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1. Summary

The time-average wave power that is absorbed from an incident
wave by means of a wave-energy conversion (WEC) unit, or by
an array of WEC units—i.e. oscillating immersed bodies and/or
oscillating water columns (OWCs)—may be mathematically
expressed in terms of the WEC units’ complex oscillation
amplitudes, or in terms of the generated outgoing (diffracted
plus radiated) waves, or alternatively, in terms of the radiated
waves alone. Following recent controversy, the corresponding
three optional expressions are derived, compared and discussed
in this paper. They all provide the correct time-average absorbed
power. However, only the first-mentioned expression is applicable
to quantify the instantaneous absorbed wave power and the
associated reactive power. In this connection, new formulae
are derived that relate the ‘added-mass’ matrix, as well as a
couple of additional reactive radiation-parameter matrices, to the
difference between kinetic energy and potential energy in the
water surrounding the immersed oscillating WEC array. Further,
a complex collective oscillation amplitude is introduced, which
makes it possible to derive, by a very simple algebraic method,
various simple expressions for the maximum time-average wave
power that may be absorbed by the WEC array. The real-valued
time-average absorbed power is illustrated as an axisymmetric
paraboloid defined on the complex collective-amplitude plane.
This is a simple illustration of the so-called ‘fundamental theorem
for wave power’. Finally, the paper also presents a new derivation
that extends a recently published result on the direction-average
maximum absorbed wave power to cases where the WEC array’s
radiation damping matrix may be singular and where the WEC
array may contain OWCs in addition to oscillating bodies.

2. Introduction

For a general three-dimensional case, the basic linearized theory
for conversion of ocean-wave energy by means of one oscillating
body was developed in the mid-1970s [1-4]. The starting point
was to consider power input as the product of the net wave
force and the body’s oscillation velocity. In addition, Newman [1],
based on some reciprocity relations, discussed how the absorbed
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wave energy is related to wave interference in the far-field region. We may refer to this latter point of
view as global, as opposed to local point of view (LPV), which corresponds to the physical process taking
place at the immersed oscillating body’s wave-interacting surface, i.e. its wetted surface. One purpose of
this paper is to compare these two points of view. They are connected through the principle of energy
conservation, as well as through a few additional reciprocity relations.

Budal & Falnes [5, p. 478] described, qualitatively, the global point of view (GPV) as follows: ‘a
secondary, ring-shaped, outgoing wave is generated, which interferes with the incoming wave in such
a way that the resulting transmitted wave carries with it less energy than the incoming wave does’.
Subsequently, Budal [6] applied this principle, quantitatively, to discuss wave-energy absorption by an
array of oscillating bodies. Some years later, Farley [7] applied a far-field wave-interference analysis to
wave-energy conversion by flexible rafts. Contrary to Budal, Farley did not discriminate between two
types of outgoing waves, namely diffracted and radiated waves.

After Budal’s pioneering work on arrays, Evans [8] and Falnes [9], independently, analysed wave-
energy absorption as taking place at the array’s wave-interacting surfaces (the bodies” wetted surfaces).
Later, this study was extended to include also oscillating water columns (OWCs) in the wave-absorbing
array by Falnes & Mclver [10] and, independently, by Fernandes [11]. This was also an extension of
previous mathematical analyses developed by Falcao & Sarmento [12], Sarmento & Falcao [13] and by
Evans [14] for wave-power absorption by OWCs.

Newman [1] presented a review of previously known water-wave reciprocity relations, as well as
a few new ones. These reciprocity relations are derived by application of Green’s theorem to velocity-
potential theory for surface waves on water, which is assumed to be an ideal fluid. Concerning a couple
of the presented relations, Newman [1, §7] admitted that they ‘are not physically related to each other
in any obvious manner’. Apparently, the application of these relations has caused some controversy
recently [15,16] over the question of whether it is the forward (down-wave) or backward (up-wave)
radiation that matters. A reason for the controversy may be the existence of at least two versions of
what has been called ‘the fundamental theorem for wave power’ [17]. Hopefully, this paper will assist in
clarifying the matters discussed.

For any wave-energy converter (WEC) array of oscillating bodies, Wolgamot et al. [18] showed that
the direction-average maximum absorption width equals N times the wavelength divided by 27, on
the condition that the array’s N x N radiation-damping matrix is non-singular, where N is the array’s
total number of used oscillating-body modes. In this paper, we generalize this result to cases where
the radiation-damping matrix may be singular and where the WEC array may contain OWC units in
addition to oscillating bodies. The mathematical details are given in appendix A.

A further subject of this paper is the relationship between the reactive radiation-parameter matrices
and the reactive power, which is related to the kinetic-potential energy difference in the water that
surrounds the WEC array. It is found that some of the equations which were presented nearly three
decades ago by Falnes & Mclver [10] need to be corrected.

Throughout this paper, we shall assume that deviation from equilibrium is sufficiently small to make
linear theory applicable. We choose a coordinate system with the z-axis pointing upwards, where the z =
0 plane coincides with the mean free surface. We may use Cartesian or polar horizontal coordinates. They
are related by (x,y) = (r cos 6, r sin #). Except for some introductory time-domain consideration, we shall
assume an incident, monochromatic, plane wave, for which the wave elevation has a complex amplitude

o = A e—i(kx cos B+kysin B) _ A e—i{krcos(ﬁ—@)} (2‘1)

(where a time-varying factor el®! is suppressed). The corresponding incident wave power level (incident
wave power transport per unit width of the wave front) is

form pguglAl*
w — 2 7

(22)
where A is the complex wave elevation amplitude of the (undisturbed) incident wave at the origin (x, y) =
(0,0). The incident wave propagates at an angle g relative to the x-axis. Moreover, k = w/vp is the angular
repetency (wavenumber), » the angular frequency and vp, the wave’s phase velocity. Finally, the wave’s
group velocity is vg, the water density is p and the acceleration of gravity is g. Observe that J;y equals the
group velocity multiplied by the propagating incident wave’s time-average energy per unit of horizontal
sea surface. Half of this energy is potential energy related to water being lifted against gravity from wave
troughs to wave crests, while the remaining half is kinetic energy associated with the water’s oscillating
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velocity. However, for a situation where a purely propagating wave, as given by (2.1), interferes with
a wave propagating in a different direction, then the surface densities of kinetic energy and potential
energy may be different, as discussed in some detail in appendix B.

3. Wave-energy absorption at immersed wave-energy converter
boundaries

Concerning absorption of wave energy by means of an immersed oscillating body, the instantaneous,
as well as the time-average, power absorbed from the wave may be quantified as a product of the net
wave force and the velocity of the body. This approach was used, for example, by Budal & Falnes [3] and
Evans [2]. There are two contributions to this wave force: firstly, the excitation force, in consequence of
the existence of the immersed body, and, secondly, the radiation force, in consequence of the oscillation of
the immersed body. The first force contribution is linearly related to the incident wave but independent
of the body’s motion, while the second force contribution is not explicitly related to the incident wave
but linearly related to the body’s motion. Assuming, for simplicity, that the immersed WEC body is
oscillating in only one mode—mode i, say—of its six possible modes (degrees of freedom), then we
shall denote the two wave force contributions by F, ; ;(t) for the excitation force, and by F; ;(t) for the
radiation force. In the case of a monochromatic wave and harmonic oscillation with angular frequency
w, we denote the complex amplitudes of the two wave-force contributions by

Fei=feiA and F.;=—Z;u;=—(R; +iom;)u;, 3.1

respectively, where u; is the complex velocity amplitude for oscillation mode i. The complex
proportionality coefficients fo; =fo (8, w), i.e. the excitation-force coefficient, and Z; = Z;(w), i.e. the
radiation impedance, as well as the latter’s real and imaginary parts, R;; = R;i(w), i.e. the radiation
resistance, and X;; = wm;; = X;j(w) = wm;;(w), i.e. the radiation reactance, are functions of w. The
coefficient m;; is called ‘added mass’ although it may be negative in exceptional cases [19]! Moreover,
the coefficient f, ; also depends on 8, the angle of wave incidence.

Observe that, in terms of complex amplitudes, the radiation-force F, ; has two components, an active
component and a reactive one,

Friact=—Rju;i and Fyjreact = —iXjiu; = —mjiou;, (3.2)

which are in phase with the velocity #; and the acceleration iwu;, respectively. By inverse Fourier
transformation, where products in the frequency domain correspond to convolutions in the time domain,
we may find a corresponding decomposition of the general, time-domain, radiation force [20]:

Fr,i,t(t) = Fr,i,t,act(t) + Fr,i,t,react(t)- (3-3)

As shown below, only the active force component contributes to the net time-averaged energy transfer,
while the reactive force component serves temporary energy exchange between differently sized stores
of kinetic energy and potential energy.

To provide the desired immersed-body motion, the WEC unit needs to be equipped with a machinery
for control and power take-off (PTO). This provides an additional force Fpy¢(f), with corresponding
complex amplitude Fpy,; for the monochromatic-wave case. Then we may write the equation of motion,
in complex-amplitude representation, as

. Ci
{(Rii + Floss,i) + i (mii +mj— w—’z) } i =Fe; + Fptoi = fo il B)A + Fptoi (3.4)

where m; is the mass of the immersed body and c; its hydrostatic stiffness coefficient. We have
also introduced a coefficient 11445, to represent linear power loss. Introducing the body’s excursion
from equilibrium position s; (t)—thus u; +(t) = 5; /(t)—we may, in time-domain representation, write the
equation of motion as

{_Fr,i,t,act(t) + rloss,iéi,t(t)} + {_Fr,i,t,react(t) + migi,t(t) + Cisi,t(t)} = Fe,i,t(t) + Fpto,i,t(t)~ (3-5)

In contrast to the frequency-domain model, for the time-domain model we may include possible
additional nonlinear forces in the Fp i+(f) term of (3.5).
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Our next task will be to find an expression for the time-average power P, absorbed by the PTO. For
this purpose, we multiply through (3.5) by u; +(t) = 5;+(t), and rearrange terms. We then find

P, = _Fpto,i,tui,t(t) = Fe,i,t(t)ui,t(t) + Fr,i,t,act(t)ui,t(t) - rlOSS,i{ui,t(t)}zr (3-6)

where the overbar denotes averaging over a time interval that is sufficiently long to make the
contribution from reactive force components negligible. For periodic waves and oscillations, it is
sufficient to average over one period. Note that the reactive-force component—the second one of the two
Lh.s. terms of (3.5)—does not contribute to the time-averaged absorbed wave power, as given in (3.6). In
relation to u;(), also Fe /(t) has a reactive part Fe i react(t), for which Fe i t react(£)uj ¢(£) = 0.

The product of the total reactive force and the velocity u;(f) =5;(t) is the instantaneous reactive
power, namely,

- Fe,i,t,react(t)ui,t(t) - Fr,i,t,react(t)ui,t(t) + miui,t(t)ui,t(t) + Cisi,t(t)éi,t(t)

= S Witswater) + Wispoay 0, 67)
where (d/d)W ¢ body () = mitt; 1 (£)u; ¢ (£) + cisi i ()s4(£) = (d/ dt){miu%t(t) + cisl.z/t(t)} /2 is the time derivative
of the sum of the body’s kinetic energy and potential energy, and where (d/df)W; water(t) is the time
derivative of the sum of kinetic energy and potential energy of the water surrounding the body. At
instants when u;(f) =0, there is no kinetic energy, and at instants when s; ((t) = 0, there is no potential
energy. Except for conditions of resonance, the r.h.s. of (3.7) does not vanish at all instants. In general,
the PTO machinery has to cope with reactive forces and reactive power, because of unequal magnitudes
of the kinetic and potential energy stores. The r.h.s.—and hence also the 1.h.s.—of (3.7) has, however, a
vanishing time average.

For a sinusoidal oscillation with complex velocity amplitude u;=|u;|exp(ipy), we have
{11 (DY = [ui]? cos?(wt + @u;) = [ui*{1 + coswt + 2¢y,)}/2 and {s;4(1)}* = |u;/w|? sin*(wt + gu,) = |u;/w|?
{1 — cos(2wt + 2¢,,)}/2. Using this, we find

dWippody(t)  dicish,(t) +miud (0}/2 (i wm;
dt B dt 20 2

which, together with (3.7), explicitly shows how the reactive power is directly related to the
difference between the maximum values of kinetic energy and potential energy. In analogy with (3.8),
(d/dt)W; i water(t) is related to such an energy difference associated with the water surrounding an array
of immersed WEC units. This matter is discussed in §6.2,6.3 and more extensively in appendix B.

In the remaining part of this paper, we consider only a monochromatic wave and the corresponding
sinusoidal oscillation of immersed WEC units. Without considering the details of the PTO machinery, we
shall rather consider the WEC units’ complex oscillation amplitudes—for instance #;—to be independent
variables, and a goal of our analysis is to find their optimum values corresponding to the incident wave
as given by (2.1). Then the complex-amplitude version of (3.6) is

_ Re{_Fpto,iu;k} . Re{fe,i(ﬂ)A“?} B (Rii + rloss,i)uiu;'k
T 2 B 2 2 '
where the asterisk (*) denotes complex conjugate. Assuming ideal conditions, we set 7y ; =0 in the
following.
Moreover, we shall find it convenient to make the following substitutions:
(B)u Rou
E(ﬂ):fe'l(ﬂ) i and |U|2=UU*= il
4 2
where the non-negative quantity P; represents the radiated wave power (caused by any forced oscillation
of the immersed body). Although the introduced complex quantity U = Preld might, in general, have
any arbitrary phase angle § in the interval —7 < § <, we shall find it convenient that it is chosen to
have the same phase angle as A*E*(8). Then A*E*(B)/U is a real positive quantity, which, notably, is
independent of the complex velocity amplitude u;.
We may now simplify (3.9) for the time-averaged absorbed wave power to

) 2 sinoot + 204, (3.8)

(3.9)

=P, (3.10)

P, =Pe — Py = AE(B) + A*E*(B) — |U?, (3.11)
where
Pe = AE(B) + A*E*(B) (3.12)
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is the ‘excitation power’. An important motivation behind the substitution of f. ;(8)u; /4 by E(8) and
Rjju;uy /2 by |U|? is that the above (3.11) and (3.12) as well as the following (3.13)—(3.17) are applicable
also for a WEC array consisting of several WEC units—oscillating bodies and/or OWCs—provided the
parameters E(8) and |U|? are properly redefined, as explained later in this paper (see (6.20) and (7.1)
and (7.2)). For this reason, we propose the terms ‘collective excitation-power coefficient” and ‘collective
oscillation amplitude’ for the complex quantities E(8) and U, respectively.

The usefulness of introducing the quantity U is that (3.11) may be rewritten as

2

AE) (3.13)

u*

2
= |20 |y 2200

u*

from which we, simply by inspection, see that the first term equals the maximum possible absorbed
power, provided the last term vanishes, that is, if the quantities U and E(B) have optimum values Uy and
Eo(B) that satisfy the optimum condition

=0, thatis, AEo(B)= |Up|*> = A*E}(B). (3.14)

Hence, at optimum, the three terms on the rh.s. of (3.11) have the same, real and non-negative,
magnitude. The last one of the three terms is the optimum radiated power. It follows that we have several
different alternative expressions for the maximum absorbed power, e.g.

