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and the surface viscosities can change the coalescence time significantly for the experimentally encoun-
tered values of the initial surfactant concentration, and the Boussinesq and surface Péclet numbers. In all
cases, the impact of the surface phenomena amplifies with the approach velocity, especially for the dim-
pled interfaces. A complete immobilization criterion that is independent of the dispersed phase viscosity

is proposed as a function of the continuous phase and surface viscosities, and the particle radii.
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1. Introduction

Efficient operation of many engineering units, such as chemi-
cal and biochemical reactors or separators, requires precise under-
standing on the nature of the multiphase flow within them. The
flow in such units is often characterized by the size and the dis-
tribution of the fluid particles dispersed in the continuous phase,
which depend strongly on the coalescence and the breakage of the
particles. Thus, these phenomena should be studied both on the
equipment scale, where a large number of fluid particles interact
simultaneously, and on an individual level, where a single event
of coalescence or breakage is considered. This work focuses on the
latter, more specifically, on the significance of the surface tension
driven flows along the interface and the surface viscosities on the
coalescence of two fluid particles.

Following Liao and Lucas (2010), the physical models describ-
ing the coalescence probability of interacting fluid particles can
be summarized under three approaches. The film drainage ap-
proach starts with the studies of Shinnar and Church (1960), and
Shinnar (1961), where they observe the emergence of a thin film
in between the fluid particles once they are brought into con-
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tact. As the emergent thin film has to be drained before the co-
alescence, it delays the process, and thus, immediate coalescence
is rarely seen. On the other hand, Howarth (1964) concludes that
there exists a critical particle approach velocity distinguishing be-
tween two different regimes, where higher approach velocities re-
sult in rapid coalescence, and for lower values coalescence is un-
likely. This conclusion forms the basis of the energy models, where
the coalescence efficiency is expressed in terms of the kinetic en-
ergy of the colliding particles and the interfacial energy of the fluid
particles. The third approach arises from the experimental findings
of Lehr et al. (2002), where they observe a new regime in which
the particles bounce instead of coalescing rapidly. As the critical
velocity of Howarth (1964) indicates the beginning of the immedi-
ate coalescence, and the one of Lehr et al. (2002) is defined at the
end of the same regime, it can be claimed that the latter corre-
sponds to higher approach velocities than the former. Similar criti-
cal approach velocities to that of Lehr et al. (2002) are proposed by
Kirkpatrick and Lockett (1974), and Chesters and Hofman (1982) in
their theoretical works via a film drainage model and energy con-
siderations, respectively. This implies that although all three ap-
proaches are given through different arguments, they might yield
similar conclusions.

The film drainage approach uses two characteristic time scales
to estimate the coalescence probability after collision: the con-
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tact time of the particles and the time required for coalescence.
Furthermore, it is assumed that the coalescence process has two
consecutive steps after the formation of the thin film. First, the
thin film drains until its thickness reaches to a critical value, and
then, the film ruptures and coalescence occurs. Since the drainage
time is typically much larger than the time of rupture, the coa-
lescence time is often approximated as the drainage time. Then,
an expression for the coalescence efficiency A. is proposed by
Coulaloglou (1975) as

)¥c _ exp(— tdrainage) (1)
tcontact

Thus, there has been extensive efforts on the models estimating
the drainage time in the literature. One popular type of approach
employs the lubrication equations, in which the thin film is treated
as having a disc-like shape and the interfaces as being either flat or
very close to flat. The flow in the film is given as the sum of two
contributions, the parabolic and the plug components, which are
driven by the pressure gradient within the film and the tangen-
tial speed of the interface, respectively (Lee and Hodgson, 1968).
In this class of models, the deformability and the tangential mo-
bility of the interface also play key roles as discussed by Lee and
Hodgson (1968), Chesters (1991) and Liao and Lucas (2010). The
models considering deformable interfaces are capable of simulating
the dimple formation, which is frequently observed in experimen-
tal studies (Derjaguin and Kussakov, 1939; Allan et al., 1961; Klase-
boer et al., 2000). Its tangential mobility, on the other hand, result
in the classification of the interface as immobile, partially mobile
or fully mobile (Chesters, 1991; Liao and Lucas, 2010). The primary
reasons behind the immobilization of the interface are usually con-
sidered as high dispersed phase viscosities and the presence of sur-
factants at the interface (Lee and Hodgson, 1968). Regardless of
the immobilization mechanism, the models with immobile inter-
faces neglect the tangential velocity of the interface and the plug
component of the film flow. Davis et al. (1989) carry out a dimen-
sional analysis on the characteristic scales governing the coales-
cence, and defines a measure of the interface mobility, m, which
is inversely proportional to the dispersed to continuous phase vis-
cosity ratio. According to their definition, when m~1 the interface
is partially mobile and when m > > 1 its fully mobile. On the other
hand, Chesters (1991) emphasizes the treatment of the tangential
stress at the interface to define the same concepts: zero tangential
stress corresponds to inertial collision/film drainage and the inter-
face is said to be fully mobile, whereas for partially mobile inter-
faces the stress is non-zero and the drainage is controlled by the
dispersed phase viscosity.

First proposed by Davis et al. (1989), the determination of the
tangential velocity of the interface via the boundary integral form
of the Stokes flow, has been preferred in many studies (Yiantsios
and Davis, 1991; Abid and Chesters, 1994; Saboni et al., 1995;
Klaseboer et al., 2000; Bazhlekov et al., 2000; Alexandrova, 2014;
Ozan and Jakobsen, 2019). Yiantsios and Davis (1991) investigate
the buoyancy driven interactions between two deformable fluid
particles. They show that, as the strength of the van der Waals
forces decreases, the location at which the rupture occurs shifts
from the center of the axisymmetry to a rim emerging due to
the dimple formation, i.e., the type of rupture shifts from being a
nose rupture to a rim rupture. The constant approach velocity and
the constant interaction force collisions in liquid-liquid systems are
studied by Abid and Chesters (1994) and Saboni et al. (1995), re-
spectively. In both studies, the film flow is driven only by the mo-
bility of the interface and the parabolic component is neglected.
Klaseboer et al. (2000) discuss two film drainage models, in which
the interface is either immobile or mobile. In both models, the in-
terface is deformable and the relative approach velocity of the par-
ticles throughout the collision is kept constant. They carry out a

