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The virtual constraint (VC) approach is first refined under incomplete state measurements and it is then
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1. Introduction

Professor Alexander Fradkov has contributed with the rich legacy Fomin, Fradkov & Yakubovich
(1981); Fradkov et al. (1999) in the adaptive control area. Model reference adaptive control (MRAC)
design is well-recognized in the modern automatic control engineering for reproducing desired
dynamics in spite of the deficit of the knowledge of the plant parameters. Being extended by Orlov
et al. (2005) to model orbit robust stabilization (MORS) of Pendubot, the utility of the MRAC
approach was additionally demonstrated for the periodic motion generation under uncertain plant
parameters. In the present paper, the MORS design is generalized for underactuated mechanical
systems, driven by electrical motors with their own dynamics. The proposed generalization invokes
the virtual constraint (VC) approach Shiriaev et al. (2005) for designing a feasible orbit model
to subsequently include it into the nonlinear H∞ output feedback synthesis of underactuated
mechanical systems, augmented with actuator dynamics.

The VC approach is a powerful tool of the periodic motion generation in underactuated me-
chanical systems such as pendulum and biped robots. Its practical utility is well-established for a
particular case of underactuation degree one (see, e.g., the references Chevallereau et al. (2013);
Freidovich et al. (2008); Shiriaev et al. (2008); Westervelt et al. (2007) to name a few). Potential ge-
neralizations to multi degrees of underactuation are of higher complexity and are presently confined
to specific applications, mainly of underactuation degree two Shiriaev et al. (2010). The periodic
motion generation under incomplete and imperfect state measurements is another challenge in the
use of the VC approach that has not yet been addressed in the literature.

The applicability of the VC approach, typically relying on the state feedback transformation, is
constructively extended to the periodic motion generation in underactuated mechanical systems
with actuator dynamics when only incomplete noise-corrupted state measurements are available.
For transparency, the output feedback exposition is confined to mechanical systems of the un-
deractuation degree one, however, extension to higher underactuation degrees is indeed possible
whenever the VC proves to be applicable to the state feedback design where the actuator dynamics
are ignored.

Within the standard state feedback framework, the VC approach is first utilized to design a
reference model, possessing an asymptotically stable limit cycle. Once such a reference model is
constructed, it is involved into the nonlinear H∞ output feedback model tracking, inspired from
Brogliato et al. (2007); Isidori & Astolfi (1992); Orlov & Aguilar (2014); Ortega et al. (2013), to
yield the robust generation of the periodic motion in the underlying system with imperfect partial
state measurements. The resulting synthesis procedure is thus applicable under noise-corrupted
partial state measurements, thereby refining the VC approach.

The developed procedure is additionally extended to underactuated mechanical systems, driven
by electrical motors with their own linear dynamics of the first order. The over-all plant-actuator
dynamics are thus no longer in the Lagrangian form. Although controlling mechanical manipulators
with actuator dynamics has been addressed in the literature, e.g., in Chen et al. (1998); Moon et al.
(1997); Wang et al. (2009), however, it has been confined to fully actuated mechanical systems with
complete information on the state vector. The present development deals with mechanical systems
of the underactuation degree one, whose synthesis involves actuator dynamics and incomplete and
imperfect measurements, and therefore it becomes of higher complexity due to the absence of the
information on the actuator state and due to the need of the construction of additional transversal
coordinates, corresponding to the actuator dynamics.

Thus, the paper contributes to the existing literature by presenting the robust procedure of
the periodic motion generation which is viable for a broad class of electromechanical systems
of the underactuation degree one with actuator dynamics and with partial state measurements.
Capabilities of the proposed periodic motion generation and its robustness features are supported
in the numerical study of a cart-pendulum benchmark model, driven by an electrical motor.

The rest of the paper is outlined as follows. In Section 2, a generic electromechanical system
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of interest is introduced and the robust synthesis procedure is developed for the periodic motion
generation in the underlying system. The attractive features of the proposed synthesis are then
illustrated in Section 3, where the developed procedure is applied to a benchmark emulator of un-
deractuation degree one, driven by an electrical motor. Finally, Section 4 collects some conclusions.

2. Objective and Control Strategy

The primary concern of the present investigation is to achieve a periodic motion stabilization
of a mechanical system of underactuation degree one, driven by electrical motors with their own
dynamics and operated under uncertainty conditions such as external disturbances and imperfect
partial state measurements. A mathematical model for such a system is given by

M(q)q̈ + C(q, q̇)q̇ +G(q) = Bτ + wq. (1)

whereas the actuator dynamics τ are governed by

τ̇ = −Aττ +Bτν + wτ . (2)

In the above relations, the vectors q ∈ Rn and q̇ ∈ Rn are generalized positions and velocities,
respectively, τ ∈ Rn−1 is the vector of actuated torques, which are driven by the corresponding
voltage components of the input vector ν ∈ Rn−1. From the physical point of view, M ∈ Rn×n is an
inertia matrix, which is positive definite and continuously differentiable, C(q, q̇)q̇ ∈ Rn stands for
centrifugal and Coriolis forces, G(q) is for the gravity forces; in the classical analytical mechanics,
M,C,G are represented by smooth functions. The constant matrix B ∈ Rn×(n−1) of rank n − 1
is composed of 0 and 1 to specify the underactuated variables and actuated ones, Aτ , Bτ are
nonsingular diagonal matrices of the appropriate dimensions, which determine the linear behavior
of the actuator dynamics. The n-vector function wq(·) ∈ Rn and (n − 1)-vector function wτ are
deliberately involved into modeling to account for external plant disturbances and, respectively, for
actuator disturbances as well as for model inadequacies. Throughout, these functions are assumed
to be square integrable on any finite time interval and their influence on the closed-loop behavior
should locally be attenuated. The corresponding disturbance attenuation problem is properly stated
and solved in Section 2.2 based on the well-known nonlinear H∞ approach.