P,
2 e,OPT
Pamax = Propr = [Up|" = ——

= AE(B) = A"Ey(B) = AEq(B)I. (3.15)
We may consider this series of alternative mathematical expressions as reciprocity relations for the
maximum absorbed power. For instance, the maximum absorbed power P, max equals the optimum
radiated power P, opt = |Up 2. In (3.11), the last term, the radiated-power term P, = uj?, appears to be a
power-loss term, but it should, rather, be considered as a necessity, because the radiated wave is needed
to extract power from—that is, to interfere destructively with—the incident wave.
As we have chosen A*E*(8)/U to be a real positive quantity, which is independent of u; and, therefore,
also of U, we have
A*E*(B) _ A"E;(B)
u U

= Uy = Ug(B) = 1Uop(B)] = Up(B), (3.16)

where we have made use of the optimum condition (3.14). In general, we shall consider U to be an
independent complex oscillation-state variable, while the optimum value Ug(B) is real and positive,
because we have chosen U to have the same phase angle as A*E*(B) has. According to (3.16), A*"E*(B) =
UjU and AE(B) = UpU*. If we insert this into (3.11) and also use (3.15), we obtain the simple equation

Pamax — Pa=Uglj — UpU* — UgU + UU* = |Up — UJ* = |Uy(B) — U7, (3.17)

which, for a fixed value P, < P, Mmax, corresponds to the equation of a circle of radius /Py mMax — Pa
centred at Up(B) in the complex U plane. Equation (3.17) may be illustrated as an axisymmetric
paraboloid in a diagram where a vertical real P, axis is erected on a horizontal complex U plane, as
shown in figure 1.

Assuming that the PTO machinery of the oscillating WEC body contains sufficient control equipment
to achieve the desired oscillation, we may consider the complex velocity amplitude u;, as well as U, to
be an independent variable. However, the optimum value u;y, as well as Up, depends on the excitation
force f, i(8)A, and is, consequently, dependent on the incident-wave parameters A and . For an optimum
oscillation velocity u; = u;p(B), say, corresponding to maximum absorbed wave power P, = P, max—cf.
e.g. (3.14) and (3.15)—we have optimum collective parameters E(8) = Eo(8) and U = Up. Note that |Up 12,
as well as all the other alternative expressions given in (3.15) for the maximum absorbed power, depends
implicitly on 8, and, moreover, it is proportional to |A|>—remembering that u;(8), in contrast to an
independent variable u;, is proportional to A.

4, Destructive far-field wave interference

Excluding waves and oscillations of general time variation, but considering only monochromatic waves
and corresponding harmonical oscillations, we may, alternatively, calculate the time-average absorbed
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Figure 1. The wave-power ‘island; illustrating (3.17). Absorbed wave power P, as a function of the complex collective oscillation
amplitude U = Re{U} + iIm{U} = |U| €®, where the phase § = arg{U} is chosen such that AE /U* is a real positive quantity, and
where |U| is given by (3.10) for the one-mode oscillating-body case, and by (6.20) for the case of a general WEC array. The largest possible
absorbed wave power P, yay is indicated by a star on the top of the axisymmetric paraboloid, and Uy is the optimum collective oscillation

amplitude. Colour changes indicate levels where P, /P, wax equals 0, % % and % (a) Side view, (b) top view and (c) inclined view.

power by analysing wave interference in the far-field region, that is, many wavelengths away from the
immersed WEC body, or more generally, WEC array. We then have to assume that the wave propagation
takes place in water that we may consider to be an ideal loss-free fluid. In the following, we shall apply
such a GPV, and then compare the results with the above LPV results.

If we assume that, within a localized area near our chosen origin (x,y,z) = (0,0, 0), the body—or, more
generally, a WEC array—is installed, but not oscillating, then an incident plane, monochromatic wave,
with wave elevation ng = ng(r, 0) = A e itkreos(B=0)} 55 given by (2.1), produces a diffracted wave, for
which the wave elevation has a complex amplitude nq = n4(r, ), say. (This may also include diffraction
effects of possible reefs and rocks.) Next, imagine that the immersed body, or the array, is performing
forced oscillations with no incident wave, that is, with A =0. Then a wave will be radiated from the
body, or the array. Let 5 = n¢(r, 6) denote the complex elevation amplitude of this radiated wave.

When there is an incident wave, and the immersed WEC array is oscillating, then the complex
amplitude of the wave elevation is n = 1o + ng = no + 14 + 7:- We have here introduced ng =nq + nr as
the complex elevation amplitude of the total ‘outgoing” wave. Depending on the geometrical details
of the array, the outgoing waves may have a complicated mathematical structure near the array, in
the so-called near-field region. We shall, however, only need far-field mathematical details, which,
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in general, are asymptotically valid several wavelengths away from the WEC array. The far-field
diffracted /radiated /outgoing wave elevations may thus be expressed in the form

iw _ i
nd/r/gz—gcd/r/g(e)(kr) V2l o) askr— oo, (4.1)

where the complex functions Cq(6), Cr(9) and Cg(0) are the far-field coefficients for the diffracted wave,
the radiated wave and the outgoing wave, respectively. It is convenient to express these coefficients in
terms of the so-called Kochin functions

Heryg(0) = V27 Ca e (0) €™/, (4.2)

Note that the diffracted wave is linearly related to A, the complex amplitude of the incident-wave
elevation amplitude at the origin, r =0, while the radiated wave is linearly related to all WEC units’
oscillation amplitudes.

WEC arrays will be discussed in §6. At present, we shall consider the simpler case of only
one immersed, single-mode oscillating, body. Introducing complex Kochin function coefficients of
proportionality by corresponding lower case symbols, we may write the Kochin functions as

Hyq(0)=hgq(0)A and H(0) =h;(0)u; 4.3)
for the diffracted wave and the radiated wave, respectively. The total generated wave’s Kochin function is
Hg(0) = Ha(0) + H:(0). (4.4)

Note that for an optimum oscillation vector u; = u;p(B), there corresponds optimum Kochin functions
Hy(0) = Hyo(f) and Hg(0) = Hgp(6), which depend, implicitly, also on g. In particular, u;o(8) and, thus,
H,(0) are linearly related to the excitation force F, ;(8) = f¢ i(8)A. However, the coefficient /;(¢) does not
depend on f, in contrast to the coefficient /13(6), which depends implicitly on g, since the diffracted wave
is a response to the incident wave.

In correspondence with our derivation of (3.9) for the wave power absorbed by an immersed
oscillating body as the product of the net wave force and the body’s oscillation velocity, Newman [1, §10]
expressed the power P, absorbed by an oscillating immersed body as an integral over the body’s wetted
surface, where the integrand is the hydrodynamic pressure multiplied by the normal component of
the fluid velocity. Then, applying Green’s theorem, he expressed P, as an integral over an, envisaged,
cylindrical control surface in the far-field region, a surface that encloses the immersed body and all water
between the body’s wetted surface and the control surface. In this way, Newman [1, eqns 58 and 59]
moved from the LPV to the GPV, and expressed the absorbed wave power in terms of Kochin functions.

Accordingly, following Newman, we may write the time-averaged absorbed wave power as

Py =P — Py =1(8) + I"(B) — IGI* (45)
where P; =1(8) + I*(B) is the ‘input power” and

WPVpUg
drg

wPVp Vg

Py =I|G]® =
s =IGl Tng

2 2
|, e a0 - |, a6+ (o) a0 (4.6)

is the (non-negative) total ‘outgoing power’. Here v, = w/k and vy = dw/dk are the phase velocity and
the group velocity, respectively. Moreover,

PUpVg
2

and we may write the input power as

PUpUg
2

I(p) = Hg(B)A = {Hy(B) + H7 (B)}A, 4.7)

Pi=1(B) + I"(B) = 2Re{I(B)} = pvpvgRe{Hy(B)A}
= pvpvgRe{H](B)A + H; (B)A}. 4.8)

An approach corresponding to (4.5)—(4.8) has been applied by Farley [7,15] and Rainey [17]. Their
approach shows the physical details of wave-interference energy removal in the far-field region. By wave
interference in the far-field region, wave-energy removal takes place where the outgoing wave g travels
in the same direction as the incident wave 7y, that is, for direction 6 coinciding with the incident-wave
direction . As there is no energy exchange between two plane waves propagating in different directions,
there is no contribution to far-field wave-energy removal by the outgoing wave in directions where 6 #
(or, more precisely, outside a small 6 interval around 6 = §, an interval that tends to zero as kr — c0).

s 2 s oo s Bisuandissoreiorsos [



Noting that (4.5) has a similar mathematical structure as (3.11), it might appear that (3.14)-(3.17) are
valid also if we replace the LPV parameters Pe, Py, E(8) and U by the GPV parameters P;, Pg, I(8)/A
and G, respectively. However, note that the optimum LPV parameters are more directly related to the
optimum WEC body oscillations than the GPV ones are. If we compare LPV equations (3.10)—(3.12) with
GPV equations (4.5)—(4.8), we may note that P. is proportional to A and linearly related also to the WEC
body’s oscillation amplitude, while P; is quadratically related to this amplitude, but independent of A.
By contrast, P;, as well as Pg, is related in a more complicated way to A and to the WEC body’s oscillation
amplitude. Equations (3.14)—(3.17) therefore do not apply for the GPV parameters.

We may mitigate this drawback by rearranging the GPV equations (4.5)-(4.8) as follows. Firstly, we
observe that if the single-mode oscillating WEC body does not oscillate, i.e. u; = 0, then no wave energy
is being absorbed, i.e. P, =0. Moreover, the radiated wave’s Kochin function vanishes, i.e. H.(9) =0.
Then the GPV equations (4.4)—(4.8) agree with the following reciprocity relation for the diffracted wave’s
Kochin function [1, eqn 33]:

2
J [Ha(6)]* do. (4.9)

Ha@A” + Hy A= |

Secondly, from the same GPV equations (4.4)—(4.8), we then find, for the oscillating-body case (i.e. u; # 0),
that the power P,, which is removed by the far-field wave interference, is as given by the LPV(!) equations
(3.10)—(3.12), but now with collective parameters |U|? and E(8) expressed in terms of far-field quantities,
namely,

2
|U|2—%J |Hy(6)[2 d6 (4.10)
4 0
and
_ PVplg sy @ . Hy4(0) .
B =" (Hr(ﬂ) | Hrw)de). @1

Note that |U|?, in contrast to |G|?, is independent of the wave amplitude A, and quadratic in the WEC
body’s oscillation amplitude. Further, E(8)A, in contrast to I(8), is linearly related to the oscillation
amplitude, and proportional to the incident wave amplitude A. Equations (3.10) and (4.10) present two
different expressions for the radiated power |U|?. Physically, this means that the power which is radiated
from the WEC body’s wave-interacting surface into a lossless fluid equals the power that is associated
with the radiated wave in the far-field region of the fluid.

From a physical point of view, what may be observed in the far-field region is a superposition
of the plane incident wave and the outgoing wave. As observed in the far-field region, one may
not know whether the outgoing wave originates from one single-mode oscillating body or from an
array consisting of many WEC units. For this reason, all equations in the present section are valid
for this latter WEC system, provided the two-factor product h;u; that appears in (4.3) is generalized
to a sum of such products, one product for each of the WEC array’s oscillating modes. Details are
given in §6.

5. Relationships between radiated and diffracted waves

Among many water-wave reciprocity relations, there are two relations, which relate diffraction and
radiation parameters, and about which Newman [1, eqns 45 and 48] remarked that the corresponding
two involved physical problems that ‘are not physically related to each other in any obvious manner’.
Newman used these two relations to convert the formula for absorbed wave power from the version of
(4.5) to the version of (3.11), but with the collective parameters |U|* and E(B) expressed solely in terms
of radiation Kochin function coefficients, that is, without the diffraction Kochin function—which we still
need to eliminate from (4.11).

The first one of the above-mentioned two reciprocity relations is the Haskind relation [21,22],
which relates the excitation force Fe ;(8) =fe,i(8)A to the radiated wave’s Kochin function H;(0)lg—g+r =
hi(B + 7 )u;, namely,

fe,i(B)= ZPUpvghi(.B + 7). (5.1)

The second one is a relation between Hgy(6) and #;(f), a relation which Newman [1, eqn 61] used to
simplify (4.11) to

PUPV

S hiB + m)uf =

P8 (B + ), (5.2)

E(p)= :
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where we have introduced the ‘adjoint companion’,
H:(0) = hi(®)u}, (5.3)

of the radiated wave’s Kochin function Hy(#)—cf. (4.3). The complex conjugation star on the complex
velocity amplitude u; in (5.3) corresponds, in time domain, to time-reversed motion.

In this way, Newman succeeded to eliminate, mathematically, the diffracted wave’s Kochin function
Hgq =hgA, that appears for example in (4.5)-(4.8) and in (4.11). Referring to (3.10), we may, however,
arrive at the same result (5.2) without referring to the second one of the above-mentioned two, not very
obvious, reciprocity relations. The result simply follows by applying the Haskind relation (5.1) to the
excitation-force coefficient f, ;(8) in (3.10).

Although reciprocity relations between diffraction and radiation parameters connect different
physical problems ‘which are not physically related to each other in any obvious manner’, as admitted
by Newman [1, §7], the Haskind relation (5.1) may be supported by the following physical argument.
Imagine a non-symmetric WEC, e.g. the well-known nodding-duck device [23], which is installed with
an optimum orientation to absorb waves arriving from west, thus incident waves propagating eastwards.
If, in a case with no incident wave, the device is performing forced oscillations, the device will primarily
radiate waves propagating westwards. Thus, the addition of an angle 7 in the argument on the rh.s.
of (5.1) seems reasonable. Moreover, it is reasonable that the excitation-force coefficient f, ;(8) of the
incident-wave problem (diffraction problem) is proportional to the radiation-ability coefficient h;(8 + )
of the forced-oscillation problem (radiation problem). Admittedly, however, the second one of the two
above-mentioned reciprocity relations, which directly connects (4.11) and (5.2), is less obvious from a
physical point of view, namely the reciprocity relation presented by Newman [1, eqn 48]:

B w [T
AH(B + m) = AH} (B) J Hy(0)H;(6)do. (5.4)

2mg o

Earlier, the LPV quantities |U|? and E(B) appearing in (3.11) were given by the two equations (3.10).
However, when we now have, alternatively, expressed E(B) by equation (5.2) and || by equation (4.10),
which are far-field, or global, equations, this corresponds to a mixed, or hybrid, global-local point of
view (GLPV), because we have now expressed the LPV parameters |U|*> and E(B) in terms of radiation
Kochin functions, which are far-field parameters. Although it is not easy to give the GLPV version a direct
physical interpretation, it has the advantage that it may be a basis for several reciprocity relations [1]
and, moreover, also for certain mathematical derivations below, as exemplified later on in this paper; see
§6.1,6.2.

