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ABSTRACT

Liquefaction of hydrogen is a promising technology for transporting large quantities of
hydrogen across long distances. A key challenge is the high power consumption. In this
work, we discuss refrigeration strategies that give minimum entropy production/exergy
destruction in a plate-fin heat exchanger that cools the hydrogen from 47.8 K to 29.3 K. Two
reference cases are studied; one where the feed stream enters at 20 bar, and one where it
enters at 80 bar. Catalyst in the hot layers speeds up the conversion of ortho-to para-
hydrogen. Optimal control theory is used to formulate a minimization problem where the
objective function is the total entropy production, the control variable is the temperature of
the refrigerant and the constrains are the balance equations for energy, mass and mo-
mentum in the hot layers. The optimal refrigeration strategies give a reduction of the total
entropy production of 8.7% in the 20-bar case and 4.3% in the 80-bar case. The overall heat
transfer coefficient and duty is higher in the 20 bar case, which compensates for the increase
in entropy production due to a thermal mismatch that is avoided in the 80 bar case. This
leads the second law efficiency of the 20 bar case (91%) to be similar to the 80 bar case (89%).
We demonstrate that equipartition of the entropy production and equipartition of the
thermal driving force are both excellent design principles for the process unit considered,
with total entropy productions deviating only 0.2% and 0.5% from the state of minimum
entropy production. Equipartition of the thermal driving force i.e. a constant difference
between the inverse temperatures of the hot and cold layers represents a particularly simple
guideline that works remarkably well. We find that both heat transfer and the spin-isomer
reaction contribute significantly to the entropy production throughout the length of the
process unit. Unlike previous examples in the literature, the process unit considered in this
work is not characterized by a “reaction mode” at the inlet followed by a “heat transfer
mode”. Therefore, it does not follow a highway in state space, i.e. a band that is particularly
dense with energy efficient solutions. By artificially increasing the spin-isomer conversion
rate, the highway appears when the conversion rate becomes sufficiently high.
© 2019 The Authors. Published by Elsevier Ltd on behalf of Hydrogen Energy Publications
LLC. This is an open access article under the CC BY license (http://creativecommons.org/
licenses/by/4.0/).

* Corresponding author. NTNU, Department of Energy and Process Engineering, NO-7491 Trondheim, Norway.
E-mail address: oivind.wilhelmsen@ntnu.no (3. Wilhelmsen).

https://doi.org/10.1016/j.ijhydene.2019.03.229

0360-3199/© 2019 The Authors. Published by Elsevier Ltd on behalf of Hydrogen Energy Publications LLC. This is an open access article under the CC BY license

(http://creativecommons.org/licenses/by/4.0/).


http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/
mailto:oivind.wilhelmsen@ntnu.no
http://crossmark.crossref.org/dialog/?doi=10.1016/j.ijhydene.2019.03.229&domain=pdf
www.sciencedirect.com/science/journal/03603199
www.elsevier.com/locate/he
https://doi.org/10.1016/j.ijhydene.2019.03.229
https://doi.org/10.1016/j.ijhydene.2019.03.229
https://doi.org/10.1016/j.ijhydene.2019.03.229
http://creativecommons.org/licenses/by/4.0/

15046

INTERNATIONAL JOURNAL OF HYDROGEN ENERGY 44 (2019) 15045—15055

Introduction

A major challenge in a future mass deployment scenario of
hydrogen as an energy carrier is energy- and cost-efficient
transport and distribution from production sites to end users.
Preferred transport and distribution of the hydrogen has anal-
ogies with that of natural gas, where large quantities and short
distances favor pipeline transport, lower quantities and short
distances point towards compressed hydrogen, and large
quantities transported over large distances favor dense-phase
transport [1].

Several technologies for dense-phase transport of
hydrogen have been discussed in the literature. For instance,
hydrogen can be stored in metal-organic frameworks [2], ze-
olites [3], as liquid organic hydrogen carriers [4,5], ammonia
[6,7], or as liquefied hydrogen (LH,) [8,9]. The arguably most
promising candidate of these, both from a cost and energy
point-of-view is LH,, which gives superior flexibility in the
receiving end with respect to purity, pressurization, aggregate
state, distribution and usage [10]. The energy density of LH, is
almost 4.5 times higher than that of compressed hydrogen at
200 bar [1,11]. This reduces the necessary volume and weight
of transport and storage-facilities significantly.