comparison between their experiments and the theoretical model
predictions by tracking the minimum film thickness, the film thick-
ness at the center of the film and the radial position of the rim,
which reveals that the immobile model matches the experimen-
tal data more accurately. Bazhlekov et al. (2000) introduce the dis-
persed to continuous phase viscosity ratio to the thinning equa-
tion. The viscosity ratio weighs the parabolic component of the
film flow and allows the investigation of different degrees of inter-
facial mobility, instead of the strictly mobile or immobile models
previously used in the literature. Ozan and Jakobsen (2019) esti-
mate the coalescence time as a function of the relative approach
velocity and the viscosity ratio via a similar model, in which
the van der Waals forces are also taken into account. They iden-
tify three consecutive regimes as the approach velocity increases.
At lower velocities, the coalescence time decreases with the ap-
proach velocity. Here, the rupture is a nose rupture and the coa-
lescence time is a power function of the velocity. Then, in the sec-
ond regime, the dimple formation at the interface starts and the
rupture position shifts to the rim. Consequently, the coalescence
time continues to decrease with the approach velocity, but less
and less dramatically as the velocity increases. In the beginning
of the last regime, the coalescence time reaches a minimum value
and starts to increase due to the emergence of additional rim-
like structures at the interface. The power law type relation be-
tween the coalescence time and the approach velocity in the first
regime and the minimum point in the second regime they observe,
seem to agree with the findings of recent experimental studies car-
ried out in air-liquid systems such as Del Castillo et al. (2011) and
Orvalho et al. (2015). In addition, the values Ozan and Jakob-
sen (2019) determine via their simulations for the exponent of the
power law type relation in the first region, match the value of
—0.85 given by Orvalho et al. (2015). However, the experimental
works do not report a trend similar to the third region seen in the-
oretical work of Ozan and Jakobsen (2019). This discrepancy may
indicate that there are additional mechanisms playing key roles at
higher velocities.

Alexandrova (2014) studies the effect of the presence of sur-
factants in droplet coalescence by introducing surfactant balance
across the interface and surface tension gradients resulting in
Marangoni type flows along the interface. In the physical system
considered, the viscous effects in the thin film are neglected, and
the interaction force between the droplets is constant. She con-
cludes that as the Péclet number increases the rate of drainage
slows down, and for its very high values no rims emerge at the
interface. Li (1996) introduces the dilatational and the shear vis-
cosities of the surface in the film drainage model by employing a
linear Boussinesq surface fluid expression for the interface. How-
ever, his approach is different than the other works mentioned
earlier, as the boundary integral method is not employed, and
instead the bubble side tangential stress is neglected. Therefore,
he is not able to extend the examination to droplets. In addi-
tion, the boundary conditions are applied at a predefined rim po-
sition, and consequently the model fails to capture the mechan-
ics of the rim/dimple formation. He presents explicit expressions
for the coalescence time as functions of various physical proper-
ties and the droplet size, which seem to fit some experimental
results better than the preexisting models with immobile inter-
faces. In an earlier work, Zapryanov et al. (1983) investigate the
effect of the interfacial properties on the drainage rate of a thin
film between two droplets with non-deformable interfaces. They
show that the surface viscosity increases the drainage time as it
immobilizes the interface, but the effect of the Marangoni flow is
much more pronounced. Additionally, they conclude that the sur-
face viscosities affect the drainage only when they are in between
10-%Pa-m-s and 103Pa - m - s. These limits correspond to 10-3sp
and 1sp, respectively, where sp stands for surface Poise and is
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equal to gfs. However, it is not easy to compare these values to
real systems, as there is an ongoing disagreement in the literature
on the measurements of the surface viscosities, mainly due to dif-
ficulties in isolating the effect of the surface viscosities from those
of the bulk properties and Marangoni stresses (Shen et al., 2018).
Djabbarah and Wasan (1982) report surface viscosities as large as
2sp in their experiments with aqueous sodium lauryl sulfate so-
lutions. Ting et al. (1984) measure values up to 0.3sp for a sim-
ilar system with aqueous solutions of octanoic acid. Both studies
employ deep channel viscous traction viscometer (as described by
Pintar et al., 1971) and longitudinal wave apparatus (as described
by Maru and Wasan, 1979) to determine the shear and the dilata-
tional surface viscosities, respectively. They conclude that the sur-
face shear viscosity is orders of magnitudes smaller than the di-
latational ones, whereas Edwards et al. (1991) argue that the shear
and the dilatational components might be on the same order of
magnitude. In a more recent study, Zell et al. (2014) use microbut-
ton surface rheometry to create only surface shear deformations
and conclude that the surface shear viscosity of sodium dodecyl
sulfate monolayer is below the sensitivity of their measurement
technique, which corresponds to 10~>sp, whereas they measure
values as high as 10~! sp for an insoluble monolayer of 1-eicosanol.

Some recent studies on thin films and on fluid particles re-
vealed that the surface viscosities might be important under spe-
cific conditions, or in explaining some experimental observations
that cannot be explained by other surface phenomena such as
Marangoni flows. Scheid et al. (2010) examine the significance of
surface viscosities in film coating, and shows that there is a new
regime of film thickening governed by the surface viscosities in-
stead of the Marangoni effects. In their study on the breakup of
a pendant drop, Ponce-Torres et al. (2017), show that the addition
of the surface viscosities in their model is a must to successfully
simulate their experiments, where a large amount of surfactants
accumulate in the satellite droplets. Shen et al. (2018) come to the
conclusion that the critical wavelength of the capillary waves can
be affected significantly even by small surface viscosities. All these
recent findings naturally raise a question on the extent to which
the surface viscosities has an effect on the coalescence of the fluid
particles. Although, both the Marangoni stresses and the surface
viscosities immobilize the interface, they achieve this through dif-
ferent mechanisms. The Marangoni stresses due to the surface ten-
sion gradients create local flows from low to high surface ten-
sion, whereas the surface viscosities’ effect is twofold: they reduce
the overall magnitude of the surface velocities and their gradients
along the interface, and as they lower the gradient they weaken
the Marangoni flows. Therefore, investigating the effect of the sur-
face viscosities together with the Marangoni stresses might shed
light on to the importance of the interfacial dynamics during coa-
lescence.

In this work, we aim to simulate both liquid-liquid and
gas-liquid systems, in which low amounts of surfactants are
present. When non-uniformly distributed along the interface, the
surfactants result in surface tension gradients and consequently
Marangoni flow. Furthermore, regardless of the uniformity of the
distribution, the surfactants might also affect the viscous proper-
ties of the interface. Both the surface viscosities and the Marangoni
flow can immobilize the interface, and consequently affect the co-
alescence time drastically. To check the degree of their impact,
we extend the model of Ozan and Jakobsen (2019) by introduc-
ing the surface excess concentration distribution along the inter-
face, and a viscous interface represented by the Boussinesq sur-
face fluid model with concentration dependent properties. We fol-
low the same framework and examine the coalescence time as a
function of the approach velocity of the particles, at various lev-
els of initial surfactant concentration. The key parameters, the sur-
face Péclet and the Boussinesq numbers, signify the ratio of con-

vective to diffusive rate of transport along the interface, and the
ratio of the surface viscous forces to their bulk counterparts, re-
spectively. The analysis is carried out for three distinct cases based
on the dispersed to continuous phase viscosity ratio to simulate
the systems with: high droplet to water viscosity ratio, compara-
ble droplet to water viscosity ratio, and gas bubbles in water. For
all systems, the conditions under which the Marangoni flow and/or
the surface viscosities affect the coalescence time, are determined
in terms of the initial surfactant concentration, and the surface Pé-
clet and the Boussinesq numbers. Finally, a limit for the interfaces’
complete immobilization is identified as a function of the continu-
ous phase and the surface viscosities.

