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Abstract

In the study of surface waves in the presence of a shear current, a useful and much studied model is that in which the
shear flow has constant vorticity. Recently it was shown by Constantin [Eur. J. Mech. B/Fluids 30 (2011) 12–16] that a
flow of constant vorticity can only permit waves travelling exactly upstream or downstream, but not at oblique angles
to the current, and several proofs to the same effect have appeared thereafter. Physical waves cannot possibly adhere to
such a restriction, however. We resolve the paradox by showing that an oblique plane wave propagating atop a current
of constant vorticity according to the linearized Euler equation carries with it an undulating perturbation of the vorticity
field, hence is not prohibited by the Constantin theorem since vorticity is not constant. The perturbation of the vorticity
field is readily interpreted in a Lagrangian perspective as the wave motion gently shifting and twisting the vortex lines
as the wave passes. In the special case of upstream or downstream propagation, the wave advection of vortex lines does
not affect the Eulerian vorticity field, in accordance with the theorem. We conclude that the study of oblique waves on
shear currents requires a formalism allowing undulating perturbations of the vorticity field, and the constant vorticity
model is helpful only in certain 2D systems.
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1. Introduction

The interaction of surface waves and currents has been a
topic of interest for a long time. In the presence of depth-
dependent current, the nature of surface waves can change
perceptibly, a problem of great technological relevance in
areas where currents with near-surface vorticity are often
present, such as the near-shore region and river deltas,
and in the presence of currents generated by wind or tides
[1]. For example, the vorticity of the tidal current in the
Columbia River mouth was reported at around 0.4s−1 in
the top 5 metres of the water column, enough to signifi-
cantly affect the dispersion of gravity waves of wavelengths
up to tens of metres [2]. Waves interacting with currents
could be one of the key mechanisms for the generation of
giant waves [3, 4], and have1g been considered lately both
analytically and numerically for vertically sheared currents
where the current itself has constant vorticity [5, 6]. For
two-dimensional systems of waves and shear currents, a
sizeable literature exists [see, e.g., 1, 7, 8, and references
therein], but with very few exceptions [e.g., 9, 10, 11] wave
propagation other than directly with or against the the
current have not been studied. The shear current of con-
stant vorticity with a free surface has recently also at-
tracted much interest in the mathematical community, e.g.
[12, 14, 15, 16] and further references therein.
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Ellingsen)
1Fax number: +47 73593491. Telephone: +47 73593554.

Recently Constantin [17] proved that when the vortic-
ity is constant for a shear with a free surface, wave prop-
agation must be aligned either exactly upstream or ex-
actly downstream, i.e., the flow must be effectively two-
dimensional. His work furthers that of Constantin &
Kartashova [13] and additional proofs of similar results
have followed [18, 19]. While the mathematical argument,
briefly recounted below, is indisputable, the result proved
in these references appears to run counter not only to phys-
ical intuition, but also appears to make the use of vectorial
Fourier analysis for linear surface waves in 3D illegal when
a shear flow is present, since oblique Fourier components
would be forbidden.

On the other hand, recent times have seen progress made
on the fully 3D problem of linear surface waves on top of
a shear current of constant vorticity, and explicit solutions
to the linearized Euler equations for 3D surface waves on
such a background flow have been found for initial value
problems [20, 21], ship waves [22, 23], and waves from a
submerged oscillating source [24]. In all cases the solu-
tions rely on the ability to express wave associated surface
elevation and velocity components as a 2D Fourier inte-
gral in the horizontal plane, whose kernel functions can be
understood as plane waves propagating in all horizontal
directions. In fact, with only directly upstream and down-
stream wave components, neither ship wave patterns nor
ring waves from an initial disturbance or a point source
are possible.

A paradox emerges, therefore, because one and the same
equation of motion, the Euler equation, on the one hand
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necessitates Constantin’s theorem of two-dimensionality,
and on the other hand permits solutions which are patently
three-dimensional. In the following we resolve this para-
dox. We show that the Euler equation permits periodic
plane wave solutions propagating at an angle with the un-
derlying shear flow, but that these waves are required to
carry an associated vorticity field except in the special case
where wave propagation is aligned with the shear flow.
Constantin’s theorem rests on an assumption that the vor-
ticity is constant everywhere, hence there is no contradic-
tion between the theorem and the recent 3D solutions to
the Euler equations in the presence of a shear flow. These
skew waves are thus, in an Eulerian sense, rotational, al-
though a Lagrangian perspective shows how the rotation-
ality is but a slight redistribution of the vorticity of the
underlying current. We show for the oblique linear plane
wave, how the vorticity perturbation may be interpreted as
the wave motion gently shifting, twisting, stretching and
contracting the vortex lines as it travels past.