So far, there has been no demand for large quantities of
LH,. As a consequence, the technology for liquefaction of
hydrogen is still immature and inefficient. The exergy effi-
ciency of existing liquefaction plants lies between 25% and
30% when factoring in the penalty for externally supplied
liquid nitrogen for pre-cooling [12]. In currently operating
hydrogen liquefaction plants, the specific energy requirement
is 11.9 kWh/kg LH, for the Leuna plant [8], and slightly lower
for newer plants. Several works have in recent years proposed
novel solutions for lowering the energy requirements. The
best process designs indicate that it is possible to reduce the
energy demand below 6.0 kWh/kg LH, [8,13—16]. Further work
on a more detailed level than overall process design is needed
to realize this.

In a recent work [17], it was shown how the exergy
destruction in the cryogenic heat exchangers of the hydrogen
liquefaction process can be reduced by up to 43% by
enhancing the activity of the catalyst and using a helium-
neon mixture as refrigerant. In this work, we shall further
explore the potential for improvement by optimally control-
ling the refrigerant temperature. Entropy production mini-
mization [18] will be combined with optimal control theory
[19] to study configurations with minimum entropy produc-
tion. The aim of this work is two-fold: 1) To quantify the po-
tential for improving the energy efficiency of the cryogenic
heat exchangers by enhancing the thermal match between
the cold and hot streams, 2) To obtain new insight into the
characterization of process equipment with minimum en-
tropy production.

Entropy production/generation minimization is a tech-
nique that has been exploited to gain insight into energy
efficient design and operation of a wide range of examples in
the literature such as heat exchangers [20—22], chemical re-
actors [23—26], distillation columns [27], thermal systems
[28], refrigeration cycles [29] and many other processes
[30—32]. Equipartition of the thermodynamic driving forces

and equipartition of the entropy production are principles
that are often good approximations to systems with mini-
mum entropy production. These principles can thus serve as
practical guidelines for energy efficient design and operation
[23,33]. For systems where the number of control variables
equals the number of state variables, it has been shown [34]
that minimum entropy production implies equipartition of
the entropy production, which is equivalent with equi-
partition of the forces when the matrix of resistivities is
constant. For most systems of practical relevance however,
the number of control variables is lower than the number of
state variables.

By examining thousands of numerical solutions of
different plug flow reactor formulations [35], Johannessen and
Kjelstrup found what they referred to as a “highway in state-
space” that was particularly dense with solutions character-
ized by minimum entropy production. We will show and
explain why the heat exchangers in the cryogenic part of the
hydrogen liquefaction process do not follow highways in
state-space and give new insight into the prerequisites for the
appearance of the highway.

Theory
The system

In this work, a plate-fin heat exchanger in the cryogenic part
of the hydrogen liquefaction process will be studied. Here, the
hot layers are filled with catalyst to speed up the kinetics of
the following spin-isomer reaction:

Hz,o :Hz,p, (1)

Where subscripts o and p refer to ortho and para hydrogen.
With no catalyst, the heat that is generated when liquefied
ortho-hydrogen converts to para-hydrogen in e.g. storage
tanks will lead to full evaporation, since the enthalpy differ-
ence of ortho-para conversion exceeds the latent heat of
evaporation at low temperatures.

In the plate-fin heat exchanger, cold and hot layers are
placed in a repeating unit as illustrated in Figs. 1 and 2. If
boundary effects are neglected, the behavior of the com-
plete heat exchanger can be represented by considering
only a repeating unit of hot and cold streams as shown in
Fig. 1, which sequentially make up the full plate-fin heat
exchanger that has n = 2N number of layers in total, where
N is the number of times the unit is repeated. Fins are
included to increase the available heat transfer area as well
as to induce turbulence to enhance the heat transfer. Two
configurations will be studied in this work: A reference case
where normal hydrogen is used as refrigerant and
flows counter currently with the hot streams as illustrated
in Fig. 2, and an optimization study where the temperature
of the refrigerant, Tq(z) can be controlled at every spatial
position, z. The aim of the optimization study is to identify
the temperature at the cold-side of the plate-fin heat
exchanger that gives minimum entropy production/exergy
destruction.
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Fig. 1 — Illustration of the hot and cold layers in the plate-
fin-heat exchanger and their governing variables. Fins are
used in both layers to enhance the heat transfer coefficient
and area, The hot layers are filled with catalyst and the
cold layers are open.

zZ1y

Repeating ypjg

Fig. 2 — Illustration of the repeating unit and the counter
current flows in the hot and cold layers in the plate-fin heat
exchanger.