Research interest to the orbital stabilization of mechanical systems is inspired from applications
where the natural operation mode is periodic. The control objective for the orbital stabilization
(e.g., periodic trajectory planning for industrial robot manipulators Chevallereau et al. (2013))
is typically to generate a closed-loop system that possesses its own limit cycle in the absence of
external disturbances and measurement errors, while also attenuating their effect, otherwise. In the
sequel, the VC approach serves as an instrumental tool which allows one to design an appropriate
reference model with an asymptotically stable limit cycle. The desired orbitally stabilizing synthesis
is then composed of the nonlinear H∞ output feedback controller that tracks the reference model
thus constructed. The resulting synthesis procedure constitutes a new orbital stabilization paradigm
under noise-corrupted partial state measurements and it is specified below for mechanical systems
of underactuation degree one, augmented with actuator dynamics.

2.1 Reference model design

At the first step, the VC approach of Shiriaev et al. (2005) is extended to a disturbance-free copy

M(q?)q̈? + C(q?, q̇?)q̇? +G(q?) = Bτ? (3)

τ̇? = −Aττ? +Bτν
? (4)
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of the generic plant-actuator system (1), (2) to design a reference input

ν? = F (q?, q̇?, τ?) (5)

such that the closed-loop system (3), (4), (5) possesses an asymptotically stable limit cycle. For
this purpose, a virtual geometric (i.e., holonomic) constraint

q?1 = r1(φ), . . . , q?n = rn(φ), (6)

where ri(φ), i = 1, . . . , n are smooth functions of a parameter φ, is found in accordance with
Shiriaev et al. (2005) to achieve an alternative representation of the motion. Frequently, one of the
coordinates, say q?n for certainty, is a good choice of the parameter φ with rn(φ) = φ. The reference
input design strategy is thus to ensure that manifold (6) is attractive for the closed-loop system
(3)-(5).

The quantities

φ, ζ1 = q?1 − r1(φ), . . . , ζn = q?n − rn(φ). (7)

yield excessive coordinates, one of which, e.g., ζn can be viewed as a function of others. Thus, the
variables

ζ = (ζ1, · · · , ζn−1)T ∈ Rn−1 and φ ∈ R (8)

determine new independent coordinates where the vector ζ is transversal to the virtual manifold
(6). In terms of these coordinates, the plant dynamics can be represented in the form Shiriaev et
al. (2005)

ζ̈ = R(ζ, ζ̇, φ, φ̇) +N(ζ, φ)τ?, (9)

α(φ)φ̈+ β(φ)φ̇2 + γ(φ) = µ(ζ, ζ̇, φ, φ̇, φ̈, τ?) (10)

where R,N,α, β, γ, µ are smooth vector functions of appropriate dimensions.
It is worth noticing that the function µ in (10) is linear in τ? and it is nullified for ζ = ζ̇ = 0,

i.e.,

µ(ζ, ζ̇, φ, φ̇, τ?) = µ1(ζ, ζ̇, φ, φ̇, φ̈)ζ + µ2(ζ, ζ̇, φ, φ̇, φ̈)ζ̇ + µ3(ζ, ζ̇, φ, φ̇, φ̈)τ? (11)

with appropriate functions µ1, µ2, µ3 such that µ3(0, 0, φ, φ̇, φ̈) = 0. Thus, (10) degenerates to

α(φ)φ̈+ β(φ)φ̇2 + γ(φ) = 0 (12)

along the virtual manifold (6) and the closed-loop zero dynamics are governed by the scalar homo-
geneous equation (12), which possesses a T -periodic solution φΓ(t) due to a specific choice of the
virtual constraint (6) and which comes with

α(φΓ(t)) 6= 0 for all t. (13)

In turn, dynamics (9) pre-determine the reference torque values τ?(t)|ζ=ζ̇=0 = τΓ(t) along the

virtual constraint (6) such that the relation

R(0, 0, φΓ, φ̇Γ) +N(0, φΓ)τΓ = 0 (14)
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holds true. Provided that N(0, φΓ, φ̇Γ) is invertible, it follows that

τΓ(t) = −N−1(0, φΓ(t))R(0, 0, φΓ(t), φ̇Γ(t)) (15)

is a T -periodic function along with φΓ(t).
Once the reference dynamics (3) are rewritten in the new coordinates (8), their partial feedback

linearization

ζ̈ = ω (16)

is achieved with the reference state transformation

ω = R(ζ, ζ̇, φ, φ̇) +N(ζ, φ)τ?, (17)

determined by the right-hand side of (9) and therefore nullified ω(t)|ζ=ζ̇=0 = ωΓ(t) = 0 on the

virtual manifold (6). As a matter of fact, relation (17) introduces additional transversal coordinates,
corresponding to actuator (nonmechanical) dynamics. Provided that the matrix N(ζ, φ) in (9) is
invertible, the above transformation is invertible as well and

τ?(ζ, ζ̇, φ, φ̇, ω) = N−1(ζ, φ)[ω −R(ζ, ζ̇, φ, φ̇)]. (18)

To complete the partial transversal linearization (16) the integral function

I(φ, φ̇, φ0, φ1) = φ̇2 −Ψ(φ, φ0)

[
φ2

1 −
∫ φ

φ0

Ψ(φ0, s)
2γ(s)

α(s)
ds

]
, (19)

specified with

Ψ(φ, φ0) = exp

{
−
∫ φ

φ0

2β(s)

α(s)
ds

}
, (20)

is additionally involved to quantify a measure of the distance of the state trajectory from the orbit