The physical configuration and the corresponding mathemati-
cal model are presented in Section 2, followed by the numerical
procedure in Section 3. The results and discussion are given in
Section 4 and organized under three subtitles. The drainage with-
out the coalescence is discussed in Section 4.1. In Section 4.2, the
results for the coalescence of the droplets with high viscosity are
shown. The results of the comparable droplet to water viscosity
ratio and the gas bubbles in water cases are given together in
Section 4.3, as the same model is used for both. Finally, the con-
clusions drawn throughout the study are summarized in Section 5.

2. Physical system and mathematical model

Fig. 1 depicts two particles of the same fluid, with radii R,
and R,, approaching each other at a constant relative approach ve-
locity, Vgpp, along their centerlines through a continuous medium.
Both the dispersed and the continuous phases are incompressible
and Newtonian, characterized by the viscosities (4 and i, respec-
tively. The interfaces are deformable and exhibit Newtonian behav-
ior, i.e., they obey the Boussinesq surface fluid model. The surfac-
tants present in the system are not soluble in the dispersed phase.

Three distinct length scales governing the phenomenon can be
identified: the particle radii, the radius and the thickness of the
film. The relation between the magnitudes of these characteris-
tic lengths play a significant role in the interaction between the
fluid particles. In this work, the collisions considered are gentle
ones, and they result in formation of a thin film of the continu-
ous phase in between the fluid particles. Here, a gentle collision
refers to a collision where the radius of the emerging thin film is
much smaller than the radii of the fluid particles; whereas the thin
film indicates that the film thickness is much smaller than the film
radius. For coalescence to occur, this thin film has to be drained
until a critical thickness of the film is reached. Although, the par-
ticle sizes are allowed to be different, i.e., Ry #R, is possible, the
equivalent particle radius,

1 1\
b=2(k x,) 2
can be used to characterize both particles, as the collision is a gen-
tle one (Chesters, 1991). Following Ozan and Jakobsen (2019), the

length scales governing the collision can be written in terms of the
equivalent particle radius:

h=e’R,, F=¢R, (3)

where h and 7, the characteristic length scales for the thickness
and the radius of the film, and the small parameter € is defined as

€=,/ R%' The introduction of R, also suggests symmetry around

r axis in addition to the inherent axisymmetry due to the cen-
terline collision of the fluid particles, and creates four equivalent
quadrants around rz coordinate system shown in Fig. 1. Due to
the symmetric nature of the physical configuration, the problem is
only solved in the r>0, z>0 quadrant, where the interface is rep-
resented by the axisymmetric surface z = h(r,t)/2. Following Ap-
pendix B of Johns and Narayanan (2007), such a surface can be
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Fig. 1. Physical system depicting two fluid particles approaching each other at a constant relative velocity, and the thin film entrapped between them. The interfaces are
deformable and viscous. The surfactants in the system are either confined to the interface or soluble in the continuous phase.

described by choosing r and 6 as the surface coordinates. Then, by

using the position vector on the surface, r = re; + h(;t) e,, the tan-

gent and the normal unit vectors are found as

or 10h ar
t = {a— _ Er+§(3*rez t, = {)79 —e
| 5] 1+1(@)2’ |35 | ’
4\ or
10h
e; — 5 5-€
n(C,d):t]thz Z—209r-r (4)

1(9h)2
1+3(5)
respectively. Here, the superscript (¢, d) indicates that the unit nor-
mal vector, n(¢@), is directed from the continuous phase to the dis-
persed phase. The surface gradient operator, Vs, and the surface
identity tensor, I, can be written as

t d t, 0
Vszi] +27

/1+%(%)2 ar 1 90’

2.1. Governing equations and boundary conditions at the interface

I =4t + 6ty (5)

The continuous phase flow is governed by the Navier-Stokes
and the continuity equations

v
pc(at + Ve - VW) =-VP+ pu. V3, (6)
V.v.=0 (7)

and the dispersed phase is approximated by the incompressible
Stokes equations

wnaV>3vg = VP (8)

V.v.=0 9)

where p, 1, v and P stand for the density, the viscosity, the ve-
locity field and the pressure, respectively. The subscripts ¢ and d
denote the continuous and the dispersed phases. At the interface,
the kinematic and the no-slip conditions give

Vel,opz - 0D = w0 (10)
and
Velopp - ti=u-ty (11)

where u = U, n¢?d 1 Uty is the interface velocity. Following Ap-
pendix C of Johns and Narayanan (2007), the normal speed of a
surface can be written in terms of its implicit form, where f(r,t) =
0 describes the surface. As the surface is given by z = h(r,t)/2
in this work, f(r, t) corresponds to f=2z— @ Thus, the normal
component of the interfacial velocity becomes

1
Up = — o _ 2 ot (-12)

and its tangential component, U, is obtained by employing the
boundary integral form of the Stokes flow (reader may refer to
Davis et al., 1989; Pozrikidis, 1992, and Ladyzhenskaya, 1969 for
further information on the method.)

U= i/wqﬁ(r’,e)rddr/ (13)
Md Jo

L /” cos 6
21 Jo \Jr2 4 (r)* = 2rr'cos 6

where 7,4 is the tangential component of the particle side stress,

o', 0) = do (14)

i.e., Ty = —(Tal,—pj2 - D) - t;. The stress balance across the inter-
face reads

Vs Tr = [TC|z:h/2 - lez:h/z] - (15)
where, T =PI+ e[ Ve + (VVo)T] and  Tq=-PjI+

ta[VVg + (VVg)T] are the bulk stress tensors, and Tr is the
interfacial stress tensor. Following Edwards et al. (1991)'s Eq.
(4.A-1) T; for an interface exhibiting Newtonian behavior can be
written as

Tr = To[0 + (ki — ) Vs - u] + [ Vsu - I + 1. - (Vsw)T] - (16)

The dilatational and the shear surface viscosities, «; and w;, and
the interfacial tension, o, are functions of the surfactant concen-
tration at the interface. The surfactant is only allowed to be solu-
ble in the continuous phase and its distribution inside the film is
governed by

ac,

a—;+vc~VcC=—V~jC (17)
and the concentration balance across the interface yields

ar

B+ Ve (TW + Vs (1) = Jelpopyp - ® (18)
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where, ¢ and I' are the surfactant concentration inside the film
and surface excess concentration, respectively. The concentration
flux Jc and its interfacial counterpart J; are approximated by Fick’s
law as Jc = —D.Vc. and J; = —D;VsI'. Here, D; and D, stand for the
interfacial and the continuous phase diffusivity of the surfactant,
respectively.

2.2. Dimensionless equations

The following transformations are applied to the Egs. (6)-(7)

and (10)-(18) to render them dimensionless
~ h - r . O _ Upg o~ Upg
h=—, F=—, =—, U= , U=—=—,
€2R, €R, 7= % "7 €20y €20y
- Va5 Vappla
EENPED A P EPA
-~ teoy N K| - M ~ DRy
f= = = p==£
MaRp €taRp H €aRp 0
. TRy r . CRp
= I = = 19
d €00 T, Cc T, (19)

where, v; and v; are the r and z components of v, p is the film side
excess pressure, I';; is the surface excess concentration when the
critical micelle concentration is reached, and o is the initial value
of the interfacial tension. In the next step, the dominant terms in
each transformed equation are determined based on the lubrica-
tion theory, as the small parameter € < <1. Then, the simplified
versions of Eqs. (6)-(7) and (10)-(11) in the dimensionless form

give

,0p  9%v; ap
Mo~ ame az 0 (20)
v, 19 _.

