γ̃) N (∇γ) .
(37)
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The corresponding equation for γ̃ can be found by tilde conjugating the equation above. Here, the Green’s functions are
given as g = N (1+γγ̃) and f = 2N γ. And N = (1−γγ̃)−1 ,
and thus we need to solve for γ and γ̃. We will still be approximating the system to be one dimensional with the KL
boundary conditions in the two nodes working as two sources
of singlet states. The KL boundary conditions are
∂
1
γ=
(1 − γγ̃S ) NS (γ − γS ) + iAz γ + iγA∗z (38)
∂z
Lζ

with a heavy metal like platinum [13]. The macroscopic phase
difference has been set to ∆φ = φR − φL = π/2, while the
temperature is T = 0.5TC , and in addition, we will now only
assume a pure Rashba coupling which we will normalize to
the length of the ferromagnetic bridge L such that αL will be
a dimensionless quantity. The spin-orbit coupling term is then
A = −ασ y ex + ασ x ey .

(40)

where ζ is the ratio between the barrier resistance and the
bulk resistance of the heavy metal, and L is the width of the
normal metal and ferromagnetic layer which is L = W + d.
γS and NS are the Riccati parameters for the BCS bulk superconductor. Since the width W of the heavy metal and the ferromagnetic film is small, we will neglect the inverse proximity
effect and use the bulk BCS Green’s functions in the superconductors. We will as in the last section use this boundary condition between the heavy metal and the superconductor as an
effective source of singlet state pairs. Since the normal vector
of the interface points in the z-direction, we get Az = 0. The
z-component of ∇2 γ will be non-zero when averaged over the
z-direction, and the effective Usadel equation becomes:
∂2
1
(1 − γγ̃S ) NS (γ − γS )
γ+
∂x2
(W + d)ζ




∂
∂
+2
γ Ñ γ̃
γ
∂x
∂x
= −2iγ − iM · (σγ − γσ ∗ )

d
2
+D
A2 γ − γ (A∗ )
W +d

+ 2 (Aγ + γA∗ ) Ñ (A∗ + γ̃Aγ)


d
∂
+ 2iD
γ ÑF (A∗ + γ̃Aγ)
W +d
∂x


∂
∗
+ (A + γA γ̃) N
γ .
∂x


D

Figure 2. The supercurrent is plotted as a function of exchange field
θ. When θ = 0 the exchange field points along the x-direction,
while θ = π/2 corresponds to the exchange field pointing in the
y-direction.

(39)

The corresponding equation for γ̃ can be found by tilde conjugation the equation above. By using the bulk BCS Green’s
function, we can easily calculate NS and γS .
We consider the system depicted in Fig. 1. The diffusive
p
limit coherence length of the superconductor is ξS = D/∆,
where ∆ is the superconducting gap energy. We will use the
lengths W/ξS = d/ξS = 0.08 and L/ξS = 1. We will
also let the length of the spin-orbit coupled region be 0.2ξS ,
which gives us G/L = 0.7. The interface transparency will
be ζ = 5, and the exchange field is placed in the xy-plane
M = M (cos(θ), sin(θ), 0). We normalize  and M to the gap
energy ∆. We choose a strong ferromagnet MF = 50∆ and
with W = d, the effective exchange field will be M = 25∆ in
the two superconducting electrodes and M = 50∆ in the middle region. The value of the exchange field is reasonable considering an ultra-thin strong ferromagnet like cobalt in contact

Figure 3. The supercurrent is plotted as a function of Rashba coupling α in the heavy metals.

The supercurrent is plotted as a function of the exchange
field angle θ and Rashba coupling in Fig. 2 and 3, respectively,
where I0 = N0 DAe. With Rashba coupling, we clearly see
an enhanced supercurrent when the exchange field points in
the x-direction (θ = 0). There also seems to be a certain
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magnitude of the Rashba constant where the supercurrent is
peaked when θ = 0, namely at αL ≈ 5. Interestingly, we also
see from Fig. 3 that we are able to create 0 − π transitions
when the strength of the Rashba coupling is αL ≤ 6. Thus,
there exists an angle close to θ = π/2 where the current is
zero as long as αL < 6. It also seems that the supercurrent
becomes independent of θ when αL → ∞. This is, as we
explained in the weak proximity limit, because the energy of
the LRTs get an imaginary part which destroy the coherence
of these components.
M

M

> 0.001

0.01

0.1

Figure 4. The long ranged triplet pair correlation Φz plotted for an
exchange field pointing in the x direction (top) and the y direction
(bottom). Only the former yields a nonzero Φz .