φΓ(t), ζΓ
1 (t) = 0, . . . , ζΓ

n−1(t) = 0, ωΓ(t) = 0 (21)

generated by the periodic solution φΓ(t) of (12). It is well-known Shiriaev et al. (2006) that
the function I(φ(t), φ̇(t), φ0, φ1), thus specified, preserves the zero value along the solutions of
equation (12), initialized with φ(0) = φ0, φ̇(0) = φ1. Moreover, viewed along solutions of (10),
I(φ(t), φ̇(t), φ0, φ̇0) is governed by

d

dt
I =

2φ̇

α(φ)

[
µ̃(ζ, ζ̇, φ, φ̇, ω)− β(φ)I

]
(22)

where

µ̃(ζ, ζ̇, φ, φ̇, ω) = µ(ζ, ζ̇, φ, φ̇, τ?(ζ, ζ̇, φ, φ̇, ω)), (23)

and µ and τ? are given by (11) and (18), respectively.
Along with ζ and ζ̇, the above variable I(φ(t), φ̇(t), φ0, φ1) composes the coordinate basis, which is

transversal to the virtual constraint (6). In order to arrive at the transversal dynamics linearization

5



7 de octubre de 2018 International Journal of Control ”Authored IJC28022018”

it remains to complete the partially feedback linearized dynamics (16) of the reference model (3)
with the linearization

δİ =
2φ̇Γ

α(φΓ)

[
µΓ

1 (t)δζ + µΓ
2 (t)δζ̇ + µΓ

3 (t)δω − β(φΓ)δI
]

(24)

of (22) around orbit (21) where the transversal variations δζ, δζ̇, δω are subject to δζ̈ = δω.
Hereinafter, the notation

µΓ
i (t) = µi(0, 0, φ

Γ, φ̇Γ), i = 1, 2, 3 (25)

stand for the T -periodic functions (11), evaluated along the chosen orbit (21).
Up to now, nothing else than the standard VC approach of Shiriaev et al. (2005) was applied to

derive the transversal linearization (16), (24) of the reference dynamics (3). A nontrivial extension
of the VC approach is subsequently required to linearize the reference input dynamics (4) in the
transversal coordinates. Such an extension is developed next.

Differentiating the transformed state (17) and taking into account the reference input equation
(4) yield

ω̇ = Ṙ+ (Ṅ −NAτ )τ? +NBτν
? (26)

where for ease of reference, Ṅ stands for dN(ζ(t), φ(t))/dt and Ṙ for dR(ζ(t), ζ̇(t), φ(t), φ̇(t))/dt.
To linearize (26) it suffices to substitute the input transformation

V = Ṙ+ (Ṅ −NAτ )τ? +NBτν
? (27)

into the right-hand side of (26). The equation

ω̇ = V (28)

thus obtained is coupled to (16), (24), to derive the augmented transversal linearization

δη̇ = Aη(t)δη +BηδV, (29)

specified with

δη =
[
δI δζ δζ̇ δω

]T
(30)

Aη(t) =


− 2φ̇Γ

α(φΓ)β(φΓ) 2φ̇Γ

α(φΓ)µ
Γ
1

2φ̇Γ

α(φΓ)µ
Γ
2

2φ̇Γ

α(φΓ)µ
Γ
3

0 0 I 0
0 0 0 I
0 0 0 0

 (31)

Bη =
[

0 0 0 I
]T

(32)

of the over-all reference model (3), (4). Hereinafter, I stands for the identity matrix of an appro-
priate dimension.

To complete the reference model design it remains to determine a virtual input V , exponentially
stabilizing the linearized system (29) around the pre-specified orbit (21). Provided that the linear
periodic system (29) is completely controllable over the period T , this can be done (see, e.g., Rugh
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(1996); Yakubovich (1986)), for instance, by minimizing the performance index

J(δη, δV ) =
1

2

∫ ∞
0

[δηTD δη + δV T δV ]dt (33)

along the trajectories of (29) with some positive definite matrix D. The resulting linear quadratic
regulator (LQR)

δV = −BT
η δP (t)δη (34)

is then obtained (see, e.g., Anderson & Moore (1989), Colaneri (2000)) with a positive definite
T -periodic solution δP (t) of the corresponding periodic differential Riccati equation

−δṖ = δP (t)Aη(t) +ATη δP (t) +DTD − δP (t)BηB
T
η δP (t). (35)

Based on the time-varying feedback (35), exponentially stabilizing the transversal linearization
of the reference model, the following time-invariant input

ν? = −(NBτ )−1[BηδP (t(q?, q̇?, τ?))η + Ṙ+ (Ṅ −NAτ )τ?] (36)

is extracted from (27) with η = (I, ζ, ζ̇, ω)T and with V = −BT
η δP (t(q?, q̇?, τ?))η, which is inherited

from (34) with the projection operator t(q?, q̇?, τ?), substituted for t. The projection operator
t(q?, q̇?, τ?) is constructed as in Shiriaev et al. (2010); Pchelkin et al. (2017) and it is such that
at an arbitrary time instant t, the generalized coordinates q?(t), q̇?(t), τ?(t) belong to the Poincare
section, moving along the desired orbit (21). As a matter of fact, all the variables in the right-hand
side of (36) should be expressed in the original coordinates q?, q̇?, τ? by means of relations (7),
(17), (19).

Under certain conditions, the autonomous feedback (36) steers the reference model dynamics (3),
(4) to the chosen orbit (21). The following result is thus obtained.

Proposition 1: Consider the reference model (3), (4) with the assumptions above. Suppose that

1. there is a virtual constraint (6) such that the corresponding zero reference dynamics equation
(12) satisfies (13) and possesses a nontrivial T -periodic solution φΓ;

2. the matrix N(ζ, φ) in (9) is locally nonsingular around orbit (21), generated by the periodic
solution φΓ of (12);

3. the linear periodic system (29) is completely controllable over the period T .