54—??@1@)_0 (21)
10h 10h _

397 = Velah = 557 Urleciie (22)
oo =0 (23)
where A* = ii—‘cd The normal and the tangential components of the
stress balance, Eq. (15), become

~ 1 0 [.0h A*
p_2— P (rar)+}~,3 (24)
and

ol . .. 19 -~ a6’ o0 1 9v; .
af[(“”')faf(r”)] tor tarrowooz),,,

(25)

respectively. In the normal component of the stress balance, the
deviations in the particle side pressure is neglected and the non-

dimensionalized Hamaker constant, A* W’ represents the

effect of the attractive van der Waals forces. In the tangential com-
ponent, T; is determined via Eq. (16), and 6’ = eiz&. The surface
excess concentration is taken as uniformly distributed initially, and
the initial condition is given by I" (¥, 0) = I'. As relatively low sur-
face excess concentration values are examined in this work, the
surface viscosities are assumed to be linear functions of I" and de-
scribed using the initial condition I'j as:

. r - r
K] = BOK 1_‘70, IJLI = BOMFO (26)

where the dilatational and the shear Boussinesq numbers are de-
fined via the initial values of the surface viscosities, ;g and fijg, as

— i — Kl — (i — M
Box =Ko = ¢ ORP and Boy, = fljp = 5%
dient is expressed as

g’ _, ol
= 6L — 27
ar ~ orar (27)
where 61L = ir —, and an estimation on its magnitude is given in
Appendix A. Then the tangential stress balance, Eq. (25), can be
written as
o194, ~ ., or a fU_1aﬁ, .
Boﬁ[ﬁ)?ﬁ(r )] + 6 —ZBOM8—F<F—O>? =% 57 Z:E/2+rd
(28)

Here, Bo = Bo, + Bo,, is the Boussinesq number. The boundary in-
tegral equations, Eqs. (13) and (14), become

7 /

W,e) =

(F.0)%,dF (29)

/ cosf
27T \/rz + (T/
Notice that, the transformation of r also applies to the integration

variable . The governing equation for the concentration inside the
film, Eq. (17) reduces to

) \r
ezpe<aacf 7 aac‘ +1, %j) - %;; (31)

do (30)

— 27 cos O

where the Péclet number is defined as Pe = 63 RP”O . Eq. (31) in-

dicates that its left hand side is negligible unless DRSZZ is on the

order of €~ or greater, which is shown to be unlikely in Appendix
A. Then, by neglecting the left hand side, the concentration equa-
tion can be written as
02¢;

022

indicating that ¢; is a linear function of Z. Also, due to the symme-
try around the r axis, 3Cf should be zero, meaning that ¢ is
actually constant within the I%Jlm. The concentration balance across
the interface, Eq. (18), gives

or 190 ,.~~ 10 (.00
Pes|:af+Faf(rI‘U)i| 757 <r8r> 0 (33)
Notice that the right hand side of the equation appears to be zero
since ¢ is constant throughout the film, and consequently the sur-
factant is confined to the interface. Therefore, the analyses car-
ried out via Eq. (33) should be valid for both insoluble surfac-
tants and for the ones that are only soluble in the continuous
phase. The surface counterpart of the Péclet number is defined as

Peg = €3 gi’zg Although the surface Péclet number has a factor of

€3 in it, for the typical systems of interest, it is not always small
enough to render the convective terms in Eq. (33) negligible. In
Appendix A, the estimates for Pes for systems of 1 mm fluid parti-
cles in water with different viscosity ratios are found as: between
Pes ~200 and Pes ~ 2000 for bubbles in water (u4/pc < < 1), in the
range of Pes ~2.5 to Pes ~ 25 for droplets with comparable viscosity
(g~ e), and Pes < <0.25 for highly viscous droplets (g > > fic).
The estimated values imply that the convective terms are only neg-
ligible for the droplets with high viscosity. Therefore, when p, is
not significantly larger than ., the concentration jump condition
is used as presented in Eq. (33). When p4> > i, on the other
hand, it simplifies to

19 (.0
Fé)?(raf) =0 G4

0~ (32)
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in the low Pes limit. Eq. (34) has a solution in the form of " =
K; In() + K, where K; and K, are integration constants. Since [’
has to be finite at the center of axisymmetry, i.e., at # = 0, K; must
be zero. Then, I attains a constant value, ie., ['(7,f) = I', and as
a result the interfacial properties, &}, fi; and &’ are also constants
throughout the interface.

Hereafter, tildes in the dimensionless variables are omitted. So-
lution of Eq. (20) subjected to the no-slip condition, Eq. (23), to-
gether with the symmetry condition around r axis, gives

)\* ap %
U= > ar (z <2> ) +U (35)

The z component of the velocity, then, can be determined via
Eq. (21). By substituting v, and v, into the kinematic condition,
Eq. (22), the thinning equation is found as:

oh _1[xa (dp,,\ @
at_r|:128r< 8rh)_8r(rUh)] (36)

By inserting v, from Egs. (35

a[ri19 ,or 3 (T\U hop _
Bo 8r|:r‘0r8r(ru)]+6r8r_230"8r<r‘0>r_28r_fd
(37)

Then, the boundary integral equation, Eq. (29), is rewritten by sub-
stituting 74 through Eq. (37)

oo afr 19 aT
UZ/O é(r 9){ 81’[ ar(U)i|+ara

d (T \U hoap ,
_ZBO”8r<F0>r_28r}dr (38)

In the case of uniform @' distribution, where I'(r,t) =T,
Egs. (37) and (38) simplify into

019 hap
Bar[rar(u)} 2 or =Tl (39)

U= / {Boa[ 5o )}—hap}dr/ (40)

which can be used for the high viscosity droplets (©y > > c) case.
The axsymmetric nature of the problem requires

oh
o

), (28) is rewritten as

ar
ar

ap
ar

=0, U|r:0 =0,
r=0

=0
r=0

r=0
(41)

and it is assumed that at a large enough radial distance, at r = r,
the collision does not affect the local shape of the interface, Vgpp,
UorI'

dh

au
p|r:rnc =0, ot

ar
—Vapp, ar

=0, ar

=0
r=ra

(42)

In addition, the axisymmetry also implies 7; = 0 at r = 0. By sub-
stituting this condition together with the symmetry conditions in
Eq. (41) into the tangential stress balance, Eq. (37) or Eq. (39), an
additional constraint that has to be satisfied by U emerges:

=0 (43)

df(19
2ol
r=0
Finally, the initial condition, h(r, 0), is taken as

h(r,0) =2+12 (44)
to resemble the shape of a perfect sphere initially.