Balance equations for the catalyst filled layers

A plug-flow reactor formulation will be used to describe the
layers of the heat exchanger. Here, the balance equations are
area averaged in the direction perpendicular to the flow di-
rection (in the x and y coordinates). The balance equations will
be formulated for only two layers, where the number of layers,
N will be used to scale up relevant quantities like local
perimeter and flow rates to represent the full plate-fin heat
exchanger. The spin-isomer conversion is taking place at the
surfaces of the catalyst. To be able to compare to previous
work [23,35] and to have a compact formulation, the conver-
sion of the reaction is used as variable

_ moles of ortho hydrogen consumed by the reaction
N moles of ortho hydrogen at inlet

(2)

The flow rate of component i (ortho or para hydrogen) can
then be obtain from:

Fy = F9 4+ Foe, 3)

where superscript 0 refers to inlet conditions and v is the
stoichiometric vector of the reaction in Eq. (1). The mole
fraction of component i is:

F:

Xi:—l. 4
F0+Pp ()

The mass balance of the hot layers can be expressed in
terms of the conversion of the reaction as

& Q
iz P r. (5)

Here, r is the rate of the reaction defined in Eq. (1), Q the
cross sectional area and z is the spatial coordinate in the
direction of the flow. The expression for the reaction rate of
the ortho-to para-hydrogen spin conversion was taken from
Ref. [17]. The layers with ortho- and para-hydrogen were
described as an ideal mixture between ortho and para-
hydrogen at local equilibrium at each position z, where the
multiparameter equation of state by Leachman et al. [11]
was used to describe the thermodynamic properties of
ortho and para hydrogen. The energy balance of a hot layer
is formulated in terms of a differential equation for the
temperature:

dT  Pla+ Qr(-AH)] -
dz — Z;‘:lFiCpﬁi

Here P is the perimeter of one layer of the heat exchanger,
Cp,; is the specific heat of component i, A,H is the enthalpy of
the reaction, H is the total enthalpy and P is the pressure. The
momentum balance equation relates the pressure drop (dP/dz)
to the fluid velocity (v). For a fully developed flow through a
packed bed, the pressure drop can be modeled by Hicks
equation [36]:

(F)rr s

(6)

dp

o= /Dy, )
Where D, is the diameter of the catalyst pellets, p is the mass
density, v is the velocity and and f is the friction factor. The
friction factor is given by

1ot
f=6. “eReSZ 8)

Here Re, =D,vp/u, where pis the viscosity of the fluid and e
is the catalyst bed void fraction. The density was found from
information about the temperature, pressure and composi-
tion by using a density solver in combination with the equa-
tion of state [37,38].

Balance equations for the cold layer and the heat flux

In the reference case, we will use standard hydrogen as
refrigerant. The cold layers are open (not filled with catalyst)
and refrigerant flows counter-currently with the fluid in the
hot layers as illustrated in Fig. 2. We used the following
equation to represent the temperature of the cold layer
(subscript a):
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dt, P,
_ 9
dz = 31 FeCpia ©)

Where we neglected the pressure drop in the open layers, as it
does not contribute significantly to the total entropy produc-
tion of the plate-fin heat exchanger, as discussed in Ref. [17].
The heat flux is calculated with reference to the perimeter of
the hot layers:

}q = U(Ta - T), (10)

where the overall heat transfer coefficient, U, was in the
reference case computed by using state-of-the-art correla-
tions for a plate-fin-heat exchanger described in detail in
previous work [17].

In the optimization procedure, T, was allowed to change,
and to be able to compare to the reference case, it was
assumed that the heat transfer properties were the same.
Therefore, a constant value, U equal to the spatial mean of the
overall heat transfer coefficient from the complete model
described in Ref. [17], U was used in the optimization:

=7 / UIT(2),P(2),n(2), Ta(2))dz. (11
0

Where L is the total length of the heat exchanger (see Fig. 1)
and the overall heat transfer coefficient of the complete model
depended on the state variables both in the hot (T,P,n) and
cold layers (T,).