Then the closed-loop system (3), (4), fed by the reference input (36), which is expressed in the
original coordinates q?, q̇?, τ? by means of relations (7), (17), (19), is orbitally exponentially stable
around the pre-specified orbit (21).

Proof follows the line of reasoning used in that of (Shiriaev et al., 2010, Theorem 3). By cons-
truction, made under the conditions of the proposition, the linear periodic system (29), driven by
(34), represents the transversal linearization of the closed-loop system (3), (4), (36) around the
pre-specified orbit (21). Since this linearization (29), (34) is exponentially stable due to the LQR
design the Andronov-Vitt theorem Andronov & Vitt (1933) (see also Leonov (2006); Pchelkin et
al. (2017)) becomes applicable to the closed loop system in question, the monodromy matrix of
which possesses all eigenvalues within the unit circle but the one of the unit value. The exponen-
tial orbital stability of the closed-loop system is then established by applying the Andronov-Vitt
theorem. Proposition 1 is thus proved.

Later on, numerical evidences, supporting Proposition 1, will be presented for a cart-pendulum
testbed.
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2.2 Nonlinear H∞ output feedback generation of periodic motion

At the second step, the constructed system (3), (4), (36) is viewed as a reference model to be
tracked. Since by construction, the trajectories of the reference model (3), (4), (36) are bounded
and exponentially converging to a periodic solution along the designed reference orbit, the robust
periodic motion generation of the plant dynamics (1), (2) can then be achieved by means of the
nonlinear output feedback synthesis from Orlov & Aguilar (2014), applied to the error dynamics
written in terms of the state-input error

eT = [eTp , ė
T
p , e

T
a ] = [(q − q?)T , (q̇ − q̇?)T , (τ − τ?)T ] and u = (ν − ν?)T (37)

with respect to that of the reference model. Clearly, these dynamics are governed by

ė = f(e, t) + g1(e, t)w + g2u (38)

where

f(e, t) =

 ėp
M−1(ep + q?)[−C(ep + q?, ėp + q̇?)(ėp + q̇?)−G(ep + q?)]

−Aτea

+

 0
M−1(ep + q?)[M(q?)q̈? + C(q?, q̇?)q̇? +G(q?)]− q̈? +M−1(ep + q?)Bea

0



g1(e, t) =

 0n×n 0n×k 0n×l
M−1(ep + q?) 0n×k 0n×l

0k×n Ik×k 0k×l



g2 =

 0n×k
0n×k
Bτ



w = (wTq , w
T
τ , w

T
y )T . (39)

Along with the plant disturbances wq ∈ Rn and actuator disturbances wτ ∈ Rn−1, the augmented
disturbance vector w ∈ R2n+l−1 has additionally been composed of the measurement noise wy ∈ Rl
to be introduced into state measurements, available for the output feedback.

It is straightforward to verify that f(0, t) = 0 for all t what allows one to formally apply the
nonlinear H∞ synthesis to the error system (38), whose disturbance-free dynamics possess an
equilibrium in the origin.

In the sequel, the error output z ∈ Rs to be controlled as well as the measurement vector y ∈ Rp,
available for feedback, are given in the generic forms

z(t) = h1(e(t), t) + k12(e(t), t)u (40)
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and

y(t) = h2(e(t), t) + k21(e(t), t)w (41)

with some matrix/vector functions h1, h2, k12, k21 of appropriate dimensions subject to the well-
known simplifying assumptions

hT1 (e, t)k12(e, t) ≡ 0, kT12(e, t)k12(e, t) ≡ I (42)

k21(e, t)gT1 (e, t) ≡ 0, k21(e, t)kT21(e, t) ≡ I, (43)

typically used in the nonlinear H∞ output feedback design Isidori & Astolfi (1992).
The problem of the nonlinear H∞ output feedback design to be solved at the second step is in

finding an output feedback controller K(y) (if any), asymptotically stabilizing the disturbance-free
(w ≡ 0) error dynamics (37), (38) such that the L2-gain of the disturbed system (37)-(41) is less
than a certain γ > 0, that is the inequality∫ T

t0

‖z(t)‖2dt ≤ γ2

∫ T

t0

‖w(t)‖2dt (44)

holds for all T > t0 and all piecewise-continuous disturbances w(t) for which the state trajectory of
the closed-loop system, starting from the initial point e(t0) = 0 remains in some neighborhood U of
the origin for all t ∈ [t0, T ]. Since by the feasibility of the reference model, the error dynamics (38)
are locally controllable around the origin, such a problem is guaranteed Isidori & Astolfi (1992) to
possess a solution provided that the error system (38) is locally observable over the measurement
output (41).

The stabilizing output feedback law

u = −gT2 Pεξ, (45)

solving the problem in question, is inherited from Orlov & Aguilar (2014) and it is fed by the state
estimator

ξ̇ = f(ξ, t) + [
1

γ2
g1(ξ, t)gT1 (ξ, t)− g2(ξ, t)gT2 (ξ, t)]Pε(t)ξ + Zε(t)C

T
2 (t)[y − h2(ξ, t)], (46)

constructed over the measured output (41), where the nonlinear functions f, g1, g2 are associated
with the error plant representation (37)-(63), and Pε and Zε are positive definite periodic solutions
of the differential Riccati equations

−Ṗε = Pε(t)A(t) +AT (t)Pε(t) + CT1 (t)C1(t)

+Pε(t)[
1

γ2
B1B

T
1 −B2B

T
2 ](t)Pε(t) + εI, (47)

Żε = Ã(t)Zε(t) + ZÃT (t) +B1(t)BT
1 (t)

+Zε(t)[
1

γ2
Pε(t)B2(t)BT

2 (t)Pε(t)− CT2 (t)C2(t)]Zε(t) + εI (48)

specified with

A(t) =
∂f

∂e
(0, t), B1(t) = g1(0, t), B2 = g2, Ã(t) = A(t) + γ−2B1(t)BT

1 (t)Pε(t), (49)
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and some positive ε.
The proposed synthesis is summarized as follows.