I'=ry I'=r

3. Numerical procedure

The problem requires the solution of Eqs. (24), (33), (36), and
(38), where the boundary conditions Eqs. (41) and (42) hold to-
gether with the constraint given by Eq. (43). In the limit of
small Pes, on the other hand, Eq. (33) is not solved as I' is uni-
form throughout the interface, and Eq. (40) is employed instead
of Eq. (38). The spatial derivatives are discretized via a spectral
scheme based on the Chebyshev polynomials as described in Chap-
ter 6 of Trefethen (2000), whereas the second order backward dif-
ferentiation is employed for the time derivatives. As can be seen
from Eq. (30), the boundary integral equation kernel, ¢, has a sin-
gularity of mathematical origin, appearing when r =1 and 6 = 0.
To treat this singularity, Ozan and Jakobsen (2019) is followed and
the integration in Eq. (38) (or in Eq. (40)) is written in matrix form
as

ol Tr1a0 ,or
= [Alty = [A]{Boar|:F - 81’( U)i| +c7FW

o (T \U hoap
_zgo,tar(ro)r_w} )

or as

d|1a0 haop
_[A]{Boar[rar(rU)} _28r} (46)
The details for the purely geometric integration matrix [A] is pro-
vided in the Appendix of Ozan and Jakobsen (2019).

4. Results and discussion

The results presented in this work are divided into three
groups: In Section 4.1, coalescence of the particles is not taken into
consideration by neglecting the attractive Van der Waals forces
(A* = 0), to investigate the effect of the surface viscosities on the
film drainage process and the tangential velocity of the interface.
Then, the coalescence behavior (e.g. the coalescence time and the
type of rupture) in the presence of the surface viscosities is ex-
amined for the droplets with high viscosity in the low Pes limit in
Section 4.2, and for the fluid particles whose viscosity is compa-
rable to/lower than that of the continuous phase, in Section 4.3.
In Section 4.2, as Pes is low, the surface excess concentration is
uniformly distributed throughout the interface. On the other hand,
in Section 4.3, the distribution is non-uniform and governed by
Eq. (33). The non-uniform distribution of the surface excess con-
centration also results in surface tension gradient driven flows
along the interface. This allows a comparison between the effects
of different surface related mechanisms, i.e., the surface viscosities
and the surface tension driven flow. The model employed in this
work is an extension of the model proposed by Ozan and Jakob-
sen (2019) to contaminated interfaces. Therefore, in the absence
of the surfactants, the current model is capable of reproducing
their results, as well as the results of Bazhlekov et al. (2000) and
Klaseboer et al. (2000) as shown in Figs. 3 and 6 of Ozan and
Jakobsen (2019).

4.1. Drainage without attractive van der Waals forces

In this section, the effect of the surface viscosities, x; and
/4, on the drainage and the mobility of the interface is exam-
ined. The magnitude of x; and w; are manipulated through the
Boussinesq number, Bo, and the other parameters are kept con-
stant. The viscosity ratio and the approach velocity are selected
as A* =10 and Vgpp = 1, respectively. Since the viscosity ratio is
large, the results are obtained in the low Pes limit where I' is
uniformly distributed. The non-dimensionalized Hamaker constant,
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Fig. 2. Time evolution of the film thickness profile (a) for an immobile interface, (b) for Bo= 10, (c) for Bo=1 and (d) for an inviscid interface (Bo = 0). All profiles are
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Fig. 3. The minimum film thickness as a function of time for different values of Bo. All results are obtained with A* =10, A* =0 and r,, = 30.
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Fig. 5. The maximum value of the tangential velocity of the interface as a function of time for different values of Bo. All results are obtained with A*

s = 30.

A*, is taken as zero, and consequently the rupture of the inter-
face is not considered. Figs. 2 and 3 present the time evolution
of h(r, t), and the minimum film thickness as a function of time,
respectively, for different values of Bo. The time evolution of h(r, t)
and the minimum thickness curve for A* = 10 and Bo = 0, given in
Figs. 2(d) and 3 respectively, are in perfect visual agreement with
Bazhlekov et al. (2000)'s results for A* =10 (their Figs. 4(b) and

0 and r,, = 30.
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10, A* =0 and

5), where the surface viscosities are not considered in the drainage
model. The results for the immobile interface case are obtained by
neglecting the second term on the right hand side of Eq. (36).

Fig. 3 shows that as Bo increases, i.e., the interface becomes
more viscous, the drainage behavior approaches to that of the im-
mobile interface’s. This implies that even when the surface excess
concentration is uniformly distributed, i.e., in the absence of sur-
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face tension gradients, the immobilization of the interface is still
possible due to surface viscosities. The minimum film thickness at
a given time is observed to be higher for more viscous interfaces,
showing that the drainage rate is slower for higher values of Bo.
This can be explained through Eq. (36). Since the surface viscosi-
ties, k; and w,, denote the resistance of the interface to tangential
deformations, as the value of Bo increases, the magnitude of U is
anticipated to decrease. As a result, the last term in Eq. (36) sig-
nifying the contribution of U to the thinning of the film is smaller
for more viscous interfaces, and consequently, the drainage rate is
slower for them. Fig. 3 also reveals that Bo values as small as 0.1
may affect the drainage rate, as the minimum thickness curve cor-
responding to Bo= 0.1 is different than the one for the inviscid
interface with Bo= 0. On the other hand, the curve for Bo = 100
is almost indistinguishable from the curve for the immobile inter-
face, showing that the interface can be modeled as an immobilized
one for Bo > 100 for the particular parameter set considered here.
In addition, as can be seen from Fig. 2, the dimple formation is
observed around the same time (t~5) regardless of the value of
Bo, and the radial position of the rim shifts towards larger r with
time. The latter observation is expected to be seen in the constant
approach velocity collisions as the interaction force between the
particles increases with time (Abid and Chesters, 1994; Chan et al.,
2011). However, Fig. 3 reveals that the minimum film thickness at
which the dimpling starts (at t~5), is larger for more viscous in-
terfaces, as the drainage rate is smaller for them.

The time evolution of U for different values of Bo is presented
in Fig. 4. Although the maximum value of U decreases drastically
with increasing values of Bo, the radial position at which U attains
its maximum value is approximately same for all Bo values pre-
sented. To achieve clearer visualization, the profiles in Fig. 4 are
presented for r = [0, 15] instead of the whole computational do-
main, r=[0,30]. However, it should be noted that the tangen-
tial velocity not only satisfies the boundary condition given by
Eq. (42) at r = ro, = 30, but also plateaus around U~ 0 before r, is
reached, indicating that the selected value of r., is indeed a large
enough value and the collision has no effect on the conditions at
the end of the domain.

