HOCHSCHILD COHOMOLOGY OF SOME QUANTUM COMPLETE
INTERSECTIONS

KARIN ERDMANN, MAGNUS HELLSTROM-FINNSEN

ABSTRACT. We compute the Hochschild cohomology ring of the algebras A = k(X,Y)/(X* XY —
qY X,Y %) over a field k where a > 2 and where ¢ € k is a primitive a-th root of unity. We find the the
dimension of HH™(A) and show that it is independent of a. We compute explicitly the ring structure of

the even part of the Hochschild cohomology modulo homogeneous nilpotent elements.

1. INTRODUCTION

Let k be a field, and let 0 # ¢ € k. Quantum complete intersections originate from work of Manin [8].
Here we focus on the algebras

Ay = k(X,Y)/(X* XY — gV X,Y").

Such algebras have provided several examples giving answers to homological conjectures and questions.
Perhaps most spectacular amongst these is Happel’s question. In [6] Happel asked whether an algebra
whose Hochschild cohomology is finite-dimensional, must have finite global dimension. The main result of
[3] gave a negative answer: It shows that the Hochschild cohomology of the quantum complete intersection
A, as above, when a = 2 and ¢ not a root of unity, is finite-dimensional. However the algebra A, is
selfinjective, hence has infinite global dimension. Already earlier, R. Schulz discovered unusual properties
for these algebras A,, see [11] and [10].

Furthermore, there is a theory of support varieties in terms of Hochschild cohomology provided the
algebra satisfies suitable finite generation properties, known as condition (Fg) (see [5] and [13]). For A,
this condition is satisfied precisely when ¢ is a root of unity. The general theory of these support varieties
has now been well established in several papers. However, in order to actually compute the varieties
over a given algebra, one needs to determine the ring structure of the Hochschild cohomology, or at least
modulo homogeneous nilpotent elements.

The results in this paper will be a contribution towards this goal. We determine the ring structure of
the even part of HH*(A4,) (which will be denoted HH**(A,)) modulo the ideal of homogeneous nilpotent
elements for A, when g is a primitive a-th root of unity. The proofs are quite technical, but this illustrates
the typical difficulties and computations one is faced with when trying to compute Hochschild cohomology.

First we present an unpublished result by P. Bergh and K. Erdmann which determines the dimensions
of the Hochschild cohomology groups; this is done via exploiting Hochschild homology. Surprisingly, the
answer is independent of a (see Theorem 3.1 and Corollary 3.2). This suggests that perhaps also the ring

structure might not depend too much on the parameter a. We determine explicit bases of HH**(A) (see
Section 5.2).

Furthermore, we compute the algebra structure of HH**(A) modulo the largest homogeneous nilpotent
ideal. We show that it is Zs-graded, with degree zero part isomorphic to the polynomial ring in two

variables, generated in degree 2. The explicit description is given in 4.2 when a = 2, and in 5.4 when
a > 3.
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An explicit description when a = 2 was also given in [3, Section 3.4]. We include this case (in Section
4), as it shows that it is part of the general pattern.

S. Oppermann gave also a description of the Hochschild cohomology and homology of more general
quantum complete intersections in [9]. The products are, however, not computed completely explicitly,
though it discusses a more general setting. However, in this paper we calculate products explicitly by
liftings along a minimal projective resolution (which will be discussed in Section 2). This illustrates
techniques that might be of independent interest.

In a larger context, there is even more structure in some classes of Hochschild cohomology than the
well known Gerstenhaber algebra structure. In [7] T. Lambre, G. Zhou and A. Zimmermann prove
that the Hochschild cohomology ring of quantum complete intersections is a so called Batalin—Vilkovisky
algebra (Corollary 5.8). Roughly speaking a Batalin—Vilkovisky algebra is a Gerstenhaber algebra with
an additional operation A : HH" — HH" ! which squares to zero and which, together with the cup
product, can express the Lie Bracket.

2. PRELIMINARIES

More generally, let A be any finite-dimensional algebra over a field k, and let A° = A®; A°P de-
note the enveloping algebra. We view bimodules over A as left modules over A°. In this setting, the
Hochschild cohomology of A can be taken as HH"(A) = Ext’. (A, A), the n-th cohomology of the complex
Hom 4¢ (P, A), i.e.

(2.1) Ext. (A, A) =kerd; ,/imdy,

where d = Homye(d,,, A) and where d,, are the maps in a minimal projective resolution:
(2.2) P:- s Py 2P g B Ao

Then the Hochschild cohomology
(2.3) HH"(A) = Ext’.(A, A)

is a k-algebra which is graded-commutative. There are various equivalent ways to define the product;
here we will work with the Yoneda product.

We specialize now to the quantum complete intersections. Let a be an integer such that a > 2. We
also let ¢ € k be a primitive a-th root of unity, and A is the k-algebra defined by

(2.4) A=FEX,Y)/(X* XY —qVYX,Y?).

