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Abstract. Optimization of hydroelectric power production is often executed for 

river systems consisting of several powerplants and reservoirs located in the same 

region. For hydropower stations located along the same river, the release from 

upstream reservoirs ends up as inflows to downstream stations. Calculating mar-

ginal cost for a string of powerplants with limited reservoir capacity between 

them, requires a new approach compared to heuristically calculating marginal 

cost for single plants in well-regulated hydrological systems. A new method, us-

ing marginal cost curves for individual powerplants to generate an overall mar-

ginal cost curve for interlinked power stations has been developed. Results based 

on a real-world case study demonstrate the advantage of the proposed method in 

terms of solution quality, in addition to significant insight into how optimal load 

distribution should be executed in daily operations. 

 

Keywords: Heuristic algorithms, hydroelectric power generation, cascaded river 

systems 

1 INTRODUCTION 

In the planning process for production of hydroelectric power, the optimal solution as-

sociated with predicted prices and inflows can be used to create bids for the day-ahead 

spot market and generate production schedules [1]. Deviation from the original produc-

tion scheduling, typically created 12-36 hours prior to actual production hour, is more 

frequent with increasing activity in the intraday-market and more volatility imposed by 

intermittent power production. 

For a power producer, it can be tempting to optimize all power stations and reservoirs 

located in the same price area in one common model. A motivation for this could be 

distribution of obligations in the spot and reserve markets, and/or for financial hedging 

purposes [2]. For practical purposes, and to reduce calculation time, optimization is 

often carried out on an aggregation level where hydraulically coupled reservoirs and 

power stations are modeled together.  For river systems with large reservoir capacity 

between power stations, the interdependency between production in the individual 
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plants could be more important for long-term maneuvering than for short-term bidding. 

However, for cascaded river systems with limited storage capacity between plants, 

hereafter referred to as linked river systems, this is often the opposite case since pro-

duction in a downstream plant is a direct result of upstream production. 

The existing method used for comparison in the case study investigated in this paper 

is based on the “Single Plant Model” [3]. For application of the Single Plant Model, 

Hveding’s conjecture [4] states that “in the case of many independent hydropower 

plants with one limited reservoir each, assuming perfect maneuverability of reservoirs, 

but plant-specific inflows, the plants can be regarded as a single aggregate plant and 

the reservoirs can be regarded as a single aggregate reservoir when finding the social 

optimal solution for operating the hydropower system”. This model uses basic princi-

ples for energy calculations considering, head-loss, generator- and turbine efficiency to 

generate a combined production/waterflow relationship for the single plant, and thereby 

associate marginal cost to different levels of operation.  

  Other methods for scheduling and/or coordinated control in cascaded river systems 

have been described [5]-[7]. These approaches apply different optimization techniques, 

and are often tailored for individual river systems. They are not necessarily primarily 

designed for bidding in the spot-, balancing- and intraday market, but could represent 

an alternative approach to the method described in this paper. An important criterion in 

relation to finding an applicable method to be used in the bidding process, is the time 

used to generate bids.   

A method for heuristically calculating the marginal cost for all the operating points 

of a power plant, covering the entire working area for the plant and including all the 

physical limitations and reserve obligations in other markets has been presented by 

SINTEF [8]. For a hydrological system with significant storage, the method has demon-

strated to be computationally efficient.  

  In this paper, we present a short-term scheduling method for heuristically calculating 

the marginal cost in linked river systems where storage capacity between plants is lim-

ited.  

The method has further been investigated on a large Norwegian river system con-

sisting of five linked powerplants with varying degree of interim storage capacity. The 

results from the calculation have been used to generate dynamic bids for rapid response 

to opportunities in the intraday and balancing market as market prices, inflows, and 

other physical parameters in the river system change. 

2 PROBLEM DESCRIPTION  

When heuristically calculating the marginal cost for plant production, the optimum pro-

duction for one plant can be associated with a different waterflow than for another plant 

in the river system. Results from methods developed for hydrological systems with sig-

nificant storage capacity between plants can therefore not be directly applied. 