Proposition 2: Consider the error dynamics (38), governing the deviation vector (37) of the plant
state (1), (2) from that of the reference model (3), (4), (36). Suppose that there exist positive definite
T -periodic solutions of the differential Riccati equations1 (47), (48) and let the error dynamics (38)
be driven by the dynamic output feedback (45), (46). Then the disturbance-free closed-loop system
(38), (45), (46) is asymptotically stable and its disturbed version locally possesses the L2-gain less
than γ > 0.

Proof. Since the plant and actuator dynamics are governed by smooth ordinary differential equa-
tions, the above proposition is nothing else than the assertion of (Orlov & Aguilar, 2014, Theorem
25, p. 94), specified to a particular case of the generic system, given in the form of the error system
(37)-(49).

In what follows, capabilities of the proposed synthesis procedure and its robustness features are
illustrated in a case study of the underactuation degree one. To facilitate the exposition, this study
is confined to a practical situation where only noise-corrupted position measurements of the plant
are available for the feedback design while the plant velocities and the actuated torques remain
unavailable. Potential extensions to mechanical systems of higher underactuation degrees prove to
be possible whenever the VC approach remains feasible. Being of practical interest, such extensions
are however beyond the present investigation.

3. Case Study: Model Reference Orbital Stabilization of Voltage-driven
Cart-pendulum Model

A cart-pendulum model of interest is depicted in Fig. 1 and it is governed by (1), (2), specified
with

n = 2, k = 1, q = (q1, q2)T , q̇ = (q̇1, q̇2)T , Aτ = a, Bτ = b,

M(q) =

[
2 cos q2

cos q2 1

]
, C(q, q̇) =

[
0 −q̇2 sin q2

0 0

]
,

G(q) =

[
0

−g sin q2

]
, B =

[
1
0

]
(50)

where q1 is the horizontal displacement of the cart, q2 is the angle between the vertical and the rod of
the pendulum, which is zero in the upper position, τ is the torque force, generated by the electrical
motor and acting in the horizontal direction, ν is the voltage applied to the electrical motor and g
is the gravitation constant. In contrast to Shiriaev et al. (2005), the above cart-pendulum model
is driven by the voltage ν, rather than directly by the torque force τ .

1The existence of such solutions is well-known Orlov & Aguilar (2014) to ensure the local controllability and observability of

the error system in question.
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Figure 1.: Cart-pendulum model

In the numerical verification of the proposed synthesis procedure, subsequently made for the
above car-pendulum testbed, the output (40) is specified with

h1(e, t) = C1e, C1 =


0 0 0 0 0
10 0 0 0 0
0 0.001 0 0 0
0 0 0.001 0 0
0 0 0 0.001 0
0 0 0 0 0.15

 ,
k12(e, t) = [1 0 0 0 0 0]T (51)

where the numerical parameters are chosen by trials and errors to get an appropriate performance
of the closed-loop and the state deviation vector in (37) is simplified to

eT = [eTp , ė
T
p , e

T
a ] = [(q1 − q?1)T , (q2 − q?2)T , (q̇1 − q̇?1)T , (q̇2 − q̇?2)T , (τ − τ?)T ]. (52)

For certainty, the available measurement (41) is confined to

h2(e, t) = [I2×2 02×3]︸ ︷︷ ︸
C2

e, k21(e, t) = [02×3 I2×2], (53)

thus ruling out the plant velocities q̇1, q̇2 and the actuator state τ from the feedback design.

3.1 Cart-pendulum reference model

In order to make the generic reference model (3), (4) to match that of the cart-pendulum it is
specified with (50). Such a cart-pendulum reference model is well-known Shiriaev et al. (2005) to
be capable of generating an orbit around the upright position of the pendulum provided that it is
driven along the virtual constraint

q?1(t) + L sin q?2(t)− d = 0 (54)

with design parameters L > 1 and d. It is worth of noticing that the above constraint (54) has
been recognized to preserve a particular point of the pendulum, separated by distance L from the
suspension point, on the vertical line q?1 = d. Condition 1 of Proposition 1 is thus satisfied for the
cart-pendulum dynamics (3), (4), (50), confined to the virtual constraint (54).

The general virtual constraint (6) of the afore-given cart-pendulum model (3), (4), (50) is thus

11
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effectively chosen with

φ = q?2 and r1(φ) = d− L sinφ. (55)

In the new coordinates

φ = q?2, ζ = d− L sinφ, (56)

corresponding to (8), the reference dynamics (9) and (10) are further specified with α(φ) = 1 −
L cos2 φ, β(φ) = L cosφ sinφ, γ(φ) = −g sinφ,

N(ζ, φ) =
L cos2 φ− 1

cos2 φ− 2
, (57)

R(ζ, ζ̇, φ, φ̇) =
sinφ(−φ̇2 + g cosφ) + L cosφ(−2g sinφ+ φ̇2 sinφ cosφ)

cos2 φ− 2

−Lφ̇2 sinφ (58)

and

µ(ζ, ζ̇, φ, φ̇?, τ?) = − cos(φ)ω (59)

that can straightforwardly be verified by double differentiating (55). It is clear that under L > 1,
relation (57), determining the matrix N(ζ, φ), proves to be invertible, thereby ensuring Condition
2 of Proposition 1.