We write  and y for the residue classes of X and Y, respectively.
In [2], for arbitrary parameter ¢ # 0, an explicit minimal projective bimodule resolution P as in (2.2)
was constructed. The nth bimodule in P is

(2.5) P, = @Ae in7
1=0

the free A°-module of rank n + 1 having generators {f°, f!,..., f*}. For each s > 0 define the following
four elements of A°:

(2.6) n(s) = ¢ (197) - (ze 1)

(2.7) T(s) = (1®y) —¢°(y®1)

(2.8) () = 3 @ @)
j=0

(2.9) () = S g7y @yt )

<.
Il
o
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The maps d,, : P, — P,_1 in P are given by

(2.10) b+ 2y 402 () 12 o (i) S for i even
T\ () g2 gy (Retmmimat) 21 for  odd
(2.11) dogir : f21H1 s {72 (%) .f’?t o () ffl for i even
7 —9 (azf2a+2) f12t 4 ] (Zatfzaera) 7,2£1 fOI‘ i Odd
where the convention f"; = f!,; = 0 has been used. So far, ¢ is arbitrary. Later in our setting we will

simplify these expressions.
We will wish to identify nilpotent elements of Hochschild cohomology. This can be done by exploiting
the following result of N. Snashall and (). Solberg, see Proposition 4.4 in [12].

Proposition 2.1. Assume k is a field and A is a finite-dimensional k-algebra. Suppose n is a map into
A representing an element of HH"(A). If im(n) is in the radical of A then n is nilpotent in HH*(A).

3. DIMENSIONS OF HOCHSCHILD COHOMOLOGY GROUPS

We recall an unpublished result by Petter A. Bergh and Karin Erdmann which determines the dimen-

sions.
By viewing A as a left A°-module, it follows from [4, p. VI.5.3] that D(HH"(A, A)) is isomorphic

to Tor"(D(A), A) as a vector space, where D denotes the usual k-dual i.e. D(—) := Homy(—, k). In

particular, we see that dim HH"(A) = dim Tor" (D(A), A) for all n > 0. Moreover, it follows from [2]
that A is a Frobenius algebra with Nakayama automorphism v : A — A defined by

— l1-a
(3.1) v " qailx
yr=qy.

The bimodules D(A) and ,A; are isomorphic; here the left action on ,A; is taken as a - m := v(a)m.
Consequently the dimensions of the Hochschild cohomology of A are given by

(3.2) dim HH"(A) = dim Tor" (, Ay, A)

for all n > 0.
To compute Tor;;‘e (LA1, A), we tensor the deleted projective bimodule resolution P with the right
A¢-module ,A;. We then obtain an isomorphism

1®dn41 1®dn,
uAl ®A€ P’IL+1 yAl ®A‘f Pn uAl ®A€ Pn—l Tt

; LT

on n - -
T B AT = oA —— B (AT ——

of complexes, where {ef}, e}, ..., e} is the standard generating set of n + 1 copies of ,A;. Now given an

element « € k and a positive integer ¢, define an element K;(«) € k by

(3.3) Ki(a) == X_: o
=0
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The map §,, is then given by

0ot y“x”e?t —

(3 4) qKa(qv+1)yu+a71mve?t71 + Ka(unrl)yuqurafle?ifll for i even
. [qv—i-l _ qa_l]yu+1$U€?t71 + [qu+2 _ 1]y“$”+1e?§11 for i odd
Sarpr Yy atel
(3.5) ("7t — qVly Trave?t + Ko (¢" Tyt av e~ tet | for i even
_qKa(qv-l-Q)yu-i-a—lxveth + [qu-i-l _ l]yuxv-i-legil for i odd

where we use the convention e, = €', ; = 0. This was proved in [2] in a more general setting, and by
specializing ¢ and using that x, y have the same nilpotency index, we obtain the above formulae (correcting
an unimportant sign error in [2]).

For the following result we use this complex to compute the Hochschild cohomology of our algebra
A, in the case when ¢ is a primitive a-th root of unity. The result shows that the dimensions of the
cohomology groups do not depend on the characteristic of the field, except that the characteristic of k
does not divide a since k contains a primitive a-th root of unity.

Theorem 3.1. If q is a primitive a-th root of unity, then dim; HH"(A) = 2n 4+ 2 for alln > 0.

Proof. Since HHY(A) is isomorphic to the centre of A, we see immediately that HH"(A) is 2-dimensional.
To find the dimension of HH"(A) for n > 0, we compute ker do; for ¢ > 1 and ker dg;41 for ¢ > 0.

Since k contains a primitive g-th root of unity, the characteristic of k does not divide a. The equalities
0=1-(¢™)*=(1-q™)K,(¢™), valid for any integer m, show that K,(¢™) = 0 if and only if m is not
divisible by a. We will use this fact throughout.

