Thermal two-phase flow with a phase-field method

Keunsoo Park? Maria Fernandino®”, Carlos A. Dorao?

aDepartment of Energy and Process Engineering, Norwegian University of Science and Tech-
nology, N-7491 Trondheim, Norway

Corresponding author. Tel: +47 73595352

Email-addresses: keunsoo.park@ntnu.no (K. Park), maria.fernandino@ntnu.no (M. Fernandino), car-

los.dorao@ntnu.no (C.A. Dorao)

Abstract

Phase field methods have become of great interest for the simulation of droplet and bubble dynamics, moving free
interfaces and more recently phase change phenomena. One example is the Navier-Stokes-Korteweg (NSK) equa-
tions. With a particular focus on the van der Waals fluid, we present the numerical solution of the NSK system
with the energy equation included. The least-squares spectral element formulation with a time-stepping procedure,
a high-order continuity approximation and an element-by-element technique is implemented to provide a general
and robust solver for the thermal NSK equations. A convergence analysis is conducted to verify our solver. Two
numerical examples regarding phase transitions of a droplet and thermocapillary convection are provided to vali-
date our solver.
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1. Introduction

Liquid-vapor two-phase flow occurs in many natural phenomena as well as industrial applications. Particularly
the applications of liquid-vapor phase transition are extremely wide, ranging over cavitation, boiling, evaporation
and condensation. In industry, phase transition takes place in the fuel injection system, heat exchangers, and var-
ious pipelines. During phase transition, mass and heat transfer phenomena through the phase interface are gov-
erned by the laws of thermodynamics, and many modeling techniques for the interfacial dynamics are available
for these transfer processes.



As opposed to sharp-interface methods, diffuse-interface methods describe the phase interface as a microscopic
transition region with continuous variations of physical quantities. The benefits of the diffuse-interface method
over other approaches are that there is only one set of PDEs to be solved over the entire domain including the
interface area, and the method can handle the complicated topological changes without ad-hoc procedures [1].
Among diffuse-interface methods, the phase-field model, which is based on a convection-diffusion type of equa-
tion, can overcome shortcomings in the interface tracking methods such as volume of fluids or level-set method
by avoiding the interface smearing problems and improving accuracy of surface tension computation [2]. The
phase-field methods have been widely used to simulate the flow of two or more fluids such as spinodal decompo-
sition [3-4], head-on droplet collision [5-6], dendritic growth [7] and cancerous tumor growth [8].

The Navier-Stokes-Korteweg (NSK) equations are one of the most popular phase-field models to date.
Korteweg proposed a constitutive law for the capillary stress formulation and coupled the van der Waals fluid
model with hydrodynamics, yielding the NSK equations [9]. Later, the interstitial working term was introduced
into the energy equation to satisfy the second law of thermodynamics [10]. Owing to the thermodynamically
consistent nature, the NSK equations have been expected to provide a unified predictive capability for the thermal
phenomena. Onuki [11] has showed that the NSK equations may accommodate effects of wetting and heating of
a plane solid wall.

However, numerical methods for the thermal NSK equations are faced with stability and accuracy issues. The
NSK equations are third-order PDEs due to the expression of the surface tension effect. Another feature of the
NSK system is a non-monotone constitutive relation for the pressure, corresponding to a non-convex local part of
the energy. As can be seen from Figure 1, there is an unphysical region of negative compressibility in phase
transition, denoted as the phase mixture (PM) region. The non-convex energy function results in a mixed hyper-
bolic-elliptic characteristic of the NSK equations below the critical temperature. Pecenko et al. [4,12] used a
transformation of variable for the isothermal case, but it is discarded in the thermal case since it leads to a prohib-
itive increase in the complexity of the governing equations, and also restricts the range of applicability of the
method by increasing the number of constraints on the physical parameter of the fluid. More recently, Liu et al.
[13] adapted the entropy variable with an isogeometric analysis, and Tian et al. [14] added Lax-Friedrich terms
for the conservative scheme. However, Diehl et al. [15] and Giesselmann et al. [16] pointed out that adding these
terms generates parasitic currents at the interface, and these can be removed when the pressure and the Korteweg
terms are discretized in a non-conservative fashion.