The basic plane wave solutions for an oblique wave on
a linear-profile shear flow are presented, being the build-
ing bricks from which above cited results for ship waves,
ring waves and the oscillating source were constructed. We
propose that the theorems, which prove the non-existence
of irrotational oblique waves on a shear flow with constant
and horizontal vorticity, should be understood physically
in a positive sense: skew waves on such a flow must always
carry a corresponding vorticity perturbation, i.e., they are
themselves, in an Eulerian sense, rotational. The assump-
tion of constant vorticity, while a tempting simplification,
is not helpful for the study of three-dimensional waves on
shearing currents, and may be employed in some 2D sys-
tems only.

2. Two–dimensionality of constant vorticy waves

We begin by briefly recounting the result proved by Con-
stantin [17]. Let us assume that a wave motion appears
as a perturbation of a shear flow whose vorticity is con-
stant in time and space and horizontally oriented. The
flow can have finite or infinite depth, and is presumed to
be inviscid and incompressible, hence the velocity field U
is governed by the Euler equation of motion (a dot denotes
partial derivative w.r.t. time),

U̇+ (U · ∇)U = −(1/ρ)∇P − gez (1)

and the continuity equation ∇ ·U = 0. Here the pressure
field is P , g is the gravitational acceleration. Applying the
curl operator yields the vorticity equation,

Ω̇+ (U · ∇)Ω = (Ω · ∇)U. (2)

where the vorticity is related to U by Ω = ∇×U.

The key assumption now made is that the velocity field
has constant vorticity Ω in time and space, not only the

original shear flow, but the perturbation due to the pres-
ence of waves as well. In this case Eq. (2) reduces to

(Ω · ∇)U = 0, (3)

i.e., the velocity field can have no variation in the direction
parallel to Ω. But a wave train propagating in a general
direction k in the xy plane must, regardless of its shape,
be associated with a velocity field which varies along its
direction of propagation, hence only waves propagating ei-
ther in the +x or −x direction (or more generally, directly
upstream or downstream with respect to the shear flow)
can exist.

In particular, the above theorem implies that a plane
wave of constant vorticity, which has the form

ζ(r, t) ∝ exp[ik · r− iω(k)t]

(real part is understood to be taken) with ζ the surface el-
evation and r = (x, y), must have k pointing either exactly
upstream or downstream.

For linearized wave theory this seems to disagree with
the use of a Fourier description, by which any surface de-
formation can be expressed in such a form, with the appro-
priate eigenvalue for ω(k), and where contributions from
k in all directions are required to describe, e.g., a localised
initial surface perturbation.

Moreover such a conclusion is in discord with physical
intuition. A local initial perturbation of a still water sur-
face is a classical problem considered by Cauchy and Pois-
son 200 years ago [25, 26], and results in ring waves prop-
agating out in all directions, with wave fronts becoming
approximately plane far from the origin. The equivalent
system with a uniform (irrotational) current can be found
by an appropriate Galilei transformation, and the conclu-
sion remains the same. However, Constantin’s theorem
seems to indicate that if a constant vorticity is now in-
troduced, however small, it would drastically change the
surface waves, since only up- and downstream propagation
is allowed.

While there is no doubt about the soundness of the theo-
rem itself, it seems clear that real-life wave systems cannot
possibly adhere to it. The paradox is resolved in the fol-
lowing.

3. Solution of the linearised Euler equation for a
skew plane wave

The theorems of Constantin [17], Wahlén [19] and others
assume the full velocity field including the wave motion to
have constant vorticity. In systems where the wave motion
can be seen as a perturbation of a constant vorticity shear
flow (linear and weakly non-linear system), the assump-
tion implies that the wave motion alone carry a constant
vorticity, and since it is the nature of wave motion to vary
in time and horizontal space (e.g., periodically) and to de-
crease with depth, the assumption then realistically means
the wave motion alone be irrotational.
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To elucidate the situation, let us compare with the so-
lution obtained for an oblique wave with no such restric-
tions imposed. Consider the linearised Euler equation, for
a shear flow which itself has uniform vorticity and is on
the form

Ucurr(z) = U0 + Sz (4)

where the undisturbed surface is at z = 0 and the shear
flow points along the x direction. The velocity field is

U = (Ucurr + û, v̂, ŵ) (5)

where û, v̂, ŵ are perturbations due to the wave field, and
P = −ρgz + p̂ with perturbation p̂. We consider solutions
to linear order in perturbation quantities.