The transversal linearization (16) and (24) is then specified with µΓ
1 (t) = µΓ

2 (t) = 0 and µΓ
3 (t) =

− cos(φΓ) where

φΓ(t) = φΓ(t+ T ) (60)

is a periodic solution of (12). Coupled to the corresponding feedback linearization (28) of the
torque dynamics, the transversal linearization (16), (24) results in the augmented plant-actuator
linearization (29) of the cart-pendulum reference model, which is specified with

Aη =


−2Lφ̇Γ cosφΓ sinφΓ

(1−L cos2 φΓ) 0 0 − 2φ̇Γ cosφΓ

(1−L cos2 φΓ)

0 0 1 0
0 0 0 1
0 0 0 0

, Bη =


0
0
0
1

 (61)

and which is completely controllable over the period T because its reduced-order torque-driven
model

İ = −2Lφ̇Γ cosφΓ sinφΓ

(1− L cos2 φΓ)
I − 2φ̇Γ cosφΓ

(1− L cos2 φΓ)
ω, ζ̈ = ω (62)

has been verified in Shiriaev et al. (2005) to be so. Hence, Condition 3 of Proposition 1 holds true
as well.

12
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The reference input, constructed according to (34) and expressed in the original coordinates q?1,
q̇?1, q?2, q̇?2, τ? by means of the corresponding relations (7), (17), finalizes the reference model design
which, by applying Proposition 1, turns out to be appropriate for the periodic motion generation
of the voltage-driven cart-pendulum testbed. Summarizing, the following result is in order.

Proposition 3: Consider the cart-pendulum reference model (3), (4), specified with (50). Let the
virtual constraint (54) be invoked to design the corresponding reference input (36) in the transverse
coordinates and let this input be further expressed in the original coordinates q?1, q̇

?
1, q

?
2, q̇

?
2, τ

? by
means of the corresponding relations (7), (18) to feed the cart-pendulum model. Then the closed-
loop reference system, thus constructed, is orbitally exponentially stable around the pre-specified
orbit (21), generated by the periodic motion (60) along the virtual constraint (54).

Proof. Since the conditions of Proposition 1 have earlier been validated for the underlying cart-
pendulum reference model the proof is completed by applying Proposition 1 to the model in
question.

3.2 Robust orbitally stabilizing position feedback synthesis

In order to apply the periodic motion synthesis, established in Section 2, the error cart-pendulum
dynamics should first be embedded into the generic form (37)-(44), using the relevant specifications
(50)-(53). The desired model reference tracking of the cart-pendulum model is then achieved with
the properly specified synthesis procedure of Proposition 2.

Proposition 4: Let the deviation vector (52) be determined in terms of the cart-pendulum state
(1), (2), (50) and that of the reference model (3), (4), (36) of Proposition 3. Suppose that there exist
positive definite T -periodic solutions of the differential Riccati equations (47), (48), matching to the
error dynamics (38) of the evolution of the deviation vector specified above. Then the disturbance-
free closed-loop system (38), driven by the corresponding dynamic position feedback (45), (46), is
asymptotically stable and its disturbed version locally possesses the L2-gain less than γ > 0.

Proof is confined to the straightforward application of Proposition 2 to the particular system in
question.

Performance issues of the proposed model reference tracking of the voltage-driven cart-pendulum
are numerically illustrated in the next subsection.

3.3 Simulation results

The periodic motion generation along the virtual constraint (54) was numerically tested for the
cart-pendulum model (1), (2), (50), driven by the voltage (45), (46), applied to the electrical motor.
Simulations were performed with Simulink for the model values shown in Table 1.

Table 1.: Model values of the voltage-driven cart-pendulum prototype and of its reference model.

Parameter Symbol Value
Virtual constraint L 1.5
Virtual constraint d 0
Actuator a 5
Actuator b 5
Initial conditions for the reference model [q?1(0) q̇?1(0) q?2(0) q̇?2(0) τ?(0)]T [0 − 0.15 0.1 0 0.1]T

Initial conditions for the plant [q1(0) q̇1(0) q2(0) q̇2(0) τ(0)]T [0.1 − 0.1 0.4 − 0.2 0.3]T

H∞ Differential Riccati equations ε 0.1
H∞ Differential Riccati equations γ 400
LQR Differential Riccati equation D I4×4

Cart-pendulum perturbations wq = [wx wθ]T [0 0]T / [0.1sin(t) 0.1sin(t)]T

Actuator perturbation wτ 0 / 0.1 sin(t)
Measurements perturbations wy = [wy1 wy2]T [0 0]T / [0.05sin(2t) 0.05sin(2t)]T

13
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Table 2.: Model values of the torque-driven cart-pendulum prototype and of its reference model.

Parameter Symbol Value
Virtual constraint L 1.5
Virtual constraint d 0
Initial conditions for the reference model [q?1(0) q̇?1(0) q?2(0) q̇?2(0)]T [0 − 0.15 0.1 0]T

Initial conditions for the plant [q1(0) q̇1(0) q2(0) q̇2(0)]T [0.1 − 0.1 0.4 − 0.2]T

H∞ Differential Riccati equations ε 0.1
H∞ Differential Riccati equations γ 400
LQR Differential Riccati equation D I3×3

Cart-pendulum perturbations wq = [wx wθ]T [0 0]T / [0.1sin(t) 0.1sin(t)]T

Measurements perturbations wy = [wy1 wy2]T [0 0]T / [0.05sin(2t) 0.05sin(2t)]T

Following the developed procedure of the periodic motion generation, the orbitally stabilizing
synthesis was performed in two steps. At the first step, the reference input (36) was constructed
for the cart-pendulum reference model (3), (4) by numerically solving the corresponding Riccati
equation (35). At the second step, the output feedback (45), (46) was synthesized by determining
numerically appropriate (positive definite periodic) solutions of the corresponding Riccati equations
(47), (48), which arise in the nonlinear H∞ design. By iteration, a feasible attenuation level γ = 400
and reasonably small ε = 0.1 were detected in order to obtain the required solutions Pε, Zε of (47),
(48). The interested reader may refer to Orlov & Aguilar (2014) for relevant technical details on
such an iteration procedure of solving Riccati differential equations.