In the present work, the formulation of [17] for the isothermal NSK equations is extended to the thermal case.
Besides the isothermal NSK equations, in the thermal NSK equations, a highly non-linear equation for the total
energy is coupled with the mass and momentum conservation equations, and the dependency of the pressure on
the temperature is added. The least-squares formulation with C! Hermite approximation is implemented. The idea
of this formulation to the NSK equations is to rewrite the original equations as a second order system, and then
apply the spectral element method with C! continuity to this second order system. The least-squares spectral ele-
ment method has several desirable numerical properties: (1) it always provides symmetric positive definite system
even for non-self-adjoint operators; (2) it circumvents compatibility requirements between approximating func-
tion spaces such as the LBB condition; (3) the use of higher continuity discretization improves the approximation
accuracy of solution at the phase interface. Additionally, in our solver a space-time coupled formulation and an
element-by-element technique are used to handle a long-term of solution evolution. The generality and robustness
of the least-squares formulation with high order approximation are demonstrated by showing that it can cope with
highly complicated energy equation in the thermal NSK system. We provide the verification and validation of our
solver for the thermal NSK equations. To the author’s best knowledge, this is the first work of applying the least-
squares method into the thermal NSK system.
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Figure 1. Dimensionless equation of state for van der Waals isothermal fluid at 0.85 of temperature. P, satura-
tion pressure, VS vapor stable, VM vapor metastable, PM Phase mixture, LM liquid metastable, and LS liquid
stable.

The rest of this paper is organized as follows. Section 2 presents a derivation and a formulation of the thermal
NSK equations and their nondimensionalization process. In Section 3, the least-squares spectral element method
for the governing equations is described. A convergence analysis of our numerical solver can be found in Section
4. Two numerical examples, evaporation/condensation of a bubble and thermocapillary convection, are presented
in Section 5. We draw conclusions in Section 6.

2. The van der Waals fluid model

2.1. Korteweg stress tensor from Helmholtz energy

The phase-field models are formulated based on their own definitions of the Helmholtz free energy density
Y. For the van der Waals fluid [18], it is given by

K
Y(p,0) = W (p,0) + o7 [Vpl?, @.1

0
Y,c(p,0) = —ap + RO log (ﬁ) —cOlog (9—) —dé. 2.2)
0

Above, W, is the local Helmholtz energy density, p is the density, 6 is the temperature, K is the capillary
coefficient, constants a, b and d are the van der Waals constants associated with fluid properties, c is the spe-
cific heat capacity, R is the universal gas constant, and 6, is a reference temperature.

Mathematically, the equilibrium state in the phase-field method can be found by minimizing a functional of
Helmbholtz energy Y over the domain subject to conserving a mass functional M. Those functionals are

1
Y= f pay = f [P + 5 K101 v, 2.3)



M = f pdV. (2.4)
And it leads to the following Euler-Lagrange equation:

_ a(pl’ploc) +

KZ
Vep p

1=0, (2.5)
where A is the Lagrange multiplier from the constraint of constant mass. Since both functionals Y and M are
continuous in time and independent of spatial coordinates, a system has a continuous symmetry property. Accord-
ing to Noether’s theorem [19-20], for such system there is a corresponding quantity N whose value is conserved

in time:
V:-N=0,
whereN=Ll—Vp®m, L=p‘Ploc+EK|Vp|2—Ap.
Using (2.5), the conserved tensor N becomes that
0¥ 1
N= (—pz 3 +KpV2p+§K|Vp|2>l—KVp®Vp. 2.7
The first term in N is defined as the thermodynamic pressure as
alplac pe
P =p? =Rb—— —ap?, 2.8
P b—p (2.8)
and the rest of the terms are referred to as the Korteweg stress tensor ¢:
1
= (KpV2p+EK|Vp|2)I—KVp®Vp. (2.9)
Meanwhile, the internal energy e can be defined from of W as
¥
e =W, —0 a;“ = c6 — ap, (2.10)

and the interfacial energy and the kinetic energy are included into the formulation of the total energy € as