A plane wave is now presumed to travel upon the shear
flow (4) at an arbitrary angle θ with the x axis, i.e., the
perturbation quantities û, v̂, ŵ and p̂ are all presumed to
have the form

[û, v̂, ŵ, p̂](r, z, t) = [u(z), v(z), w(z), p(z)]eik·r−iωt (6)

where r = (x, y) and the wave vector is k = (kx, ky) =
k(cos θ, sin θ). θ is the angle between wave propagation
and shear current. The eigenvalues ω(k) that permit a
solution are provided by the free-surface boundary condi-
tions. The system is similar to that considered in Ref. [11]
and §IV.B.3 of Ref. [1]. The Euler and continuity equa-
tions become

−iωu+ ikxU(z)u+ Sw =− ikxp/ρ, (7a)

−iωv + ikxU(z)v =− ikyp/ρ, (7b)

−iωw + ikxU(z)w =− ip′/ρ, (7c)

ikxu+ ikyv + w′ =0 (7d)

(a prime denotes differentiation w.r.t. z). Elimitaing u, v, p
we obtain the Rayleigh equation for this case, w′′−k2w =
0. For simplicity, assume infinitely deep water (finite wa-
ter depth, considered, e.g., in Ref. [20], does not affect
the argument essentially, but clutters the formalism). The
solutions are then found as

u(z) =

[
i cos θ +

iS sin2 θ

kxU(z)− ω

]
A(k)ekz (8a)

v(z) =

[
i sin θ − iS cos θ sin θ

kxU(z)− ω

]
A(k)ekz (8b)

w(z) =A(k)ekz (8c)

p(z)/ρ =− i

k
[kxU(z)− ω − S cos θ]A(k)ekz, (8d)

where the boundary condition limz→−∞ w = 0 was em-
ployed. The kinetic and dynamic boundary conditions now
relate the complex-valued amplitude A(k) to the surface
elevation, and give the dispersion relation for ω(k). For
our present purposes these details are not important, and
we simply regard A(k) and ω(k) as known quantities which
can be found with the procedures of e.g., Refs. [22, 20].

Consider now the vorticity vector Ω. A little calculation
yields

Ω =Sey + SA(k) sin θ

[
ik+ kez

kxU(z)− ω

− ikS cos θ

[kxU(z)− ω]2

]
ekz+ik·r−iωt (9)

The solution shows two things. Firstly, that a plane
wave travelling at an angle with the mean flow is a so-
lution to the Euler equation (provided, of course, an ap-
propriate coefficient A(k) can be found to satisfy bound-
ary and initial conditions), and secondly, that this so-
lution must carry a non-constant vorticity except when
sin θ = 0. Hence there is no contradiction between this
solution and Constantin’s theorem, which presumed con-
stant vorticity. It also means that the solutions reported
in Refs. [20, 22, 21, 23, 24] are unaffected by the theorem.

4. Vortex dynamics

The additional vorticity (proportional to A(k)) in
Eq. (9) is a vector in the plane formed by k and the z
axis, and whose direction rotates to draw an ellipse during
an oscillation period. It is the rotational motion of the
wave which gently lifts, pushes, twists and stretches the
vortex lines of the shear flow, which would otherwise be
uniformly spaced and pointed along the y axis. The total
vorticity contributed by the wave from one wavelength (or
period) is zero, as it must be due to the circulation theo-
rem which asserts that the number of vortex lines passing
through a closed, material curve must be constant.

The additional vorticity field permits a simple interpre-
tation if one takes the Lagrangian view of following the
motion of the vortex lines. The equation for a vortex line
(i.e., a curve which is everywhere tangential to Ω) is

dx

Ωx
=

dy

Ωy
=

dz

Ωz

where ds = (dx,dy,dz) points along the vortex line. A
vortex line positioned at (x, z) = (x0, z0) in the absence of
skew waves now obtains the form

(xvl, zvl)(y, t) = (x0, z0)

+

{
(cos θ,−i)

kxU(z0)− ω
− (1, 0)S cos2 θ

[kxU(z0)− ω]2

}
×A(k)ekz0+ikxx0eik sin θy−iωt (10)

where we have kept terms to linear order in A(k) as be-
fore. The vortex lines are distorted into elliptical helix
shapes, a disturbance which is small (for a linear wave)
except when kxU(z0) ≈ ω when the distortion becomes
more violent, particularly in the xy plane. If a depth ex-
ists where kxU(z0) = ω this corresponds to a critical layer,
to be discussed in the following. The shifting and twisting
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Figure 1: Vortex lines gently shifted and twisted by a passing wave of small amplitude. Here A(k) exp(kz0) = 0.3, [kxU(z0) − ω] = 1 and
S = 0.5 for x0 in steps of 1 and k = 1 (all in arbitrary units). The shear flow is along the x axis, and the angle of propagagation relative to
the direction of the shear flow is (top left to bottom) π/8, π/4, 3π/8.

of the vortex lines is illustrated in Fig. 1 for three differ-
ent propagation angles, where for simplicity (kxU(z0)−ω)
are taken to be the same in all cases. In the special case
when sin θ = 0, i.e., waves propagating exactly upstream
or downstream, the vortex lines remain straight and par-
allel during their wave-induced motion, and the Eulerian
vorticity field remains constant.