We first compute ker o, for t > 1. By the previous observation, K,(¢**!) = 0 if and only if 0 < v <
a — 2, whereas K,(¢**!') = 0 if and only if 0 < u < a — 2. Therefore
we{l,2,....,a—1},ve{l,2,...,a—1}, ieven,, 0 <i<2t
we{0,1,...,a—2},v=0,7even, 0 <i<2t
u=0,ve{0,1,...,a—2} ieven,, 0 <i<2t
(3.6) Sor(yia’e?) =0 u=0v=a—1,i=2t
u=a—1,v=0,1=0
u=a—2,v=a—2,70dd,1 <:<2t—1
u=a—1,v=a—1,70dd, 1 <:<2t—1

and there are a’t + a? such elements.

Let B := {y“ave?' : 0 <u,v < a—1,0 <i<2t}, abasis for ,A; ®4c Pa;. We split this basis into three
parts. Let X be the set of basis vectors which are in the kernel of d5¢, so that X is given by the above list.
Next, let

Y= {y“ze: iodd,, 0 <u,v<a-—2}

One checks directly that ker(da:) NSp(Y) = {0}. Let Z:= B\ (X UY). We find that Z is equal to
{a* st 0<j<tu{y*les0< <t}

O e 20 €5 < U el 02 < ).

The map do; takes each member of Z to a non-zero scalar multiple of y“’lxafleftfl, and each of these
occurs, for 0 < ¢ < 2t — 1. Hence the image of do; restricted to the span of Z has dimension 2¢, and the
size of Z is 4t. This means that the restriction of do; to the span of Z has kernel of dimension 2t, by the
rank-nullity formula. Hence we get 2¢ further linearly independent elements of the kernel of d9¢. In total,
this shows that dimy, ker §o; = (a? + 2)t + a?.
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Next we compute ker do;11 for ¢ > 0, recall that the characteristic of k£ does not divide a. We see that

(3.7) Saen (y'ae2 ) = 0 {u =a—1,ve{0,...,a—1}, z arb%trary
uwe{0,...,a—2},v=a—1, i arbitrary
and there are (2a — 1)(2t 4 2) such elements.
Let B := {y“x“e?“rl :0<u,v<a—1,0<i<2t+ 1}, a basis for ,A; ® e Pary1. We split this basis
into three parts. Let X be the set of basis vectors which are in the kernel of d4;41, that is X is given by
the above list. Next, consider

Y= {ya_zx”e?”l cieven,0 <v<a—2}U {y“e?t"'l st even,0 <u<a-—3}
U {y“xa_Qe?tJrl ciodd,0<u<a—2}U {x”ef”l :i0dd,0<v<a—3}.

One checks that Sp(Y) N Ker(dai+1) = {0}. Now let Z := B\ (X UY). This is the disjoint union of two
sets, Z = Z, U Z, where

Zezz{y“a:”e?tﬂ:ieven,Oguga—S,1§v§a—2}

Zo::{y“x”e?tﬂz todd, 1<u<a-2 0<v<a-—3}

both of size (a — 2)2(t + 1). Then 6a141(k(Z.)) = k(Z) and das41(k(Zo)) = k(Z) where

Z::{y“m”e?t:jeven,lﬁuﬁa—?,lﬁvﬁa—?}

which also has size (a — 2)2(t + 1). By the rank-nullity formula, the kernel of dg;41 restricted to Z has
dimension (a — 2)2(t + 1). (Note that, if a = 2, then Z = 0). In total we get that dimykerdo;; =
(a®+2)(t+1).

We have now computed ker do; for t > 1 and ker dop41 for ¢ > 0. Using the equalities
(3.8) dimy, im 8,, 4+ dimy, ker 6,, = dimg @7 o(, A1)el = (n + 1)a?,

we see that dimy im doy1 1 = dimy, im da42 = (a® — 2)(¢t + 1). Consequently

(3.9 dim;, HH**T1(A) = dimy, ker 8241 — dimy, im 942

(3.10) =4t +4

(3.11) dimy, HH*2(A) = dimy, ker 0o 45 — dimy, im 8443

(3.12) =4t 46

for ¢t > 0, and the proof is complete. O

This result implies immediately the following:

Corollary 3.2. The dimension of the cohomology groups HH"(A) is independent of a.

4. HOCHSCHILD COHOMOLOGY WHEN @ = 2
In this section we let a = 2 and ¢ = —1 (and char(k) # 2), so we have that
(4.1) A=kX,Y)/(X®, XY +YX,Y?).

We write z,y again for the images of X,Y in A. We also mention related work by P. A. Bergh in [1]
where the main objective is to compute the homology and cohomology of A with coefficients in the twisted
bimodule ;A4 for any k-linear automorphism ¢ of the algebra A.

We will simplify the differentials of the minimal projective resolution, before studying the even part of
cohomology ring for this case.
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4.1. Minimal projective resolution when a = 2. We introduce the following notation:
(4.2) By =(1oy) + (yo1) Bo=(1@z)+(z®1)
(4.3) oy = (18y) — (& 1) o = (102) - (20 1)

Now we can rewrite the differentials for the minimal projective resolution P in Equation 2.10 and 2.11;
we get:

(_1)1‘(6.’/]@?71 + B in:ll) when n is even
(D) (ay f 7 — e fi7h) when n is odd .