1 1
€=p<e+5|u|2>+5K|Vp|2, (2.11)

2.2. The thermal Navier-Stokes-Korteweg system

We define the space-time set Q := Q,x(0,T),T > 0, for a two-dimensional open domain Q, c R?. The spa-
tial boundary of Q is denoted as T := 9Q,x(0,T), and the unit outward normal vector to T is denoted as n.
For a thermal flow with compressible and viscous two-phase fluids, the thermal Naiver-Stokes-Korteweg (NSK)
problem with initial/boundary conditions can be state as follows: find the unknowns p = p(x,t): Q - (0,b), u
=u(x,t):Q - R? and 6 =6(x,t):Q > R such that

dp

E-l_ V-(pu) =0 inQ, (2.12)



d(pu
(0 )+V-(pu®u)+VP—V-‘t—V-g=O inQ, (2.13)

Jat
Z—§+V-[(€+P)u] —V-[(t+qQu]+V-q+V-I=0 inQ, (2.14)
Vorn=0 onT, (2.15)
p(x,0) = po(x) inQ,, (2.16)
u(x,0) = uy(x) inQ,, (2.17)
6(x,0) = 6,(x) inQ,, (2.18)

together with proper boundary conditions for u and 8. € can be expressed as a function of 6 based on its
definition presented in (2.10)-(2.11). Here, po:Q — (0,b), u: Q > R? and 6,:Q - R are given for the initial
conditions. T is the viscous stress tensor for a Newtonian fluid, q is the heat, and II is the interstitial working
flux are described as

T =pu(Vu + vub) + v(V- )], (2.19)
q = —kve, (2.20)
II=Kp(V-u)Vp, (2.21)

where g and v are the first and second viscosity coefficient, and k is the thermal conductivity. Here, a choice
of u>0 and v = —2u/3 is adopted based on the Stokes assumption. The divergence of the Korteweg stress
tensor ¢ can be simplified as

V¢ =KpV-(V?p). (2.22)
The first two terms of the momentum conservation equation (2.13) can be rewritten as

d(pu)
at

u
ot

+V-(pu®u)=p< +u-Vu)+u[g—'l;+V-(pu)]. (2.23)

The terms in the square brackets is equal to the terms in the left-hand side of the continuity equation (2.12); hence
they become zero. Thus, (2.13) reduces to

Ju
p(a+u-Vu>+VP—V-t—V-g=O. (2.24)

2.3. Dimensionless form of the governing equations

The non-dimensionalization of the thermal NSK equations can be performed with the following reference
variables denoted with a subscript 0 and the non-dimensional quantities denoted with a superscript *:

* x * u * p P* P 9* 9 8* g * q l-l* l-l (2 25)
X =—u =—,p =—, =7 = =9 =—, =5 .
Ly Uy Po Py 0o &o qo I,

We set the reference values of the density, pressure and temperature as their critical values in the van der Waals
fluid model:
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Po Pc 3! PO Pc 27 , 60 Bc 27R. ( )
In this study, the reference velocity is the average sound speed U, = /P,/py, and the reference length is defined
as Ly = Uyt, using the reference time t,. With these reference values, the Reynold number Re, the Weber num-
ber We and the scaled heat conductivity k, are defined as

Re:pOUOLO We:L%)ngpoUgLo ke = k6,
o Kpo o PoLoUs

2.27)

with o the surface tension. The dimensionless pressure, total energy, heat and interstitial working flux can be
expressed as

8p*0”
P = poU2 [—*— 3p*2], (2.28)
oY0 3-p
€ =poUs [—39*2 +cp 0" + L [V*p*|* + 1p"lu"lz] (2.29)
oo 2We 2 ’
k6,
q=—-—Vo* (2.30)
Lo
KpOZUO * * * * *
M= 2 p (V- u")Vp*. (2.31)