The entropy production and the lost work

The lost work in the plate-fin heat exchanger is connected to
the total entropy production through the Gouy-Stodola theo-
rem [18].

ds
Wiost = W — Wideal = TO <E> . (12)
irr

Here T, is the temperature of the environment, w is the
work, Wigear is the work needed or consumed in an ideal,

reversible process and (%) is the total entropy production.
ur

Johannessen showed in his thesis [39] that maximizing the
lost work was equivalent to minimizing the total entropy
production if the inlet and outlet states of the reactor were
fixed. In this work, we shall minimize the total entropy pro-
duction as it is the true source of irreversibility in the process
unit as shown by Eq. (12). For the cases studied in this work,
the total entropy production is the integral of the local en-
tropy production:

() - [ ot @)

where the local entropy production of the unit can be
derived by use of nonequilibrium thermodynamics [40]. The
framework of nonequilibrium thermodynamics has suc-
cessfully giving insight into a variety of examples ranging
from thermoelectric generators [41] to ion-exchange mem-
branes [42] and gas-liquid interfaces [43]. The local entropy

production of the repeating unit illustrated in Fig. 1
becomes:

1 1 1dP AG,
oo (2 2) a2 oy (-29) ”

Where AG, is Gibbs free energy of the spin isomer reaction.

The optimization problem and optimal control theory

In this work, we will find the state of minimum total entropy
production:

. (dS
fn (E) irr (15)

Where the objective function depends on the state variables T,
P,¢ that are constrained by the balance equations in Egs.
(5)—(7) and the control variable T, that is allowed to vary freely.
We refer to Ref. [39] for an excellent introduction to optimal
control theory for reactor system. The procedure in optimal
control theory is to define the Hamiltonian, which for this
example becomes:

dT dp  d¢

H:U+ATE+APE+AEE

Where Ar, 2 and A; are Lagrange multiplier functions. Optimal
control theory gives the following differential equations that
define the necessary conditions for a minimum:

(16)

and an algebraic equation for the control variable:
gfa —o (20)

The Hamiltonian of this optimal control problem is auton-
omous, meaning thatithas only animplicit dependence on the
spatial coordinate, z, through the state variables, the control
variables or the Lagrange multiplier functions. For such prob-
lems, the Hamiltonian is constant along the z-coordinate. In
order to complete the optimal control problem, we have to
specify the boundary conditions for the state variables, i.e. the
inlet and outlet values of T, P and £. We shall fix the boundary
conditions for some of these variables, and use free boundary
conditions for others. When the boundary conditions for state
variables are free to vary, the corresponding Lagrange multi-
plier is zero at the same spatial position [39].

Equipartition principles

In this work, we shall evaluate two design principles that have
been used in the literature to approximate the state of mini-
mum entropy production, equipartition of forces (EoF) and
equipartition of the entropy production (EoEP). Eq. (14) shows
that there are three thermodynamic driving forces in the
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process unit considered in this work; the thermal driving
force, the pressure drop and the driving force for the spin
isomer reaction. EoF can only be realized for the thermal
driving force since T, is the only control variable. With EoF,
Ta(z) is controlled to satisfy boundary values for relevant state
variables and the following criterion:

d/ 1 1
&)~ 1)

Which defines equipartition of the thermal driving force. With
EOEP, T, (z) is controlled to satisfy boundary values for relevant
state variables and the following criterion:

dao(z)

Which defines equipartition of the entropy production for the
example considered in this work. The constant value of the
thermal driving force or the local entropy production has to be
adjusted to match boundary conditions from the reference
case. Since there is only one variable to adjust, but several
relevant state-variables at the outlet, we shall consider two
variants of EOEP and EoF.

EoEP-T and EoF-T: The constant value of the local entropy
production or the thermal driving force is adjusted to match
the outlet temperature of the reference case, T-.

EoEP-x and EoF-x: The constant value of the local entropy
production or the thermal driving force is adjusted to match
the outlet mole-fraction of para hydrogen from the reference

L

case, x;

Cases and computational details
The reference cases

In the reference cases, we consider a plate-fin heat exchanger
in the bottom part of hydrogen liquefaction process where the
exergy destruction is largest. Catalyst filled plate-fin heat ex-
changers are state-of-the-art technology due to their high
area-to-volume-ratio and capability to continuously convert
ortho-hydrogen to para-hydrogen [16].