(4.4) dn(f7") = {

4.2. Description of cohomology groups. In Section 3 we have seen that dimHH"(A) = 2n + 2.
Knowing this, we will determine a basis for HH"(A) for arbitrary even degrees n. We write d;, as usual
for the Kronecker symbol.

Lemma 4.1. Let n =2t. Forr=0,1,...,2t define maps &.,n, : Poy — A as follows.
(45) gr(fz%) = 0ir - 14, nr(fizt) = 04 - Y.

(a) The classes of these maps form a basis for HH* (A).
(b) The classes of the n,. give nilpotent elements in HH*(A).

Proof. Part (b) will follow from Proposition 2.1. We prove now part (a). Note that these are 2n + 2
elements, so we only have to show that the maps are in the kernel of d3;,,, and that they are linearly

independent modulo the image of d3,.

(1) We apply & to dos1(fFT1), this gives

(4.6) El(=1) (o 7' = aw f21)] = (1) "oy [6ir - La] = i1, - La]] = 0

(we view A as a left A° module, and oy -14 =0 = g -14). Similarly we apply 7, to d2t+1(fi2t+1)
and get

(4.7) e [(=1) (2 = anf21)] = (= 1) lay[0ir - 2] — au[dio1,r - 2y]] = 0
(since xy is in the socle of A we see that o, - 2y = 0 and «, - zy = 0).

(2) Let ¢,,d, € K and p: Py;_1 — A such that

2t

(4.8) Y ek +die = pody € im(dy,).
r=0

We must show that ¢, = 0 = d,. for all ». Write p(fftfl) =p; =a; + bz + c;y + d;xy € A. Then
we have

(4.9) podo(f7) = (—1)"[Bypi + Bapi-1] = (—1)"[2a;y + 2a;_12]

which are elements in A. On the other hand if we apply the map given by the sum to f?! then
we get

(4.10) ¢ + dizy,

also elements in A. We assume these are equal, and it follows that all scalars are zero.
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4.3. Products in even degrees of HH*(A). Recall that the even part HH?*(A) is a subring of the
Hochschild cohomology, and it is commutative. The aim of this section is to prove the following:

Theorem 4.2. Let k be a field with char(k) # 2, and let A = k(X,Y)/(X?, XY + Y X,Y?). Assume

(4.11) R=Sp{&*:t>0, and 0 <i < 2t}.

Then R is a subalgebra of HH**(A). It is Zo-graded, with

(4.12) Ro = k(&?" - i even ), and Ry = k(€2" 1 i odd ).

We have ffmfft = SfﬂJrzt. The subalgebra Ry is isomorphic to the polynomial ring k[zo,z1] where we

identify €3 with zo and &3 with z1. Moreover, Ry = Ro&3 and &2 - €3 = £5.
Corollary 4.3. Let N be the largest homogeneous nilpotent ideal of HH**(A). Then
(4.13) HH?**(A)/N = R.
We fix a degree 2t, and we will compute the product of a general element £ of degree 2t with an element

x of degree 2m, and we let 2m vary. We take representatives & : Poy — A and x : Pa,, — A which are
k-linear combinations of the basis. Let

(4.14) EffMY=pic A  with0<i<2t
(4.15) X(ff™) =p, € A with 0 <i<2m.
By (4.5), the elements p; and p; are then in the centre of A, we will use this freely.

Definition 4.4. The Yoneda product y e ¢ is the residue class of x o ha,, where the family (hs) with
hs @ Pois — Py is a lifting of £. That is, we have the following diagram:

P yom M Popiom1 — - — Poyis m Payis1 o Poi dott1 Py,
T T S T T
Pam —=— Pom P, —*— P, P—"p oA
Jx
A

where £ = p o hy and where all squares commute. We define maps hs (0 < s < 2m), and will show that
they are a lifting.

Zs:o pi—ji [ when s even
2t+sy __ J J
(4.16) hs(fz ) = {(_1)71 (Z;:O(_l)jpi—jf;) when s odd

Proposition 4.5. The maps hs for 0 < s < 2m make the lifting diagram commutative, that is ds o hy =
h571 © d2t+s-

Proof. When 2t is fixed the proof of this result is an examination when s is even and when s odd, and
the result follows from explicit calculations.
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Case s even: We have

(4.17) (dy 0 he) (F211°) = d, Zpl iff | =D pieids(f})
j=0

—szg ﬁyfs 1+ﬁx )

(418) (om0 daegs) () = o (1) (B f57°7 4 B fiZ1°7)
= ﬁyhsfl(fiZHSil) + Bmhsfl(fzng571)

1

(1) Bypij £;7 4 (=1)'~ 12 ) Bepi—ny 5

S

I
<.
I |
o

»

(=1 iy By ™"+ Befi=1).

