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rate effects of the third deviatoric stress invariant using the isotropic non-quadratic Hershey-
Hosford yield function. The first model is derived from an upper-bound limit analysis of the
hollow sphere representative volume element using the Gurson-Rice trial velocity field, but
with a rather general isotropic matrix yield function. The second model is a simple, heuristic
extension of the Gurson model incorporating the equivalent stress measure of the Hershey-
Hosford yield function.

From the numerical limit analyses, it is found that the contours of the macroscopic yield
surface in the deviatoric plane transform from the hexagonal shape of the underlying matrix
yield surface to a rounded triangular shape that converges to the circular shape of the Gur-
son model as the macroscopic stress triaxiality ratio increases. This shape transformation is
dependent upon the porosity level. The upper-bound model was found to be in very good
agreement with the numerical data for all stress states, shapes of the matrix yield surface,
and porosity levels. The heuristic model provides good predictions for low and moderate lev-
els of porosity pertinent to ductile fracture, but the predictions deteriorate when the stress
triaxiality ratio and the porosity level increase.

We also address the issue of how representative the spherical unit cell is for the descrip-
tion of real porous solids. To that end, we make comparisons between a space-filling repre-
sentative volume element in the form of a cubic unit cell with a centric spherical void and
the hollow sphere model. These results show that the hollow sphere model generally pro-
vides slightly higher values for the yield limits. The shape of the yield loci is similar for the
two models in the case of non-quadratic matrix yield surfaces, while the cubic model gives
a different shape of the yield loci for low and intermediate stress triaxiality ratios when the
von Mises yield function is used for the matrix.
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1. Introduction

The yielding and plastic flow of many metal alloys are dependent on the third deviatoric stress invariant (J3). The yield
surface has regions of higher curvature and is thus a non-quadratic function of the stress components. The shape of the
yield surface arises from the physical mechanisms of plastic slip in a polycrystal material and depends markedly on the
crystallographic texture of the material. However, also materials with random texture exhibit a non-quadratic yield surface.
For instance, FCC materials such as aluminium alloys have been shown to be more accurately described by a non-quadratic
yield surface even in the case when the material is isotropic (Hosford, 1972, 1996; Lian and Chen, 1991).

Porous plasticity models are traditionally developed based on a representative volume element (RVE) consisting of matrix
material and a spherical void, where the matrix material is governed by the von Mises yield function. As the von Mises yield
function depends only on the second deviatoric stress invariant (J,), there is no microscopic dependence of J3 through the
matrix constitutive formulation. However, a slight J3 dependence still appears on the macroscopic level, i.e. in the homog-
enized response of the RVE (Benallal et al., 2014; Cazacu and Revil-Baudard, 2015; Cazacu et al., 2013; Leblond and Morin,
2014). This stems from the stress heterogeneity imposed by the voided structure of the RVE. This macroscopic J; depen-
dence was indeed eliminated in the classic derivation of the porous plasticity model by Gurson (1977) due to the exclusion
of higher-order terms in the Taylor series expansion of the microscopic plastic dissipation function (Benallal et al., 2014;
Cazacu et al., 2013; Leblond and Morin, 2014).

3D yield surfaces for a porous material with von Mises and Tresca matrix behaviour were presented in Revil-Baudard and
Cazacu (2014a). The yield surfaces were shown to be affected by J3 for both matrix descriptions, however most severely
for the Tresca matrix behaviour, and it was found that the yield surfaces were centro-symmetric. Also, the porosity was
seen to be of key importance for how quickly the yield loci changed shape with increasing levels of hydrostatic tension.
This study demonstrates the intricate coupling between the stress invariants, the matrix behaviour and the porosity level.
Isotropic yield criteria for matrix materials incorporating first-order effects of J3 based on limit analysis using the Gurson-
Rice trial velocity field (Gurson, 1977; Rice and Tracey, 1969) have been considered in recent studies by Cazacu et al. (2014b),
Soare (2016) and Benallal (2017, 2018). Cazacu et al. (2014b) adopt the Tresca yield criterion for the matrix material and de-
rive an analytical criterion for a porous solid under axisymmetric loadings. Soare (2016) employs the non-quadratic isotropic
yield criterion first proposed by Hershey (1954) and later by Hosford (1972), which we henceforth will refer to as the
Hershey-Hosford yield criterion. Benallal (2017, 2018) considers a general isotropic yield criterion for the matrix material,
which includes the Hershey-Hosford yield criterion. The studies by Soare (2016) and Benallal (2017, 2018) are not restricted
to axisymmetric loading conditions and result in a yield surface for the porous solid that dramatically changes shape in the
IT-plane as the stress state changes from predominantly deviatoric to predominantly hydrostatic. More specifically, when
the stress state is predominantly deviatoric, the yield surface of the porous solid resembles that of the underlying matrix
material. When the magnitude of the hydrostatic stress increases, the contours of the yield surface of the porous solid for
given hydrostatic stress states display a rounded triangular shape in the deviatoric plane - an effect that is explicitly shown
in the papers by Soare (2016) and Benallal (2017). Moreover, the yield surface displays centro-symmetry, which is a general
property for a porous plastic material where the matrix yield function is an even function of the stress state (Cazacu et al.,
2019).

Apart from the analytical work utilizing limit analysis, there are also a number of studies that have been devoted
to numerical limit analyses. Trillat and Pastor (2005) made a thorough comparison between static (lower bound) and
kinematic (upper bound) numerical limit analyses for a hollow sphere RVE and the Gurson model. They conclude that
Gurson’s criterion is indeed a good approximation. FE limit analyses have also recently been performed by Madou and
Leblond (2012) where both ellipsoidal (prolate and oblate) and cylindrical geometries were considered and used to
assess their analytical porous plasticity model. The effects associated with an assemblage of voids were studied by
Fritzen et al. (2012). In that study, FE simulations of porous materials comprising a random spatial distribution of spherical
voids in an elasto-perfect plastic material governed by J, flow theory were performed. The authors considered various spa-
tial configurations and evaluated the statistical properties of the unit cell simulations. Interestingly, their results show that
an approximation based on a single centered void, as is the case for the hollow sphere model, gives fairly good agreement
to a random distribution of voids when the porosity is rather low, which in their study corresponds to a porosity of 1%. This
is a rather realistic volume fraction of potentially void-nucleating particles for many structural metals. Moreover, their re-
sults show that the predictions of the Gurson model are less accurate for high porosity levels (up to f = 0.3 in their study).
This is corroborated by the results in Cazacu et al. (2014b) for a Tresca matrix using porosity levels between f = 0.001 and
f =0.04. Also the particle shape can affect the numerical results, which was studied recently by Keralavarma (2017) using
both cubic and spherical voids in numerical FE limit analyses. The study shows that the RVE with a cubic void lowers the
resulting plastic limit load; however, only slightly, and the results were qualitatively similar

Other types of matrix yield functions have also been examined in terms of numerical limit analyses. Guo et al. (2008) em-
ployed a Drucker-Prager matrix yield function and compared the FE results to their analytical criterion. In a study by
Pastor et al. (2010), numerical limit analysis of the hollow sphere model with Coulomb and Drucker-Prager matrix yield
surfaces was undertaken and compared to existing analytical models. Thoré et al. (2011) used both von Mises and Drucker-
Prager matrix formulations and their study confirms, from a numerical point-of-view, the J3 dependence of the macroscopic
yield surface for the porous plastic solid when the matrix is governed by the von Mises yield criterion. Similar results for
a von Mises matrix were obtained by Alves et al. (2014) with an FE model corresponding to a cubic RVE with a centered,
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spherical void. A Tresca matrix formulation was employed in axisymmetric FE calculations by Cazacu et al. (2014b) and
further extended to full three-dimensional FE simulations in Cazacu et al. (2014a) utilizing a cubic RVE with a centered,
spherical void. Pastor et al. (2015) performed numerical limit analyses (both static and kinematic) of a porous material com-
prising elliptic cylindrical voids embedded in a Coulomb matrix material. To the best knowledge of the authors, no studies
have so far considered FE limit analysis using the Hershey-Hosford yield criterion. This yield criterion is of great relevance
for polycrystalline solids that are frequently used for industrial applications, e.g. for aluminium alloys that are increasingly
employed by the automotive industry and in protective structures. This serves as a key motivation for the current study.

It was shown by Barlat (1987) how the shape of the yield surface for isotropic solids affects the formability of a sheet
material deformed under plane stress conditions. Marciniak-Kuczyfiski analyses (Marciniak and Kuczynski, 1967) were con-
ducted with the Hershey-Hosford yield criterion and it was found that the formability decreased dramatically for biaxial
stress states with increasing curvature of the yield surface. Recently, the influence of the yield surface shape on ductile fail-
ure by strain localization was investigated by Dahli et al. (2017b). To this end, numerical simulations with a unit cell that
resembles an imperfection band were performed, adopting the Hershey-Hosford yield criterion for the matrix material. In
addition, a heuristic extension of the Gurson model that incorporates J3 dependence via the Hershey-Hosford yield function
was proposed and evaluated against unit cell simulations, and then used in localization analyses according to the theoreti-
cal framework established by Rice (1976). It was demonstrated by both methods that the shape of the yield surface of the
underlying matrix material has a pronounced influence on the onset of strain localization, and the trend is that the strain
to failure decreases when the curvature of the yield surface becomes higher. This highlights the importance of including
first-order effects of J3 in porous plasticity models and substantiates the relevance of making a proper assessment of such
models.