6. Generalization to wave-energy converter arrays

We consider a case of wave-energy absorption by an array of immersed oscillating rigid bodies and
of OWCs, as indicated in figure 2. Let us assume that the number of wave-interacting oscillators is
N =Ny + Np, where N, is the number of OWCs and Ny is the number of used body modes, whose
number may be up to six times the number of bodies. The oscillation state and the excitation due to an
incident plane wave may be described by N-dimensional column vectors v and x, respectively, where

v= [_"‘p} and x= [_FSJ - [_f;e} A. 6.1)

Here we have introduced two Ny-dimensional column vectors u=[uj up uz --- uNu]T and Fo =
[Fe1 Fep Fe3 - Fe,Nu]T, where u; and F; are the complex amplitudes of the oscillation velocity and
of the excitation force for rigid-body oscillation mode i. Correspondingly, we have introduced two
Np-dimensional column vectors p=[p1 p2 p3 --- pr]T and Q=[Q¢1 Qe2 Qe3 - Qe,Np]T, where p;
and Q; are the complex amplitudes of the oscillating dynamic air pressure and of the excitation volume
flow for OWC i. We may think of v and x as vectors in an N-dimensional complex space. The superscript
T’ denotes the transpose of a matrix, and the complex conjugate transpose of a matrix is correspondingly
denoted by the dagger symbol (1).

Applying linear theory, we have also introduced the following Ny- and Np-dimensional vectors: the
complex vectorial proportionality excitation vector coefficients fe =fo(8) and q, = q.(8), respectively.
The complex excitation vector x=x(g), acting on the WEC array, depends on the angle g of wave
incidence, and it is proportional to the complex elevation amplitude A of the undisturbed incident wave
at the origin (x,y) = (0,0). We shall, however, here consider the complex oscillation vector v to be an
independent variable, assuming that we have an ideal machinery for PTO and motion control.
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Figure 2. Wave-interacting objects inside an envisaged (control) surface Soo, chosen as a cylindrical surface r = const. Two floating
bodies are indicated, as well as two OWCs, one in a floating structure, the other in a fixed (bottom-standing) structure. This figure is
reproduced from Falnes & Hals [24].

6.1. Global point of view

For this, rather general, WEC array, we may extend the second equation of (4.3) to write the radiated
wave’s Kochin function as

N
Hy(0) =v'he(0) =h; (0)v, thatis, H:(0) =Y hi(®)v;. 6.2)
i=1
We may then generalize H; correspondingly in, for example (4.4), (4.6)-(4.8), (4.10) and (4.11). Moreover,
the Haskind relation (5.1) is generalized to

X(B) =2pvpvghe(B + )A, thatis, xi(B)=2pvpvgh;(f + m)A, (6.3)
fori=1,2,3,...,N. The adjoint radiation Kochin function (5.3) is generalized to [24]
) N
H(0) =) hi(0)v] =h] (0)v* =v'he(9), (6.4)
i=1
and (5.2) to
N
Plplg Plplg + Plplg -
E(B)= =5 D Iulp +mwf = =52 he(p ) = =2 el + ) (65)

i=1

Note that this latter equation may be considered as a generalized Haskind relation for the collective
excitation-power coefficient E(8). Moreover, on the basis of the general equations (4.11) and (6.5), we
easily see that (5.4)—the least obvious one of the reciprocity relations presented by Newman [1, eqn 48]—
is still valid with the general radiation Kochin function Hy, as given by (6.2). Equations (4.11) and (6.5)
provide two different mathematical relations between the LPV collective excitation-power coefficient
E(B) and the N GPV Kochin function coefficients /; for the radiated wave. Equation (4.10), with (6.2),
provides a mathematical relation between these h; coefficients and the LPV collective amplitude |U]|, and
also the corresponding complex amplitude U if we remember that we have chosen the phase of U to
equal the phase of A*E*(B), in accordance with (3.16).

Let us next consider the optimum case for maximum absorbed power. Algebraic procedures for
determining the optimum value vy =[vig v2o v30 - vnolT of the complex oscillation-state vector v
are treated in more detail in appendix A. Correspondingly, according to (6.2), there exists an optimum
Kochin function

Hyo(8) = vo' (B)hr(8) = h] (0)vo(B), (6.6)

for the radiated wave. Note that, even if we, in general, consider v to be an independent variable,
the optimum value v = vo(8), as well as the g-dependent optimum Kochin function Hyy(P), is linearly
related to the incident wave amplitude. From the optimum condition (3.14), we have AEy(8) = Upl? =
A*E((B), which, in combination with (4.10) and (4.11), gives the condition

2m
A ()= 5 |, @)+ @0, (67)
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which the optimum radiated wave’s Kochin function Hy(f) needs to satisfy. Combining this condition
with the reciprocity relation (5.4)—see also (6.4)—yields

_ 2
Afieg(p+ ) = ANL(B + 1Vi(8) = 5 | IHo ) . ©9)

That this is real and positive corresponds to the radiated wave having optimum phase. If we choose A to
be real and positive, then also Hyo(B + m) has to be real and positive.

In (3.15), we presented several different expressions for the maximum power P, that is possible to be
absorbed by the WEC array. We shall find it convenient to add also the following expressions:

(Pamax)?  (Peopr/2?  {AE)(B))?  |AEo(B)I?

P MAX = = = = . 69
i Pamax Propr |Up|? [Uo|? (69)

Applying the last one of the fractions shown in the LPV equations (6.9), and then inserting from the GPV
equations (4.10) and (6.5), we get

_AE(B)? _ pguglAP
aMAX = W2 2

G0 ) =2 Gyo() = Fwidapiax, (6.10)

where [y, is the wave-power level, as given by (2.2), and dy = P, /] is the “absorption width’. Moreover,
we have introduced the—at optimum—gain function

27 |Hio(B + 7)1 _ 27vg (B)hy (B + mh! (B + 7)Vi(B)
go(ﬁ) - 27.[ ¥
|Hro(6)12 d6 va(B) J37 h(0)h(6) dov(B)

(6.11)

which is an extension of a formula presented, independently, by Newman [25] and by Evans [8] for
the single-body, one-mode case. It is remarkable that we here have been able to express the maximum
absorbed power in terms of optimum far-field Kochin functions for the radiated wave only. It should
be emphasized that this gain function Ggo(f) applies only to the optimum case for maximum absorbed
wave power.

The Haskind relation (5.2) and the collective Haskind relation (6.5), as well as the optimum gain
function as given in (6.11), indicate that it is important for a WEC system to possess the ability to radiate a
wave propagating in a direction opposite to the direction of the incident wave. This ability is represented,
quantitatively, by the N coefficients h;(8 + ) in (6.5). If N=1, we see from (4.3) and (5.3) that,
with i=1, we have |H.(8 + 7)12 = |l (8 + 7)vf 12 = |h(B + 7)v1 |2 = |Hy(B + 7)|%. However, with (4.3)
and (5.3) generalized to (6.2) and (6.4), we should note that, in general, |He (B + 7)|? # |He(B + 7)|?
for N> 2. For instance, referring to (6.2)—(6.4) for N=2, we have, for any 0, including 6 =g +x,
that [Hr(9)|? — |Hr(0)* = |1 (0)v} + ha(0)v5 > — [h1(8)v1 + ho(B)v2|? = 4 Im{hy (9)h5(0)} Im{vy v}}, which, in
general, deviates from zero for arbitrary as well as for optimum values of the complex velocity
amplitudes v1 and v,. For the circularly oscillating Evans Cylinder [2], we may, as shown below in §7.1—
see (7.9)—replace |Hro(B + )2 by |Hro(B)|? in the numerator of (6.11). A corresponding replacement
may be made if diffraction is negligible or, otherwise, in cases where the integral on the rh.s. of (5.4)
vanishes when H;(6) = Hy ().

Concerning the GPV discussion, presented in §§4 and 5, for the case of one single-mode body WEC
unit, we have, so far, here in §6, extended results to the case of an array of WEC units. Our next task will
be to generalize some of the LPV matter discussed in §3.

6.2. Local point of view

For a single-mode oscillating body, the complex amplitude of two wave-force contributions, the
excitation force F,; and the radiation force F,;, are given by (3.1). For our WEC array, the excitation
vector x, introduced by the second equation of (6.1), is an extension of F ;, while [10]

Xr = |:_F5 i| == |:I§T _YI_Ii| |:_1in| = _Dcompletev (6.12)

is an extension of F,; where Z and Y are the Ny x Ny radiation-impedance matrix for the oscillating
bodies and the Np x Np radiation-admittance matrix for the OWCs, respectively. These matrices are
symmetric, that is, Z' =Z and YT =Y. The Ny x Np matrix H represents hydrodynamic coupling
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between the oscillating bodies and the OWCs, which compose the WEC array. It is convenient to split
these complex matrices into real and imaginary parts:

Z=R+iX, Y=G+iB and H=C+iJ, (6.13)

where the radiation resistance matrix R, the radiation reactance matrix X, the radiation conductance matrix
G, the radiation susceptance matrix B, as well as the matrices C and J, are real. All these matrices
are frequency dependent. Further comments concerning these matrices are given in appendix B;
see (B24)—(B 28) and related text.

Let us now, for the WEC array, extend (3.1) and (3.2), where we defined the radiation force F,; and
split it into active and reactive components. The extension reads

Xy = _Dcompletev = —(DactiveV + Dreactive V), (6.14)
where
R —i . X iC
Dactive = LJT GJ} =D and Dreactive =i {_i o B}. (6.15)
We may note that
D =D", (6.16)

which means that the radiation-damping matrix D is hermitian. Also the matrix (Dreactive/1) is hermitian.
From this it follows that, for any N-dimensional complex column vector v, the scalar matrix products
vIDv and v DyeactiveV are real and purely imaginary, respectively. (We may observe that the matrices D
and (Dreactive/1) are real and symmetric if the WEC array contains no OWCs or no oscillating bodies, that
is, in cases where Deomplete = Z = R + iX or Deomplete = Y = G + iB, respectively.)
If we premultiply (6.14) by —v'/2, we get the ‘complex radiated power’
V+Xr viDv V+Dreactivev

- _ ) 6.17
Pr 5 5 + > (6.17)

where the last term, the reactive-power term, v Dyeactivev/2 is purely imaginary, while the first term, the
radiated-power term, viDv/2 = P, is real and non-negative—see (6.21). Moreover, if we premultiply by
v’ /2 the excitation vector x, defined by equation (6.1), we get the ‘complex excitation power’

Pe=—. (6.18)

We may note that the imaginary part Im{/P.} represents reactive power (see (B 49)).
For any oscillation vector v=[u — p]T, the time-average wave power absorbed by the array is P, =
Pe — P;, where the ‘excitation power’ P, and the radiated power P; are given by [10]
vix+xtv viDv

Pe=Re{Pe}=———— and Pr=Re(P:]=

We may express this in the form of (3.11) provided we define the collective excitation-power coefficient
E(B) and the collective oscillation amplitude U by

(6.19)

t t
E(B) = % and |UP?=UU*= VTDV,
which is an extension of (3.10). We still choose the phase angle of U such as to make A*E*(8)/U a real
and positive quantity.
For a case with no incident wave, x =0 (which means that P. = 0), energy conservation requires that
the absorbed wave power P, = Pe — Py = —P; = —V+DV/2 cannot be positive. Thus, for all possible finite
oscillation-state vectors v, we have

(6.20)

viDv > 0. (6.21)

Thus, in general, the radiation damping matrix D is positive semidefinite. It is singular in cases when its
determinant vanishes, |D| = 0. Otherwise, it is positive definite, viDv > 0.
It is well known [10] that the maximum wave power that can be absorbed by the array is

Peorr _ x'vo _ vo'x _ Propr = vo'Dvg
2 4 4 T2

where vy = vp(p) is an optimum value of the oscillation-state vector v that has to satisfy the optimum
condition
x(B)

2

Pamax = (6.22)

Dvy(8) = (6.23)
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By manipulating (6.16), (6.19), (6.22) and (6.23), we can show that
PanMax(B) = Pa = 5{v = vo(8)) ' D{v — vo(B)). (6.24)

For a fixed value of the absorbed wave power P,, where P, < P, Max, equation (6.24) represents an
‘ellipsoid” in the complex N-dimensional v space, CN—but reduced to an rp-dimensional v space, C'P,
in cases where the radiation damping matrix D is singular and of rank rp < N—see (A 15). The centre of
the ‘ellipsoid’ is at the point v = vq. The elliptical semi-axes are \/2(P, max — Pa)/A; fori=1,2,3,...,rp,
where }; are the positive definite (non-zero) eigenvalues of the matrix D—cf. (A 2). The ‘ellipsoid” that
corresponds to P, = 0 runs through for example points v =0 and v = 2vy. The degenerate “ellipsoid” that
corresponds to P, = P, Max is just one point, which represents the (unconstrained) optimum situation.
Choosing smaller P, results in increased size of the “ellipsoid’. If N =1, then the ‘ellipsoid” simplifies to
a circle in the complex v plane. Then, as vig = x1/2D11, we may, from the general equation (6.24), derive
lvq/vg — 112 = (Pamax — Pa)8D11/Ix1 2=1-"P, /Pamax. Note that a similar simple circle equation may
be derived for cases where the radiation damping matrix D is singular and of rank rp =1, although
N > 2; as exemplified by (7.25), for an axisymmetric system [26, eqn 37].

Considering how the absorbed power P, varies with v, the relationship (6.24) may be thought of as a
“paraboloid” in the complex N-dimensional v space, CN. The top point of this “paraboloid’ corresponds
to the optimum, (vo, P, max). Here, N should be replaced by rp in cases where the radiation matrix D is
singular.

The simple equation (3.17), which for a fixed P, represents a circle in the complex U plane, can be
shown to be equivalent to (6.24) above, which represents an “ellipsoid” in the complex v space, by making
use of (3.16), (6.20) and (6.23). Starting from (3.17), we have

Pamax — Pa = |Up(B) — UI* = UgUy — UpU* — UpU + UU*
= %VSDVO — AE — A*E* + %V+DV
= %VSDVO — %Ver - ierv + %V+DV
= lVSDVO — %V+Dv0 — %VBDV + %V+DV
= 3{v—vo(B)} D{v —vo(B)}, (6.25)

noting that the collective excitation-power coefficient E(8) is a scalar, and thus equals its own transpose,
and recalling the hermitian property (6.16) of the radiation-damping matrix D.

The proof (6.25) also serves to demonstrate that, with the generalizations (6.20), equations (3.11)—-(3.17)
are valid not only for a single, one-mode oscillating body, but even for an array consisting of several
WEC units—oscillating bodies, as well as OWCs. In particular, equation (3.17), as illustrated in figure 1,
is applicable even to the general case of wave energy absorption by an array of oscillating bodies as well
as OWCs. The involved physical quantities refer to the array objects” wave-interacting surfaces. Thus, if
inverse Fourier transformation is applied to, for example (3.11) and (6.20), they may be applied to analyse
the WEC array’s wave-power absorption also in the case of non-sinusoidal time variation.