<
(=)

We observe that the expressions are equal, hence ds o hy = hs_1 0 dots.
Case s odd: We calculate

S S

(4.19) (de o h )27 =do [ (<1 ST (1pis 3 | = S (- 10pi s

Jj=0 Jj=0

S

= (1" YV pig (1) (ay f; 7 — anfioH)

j=0
s

_1)1 Zpi—j(ayf;_l — Qg ;:11)
j=0

(4.20) (hs—1 0 datrs)(f?*) = hsy (( 1) (O‘yfzzt+s_1 - Oéacffﬁ_s_l))

12 pz J Oéy.]&s 1_041 ;:11)

7=0
The expressions are equal, which deals with the odd case. In total, these show that (hs)s>0 defines a

lifting map. (]

4.4. Description of Yoneda products. In Section 4.2 we have described a basis for HH*'*2™(A). Now
we compute the Yoneda product of ¢ € HH*'(A) and y € HH*™(A).

Corollary 4.6. Let £(f?') =p, € A and x(f?™) =p, € A. Then

(4.21) X 0 hopm (fE1H2M) = > Pi—jDj-
0<5<2m and 0<i—;j<2t
In particular if we let £2™ and 2 denote the basis elements of Lemma 4.1 then we have

2m 2t _ £2t+2m
(4.22) &8 = Sutw

showing that R is closed under multiplication.
Proof. We apply the lifting formula and obtain the first part directly. If we take x = £2™ and ¢ = ¢2¢

then p, = 1 and p, = 0 for r # v and similarly p, = 1 and p, = 0 otherwise. So we get that the image of
f2142m i5 1 if v = u + v and is zero otherwise. The last part follows. O
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4.5. Completing the proof of Theorem 4.2. We are left to show that R is isomorphic to the
polynomial ring k[zg, 21], the rest follows from (4.22). We define zg + €3 and 21 + £3; this extends to an

algebra map (recall that Ry is commutative). This takes 2§25 to (£3)7(£3)% = €37€2% = &577%5. The map

t
7

2t (2(t—r) ¢2
2r T EO 52:

Corollary 4.3 is a direct consequence: The intersection of R with N is zero, and as we have observed,

is bijective: namely a general basis vector €3¢, where we must have r < ¢, factorizes uniquely as

any element in the span of maps 7, is in N. O

5. COHOMOLOGY FOR a > 3

Now we study the cohomology when a > 3. Still let ¢ be an a-th root of unity and assume the algebra
is

(5.1) A=EkKX,Y)/(X?, XY — ¢V X,Y?).
We write again x,y for the images of X,Y in A.

5.1. Differentials. We assume a > 3, then we can simplify the differentials defined in 2.10 and 2.11. We
observe that the elements in A introduced in 2.6 to 2.9 depend only on the parity of s modulo a, and the
arguments in 2.10 and 2.11 make only use of the cases where s = 0 or s = 1 modulo a. Using this the
differentials take the following form which we will use from now:

2t—1 2t—1 .
(5.2) oy - f20 s 7y (0) f; zt—j_ Y2(0) 1 for i even
—r, () + (1) P for i odd
(5.3) dopir @ 21 Ty (0)f7 + 72 (1) 24 for 7 even
! ' —y (1) f2 + 7,(0) f2t, for i odd

where we have replaced
(5.4) =T T2 =Ty M1 =Yz Y2 =Yy
5.2. A basis for HH*(A) for a > 3. As observed the dimension of the degree 2t part is always 4t + 2

which is independent of a. We therefore expect that there should be a basis when a > 3 which is not so
different from the one we had for a = 2.

Definition 5.1. Let (; : Pox = A be the map

0 else.

(5.5) G = {1 ‘=

Let j be even, then define

a—1,a—1 s g
5.6 ey =" Y ‘=)
(56) () {0 o
Now let j be odd, then define
5.7 (=Y 1=
(57) i (72) {O .

Lemma 5.2. We fix a degree 2t.
(a) The classes of the elements (; and r]ji as defined above form a basis of HH*'(A).

(b) The classes of the elements 77?-[ give nilpotent elements of HH*(A).
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Proof. Part (b) will follow again from Proposition 2.1. We prove now part (a). These are in total 4¢ + 2
maps, so we only have to show that the maps lie in the kernel of d3,,,, and that they are linearly
independent modulo the image of d5,.

(1) Let & be one these maps. We write £(f?') = p; € A, so that p; is either 0 or 1 or one of 2%~ 1y*~! or
xy depending on the parity of i. We need to check that f(d2t+1(fi2t+l)) =0.

(a) Assume ¢ is even, then this is equal to

(5.8) E(dar1 (F2) = E(ry (0) 7 + 72 (D) 1) = 7 (0)pi + 72 (D)pi—1-
This has to be calculated in A which is viewed as an A€ left module. We have
(5.9) 7y(0)pi = piy — ypi

This is zero if p; = 1. Otherwise since 7 is even we only need to consider p; = % !'y*~! and then
piy = 0 and yp; = 0. Next, if p;—1 = 1 then

a—1 a—1
(5.10) Yo (Dpi_y = an‘xaq—j g = (Z @)zt
=0 7=0

and this is zero, note that 1 +qg+ ...+ ¢% ! = 0 since ¢ is an a-th root of 1. Otherwise p;_1 = zy
and then

a—1

(5.11) Ye(Dpica =Y ¢ (27 Fayad)
j=0

and this is a scalar multiple of 2%y and hence is zero.
(b) Let ¢ be odd, we get
(5.12) E(=ry (D +7:(0) f21) = =7y (Dpi + 72 (0)pi-1.
By calculations similar to part (a) we see that this is zero in all cases to be considered.