In this work, finite element simulations of an RVE in the form of a hollow sphere are conducted to evaluate the macro-
scopic yield surface of a porous solid. Hence, plastic yielding is expressed in terms of stress components that are averaged
over the volume of the RVE. Perfect plastic material behaviour governed by the Hershey-Hosford yield criterion and the as-
sociative flow rule is adopted for the matrix material to evaluate the macroscopic yield surface numerically. The exponent of
the Hershey-Hosford yield function is varied to investigate the influence of the matrix yield surface curvature on the shape
of the macroscopic yield surface. It is found that the shape of the macroscopic yield locus in the I1-plane depends markedly
on the macroscopic stress triaxiality when the underlying matrix material is J; dependent. The numerical results are further
used to assess the performance of the two porous plasticity models based on the Hershey-Hosford yield function recently
proposed by Benallal (2017) and Dahli et al. (2017b). It is found that the porous plasticity model by Benallal (2017), which
is derived from a rigorous upper-bound limit analysis, is in very good agreement with the RVE simulations. The heuristic
porous plasticity model used by Dzhli et al. (2017b) is found to give a reasonable representation of the yield surface for the
porosity levels typically found in metal alloys, but it is less accurate than the upper-bound model for high stress triaxiality
ratios and high porosity levels.

The notation used throughout the paper is given in Section 2. The constitutive model of the matrix material is presented
in Section 3, while Section 4 briefly presents the two porous plasticity models. Section 5 deals with the formulation of the
finite element model for the RVE. The results are presented and discussed in Section 6. Concluding remarks are given in
Section 7.

2. Notation

We adopt a Cartesian coordinate system (xq, X3, x3) with orthonormal base vectors (eq, e, e3), and express all tensor
components in this coordinate system if nothing else is stated. The Einstein summation convention is used throughout the
paper, unless specifically stated otherwise.

The microscopic (or local) stress and strain rate tensors of the matrix material are denoted o = 0;;; ® €; and & = &;;¢; ®
e;, respectively. The invariants of the microscopic stress tensor used in this work are the hydrostatic stress (o), the von
Mises equivalent stress (ogq"), and the deviatoric angle (). These invariants are expressed as

op = 7 (1)

Oeq = %O’i/j()'i/j (2)
1 27 det(o”’)

= 3 arccos (2@?)3 3)

where o/ = (o,-j - ahﬁ,-j)e,- ® e; is the microscopic deviatoric stress tensor and ; is the Kronecker delta.
The macroscopic stress and strain rate tensors are defined by averaging their microscopic counterparts over the volume
V of the RVE, i.e.

E:Zi]’e,‘®e]‘=&/0’dv (4)
v
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EZEije,'@eJ‘:V/EdV (5)
v

where V comprises the volume of the void Vy and the volume of the matrix Vp, viz.

V=V, +Vn (6)
The invariants of the macroscopic stress tensor are given by
Xk
Th= - (7)
PIMES 3 DY (8)
eq =\ o Fijij
1 27 det(X')
Q= 3 arccos (2 (Eg’{l'”) 9)

where the prime again refers to the deviatoric part of the tensor. We note that the macroscopic deviatoric angle (£2) specifies
the angle between the projected ;-axis (m;) and the stress point (P) in the deviatoric plane, as illustrated in Fig. 1(b). The
definition of w for the microscopic stress tensor is completely analogous.

We will also refer extensively to the macroscopic stress triaxiality ratio, which is defined as

2y

T = s

(10)
The finite element (FE) limit analyses will be conducted under proportional macroscopic loading. To this end, the
macroscopic stress triaxiality (T) and the macroscopic deviatoric angle (£2) are kept constant throughout the loading
sequence.

The stress tensor decomposes into a deviatoric and a hydrostatic part. The macroscopic principal stress components may
consequently be written on a general form using the dimensionless parameters T and €2, viz.

= (% cos (2) + T)zg(;“ (11a)
%, = (% cos (Q - 27”) + T)Eggl (11b)
T, = (%cos (Q+2§) +T)2g(;" (110)

We note that these are generally not the ordered principal stress components, since their ordering is exclusively related
to the deviatoric angle Q2. However, in the current context, we employ isotropy and the deviatoric angle €2 can then be re-
stricted to 0° < 2 <60°. Thus, the ordering of the macroscopic principal stresses corresponds to ¥; > ¥, > X3 in the current
study. Fig. 1 provides a graphical interpretation of the stress state parameters used in the sequel.

2
P

2 Y

Q
V3Zpep,

oA
23
(a) (b)

Fig. 1. Illustration of an arbitrary stress point (P) depicted in (a) the principal stress space and (b) the deviatoric plane. The unit vector ey, is directed along
the hydrostatic axis and the three vectors m; are the projected unit base vectors in the deviatoric plane.
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3. Matrix constitutive model

The elastic response of the matrix material is governed by the hypoelastic formulation of the generalized Hooke’s law, for
which the elastic modulus (E) and the Poisson ratio (v) are listed in Table 1. We set the Poisson ratio to the rather high value
of v =0.49 in the numerical calculations to mimic a close-to-incompressible material response also in the elastic domain
without introducing numerical stability problems (Madou and Leblond, 2012; 2013; Tekoglu et al., 2012). This ensures that
an incompressible velocity field develops sooner in the FE calculations, which is a prerequisite for the upper-bound limit
analysis performed by Gurson (1977).

The plastic response of the matrix material is governed by the Hershey-Hosford non-quadratic isotropic yield function

¢ (0) =0eq(0) —0p <0 (12)

where the equivalent stress is given by

m

Oeq = (%[(Ul — o)™ + (01— o)™ + (oy — Um)'"]) = GJ?g(w) (13)

The ordered principal stress components are denoted o> oy >0y and m represents the yield surface exponent that dic-
tates the shape of the yield surface. The equivalent stress may be written as a product of the von Mises equivalent stress
and a function g(w) that depends non-linearly on the deviatoric angle, as indicated by the last equality in Eq. (13). We
note that exponent values within the ranges 1<m<2 and 4 <m < oo give yield surfaces lying in-between the von Mises
(m=2,4) and the Tresca (m = 1, oo) yield surfaces. However, the higher range of exponents is more convenient and most
frequently used. The exponent values m=6 and m =8 are often associated with BCC and FCC materials, respectively
(Hosford, 1996).

The yield stress in uniaxial tension is denoted o and is constant in this study to conform with the framework of classic
limit analysis, which hinges on perfect plastic material behaviour. Further, we adopt the associated flow rule and the plastic
strain rate tensor is accordingly given by

.p 3 0¢(0)
& = 00

where A > 0 is the non-negative plastic loading parameter. The matrix yield stress and the yield surface exponent values
employed in this study are listed in Table 1. Fig. 2 shows the matrix yield surfaces corresponding to the different yield
surface exponents used in the numerical calculations.

A UMAT subroutine available through the material library at the SIMLab (Structural Impact Laboratory) group at NTNU
(Norwegian University of Science and Technology) was used in the numerical simulations. The plastic corrections of the elas-
tic trial state were governed by a fully-implicit Backward-Euler stress-update algorithm. We also employed a sub-stepping
procedure to ensure that sufficiently small strain increments were used in the plastic iterations. The strain increments sent

(14)

Table 1
Overview of the constitutive parameters used for the matrix material in
the numerical analyses.

Material parameter  E [MPa] v oo [MPa] m X
Parameter value 100 0.49 1 2,8,20 01
07 A
o3 O]

—m=2 =—m=8 =—m=20

Fig. 2. Matrix yield surfaces for the exponent values used in this study depicted in the deviatoric plane.
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to the stress-update algorithm were then governed by v Ae : Ae < yog/E, where Ae denotes the total strain increment
and x is a sub-step threshold parameter. In this work, we employ a sub-step threshold parameter value of xy = 0.1. This
warrants a rather small strain increment to be used in the plastic correction iterations. We note that the ratio between the
yield stress and the elastic modulus was oy/E = 0.01 in all the analyses conducted herein, as inferred from the parameters
listed in Table 1, which corresponds to an unusually high yield strain for typical metals. However, this value has no signif-
icance for the current study since we are only interested in determining the limit load of the unit cell. As the limit load is
attained, i.e. when a sufficient portion of the unit cell behaves perfectly plastic, the macroscopic response is unaffected by
elasticity since the stresses have saturated.

4. Porous plasticity models with non-quadratic matrix yield criterion
4.1. Rigorous model developed from upper-bound analysis

We will only make a brief presentation of the porous plasticity model in this section and the reader is referred to
the original article for more details (Benallal, 2017). The model has been developed along the same lines as the original
Gurson model, with an incompressible, isotropic and rigid-plastic matrix description, using the Gurson-Rice trial velocity
field (Gurson, 1977; Rice and Tracey, 1969). However, in contrast to the original Gurson model, plastic yielding of the matrix
is now taken to be J3 dependent and governed by the general relation

$(0) = Oeq — 00 = 0¢g"8(w) —0g <0 (15)

where the microscopic deviatoric angle (w(x)) varies with the position (x) throughout the matrix material and generally
deviates from the macroscopic counterpart (£2).

The model can formally be written in the same global expression as the Gurson model, but it involves four functions
a, R, P and Q that all depend on the macroscopic stress triaxiality T, the macroscopic deviatoric angle €2 and the poros-
ity f. These functions are generally not available in closed form, but they can be given explicit forms by numerical in-
tegration and interpolation of the resulting data. The effective yield surface may then be written on the form (Benallal,
2017)

vm 2
q):<aEeq+P> +2fcosh(zh_Q>—(1+f2)=0 (16)

RUQ RO’Q

In the current work, we have not focused on evaluating the functions a, R, P and Q. We have rather obtained yield stress
values by imposing a multitude of values for the triaxiality and deviatoric angle of the strain rate tensor, which then gives
a cloud of yield stress points in terms of T and 2. Afterwards, the contour plot feature of the Matplotlib library in Python
was used to plot the yield surface by interpolation of the yield stress values in the T — Q2 space.