The main challenge associated with computing marginal cost for linked power plants 

to be used for bidding in the spot, balancing and/or intraday market, is that the water-

flow for the power stations must be in balance at all time-steps. 
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2.1 Existing method used for calculating marginal cost for linked power 

plants  

Water values as marginal cost for hydropower generation is a widespread means of 

assigning monetary values to the available water resources. The water value can be 

defined as the future expected value of the stored marginal kWh of water, i.e. its alter-

native cost [9], [10]. The water value for a power station is typically given by a seasonal 

model, and referred to the optimal point of operation (Q*) for the power plant.  

 

𝑄∗ = arg 𝑚𝑎𝑥
𝑄

 
𝑃(𝑄)

 

𝑄
 

 



From basic economic theory, the marginal cost for one operating point is the change in 

the opportunity cost of water (C) involved as a result of an infinitesimally small increase 

in the discharge of the units (P), which is expressed as: 

 

𝑚𝑐  =
𝜕𝐶 

𝜕𝑃 
 



Combining the water value as reference for marginal cost at optimal point of operation 

with (1), the piecewise linear marginal cost (€/MWh) for changing production from 

production i to j (MW) is given by (3) 

 

𝑚𝑐𝑖𝑗 =
∆𝑄

𝑖𝑗

∆𝑃𝑖𝑗

∗  𝛼 ∗ 𝑊𝑉∗ 


Where WV*  is the water value (€/MWh) at optimal point of operation and 𝛼 is given 

by ∂P divided by ∂Q at optimum (Q*). For discrete mc calculations, is fixed to a 

value such that mc is equal to WV* at the point of operation where the highest produc-

tion relative to the water consumption is defined.  This method is used when the existing 

method calculates marginal cost for discrete change between predefined levels of pro-

duction.  

 

Assuming that a plant can operate independently, and a water value referred optimal 

production of 30 €/MWh, table 1 illustrates how marginal cost can be calculated using 

(3). Plant 1 would in this case produce 100 MW (35 m3/s) at a market price of 30 

€/MWh 

 

Plant 1 

P [MW] 

Plant 1 

Q [m3/s] 

P/Q ∆𝑄𝑖𝑗

∆𝑃𝑖𝑗

 
𝑚𝑐𝑖𝑗 

70 25 2.80   

100 35 (Q*) 2.86 0.33 30.0 

140 50 2.80 0.38 33.8 

200 75 2.67 0.42 37.5 

Table I  Marginal cost for “independent” power station using existing method 
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In this example, we are calculating the marginal cost of increasing production from 

level i to j. The marginal cost for the initial P/Q level is therefore omitted.  

If we introduce a second plant in the example with optimal production at another 

waterflow, and these plants are linked with limited or no intermediate storage capac-

ity, a common waterflow must be chosen where one or both power stations must devi-

ate from the plants optimal point of operation (Q*) to avoid flooding past one of the 

plants. The existing approach is to aggregate the production (MW) for the plants at 

the same waterflow (m3/s) to create a common production/waterflow relationship for 

the two plants.  

 
Even though some of these river systems originally where designed to have common 
optimal waterflow, gradual plant upgrades and market developments affecting produc-
tion patterns, might lead to the need of making tradeoffs between optimum production 
in the different plants.  

2.2 Proposed method  

The existing method described in Section 2.1 defines a common production-waterflow 

curve for a linked river system. The main weakness of generating a curve based on this 

method concerns the dynamics that are associated with modeling of several power sta-

tions in a linked river system. One plant could consist of several generators where some 

are shut down for maintenance. There could also be temporary load restrictions, con-

cessional requirements, or local inflow effecting operations. This would require a con-

tinuous update of the combined production-waterflow curve. It would also require 

maintenance of a model which is not representing the physical power system.  Finally, 

when distributing load requirements, a separate model or optimization must be run to 

allocate production to the correct generators. 

An improved method is described in the two following sections. The first section 

gives a general description of the best profit method, while the second describes how 

the method can be used for linked river systems.  