The immobilization due to the surface viscosities can be more
clearly seen via Fig. 5, where the maximum value of U is given as
a function of time for different values of Bo. An order of magni-
tude increase in the values of the surface viscosities for Bo>1 re-
sults in an order of magnitude decrease in the maximum value of
the tangential velocity, and as a result U quickly becomes insignifi-
cant for the drainage process. Previously in this section, it has been
concluded that the interfaces immobilize for Bo > 100. By merging
this observation with Fig. 5, it can be seen that the same condi-
tion can be roughly expressed in terms of U as max(U) < 10~3. On
the other hand, Fig. 5 also reveals that max(U) profiles are identi-
cal when Bo = 0.01 and Bo = 0, showing that the effect of the sur-
face viscosities on the drainage is negligible around and below this
value. Then, for the particular set of parameters investigated here,
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results. All results are obtained with A* = 10, A* = 103 and r, = 30.

a conclusion can be drawn to understand the importance of sur-
face viscosities in the film drainage: When Bo > 100, the interface
is completely immobilized, the effect of U on the drainage is neg-
ligible and consequently the drainage behavior becomes indepen-
dent of the magnitude of the surface viscosities; when Bo <0.01,
the surface viscosities are not large enough to affect U significantly
and therefore can be excluded from the model; when Bo is in be-
tween these limits, the surface viscosities play an important role
and have to be taken into account in the drainage model.

4.2. Coalescence of high viscosity droplets

Although the rupture of the interface itself is not modeled in
this work, it is possible to estimate the rupture, thus the coales-
cence of the particles, by taking the attractive van der Waals forces
into consideration via a non-zero value of A*. As the film drains,
the attractive forces become more and more significant, and over-
come the resistance within the film once the film thickness reaches
a small enough value. Consequently, the film begins to drain very
rapidly. This is expected to result in the rupture of the film and the
coalescence of the particles. Therefore, the rapid thinning regime
is accepted as the onset of the rupture/coalescence in our simula-
tions, and the drainage time is taken as the time of coalescence, as
the time scale of the rupture is typically much smaller than that
of the film drainage.

Since this section focuses on the coalescence of the droplets
with high viscosities, as discussed in Section 2.2, the model is
once again solved in the low Pes limit, meaning that the surfactant
distribution is uniform and Marangoni stresses are negligible. The
time of coalescence, t, is given as a function of the relative ap-
proach velocity, Vapp, and the Boussinesq number Bo, for A* = 10—3
and different values of A* in Fig. 6. It should be noted that the
smallest A* value in Fig. 6, A* = 0.1, still corresponds to a relatively

high value p4/pc as A* has a factor of € in it (for further details
on the estimation of the dimensionless parameters the reader may
consult to Appendix A). The immobilizing effect of the surface vis-
cosities that has been discussed in Section 4.1, is also revealed here
as the t. curves are closer to the immobile ones for higher values
of Bo for all A*. From Fig. 6(a), it is seen that the t. values for
the immobile interface and the inviscid interface (Bo = 0) are very
close to each other, meaning that roughly A* > 100 is sufficient to
immobilize the interface by itself, without requiring immobiliza-
tion due to surface phenomena such as the Marangoni flow or the
surface viscosities. The results for A* <100 show that BoA* ~ 1000
is the limit after which the interface is completely immobilized.
Notice that this criterion signifies the ratio of the surface viscous
forces to the film side bulk viscous forces and do not change with
the dispersed phase viscosity or depend on the small parameter €,
since Boa* = “BLRI0 Sd — X0tR0 On the other hand, Bo values as
dRp  Hc MeRp

small as 1 seem to affect t. dramatically.

The three distinct drainage/coalescence regimes reported by
Ozan and Jakobsen (2019) as Vgpp increases, are also observed
here, apart from some exceptions, e.g. for Bo= 10 and A* = 0.1 in
Fig. 6(d). In the first region, a linear relation between log(t.) and
log(Vapp) is observed until a critical velocity, Vjipp, is reached. In
this linear regime, no dimples are observed and the rupture oc-
curs at r = 0. When Vepp > Vgimp, the interface dimples, the rupture
occurs at the rim instead of r = 0, and the trend between log(t.)
and log(Vgpp) starts to deviate from a linear one. As Vgpp is fur-
ther increased, t. passes through a minimum at another critical
velocity, V- This critical velocity marks the end of the dimpled
drainage regime and once it is reached, multiple rim-like struc-
tures appear. The slope d(log(tc))/d(log(Vapp)) in the first regime,
the critical velocities and their dependence on A* and A* are dis-
cussed in detail in Ozan and Jakobsen (2019). Fig. 6 shows that
Bo has little to no effect on t. in the first region. However, the
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effect is amplified as Vgpp increases, especially with the begin-
ning of the deviations in the interface shape, i.e., after the linear
regime. This behavior can be observed through Fig. 7 in a more
clear way, where t. is given as a function of Bo for A* =10 at
chosen values of Vgpp. These values are chosen to represent dif-
ferent drainage/coalescence regimes: Vgpp = 0.001 corresponds to
linear regime for all values of Bo, at Vgpp = 0.1 the dimple forma-
tion is observed only for very high values of Bo, Vg, =1 falls into
the dimpled drainage region for all values of Bo, and at Vgpp = 10
the interface has multiple rims regardless of the value of Bo. The
immobilization of the interface gives only a negligible increase of
~0.2 in t¢ at Vgpp = 0.001, i.e.,, when the drainage falls into the lin-
ear region. However, when the dimples begin to emerge, the dif-
ference becomes non-negligible and increases drastically with Vgpp,
as it is ~4% and ~40% for Vapp = 0.1 and Vgpp = 1, respectively.
When Vg, is further increased to 10, the immobilization of the in-
terface results in a change in the order of magnitude of t., as the
difference is found as ~500%. Thus, the effect of the surface vis-
cosities on t. is negligible only when both the immobile and the
inviscid interfaces do not exhibit any dimple formation.

4.3. Coalescence of droplets with (q~ jtc or bubbles

As shown in Appendix A, for the systems where 4 is not much
larger than ¢, Pes is typically not small enough to make the con-
vective terms in Eq. (33) negligible. Therefore, the distribution of

the surface excess concentration, I', is governed by Eq. (33) in-
stead of being uniform. The non-uniform distribution introduces
surface gradient driven flows along the interface, i.e., Marangoni
flows, as well as gradients of the surface viscosities. Furthermore,
now an initial condition for the surface excess concentration is
required. The initial condition, I'g, is chosen to be small, to rep-
resent the concentration levels that might be considered as un-
intentionally introduced ‘impurities’. For the systems with com-
parable dispersed and continuous phase viscosities, other param-
eters are taken as A* = 10~2 and Pes; = 2.5 or Pes = 25, whereas
for bubbles in liquids with viscosities comparable to that of wa-
ter A* = 1074 and either Pes = 200 or Pes = 2000 are used. For all
cases, 0. = —5000 is used as discussed in Appendix A. The results
given for immobile interfaces are obtained by neglecting the sec-
ond term in Eq. (36) and the results for the clean interface case
stands for 'y = 0. As the coalescence time of a clean interface with
A* <0.1 shown to converge to the A* = 0 case by Ozan and Jakob-
sen (2019), for both A* =102 and A* = 10~* the clean interface
results are obtained by setting A* = 0 in Eq. (36).