(2) We consider a linear combination of the above elements and assume that it lies in the image of d3,.
Explicitly let

2t
(5.13) chCj + Z sin + Z s;m; =&§ody
=0

j even j odd

where £ : Pyy_q — A, with ¢; and s;t in k. We must show that this is only possible, as ¢ varies, with all
¢j and sjt equal to zero.
(a) Apply the LHS to f?' with i even, this gives
(5.14) ci+ s (x*y* ).
On the other hand,
(5.15) g0 da(f7') = (0E(F7) + 1= (0)E(FT).

This is an element in A viewed as an A° left module. For any element z € A, 7,(0)z or ,(0)z
can never have a non-zero constant term since 7,(0) and v, (0) are in the radical of A°. Hence
the Equation (5.15) does never have a non-zero constant term and ¢; = 0.

a=lya=1 " Namely if so this

We claim that we also cannot get a term which is a multiple of x
could only come from either 7, (0)z*~! or from v, (0)y*~!. Now,

a—1

a—1
(5.16) ,yy(o)xa—l — Zija—lya—l—j — Z(q—1>j(a—1)ma—lya—1 =0
=0 =0

since E?;é ¢’ = 0. Hence s;” = 0. Similarly one sees that ,(0)y®~! = 0.
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(b) Apply the LHS to f2! with i odd, this gives
(5.17) ci +s; (zy).
On the other hand,
(5.18) §oda(f') = —my (DS + e (EF)-
As before, since 7,(1) and 7,,(1) are in the radical of A, this cannot have non-zero constant terms.

Hence ¢; = 0.
We must check that we cannot get zy. If zy should occur in 7,(1) this can only come from

7,(1)z but this is equal to zy — gyz = 0. Similarly 7,(1)y = 0 and we do not get zy. Hence

s; =0.
We have proved that the 4¢ + 2 maps are linearly independent modulo the image of d5,. By dimensions,
they are a basis of HH**(A). O

The aim of this section is to prove the following.

Theorem 5.3. Let k be a field, a > 3 an integer, q € k a primitive a-th root of unity, and A the quantum
complete intersection k(X,Y) /(X XY — ¢V X, Y?). Assume

(5.19) R:=Sp{¢?: t>0 and 0 <i < 2t}.

Then R is a subalgebra of HH**(A). It is Zy-graded with Ry := k(¢? : i even ) and Ry := k(¢?* :i odd ).
Moreover

om 2t _ 0 l,r odd
(5.20) GG { 412.::«+2t otherwise.

As for the case a = 2 we can see:

Corollary 5.4. The even part Ry of R is isomorphic to the polynomial ring in two variables.

Corollary 5.5. Assume A is as in the Theorem, and let N be the largest homogeneous nilpotent ideal of
HH?**(A). Then HH?*(A)/N is isomorphic to Ro.

5.3. Lifting. We compute the Yoneda product x e £ where x,§ are k-linear combinations of maps (; as

in Definition 5.1.
For ¢ in the span of the (j, the values of £ are scalars and therefore they commute with elements of

A¢. Luckily, we are only interested in the even Hochschild cohomology modulo homogeneous nilpotent

elements.
Similar as for the case where a = 2 we use liftings along the minimal projective resolution to define

the Yoneda products in the cohomology ring. Let £ : P;; — A where
(5.21) ) =pi

and we assume p; is a scalar multiple of 1, for all 7. Consequently the values p; commute with all elements
in A°. As usual we set p; = 0 if ¢ > 2¢ or if 7 < 0.
The map hg : Poy — Py is defined by

(5.22) ho(f2) == pif)  (0<i<20).

Moreover, we search explicit formulae for maps
(5.23) hs : Poyyrs — Ps.

For s > 1 we require
(5.24) hs—10datts = ds o hs.

If so, then (hs)s>0 lifts £ along the minimal projective resolution.
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5.3.1. Some formulae in A°. In order to define such lifting maps hg for s > 0 we establish some formulae
in A¢. Let

(5.25) ci=1l+q+...+q for 0 <i<a-—2.

Definition 5.6. For an integer s we define

a—2
(5.26) Buls) =Y g™ ("> @)
=0
a—2 o )
(5.27) By(s) = g™ (v @y* )
=0

Recall now the elements in A which occur in the definition of the differentials:

a—1
(5.28) () =Y @y* ')
=0
a71 . . .
(5.29) Tals) = 3 (@1 @ 0d)
=0

At the end we will only need s = 0 and s = 1. Recall also

(5.30) () =(1®y) —qly®1)
(5.31) (1) =q1l®z) - (z®1)
(5.32) 7(0)=(1®y) - (y®1)

(5.33) 0)=(1®z) - (z®1).