The heat exchanger studied in this work is one of several
heat exchangers in a Claude refrigeration cycle with a pro-
duction capacity of 50 tons of liquid hydrogen per day. A sketch
of the layout of such a process is presented in Fig. 1in Ref. [16].
The purpose of the heat exchanger is to cool the reacting
hydrogen where catalyst is present from 47.8 K to a target
temperature for the reacting hydrogen of 29.3 K. The cold-side
refrigerant inlet temperature is 28.9 K. Before final expansion,
the reacting hydrogen stream is very close to the
Joule—Thomson inversion line. The refrigerant stream in this
case is gaseous hydrogen expanded through cryo-expanders.
Most of the inlet conditions to the heat exchanger can be
foundin Table 2. The geometrical specifications of the plate-fin
heat exchanger were discussed in detail in previous work [17],
and similar parameters are used here as summarized in Table
1, where the meaning of the parameters is shown in Fig. 3.

In a recent work by Donaubauer et al. [44], they discuss the
effect of elevating the operation pressure, where the display
benefits of raising the operation pressure from 25 bar to 75 bar.

Table 1 — The geometry of the plate-fin heat exchanger
for the reference cases.

Parameter Value
Length (L) 1m
Height (H) 0.8 m
Width (W) 15m

Fin height (b) 4-10~3 m
Fin thickness (t) 3.5:10* m
Fin spacing (s) 1.1-103 m
Parting sheet distance 15-103m
Number of repeating units 68

Table 2 — The common inlet conditions
(superscript 0) for the two reference cases.

Parameter Value
TO 478K
T 28.9K
P? 5.0 bar
xg 0.767
x0 0.25

Fig. 3 — The geometrical variables that define the layers of
the plate-fin heat exchanger. Their values for the reference
cases are provided in Table 1.

The benefit of raising the operation pressure has also been
discussed previously by Cardella et al. [16]. In light of recent
discussions, we study in this work two reference cases; one
where the feed stream enters at 20 bar, and one where it en-
ters at 80 bar. The only differences between these cases are
the inlet pressure of the feed stream and the flow rate of
refrigerant presented in Table 3. In the reference cases, the
overall heat transfer coefficient was determined by using the
state-of-the-art empirical correlations presented in Ref. [17].
They varied through the heat exchanger due to a change in the
state variables. The temperature and conversion of ortho-
hydrogen at the inlet/outlet, and the mean heat transfer co-
efficient from the reference cases as computed by Eq. (11) were
used as input parameters in the optimization study.

Computing states with minimum entropy production

The same strategy as in previous work [39] was used to iden-
tify the state of minimum entropy production. First, a
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Table 3 — The different inlet conditions for the two
reference cases. Note that the flow rate is here per layer.

The overall heat transfer coefficient is the spatial mean
value from a complete plate-fin heat exchanger
simulation with the model presented in Ref. [17].

Par 20-bar case 80-bar case
PO 20 bar 80 bar

Fo 14.7 mol/s 8.8 mol/s

U 347 W/m?K 219 W/m?K

numerical optimization routine was carried out on a relatively
coarse grid (30 points) with the Matlab 9.2-routine fmincon,
where the discretized balance equations and suitable bound-
ary conditions were used. The profiles that minimized the
total entropy production numerically were used to create an
initial guess for the optimal control problem. The boundary
value problem from optimal control theory was then solved by
using the collocation method, bup4c in Matlab. The combina-
tion of numerical and analytical optimization was very robust.
The agreement between the results from the numerical opti-
mization and optimal control theory strengthen the assump-
tion that a global minimum has indeed been identified.

02 04 06 08 1
z [m]

(a) The 20-bar case

Results and discussion
A comparison of the 20- and 80-bar cases

The 20- and 80-bar reference cases were solved to a relative
accuracy of 107, The resulting temperature and composition
profiles are shown in Figs. 4 and 5 (thick solid lines). The
corresponding profiles that give minimum entropy production
with the same boundary conditions have also been included
for comparison (thin dashed lines). The optimal profiles lie
below the reference through most of the heat exchanger for
the 20-bar case, while the opposite can be seen for the 80-bar
case.