It was shown by Benallal (2017) that when T— oo, the effective yield point tends towards the hydrostatic point

_2 In
Zn_—3Inf (17)
Oo g(3)
A similar result is obtained when T — —oo, which leads to
2]
Zy _sInf (18)
oo 20

We note that since the Hershey-Hosford yield function is symmetric with respect to w = %, we have that g(0) = g(%) and
consequently that the magnitude of the hydrostatic stress is equal for T— +oo. For pure shear loading with X, =0, it is
found that the equation of the yield locus in the IT-plane is given by

Leq8(82) = (1= fHoo (19)

which is equal to the matrix yield function (see Eq. (15)) up to the size reduction factor 1 — f. However, note that in this
case it is the macroscopic deviatoric angle (£2) that enters the non-linear function g.

In this work, we will focus solely on matrix constitutive behaviour governed by the Hershey-Hosford non-quadratic yield
function given in Eq. (12). However, the yield function for the porous plastic material shown in Eq. (16) applies to gen-
eral types of isotropic J3-dependent matrix yield functions. Henceforth, we will refer to this model as the upper-bound
model or the rigorous model. We note that rigorous here means that the upper bound is obtained in a mathematically
rigorous way using the Gurson-Rice trial velocity field, without introducing any simplifying assumptions regarding the
microscopic dissipation function. We also note that the modification introduced by Tvergaard (1981) can be employed
in the porous plasticity model governed by Eq. (16), which can serve as a means to enhance the predictions in some
cases.
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4.2. Heuristic extension of the Gurson model

The porous plasticity model developed in the previous section corresponds to the exact solution of the kinematic limit
analysis using the Gurson-Rice trial velocity field. Another way to include a J5 dependence in the Gurson model was pre-
sented in Dehli et al. (2017b) based on the work of Doege and Seibert (1995), where they propose a heuristic extension
of the Gurson model to include matrix constitutive behaviour governed by the Hill48 anisotropic yield function. The model
used by Dahli et al. (2017b) preserves the structure of the Gurson yield criterion, viz.

2
®— (E”) 124, cosh (3qu“> (4@ =0 (20)
o9 27" 09

where the modifications introduced by Tvergaard (1981) have been included since this form is most frequently adopted in
the literature. The only difference between the Gurson-Tvergaard model and this heuristic extension is the expression for
the macroscopic equivalent stress Xeq, which is now defined as

Yeq = (%[(21 = Z)" + (Z = Z)" + (2 - z:lu)mDﬁ = Xeq'8(R2) (21)

where ;> ¥ > Xy are the ordered macroscopic principal stresses. In general, g is a non-linear function of the macroscopic
deviatoric angle (2), but it is constant and equal to unity for m = 2, 4 for which Eq. (20) reduces to the Gurson-Tvergaard
model. Throughout this work, we will retain the structure of the original Gurson model and thus set q; = q; =q3 = 1. We
note that Eq. (20) is then exactly the Gurson model, however with the von Mises equivalent stress replaced by the equivalent
stress in Eq. (21).

4.3. Comparison between the two porous plasticity models

The yield surfaces obtained by the two porous plasticity models presented in Sections 4.1 and 4.2 through Egs. (16) and
(20) are compared in Fig. 3 for yield surface exponents m =2, 8,20 and porosity levels f=0.001,0.01,0.1. These fig-
ures show yield loci for contours of constant hydrostatic stress plotted in the plane spanned by the axes X" cos2 and
2 sin Q.

th is evident from Fig. 3 that the macroscopic yield surfaces of the two porous plasticity models are nearly identical when
the von Mises yield function is used for the matrix material (m = 2). The small differences stem from the truncation of the
series approximation of the matrix dissipation function in the original Gurson model and are predominantly related to the
macroscopic stress triaxiality. It has been shown by Leblond and Morin (2014) that by calculating the second-order approx-
imation of the macroscopic dissipation, the resulting yield surface of the porous solid lies interior to the Gurson model. The
porous plasticity model presented in Section 4.1 corresponds to an exact integration of the macroscopic dissipation function,
and thus includes this effect of the macroscopic stress triaxiality through the parameters a, R, P and Q (Benallal et al., 2014).
We note that also some effects are associated with J3, but they are too small to be detected on the yield loci shown in
Fig. 3(a)-3(c).

When the yield function of the underlying matrix material is non-quadratic (m = 8 and m = 20), the shape of the yield
surface of the two porous plasticity models is markedly different for non-zero hydrostatic stress. The rigorous upper-bound
model gives a yield surface that evolves from the 77 /6-type symmetry (hexagonal shape) to the 7 /3-type symmetry (rounded
triangular shape) as the hydrostatic stress increases, whereas the heuristic model retains the 7 /6-type symmetry (hexagonal
shape) of the underlying matrix yield function for all levels of hydrostatic stress. This is readily seen from the yield function
expressed in Eq. (20); when the hydrostatic stress is constant, the yield function is governed by the equivalent stress, which
corresponds to the Hershey-Hosford yield criterion. We note that the rounded triangular shape displayed by the rigorous
model leads to a higher yield stress in generalized compression than in generalized tension for the positive hydrostatic
stress levels shown in Fig. 3. This effect is opposite for negative hydrostatic stress levels, such that the yield stress in gener-
alized tension is higher than in generalized compression, because the yield functions plotted in Fig. 3 are centro-symmetric
(Cazacu et al,, 2019).

The yield loci of the rigorous upper-bound model usually lie interior to the yield loci given by the heuristic model,
and thus represents a tighter upper-bound solution to the limit analysis in most cases. However, exceptions to this pertain
to stress states close to generalized shear (2 = 30°) when the hydrostatic stress level is rather low, but different from
zero. With a keen eye, this can be observed in Fig. 3(g)-3(i) for the contours corresponding to Xy =3.5, 2.0, and 0.9,
respectively.

The heuristic model and the rigorous upper-bound model coincide in the Il-plane (X, = 0), and also at the hydrostatic
limits (both compressive and tensile) in the case of the Hershey-Hosford model considered here. However, note that while
the former holds in the general case, the latter does not, since the heuristic model always leads to the Gurson hydrostatic
limits, while the rigorous model gives the limits shown in Eqs. (17) and (18). These limits are exact for the hollow sphere
RVE with general non-quadratic isotropic matrix yield functions (see Benallal, 2018). In the case of the Hershey-Hosford
model, we have that g(0) = g(;r/3) = 1, and the two limits coincide.
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Fig. 3. Comparison between yield surfaces resulting from the rigorous model (solid lines) and the heuristic model (dashed lines) for different yield surface
exponents; (a)-(c) m =2, (d)-(f) m =8, and (g)-(i) m = 20. The contours represent yield loci for constant levels of hydrostatic stress (X}, = cnst).

5. Finite element

5.1. Overview of the finite element model

model

The RVE used in the FE analyses corresponds to a hollow sphere, in accordance with the Gurson model formulation.
We employ symmetry conditions in the three mutually orthogonal directions xq, X5, and x3. Hence, only one-eighth of the
RVE is explicitly considered in the FE model, as illustrated in Fig. 4. One of the three symmetry planes (with normal in
the x3-direction) is highlighted with a blue colour in Fig. 4, while the two other symmetry planes (with normals along the
x1-direction and x,-direction) are not shown. The outer surface of the hollow sphere (highlighted with a dark red colour)
is subjected to kinematic boundary conditions, while the void surface (indicated by white colour) is traction-free. In this
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Il Subjected to MPC
[ Symmetry conditions
[ Traction-free void surface

Fig. 4. An illustration of the FE model of the hollow sphere. Symmetry conditions in the three orthogonal directions x;, X, and x3 are imposed. This is
indicated by the internal surfaces with a blue colour. The outer surface is subjected to kinematic boundary conditions, while the void surface is traction-free
and free to deform. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)

L e s

(a) (b) (0

Fig. 5. FE mesh for the hollow sphere model with porosity levels (a) f = 0.1, (b) f =0.01, and (c) f = 0.001.

work, we have performed FE simulations for three different porosity levels (void volume fractions) that correspond to f =
0.001, 0.01, 0.1 and the resulting FE models are shown in Fig. 5.

The undeformed configuration is used as the reference for the numerical computations to conform with the upper-bound
limit analysis framework, which is based on small deformation theory. Thus, we do not distinguish between the current and
reference configurations in the following. The velocity field imposed to the exterior boundary of the RVE reads

a=E x (22)
where E denotes the homogeneous macroscopic strain rate and X = re, refers to an arbitrary position on the outer surface
of the hollow sphere.

The kinematic boundary conditions governed by Eq. (22) are prescribed such that the macroscopic stress triaxiality (T)
and the macroscopic deviatoric angle (£2) remain constant. The proportional loading is enforced using a method that was
first proposed by Faleskog et al. (1998) in a plane-strain setting and later extended to general three-dimensional analyses by
Kim et al. (2004). A recent paper by Liu et al. (2016) elaborates on the mathematical details and presents a general unitary
transformation matrix that can be implemented in an FE model. The formulation adopted herein is a special case of the
general transformation matrix (Liu et al., 2016) and was presented in detail by Dahli et al. (2017a). For the sake of brevity,
we only present the final form of the kinematic constraint equations. These are quite generally written on the form

3
= x )" Qu(T. Q)i (23)
k=1
where x; label positions on the outer surface, Q; (T, €2) are the components of an orthogonal transformation matrix that
explicitly depends upon the macroscopic stress triaxiality and the macroscopic deviatoric angle, and i, are the displacement
components in a fictitious system. Note that the Einstein summation convention is abandoned in Eq. (23). The fictitious
system is in the sequel referred to as a dummy node due to the use of an external node (reference point in Abaqus) to
include these degrees-of-freedom in the FE model. The constraints given in Eq. (23) relate the global displacements of the
unit cell model to the dummy node. The boundary conditions are then prescribed such that ii; > 0, while the two remaining
displacements i, and ii3 remain unspecified to accommodate zero forces in the ¥, and X3 directions, respectively.
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As a side note, we mention that the MPC user subroutine is actually not needed for these particular analyses since the
undeformed geometry is used as the reference configuration. The kinematic constraints given by Eq. (23) are consequently
linear and can be imposed directly using linear constraints through the *EQUATION keyword in Abaqus. However, a veri-
fied and validated MPC user subroutine was already available and was the preferred option for the numerical simulations
conducted herein.