For comparison, the periodic motion generation was additionally tested for the torque-driven
cart-pendulum model. As shown in Table 2, the same parameter values and initial conditions were
used in the simulation runs for both voltage- and torque-driven cart-pendulum models in order
to make a fair comparison. On one hand, the voltage actuation has already been synthesized for
the cart-pendulum model. On the other hand, the torque actuation is summarized for the cart-
pendulum as follows.

Given the cart-pendulum model (1), (50), and its reference model (3), constructed as in Shiriaev et
al. (2005), the error dynamics (38) in terms of eT = [eTp , ė

T
p ] = [(q−q?)T , (q̇−q̇?)T ] and u = (τ−τ?)T

are specified with

f(e, t) =

[
ėp

M−1(ep + q?)[−C(ep + q?, ėp + q̇?)(ėp + q̇?)−G(ep + q?) +Bτ?]− q̈?
]

g1(e, t) =

[
0n×n 0n×l

M−1(ep + q?) 0n×l

]

g2 =

[
0n×n−1

M−1(ep + q?)B

]

w = (wTq , w
T
y )T . (63)

Respectively, the error performance (i.e., output to be controlled) (40) and the available measure-
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ment (41) are given by

h1(e, t) = C1e, C1 =


0 0 0 0
10 0 0 0
0 0.001 0 0
0 0 0.001 0
0 0 0 0.001

 ,
k12(e, t) = [1 0 0 0 0]T , h2(e, t) = [I2×2 02×2]︸ ︷︷ ︸

C2

e, k21(e, t) = [02×2 I2×2]. (64)

Following the H∞ control design procedure of Section 2.2, the controller (45) is thus specified
for the torque-driven cart-pendulum error dynamics, thereby yielding τ = u+ τ?, where τ? is the
control input for the reference model constructed as in Shiriaev et al. (2005). While adopting the
torque-driven cart-pendulum model, the actuator dynamics are ignored and viewed as a structural
disturbance, i.e., it is applied to the cart-pendulum model as if it were driven by voltage.

3.3.1 Performance comparison of the cart-pendulum driven by voltage vs. the cart-pendulum
driven by torque

Closed-loop dynamics of the cart-pendulum model are numerically studied side by si-
de for the disturbance-free case and for the perturbed case where external and measure-
ment disturbances were applied. Figures 2-7 reflect the nominal closed-loop behavior with
w = [wTq , w

T
τ , w

T
y ]T = [wx, wθ, wτ , wy1, wy2]T = [0, 0, 0, 0, 0]T . whereas Figures 8-14 co-

rrespond to the applied distruabnces w = [wTq , w
T
τ , w

T
y ]T = [wx, wθ, wτ , wy1, wy2]T =

[0.1 sin(t), 0.1 sin(t), 0.1 sin(t), 0.05 sin(2t), 0.05 sin(2t)]T .
Figure 2 compares the tracking errors (deviations of the cart-pendulum states from its reference

model states) of the undisturbed cart-pendulum, driven by voltage, and the tracking errors of
the undisturbed cart-pendulum, driven by torque. Figure 2a shows the 2-norm of the errors the
voltage-driven cart-pendulum whereas Figure 2b shows the 2-norm 2 of the tracking errors of the
torque-driven cart-pendulum. It is concluded from the figures that both tracking errors escape to
zero reasonably fast approximately after 10 s.

Figure 3 compares the estimated deviations of the tracking errors. Figure 3a shows the 2-norm of
the tracking error deviation of the voltage-driven model vs. Figure 3b of that of the torque-driven
model. It is seen that in both cases the deviations escape to zero after 10 s as well.

Figure 4 depicts reference trajectories on the phase portrait projections of the pendulum angular
variable for the voltage-driven reference model and for the torque-driven reference model. In both
cases, the trajectories are initialized in the orbit but the one, produced by voltage, shows a deviation
from the orbit due to the actuator dynamics. Remarkably, the proposed reference voltage input
enforces the motion to the desired orbit despite the actuator dynamics.

The orbital stabilization of the voltage- and torque-driven pendulums are shown in Figure 5 on
the phase portrait projection of the pendulum angular variable. The transitions to the reference
orbit are seen to be very similar for both actuators. The resulting (voltage and torque) actuator
inputs are presented in Figure 6, both acquire a periodic behavior after about 5 s transitory. As
expected, the actuator inputs remain reasonably bounded.

The disturbance-free tracking error and its estimate are shown in Figure 7 for the torque variable,
driven by voltage.

The tracking errors in the presence of disturbances are depicted in Figure 8 for the voltage-driven
cart-pendulum vs. the torque-driven cart-pendulum model. Although the disturbances destroy
orbital stabilization, however, their influence is attenuated so that the error dynamics remain
bounded.
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The tracking error estimates under disturbances are shown in Figure 9. Figure 9a shows the
2-norm of the estimate for the voltage control input whereas Figure 9b shows the 2-norm of the
estimate for the torque control input. It is seen that in both cases the tracking error estimates
remain bounded.