With this notation, we will define maps hs : Py;ys — Ps, defined on the generators fizt+S of the free
A€ module Pyiyg, and we will show below that they lift &:

Definition 5.7.
Assume s is even. For an integer ¢ we define the following elements in the algebra,

2 (—1 1) j odd

1 J even
With this, we define for s even
(5.35) hs(f71F5) = ZE:O Pizi ws(j)fjs reven

S opifi  iodd
Now assume s is odd. Here we need two parameters in A€, one for  and one for y. We set

. —B:(0) j odd . 1 j odd
(5.36) ey =4 0 £)) = .
1 J even —f,(0) j even.

With these, we define for s odd,

5.37 ho(f2+s) = ijopi—jfiz(j)fj 1 even
0 ) {ijopijEy(j)ff i odd.

We will show that (hs)s>0 is a lifting for £&. For this, we need some formulae.
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Lemma 5.8. We have that the following relations hold:

(a) By(1)7y (1) = 74(2)

(b) Ba(=1)7y(2) = 714(0)5:(0)
(c) Ba(=1)By(1) = By(—1)B(1)
(d) Be(D)72(1) = —72(2)

(e) By(—1)72(2) = 72(0)5,(0)
(f) By(0)7y(0) = 7y (1)

(g) B (0)72(0) = —72(1)

(h) 7y(1)By(0) = 74(0)

(i) 72(0)B2(=1) = —72(=1)

() Yo (—=1)By (1) = By(0)72(1)
(k) 7y(0)By(—1) = 7y(=1)

1) 72(1)B2(0) = —72(0)

(m) Bz (0)7y(1) = 7 (—1)B:(1)

Proof. We prove (a) and (b), and the other relations follows from the same kind of reasoning. Start with

(a), we have

(5.38)  By(1)y(1) = (2—: ciqi(yi®y“‘2‘i)> (Tey) —qye1))
=0

a—2
(5.39) =3 (ad (P oy ) — ad T @yt )
=0
(5.40) =co(l@y" ) +ergly®@y ) + -+ cam2q (y* 2 0y)
(5.41) — gy @y ) = —camsq" (Y T OY) — ca2q T (¥ @)
(5-42) = 1@y ™) +aler — o)y @y* ) + ¢’ (e2 — 1) (v @y* )+
(5.43) A g T (Cam2 — cam3) (YU TP @Y) — " e (YT @)

where we have that co =1,¢c1 —cp=14+q—1=gq, ...
(5.44) cipp—ci=(4g+ g = (Ltgt-+q) =g
We also observe
(5.45) Cara=14q+ - +¢"2=—¢""
since a is a root of unity and hence 1 + ¢+ --- + ¢* 24 ¢* ! = 0. Then we have,
(5.46) By(Wry(1) = 1@y* )+ ¢ (y@y* )+ + Dy ©1) =7 (2)
For the relation (b) we inspect a typical element in this sum:
(5.47) ciq (@ @) (i @y T ) = g Tl (a0 TPy @at xy )
(where * denotes the multiplication in A°P). Now we recall that zy = qyz (and z x y = ¢~ 'y * z) hence
202ty = gi(a=2=0)yipa=2=i and g 5 yo—1-J = g=He—1=Dgya=1J 4 47 We get
5.48) Ciq—iqzjqj(a—2—i)q—i(a—l—j)(ija—2—i ®y* 1 xz1) = (i @492 9)ei (202 @ o)

which is the most typical element in the sum v, (0)5(0). O
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The relations (a) to (m) in Lemma 5.8 can be used to prove that the maps hy are liftings for the given
map &:

Proposition 5.9. The lifting formulas make the suggested squares commutative, that is hs_1 o dops =
dsohs when s > 1 and & = po hg.

Proof. We give details when s and ¢ are even, the other cases are similar. The strategy is to apply both

fi2t+s

sides to and express the answer in terms of the basis {f; ~1}, with coefficients in A° and then show

that the coefficients of the fJS ~1in the two expressions are equal.

We have
(5.49) (ds o he)(f37%) =d sz jw(j
(5.50) = Y piw() [wO) T 400 £
j even, 0<j<s
(5.51) + Y i) [T (]
j odd, 0<j<s

We split each of the two sums, and when the index is 7 — 1 we change variables, setting [ = j — 1 so
that 7 =141 and noting that [ has opposite parity as j. As well we recall w(j) = 1 for j even. Then this

becomes
(5.52) = Z Py (0) ;7 + Z Pici-172(0) 7
j even, 0<j<s l odd , —1<i<s-—1
(5.53) + Y pee@OnMFT Y pemw(l D)
jodd, 0<5<s l even, —1<I<s—1
The range of summation can be unified since f; = 0 for j = —1 or j = s. We write this now as a

combination in the A¢-basis f;fl for 0 < j <s—1, (writing j for [) and we get

= > [Pi—j7y(0) + pijrw(j + DT (V)]f; 7

j even, 0<j<s—1

(5.54) + Z [Pi—j—172(0) — pi—jw ()7, (D] 77

7 odd, 0<5<s—1

On the other hand

(5.55) (hs—1 0 darrs) (FF°) =he1 (v (0) FF 71 4+ 7 (0) f241°71)
s—1
(556) :7y sz 351 fs 1 +’Y:z sz 1— jEy fs 1]
7=0
s—1
(5.57) sz iYy(0)ex(4) + pi—1-572(0)e ()]fs L
7=0