The coalescence time for the systems where (4~ 1t is given as
a function of Vgpp and Bo in Figs. 8 and 9, in which Pes = 2.5 and
Pes = 25, respectively. The results can be broken down into four
types of curves: the immobile curves stand for completely immo-
bilized interfaces regardless of the immobilization mechanism, the
clean curves stand for an interface without any impurities (I'y = 0),
Bo =0 curves show the individual effect of the Marangoni flow
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since the surface viscosities are neglected, and the curves with
non-zero values of Bo are used to examine the effect of the sur-
face viscosities without disregarding the Marangoni flow. In both
Figs. 8 and 9, Bo=0 curves reveal that the surface tension gra-
dients changes t. only when I'y > 10~5. Furthermore, as I'y in-
creases, the Bo = 0 results gradually deviate more and more from
the clean interface’s, and create up to 1 — 2 orders of magnitude
difference in t. at higher approach velocities. Revisiting the tangen-
tial stress balance as given by Eq. (37), it can be seen that its sec-
ond term, which represents the surface tension driven flow, scales
with 'y through %—E (notice that o[ is a constant). This depen-
dence explains the amplification in the effect of the Marangoni
flow with I'g. However, a similar discussion on the surface vis-
cosity related terms in the same equation, the first and the third
terms, indicates that the effects of the surface viscosities should
not scale with the initial condition, since both terms are multi-
plied by I'/T"g, which cancels the impact of changing I"y. Figs. 8(a)
and 9(a) show that when the Marangoni flow is insignificant, the
coalescence time for the droplets with Bo> 0.1 is different than
the ones with clean interfaces. This observation together with the
conclusion drawn from Eq. (37), implies that for any value of I'y
where the Marangoni flow is negligible, i.e. 'y < 1073, the surface
viscosities change t. noticeably for Bo > 0.1. However, this critical
value of Bo changes for larger values of I'g, as Marangoni flow be-
comes more influential and begins to compete with the surface
viscosities in terms of being the dominant immobilization mech-

anism. As can be seen in Fig. 8(b)-(d), for Pes = 2.5, the results of
Bo >[0.01, 0.1, 1] differ from the respective coalescence time curve
for Bo=0, for Ty =[1074,1073,102], meaning that the surface
viscosities affect t, when Bo/T'y > 100; or from another point of
view, the Marangoni flow is the dominant immobilization mech-
anism when Bo/I"g < 100. Similarly, from Fig. 9(b)-(d), the critical
values can be read as Bo=[0.1,1,10] for 'y =[10~4,1073,10~2]
giving the criterion Bo/I"g > 1000 for Pes = 25. A more careful in-
spection of Bo = 0 curves at different Pes; and fixed I'y, e.g. a com-
parison between Bo= 0 curves in Figs. 8(c) and 9(c), shows that
the effect of the Marangoni flow becomes more significant with
Pes, and consequently t. increases. This observation agrees with
the conclusion of Alexandrova (2014), where she observes slower
drainage rates with increasing Pes. As it indicates the strength of
the Marangoni flow, a rise in Pes also increases the critical ratio
of Bo/T"y, showing that the surface should be more viscous to be
able to change t. noticeably for larger Pes. Finally, in all results,
Bo =10 is the value at which the interface is completely immo-
bilized. This conclusion agrees with the immobilization condition
found in Section 4.2, BoA* ~ 1000, as A* = 10~2 is employed in the
U4~ e case.

The dimensionless numbers fed to the solver for the py < < ¢
case corresponds to the systems with 1 mm bubbles in water. The
coalescence time as a function of Bo and Vgpp is given for Pes = 200
and Pes = 2000 in Figs. 10 and 11, respectively. The complete im-
mobilization criterion (BoA*~1000) holds, as t. converges to the
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immobile case around Bo~ 107 when A* = 10~%. Once again, for
both values of Pes investigated, the Marangoni flow only affects t.
when Iy > 104, From Figs. 10(a) and 11(a), it is seen that when
Marangoni flow is negligible, the immobilization due to the surface
viscosities starts after Bo~ 1, as the t. curves after that value devi-
ates from the one for the clean interface. Fig. 10(b)-(d) shows that
the surface viscosities has an impact on t. if Bo/T'¢ > 104, since the
results converge to the Bo= 0 curves at Bo =1, 10, 100] respec-
tively when "'y = [10~4, 10-3, 10~2]; otherwise the Marangoni flow
overshadows their effect. Same analysis in Fig. 11 yields the corre-
sponding values as Bo = [1, 100, 1000] for I'y = [10~%4, 103, 10-2].
Throughout the study the critical value of Bo =1 for I'y = 10~4 and
Pes = 2000, is the only exception to the linear relation between the
critical Bo and I'g. However, it should be noted that our model in-
volves equations with nonlinear terms affected by multiple dimen-
sionless parameters, such as the tangential stress balance, Eq. (37).
Therefore, it cannot be claimed the relation between the critical
value of Bo and I'y has to be strictly linear, and such exceptions
can be encountered.

Using the conclusions of Section 4.2 and the insight obtained
from Figs. 8-11, the surface properties/phenomena affecting the
coalescence time can be summarized in a map where I'y (or
A* in wg> > uc case) and Bo are the key parameters determin-
ing the behavior. Accordingly, four different regions together with
the complete immobilization zones are identified and shown in

Fig. 12 for all three viscosity ratio cases discussed in this work.
The complete immobilization observed here occurs either due to
high dispersed phase viscosity or high surface viscosities. The
former is only possible in the high viscosity droplet case when
A*>100 regardless of the value of the other parameters, whereas
the latter applies to all cases and indicates immobilization when
BoA*>1000. In the first and the second regions, the coalescence
time is not affected by the Marangoni flow, since there are ei-
ther no surface tension gradients present in the system, or they
are not large enough. This is due to the uniform concentration dis-
tribution in py > > ¢ case, and due to low amount of surfactants
(T <107) in g~ e and g < < pc cases. The surface viscosi-
ties, on the other hand, are negligible in the first region, but have
noticeable impact on t. in the second region. The boundary be-
tween the first and the second regions seems to be independent
of the value of Pes in all cases, and also independent of A* for
high viscosity droplets. In regions three and four, the Marangoni
flow becomes significant, whereas the effect of the surface viscosi-
ties are only noticeable in the fourth region and negligible in the
third. These regions do not exist in the ug> > u¢ case, since the
Marangoni flow is always negligible due to the uniform I' distri-
bution. The solid lines in Fig. 12(b) and (c) separate regions three
and four, and labeled with the corresponding Pes values.