With the non-dimensional quantities, the dimensionless form of the balance equations, (2.12), (2.24) and (2.14),
the viscous stress tensor and the Korteweg stress tensor can be written as

*

poUo [0p ]

+V - (pu)| =0, 2.32
Ly ot (p™u”) (2.32)
pols | *(au*+ Ly *)-I—V*P* LIS N S (2.33)
L, IP \(GerT v Re' ¥ Twe' STV '

pOUg -as* +V* [(S* +P*) *] 1 V* ( * *) 1 v* ( * *) +k V* * + 1 V* l-l*
L, lae WImRe’ "\TWI Ty TSI TRV Ty (2.34)
= 0’
2
T =Vu +vuT - §V* -u’l, (2.35)
1
c* — <p*v*2p* +E|v*p*|2)l_v*p* ®* V*p*- (236)

In this formulation, pressure is viewed as a dependent variable of the density and temperature. For the thermal
case, the derivative of pressure in (2.33) and (2.34) is expressed as

*V* *+a *V*H*—[ 24 6 *]V* 4+
P ae* - (3_p*)2 P P

*

V*P* —

9", 2.
5 Ve 2.37)

3—p*

To allow the use of C' continuous element expansions in the least-squares finite element formulation, the third-
order derivative of the density in the Korteweg stress term needs to be recast as a lower-order derivative term. We
define a new variable ¢ to represent the Laplacian of density as



(2.38)

(2.39)

(2.40)

@ =Vp.
Dropping out the subscript *, the dimensionless of the thermal NSK equations in terms of the prior variables and
¢ becomes

dp

—+V: =0,

T (ow)

(6u+ V)+[ 6]V 1V(V + vu’ ZV I) ! Vv
P ot "W )T @ —pyz ~ PPV TRe Y T \VU TV TV W T PO
8p
——V0,
3-p

a6 8p , 24 8p
cp[E+(uV)6]+E(uV)6—kOV 9+[WVpu+EVu]6

=a+pf+y+d6+te

where
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3. The numerical method

3.1. Least-squares formulation

(2.41)

(2.42)

(2.43)

(2.44)

(2.45)

(2.46)

The system (2.36)-(2.39) can be viewed as the coupled Navier-Stokes equations, (2.36)-(2.38), and the energy



equation (2.39). We design the decoupling solver with a relaxation method, and the terms from previous decou-
pling step are denoted as subscript . To be illustrate, the velocity u,, in the n-th decoupling iteration is obtained
from the previous iteration u,_,, and the one from the second previous iteration u,_,, with the relaxation pa-
rameter Wyc, 1.€., Uy = Wgclp_1 + (1 — Wge)Uy_o. The L*-norm least-squares energy functional based on the
residuals of the system (2.36)-(2.38) and (2.39) can be written as follows, respectively:

1/0p 2
Ins(p,u, @;0,) = ||— + V- (pu)

0,Q
1 2

||p< +u- Vu) [(3 6p]Vp——V (Vu+Vu —§V ul) 3.1)

1 8p 2
———pVo +——V6 +1IV?p — §0||(2),n>,

We 3—p g

T5(0; P s 9r) = <||cpn (52 + e, 0] + 5 T (V)6 ~ oV
04 80, ) (3.2)

+[mm'“n+a—pn‘7'”n]9— el )

where the subscripts NS and E stand for the Navier-Stokes equations and the energy equation. Let W; denote
the solution space for p, ¢ and 6, and let W, denote the solution space for u. The minimization statement in
the least-squares sense for the Navier-Stokes equations can be expressed as

Find (p,u, @) € Xys(Q) foragiven 6, such that

(p,u, @) = argmin Jys(0,v,Q), (3.3)
(ev,.Q)EXNS

where Xys(Q) is the space of admissible functions for the variables in the Navier-Stokes equations

XNS(‘Q) = {(P' u, (P)

n (3.4)
€ 2(W,) n HY(I2(Q))XL2(W,) n (Hl(L2 (Q))) XL2(Wy) N H (L2 (Q))}.