The macroscopic stress state attained in the limit analysis is evaluated from the results files (.odb) by direct calculation
of the volume average, viz.

z—l%av (24)
_Vk_l kVk

where V is the total volume of the unit cell, V, and o, are the volume and the local stress tensor of integration point k, and
Nj, denotes the total number of integration points. Subsequently, the von Mises equivalent stress and the hydrostatic stress
are evaluated from

3.y 3= %tr(E) Y%, (25)

T =45

where 1 is the second-order identity tensor.

5.2. Remarks on the FE mesh

The three different models corresponding to the porosity levels f =0.001, f=0.01, and f=0.1 were spatially dis-
cretized using 2520, 1260, and 1050 elements in total, respectively. These configurations correspond to the unit cells shown
in Fig. 5. The elements employed were quadratic brick elements with reduced integration (C3D20R in Abaqus/Standard). A
mesh refinement study was initially conducted to ensure that the limit load attained in the numerical calculations had con-
verged. To that end, we examined three different element types, namely linear brick elements with reduced (C3D8R) and
selectively-reduced (C3D8) integration, and quadratic brick elements with reduced integration (C3D20R). We also limited
the mesh refinement study to an RVE comprising a void volume fraction of f = 0.01 using the quadratic matrix material
(m=2) and a stress state corresponding to T =1 and 2 = 0°. In the final calculations, we chose a slightly more refined
mesh than was found necessary for convergence from this mesh refinement study.

Fig. 6 shows the convergence of the limit load for various spatially discretized unit cell configurations. The number of
elements along the void edges and the number of elements along the ligament between the void and the outer surface
(void/ligament) correspond to (i) 6/10, (ii) 8/12, (iii) 10/15, (iv) 13/20, and (v) 20/30. This led to a total number of 260, 516,
1020, 2560, and 9330 elements, respectively. We note that a seeding bias ratio of 10 was used along the ligament edges,
such that the element “height” decreases monotonically in the radial direction towards the void surface. This is inferred
from Fig. 5. We readily perceive from Fig. 6 that the quadratic elements give converged results much sooner than the linear
elements (both with reduced and selectively-reduced integration). Consequently, the quadratic brick element (C3D20R) was
our preferred choice for the analyses conducted herein.
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Fig. 6. Convergence rate of the limit load in terms of normalized von Mises equivalent stress (Xeq/0) evaluated from a mesh refinement study. The unit
cell configuration corresponds to f = 0.01 and the loading state to T =1 and 2 = 0° in the case of a von Mises matrix (m = 2).
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5.3. Imposed macroscopic stress states

We have assigned a rather large number of stress states in this work to map up the numerical yield surfaces. The im-
posed loading conditions correspond to stress triaxiality levels of T =0, 1/4, 1/2, £1, +2, £10, 50 and deviatoric angles
of € =0°, 5° 10°,...,60°. This yields 130 different stress states for every combination of yield surface exponent and unit
cell configuration and the total number of analyses conducted for the current work then amounts 1170. Even though the
analyses are individually rather cheap due to the low number of elements and the exclusion of nonlinear geometry in the
simulations, they collectively represent a quite exhaustive computational effort. Also, the use of a UMAT subroutine and
the non-quadratic matrix yield surface both increase the computational time for the analyses. We therefore decided to only
include three negative stress triaxiality ratios, which is deemed sufficient to elucidate the differences between the yield
surfaces obtained for negative and positive hydrostatic stress states.

6. Results and discussion
6.1. FE results

Fig. 7 shows the numerical yield limits of the hollow sphere model with a porosity of f = 0.01 in terms of the normalized
macroscopic von Mises equivalent stress (X¢g"/0g) against the macroscopic deviatoric angle (€2). The results pertain to the
full range of deviatoric angles imposed to the FE model. Results for all the three different yield surface exponent values are
shown and the data points are labelled by a red dot for m = 2, a green diamond for m = 8, and a blue square for m = 20.
The figures correspond to (a) T=-10, (b) T=-1,(c) T=0, (d)T=1, (e) T=2, and (f) T = 10.

From Fig. 7(c) we readily observe that the shape of the yield surface corresponds to the underlying matrix yield surface in
the case of a purely deviatoric loading state. However, the yield limits are reduced by a factor that scales with the porosity.
When the stress triaxiality increases, the yield strength is greater in generalized compression (2 = 60°) than in generalized
tension (€2 = 0°). This observation is readily made from Fig. 7(d)-7(f) and applies to all the yield surface exponents. The
opposite trend is observed for negative stress triaxialities, i.e. the yield strength is greater for generalized tension than for
generalized compression, which is inferred from Fig. 7(a) and 7(b). This effect causes a six-fold symmetry of the macroscopic
yield surface with respect to the stress state and entails that the symmetry around €2 = 30°, which applies to the matrix
yield surface, is lost.
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Fig. 7. Yield points in terms of the normalized von Mises equivalent stress (X{g'/0p) from the FE analyses of a hollow sphere with porosity f = 0.01.
The stress triaxiality ratios correspond to (a) T=-10, (b)) T=-1, (¢) T=0, (d) T=1, (e) T =2, and (f) T = 10. The results for T = 0 are similar to the
underlying matrix yield surface up to a size reduction factor governed by the porosity (For interpretation of the references to colour in this figure, the
reader is referred to the web version of this article.).
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In the case of the quadratic matrix yield surface (m = 2), the yield strength of the RVE attains a minimum for general-
ized tension for positive stress triaxiality ratios and increases monotonically with the deviatoric angle towards generalized
compression. The opposite trend is found for negative stress triaxiality ratios. Thus, the existence of a material heterogene-
ity in the form of a void introduces a J; dependence in the yield condition for the porous solid even when the matrix
yield surface only depends on J,. Similar results have been reported in numerical studies in the literature (Cazacu et al.,
2013; Keralavarma, 2017; Thoré et al., 2011). This J3 dependence is not predicted by the Gurson model, but can be captured
if higher-order terms are included in the series expansion of the microscopic (matrix) dissipation function (Leblond and
Morin, 2014) or if the microscopic dissipation is exactly integrated over the spatial domain (Benallal, 2017; 2018; Benallal
et al., 2014; Cazacu et al., 2013). However, we should note that the influence of J3 on the macroscopic yield strength is
rather small for the quadratic matrix yield surface (m =2), and is most likely of second-order importance for structural
applications, even though it can lead to quite pronounced differences in terms of porosity evolution for large deformations
(Alves et al., 2014).

When the matrix material has a non-quadratic yield function (m = 8 or m = 20), the macroscopic J3 dependence of the
porous solid resembles that of the underlying matrix material for shear-dominated loading states and up to intermediate
levels of stress triaxiality (e.g. |T| ~1). Consequently, the yield strength is minimized around generalized shear (2 = 30°),
which is readily seen from Fig. 7(b)-7(e). We note that the difference in yield strength between generalized compression and
tension prevails for non-zero stress triaxiality ratios, but the effect of J3 associated with the underlying matrix yield surface
is more protrusive. However, when the magnitude of the stress triaxiality ratio becomes sufficiently high (e.g. |T| ~10),
we observe similar behaviour that was found for the quadratic matrix yield surface, governed by a monotonic increase or
decrease in yield strength with the deviatoric angle depending upon the sign of the hydrostatic stress (or equivalently the
stress triaxiality). If we compare the yield strength for opposite stress triaxiality ratios, i.e. +T, they are related according to
ST, Q) = B¢ (=T, 60° — 2), which is observed from Fig. 7(a) and 7(f) or 7(b) and 7(d). This feature of the macroscopic
yield surface entails centro-symmetry, for which the definition may be written as

P (Xeq' T, Q) = P(Eeg'. —Xp. 60° - Q) (26)

This is a general property for porous plastic materials governed by matrix yield functions that are even functions of the
stress state (Cazacu et al, 2019). From Fig. 7(a) and 7(f) it also appears that the difference between the yield strength
in generalized tension and generalized compression becomes greater when the exponent m of the matrix yield function
increases. It is worthwhile to mention that even though we observe a yield strength difference between generalized tension
and generalized compression for the stress triaxiality ratios with highest magnitude (|T| = 10), this difference is only 1% — 2%
depending upon the matrix yield surface exponent. Consequently, there is only a slight effect of J; on the macroscopic
yielding for high stress triaxiality ratios even when the matrix material is governed by a J3-dependent yield surface.

To shed more light on the appearance of the macroscopic yield surface for non-quadratic matrix yield surfaces, Figs. 8
and 9 show plots of the yield loci obtained from the FE unit cell analyses for m = 8 and m = 20, respectively. The depicted
yield loci correspond to level curves (contours) of constant macroscopic stress triaxiality projected onto the deviatoric plane.
Hence, the data points on a yield locus are generally not lying on the same deviatoric plane in the principal stress space
(Keralavarma, 2017). We note that only yield points for 2 =0°,5°,... 60° were evaluated and these points were subse-
quently mirrored to map up the entire yield locus, utilizing the isotropy of the porous plastic solid. The results presented in
these figures correspond to the three different porosity levels used in the FE analyses and are labelled as follows: f = 0.1
(solid blue lines with circle markers), f =0.01 (dotted red lines with square markers), and f = 0.001 (dashed black lines
with diamond markers). Figs. 8(a)-8(i) and 9(a)-9(i) pertain to increasing values of the macroscopic stress triaxiality ratio:
T=-10, -2, -1, 0, 0.25, 0.5, 1, 2, 10.