As long as we have not taken any equation of motion into account, we may here consider the
components v; of the vector v to be independent variables—assuming that the WEC array contains
sufficient control equipment to achieve the desired oscillations. As in the case of a single WEC unit
oscillating in one mode (cf. §3), however, all optimum values vjy, and thus the optimum column vector vy,
depend on the excitation vector x(8), and are, consequently, dependent on the incident-wave parameters
A and B.

6.3. Reactive radiation parameters

Let us now return to consider the reactive power corresponding to the radiated wave in a forced
oscillation case, that is, without any incident wave. The imaginary part of the complex rh.s. term in
(6.17) is

1 1 X iCl| u
where we, in the last step, made use of (B 25), which applies for a case with no incident wave. Here, T — V
is the time-average difference between kinetic energy and potential energy of the water surrounding the
WEC array, or more precisely, the water in the near-field region. (Note that, in the far-field region, such
an energy difference averages to zero.) Details are discussed in appendix B.
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For the case of a single-mode one-body WEC unit, (3.8) corresponds to a time-domain analogue of the
frequency-domain equation (6.26), but with energy difference in the mechanical oscillating system itself,
rather than in the surrounding water. For this one-mode case, (6.26) simplifies to

Xiilui>  miilug|?
do 47
where m;; = mji(w) = Xji(w)/w is the so-called ‘added mass’, a term which may appear confusing in
particular cases when it shows up to be negative, that is, in potential-energy-dominating cases where
T — V <0/[19]. From (3.8), we may conclude that the time-average difference between kinetic energy and
potential energy of the oscillating body itself is (1; — c; Jw?)|uj|?/4, which is positive only if w > /c;/m;.
Resonance may occur for angular frequencies w = wg, which satisfy the equation a)(z){ m; + mj(wp)} = ¢;. At
resonance, the WEC unit’s PTO machinery need not exchange reactive power with the oscillating system.

The values of m;; or, more generally, of Dyeactive at infinite frequency are important for time-domain
models. It is well known that the elements of matrix m =X/w, in general, tend to finite, non-zero,
constants at infinite frequency. The infinite-frequency behaviours of the other two matrices which make
up the matrix Dyeactive are less well known, although Evans & Porter [27] observed that the radiation
susceptance matrix B is zero at infinite frequency and Kurniawan et al. [28] reported that the real part,
C, of the radiation coupling matrix has elements which tend to finite, non-zero, constants at infinite
frequency. A physical explanation for these behaviours is given in the following.

Consider first an array of oscillating bodies with no OWCs, where one of the bodies is forced to
oscillate harmonically with a unit velocity corresponding to mode i, in the absence of incident waves,
while the other bodies are held fixed. As the oscillation frequency is increased to infinity, the acceleration
also increases to infinity. The force required to move the body will necessarily also be infinite. There is
therefore sufficient force to accelerate the fluid, which on the wetted body surface needs to move with
the same velocity as the body. As the potential energy is zero in this limiting case of infinite frequency (as
there are no radiated waves at infinite frequency), while the kinetic energy is positive (as the velocity of
the fluid is finite), m;;(c0) is necessarily positive, according to (6.27). From (B 1), it also follows that m(co)
is positive definite and that the off-diagonal elements of m(c0), i.e. m;j(c0), are generally non-zero.

T-V=

(6.27)

Next, consider an array of OWCs with no oscillating bodies, where an oscillating finite pressure is
applied on the internal free surface of OWC i, in the absence of incident waves, while the other OWCs
are open to the atmosphere. As the oscillation frequency is increased to infinity, the force on the free
surface remains finite since the pressure is finite. There is therefore insufficient force to accelerate the
fluid, and hence the kinetic energy of the fluid is zero. Since the potential energy is also zero at infinite
frequency, Bj;(c0) must be zero according to (6.26). It follows that all B;;(co) are also zero.

The fact that C(0o) has non-zero elements may be explained by recalling that, in an array of oscillating
bodies and OWCs, the radiation coupling coefficient Hj; relates the velocity of rigid-body oscillation
mode j to the resulting volume flow across the internal free surface of OWC i, when it is open to the
atmosphere. Since the fluid is assumed to be incompressible, we cannot avoid creating a volume flow by
moving the body, even at infinite frequency.

7. Two-mode wave-energy converter examples

In agreement with (6.20) we may;, for the case of N =2 oscillation modes, write the collective excitation-
power coefficient as
vtx _ vix + v3xn

E(p) = = 7.

where the complex wave excitation variables x; and the complex oscillation amplitudes v; are defined
by (6.1). Corresponding to the two rh.s. terms in (7.1), we may, with reference to (6.4) and (6.5), note
that also the adjoint radiation Kochin function H.(0) is, for these examples, composed of two terms.
Moreover, the complex collective oscillation amplitude U is determined, firstly, by the phase requirement
that A*E*(B)/U is a real and positive quantity, and secondly, by a modulus (magnitude) requirement that

|UI> = UU* = 1v'Dv = J(D11|v11? + D12viva + Da1vivi + Daolwa?), (7.2)

where the diagonal entries D11 and Dy, are real, and non-negative. Further, D1 = D7, according to the
general relation D = D*. Moreover, as is evident from (6.13)-(6.15) and associated text, the off-diagonal
entries are either purely imaginary, and thus Dy = —D1» in the case of one body mode and one OWC
mode, or real, and thus D1 = D1, otherwise.
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According to (6.23), the column vector vy =vp(B), of the optimum complex oscillation amplitudes,
has to satisfy the algebraic equation Dvy =x(8)/2. This optimum vector vy determines the optimum
collective parameters Eg(8) and Up. Referring to (3.15), the corresponding maximum absorbed power
may be expressed as, for example P, max = Pe,opT/2 = AEo(B) = ProPT = |Up|? = VSDVO /2. Considering
v =[v1 12]T as an independent variable in a two-dimensional complex space C?, the relationship

2(Panax — Pa) = (vo — v)'D(vo — v)
=Di1lvig — v11* + Daolvag — v2/?
+ D12(v19 — v1)*(v20 — v2) + Da1(v1g — v1)(v20 — v2)%, (7.3)

see (6.24), represents a ‘paraboloid” in C?, where the top point corresponds to the optimum, v = vo and
Pa = P, Mmax. See further discussion in §§7.1 and in 8.3.

In the last one of the following three 2-mode examples, §7.1-7.3, which are discussed later, the WEC
consists of one OWC and one single-mode oscillating body. Then we set v1 =u and v, = p. Moreover,
the radiation damping matrix is complex and hermitian, D' = D. In the first two 2-mode examples, only
oscillating bodies are involved, and then we set v; =u; and vy = u. Moreover, the radiation damping
matrix is real and symmetric, D=R=R". In the first example, with one symmetric body in heave
and surge, the matrix is diagonal, that is Rp; = Rjp =0. Then there is no hydrodynamical coupling
between the two modes. In the second example, Ry; = R12 #0, and, moreover, Ry; =Ry, as we have,
for convenience, chosen two equal bodies oscillating in the heave mode, only.

7.1. One symmetric body in heave and surge

We shall consider an example with only one immersed body, which has two vertical symmetry planes,
one perpendicular to the x-axis and one to the y-axis. This body is assumed to oscillate in just N =2
modes, surge (i=1) and heave (i=2), with complex velocity amplitudes v; =u; and v, =up, and
excitation forces x1(8) =fe,1(B)A and x2(B) = fe2(B)A, respectively. The radiated-wave Kochin coefficient
is antisymmetric, h1 (8 + ) = —h1(B), for surge, and symmetric, hp(8 + ) = ha(B), for heave. Because of
the body symmetry, the radiation damping matrix is diagonal, i.e. D = R = diag(R11, R22); thus there is no
hydrodynamical coupling between the two modes, i.e. Ri2 = Rp1 = 0. One or both of the diagonal matrix
elements Ry; and Ry, for the body may become zero for certain frequencies but are otherwise positive.
Let us, however, restrict the following discussion to sufficiently low frequencies to ensure that Rq; and
Ry, are never zero, but only positive. Then the radiation damping matrix D =R is non-singular in the
frequency interval of interest.
According to (7.1) and (7.2) we now have, for this symmetric-body example,

uife1(B) + uzfe2(B) »  Rulu1> + Roalu|?
and |U|* = .
4 2
It is interesting to note that the last equation here contains two terms, in contrast to the four terms in (7.2).
Thus, for this example, (7.4) appears simply as a two-term extension of (3.10). Consequently, because
there is no hydrodynamic coupling between the surge and heave modes, the maximum absorbed power
may, in agreement with the alternative equations (3.15), be written simply as

E(p) = (7.4)

|Up|* = AEo(B) = Pamax = Pamaxi + Pamaxe, (7.5)

where
Riluo(B)F  fei(BYAUL(B)  pupvghi( + m)Au(B)
2 N 4 N 2 ’

and u;(p) is the optimum value of u;. Here, in the last step, we made use of the Haskind relation (5.1)
or (6.3). Using (6.5), we note that P, max = AEo(8), which is one of the alternative expressions in (3.15).

For this symmetric body, where the radiation-resistance matrix is diagonal, that is R = diag(R11, R22),
the last line in (7.3) vanishes, and thus

Pamaxi = (7.6)

2(Pamax — Pa) = (ug — w)'R(up — u) = Ryq|uro — u1|* + Rooluzg — ua . (7.7)

For a fixed value of the absorbed wave power P,, where P, < P,Mmax, this equation represents an
‘ellipsoid surface’ in the complex two-dimensional u space, C2. The centre of the “ellipsoid” is at the point
u = uy. The elliptical semi-axes are \/2(P, max — Pa)/R;i for i =1, 2. Considering how the absorbed power
P, varies with u, the relationship (7.7) may be thought of as a ‘paraboloid surface’ in the complex two-
dimensional u space, C2. The top point of this ‘paraboloid’ corresponds to the optimum, (up, P, maX)-
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Figure 3. lllustration of equation (7.7) surface cross sections corresponding to Im{u;/f,1(8)A} = 0 and Im{u,/fe,(B)A} = 0. The
largest possible absorbed wave power P, yax is indicated by a star on the top of the paraboloid, and colour changes indicate levels where
Pa/Pamax equals 0, ,11 % and % (a) Side view. The upper parabola and the lower parabola are cross sections, of the paraboloid, in the
planes Re{u, /fe2(B)A} = uy /fe2(B)A and Re{u, /f,,A} = 0, respectively. (b) Top view. The four ellipses indicated by colour changes

are, in order of decreasing size, cross sections of the ellipsoids that correspond to P, /P, max equalling 0, }, % and %, respectively.

If, for a fixed value of up, the “paraboloid” is projected onto the complex u; plane, this projection
corresponds to the axisymmetric surface illustrated in figure 1, but with P, max — Pa now replaced by
Pamax — Pa — Rylung — 1p|?/2, where the last term vanishes if 1y = uy. Figure 3, on the other hand,
indicates what the “paraboloid’ looks like, if projected onto a real plane spanned by the Re{u1/[fe1(8)Al}
and Ref{uy/[fe2(B)A]} axes. Graphical illustrations of absorbed wave power, similar to figures 1 and 3,
were previously presented by Evans [29].

A particular case of a symmetric body, for which (7.5)-(7.7) apply, is an axisymmetric body, which
was analysed by Newman [1, §10], who found

2w cos? B

Pamaxi = % and Pymax2 = %w (7.8)

for this case.

Another particular case of a surging and heaving symmetric body is the famous Evans Cylinder [2].
It is a two-dimensional WEC device, a horizontal circular cylinder, which is submerged below the free
water surface. Let the cylinder axis be aligned in the y-direction, and let the incident wave propagate
in the positive x-direction, that is 8 =0. For this submerged cylinder, there is no reflected wave, that
is, no wave diffraction in the up-wave direction. This means that the Kochin function for diffraction,
as introduced by (4.1)-(4.3), vanishes in the up-wave direction. Hence, it follows from the principle of
conservation of energy, that the transmitted wave has the same amplitude |A| as the incident wave.
Consequently, a non-zero diffracted-wave Kochin function coefficient in the down-wave direction cannot
contribute to the amplitude, but only the phase of the transmitted wave.

Another feature of the Evans Cylinder is that the Kochin function coefficients /;, for radiation,
as introduced by (6.2), have the property that hi(B)=ihp(B). Thus if we choose up =iuj, which
corresponds to a circularly polarized oscillation in the clockwise direction if the x-axis is pointing to the
right, then Hy(0) = Hr(8) =i (B)u1 + ha(B)ua = (—ii + Dha(B)uz =2ha(B)uz, while Hi(m) =Hi(f +7) =
h1(B +m)uq + ho(B + m)ug = —h1(B)ug + ha(B)uz = (i + 1)hp(B)up =0. With this circularly polarized
oscillation, the radiated waves due to surge and heave are equally large, and they cancel each other
in the up-wave direction, but add together constructively in the down-wave direction. Thus, there is
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neither wave diffraction nor wave radiation in the up-wave direction. All incident wave energy will be
absorbed by the Evans Cylinder, provided the circularly polarized oscillation has an optimum amplitude
and an optimum phase, in such a way that the down-wave radiated wave exactly cancels the above-
mentioned transmitted wave. Half of the incident wave energy is absorbed by each of the two modes,
surge and heave.

For the adjoint Kochin function, as defined by (6.4), we now have corresponding expressions, Hy(0) =
Hi(B) = hy (B + (B = (ii + Dha(B)uy =0 = He(f + m) = Hy() = Hf (x), and Hy(w) = Hy(p + 1) =
I (B + m)ui 4 ha(B + m)uy = —h1(B)uf + ha(B)uj = (—ii + 1)ho(B)us = 2ha(B)us. We found, above, that
H;(B) = H(0) = 2hy(B)uy. Thus, we have

|H(B + )| = [H:(B)| = |H{ (B)], (7.9)

if the Evans Cylinder has a circularly polarized oscillation.

7.2. Two equal heaving bodies

Let us consider a system of two equal, semisubmerged, axisymmetric bodies with their vertical symmetry
axes located at horizontal positions (x,y)=(Fd/2,0). We shall assume that they are oscillating in
the heave mode only. With this assumption, the excitation-force vector is of the form x(8) =F.(8) =
[Fe1(B) Ferz(ﬂ)]T. Further, the radiation damping matrix may be written as

_n_ Rd Rc
D_R_[RC RJ. (7.10)

Note that the diagonal entry Ry is positive, while the off-diagonal entry R., which represents
hydrodynamical coupling between the two bodies, may be positive or negative, depending on the
distance d between the two bodies.

As explained in appendix A.2, we may assume that the matrix R is non-singular, and hence Rg < Ri.
According to (A 10), (A 14), (A 19) and (A 21)-(A 23), the maximum wave power absorbed by the two
optimally heaving bodies is

_|Fe1(B) + Fea(B)* | IFe1(B) — Fep(B)I?