Table 4 reveals that there is a potential to reduce the total
entropy production by 8.7% and 4.3% in the 20- and 80-bar
cases. The table also shows that the total entropy produc-
tion of the 80-bar reference case is about 25% lower than that
of the 20-bar reference case. This indicates that an inlet
pressure of 80-bar gives a more efficient operation of the heat
exchanger than 20 bar, as discussed in the literature [8,13—16].
However, it is misleading to only compare the total entropy
production of these cases, since also the duty of the heat ex-
changers are very different. A total of 0.366 MW of heat is

02 04 06 08 1
z [m]

(b) The 80-bar case

Fig. 4 — The temperatures in the hot (red) and cold (blue) layers of the heat exchanger for the reference case (thick solid lines)
and the case with minimum entropy production (thin dashed lines) for the 20-bar case (left) and the 80-bar case (right)

0.95

0.75
0

0.2 0.4 0.6 0.8 1
z [m]

(a) The 20-bar case

0.75 ' ' ' '
0 0.2 0.4 0.6 0.8 1
z [m]

(b) The 80-bar case

Fig. 5 — The mole fraction of para hydrogen in the hot layers (lower red) and the mole fraction of para hydrogen at
equilibrium (upper blue) for the reference case (thick solid lines) and the case with minimum entropy production (thin
dashed lines) for the 20-bar case (left) and the 80-bar case (right)
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Table 4 — Key results from the cases investigated. Boundary conditions that are the same as in the reference cases are

highlighted in bold.

Cases P, [bar] T [K] Xy (dS/dT),, [J/Ks] (dS/dT)i™ [1/Ks] Change
Ref. 20 29.30 0.947 11.70 10.67 —8.74%
EOEP-T 20 29.30 0.939 9.82 9.80 —0.18%
EOEP-x 20 28.02 0.947 10.99 10.97 —0.16%
EoF-T 20 29.30 0.942 10.09 10.07 —0.18%
EoF-x 20 28.45 0.947 10.85 10.84 —0.14%
Ref. 80 29.30 0.965 8.85 8.46 —4.33%
EOEP-T 80 29.30 0.952 7.10 7.09 -0.12%
EOEP-x 80 27.39 0.965 8.61 8.60 —0.14%
EoF-T 80 29.30 0.956 7.44 7.42 -0.32%
EoF-x 80 28.07 0.965 8.50 8.46 —0.47%

transferred between the hot and cold layers in the 20-bar case,
while only 0.230 MW is transferred in the 80-bar case. The
difference between these duties must be compensated for
when compressing the hydrogen from 20 to 80 bar.

Furthermore, the overall heat transfer coefficient is
approximately 60% higher in the 20-bar case than in the 80-bar
case as shown in Table 3, which favors a lower thermal en-
tropy production and a higher efficiency. Unfortunately, there
is a thermal mismatch in the 20-bar case at a position of z=0.6
m which is the source of most of the entropy production, as
discussed in detail in Ref. [17]. The origin of this thermal
mismatch is the large increase in the heat capacity of the
hydrogen in the hot layer due to the supercritical conditions,
as shown in Fig. 6. This increase in the heat capacity is also
visible in the temperature difference between the hot and cold
layers in the 20-bar reference case, which displays an increase
around z = 0.6 m.

If the difference in duty is also taken into account, the two
reference cases perform similarly. By following the procedure
outlined in Ref. [39], it is possible to compute the second law
efficiency for the two reference cases, n;, which gives n; = 0.91
for the 20-bar case and n; = 0.89 for the 80-bar case, i.e. a very
similar performance. In the work by Donaubauer et al. [44],

140

Fig. 6 — The heat capacity in the cold (blue) and the hot (red)
layers of the heat exchanger in the 20-bar case (solid lines)
and 80-bar case (dash-dot lines). (For interpretation of the
references to colour in this figure legend, the reader is
referred to the Web version of this article.)

they show that a higher operating pressure results in a lower
outlet temperature and a higher ortho-to-para conversion rate
for a fixed refrigerant flow rate. We observe the same behavior
in our study. However, even though a higher refrigerant
flowrate in the 80-bar case gives a higher overall heat transfer
coefficient, we find that it also gives a larger thermal
mismatch at the inlet of the heat exchanger. If the same
refrigerant flow rate is used in the 80-bar Case as in the 20-bar
Case, this nearly doubles the total entropy production due to
large thermal mismatch at the inlet.