When the magnitude of the macroscopic stress triaxiality is close to zero (see Figs. 8(d)-8(f) and 9(d)-9(f)), the yield
loci are very similar in shape to the underlying matrix yield surface, which is retained for a macroscopic stress triaxiality
ratio of T = 0. This is readily seen from Figs. 8(d) and 9(d). Thus, in the case of pure shear stress states, the yield surface
of the porous ductile solid coincides with the yield surface of the matrix material, except for a yield domain size reduction
dictated by the porosity level. When the magnitude of the stress triaxiality ratio increases to |T| =1 and 2 (see Figs. 8(b),
8(c), 8(g), 8(h), 9(b), 9(c), 9(g) and 9(h)), the highest porosity level (f =0.1) clearly results in a more rounded triangular
shape, while the two lower porosity levels (f = 0.01,0.001) still display sharper corners. Thus, for rather high but realistic
stress triaxiality levels that are frequently encountered in numerical simulations of structural components, the effect of J3
on the macroscopic yielding of a porous ductile solid is greatly influenced by the porosity level. By increasing the magnitude
of the stress triaxiality even further (e.g. T = £10), we readily see from Figs. 8(a), 8(i), 9(a) and 9(i) that the macroscopic
yield loci appear almost circular regardless of the curvature of the underlying matrix yield surface (i.e. the value of m).
This observation pertains to all three porosity levels and implies that under predominant macroscopic hydrostatic loading,
either with positive or negative stress triaxiality, the macroscopic yielding is almost unaffected by the deviatoric loading
condition. However, we should keep in mind that Fig. 7(a) and 7(f) revealed a slight difference in the yield strength between
generalized tension and compression for the highest stress triaxiality magnitudes, but this effect is so small that it is hardly
visible on the yield loci depicted in Figs. 8(a), 8(i), 9(a) and 9(i). Moreover, in the hydrostatic limit (i.e. Z¢" = 0) the yield
locus coalesces to a single point in the deviatoric plane; thus, it seems only natural that the yield loci for close-to-hydrostatic
stress states (i.e. X¢3" ~ 0 and |T|>> 1) become nearly circular.
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Fig. 8. Discrete yield loci in the principal stress space for m = 8 and constant stress triaxiality ratios projected onto the deviatoric plane. All three porosity
levels employed in this work are shown; f = 0.1 (blue solid lines - circle markers), f =0.01 (red dotted lines - square markers), and f = 0.001 (black
dashed lines - diamond markers). (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this
article.)

From the results presented in Figs. 8 and 9, we conclude that the porosity level plays a key role in how quickly the
macroscopic yield surface evolves from the hexagonal shape that is reminiscent of the matrix yield surface (see Fig. 2), to
the rounded triangular shape, and finally to the nearly circular shape prevalent for predominant hydrostatic stress states.
A similar finding was reported in the previous study by Revil-Baudard and Cazacu (2014a) for a Tresca matrix behaviour,
which shares many of the same features as the matrix yield surface with m = 20 used in this study. We note that there are
rather small differences between the macroscopic yield points for f = 0.01 and f = 0.001 up to rather high stress triaxiality
ratios. Roughly speaking, we observe almost no difference between yield loci for f =0.001 and f = 0.01 within a range of
stress triaxiality ratios corresponding to —1 <T <1 (see Figs. 8(c)-8(g) and 9(c)-9(g)). This is actually quite an important
range of stress triaxiality ratios and porosity levels in terms of practical applications for structural metal alloys. The effect
of the porosity becomes greater when the magnitude of the stress triaxiality ratio increases. From the numerical results
shown in Figs. 8 and 9, we observe pronounced differences between the yield loci for all three porosity levels when the
magnitude of the stress triaxiality ratio is larger than roughly |T|~2. In the case of the highest magnitude of the stress
triaxiality ratio (|T| = 10), the yield limits are very different depending upon the porosity level. As such, the hydrostatic limit
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Fig. 9. Discrete yield loci in the principal stress space for m =20 and constant stress triaxiality ratios projected onto the deviatoric plane. All three
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this article.)

(ie. Xgf' = 0) is greatly affected by the porosity level, which is in accordance to the porous plasticity models presented in
Section 4.

We also find that the yield locus shape transition is influenced by the magnitude of the yield surface exponent (m). This
is to some extent observed by comparing the yield loci in e.g. Figs. 8(g) and 9(g). However, the influence of the matrix
yield surface exponent on the shape transition seems to be only second order to that of the porosity level, and the porosity
is clearly the dominant factor for the yield surface evolution with increasing magnitude of the stress triaxiality. This was
also addressed in the study by Revil-Baudard and Cazacu (2014a) showing 3D yield surfaces for constant levels of the mean
strain.

Before we proceed to the assessment of the two porous plasticity models, we would like to highlight a particular ob-
servation from the numerical analyses with the quadratic matrix yield function (m = 2). When T = 0, the porous plasticity
models display a yield surface that is identical to the underlying matrix, except that the yield strength is reduced by a factor
that scales with the porosity level. With reference to Fig. 7(c), this suggests that we should obtain a straight line for m = 2.
However, from the numerical results shown in Fig. 10, we may notice that we do not obtain exactly a straight line, although
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the deviation is only slight. The yield strength rather decreases for generalized shear and monotonically increases towards
the axisymmetric limits. The observed effect is consistent and pertains to all three levels of porosity, but it decreases with
decreasing porosity. As such, we do not believe this to be caused by numerical errors, but rather to result from the spatial
heterogeneity of the mechanical fields and that the numerical analyses accommodate a more general set of velocity fields
compared to the unique trial velocity field used in the upper-bound limit analysis.

6.2. Assessment of the porous plasticity models

In this section, we compare the two analytical models presented in Sections 4.1 and 4.2 to the numerical data obtained
from the FE limit analyses and discuss their respective performance in light of the yield limits provided by the FE calcula-
tions. The latter are considered to be the exact yield limits for the hollow sphere model, while the two analytical models
are upper-bound solutions. However, only the model developed by Benallal (2017, 2018) can be a priori considered as a rig-
orous upper-bound solution (see Section 4.1), since the heuristic extension is only mathematically rigorous for the quadratic
matrix yield surface; i.e. when it reduces to the original Gurson model (Gurson, 1977).

Figs. 11-13 compare yield loci for the porous plasticity models to the FE limit analyses for all three matrix yield surface
shapes and for all porosity levels examined herein. The solid and dashed lines correspond to the rigorous model and the
heuristic model, respectively, while the circle markers indicate the FE yield points. The porosity levels are indicated by
different colours: f =0.001 (green), f =0.01 (red), and f = 0.1 (blue). We must emphasize that the yield loci represent
contours of constant stress triaxiality and not levels of constant hydrostatic stress. As such, the yield loci are curved sections
of the yield surface in the principal stress space and the loci derived from the FE analyses, the rigorous model, and the
heuristic model generally do not lie in the same plane. However, they correspond to sections of the same macroscopic
stress triaxiality, which is an important parameter that is frequently used as a reference parameter in FE simulations of
material tests and structural components and is of key importance for the porosity evolution in large-strain theory.

From Figs. 11-13, we observe that the results obtained with the rigorous model are in good agreement to those of the
FE simulations for all stress states and shapes of the matrix yield surface. The predictions are less accurate for high porosity
levels, which conforms with the results of the previous study by Cazacu et al. (2014b), but the shape of the yield loci
are still in very good agreement to the FE simulations. We observe that the rigorous model reflects the transformation of
the yield surface with stress triaxiality, from the hexagonal shape (77 /6-symmetry) at low stress triaxiality to the rounded
triangular shape (7 /3-symmetry) at fairly high stress triaxiality. This is perhaps most easily verified from Fig. 13. Both the
rigorous model and the heuristic model indeed provide upper-bound solutions for the matrix yield surfaces and porosity
levels studied herein. This is a priori satisfied for the rigorous model due to the exact solution of the kinematic limit analysis,
but cannot be guaranteed for the heuristic model other than for m = 2.

While the rigorous model generally provides rather accurate predictions, we observe that also the heuristic model pre-
dicts the yield stress with good accuracy for all stress states and shapes of the matrix yield surface when the porosity is
low (f = 0.001). Even for the intermediate porosity level (f = 0.01) the predictions of the heuristic model are rather similar
to those of the rigorous model and the FE results, although some minor discrepancies are visible, especially for stress states
close to generalized tension or generalized compression (see e.g. Figs. 12(e) and 13(e)). When the porosity is very high (i.e.
f =0.1), the accuracy of the heuristic model deteriorates for the non-quadratic matrix yield surfaces. The largest discrepancy
is observed around axisymmetric stress states (€2 = 0° or 60°) and intermediate to high stress triaxiality ratios (|[T| ~1 -2
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Fig. 11. Comparison between the unit cell results (solid points), the rigorous model (solid lines), and the heuristic model (dashed lines) for yield surface
exponent m = 2. The plots correspond to porosity levels f =0.001 (green curves), f =0.01 (red curves), and f = 0.1 (blue curves) and stress triaxiality
levels of () T=-10, (b) T=-1,(c)T=0, (d) T=1, (e) T =2, (f) T =10. (For interpretation of the references to colour in this figure legend, the reader
is referred to the web version of this article.)

in these analyses), where the heuristic model markedly overestimates the actual yield strength evaluated from the FE calcu-
lations. The main reason for these deviations is that the heuristic model predicts a macroscopic yield surface that retains the
shape of the underlying matrix yield surface regardless of the stress triaxiality ratio and the porosity level. Consequently, the
heuristic model cannot account for the transformation of the macroscopic yield surface that drastically changes the shape of
the yield loci; i.e. from the hexagonal shape to the rounded triangular shape for increasing triaxiality. This is neither in ac-
cordance to the predictions obtained in the FE limit analyses nor to the predictions of the rigorous porous plasticity model,
which both display this type of yield surface transformation. Since this transformation was found to be closely related to the
porosity level (see e.g. Fig. 9(g) and the discussion in Section 6.1), where a high porosity level facilitates earlier development
of the rounded triangular shape, the predictions of the heuristic model are consequently hampered by increasing porosity
level. However, when the magnitude of the stress triaxiality becomes sufficiently high (e.g. |T| ~ 10 in our results), the pre-
dictions of the heuristic model is seen to agree well with both the FE yield points and the predictions of the rigorous model.
Whether this is of practical relevance is of course debatable, since such high stress triaxiality ratios are rarely encountered
in structural applications due to blunting of the highly constrained regions during deformation.