P =
aMaXx 16(Rg + Re) 16(Rq — R

Rq+R 2 (Rg—R — ug

_ Ra+Ro)ltno +uzol” | (Ra — Ro)ltag — tzl 7.11)
4 4

and the two bodies” optimum complex velocity amplitudes 119 and uyq satisfy

F F F —F
U0 + tiog = e,l(ﬁ) + e,2(/3) and w10 — g = e,l(ﬁ) e,Z(ﬁ). (7.12)

2(Rq + Re) 2(Rq — Re)

We observe that (7.11) has a main algebraic structure similar to that of (7.5) and (7.6), which concern
example §7.1, where the resistance-damping matrix is diagonal, R =diag(R11, Ry2). Before we, in
appendix A, derived (7.11) and (7.12) we carried out a similarity transformation in order to diagonalize
our given radiation damping matrix (7.10); see the similarity-transforming equations (A 5)—(A 11).

From a wave-body-interaction point of view, it is interesting to note that the first r.h.s. term in (7.11)
and the first equation of (7.12) correspond to a sub-optimum situation when the two, equal, heaving
bodies cooperate as a source-mode (monopole) radiator, that is, when the constraint u; = u; is applied.
Then the two bodies are constrained to heave with equal amplitudes and equal phases. By contrast, the
last rh.s. term in (7.11) and the last equation of (7.12) correspond to a sub-optimum situation when the
two bodies are constrained to cooperate as a dipole-mode radiator, that is, when the constraint u = —
is applied. In general, (7.11) and (7.12) may be considered to quantify the optimum situation for this
combined monopole-dipole wave-absorbing system.

If the maximum radius of each body is sufficiently small, say less than % of a wavelength, it may
be considered as a point absorber, for which the heave excitation force Fe is dominated by the Froude-
Krylov force, and the diffraction force may be neglected. If, moreover, the centre-to-centre distance d
between the two bodies is large in comparison with the maximum body radius, then

L (d
exp ik | = | cos B
Fen 2
Fe = 1~ Fy
Fe,Z . d
exp | —ik 5 ) cos B

, (7.13)

-
~
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where Fy =opgm [4(0)]2A. Here a(0) is each body’s water-plane radius, and A is the complex amplitude
of the incident-wave elevation at the chosen origin (x,y) = (0,0). Further, o <1 is a factor that corrects
for the diminishing of hydrodynamic pressure with distance below the water surface. (In many cases
of practical interest, this correction factor may be approximated to o ~1.) For this point-absorber case,
the entries in the radiation-resistance matrix R in (7.10) are approximately given by [9, eqns 43—44] (see
also (A 8))

k|Fol> _ k|Fo/AJ?

Ri~Rp=
TR T Tangug

and Rc~ Rofy(kd), (7.14)

where ]y denotes the Bessel function of the first kind and zero order. We observe that the matrix R is
non-singular, and moreover,

Ryq + Re ~Ro(1+ Jo(kd)) and Ry — Re ~ Ro(1 — Jo(kd)) (7.15)

are positive, since —1 < Jo(kd) < 1 for kd > 0.
Using formulae (7.11)—(7.15), we find

cos { k—d cos ,B}
|:Fe,1 + Pe,z} s 2F¢ 2 (7.16)

Fe,l_Fe,Z L. {kd }
isin ?cosﬂ

and

Pamax(B) =

|Fol? { cos?{k(d/2) cos B} n sinz{k(d/Z) cos B}
4R 1+ Jo(kd) 1 — Jo(kd)

B |Fg|? 1 — Jo(kd) cos{kd cos B}
4R 1 — J2(kd) ’

(7.17)

Note that, in general, this maximum absorbed power is not equally divided between these two bodies
[9, eqn 51].

We may note from the point-absorber approximation (7.13) that, since Fo/A is real, fo ;(8) = Fe i(8)/A =
P:/i(ﬁ +m)/A* = :,i(ﬂ + ) for i=1,2. Correspondingly, we then find from (6.2)~(6.4) that H,(8)=
hi(B)ui + ho(B)us =hi(B + m)uj + h3(B + m)u; = Hf (B + ) and, similarly, H,(B + 7) = HX(B). Thus, for
the two considered heaving bodies, we have here explicitly demonstrated that the term containing the
integral on the rh.s. of (5.4) is, as expected, negligible in the point-absorber limit, because diffraction
effects are then negligible.

7.3. One single-mode body and one oscillating water column

We consider one single floating body that contains one OWC, and we make the simplifying assumption
that only one rigid-body oscillating mode is involved. It could be, for instance, a BBDB device
structure [30], in a case where the OWC-containing body is restricted to oscillate in the pitch mode only.
Otherwise, we shall also discuss an axisymmetric system where the rigid-body structure is restricted to
oscillate in the heave mode only.

With this example, the two N-dimensional column vectors v and x, as well as the N x N radiation
damping matrix D, introduced by (6.1), as well as (6.15), reduce to the following two two-dimensional

vectors:
u F
= d = °, 7.18
v [_pi| and x |:_ Qe} ( )

_|R -
D= |:i] c i| , (7.19)
respectively.

In order to determine the maximum absorbed power and the corresponding optimum oscillation, it
is convenient to apply similarity transformation as shown in some detail in appendix A. For the present

as well as the 2 x 2 matrix
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example, the eigenvalues A1 and X of the radiation damping matrix (7.19) are solutions of the second-
degree algebraic equation |D — AI| = 22 — (R4 G)A + RG — J>=0. Thus, A1 and A are given by

_ R+G-(-1)}/(R+G)2—4(RG - J?)
B 2
The corresponding two eigenvectors, which satisfy (A 2) and (A 4), are

Ai

fori=1,2. (7.20)

i 1
€ = Cl [R _ )\‘l} ; where Cl = W. (7.21)

In terms of similarity transformed excitation amplitudes xj(8) and corresponding optimum oscillation
amplitudes v},(8), both of which are given below, the maximum absorbed power may, according to (A 10)
and (A 11), be written as

AP 1 PPN S DR, S SRR
Panax=)_ —g~ =§;Ai|vm(ﬂ)| = S hlvig(B)? + Shalva (B, (7.22)

i=1

corresponding to the optimum condition
Xiv(B) = 3%/(B)- (7.23)

We note that the main algebraic structure is similar here and in (7.5)-(7.6) and (7.11)—(7.12). According
to (A 4)~(A 6), the similarity transformed complex amplitudes are given by x" =[x} x/z]T =S'xand v/ =
[v] vé]T =S'v, where S = [e; ;] is the similarity transforming matrix—see (A 5).

By means of the similarity transformation, (7.3) may be simplified to

2(Pamax — Pa) = (vo — v)'D(vy — v)
= x1[vig(B) — Vi 1% + Aalvhy(B) — vh1% (7.24)

see also (A 15). We note that (7.24) has an algebraic structure, as well as a geometrical interpretation,
similar to that of (7.7).

For the particular case of a heaving axisymmetric body that contains an axisymmetric OWC, we have
J2 =RG, and thus, from (7.20), we see that 41 =R + G and %, = 0, which means that matrix D, in this case,
is singular and of rank rp =1 [10, eqn 73]. In this case, there is only one term in the sum on the r.h.s. of
(7.24), which simplifies to

2
2(Pamax — Pa) = ) ilvig(B) — vil> = (R + G)lvjp(B) — 1 %, (7.25)

i=1
which represents a circle in the complex v} plane. The centre of the circle is at v; = v}, (B) =x1(8)/(211) =
X} (B)/(2R + 2G), and the radius is \/2(Pamax — P)/(R + G). While figure 3 may serve to illustrate (7.24),
figure 1 is more relevant as an illustration of (7.25). Because of the singularity of the radiation damping
matrix, the similarity-transformed variable v} is irrelevant, and may have any arbitrary value, without
influencing the absorbed power. The physical reason for the singularity is that both modes, the heaving-
body mode and the OWC mode can radiate only isotropic outgoing waves. To realize maximum absorbed
wave power, the optimum isotropically radiated wave may be realized by any optimum combined wave
radiation from the axisymmetric OWC and the heaving axisymmetric body. The transformed oscillation
v, corresponds to a situation where the heave mode and the OWC mode cancel each other’s radiated

waves in the far-field region.

8. Discussion

In this section, we first compare two versions of the so-called ‘fundamental theorem of wave power’ [17].
We shall discuss, secondly, the direction-averaged maximum absorbed wave power for an array of WEC
units, and also, thirdly, the physical interpretation of the absorbed-wave-power surfaces. Finally, we shall
comment on a disputed formula applied to the optimum performance of the Evans Cylinder.

8.1. The ‘fundamental theorem of wave power’

In this paper, by considering the physical process of wave-power absorption at the wetted surface of an
oscillating immersed body, and, more generally, at a WEC array’s wave-interacting surfaces, we derived,
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in §§3 and 6.2, respectively, an LPV version of the ‘fundamental theorem of wave power’, equation (3.11):
P, = AE(B) + A*E*(8) — |U|%. Moreover, we presented, in §4, a GPV version, equation (4.5): P, =1(B) +
I*(B) — |G|2, where I(B) + I*(B) is the wave-power input through an envisaged surface enclosing all WEC
units, and |G|2 is the outgoing wave power through the same envisaged surface, which, for mathematical
convenience, is chosen in the far-field region of the generated waves. In §§5 and 6.1 we introduced a
mixed, or hybrid, GLPV version, where the LPV parameters |U? and E(B), by means of (4.10), (5.2) and
(6.5), are expressed in terms of global far-field quantities.

For these versions of the ‘fundamental theorem of wave power’, the r.h.s. has three terms, the sum
of two complex conjugate terms minus a real, non-negative, term. The third term of the LPV version—
including the GLPV version—contrary to the GPV version, is quadratically dependent on the oscillation
amplitudes, but independent of the incident wave amplitude, while the first and second terms are linear
in both kinds of amplitudes. For the LPV version, the first two terms, the excitation power, P. = AE(8) +
A*E*(B), represent the gross power input from the incident wave, while the third term, P, = |U|?, is the
necessary, outward-propagating, radiated power.

With the LPV/GLPV and GPV versions, the third terms |U|?> and |G|%, which represent energy
associated with the radiated waves and the outgoing waves, as given by (4.10) and (4.6), respectively,
should be considered as a necessity rather than a power loss. In order to absorb wave energy, it is
necessary, firstly, to have wave-diffracting WEC units immersed in the sea, and, secondly, to let the WEC
units oscillate and thus produce radiated waves, which interfere destructively with the incident wave.
The WEC units need to oscillate in order to receive wave energy.

Before comparing the LPV/GLPV and GPV versions applied to a point absorber, let us consider a
two-dimensional 100% absorbing WEC unit, such as an optimally run Evans Cylinder [2] or a hinged
oscillating flap in the down-wave end of a wave channel, a flap that we may consider as an ideal
nodding-duck device [23]. For these examples, the LPV equation (3.15) shows that the optimum values
of the excitation power P. and the radiated power P, correspond to 200% and 100%, respectively.
For the GPV version, which does not discriminate between radiated waves and diffracted waves, the
optimum values of the input power, P; =1(8) + I*(8) and the outgoing power Pg = |G|? correspond
to 100% and 0%, respectively. (Note that for a real nodding-duck WEC that absorbs less than 100%,
the optimum outgoing power is not zero, and the optimum input power is larger than the maximum
absorbed power.) As we shall see below, the two versions show a less drastic difference when applied to a
point absorber.

In a case where the WEC array is not oscillating, there is no absorbed wave power, P,|y—o =0, and
also no radiated power, P;|y—=o = 0. Then it follows from (3.11) that Pe|y=p = 0, and, moreover, from (4.5)
that Pily=0 = Pglv=0 = Pq, where Py is the outgoing power associated with the diffracted wave alone.
From (4.8), we may note that Pi|y=o = Pq = pvpvgRe{Hg(B)A*} > 0.

In cases of rather weak diffraction, as with a wave-power-absorbing very small point absorber, Pyq
may be negligibly small. We may note that, if Hy(¢) is small for all 6 (including 6 = g), then the r.h.s.
of (4.9) is small of second order. Thus, in cases of very weak diffraction, Hy(8) is, approximately, purely
imaginary, if we choose A to be real. This matter has been discussed in more detail by Farley [15]. By
comparing (4.7) with (4.11) and (4.6) with (4.10), we observe that, for cases where the diffracted wave is
negligible compared to the radiated wave, I(8) ~ E(8)A and |GJ2 ~ |U|?. Thus, for such cases, there is no
great difference between corresponding terms of the LPV/GLPV and GPV versions of the ‘fundamental
theorem of wave power’.

In §3, oscillations, wave forces, power and energy were quantitatively discussed in the time domain,
but elsewhere, in this paper, only in the frequency domain. In the case of non-sinusoidal waves, it may
be desirable to carry out analyses in the time domain. In this situation, a time-domain type of the
‘fundamental theorem of wave power’ may be desirable. This type should correspond to an inverse
Fourier transform of the LPV version derived in §6.2—or §3 for the one-mode case. It should neither
be the GPV version nor the GLPV version, which are derived and discussed in §§4, 5 and 6.1. These
versions cannot represent the instantaneous power absorbed by the WEC, but only the time-average
power. With a time-domain analysis, also the reactive-power terms—see §3 and §6.2—need to be taken
into account.

8.2. Direction-averaged maximum absorbed wave power

For the case of only one immersed WEC unit oscillating in a single mode i =1, we have, in agreement
with (4.3) and (5.3), that Hyy(0) = h1(9)v10(B), and that Hyo(8 + ) =h1(8 + 7)vjy(B). Then the optimum
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gain function (6.11) simplifies to
27|l (p + )P

Geo(B) = .
8 2 |y ()2 d6

(8.1)
Since the Kochin function coefficient /11(6) is a function of geometry and mode of motion, this means
that the optimum gain function G for this case depends on geometry and mode of motion only, and
not on the WEC velocity. However, to maximize power absorption, the WEC unit needs to move with
optimum amplitude and phase. For an isotropically radiating system, such as a heaving axisymmetric
body, the optimum gain function is Ggo = 1 and independent of the wave-incident angle . Then, (6.10)
gives the maximum absorption width da Max = Pamax/Jw = Ggo/k = 1/k, a well-known result since the

mid-1970s.
From (8.1), we find that the direction-averaged optimum gain function is

1 2
Ggoaverage = - JO Gyo(B)dB =1, (8.2)

as averaged over all directions of wave incidence, a result reported by Fitzgerald & Thomas [31].
However, in some singular cases, we may find that Ggpaverage =0. For instance, any axisymmetric
body oscillating only in the yaw mode can, in an ideal fluid, neither radiate nor absorb wave energy,
for any frequency. Then H.(0) =0. For a floating semi-submersible platform, as well as for a floating
bottle-shaped axisymmetric body that has a relatively small water-plane area, the heave excitation force
vanishes at a certain frequency [32, p. 77]. Hence, according to the Haskind relation (5.1), h1(8 + 7) =0,
and then Ggo(B) =0 at this particular frequency.