Whether it is beneficial to carry-out the cryogenic refrig-
eration of the hydrogen at 20 or 80 bars of pressure depends
therefore on how efficiently the gas can be compressed and
whether it pays off to trade the entropy production in the
heat exchangers with the corresponding entropy production
in the compressors. A typical exergy efficiency of compres-
sors in combination with intercoolers in the hydrogen
liquefaction process is 0.7 [12]. Therefore, it is most likely not
beneficial to target a high pressure in the heat exchangers in
the hydrogen liquefaction process. A detailed evaluation of
the overall process is necessary to give further insight into
this.

The use of equipartition as design principle for the heat
exchangers of the hydrogen liquefaction process

We shall next discuss whether Equipartition of the Entropy
Production (EoEP) or Equipartition of Forces (EoF) can be used
as principles to achieve energy efficient design or operation of
the heat exchangers in the hydrogen liquefaction process. A
comparison of the local entropy production profiles in of the
reference cases (solid lines), with those that give minimum
entropy production (dashed lines) shows that the latter
appear to have less variations through the heat exchanger.
Clearly, the profiles that give minimum entropy production
are not perfectly constant, such as those with EoEP (red dash-
dot lines).

In the optimization problem considered in this work, there
was only one control variable, the temperature of the refrig-
erant, Tq(z). Of this reason, EoEP and and EoF were unable to
simultaneously match the outlet temperature, T* and mole
fraction of para hydrogen, xé. The large entropy production
associated with the ortho-para hydrogen conversion is re-
flected in a high sensitivity with respect to boundary condi-
tions, where the total entropy production from EoEP differs by
more than 10% depending on whether the outlet temperature
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Fig. 7 — The local entropy production for the repeating unit of the reference case (thick solid lines), the case with minimum
entropy production (thin dashed lines), the EoEP-cases where the outlet mole fraction of para-hydrogen (upper dash-dot
lines) or the outlet temperature (lower dash-dot lines) are the same as in the reference case, for the 20-bar case (left) and the

80-bar case (right)

(EOEP-T) or the outlet mole fraction (EoEP-x) are used as
boundary conditions. The value of the local entropy produc-
tion in EoEP with the two different boundary conditions is
shown by the dash-dot lines in Fig. 7, where there is a clear
distinction between the upper and lower lines. The same is
true for EoF, where only the thermal force can be controlled
directly. This prevents a direct comparison of the total entropy
production from the reference cases and the EoEP and EoF
solutions, since the outlet state of the hot layer becomes
significantly different from the reference cases as shown in
the third and fourth columns of Table 4.

A more coherent way to compare the performance of the
reference cases and the EoEP and EoF solutions is to
compare the relative improvement with respect to a state of
minimum entropy production where the same boundary
conditions are imposed. The sixth column of Table 4 pre-
sents the total entropy production for an optimally
controlled heat exchanger that has the exact same outlet
temperature and composition as the respective cases, as
stated by columns three and four. Column seven shows the
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relative improvement in percentage that is possible by
optimally controlling the refrigerant temperature. The table
reveals that the total entropy productions from EoEP and
EoF deviate only 0.2% and 0.5% from the state of minimum
entropy production. Of these two, EoF gives outlet states
that are most similar to the reference cases. The present
analysis indicates that for all practical purposes, a constant
thermal driving force (1/T-1/T,) represents a simple
guideline that should be targeted in the design and opera-
tion of heat exchangers in the cryogenic part of the
hydrogen liquefaction process. This guideline could be used
in practice both when determining the geometrical specifi-
cations of the heat exchanger, as well as in determining
process design parameters such as pressure-levels and
distribution of the heat exchangers.

Disappearance of the highway in state-space

Johannessen and Kjelstrup presented in 2005 what they
referred to as a “highway in state-space” that was particularly

30
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(b) reaction rate 16 times higher

Fig. 8 — Solutions with minimum entropy production with input parameters from the reference case and different inlet
temperatures (left) and the same cases with the reaction rate multiplied by 16 (right). The blue dash-dot lines correspond to
the equilibrium conversion at a given temperature. (For interpretation of the references to colour in this figure legend, the

reader is referred to the Web version of this article.)
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dense with solutions characterized by minimum entropy
production [35]. The highway emerged as a narrow band when
the interior temperature of the reactor was plotted as a
function of the degree of reaction, even with widely different
boundary conditions. The reactors were characterized by a
“reaction mode” off the highway, where chemical reactions
dominated the entropy production, and a “heat transfer
mode” along the highway, where the thermal entropy pro-
duction dominated.