5. Further discussion

The undulating vorticity in Eq. (9) is notable for be-
ing singular when kxU(z) − ω = 0, stemming from the
corresponding singularity in u and v.

Firstly, singular velocity compoents in the k plane is
not dramatic or unphysical. Indeed in wave systems which
forces the frequency to take certain values, such as station-
ary systems (e.g., ship waves [22, 21]) or periodic systems
(such as the oscillating source [24]), the amplitude A(k)
will have a second singularity at the value of k where the
enforced frequency equals that from the dispersion relation
prescribed by the free surface boundary conditions, in our
case [20]

ω(k) = kxU0 − (S/2) cos θ ±
√

gk + (S2/4) cos2 θ. (11)

The latter singularity is well known, and treated with stan-
dard procedures (see further discussion, e.g., in §3.9 of
[27]). These values of k nominally produce infinite values
for a monochromatic plane wave. However, a real wave
source will produce waves with a nonzero bandwith of val-
ues for k, both in magnitude and direction. Now integrat-
ing over k space (invoking an appropriate radiation con-
dition) the pole singularities in u and v each give a finite
contribution to the resulting velocity field. Indeed, only
these poles can contribute to the wave field far away from
the wave source. Likewise, the pole singularity of u and v
at one particular k provides velocities of finite value once
the appropriate integral is taken. Note, however, that hor-
izontal velocity components can be discontinuous at some

depth z, corresponding if so to a thin vortex sheet at this
depth. See also the discussion in §IV.B.3 of [1].

Secondly we notice at the depth where Ω, u and v are
infinite, the phase velocity c = ω/k, when measured along
the direction of the current exactly equals the flow veloc-
ity, U(z) = c(k)/ cos θ. In the theory of linear waves on a
general shear current this is known as the criterion for a
critical layer to form. When U ′′(z) ̸= 0, the Rayleigh equa-
tion for w(z) becomes singular at this depth (see, e.g., §22
of Ref. [28]), while in the special case of constant vorticity,
U ′′(z) = 0, and the Rayleigh equation is regular, but a
kind of critical layer nevertheless shows up in the velocity
components parallel to the undisturbed surface, provided
wave propagation is not exactly upstream or downstream.
In inviscid theory this horizontal motion does not affect
the surface waves directly, a result which holds also for
more general shear profiles (see §IV.B.3 of Ref. [1]).

These topics are discussed much further in Ref. [24] in
the context of a point source. We will not delve further
into the formation of critical layer-type phenomena on a
shear flow of constant vorticity other than to note that
they affect even waves on a constant-vorticity shear profile
in 3D flow. Note, however, that critical layer solutions
exist in the 2D version the constant-vorticity wave system
as well, as pointed out by Ehrnström & Villari [12] and
Wahlén [14]. A concrete example where such solutions
appear, is when an oscillating line source is inserted [29],
which is a simple model for a real wave-making device.

6. Conclusions

We have considered the linearised Euler equations for a
shear flow of uniform vorticity with a free surface, and find
that basic plane wave solutions are possible in all propa-
gation directions, not only directly upstream and down-
stream. When the wave is at skew angle with the shear
flow, it is associated with an undulating perturbation of
the vorticity field. This resolves what might be considered
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a paradox presented by recent theorems by Constantin and
others which precluded skew waves for constant vorticity
flow. We show how the vortex lines, which are straight for
a constant vorticity flow, are twisted gently by a passing
small-amplitude wave, while the circulation of any closed
material curve is still conserved in accordance with the
circulation theorem.

Our results demonstrate that the assumption of con-
stant vorticity in three-dimensional free surface flows is too
restrictive to capture the wave dynamics of such systems.
Constant vorticity remains a useful assumption only for
two-dimensional wave-current systems, and only provided
the Laplace equation is satisfied everywhere. Inserting an
oscillating line source singularity, for example, as perhaps
the simplest and most common model for a wave source,
inserts additional vorticity into the flow which is carried
downstream as an undulating vorticity sheet at the centre
of a critical vortex layer [29]. The resulting flow pattern
could not have been foreseen by assuming a constant vor-
ticity field from the outset, essentially the proceedure em-
ployed for this system, erroneously from a physical point
of view, by Tyvand & Lepperød [30].
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