Simultaneously for the energy equation,

Find 0 € X;z(Q) fora given (p,, U,, ¢,) such that

6= argmln Je @), (3.5)

YEXE
where X;(Q) is the space of admissible functions for the variables in the energy equation as
Xp(Q) = {6 € L2(Wy) n HY(L2()}. (3.6)
Equivalently, it is possible to write the necessary condition for the Navier-Stokes equations as
Find Uys = (p,u, @) € Xys(Q) foragiven 6, such that
(LnsUns, LysVns)oa = (Gns: LusVnsdoa VVns € Xys(Q), (3.7

where Lyg represents the Navier-Stokes operator, Gys the corresponding source term. Likewise, it is also pos-
sible to write the necessary condition for the energy equation as

Find Uz = 0 € X(Q) fora given (p,, U,, ¢,) such that



(LeUg, LgVE)oa = (Ge, LeVE)oa YV € Xp(Q), (3.8)

where Ly represents the energy operator, Gy the corresponding source term. The Newton linearization method
is used to cope with the nonlinear terms in the Navier-Stokes equations. For the Navier-Stokes equations in a two-
dimensional spatial domain, the set of partial differential equations with the unknowns Uj = [p u v ¢] can be
represented as

AR A [ e SRR T
at ulax Vzay ox pr|poz P

_ apl oy + apl a”l (3.9)
- ul ax pl ax vl ay pl ay
24 0 0 1 aul aul 1 a<pl
(G o)a (G + vy~ an)
GB-p) 0x Jat 0x dy We ox
N (6 5] 4 6) 1 (4 02 62 6u[
Prige Tty T dy) Re 36x2 ay Ny dx 310
N du, 1 9?2 1 d¢ (3.10)
P dy  3Redxdy v eP ox
oy, oy, 6ul 1 Jd¢; 8p, 06,
B TR P UL it TRl ol e
[( 24 . ) 0 +(6vl N 6v1+ ov 1 6<p,)] N v, 1 02
(B —p)? PL ady ot T Yax TV Gy dy T We ady P Prax " 3Re dxdy u
0 4] 4] 9> 4 9° Bvl 1 dg
— — — ) - =—=+= —p— 3.11
* [Pz (E)t T Ox tn ay) <0x2 * 3 0y2> Pray ay T we dy 311
v, v, av; 1  d¢; 8p, 06,
==+ 2 2 =
P 6t+ Pl 5 L+ 2p 'y " We lay 3_p, 0y’
9> 0?2
[Oxz 3y ]p @ =0. (3.12)

The terms with subscript [ represent the values from previous iterative steps for linearization. In the same manner,
for the energy equation in a two-dimensional domain, the set of partial equations with the unknown Up = 6 can

be represented as
(6+ 6+ 6>+ 8pn ( 6+ 0) . 02+02
Prlge Tlngy T dy) 3 —p, Ungy T tn dy O\ax2 ' ay?
{ 24 (apn N aﬂvn) + 8p, (% 4 %)} p (3.13)
(3 = pn)? ay 3—p,\dx 3y
=, +PBn+Vn+ 6+ en

For all sets of the equations, the final system with the boundary conditions included can then be expressed as
LU=§G inQ, (3.14)
BU=Ur onT, (3.15)

where B represents the boundary conditions operator and Ur the specified values on the boundaries. In this
work, the boundary conditions are incorporated into the least-squares functional so that they are also a part of the
minimization problem, namely



1 1
J =§|ILU—9||3,9+§IIBU—UrI|5,r, (3.16)

or equivalently,

Find U € X(Q) such that

A(U,V) = F(V) WV € X(Q), (3.17)
with

A(U,V) = (LU, LV)yq + (BU, BV)o, (3.18)

F(V) = (G, LV)gq + (Up, BV),r, (3.19)

where A: XXX — R is a symmetric, positive definite bilinear form and F: X — R is a continuous linear form.