For a general WEC array oscillating in N modes, with N > 2, it is not convenient to apply (6.11) to
determine Gg average- By means of another mathematical procedure, involving similarity transformation,
as applied in appendix A, it is found that Ggg average, in general, equals the rank rp of the radiation
damping matrix D—see (A 17). In cases where this matrix is non-singular, the rank of the matrix equals
its dimensionality N. Thus, in general, the direction-averaged value of the optimum gain function is
equal to an integer in the interval 0 < Ggg,average <N. For instance, an immersed body may oscillate
in N =6 different modes. However, if the body has a vertical axis of symmetry, then Ggpaverage =3 in
general, or less in exceptional cases [1, §10]. These results extend the findings of Wolgamot ef al. [18],
who found the result Ggo(8) = N for cases where the, general, hermitian radiation-damping matrix D
specializes to a, non-singular, real radiation-resistance matrix.

We considered in §7.2 an array consisting of two heaving point absorbers, and we derived formula
(7.17) for the maximum absorbed power. To find the direction-averaged maximum absorbed power, we
need to integrate cos{kd cos 8} from =0 to f =2x. Since this integral equals Jo(kd) (e.g. [33, formula
9.1.18, p. 360]) we see, from (7.17) and the first equation of (7.14), that the direction-average of the
absorbed power is |Fol?/(4Rp) = 2] /k. This result was, according to (A 1) or (A 17), to be expected for
this non-singular system of two heaving bodies.

8.3. Absorbed-wave-power surfaces

The absorbed wave power relative to its maximum may be expressed as two equally general functions
of the WEC oscillation amplitudes relative to the optimum amplitudes. The first of these expressions
is given in (3.17), which may be illustrated as an axisymmetric paraboloid on the complex collective-
amplitude U plane (figure 1). The second expression is given in (6.24), which may be thought of as a
“paraboloid” in the complex N-dimensional v space, CN (see figure 3 for an example with N =2).

In popular terms, it might be useful to think of this “paraboloid’, for P, > 0, as a single ‘mountain
island’ in a CN ‘world’, where there is otherwise, for P, <0, only an infinite ‘ocean’ (cf. figures 1 and 3).
The top of the absorbed-power ‘mountain’ corresponds to optimum, and the ‘shore” of the ‘island’
to P =0. This ‘mountain’ top can be reached only if no technical or practical constraint prevents the
required complex amplitudes v;y from being realized foralli=1,2,3,...,N.

For practical reasons, it may not be possible to realize the optimum condition v =v,. Note that all
components of the excitation vector x(8), and hence also of the optimum oscillation amplitude vector
vo(B), are proportional to the complex amplitude A of the wave elevation of the undisturbed incident
wave, and that P,nmax is proportional to A*A = |A]2. As oscillation amplitudes cannot exceed their
design-specified limits, it will not be possible to realize the described optimum situation, if the amplitude
of the incident wave exceeds a certain critical value. With such constraints, or for other technical
reasons preventing realization of the optimum condition (6.23), the practical, constrained-case, maximum
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absorbed power P, max Will be less than the ideal P, pax. (In such a case, it will not be practically possible
to ‘climb’ to the “top” of the above envisaged ‘mountain island”.)

8.4. Adisputed 1979 formula

For the optimum case, the maximum absorption width may be expressed as

27 |Hyo(B + )[?

, 8.3
k [37 |Hyp(6)12 d6 (59

damax(B) =

according to (6.9)—(6.11). The single-mode version of this formula was derived by Newman [25] and,
independently, by Evans [8]. For the case of more than one oscillation mode, we have found it necessary
to introduce the adjoint Kochin function H; in the numerator (see (5.3) and (6.4)).

It should be emphasized that formula (8.3) applies only to the optimum case, as it is based on the fact
that the optimum radiated power is equal to the maximum absorbed wave power. Neither any wave
force nor the incident wave amplitude is explicitly present in (8.3). However, as each component v; of
the optimum oscillation vector is proportional to the incident wave amplitude, the numerator, as well as
the denominator, of fraction (8.3) is proportional to the square of the incident wave amplitude.

The controversy [15,16]—concerning the numerator in formula (8.3)—is mainly related to the Evans
Cylinder, which we, in the last three paragraphs of §7.1, discussed in some detail. Let this cylinder be
aligned perpendicular to the incident wave direction. At optimum oscillation, this submerged horizontal
cylinder absorbs all incident wave energy. Then the optimum radiated wave has to propagate only
down-wave in order to cancel the transmitted wave, as there is no reflected wave to cancel up-wave.
In agreement with this physical observation, it is reassuring to observe that we, according to (7.9),
which is valid for the Evans Cylinder, may replace |Hyo(B + )| by |Hy(B)| in the numerator of (8.3).
Such a replacement seems to resolve the controversy, because Hy(8) = h1(B)u19 + h2(B)uzg is the Kochin
function for the down-wave radiated wave when optimum wave-power absorption is actually taking
place, that is, when the rotating Evans Cylinder’s surge and heave modes’ complex velocity amplitudes
have their optimum values, 119 and 1, respectively. In comparison, Hyo(8 + ) = h1 (8 + )iy + ha (B +
m)us, is the adjoint Kochin function, which corresponds to a wave that is radiated in the opposite
direction if the rotating Evans Cylinder is oscillating with opposite sense of rotation. Observe that to
replace u;y by uj, corresponds to time reversal, since (el®ty* = elo(=1),

It seems that we have to include the relation (8.3) among the reciprocity relations between physical
quantities about which Newman [1, §7] expressed that they ‘are not physically related to each other in
any obvious manner’.

9. Conclusion

After the petroleum crisis in 1973, the basic theory for primary wave-energy conversion was developed
during the mid- and late 1970s and the early 1980s. Different versions—the LPV version (cf. §§3 and 6.2),
the GLPV version (cf. §§5 and 6.1) and the GPV version (cf. §4)—of the so-called ‘fundamental theorem
of wave power” have given rise to some controversy even during recent years. Comparative discussion
of these different versions has been presented in §8.1. The GLPV version, in particular, is mathematically
convenient when proving some useful reciprocity relations, as applied, for instance, by Newman [1]. It
is, however, difficult to give a physical interpretation of some of these relations and of the GLPV version.
This may be the cause of recent controversy concerning the GLPV version. All of these versions provide,
however, the correct value of the time-average absorbed wave power. Hopefully, the discussion in §8.4
helps to do away with some of this controversy.

The LPV, the GPV and the GLPV versions express, respectively, the absorbed wave power P, in terms
of the WEC units” complex oscillation amplitudes, in terms of the outgoing (diffracted plus radiated)
wave, and in terms of the radiated wave alone. For mathematical convenience, the outgoing and radiated
waves in the far-field region are considered, explicitly.

For a general WEC array consisting of oscillating immersed bodies and OWCs, we have found
it convenient to introduce complex collective parameters, the collective oscillation amplitude U and
the collective excitation-power coefficient E(B) (see (3.10) and (6.20)). Then it is, even for a WEC
array, a rather simple algebraic exercise to derive expressions for the maximum absorbed wave
power P,max and the corresponding optimum values Uy and Eg(8) (see (3.11)—(3.15)). Moreover,
we may illustrate the dependence of the absorbed wave power P, versus U as an axisymmetric
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paraboloid; cf. (3.17) and figure 1. For an N-mode WEC array, we may, in greater detail than figure 1,
consider the real-valued P, as represented by a paraboloid in an N-dimensional complex v space CN.
Cross sections of such a paraboloid are, as an example, illustrated in figure 3. Mathematically, the
mentioned paraboloids are represented by rather simple mathematical expressions (3.17) and (6.24),
which may be considered as alternative variants of the LPV version of the ‘fundamental theorem of
wave power’.

In contrast to the GPV version and the GLPV version, only the LPV version is applicable for the
purpose of quantifying the instantaneous absorbed wave power. Then it is necessary to take also
the reactive power into account. When deriving the LPV version (cf. §§3 and 6.2), we also discussed
the reactive power that is associated with wave-power absorption. In appendix B, we have derived
expressions that relate the ‘added-mass’ matrix, as well as a couple of additional reactive radiation-
parameter matrices, to the difference between kinetic energy and potential energy in the water
surrounding the immersed oscillating WEC array. To the best of the authors” knowledge, some of these
derived relations are new results (e.g. (B25), (B27) and (B28)). In appendix B.5, we have also derived
new relations concerning reactive power associated with the incident wave.

In appendix A, we applied similarity transformation of the radiation damping matrix to derive a
formula for the direction-average maximum absorbed wave power P, MaX average- Correspondingly, as
discussed in §8.2, we found that the direction-average value Ggg average Of the optimum gain function
Ggo(B)—defined by (6.11)—equals an integer in the interval 0 < Ggpaverage <N, where N is the WEC
array’s number of modes of oscillation (number of degrees of motion). Only when the radiation damping
matrix is non-singular, we have Gg average = N, as derived by Wolgamot et al. [18, eqn 21] for an N-mode
WEC array consisting of oscillating bodies only. Thus, our result is an extension of theirs, to WEC arrays
that may contain OWCs and also may have a singular radiation damping matrix. In general, Ggoaverage
equals the rank of this N x N matrix.
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Appendix A. Direction-average maximum absorbable wave power

Consider wave-energy absorption by an array of immersed oscillating rigid bodies and OWCs. The
number of wave-interacting oscillators is N = Ny + Np, where Np, is the number of OWCs and Ny is
the number of used body modes, which may be up to six times the number of bodies.

Observing, e.g. from (6.10) and (6.22), that the maximum absorbed power P, max = Pamax(B8), our
present aim is to prove the following conjecture [34, p. 17]:

D Jw
k 7

1 (=
Pa,MAX,average = J Pa,MAX(ﬁ) dl3 = (A 1)
-7

2
where rp is the rank of the radiation damping matrix D, as given in (6.15). For cases when matrix D is
non-singular, its rank equals its dimensionality, rp = N. For an array without OWCs and a non-singular
radiation resistance Ny, x Ny matrix R, which is real, symmetric and positive definite and has a rank of
rR = Ny, Wolgamot et al. [18, eqn 21] derived a result in agreement with our conjecture (A 1).

However, in many cases of interest, the radiation matrix is singular, that is, its determinant vanishes,
ID| =0. In such cases, it is possible to find a linear combination of two different oscillation modes, in
such a way that the resulting far-field radiated wave vanishes. This is possible, for instance, with certain
linear combinations of surge and pitch modes for an axisymmetric body [35, p. 175]. A two-dimensional
example, a symmetric body, which has N, =3 modes of motion (surge, heave and pitch), was discussed
by Newman [1], who found that two modes (heave and surge or heave and pitch) are sufficient to absorb
100% of the incident wave energy; thus a third mode is not needed. Newman also studied optimum
oscillation for maximum wave power absorbed by one body which has a vertical symmetry axis and
oscillates in the three modes surge, heave and pitch—an example where either surge or pitch was found
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not necessary. Including the three remaining modes (sway, roll and yaw) for this axisymmetric body,
we find that its radiation resistance matrix R has a dimensionality Ny = 6, while its rank is only rg =3
(cf. [35, Subsection 6.4.2 & Problems 5.13 & 6.3]). Evidently, the conjecture (A 1) holds for the case of
immersed oscillating bodies that are symmetric about a vertical axis [34, p. 17].

A.1. Similarity transformation

To derive a result in agreement with our conjecture (A 1), Wolgamot et al. [18] applied Cholesky
decomposition of the real symmetric radiation resistance matrix R, provided this matrix is positive
definite and thus non-singular. It would be straightforward to apply the same method for our complex
hermitian radiation damping matrix D in cases where this matrix is non-singular and thus positive
definite. However, we wish to include the general case when matrix D may be singular and thus need to
have at least one of its eigenvalues equal to zero. In this case, Cholesky decomposition is less convenient.

Instead we shall apply similarity transformation (e.g. [36, ch. V]) to prove our conjecture (A 1).
Then our first step is to determine the eigenvalues 1; and the corresponding, normalized and mutually
orthogonal, eigenvectors e; fori=1,2,3,...,N — 1,N. They have to satisfy the following system of linear
homogeneous equations:

De; = )je;. (A2)

Because matrix D is hermitian, all its eigenvalues are real, and since it is positive semidefinite,
they are all non-negative. They are the N solutions of the N-degree equation |D — AI| =0, where I =
diag(1,1,1,...,1) is the N x N identity matrix, for which all diagonal entries equal 1, while all other
entries equal 0. Further, |D — AI| denotes the determinant of matrix (D — AI). We may wish to arrange
the N eigenvalues in descending order, that is,

M= =Az3>---=Ain=0. (A3)

Note that if e; is a possible solution when A = 1;, then also Cje; is a solution, where C; is an arbitrary
complex scalar. It is convenient to normalize the eigenvectors e; in such a way that the condition
1 fori=j
ejej:(S,'j: ) ] (A4)
0 fori#j
applies. With this choice we may consider this particular set of eigenvectors to be a complete set of,
mutually orthogonal, unit vectors in our N-dimensional complex space.
We now define the N x N matrix

S:[e1 ees --- eN]. (A5)

It then follows from (A 4) that S'S =1. Hence, S™! =S'. We are now ready to carry out a similarity
transformation of vectors v and x, defined in (6.1). Let

v=8lv=8'v and X =5"!x=8", (A 6)

and conversely, v=Sv' and x=Sx. Then, the collective excitation-power coefficient E(8) and the
collective oscillation amplitude U defined in (6.20) may be expressed as E(8) = vix/(4A) = v'TX' /(4A) and
U2 =v'Dv/2=v"D'V/2, where

D’ =S'DS = diag(i1, A2, ..., AN). (A7)

We have here made use of (A 2), (A 4) and (A 5) to obtain the last equality. Note that matrix D’ has the
same eigenvectors and eigenvalues, and hence also the same rank, as matrix D. While D is complex and
hermitian in the general case, the diagonal matrix D’ is real. Moreover, the complex collective parameters
E(B) and U remain unchanged through the similarity transformation.