2.2.1 Heuristics, Best Profit 

For completeness, we include a description of the way marginal cost curves are created 
by the best profit functionality in the Short-term Hydro Optimization Program (SHOP). 
SHOP is a software tool for optimal short-term hydropower scheduling developed by 
SINTEF Energy Research [1]. Interested readers can find more details about the best 
profit functionality in [8]. We assume that the water value and gross head for each plant 
is given. In real-world operation, the head loss in the main tunnel and the penstock that 

unit 𝑖 connects to should not be neglected. It can be represented as a quadratic equation 
of the total flow going through the main tunnel/penstock. The net head, and therefore, is 
calculated as:  
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𝑁𝐻𝑖𝑠𝑡 = 𝐺𝐻𝑠𝑡  

−𝛼𝑚𝑎𝑖𝑛 ∙ ( ∑ 𝑞𝑖𝑠𝑡

𝑖∈𝐼𝑠,𝑚𝑎𝑖𝑛

)

2

− 𝛼𝑝𝑒𝑛 ∙ ( ∑ 𝑞𝑖𝑠𝑡

𝑖∈𝐼𝑠,𝑝𝑒𝑛

)

2

 

𝑖 ∈ 𝐼𝑠 , 𝑠 ∈ 𝑆, 𝑡 ∈ 𝑇 



where: 

𝐼𝑠 Set of units in plant 𝑠. 

𝐼𝑠,𝑚𝑎𝑖𝑛  Set of units that connect to main tunnel in plant 𝑠. 

𝐼𝑠,𝑝𝑒𝑛  Set of units that connect to penstock 𝑝𝑒𝑛 in plant 𝑠. 

𝑁𝐻𝑖𝑠𝑡  Net head of unit 𝑖 in plant 𝑠 at period 𝑡 (m). 
𝛼𝑚𝑎𝑖𝑛 Loss factor for main tunnel. 
𝛼𝑝𝑒𝑛  Loss factor for penstock 𝑝𝑒𝑛. 

𝑞𝑖𝑠𝑡  Flow going through unit 𝑖 in plant 𝑠 in period 𝑡 (m3/s).  

For a generating unit 𝑖 in plant 𝑠, the power production, in , depends on the net 
head and the flow going through that unit. It also relies on the generator efficiency and 

head-dependent turbine efficiency. 

𝑚𝑤𝑖𝑠𝑡 = 0.001 

∙ 𝜂𝑖
𝐺𝐸𝑁(𝑚𝑤𝑖𝑠𝑡) ∙ 𝜂𝑖

𝑇𝑈𝑅𝐵(𝑞𝑖𝑠𝑡 , 𝑁𝐻𝑖𝑠𝑡) ∙ 𝐺 ∙ 𝑁𝐻𝑖𝑠𝑡 ∙ 𝑞𝑖𝑠𝑡 

𝑖 ∈ 𝐼𝑠, 𝑠 ∈ 𝑆, 𝑡 ∈ 𝑇. 





where: 

𝑚𝑤𝑖𝑠𝑡 Power produced by unit 𝑖 in plant 𝑠 in period 𝑡 (MW). 

𝜂𝑖
𝐺𝐸𝑁  Generator efficiency of unit 𝑖, which is interpolated on the basis of production 

𝑚𝑤𝑖𝑠𝑡. 

𝜂𝑖
𝑇𝑈𝑅𝐵  Turbine efficiency of unit 𝑖, which is interpolated on the basis of flow 𝑞𝑖𝑠𝑡  and 

net head 𝑁𝐻𝑖𝑠𝑡 . 
𝐺  Gravity value, default setting is 9.81 (m/s2).  

Based on  and , if the discharge for each unit is given (i.e. one possible operat-
ing point for the plant), we can precisely calculate the corresponding production, taking 
the head loss into consideration. This transformation from the flow discharge to the 
power generation is implicitly done by the functionality in SHOP. 

For a given operating point 𝑝 in one specific unit combination 𝑐, the generation cost 
for this point is the opportunity cost of the water used. In the previous section, we have 
presented how the hourly water cost is defined, and how the production can be accurately 

obtained when the discharge of the units is decided, in . Therefore, we denote the 
average cost for this operating point by 

𝑎𝑐𝑐𝑠𝑡
𝑝

=
3600 ∙ 𝑊𝐶𝑠𝑡 ∙ ∑ 𝑞𝑖𝑠𝑡

𝑝
𝑖∈𝐼𝑐

∑ 𝑚𝑤
𝑖𝑠𝑡

𝑝
𝑖∈𝐼𝑐

 

𝑝 ∈ 𝑃𝑐 , 𝑐 ∈ 𝐶, 𝑠 ∈ 𝑆, 𝑡 ∈ 𝑇. 





where: 

𝐶 Set of unit combinations. 