The inclusion of the boundary residual allows the use of spaces X(£) that are not constrained to satisfy the
boundary conditions. If the boundary terms are omitted, the boundary conditions must be strongly enforced in the
definition of the space X (). Restricting the variational problem (3.17) to a finite dimensional space X, (Q), i.e.,
U, € X,(Q) c X(Q), the least-squares formulation can be stated as

Find Uy € X,(Q) such that
clq(Uh, Vh) = ?(Vh) VVh € Xh(ﬂ). (320)

Both nonlinear and decoupling convergences are declared when the relative norm of the residual, i.e.,
[IAR|o/IIR o, is less than 1076, with the residual defined as

IRIZ o = f LU, — 6% dO. (3.21)

3.2. Spectral element discretization

The computational domain  is divided into Ne non-overlapping sub-domains ., such that
Ne
Q= Z Q. N =9 %] (3.22)
e=1

A time-space coupled formulation with the time-stepping procedure is used, i.e., the transient solution is approx-
imated on consecutively aligned space-time strips, and a strip is composed of only one element in time, (, =
QEXQL = (X4, Xpy1) X (tn, tyeq) With the time step size At = t,.; — t,,. By an invertible mapping, each subdo-
main is mapped onto the unit cube (&,¢,17) = [—1,1]% for a two-dimensional spatial domain. This time-stepping
scheme is unconditionally stable, but the accuracy depends on At [21].

The use of higher continuity discretization in the least-squares method has shown a significant improvement in
the accuracy of evolutions for Riemann shock tube problem [22]. In order to describe the interfacial solution with
high gradient, C' p-version hierarchical approximation functions, particularly Hermite polynomials, are used to
approximate the local solution in each element £, u?. A basis function for a two-dimensional space and time
domain can be written as a tensor product of one-dimensional basis functions with the same order, i.e.,
D", 6,1 = §:(§) @ d;(6) ® P (m), with m =i+ j(p+ 1)+ k(p+ 1)* where 0 <1i,j,k <p. Thus, the

local approximation u! can be expressed in a linear combination of ®™ as

10



ult = z urem, (3.23)

with the expansion coefficient UJ*. The same basis functions and construction approach have been used in our
previous study [23-24].

The assembly matrix in an element level can be written as

A, = | [L(®p) ... L(Pre-1)]"[L(Dy) ... L(Ppe-1)]dQ,, (3.24)
Qe

7, = f [L(®y) .. L(®yo_1)]7 6. (3.25)
Qe

The Gaussian rule on the GLL-roots are used for the numerical integration, and larger number of quadrature points
Q than the expansion order p, Q = p + 3, is used to improve the convergence rate of the solution [25].

The conjugated gradient method with the Jacobi preconditioner is used to solve the algebraic equation. A Matlab
code and Matlab MPI are developed at our group as the main setup and for parallel computing. The global ap-
proximation u” are constructed by a combination of the local approximations u? as

uh = ng. (3.26)

4. Convergence analysis based on the manufactured solution

In order to verify our solver, the following manufactured solution for the thermal NSK equations, expressed as
products of trigonometrical functions, is used:

p(x,y,t) = 1.0647 + 0.7453 sin(mx) sin(my) cos(mt),

u(x,y,t) = cos(mx) sin(my) cos(mt),

4.1)

v(x,y,t) = —sin(mx) cos(my) cos(mt),

0(x,y,t) = 0.85 + 0.1 sin(nx) sin(my) sin(mnt).

The extrema of the density solution are set to be the densities of bulk phases at 8 = 0.85 to assure the stability
of the equilibrium state. The corresponding force terms to the manufactured solution are added to the right-hand
side of the discretized equations. The initial and boundary conditions are given by the manufactured solution;
Dirichlet boundary conditions for the velocities and temperature and Neumann boundary condition for the density.
The L?-norm of the difference between the approximated solution Uy and the manufactured solution U, i.e.,
[lUy — Uplloq is chosen as an error indicator, and it is written as

U, — Ul = J[Uh - U,]?dQ. (4.2)

The governing equations are solved over a domain Q, = [0,1]? and a single element time slab with At =
0.05, until t = 5.0 (2.5 periods). The Courant-Friedrich-Lewy (CFL) condition is used to define the time-step

11



size:

‘= CFLxh
=0

4.3)

where the stable time-step size is generated as CFL < 1. In the verification study, the CFL ranges from 0.25 to
0.75 with U, of 0.5.