We must show that for each j the coefficients of f;_l in (5.54) and in (5.57) are equal.
(a) Assume first j is even. We require
(5.58) Pi—jVy(0) + pi—j—1w(i + 1)72(1) = pi—j 1y (0)e2(4) + pimj—172(0)ey ()
For j even, €,(j) = 1 and the first terms agree. The second terms agree provided
(5.59) w(i + D7e(1) = 72(0)ey ()
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Consider the LHS, by identities (c), (d) and (e) it is equal to
(560) By(_l)ﬁz(l)Tz(l) = _61/(_1)730(2) = _’72(0)61/(0) = Vx(o)gy(j)

from the definition of €,(j) in this case. Hence the second terms agree as well.

(b) Now assume j is odd. We require

(5.61) Pi—j—172(0) = pi—jw(§)7y(1) = pi—j7y(0)ex(5) + Pim1—72(0)ey ()

For j odd, €4(j) =1 and the terms with p;_;_; agree. For the other two terms to agree we need
(5.62) Yy(0)e2(d) = —w(j)my (1)

We have using the definition and identities (a) and (b) that
(5.63) —w(f)1y(1) = =Ba(=1)By(1)7y(1) = =Ba(=1)7,(2) = —74(0)B(0) = 74 (0)ex(5)

as required.
|

Similar as for the case a = 2 we define the Yoneda product of the residue classes represented by & of
degree 2t and x of degree 2m to be the residue class represented by the composition

(564) f oY =XO hgm.

5.4. Description of Yoneda products of basis elements when a > 3. In the definition 5.7 of the
lifting maps, we have the term w(j) = B,(—1)B,(1) € A° (for j odd). When this is evaluated in A, it
becomes w(j) - 14. We claim that this is always zero, in fact 8,(1)-14 = 0.

Namely, we must view A as an A° bimodule and then

a—2 a—2
(5.65) ﬂy(l) sl = Z ciqiya—Q _ (Z ciqi> ya—2
=0 =0

The following shows that this is zero:

Lemma 5.10. Let q be a primitive a-th root of unity for a > 3. Letc; =1+ q+ ...+ " fori >0, then
a—2

(5.66) > it =0
i=0

Proof. Set also c_1 := 0. Then we have for i > 0 that ¢; — c;_1 = ¢*. We get

a—2
(5.67) Z g’ = Z ci(e; — ¢i-1)
=0 i

Therefore (all summations are from i = 0 to a — 2)

(1+ Q)(Z ciq?) :Zciqi + Zciqi-u
:ZCi(Ci — i)+ Zci(CiJrl — )

1
= E (CiCi—H - Cici—l)
i
=Cq—-2Ca—1 — CpC—1
=0

since g1 =1+¢q+...+¢* 1 =0and c_.; =0. But ¢ # —1, so we can cancel by (1 + ¢) and get the
claim. ]
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We analyse now the products, and this will complete the proof of Theorem 5.3. Define
(5.68) R=Sp{¢?:t>0,0<i<2t}.

We compute products of elements in R.

Let x be of degree 2m and £ of degree 2t, both in R. Let £(f?') = p; € K for 0 < i < 2t and
x(szm) =p; € K for 0 < j <2m. As before we set p; = 0 for i < 0 or ¢ > 2¢, and similarly we define p;
for any j € Z.

Then x e ¢ is the class of x o ha,y, where (hy) is a lifting of £, with the formula computed above. Note
that we only need the case when s = 2m is even. We have

5.69 o ho( F245) — (S () £5) — { Zgzopi’j‘i}(j)pj o even

( ) X S(fz ) X(jzz:opz J (j)f]) Zj:()pifjpj i odd.

Now assume x = (; for some 0 <[ < s, 50 p; =1 and p; = 0 otherwise. Then the above simplifies to
2ds picw(l) -1 i even

(5.70) Jie { pisi-1  iodd

Now take & = (. for some 0 < r < 2t. Then p;_; =1if i — [ = r, and 0 otherwise.
Note that w(l) - 14 is zero for [ odd and is equal to 1 otherwise. The zero occurs precisely when [ is
odd and i =1 4 r is even, i.e. if both [, are odd. So we get

cm 2= { ¢Z*? 1,r ot both odd

(5.71) 10 I,r odd.

T

As for the case a = 2 we see that Ry is isomorphic to the polynomial ring in two variables.
Furthermore, we see that elements in R; are nilpotent. The subalgebra Ry intersects the largest

homogeneous nilpotent ideal N trivially, and the span of the n* is contained in N.
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