𝐼𝑐 Set of units in unit combination 𝑐. 

𝑃𝑐 Set of operating points in unit combination 𝑐. 
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𝑎𝑐𝑐𝑠𝑡
𝑝

 Average cost for the operating point 𝑝 in unit combination 𝑐 in plant 𝑠 in period 

𝑡 (€/MWh).  

In economics, marginal cost is the change in the opportunity cost that arises when 
the quantity produced has an increment by one unit. In contrast to the transformation 
from discharge to production, it is much more complicated to find the discharge by a 
given production. In addition, the power produced is infinitely divisible. Therefore, we 
find the marginal cost by increasing the discharge by a small amount, expressed as 

𝑚𝑐𝑐𝑠𝑡
𝑝

 

=
3600 ∙ 𝑊𝐶𝑠𝑡 ∙ ∑ (𝑞𝑖𝑠𝑡

𝑝
+ ∆𝑞𝑖𝑠𝑡

𝑝
)𝑖∈𝐼𝑐

− 3600 ∙ 𝑊𝐶𝑠𝑡 ∙ ∑ 𝑞𝑖𝑠𝑡

𝑝
𝑖∈𝐼𝑐

∑ (𝑚�̃�
𝑖𝑠𝑡

𝑝
)𝑖∈𝐼𝑐

− ∑ 𝑚𝑤
𝑖𝑠𝑡

𝑝
𝑖∈𝐼𝑐

 

𝑝 ∈ 𝑃𝑐 , 𝑐 ∈ 𝐶, 𝑠 ∈ 𝑆, 𝑡 ∈ 𝑇. 





where: 

𝑚𝑐𝑐𝑠𝑡
𝑝

 Marginal cost for the operating point 𝑝 in unit combination 𝑐 in plant 𝑠 in 

period 𝑡 (€/MWh). 

∆𝑞𝑖𝑠𝑡
𝑝

 A small increment in the discharge of unit 𝑖 in unit combination 𝑐 in plant 𝑠 in 

period 𝑡, ∆𝑞𝑖𝑠𝑡
𝑝 = 0.001 ∙

𝑞
𝑖𝑠𝑡

𝑝

∑ 𝑞
𝑖𝑠𝑡

𝑝
𝑖∈𝐼𝑐

, (m3/s). 

𝑚�̃�𝑖𝑠𝑡
𝑝

 Power produced by unit 𝑖 in plant 𝑠 in period 𝑡 when there is a small increment 

in the discharge of the units (MW).  

 

After calculating the marginal cost for a large number of combinations of flows in 
the running units, we can find the optimal production distribution and the corresponding 
marginal cost curve. For each production level, the optimal distribution is the one result-
ing in the lowest discharge. This ensures that the most efficient units will always be used 
first. 

Best profit curves generally contain information about the marginal cost of each 

production level, the optimal production distribution between the running units and at 

what price it is optimal to switch between unit combinations. Example of a Best profit 

curve can be found in figure 2. In this paper, it is assumed that the combination of 

running units at each plant is given. This means that the best profit curve only has to 

contain the information about marginal costs and optimal production distribution, as 

described above. 

 

2.2.2 Best Profit customized for linked river systems 

To be able to apply the best profit method for linked river systems, output from the 

model must include a marginal cost [€/MWh] / waterflow [m3/s] relationship in addi-

tion to the marginal cost [€/MWh] / production [MW] relationship that is already pro-

duced by the existing models. Several requirements must be met for the proposed 

method to be applicable.   
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To keep focus on the main principles of the best profit method compared to the ex-

isting method, a requirement in this analysis is set that all generators in the river system 

must run.  

A water-value is normally estimated for each power station in the river system, and 

the value is defined as the marginal cost of an incremental increase of production from 

the optimal point of operation for the specific power station.   This leaves us with a 

challenge related to defining which water-value should be used for the aggregated 

power station. In the best profit calculations presented in this paper, one common water-

value is used for all plants, and is estimated as a weighted average of the water-values 

for the power stations at the combined plants optimal production.  