Figure 2 presents the errors in time for the number of spatial elements Ne = 152 and the expansion order of
p = 3, and the errors at t = 5.0 from the /-refinement study of Ne = 102,152%,20%,252%,302? and with p = 3.
The errors oscillate in time depending on the solution values, but the amplitudes of the oscillation are stable. The
errors in the A-refinement study show the expected linear convergence with slope 4, as theoretically predicted for
a fixed expansion order p = 3.

103k — & — errL2p errL2v |+ — & — errl2p
t — % — erml2u — & — errl26| | 10*F | — 2 — errl2u P
| errL2v a7
— & — errlL26 7
,/‘P”/ -
o~ N AT -
— Y} L o
= = a” e
© © 10° e
el slope h* ]
. . . . ] B S S
0 1 2 3 4 5 0.033 0.04 0.05 0.067 0.1
time h=1/Ne

Figure 2. Errors in time with Ne =15% and p =3 (left) and h-refinement study of Ne =
102,152,207,25%,30% with p = 3 (right), manufactured solution.

5. Numerical examples

We validate the implemented code with two numerical examples: evaporation/condensation of a single bubble
and thermocapillary convection. For all simulations, the initial condition for the density is given as close to the
profile at the equilibrium state, and it is expressed as

_ P t0, P~ Py z
Po = > + > tanh (E\/We), 5.1

for bulk liquid density p; and bulk vapor density p,,, and with the z-coordinate chosen along the gradient of
density. This hyperbolic function is used as the initial profile in many numerical examples [13-15, 17]. In our
previous work [17], the bulk densities at each temperature were estimated, and they are presented in Table 1. The
densities were obtained by the equal area rule [15], and the equilibrium states at corresponding temperature were
confirmed by our solver.

Table.1 The liquid and vapor densities at the equilibrium state at different temperatures.

| 6 | 0.80 | 0.85 | 0.90 0.95
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JJ) 1.932 1.810 1.656 1.463
Py 0.2397 0.3194 0.4244 0.5806

5.1. Evaporation and condensation of a single bubble

In this example, a single bubble with a radius of 0.25 is located at the center of the computational domain
[0,1]2, and it is evaporated or condensed by constant wall temperature. Initially the entire domain is at the equi-
librium state with 8, = 0.85, corresponding bulk densities p; = 1.810 and p, = 0.3194, and four different
cases with 0.80,0.85,0.90,0.95 of wall temperatures are considered. The simulation parameters we used here
are Ne = 20%,p = 4,At = 0.05,Re = 1000, We = 4000,k, =1 and c = 1. The simulations run until they
reach their equilibrium states, and the equilibrium state is declared when L*-norm of maximum difference of
pointwise density between the current time step and the previous time step is lower than 107*, i.e.,
max(pn = pn_g) < 107%

The radius of single bubble at the equilibrium state can be predicted analytically as follows: with the initial
equilibrium state at 6, = 0.85 and the initial bubble radius of 0.25, the total mass M can be calculated as
M = p,Xwx0.25% + p;x (1 — wx0.25%). With the total mass maintained constant, the radius of the bubble at the
equilibrium state, denoted as R,, can be estimated with the same equation but with different bulk densities for
each wall temperature, by assuming that the equilibrium temperature is equal to the wall temperature. Together
with R,, the radius of the bubble from our simulations, denoted as Rj, are presented in Table 2. The equilibrium
radii have close agreement with the estimated radii, and for 6 = 0.95 only liquid phase is left. The density pro-
files for each wall temperature are given in Figure 3. Our results also have good agreement with the results from
[26]. This example shows that our solver provides the result with stable equilibrium states and the mass conser-
vation.