Figs. 11-13 provide a reasonable comparison of the porous plasticity models to the FE data and clearly highlight the
predictive capabilities of the two models. However, the quality of the predictions is perhaps more easily assessed from
Figs. 14 and 15, which show how the yield stress in terms of normalized von Mises equivalent stress (X¢'/op) varies with
the macroscopic deviatoric angle (2).

Fig. 14(a)-14(f) pertain to all three matrix yield surface shapes at different levels of stress triaxiality. The solid lines
correspond to the rigorous model, the dashed lines to the heuristic model and the points indicated by markers pertain to
the FE yield points. The different matrix yield surface shapes are labelled as follows: (i) m = 2 is highlighted with red colour
and solid markers, (ii) m = 8 is highlighted with green colour and diamond markers, while (iii) m = 20 is highlighted with
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Fig. 12. Comparison between the unit cell results (solid points), the rigorous model (solid lines), and the heuristic model (dashed lines) for yield surface
exponent m = 8. The plots correspond to porosity levels f =0.001 (green curves), f =0.01 (red curves), and f = 0.1 (blue curves) and stress triaxiality
levels of () T=-10, (b) T=-1,(c)T=0, (d) T=1, (e) T=2, (f) T =10. (For interpretation of the references to colour in this figure legend, the reader
is referred to the web version of this article.)

blue colour and square markers. The results pertain to the intermediate porosity level f=0.01 and the following stress
triaxiality ratios; (@) T=-10, (b) T=-1,(c)T=0, (d) T=1, (e) T =2, and (f) T = 10.

We readily observe that the rigorous model is capable of describing the evolution of the yield surface from the hexagonal
shape at low stress triaxialities to the rounded circular shape for higher stress triaxialities. The heuristic model fails to do so
because it retains the shape of the Hershey-Hosford yield surface for any constant hydrostatic stress level, which gives the
same yield stress in generalized tension and compression. Moreover, the rigorous model reflects the centro-symmetry of the
macroscopic yield surface, which can be verified by comparing Fig. 14(a) and 14(f) or 14(b) and 14(d), respectively. We note
that the rigorous model generally provides more accurate predictions of the yield stress compared to the heuristic coun-
terpart, especially in regions close to generalized axisymmetric loading. However, for stress states around generalized shear
(€2 = 30°) the heuristic model is actually in closer agreement with the FE results. Moreover, Fig. 14(b)-14(d) show that the
model predictions are generally better for generalized shear states than for stress states closer to generalized compression
or tension when the magnitude of the stress triaxiality is low or intermediate. When the magnitude of the stress triaxiality
increases, the porous plasticity models give enhanced predictions in either generalized tension (negative T) or generalized
compression (positive T). This is observed in Fig. 14(a) and 14(f) and demonstrates that the yield surface evolution with T is
not sufficiently rapid for the rigorous model.

Fig. 15(a)-15(f) compare the two porous plasticity models with the FE results for m = 8 at the three different porosity
levels: (i) f=0.1 (red lines and circle markers), (ii) f = 0.01 (blue lines and diamond markers), and (iii) f = 0.001 (green
lines and square markers). These figures demonstrate that for a given matrix yield surface, increasing the porosity gener-
ally deteriorates the predictions of the heuristic model. The rigorous model and the FE data display strong effects of the
deviatoric angle for large porosity levels, leading to large differences between the yield stress in generalized tension and
compression, which the heuristic model cannot describe. However, when the stress triaxiality magnitude becomes suffi-
ciently high (e.g. |T| ~10), the two porous plasticity models are both in very good agreement to the FE limit analyses. If the
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Fig. 13. Comparison between the unit cell results (solid points), the rigorous model (solid lines), and the heuristic model (dashed lines) for yield surface
exponent m = 20. The plots correspond to porosity levels f =0.001 (green curves), f = 0.01 (red curves), and f = 0.1 (blue curves) and stress triaxiality
levels of () T=-10, (b) T=-1,(c)T=0, (d) T=1, (e) T =2, (f) T =10. (For interpretation of the references to colour in this figure legend, the reader
is referred to the web version of this article.)

porosity level is fairly low (e.g. f =0.001), the two models are more or less coincident and both fit very well with the FE
results. The intermediate porosity level (f = 0.01) also gives reasonably good correspondence between the two porous plas-
ticity models. However, we note that for intermediate and high stress triaxiality magnitudes (e.g. |T| =1, 2) and deviatoric
angles close to Q2 =0° and Q = 60°, the predictions of the heuristic model are higher than the rigorous model and less
accurate compared to the FE limit analyses. This was also seen from Figs. 12 and 13.

While there clearly is an inherent limitation to the predictive capabilities of the heuristic porous plasticity model, we
infer from these results that for (i) low, but realistic, porosity levels, (ii) low stress triaxiality ratios, and (iii) very high stress
triaxiality ratios, the predictions of the heuristic model are in good agreement with those of the rigorous model and the FE
limit analyses. Our preliminary conclusion is that the heuristic model demonstrates sufficient predictive capabilities to merit
use in numerical analyses of structural components made from metal alloys, where the intrinsic porosity or volume fraction
of void-nucleating particles is typically much lower than f = 0.1.

The comparison between the porous plasticity models and the FE results have so far been based on data for constant
levels of stress triaxiality. Some caution should then be exercised because the yield points are extracted from curved yield
surface sections that are projected onto the deviatoric plane. Consequently, these data points generally correspond to differ-
ent levels of hydrostatic stress. To aid the interpretation and to corroborate the discussion regarding the performance of the
two porous plasticity models, Figs. 16(a)-16(c), 17(a)-17(c), 18(a)-18(c) show yield loci in the meridian plane for (a) 2 = 0°,
(b), 2 =30°, and (c) 2 = 60°. This allows to assess the performance of the two porous plasticity models for constant hy-
drostatic stress levels. The figures correspond to m = 2, 8, and 20, respectively. Yield points from the FE limit analyses are
indicated by the circle markers, the predictions of the rigorous model are indicated by the solid lines, and the predictions of
the heuristic model are indicated by the dashed lines. All three porosity levels used in this study are shown in the figures
to highlight the effect of porosity.
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Fig. 14. Yield points in terms of the normalized von Mises equivalent stress (2¢/0o) plotted against the deviatoric angle (€2) for the intermediate porosity
f =0.01. Results are shown for the rigorous model (solid lines), the heuristic model (dashed lines), and the FE limit analyses (markers) in the case of m =2
(red lines and circle markers), m = 8 (green lines and diamond markers), and m = 20 (blue lines and square markers). The stress triaxiality ratios correspond
to(@Q)T=-10,(b)T=-1,(c)T=0,(d)T=1, (e) T =2, and (f) T = 10. (For interpretation of the references to colour in this figure legend, the reader is
referred to the web version of this article.)

The curves plotted in Fig. 16 show that in the case of the quadratic matrix yield surface, the predictions are rather
accurate for both porous plasticity models regardless of the stress triaxiality ratio. However, we observe slight deviations
from the FE limit analyses for both porous plasticity models as the porosity level increases. This can be seen from the
yield loci that correspond to the highest porosity level f = 0.1. Perhaps most apparent is the difference for purely deviatoric
loading (i.e. ¥}, = 0), where the two porous plasticity models give identical predictions and provide too high estimates for
macroscopic yielding. This is a relatively well-known issue and can be remedied in both porous plasticity models by e.g.
introducing the g; parameters suggested by Tvergaard (1981); however, at the expense of violating the exact representation
of the hydrostatic limit. Even in the case of the quadratic matrix yield function, we observe differences between the two
porous plasticity models that are apparent for all three deviatoric angles shown in the figures (i.e. 2 = 0°,30°,60°). The
rigorous model is seen to provide a slightly tighter upper-bound estimate for the quadratic matrix, which can be explained
by the dependence of the parameters g, R, P and Q in the yield function given by Eq. (16) on the macroscopic stress triaxiality
T. This was also shown in Fig. 3 and to some extent discussed in Section 4.3. These small discrepancies set aside, the
predictions of the porous plasticity models should be considered rather accurate for all stress states and porosity levels when
the matrix material is governed by the quadratic yield function. This very good agreement between the porous plasticity
models and the FE limit analyses for m = 2 is not surprising since this corresponds to the original Gurson model (heuristic),
which has found widespread use in the literature, and a Gurson-type model with an exact integration of the microscopic
plastic dissipation function over the spatial RVE domain (rigorous).