By means of a well-known reciprocity relation [10], we may express the radiation damping matrix D
in terms of the wave excitation vector x as follows:

__ k[ +
Do | X' ®)ds, (a8)

where k is the angular repetency (wave number) and | is the wave power level (incident wave power
transport per unit width of the wave front), defined in (2.2). Using (A 6)-(A 8), we obtain

X (B)X*(B) dB. (A9)

ko[ k
D' =s'Ds=_"— L S'X(BX (B)S dp = WL

1677 ]
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Moreover, the optimum condition (6.23) may be reformulated as
D'v((8) = 5xX'(B), thatis, Ajv}y(B) = 1x/(B) fori=1,2,...,N, (A 10)

and the maximum absorbed power, as given by (6.22), may be rewritten as

Pa,MAx(m— o (BYD'vy (B va (B)vjo(B) = ZMv,o(ﬁ)F. (A11)

In the general case, the N x N matrix D may be singular, and then of rank rp < N. For convenience,
let its N eigenvalues be arranged to satisfy the following condition:

M= > = hp > Mgyl = Apr2=--=AN =0, (A12)

where the integer rp satisfies 1 < rp < N. The matrix is non-singular if rp = N. From (A 7) and (A 9), we
may now conclude that the only non-zero matrix-element entries of our transformed radiation damping
matrix D’ are the following rp diagonal entries:

/ k T 2 .
Dii:ki:m‘[ﬂ, IX}(B)|°dB fori=1,2,...,rp. (A13)

Note from (A 10) that at optimum, if ; # 0, the oscillation component v] (B) has to be in phase with the
excitation component x/(8). In general, because matrix D may have non-zero off-diagonal entries, unless
N =1, such a simple optimum-phase relationship does not apply between vjp(8) and x;(8), components
of vectors vo(8) and x(B8), where j=1,2,...,N. The smallest positive eigenvalue is A,,. Observe that if
it is very small, then there is a risk that the required optimum amplitude |v6rD (B)l may be impractically
large! Note that for rp <i < N, we have no particular optimum requirement for Uz/'O (B). Then the optimum
value of vo(B) is ambiguous, although the maximum absorbed power is unambiguous, as is made clear
by the following equation (A 14).
Using (A 10) and (A 12), the maximum absorbed power (A 11) can now be written as

, 1T & (ﬁ)|2
Pavax(B) = = Zw,o(ﬂ Zleo(ﬂn fZ — (A 14)
i=1 i=1 !

This result represents a generalization of a previous expression [37, eqn 135] for the maximum wave
power absorbed by an array consisting of oscillating rigid bodies to a more general situation when the
array contains also OWCs. Also, by using (A 6), (A 7) and (A 12), equation (6.24) may be expressed as

1
PaMax(B) = Pa =5 {v' = vo(B) D'V — v(B)} = ZA v = vi(B), (A 15)
i=1

which, for any fixed positive Lh.s. value, represents an ‘ellipsoid” in the complex rp-dimensional v
space, C'P.

In agreement with (A 14), the maximum absorbed wave power averaged over all angles of wave
incidence may be written as

1 (" 1T &1 (" )
Pa,MAX,average =35 J Pa,MAX(/s) dﬁ = T J |x;(13)| dIB (A 16)
27 ) 5 l6m P YV -
Using (A 13) to eliminate the integral, we finally obtain

Dfw
k 7

1 (" LAy
Pa,MAX,average = E J- Pa,MAX(ﬂ) dﬂ = Z % = (A 17)
i i=1

in agreement with our conjecture (A 1), which we have now proved to be correct!

A.2. Two-body example

As a simple example of similarity transformation, consider a system of two equal axisymmetric bodies
with their vertical symmetry axes located at (x, y) = (Fd/2, 0). We shall assume that they are oscillating in
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the heave mode only. With this assumption, the excitation-force vector is of the form x = Fe =[F¢1 Felz]T.
Further, the radiation resistance matrix may be written as the 2 x 2 matrix

Rqa Rc
R= |:Rc Rd:|' (A18)
Note that the diagonal entry Ry is positive, while the off-diagonal entry R. may be positive or negative,
depending on the distance d between the two bodies. Since waves radiated from the two distinct bodies
cannot cancel each other in all directions in the far-field region—which may be proved, by summing two
asymptotic expressions (e.g. [35, formulae 4.266 and 4.270])—the matrix R is non-singular, and hence
R? < Ré. (We assume that the body does not have such a peculiar shape that we may find R4 to vanish
for some particular frequency.)
The eigenvalues A= A1, satisfy the algebraic equation 0=|R —All=(Rq —1)?> —R2=(» — Rq —
R)(A —Rq + Re) = (A — A1)(A — A2); thus

M=Rq+R.>0 and Aip=Rq—R.>0. (A 19)

It is easy to show that, for this case, the corresponding eigenvectors e; and ey, as defined by (A 2), and
normalized in agreement with (A 4), are given by

1
[e1 eZ]ZﬁE _11}=S=ST=S+=S‘1, (A 20)

where we have also used the definition (A 5). In accordance with (6.1) and (A 6), the excitation-force and
the optimum oscillation-velocity vectors transform as

F, 11 1]||F 1 |Feq +F
F — el | Sl — — el | _ * |Fel e2 A 21
¢ |:Fé’2i| ¢ «/E 1 -1 Fe,2 x/i Fe,l - Fe,2 ( )
and
i 111 1 ||u 1 (up+u
o= |0 _gly, = L wof_ 1 fmotun| A0
0 [”’20 T 2|1 1| |uw| T V2 w0 —u (422

respectively. For this example, where the 2 x 2 matrix R is non-singular, (A 14)-(A 17) are applicable with
rp =N = Ny = 2. For this case, (A 14) specializes to

Fa B TFoxBI® _ [Fea() + Fea(B) |, IFe1(B) ~ Fea(p)P
811 8  16(Rg+R.) 16(Rg — R.)
where we, in the last step, have made use of (A 19) and (A 21).

Pamax(B) = (A23)

Appendix B. Difference between kinetic energy and potential energy
in the near-field region

It is well known that, for a propagating plane wave, the time-average energy stored per unit horizontal
area E = Ex + Ep is divided into equal amounts of kinetic energy and potential energy. Thus, Ex = Ep =
E/2, that is, Ey — Ep=0. As will be evident through a derivation below, the same is true for a radiated,
outwards propagating, circular wave in the far-field region. However, generally, in the near-field region
of a group of oscillating immersed bodies, Ex — Ep # 0. For a case with no incident wave, this difference
is related to the added-mass matrix m for immersed radiating bodies performing forced oscillations,
through the relationship [19,38]

1 1
T-V=>u"mu=—u'Xu (B1)
4 4w
Here u=[uy up uz --- un, ]T is the vector of complex velocity amplitudes of the Ny, used body modes.

The Lh.s. of (B 1) denotes the total near-field value of the difference between kinetic and potential energy,
namely,

T—V= lim Wy —Wp)= lim | (Ex—Ep)dS, (B2)
kr— o0 kr—o00 JJ s,

where Sg is the air-water interface. We have, in (B 1), also introduced the radiation-reactance matrix
X = wm. (This is a less confusing terminology than ‘added mass’ for cases where V > T.)

Our aim is to generalize (B1) to a situation where the array contains N, OWC oscillating modes in
addition to the rigid bodies, as indicated in figure 2. Let the column vector p=[p; p2 p3 - - pr]T denote
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the oscillating state of the N, OWCs, where py is the complex amplitude of the dynamic air pressure of
OWC k. For such a more general case, the integral on the r.h.s. of (B2) needs to be replaced by integrals
derived below. We shall find, as a result, that a generalized version of (B1) has to contain additional
terms on the r.h.s., including terms associated with the incident wave.

B.1. Preparatory basic equations

In accordance with linear theory for an ideal fluid, the complex amplitudes p = —iwp¢$ of the
hydrodynamic pressure and v = V¢ of the fluid (water) velocity are derivable from the velocity potential
¢, which, everywhere in the ideal fluid, has to obey the Laplace equation V2¢ = 0. Moreover, ¢ has
to satisfy certain boundary conditions as shown below. The complex amplitude of the water-surface
elevation n on Sp, as well as 1 on Sy, = S (figure 2) is given by
iw iw 1
n=——¢ aswellas ng=——¢| — —px, (B3)
8 sy 8 sy P8

respectively. Here the water-air interfaces, outside the OWC structures and inside the kth OWC structure,
are denoted by S and S, , respectively. (It is assumed that the ambient air pressure is static.) Moreover,
p is the mass density of water, g is the acceleration of gravity and w is the angular frequency of the
considered waves and oscillations. The potential energy, associated with the wave, results from water
being lifted against gravity, and inside the kth OWC also against the dynamic air pressure px. On Sg and
Spk, the time-average of the potential energy, per unit horizontal surface, is

gl + prn + pink

pglnl?
8 and Epls,, = 1 ,

Epls, = (B4)
respectively.

For convenience, we decompose the velocity potential ¢ into three terms, ¢p, ¢4 and ¢, corresponding
to the incident, the diffracted and the radiated waves:

Ny NP
=0 + ¢g + ¢r = Ps + ¢y = s +¢Eu+¢gp=¢s +Z‘Pu,i uj + Z(Pp,k Pk, (B5)
i=1 k=1

where ¢s=¢g + ¢q is the scattered potential. Further, we have introduced column vectors ¢, =
[Pug pu2 -+ oun, 1T and 9y = [op1 @p2 --- gap,NP]T, which are composed of space-dependent, complex,
proportionality coefficients ¢, ; and ¢, x, that quantify how the radiated potential ¢y is linearly related to
u; and py, components of the oscillation-state column vectors u and p, respectively.

It is required that every term in (B5) satisfies the Laplace equation. Furthermore, it is required that
every term in (B5), except ¢p—and, consequently, also except ¢s and ¢p—satisfies the radiation condition
of outgoing waves at infinity, that is

_ 0lpa dr 9} 0)]
lim ——MM—

— —ik 1i T T , Bé6
kr—o0 ar ! krl—l;noo[¢d ¢ Pu (Pp] ( )

where 7 is the radius of the envisaged control cylinder So, (figure 2). It may be remarked that, for large
values of kr, all these complex amplitudes, ¢4, ¢r, ¢, and Py diminish asymptotically as 1 /\/H when
kr — oo, and their directional variation may, quantitatively, be described by certain complex factors s4(6),
sr(6), su(0) and s, (), respectively.

Furthermore, it is required that the components of the velocity potential in (B5) satisfy certain
boundary conditions. The following homogeneous boundary conditions (B7) apply on the ambient-air-
to-water interface Sp and on the totality of immersed stationary rigid-body surfaces Sy, including the sea

bed (figure 2):
a ¢S 0 ¢5 0
(- +s5) [ous|| =[o] and - la|| =|0]. ®7)
Pk So 0 Pk S, 0

respectively.
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Next, for completeness, we shall state the boundary conditions on the wave-radiating wetted surfaces
S;=S,,; of the immersed oscillating bodies and on the wave-radiating internal air-water interfaces Sy =
Spx of the OWCs (figure 2). It is convenient to define the two unions

Np Ny
s,,_Uspk and S, =|JSu; (B8)
k=1 i=1

as the totality of the two types of wave-radiating surfaces. On all OWC wave-radiating internal air-water
interfaces Sy, and on all oscillating rigid-body wetted surfaces S, ;, the following boundary conditions
apply:

pPpPly:

s . Os 0
d —iw d
<_‘”2+85> pui || =—| 0| and || =|nmdi|, (B9)

on
Ppk Sk Ppk 0

Sp,k Su,i

respectively, where Sy, as well as §;;, is the Kronecker delta, i.e. =1 if kK =k and 8 =0 if k' #k.
Moreover, n; is the ith component of the generalized unit-normal vector n=[n ny n3 --- nNu]T on the
totality of all oscillating bodies” wetted surface S,,.

B.2. Kinetic—potential energy difference

We are now ready to return to the problem of considering the difference between the kinetic energy and
potential energy in the near-field region. The potential energy associated with the wave results from
lifting water against gravity, and inside the kth OWC also against the dynamic air pressure pj. Referring
to (B3), (B4), (B8), (BY) and figure 2, the time-average of the potential energy increases by an amount

NP
Wp = EpdS:HS Epd5+2ﬂs EpdS
0 k=1 ¥ Sk

So+Sp

ZH pgInl? 45+ ZH pglnil? +Pknk+Pknde
So

P « 09 g ag* g 09" 99
_4”50¢ azds+4ﬂ (¢ 9z a)z 0z az>ds (B10)

due to the presence of the wave. Moreover, the time-average of the kinetic energy associated with the
wave may be written as

wkzﬁm v*-vdvzﬁm v¢*-v¢dvzﬁﬂI V. (¢*V)dV
4]y 4y 4]y
L Ve __Pfl 00
_Z<ﬂ>( n)- "V dS = 4@¢ —-ds, (B11)

noting that, as V2¢ =0, then V¢* - Vo =V - (¢* V) — ¢p*V2¢ =V - (¢*V¢), which enabled us to apply
Gauss’ divergence theorem. In (B 11), the volume integral is taken over the water volume as indicated in
figure 2, while the surface integral is taken over the surface that encloses this water volume. This closed
surface includes the envisaged, cylindrical, control surface So, of radius r. We may note that, because of
the boundary condition d¢ /31 = 0 on Sp,—cf. (B 7)—there is no contribution from surface Sy, to the surface
integral in (B 11). Moreover, noting that 9/0n = —3/9z on surface Sy, we see that this surface contributes
with equally large amounts to Wy and Wp,, and hence with zero contribution to Wy — W,
Thus, we may write

P dg* o dp* p « 89 d¢
Wi WP_4JLOO ar #9577 s, o 95 4H5p ¢ azds

=2 - T~ ), (B12)
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where Zo, 7, and 7, represent the three integrals over the surfaces S, Sy and Sy, respectively. Because
Wi — Wp, is real, we may also write

W= Wp=4@n — T~ 5) =L@~ T - T

4
P
Zg(Ioo_Iu_Ip +I% -1y — 1) (B13)
Let us adopt the notation
T—-V= lim (W, — Wp), (B14)
kr—o0

and discuss separately, first, the radiation problem and, then, the scattering problem, for which all
oscillators (cf. figure 2) are quiescent, i.e. u=0 and p =0, and thus, ¢: =0, i.e. ¢ =g + ¢q = ¢s. Finally,
we consider the combined problem with incident wave and wave-radiating oscillations.

B.3. Radiation problem

For the radiation problem, for which there is no incident wave (¢9 = 0) and hence also no diffracted wave
(¢q =0), and so ¢ = ¢y, it is rather easy to show that the integrals over S, do not contribute to T — V.
When kr — oo, then, according to (B 6), we have d¢./dr — —ik¢, and, consequently, d¢; /dr — ik¢;. Thus,
in this limit, there is no net contribution to T — V from the integrals over Sq, i.e. Zoo + Z%, — 0 as kr — oo.
This agrees with the fact that, in the far-field region, the surface density Ey of kinetic energy equals the
surface density E;, of potential energy. They may, however, differ in the near-field region. Thus, we have
from (B 13) and (B 14) that

T—V=— lim 5T, + T, + T; + T3, (B15)
kr—oo 8 b
where now
ol g 047\ 9¢r
I, = Lo dS d 7, = oo L) T dS. B16
u Hw an ¥ and Ip ﬂ-s,, (¢r w? 3z ) 3z (B16)

Thus, by using (B 12)-(B 16), we may write

3| pr |2 A2 2
T_V:_BH (2 ds_gﬂ' lpel” 28
8 lls, on 8 Sp 0z w?

observing that (9¢;/0n)¢pr + (0¢:/0n)p; = 0(¢) ¢r)/0n and that ¢ ¢y = pro; = |¢¢|2. (From (B 17), we may
note that the sign in front of the integral over S, disagrees with the corresponding incorrect sign in
Falnes & Mclver [10, eqn 87], because a complex-conjugation star in their eqn (81) is, incorrectly, placed
on factor v, rather than on factor py. As a consequence, their eqn (96), which is incorrect, disagrees with
our present new equation (B25). The starting point for their derivation, their complex-valued eqn (81),
was less obvious than our present, rather different, starting point, i.e. the real-valued equations (B 10)
and (B11).)