Table 2. Estimated bulk densities and radius of evaporating/condensing bubble at equilibrium state.

0 P Pv Rs Re
0.80 1.932 0.2397 0.2793 0.2791
0.85 1.810 0.3194 0.2500 0.2500
0.90 1.656 0.4244 0.1893 0.1906
0.95 1.463 0.5806 - -

0 0.5 1 0 0.5 1 0 0.5 1 0 0.5 1

6=10.80 6=10.85 6=10.90 0=10.95

Figure 3. Density profiles of evaporating/condensing single bubble for each wall temperature.

5.2. Thermocapillary convection
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The Marangoni effect is induced by surface tension gradient at the interface between two fluids. Among many
forces inducing the Marangoni effect, the temperature gradient can be one of them in such a way that the increase
of local temperature increases surface tension, and then the imbalance of surface tension drives the bubble toward
higher temperature. This motion due to the temperature gradient is referred to as the thermocapillary convection
or Benard-Marangoni convection [27]. Such convection is critical in understanding welding, crystal growth and
electron beam melting.

Initially a single bubble with a radius of 0.25 is located at the center of a square domain €, = [0,1]%. The
initial condition and the boundary condition for the velocity field are fixed to zero. The initial equilibrium tem-
perature is set to 8, = 0.85. The top and bottom walls are insulated, i.e., d8/dy = 0, and on the left and right
walls the temperature is fixed to 0.85 and 0.90, respectively. The mesh size is taken to be h = 0.025 with Ne =
40% and p = 4. The time step size is set to At = 0.025, corresponding to unity CFL. The Reynold number and
the flow properties are chosen as Re = 1000, k, =1 and ¢ = 1. We vary the Weber number as We =
2000,4000 and 8000 to investigate the effect of this parameter.

Figure 4 shows the evolution of temperature for We = 2000 and the velocity field with the interface line,
located as the points with density equal to the average density p = (p; + p,)/2, are, for We = 2000,4000 and
8000. Note that for We = 2000 data at t = 0.05,4.5 and 9.0 are presented with the data for We = 4000
with two times longer time intervals, at t = 0.1,9.0 and 18.0 and for We = 8000 with four times longer time
intervals,at t = 0.2,18.0 and 36.0. In all three cases the bubble moves in the positive thermal gradient direction.
We can also see the motion with We = 2000 is two times and four times faster than the one with We = 4000
and We = 8000, respectively. Thus, it can be concluded that the speed induced by thermocapillary convection
is proportional to We ™. Since the same time step size is used for each simulation case and the reference values,
presented in (2.24), are based on the fluid properties, we can see the surface tension ¢ is proportional to We™!
with the definition of the Weber number in (2.25). Therefore, we can conclude the bubble speed induced by the
thermocapillary convection is proportional to the surface tension in our simulation, and this result can be demon-
strated by the experimental study of [28] - the steady state velocity of a spherical drop in a constant temperature
gradient field for two fluids of equal thermal conductivity is proportional to the surface tension.
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Figure 4. Evolution of density and temperature of We = 2000 and the velocity fields with interface line (p =
1.0647) of We = 2000 and 8000. We = 2000 is at t = 0.05,4.5 and 9.0, and We = 8000 is at t =

0.2,18.0 and 36.0.

6. Conclusion
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We presented the least-squares spectral element scheme for thermal Navier-Stokes-Korteweg (NSK) system.
The equations were recast as the second order PDEs to be approximated by C' Hermite polynomials, and rewritten
along with the least-squares formulation. A time-stepping procedure, Newton linearization and the element-by-
element technique were implemented. The convergence analysis based on manufactured solution was conducted
to verify our solver. It is confirmed that our solver follows the van der Waals fluid model with an example of the
evaporation and condensation of a single bubble by showing the equilibrium state is close enough to the theoret-
ically predicted state. Thermocapillary convection was handled with our solver. The imbalance of surface tension
due to the temperature gradient drove the bubble toward higher temperature, and the effect of the surface tension
on traveling speed was demonstrated by validation with experimental observations from the literature.
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