When the matrix material is governed by a non-quadratic yield function, see Figs. 17 and 18, the differences between
the porous plasticity models are more pronounced. As noted in Section 4.3, the rigorous model usually provides a tighter
upper-bound solution compared to the heuristic model. The exceptions pertain to stress states close to generalized shear
(€2 =30°), as seen from Fig. 18(b), where the rigorous model gives slightly higher values for the equivalent stress at yielding
for some stress triaxiality ratios. This was also observed in Fig. 14(b), 14(d) and 14(e). However, we must emphasize that this
difference is very small and the rigorous model usually gives improved conformity to the FE limit analyses. The most marked
differences between the two porous plasticity models are observed for stress states corresponding to generalized tension
or generalized compression (see Figs. 17(a), 17(c), 18(a), and 18(c)), especially for intermediate and up to rather high stress
triaxiality ratios. While the axisymmetric stress states (2 = 0° and 2 = 60°) are not well reflected by the heuristic model, at
least for rather high porosity levels, the stress states corresponding to generalized shear (2 = 30°) are accurately predicted



LE.B. Dehli, 0.S. Hopperstad and A. Benallal/Journal of the Mechanics and Physics of Solids 130 (2019) 56-81 75

® f=0.1 4 f=0.01 ® f=0.001

® f=0.1 ¢ f=0.01 m f=0.001 ® f=0.1 4 f=0.01 ®m f=0.001

0.46 1.00 1.00
L} L] L} L] L] L] L] L] [} ] -l- =
0.371 4 0.93 0.95
=y zy zy
00 g8 T 7 7 T v v v RRRad 00 (86| —Rigorous - - Heuristic d %0 0.90
0.191 4 0.85
—Rigorous - - Heuristic T=-10
014 5 30 a5 089 5 30 a5
Deviatoric angle () Deviatoric angle ()
(@) (b) (©
® f=0.1 ¢ f=0.01 m f=0.001 ® f=0.1 ¢ f=0.01 B f=0.001 ® f=0.1 ¢ f=0.01 m f=0.001
1.00 7 T s T s T 1.00 7 T s T s T 0.46 7 T s T s T
= = \—'—r’/‘/—‘ e o8 w @ ow wow oo mow ¥
D ¢
0.93F ¢ g 0.88 0.37F g
S
m m m
00 036} —Rigorous - - Heuristic 1 00 76| —Rigorous - - Heuristic 1 00 g8 T T Y VTP
0.64 4 0.19+ 4
o o e & e o ° °° T=2 —Rigorous - - Heuristic T=10
0.7 L L L 0.5 L L L 0.10, L L L
8 157 30° 45° 60° g 57 30° 45° : 0° 57 30° 45° 60°
Deviatoric angle () Deviatoric angle () Deviatoric angle ()
(d) (e) ®

Fig. 15. Yield points in terms of the normalized von Mises equivalent stress (X7 /09) plotted against the deviatoric angle (€2) for the matrix yield surface
with m = 8. Results are shown for the rigorous model (solid lines), the heuristic model (dashed lines), and the FE limit analyses (markers) in the case of
f=0.1 (red lines and circle markers), f = 0.01 (blue lines and diamond markers), and f = 0.001 (green lines and square markers). The stress triaxiality
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Fig. 16. Yield points plotted in the meridian plane for yield surface exponent m = 2. The data correspond to the porosity levels f = 0.001 (green), f = 0.01
(blue), and f = 0.1 (red). FE yield points are indicated by the circle markers. (For interpretation of the references to colour in this figure legend, the reader
is referred to the web version of this article.)

by both porous plasticity models. From Figs. 17(b) and 18(b) we see that there are only small differences between the two
porous plasticity models, and they both conform well to the FE limit analyses. This observation applies to all porosity levels.

As the stress triaxiality ratio becomes sufficiently high, i.e. approaching the hydrostatic limit, we infer from Figs. 16—
18 that both porous plasticity models yield very accurate predictions. Based on the stress states imposed in the FE limit
analyses herein, we find that the predictions are very good when T =10 and T = 50. Indeed, in the hydrostatic limit (i.e.
2 = 0), the two models conform and give the same yield limit, viz.

|24l = ~2 In(oy @27)
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Fig. 17. Yield points plotted in the meridian plane for yield surface exponent m = 8. The data correspond to the porosity levels f = 0.001 (green), f = 0.01
(blue), and f = 0.1 (red). FE yield points are indicated by the circle markers. (For interpretation of the references to colour in this figure legend, the reader
is referred to the web version of this article.)
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Fig. 18. Yield points plotted in the meridian plane for yield surface exponent m = 20. The data correspond to the porosity levels f = 0.001 (green), f = 0.01
(blue), and f = 0.1 (red). FE yield points are indicated by the circle markers. (For interpretation of the references to colour in this figure legend, the reader
is referred to the web version of this article.)

In this case, the porous plasticity models give the exact yield limit for the hollow sphere RVE, since the trial velocity field
corresponds to the exact velocity field for an entirely hydrostatic loading. This was also demonstrated in the study by Yi and
Wang (1989) in which the lower-bound and upper-bound limit analyses coincide in the hydrostatic limit. Thus, the predic-
tions of the porous plasticity models are expected to match perfectly for T— 4 co. Even though this is not explicitly inves-
tigated in the current work, since the maximum applied triaxiality is T = 50, results from FE limit analyses presented by
Guo et al. (2008) show that the FE results and the Gurson yield surface coincide in the hydrostatic limit (see Figs. 4 and 5
in the referenced paper). A similar result has been attained for a Tresca matrix material (Cazacu et al., 2014a).

The two porous plasticity models also coincide for purely deviatoric loading (i.e. X}, = 0), where both models reduce to
the underlying Hershey-Hosford yield function scaled down by a size reduction factor, according to

Yeq = (1-f)og (28)

However, for purely deviatoric loading states, the porous plasticity models give too high estimates of the yield strength
and do not represent the exact limit. In this case, the trial velocity field used in the upper-bound limit analysis does not
correspond to the exact velocity field. Although this holds true regardless of the macroscopic deviatoric angle (£2), we note
that the overestimation of the yield strength is somewhat less for generalized shear states, which is seen from Fig. 14(c)
or by comparing e.g. Fig. 18(a)-18(c). Also, the discrepancy seems more pronounced for the highest porosity value, which
suggests that the predictions of the porous plasticity models become less accurate with increasing porosity level. This is in
agreement to findings reported in the studies by Fritzen et al. (2012) and Cazacu et al. (2014b). A potential way to overcome
this issue was proposed by Fritzen et al. (2012), in which the Tvergaard parameters q; are taken as functions of the porosity f.

While the rigorous model generally provides more accurate results than the heuristic model, which is especially apparent
for axisymmetric stress state (2 = 0° and 2 = 60°), this drawback is somewhat compensated by the explicit formulation of
the heuristic model that makes it simpler for numerical implementation. The implementation of the heuristic model into
an FE code (e.g. using UMAT or VUMAT in Abaqus) is rather straightforward and almost identical to the implementation
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of the original Gurson model. Moreover, the differences between the heuristic porous plasticity model and the rigorous
porous plasticity model are quite small for the lower porosity levels (f = 0.001,0.01), which are also the most realistic
porosity levels for many structural metal alloys. The differences between the porous plasticity models are also smaller for
lower stress triaxiality ratios, and in the case of f = 0.01 the difference is not substantial before the stress triaxiality ratio
is between T =1 and T = 2. For many structural applications, this is already a very high stress triaxiality level, which also
serves as a justification for using the heuristic model in structural analyses. However, we should keep in mind that the
porosity evolution can be rather different for large deformations (Cazacu et al., 2014a; Revil-Baudard and Cazacu, 2014b),
which affects subsequent yielding and may lead to significant discrepancies as the deformations in structural problems
usually involve accumulation of large plastic strains.

Some final remarks in this section are directed towards the effects of large deformations, which have not been addressed
in this study. Even though the two porous plasticity models are in quite good agreement to one another, and also to the FE
calculations, for many stress states and different porosity levels, this does not necessarily entail that their predictions will be
as close or as similar to unit cell calculations when large deformations are taken into account. There are several aspects to
this. First, the void shape will clearly evolve as large deformations are accounted for; an effect that is widely reported in the
literature (see e.g. Budiansky et al., 1982; Dzhli et al., 2018; Koplik and Needleman, 1988; Nielsen et al., 2012; Pardoen and
Hutchinson, 2000; Sevik and Thaulow, 1997). Second, small variations of the yield surface between the two porous plasticity
models can lead to rather large discrepancies in the porosity evolution, which is classically updated according to

f=Q0-pupr (29)
where DP is the plastic rate-of-deformation tensor. This effect has been studied in some detail for a Mises matrix by
Leblond and Morin (2014), where they consider different truncations of the microscopic plastic dissipation series approxi-
mation and the corresponding influence on the porosity rate. Further, Alves et al. (2014) compared the porosity evolution of
the Gurson model and a Gurson-type porous plasticity model where the microscopic dissipation is exactly integrated over
the spatial domain for axisymmetric stress states (Cazacu et al., 2013). Their results show that there are rather pronounced
differences between the two porous plasticity models under large deformations, both for positive and negative stress tri-
axiality levels, and that the model based on the exact integration is in closer agreement with large-deformation unit cell
calculations. A similar comparison was made by Cazacu et al. (2014a) between a porous plasticity model for a Tresca-type
matrix (Cazacu et al., 2014b) and the original Gurson model in the case of axisymmetric loading. Further, the J3 dependence
of the macroscopic yield surface generally leads to different void evolution in generalized tension and generalized compres-
sion. This manifests itself opposite in positive and negative hydrostatic tension, void growth and void collapse, respectively,
due to centro-symmetry of the macroscopic yield surface (Alves et al., 2014). Third, predominant deviatoric loading (T~ 0)
usually changes the fracture mode from void growth and coalescence to a shear-driven type of fracture. This type of ductile
failure is not reflected by the Gurson-type of porous plasticity models discussed herein and would require a suitable void
coalescence criterion and preferably also a more advanced porous plasticity model accounting for more general void shapes,
such as the model proposed by Madou and Leblond (2012). Last, small differences in the yield surface curvature may have
significant impact on strain localization and material ductility. Dahli et al. (2017b) have shown that higher curvature gen-
erally lowers the failure strain. Since the rigorous porous plasticity model develops rounded triangular yield loci for certain
stress states, it seems reasonable to assume that this can lead to increased material ductility compared to the heuristic
porous plasticity model.