The disturbed angular variables of the voltage-driven cart-pendulum model vs. that of the torque-
driven cart-pendulum model are presented in Figure 10 on the phase portrait projection. Although
the orbital stabilization around the limit cycle is destroyed by disturbances for either actuator,
the resulting angular motions remain bounded, thereby verifying the disturbance attenuation in
both cases. The applied voltage and torque inputs, both reasonably bounded, are shown in Figure
11 in the presence of disturbances. Finally, the deviation of the torque from its reference model,
computed under disturbances, and the torque estimate are depicted in Figure 12.
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(a) Tracking error ||(ep1 , ep2 , ėp1 , ėp2 )T ||2 for the voltage-

driven plant.
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(b) Tracking error ||(ep1 , ep2 , ėp1 , ėp2 )T ||2 for the torque-

driven plant.

Figure 2.: Tracking errors between the plant and the reference model in the disturbance-free case.
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(a) Deviation norm = ||(ξ1 − ep1 , ξ2 − ep2 , ξ3 − ėp1 , ξ4 −
ėp2 )T ||2 for the voltage-driven plant.
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(b) Deviation norm = ||(ξ1 − ep1 , ξ2 − ep2 , ξ3 − ėp1 , ξ4 −
ėp2 )T ||2 for the torque-driven plant.

Figure 3.: Deviation of the tracking errors from their estimates in the disturbance-free case.
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(b) Torque-driven reference trajectory on (q∗2 , q̇
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Figure 4.: Reference trajectories on the phase portrait projections of the pendulum angular variable.
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(a) Voltage-driven pendulum motion on (q2, q̇2)-plane.
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(b) Torque driven pendulum motion (q2, q̇2)-plane.

Figure 5.: Disturbance-free orbital stabilization.
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(a) Control input for the voltage-driven plant.
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(b) Control input for the torque-driven plant/

Figure 6.: Control inputs ν and τ in the disturbance-free case.
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(a) Torque error ea = τ − τ?.
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Figure 7.: Torque tracking error and its estimate for the disturbance-free voltage-driven plant.
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(a) Tracking error ||(ep1 , ep2 , ėp1 , ėp2 )T ||2 for the voltage-

driven plant.
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(b) Tracking error ||(ep1 , ep2 , ėp1 , ėp2 )T ||2 for the torque-

driven plant.

Figure 8.: Tracking errors between the plant and the reference model in the presence of disturbances.
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(a) Deviation norm = ||(ξ1 − ep1 , ξ2 − ep2 , ξ3 − ėp1 , ξ4 −
ėp2 )T ||2 of the voltage-driven plant.
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(b) Deviation norm = ||(ξ1 − ep1 , ξ2 − ep2 , ξ3 − ėp1 , ξ4 −
ėp2 )T ||2 of the torque-driven plant.

Figure 9.: Deviation of the tracking errors from their estimates in the presence of disturbances.
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(a) Voltage-driven angular trajectory on (q2, q̇2)-plane.
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(b) Torque-driven angular trajectory on (q2, q̇2)-plane.

Figure 10.: Disturbance attenuation: pendulum motion on the phase portrait projection.
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(a) Control input for the voltage-driven plant.
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(b) Control input for the torque-driven plant.

Figure 11.: Control inputs ν and τ in the presence of disturbances.
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(a) Torque error ea = τ − τ?.
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Figure 12.: Torque tracking error and its estimate for the voltage-driven plant in the presence of
disturbances.

3.3.2 Sensitivity of the torque-based synthesis to structural perturbations

To add practical value to the present investigation, the torque synthesis of the cart-pendulum
model (with the same plant-actuator parameters, specified in Table 1 and Table 2 ) is tested while
being coupled to the motor dynamics. In the absence of external disturbances w = [wTq , w

T
τ , w

T
y ]T =

[wx, wθ, wτ , wy1, wy2]T = [0, 0, 0, 0, 0]T , the actuator dynamics are further viewed as a structural
perturbation for the cart-pendulum system. Thus, the control input is designed for the torque-
driven cart-pendulum model but it is realistically applied by passing through the motor dynamics.
Numerical results for this scheme are given in Figures 13 and 14. Figure 13a depicts the pendulum
motion on the (q2, q̇2)-phase portrait projection. Figures 13b shows the torque input, thus designed,
to apply unrealistically large values. The tracking error 2-norm and that of its estimate are shown
in Figure 14 for the torque-driven cart-pendulum model coupled to the motor dynamics, viewed
as a structural perturbation. As concluded from these figures, the structural perturbation destroys
the orbital stabilization of the torque-based synthesis. It is thus shown that under certain relations
between the plant and motor dynamics (when the latter are not too fast compared to the former),
orbital stabilization should involve the voltage synthesis to correctly reproduce the applied torque,
otherwise, the orbital stabilization is not accomplished.
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(a) Torque-driven pendulum motion on (q2, q̇2)-plane, af-
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and affected by actuator dynamics.

Figure 13.: Sensitivity of the torque-based orbital stabilization to structural perturbations
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synthesis of the coupled plant-actuator dynamics.
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(b) Deviation = ||(ξ1−ep1 , ξ2−ep2 , ξ3− ėp1 , ξ4− ėp2 )T ||2
of the tracking error from its estimate.

Figure 14.: Performance of the torque-based orbital stabilization to structural perturbations.

4. Conclusions

The generation of periodic motions is constructively addressed for mechanical systems of un-
deractuation degree one, driven by electrical motors with their own dynamics. The VC approach
and nonlinear H∞ output feedback synthesis are coupled together in a unified framework to yield
the robust orbitally stabilizing synthesis. The developed synthesis is reminiscent of that of MRAC
and it is feasible in practice for a wide class of electromechanical systems with incomplete state
measurements, operating under external disturbances and measurement noise. Performance issues
are illustrated in the numerical study made for a voltage-driven cart-pendulum testbed. Compari-
son to the reduced order H∞ synthesis, applied to the torque-driven cart-pendulum model where
motor dynamics are ignored, reveals benefits of the proposed approach.
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