Fig. 8 shows the temperature of the hotlayers as a function
of the degree of reaction for several inlet temperatures for the
process unit considered in this work, where all profiles give
minimum entropy production with their respective boundary
conditions. In difference to previous reactors studied in the
literature, the process unit considered on this work does not
follow the dense band referred to as the highway in state space.

The reason for this is that the spin-isomer conversion of
ortho to para hydrogen is too slow to give a “reaction mode” at
the inlet of the process unit, and the spin-isomer reaction
contributes therefore significantly to the total entropy pro-
duction throughout the whole process unit. By artificially
increasing the reaction rate, the highway in state-space (green
dashed line) appears when the reaction rate becomes suffi-
ciently high as shown in Fig. 8b. Here, the reaction rate has
been artificially increased by 16 times. The temperature
through the process unit is much closer to the equilibrium
temperature (blue dash-dot line) in Fig. 8b than in Fig. 8a.
These results indicate that a prerequisite for a process unit to
have a highway in state-space, is that it exhibits a reaction
mode at the inlet followed by a heat transfer mode, where the
heat transfer mode is a results of the mixture being suffi-
ciently close to chemical equilibrium through most of the
length of the process unit.

Conclusion

In this work, we have studied a plate-fin heat exchangerin the
cryogenic part of the hydrogen liquefaction process that cools
the hydrogen from 47.8 K to 29.3 K. The heat exchanger is also
a reactor, since catalyst is placed in the hot layers to speed up
the highly exothermic conversion of ortho-to para-hydrogen.

By combining entropy generation minimization with
optimal control theory, we studied heat exchanger configu-
rations with minimum entropy production/exergy destruc-
tion. The objective function was the total entropy production,
the control variable was the temperature of the refrigerant in
the cold layers and the constrains were the balance equations
for energy, mass and momentum in the hot layers.

Two reference cases were studied; one where the feed
stream entered at 20 bar, and one where it entered at 80 bar.
The main argument for a higher operation pressure is that a
thermal mismatch between the hot and cold layers at 20 bar
can be avoided. This mismatch stems from a peak in the heat
capacity of the fluid in the hot layers.

By using the same overall heat transfer coefficient as in the
reference cases, we found that the optimal refrigeration
strategies gave a reduction of the total entropy production by
8.7% in the 20-bar case and 4.3% in the 80-bar case. The overall

heat transfer coefficient and duty was higher in the 20 bar
case, which compensated for the increase in entropy pro-
duction from the thermal mismatch. The second law effi-
ciency of the 20 bar Case (91%) was therefore similar to the
80 bar Case (89%). Hence, it is likely better to choose an
operation pressure of 20 bar, since the efficiency of the heat
exchangers is similar, but the exergy destruction associated
with the additional compression is avoided.

The refrigerant temperature was further adjusted to obtain
Equipartition of the Entropy Production (EoEP) or Equipartition
of the thermal driving Force (EoF) to approximate the state of
minimum entropy production. Since there was only one con-
trol variable, but two relevant outlet boundary conditions, we
found that EoEP and EoF were unable to match the outlet
boundary conditions of the reference cases, which prevented a
direct comparison. However, by considering the state of min-
imum entropy production constrained by the exact same
boundary conditions as those from EoEP or EoF, we found that
they yielded total entropy productions that deviated less than
0.2% and 0.5% from the minimum. Equipartition of the thermal
driving force i.e. the difference between the inverse tempera-
tures of the hot and cold layers s a particularly straightforward
guideline that is recommended for this process unit.

Recent literature has shown that the interior temperature
of plug flow reactor formulations with minimum entropy
production follow a narrow band when plotted as a function of
the degree of reaction, even with widely different boundary
conditions. This band has been referred to as the “highway”.
We found that the process unit considered in this work did not
give a highway in state-space. The reason was that both heat
transfer and reaction contributed significantly to the total
entropy production throughout its length. In difference to
previous examples in the literature, the process unit could not
be characterized by a “reaction mode” (off the highway) at the
inlet followed by a “heat transfer mode” (at the highway). We
found that the highway appeared after the reaction rate had
been artificially increased to a sufficient degree, such that the
hot layers were significantly closer to chemical equilibrium
through the process unit. This indicates that a prerequisite for
a process unit to have a highway is that it has a reaction mode
at the inlet followed by a heat transfer mode.
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