6.3. Influence of the RVE on the FE limit analyses

Since the hollow sphere model does not represent a periodic material structure, we find it interesting to examine the
differences between a true periodic microstructure and the hollow sphere model. By true periodic microstructure, we refer
to unit cell configurations that are space-filling. There exists a variety of true periodic microstructures. While a realistic
periodic microstructure should take into account the underlying features of the real microstructure, a very simple RVE that
is more computationally tractable, corresponds to a cubic unit cell with a uniform distribution of spherical voids. This section
is devoted to comparisons between the cubic and the spherical unit cell models in terms of yield limits. We note that the
comparison will be restricted to unit cells with a porosity level of f = 0.01, which suffices to highlight differences between
the two types of RVE.

A mesh refinement study for the cubic unit cell model was conducted on beforehand to ensure converged results. We
omit the details of the mesh convergence study, but note that the cubic unit cell model employed herein consists of 802
quadratic brick elements with reduced integration (C3D20R). The unit cell configuration then comprised 9 elements along
the void edges, 10 elements along the intervoid ligament, and 8 elements on the outer edges. This spatial resolution was
somewhat finer than what was found necessary for converged results to compensate for the limitations of the mesh refine-
ment study in terms of imposed loading conditions and matrix yield function exponents. The two unit cell models employed
in this section are shown in Fig. 19.

Plastic limit loads for m = 2, 8, and 20 are shown in Fig. 20. The stress triaxiality levels correspond to T = 0 (left column),
T =1 (middle column), and T = 10 (right column) for deviatoric angles 2 =0°,5°,...,60° to highlight differences under
various loading scenarios. These results show that the cubic unit cell model always provides lower plastic limit loads than
the spherical model. This implies that plastic yielding of more realistic RVE types is likely to precede plastic yielding of the
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Fig. 19. Illustrations of the FE models for (a) the cubic RVE and (b) the spherical RVE.
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Fig. 20. Comparison between the yield limits from the FE analyses using a spherical (blue circle markers) or a cubic (red square markers) unit cell model
with a porosity level of f=0.01. Results are shown for T =0 (left column), T =1 (middle column), and T = 10 (right column) for the yield surface
exponents m = 2 (top row), m = 8 (middle row), and m = 20 (bottom row). (For interpretation of the references to colour in this figure legend, the reader
is referred to the web version of this article.)
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Fig. 21. Comparison of normalized yield stress against deviatoric angle between the FE limits points using the cubic RVE with m =2 and the Hershey-
Hosford yield function. The stress triaxiality of the unit cell data corresponds to T = 0, while the Hershey-Hosford yield function is independent of the
stress triaxiality.

approximate hollow sphere model. Further, this observation is interesting because it implies that the Gurson-type models
provide even higher upper-bound solutions for true periodic microstructures relative to the microstructure approximated by
a hollow sphere. This gives impetus to the modification of the Gurson model by Tvergaard (1981), where the g; parameters
were introduced to obtain better agreement to plane strain bifurcation analyses. In light of the yield function defined by
Eq. (20), and letting g3 = q%, the plastic limit loads under pure shear loading and pure hydrostatic loading correspond to

Yeq=(1-qi1f)og  for X, =0 (30a)
[Bhl = =522 In(@ /) for Zeg =0 (300)
2

We readily perceive that, by for instance using the parameters proposed by Tvergaard (1981) with g; = 1.5 and ¢, =1,
the plastic limit loads will be reduced and consequently provide better predictions for true periodic microstructures. As
such, the gq; parameters of the Gurson-Tvergaard model can be considered a means to adapt the yield function derived for a
hollow sphere to a more realistic periodic microstructure, which in this context is associated with a cubic RVE.

While the shape of the yield curves are qualitatively similar for the two highest yield surface exponents (m =8 and
m = 20), in the sense that the yield loci for the cubic and spherical unit cell models have a similar appearance, the cu-
bic unit cell model provides a rather different effect of the deviatoric angle (or equivalently J3) on the plastic limit loads
for the quadratic matrix yield surface (m = 2). This is readily observed for the stress triaxiality ratios T=0 and T =1 in
Fig. 20(a) and 20(b), respectively. The shape of these curves, giving a minimum limit load under generalized shear load-
ings, bears resemblance to those of the Hershey-Hosford yield function (m <2 or m > 4). Similar findings were reported by
Keralavarma (2017). Thus, the macroscopic yield surface for the cubic RVE unit cell model governed by J, flow theory dis-
plays a qualitatively similar influence of the deviatoric stress state as that found for randomly oriented polycrystals (Bishop
and Hill, 1951; Hosford, 1972; 1996; Hutchinson, 1964; Logan and Hosford, 1980). This is shown in Fig. 21 where the normal-
ized yield stress is plotted against the deviatoric angle for the cubic RVE and the Hershey-Hosford yield criterion with differ-
ent exponents. The stress triaxiality of the FE data corresponds to T = 0. We note that this observation only pertains to the
low stress triaxiality ratios, and in particular to the zero triaxiality condition (T = 0). Although the yield locus of the cubic
RVE model qualitatively displays similar behaviour as the underlying matrix formulation, the mechanism for the observed
effect of the stress deviator is quite different from that of a polycrystal with a random texture governed by crystal plasticity
theory.

7. Concluding remarks

Numerical limit analyses using an FE model of a hollow sphere RVE have been performed to examine the effects of a
J3-dependent matrix yield surface on the macroscopic yielding of a porous ductile solid. The matrix material was governed
by the Hershey-Hosford yield criterion and three yield surface exponents were employed, corresponding to one quadratic
(m=2) and two non-quadratic matrix yield surfaces (m =8 and m = 20). The numerical data were used to evaluate the
influence of the macroscopic deviatoric angle (or equivalently J3) on the macroscopic yielding of the porous ductile solid
and further to assess the predictions of two different porous plasticity models. The first porous plasticity model is obtained
from a rigorous upper-bound limit analysis (Benallal, 2017), while the second is a simple heuristic extension of the Gurson-
Tvergaard model (Dzhli et al., 2017b).
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The numerical limit analyses show that the macroscopic yield surface of the hollow sphere model transforms from the
underlying matrix yield surface for zero hydrostatic stress to a rounded triangular shape in the deviatoric plane. When the
hydrostatic stress is positive, the macroscopic yield surface attains a maximum value in generalized compression, whereas
the macroscopic yield surface attains a maximum value in generalized tension for negative hydrostatic stress. Further, the
macroscopic yield surfaces are found to be centro-symmetric, which is a general property for porous materials with a matrix
yield criterion that is an even function of the stress tensor. For the quadratic matrix yield surface (i.e. m = 2), a monotonic
increase/decrease of the macroscopic yield stress with the deviatoric angle (opposite between positive and negative hy-
drostatic stress due to centro-symmetry) is observed already for very low stress triaxiality ratios. For the non-quadratic
matrix yield surfaces, the macroscopic yield surface attains a minimum yield limit around generalized shear up to rather
high stress triaxiality levels, before the monotonic increase/decrease of the yield stress with the deviatoric angle becomes
apparent. Note that even in the cases where the yield stress is minimized around generalized shear, the yield strength is
different between generalized tension and compression and the centro-symmetry is prevalent. The shape transformation of
the macroscopic yield surface was found to be highly influenced by the porosity level; high porosity facilitates earlier shift
to a rounded triangular shape with six-fold symmetry. In the case of very high stress triaxiality ratios, e.g. T~ 10, the yield
loci corresponding to constant levels of stress triaxiality appear more or less circular in shape; thus, the effect of the third
deviatoric stress invariant is diminishing for sufficiently high stress triaxiality ratios, regardless of the underlying matrix
yield surface, and will eventually vanish in the hydrostatic limit.

Comparison of the two porous plasticity models to the FE limit analyses show that the rigorous upper-bound porous
plasticity model gives accurate predictions for all stress states, porosity levels, and matrix yield surface exponents. The
largest discrepancies were found for the highest porosity level in the case of purely deviatoric loading. The heuristic model
retains the shape of the underlying matrix yield surface for yield loci corresponding to constant hydrostatic stress and is
consequently incapable of describing the shape transformation of the macroscopic yield surface that is apparent both in
the FE limit analyses and for the rigorous model. This gives marked differences for the highest porosity level (f =0.1),
especially for moderate and up to rather high stress triaxiality ratios. However, in the case of generalized shear loading, the
predictions of the heuristic model are in close agreement to both the FE limit analyses and the rigorous model. The same
conclusion holds for the two lower porosity levels (f = 0.01 and f = 0.001), for which the heuristic model gives reasonably
good agreement to the FE limit analyses and the rigorous model for all stress states. Considering the simple formulation
of the heuristic model, and the fairly good accuracy for realistic porosity levels, it is deemed a viable means to include
first-order effects of J3 into the porous plasticity modelling framework for structural applications. However, it is important
to note that even though the heuristic model gives reasonable predictions of the yield stress, rather small discrepancies in
the yield surfaces can be amplified for large deformations because the porosity evolution of the rigorous model and the
unit cell calculations is affected by the J3 stress invariant in addition to the hydrostatic stress. This can in turn cause larger
differences for subsequent yield surfaces.

In the last section, we examined the difference between two types of RVE in the FE limit analyses, namely the hollow
sphere model and a cubic model with a spherical void. These numerical results clearly show that the periodic RVE, repre-
sented by the cubic unit cell, lowers the plastic limit loads in the FE calculations. This implies that the predictions of both
porous plasticity models are less accurate in comparison to a periodic RVE.
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