If we assume there is no intermediate natural inflows between stations, calculating 

the aggregated marginal cost value for the linked river system requires that plant spe-

cific marginal costs  are  selected for identical waterflows for each power station. For 

power station 1 to 5, q1= ··· = q5. The method can be extended to handle inflows be-

tween stations. 

To accommodate for the difference in output effect for the power stations, the mar-

ginal cost for each plant must be weighted according to the relative production of the 

plant at the selected waterflow to generate the overall marginal cost at a selected point 

of operation. 

Each bidding point will have a unique waterflow and accumulated production asso-

ciated with it. We can therefore select the price that should be used for bidding of pro-

duction (MW) to the spot, intraday or balancing market. For the intraday and balancing 

market, the bidding price would typically be the price associated with deviating from 

the current point of operation. 

3 Case study 

The river system investigated in this paper consists of five plants with very limited 

intermediate storage.  The main reservoir which is located upstream all power plants 

has a degree of regulation of approx. 1.5, meaning that yearly inflow is 1.5 times res-

ervoir capacity.  To produce the yearly inflow, the power stations must operate at full 

capacity approximately 70% of the available hours in a year. The time used from when 

water is released from the main reservoir until it reaches the lower reservoir is short 

and is disregarded in this analysis. The lower reservoir has sufficient storage capacity, 

and the linked river system can be assumed to operate independently of the water con-

tent in this reservoir. To reflect the alternative value of production, a water value of 31 

€/MWh from the main upstream reservoir is used as basis. 
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Fig. 1. Schematic overview of the investigated river system 

 

The best profit values have been selected for production in an hour where market 

price is equal to the water-value (31 € / MWh). At this price, all power stations are in 

operation. To ensure that all generators are running, q_min = 60 m3/s and q_max = 75 

m3/s in further marginal cost calculations.  
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Fig. 2. Aggregated marginal cost curves for the linked river system 

 

Fig. 2 illustrates how the best profit curve compares to the existing method described 

in Section 2.1. The graph shows that the result coincides well for production in the 

lower and upper range of the waterflow area. However, there is a deviation in produc-

tion in the mid-range of water flows.  

The observed deviation reveals a true benefit of using a dynamic best profit curves. 

Plant 3 is one of the larger power stations in the river system consist of 3 generators. 

This plant has been through several upgrades during the last years. These generators 

have different characteristics, and how these generators are uploaded will have signifi-

cant impact on the plants total efficiency. In the existing method, these generators are 

uploaded in steps defined by a relatively simple algorithm, whilst the best profit utilize 

the complimentary characteristics of the generator to ensure optimal distribution of load 

for all represented waterflows.  This results in a relatively low loss of efficiency for the 

plant for waterflows in the range from 60-67 m3/s compared to the other plants. 

4 Conclusion 

It has been demonstrated that the best profit method can be used to generate real-time 

marginal cost curves for linked river systems. These results can readily be used for 

bidding to the spot-, balancing and/or intraday market. Further, results from the best 

profit give significant insight into how optimal load distribution for linked river system 

should be executed in daily operations. Often, real-time regulation of complex linked 

river systems is carried out by SCADA-systems with limited user interaction from pro-

duction planners handling the commercial process. Having a quick and robust method 

like best profit available, the traditional and often static approach to operation of linked 
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river systems can continuously be challenged. This will create additional values for the 

power producers, and ensure that pricing toward a gradually more complex market is 

as correct as possible.  

In this paper, we calculate the marginal cost for a linked river system where all gen-

erators are in operation. This is not a limitation that applies for the method in general. 

A relatively trivial expansion is to investigate the best profit value when one or more 

generators are out for maintenance. This can be done by investigating the best profit 

values for an area of operation where the available generators are running. The existing 

existing-method however, has considerable challenges in handling these situations. For 

further analysis, it will also be of interest to investigate production behavior in ranges 

where different generators in the linked river system will be turned on and off. Defining 

more correctly the link between water values and the use in the best profit method, 

particularly to incorporate the coupling with cuts [11], will also be an issue for further 

improvement 
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