To more properly understand the behavior of the supercurrent in the system, we compute the triplet pair correlation,
which is defined as [31, 32]
Z ∞
βε
Φ=
dε d tanh .
(41)
2
0
The pair correlation for the long ranged triplet component,
Φz , for the exact two dimensional geometry considered is
computed using a Galerkin finite element method [33], and
is shown in Fig. 4. We note in passing that this finite element
method divides the system into elements defined by nodes.
Some of these nodes are corner nodes, but the actual solution of the partial differential equation within each element
requires functional evaluations at points which differ from the
nodal points. As a result, one does not have to deal with surface discontinuities at corners. Transparent boundary conditions have been assumed between the heavy metal layers and
the ferromagnet. It is seen that when the exchange field is
pointing in the x direction, dz triplets accumulate along the
vacuum edges of the heavy metal layers. The reason for this
is that the vacuum edges constrain the Cooper pair diffusion
x
in the x direction, giving a nonzero gradient ∂d
∂x in the density of these triplet pairs. Due to the spin–orbit coupling, such
a gradient acts as a source for dz triplets due to spin precession. The corresponding pair correlation leaks into the ferromagnet, and being long ranged with respect to the exchange
field, it permeates the entire ferromagnetic bridge, thus acting
as a mediator for the supercurrent. In contrast, no dz triplets
are found when the exchange field points in the y direction,
which is consistent with the reduction in the magnitude of the
supercurrent seen in Fig. 2. It is clear that a finite thickness d

Figure 5. The supercurrent plotted as a function of the length of the
ferromagnetic bridge L. The inset is a log-plot of the absolute value
of the current and shows how vastly different the exponential decay
is for the two in-plane directions of the exchange field are. The sharp
dips in the log graph shows where the short ranged current switches
sign.

of the heavy metal layers is essential for the generation of dz
triplets. This means that models which approximate the spin–
orbit coupling as solely an interface effect, e.g., as discussed
in Ref. [34], will fail to capture the correct θ dependence.
The key observation is that there should be a change in the
critical current of the system with an in-plane magnetization
rotation, an effect which is absent in systems with spin-singlet
supercurrents. The supercurrent is also plotted as a function
of the length of the ferromagnetic region in Fig. 5 where we
have set αξ = 5. This choice corresponds to the maximum
supercurrent in Fig. 3 when L/ξ = 1. We see that the supercurrent in the case of a pure x-directed exchange field (θ = 0)
decays much slower than in the case where the exchange field
points along the y-axis (θ = π/2). This is precisely due to the
fact that the supercurrent is now carried by long-ranged triplet
Cooper pairs. Note that the supercurrent rapidly changes sign
when θ = π/2 due to 0-π oscillations. In contrast, for θ = 0
there is no 0 − π transitions in the interval 0.5 < L/ξ < 2.
This allows for an interesting observation, namely that there
exists several possible intervals of L/ξ where a 90 degree inplane rotation of the magnetization essentially turns the supercurrent on and off.
IV.

CONCLUDING REMARKS

We have shown that a lateral Josephson junction with spinorbit coupled contacts to a ferromagnetic film that is magnetized in-plane is able to carry a long-ranged triplet supercurrent. This supercurrent is highly sensitive to the in-plane rotation of the magnetic field, and our system thus effectively
acts as a magnetic transistor for the supercurrent. The main
merit of our result is that the long-ranged triplet supercurrent is tuned with a single ferromagnetic layer without any
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requirement for an out-of-plane magnetization. We believe
this could provide a way to realize tunable triplet supercurrents via Rashba spin-orbit coupling in a considerably simpler
way than previous proposals.
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