The velocity potential for the radiated wave is a superposition of waves radiated from the oscillating
bodies and the OWCs (cf. (B5))

o
0z

2
) ds, (B17)

¢r=outop=u'e, +po, (B18)
Inserting this into (B 16) and then taking the sum, we get

Tu+Ipy= u+Muuu + p+Mppp + u+Mupp + p+Mpuu, (B19)
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where the four M matrices are given by

99, T g 395\ 0o
M, = Lo, dS i ) —hds
s, o L +Hp ™ 20z ) oz
0@ V4
= Puplds= =, (B20)
JS, on —1wp
I g\ 9ol
My, = | —Lelds H s 8 7R ) TP g
s, on op ot s, T 2z ) oz
993\ dop Y
- (0;—%713 —“Pas=—, (B21)
S, w* 0z 0z —iwp
T
00y T g 99} 99p
M, = Lo dS *— L) —=ds
W lls, an %p +ﬂ-5p Pu™ 2%z ) oz
r * H
—[ gras= S (B22)
S, on —lwp
7 005\ dgl
_ P T * 8 p Pu
u P
905\ dg H
* 8 P Pu pu
= - = dS=——. B23
s (‘”P o? 9z ) 9z Siwp (B23)

Here we have made use of the homogeneous boundary conditions for the radiated wave listed in the
pair of equations (B 9)—cf. also (B 5). Moreover, following Falnes [35, §7.2], we have introduced the four
complex radiation-parameter matrices Z, Y, Hy, and Hy,, which satisfy the reciprocity relations

Z'=7Z=R+iX, Y'=Y=G+iB and -Hj,=H,=H=C+iJ, (B24)

where the real matrices R and G represent radiation damping for the oscillating bodies and the OWCs,
respectively [10, eqns 55-56]. As will appear explicitly from (B25), the radiation-reactance matrix X =
wm, as well as the added-mass matrix m, represents reactive energy corresponding to unbalance between
kinetic energy and potential energy in the near-field part of the water surrounding the oscillating bodies.
The real matrix B plays a corresponding role for the OWCs. The complex matrices H,, and Hy,, as
well as the real matrices J and C, represent hydrodynamic coupling between the oscillating bodies and
the OWCs.

By using (B20)-(B23) in (B 19), insertion into (B 15) gives
T-V=— (f) ("M, u + p™™,,p + utMy,p + pTM,,u)
3 p up pu
— <§) (u'Myu + p+M,,pp + u*Mupp + erMpuu)*
= (g) (u+MWu + p+M,,pp + u+Mupp + p*Mpuu)

- <§) (u+MZuu + p+M;pp + p+MI¢pu + u+M;up)
=[u"(Z-Z"u+p'(Y - Y"p +u'(Hy — H},)p + p' (Hp — Hj)w)]/(8ie)

= (u'Xu + p'Bp)/(4w) + (u'Cp — p'CTu)/(4iw)

_ i + _ + X iC u
Pl |:—iCT B:| |:—pi|
= (u"Xu + p'Bp + 2Im{u’ Cp})/(4w). (B25)

(Note that we here, in the fourth line, have transposed all four matrix products, which are scalars.) This
result (B25) is a generalization of (B1), which clearly reveals that the added-mass matrix m =X/w is
directly related to, not the kinetic energy alone, but the difference between the kinetic energy and the
potential energy in the near-field region of the radiating system. This generalized expression (B 25)
contains the three real matrices X, B and C. By making use of reciprocity relations (B24) and
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equations (B20)—(B23), we may express these three matrices, explicitly, in terms of velocity-potential
coefficients for the radiated wave, as follows:

X = wm = Im{Z} = (Z — Z*)/(2i) = (Z — Z")/(2i)

wp [ 3¢5 1 wp L 094

= ds— £ ds
2 Js, on Pu 2 Js, Pu an

_ o [ 0@hen) g wp [ douol) as, (B26)
2 Js, on 2 Js, on

B =Im{Y} = (Y — Y*)/(2i) = (Y — Y")/(2i)

T T
__v (p*_i% a&ds_%ﬂ % ¢T_§3ﬁ ds
2 JJs, \"P @? 8z | bz 2 Js 0z Pow? 9z

:
o dopep) 25 095 d9p ds
N 5, 0z w? 3z 0z

Appel) 2 99, 00}
:_“’lJ pPp) 28 790 O ) 4s (B27)
2 s, 9z w? 9z 0z
and C = Re{H) =Re{H,} = (Hy, + H,)/2 = (H,, — H,)/2
iwp 99 T iwp o (1 8§ B‘Pg
Lo ds - -8 P ) gs
2 Js, on “p 2 ls, 9z \'P o? 8z
iwp 09y 4 iwp 00y [ + g P
=— ds + — = —=|dS. B28
2 05, an Pl B \PP T w2z (B28)

We may note from (B 20)-(B 23) and (B 26)—(B 28) that the complex radiation-parameter matrices Z, Y,
H,p and Hy,, as well as the real matrices X, B and C, may be represented by integrals over the wave-
radiating surfaces S, and/or Sp. Observe that (B26) is a generalization of Falnes [9, eqn 28] to the case
when the oscillation system is composed of, in addition to immersed bodies, also OWCs. Our present
three equations (B 26)—(B 28) provide explicit expressions for matrices X, B and C, which are three of six
real matrices that appear on the rh.s. of the three equations (B24). The three remaining ones are R, G
and J, which may be explicitly expressed by integrals over the envisaged far-field control surface Sx,
where the integrand contains terms of velocity-potential coefficients for the radiated wave (e.g. [10, eqns
61-64]). To the best of the authors” knowledge, the formulae (B27) and (B 28) are completely new results
that have not been published before.

B.4. Scattering problem

For the case of a quiescent oscillating system, that is [uT pT] =0, there is no radiated wave, ¢, = 0. Hence,
we have no other wave than the scattered one, which is a superposition of the incident and the diffracted
waves. This means that (B5), for this case, simplifies to ¢ = ¢s = ¢9 + ¢q. If we make this substitution
into Z,, and 7, in (B 12), and use the first one of the three boundary conditions listed in both of equations
(B9), we find that Z,, =0 and I, =0 for the scattering problem. For this case the ‘near-field” boundary
conditions on S, and S, are homogeneous. Thus from (B13) and (B 14), we have

T—-V= lim f(Zoo—f— ) (B29)
kr—o0
for the scattering problem. We may remark that this equation is quite different from the corresponding
equation (B 15) for the radiation problem.

For the radiation problem, we found it rather easy to show that 7o, +Z%, — 0 as kr — co. We shall
see that the same holds for the scattering problem, provided that we let the radius r of the envisaged
control cylinder run to infinity through a set of discrete values that are separated by a multiple of a
quarter wavelength. The proof, which is sketched below, is, however, somewhat more intricate for the
scattering problem than for the radiation problem. We shall conclude that the scattered wave does not
contribute to T — V, except for a small standing-wave contribution, which averages to zero over every
half-wavelength increment of the radius r of the cylindrical control surface Sy
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To evaluate the quantity Z, + Z%, for the scattering problem, we find from (B 12) that

zoozﬂ 0¢ ¢dS=H 8¢S¢sds H Mw + ¢g)dS. (B30)
Sw 07 Sec 5w
For convenience, we write this as
Io = 00,00 + Ioo,Od + Ioo,ddr (B 31)
where
95 94
Tomi= [ (F320a+ Sim) ds, (B32)
g g%
To0,00 =H ﬂ(1)0 dS and Z. 44 =ﬂ &(}ﬁd ds. (B33)
! Seo ar ! Seo ar

We shall here assume that the mean sea surface is the plane z = 0, and that the sea bed, at least outside
the envisaged control cylinder S, is at the plane z = —h. For an incident plane wave propagating at an
angle B with respect to the x-axis, the velocity potential is, for all coordinates (x,y,z) = (rcos6,rsin6, z)
in the water, given by

o = age(kz) e kreos@=F), (B34)

where e(kz) = cosh(kz + kh)/ cosh(kh), and where ag = (—g/iw)A. Here A is the complex amplitude of the
incident wave elevation at the origin, = 0. Moreover, in the far-field region, the diffracted wave is given,
asymptotically, by

ba — s4(0)e(kz)(kr)" 12 e % askr — oo, (B35)

where s4(6) is a complex function that determines, in the far field, not only the amplitude and the phase
of the wave, but also their directional variation. When kr — oo, then, according to (B6) or (B35), we
have d¢q/dr — —ik¢q and, consequently, d¢/0r — ik¢3. Thus, in this limit, Zoo 44 + I:o, 4qa —> 0askr — oo.
Furthermore, from (B 34) we find that, everywhere in the water, and consequently also on S, we have
d¢o/dr = —ikcos(d — B)po and, thus, d¢y/dr =ikcos(d — B)¢y. If we use this information in (B33), we
may conclude that Z o0 + Z, 00="0 and hence,

Too + Ty =Too0d + Lo 00 = Lo0d + Lo 0d (B36)

for the scattering problem. Here Zéo o4 is derived and defined below (see (B 38)).
What now remains is a more difficult task, namely, to discuss the limit of Zo 04 + Z7%_ ; as kr — oo.
Using the product rule, we find from (B 32) that

d d
Toood + I3 00 = HS a(fﬁf)k ¢q + po¢y) dS = Hs 5(053 ¢q)dS +c.c., (B37)

where c.c. denotes the complex conjugate of the preceding term, namely,
d
. sresends=7ca (B39)

say. (Note that although Iéo 0d and Z, o; may be unequal, they have equal real parts.) If we assume
that the envisaged control surface S is cylindrical with radius »* — oo, then we may write dS=rdf dz,
where 6 and z run from S to g + 27 and from —F to 0, respectively. From expressions (B 34) and (B 35),
we find that in (B38) the integrand — —ik(1 — cos ¢)¢;¢4, where ¢ =60 —  has been chosen as a new
integration variable instead of #. Concerning the integral over z, we here just need to state that it is finite,
real, positive and equal to C;, say. Then we have, as kr — oo,

21 .
T o0 = —iaéCzJ (kN)V/2(1 = cos )sg(p + B) e Frl=cos9) g (B39)
0

Because kr — oo, this integral may be evaluated by the ‘method of stationary phase’. We find that (e.g.
[35, p. 100, eqn 4.288])

T, 0q = —ia3Co2(m) Psq(m + B)(1 + i) e 2
= a3 C.2() 2s4(m + B)(1 — i) exp{—i2kr}
= 1ag|C2(87) 2 [sq(r + B)| exp {—i (Zkr +5 - crd>} , (B40)

where ag = arg{ap} and o4 = arg{sq(w + B)}.
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To summarize, from (B 29)-(B 32) and (B 37)—(B 40), we have

T—V=lim 20 +7%)= lim 2T 0+ 1% ) (B41)
kr—o00 8 kr—soo 8 O oo/
where
8
Toa + I 00 = (;> Ak cos (2kr+ % tag— ad) (B42)
and
T\1/2
Ay =plaolCz () Isalr + Bl (B43)
Hence, we have arrived at
T-V=lim A 2%+ T4 (B44)
- —krgnoo kpcos< T 7 T —ad).

This means that, for sufficiently large, increasing values of kr, the energy difference T — V varies between
Agp and —Ag,. We note that T — V =0 for the discrete values

Vi T o0 [ef}
kr_krv=7+§—7+?, (B45)
where v is a sufficiently large integer. The distance r,,1 — r, is only one-quarter of a wavelength. This
far-field spatial variation is just an interference effect because of waves—such as our present incident
wave ¢ and diffracted wave ¢pq—propagating in different directions. For instance, if a plane wave is
totally reflected, a standing wave with nodes and antinodes results. In the nodes, the potential energy
density is zero, but it is rather large in the antinodes. Averaged over half a wavelength, the potential
energy and the kinetic energy are equally large. As is obvious from (B44), if we average T — V over a
radial distance Ar =7 /k =71,42 — 1, the result is zero.

B.5. Combined full problem

So far, we have found that, in time average, and integrated over the total near-field region, the pure
scattering problem contributes essentially nothing to the difference between kinetic energy and potential
energy. Having discussed the pure radiation problem and the pure scattering problem separately, let us,
finally, consider the combined problem, with ¢ = ¢g + ¢q + ¢r = ¢s + ¢r. As the radiated wave ¢, and the
diffracted wave ¢4 satisfy the same radiation condition (B 6) at infinity, the discussion of Z, + Z} for the
scattering problem is directly applicable also for the combined problem.

We found above that the two integrals 7, and Z, defined in (B 12) vanish for the scattering problem,
while they for the radiation problem have finite values as given by (B16). For the combined full
problem, there are additional contributions Z;,,s and Z,,s, say. The corresponding two integrands
contain two-factor products of ¢s and ¢, (or their derivatives), products of the type (¢s + ¢r)*(¢s +
Or) = @Lbs + dLpr + OF s + ¢ dr. Here, the first and fourth terms correspond to the scattering problem
and the radiation problem, respectively, while the remaining terms (¢ ¢r + ¢;¢s) will be our present
consideration in the following discussion, unique for the combined full problem.

Then, in accordance with definitions (B 12) and boundary conditions (B 9), we have

Lyps = ﬂ <3¢: or + 09 ¢’s> ds= ﬂ 90% ¢sdS
Sy Sy

on on on
1 Nu 1 Nu 1
=— ZH (i) psdS = — Y " Feuf = —Fou* (B 46)
—l(,(),O i=1 Su,i la)p i=1 l(,()p

and

_ v 8 00T\ (. 8 0 s
IWS_HS {(¢5 ? 82) 0z +<¢r w? 9z ) 0z }dS

2

iw,
. w

N,
_ Y LN P S o PRI e
_HS <¢r 2 82) 9z dS p];Qe,kpk—ipreP 7 (B47)

where, in (B46), ps = [~iwp¢s]s,; is the hydrodynamic pressure, F,; is the excitation force, and n;u; =
[0¢r/0n]s,,; is the normal component of the wetted-body-surface velocity for the ith oscillating-body
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mode; see the second one of the two boundary conditions (B 9). Further, in (B47),

Qek=ﬂ s 45 and py = —iwp [¢r— %%] (B48)
! Sy 0z w* 0z Sk
are the excitation volume flow and the dynamic air pressure for the kth OWC, respectively; see the first
one of the two boundary conditions (B9).

With (B46) and (B47), it follows from (B 12)—(B 14) that, associated with absorption of power from the
incident wave, there is an additional contribution of

- ~1

(T = V)rs = g (Fou* — Fou+ Qcp* — Qlp) = — Im{Fou’* + Q;p) (B49)
to the difference between kinetic and potential energy stored in the water surrounding the WEC array.
This contribution is adding to the energy difference which is quantified by (B 25), and which is applicable

to a situation when the WEC array is performing forced oscillation in the absence of an incident wave.
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