By using the numerical values provided in Appendix A, the
characteristic scale for the surface viscosities, €ugRp, can be es-
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timated as 5 x 10°sp and 10~7sp for 1 mm droplets in water
(g~ We), and for 1 mm air bubbles in water (uy < < fi¢), respec-
tively. Here the unit sp stands for surface Poise and equivalent to
g/s. These scales can be used to convert Bo into dimensional values
of surface viscosities through the definition, Bo = ";’2;‘51’70 where
Kjo and uj correspond to the initial values of the surface viscosi-
ties, i.e., to their values at I'y. Then, by converting the dimension-
less values separating the first two regions in Fig. 12(b) and (c),
it is seen that for Iy < 10>, the surface viscosities affect t. only
if kjg + o is larger than 5 x 10~7 sp and 10~7 sp, respectively for
Ua~ e and (g < < e cases. On the other hand, by converting the
lines separating regions three and four, a relation based on the ra-
tio of the surface viscosities to the surface excess concentration can
be obtained via Bo/Ty = w. Notice that, although ko
and py are dimensional variables, I is still scaled by I'j;. Then,
for wy~ ¢, the effect of the surface viscosities is significant when
(K’%é‘m) >5x 10~4sp and ("’%;‘10) > 5x 10~3sp for Pes = 2.5 and
Pes = 25, respectively. Similarly, the limits for py< <puc corre-
sponds to %{:"0) >10-3sp and %{f"“) > 10~2sp, when Pes =
200 and Pes = 2000. The converted limits can be extrapolated by
setting I'g = 1, only to make a very rough comparison to the ex-
perimental values in the literature, to have an idea on whether
the values where the surface viscosities are significant accord-
ing to our simulations, are reasonable or not. ['y = 1 corresponds

to the critical micelle concentration, and most likely is the point
where the highest surface viscosities are measured in experiments.
Then, by revisiting works of Djabbarah and Wasan (1982) and
Ting et al. (1984), it can be seen that the maximum values they
observe are ~2sp and ~0.3sp, respectively. Both values seems
to be much larger than all the critical values we observed, show-
ing that the surface viscosities would be crucial in the coales-
cence of fluid particles with such interfaces. On the other hand,
Zell et al. (2014) measure the surface shear viscosities of a sol-
uble surfactant monolayer as below 10~°sp and that of an in-
soluble one as 10~!sp, which indicate that the values rendering
the surface viscosities non-negligible in coalescence is only achiev-
able for the insoluble surfactant in their work. Another compar-
ison can be done between the ;= u. case and the conclusions
of Zapryanov et al. (1983). For a liquid-liquid system, they deter-
mine the range where the surface viscosities are non-negligible for
the film drainage as from 10-3sp to 1sp, and they claim that the
Marangoni flow is always much more influential than the surface
viscosities. These values correspond to Bo = 200 and Bo =2 x 10,
respectively, when € 4Rp ~ 5 x 10~8 sp is taken. The complete im-
mobilization criterion of Bo~10° for u4~ . seem to agree well
with their upper limit of Bo =2 x 105, whereas their lower limit
is orders of magnitude larger than most of the values separating
regions 1 and 2, and regions 3 and 4 in Fig. 12(b). The main rea-
son behind this discrepancy might be their approach in modeling
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the interface as being non-deformable. As discussed earlier both
surface phenomena promote the dimple formation, which affects
the drainage/coalescence behavior dramatically. Therefore, failing
to capture interfacial deformations results in underestimation of
the role of the surface phenomena, and predicts a higher lower
limit. In addition, the current analysis reveals that the Marangoni
flow is much more influential than the surface viscosities only in
region 3, i.e., only when Bo/I" is smaller than a certain value. As a
final remark, it should be noted that the regions and critical values
described in this section are only order of magnitude estimates,
which are useful to describe the change in behavior with respect
to Bo and I'g (or A*), rather than being strictly defined values.
The shape of the t. curves given in Figs. 8-11 should also be
discussed following the framework proposed by Ozan and Jakob-
sen (2019). Although, all three regimes of coalescence behavior
discussed by them are observed in most of the coalescence time
curves presented here, in some curves, e.g. Bo=10% curve in
Fig. 11(b), the third regime in which ¢, increases with Vg, does not
exist. Instead, . follows a trend with Vgp, that is almost parallel (in
log-log scale) to the clean interface curve. The introduction of the
surface viscosities might be responsible for the emergence of this
new trend, as it is not encountered in any case where the inter-
face is inviscid. For all sets of parameters investigated in Figs. 8-11,
it can be seen that Bo= 0 curves begin to deviate from linearity
at lower Vgyp values as I'y increases, i.e., as Marangoni flow gets
stronger. Since this deviation is a result of dimple formation, it can
be concluded that the Marangoni flow promotes dimpling of the
interface, regardless of the values of Pes or A*. Similarly, the value

of Vgpp at which the deviation starts, seems to decrease with Bo for
all values of Pes, I'y and A* investigated, showing that the surface
viscosities also promote dimpling.

5. Conclusions

This work studies the effects of the surface viscosities and the
Marangoni stresses on the coalescence behavior and the coales-
cence time, t;, via a film drainage model with deformable inter-
faces obeying the Boussinesq surface fluid model. Based on the dis-
persed to continuous phase viscosity ratio, the analyses are sepa-
rated in three cases, where high droplet to water viscosity ratio
(g > > ), comparable droplet to water viscosity ratio (g~ (i)
and gas bubbles in water (uy < < ic) systems are considered. It
is seen that the surface Péclet number, Pes, is small enough to
guarantee uniform surfactant distribution along the interface only
when ;> > e The uniform distribution indicates that the re-
sults are independent of the value of Pes, provided that it is small
enough. In that case, the surface tension gradients are neglected
and only the effect of the surface viscosities is examined via the
Boussinesq number, Bo. As Bo increases, the tangential velocity
of the interface decreases, consequently the drainage slows down,
and t. increases. In all cases, when BoA* > 1000 the interface ap-
pears to be completely immobilized, whereas for A* > 100 the dis-
persed phase viscosity is large enough to immobilize the interface
by itself.

When 4 is comparable to or lower than p, the surfactant
distribution becomes non-uniform creating Marangoni stresses and
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surface tension gradient driven flows along the interface. It is con-
cluded that both the Marangoni flow and the surface viscosities
have immobilizing effects on the interface, yet they might over-
shadow each others effect depending on the values of I'g, Bo and
Pes. When, 'y < 1073, Marangoni flow do not change the coales-
cence time in any case, and the surface viscosities are only signifi-
cant in that limit when Bo > 0.1 and Bo > 1, respectively for w4~ ¢
and w4 < < e However, the surface tension gradients get larger
as I'y increases, and eventually for I'y > 10~ the Marangoni flow
also starts to affect t.. Here, the ratio Bo/I"g shows whether the
surface viscosities has significant effect on t. or not. The ratio after
which the surface viscosities have noticeable impact on the system
are found as Bo/I"y~ 100 and Bo/T"j~ 1000 for Pes = 2.5 and Pes =
25 for pg~ and for the bubble-water system as Bo/Ig~ 10%
and Bo/T"j~10° for Pes = 200 and Pes = 2000, respectively. Since
Pes indicates the magnitude of the surface tension gradients and
the strength of the Marangoni flow, as it increases, the critical
values of Bo/T"y also increase. Below these limits the Marangoni
flow appears to be the only non-negligible surface phenomena.
For the liquid-liquid systems, the limit above which the surface
viscosities affect the drainage/coalescence shown to be orders of
magnitude lower than the previously suggested value of 1sp by
Zapryanov et al. (1983). The interfacial deformations are found to
be crucial in understanding the role of the surface phenomena. A
comparison between sample calculations based on 1 mm fluid par-
ticles and experimental results in the literature indicates that the
experimental values of the surface viscosities might fall into the re-
gions where they have significant effects on the coalescence time.

In all cases investigated, the effects of the surface phenomena
seems to amplify with the approach velocity. At very low veloci-
ties, corresponding to the linear drainage regime, neither the sur-
face viscous nor the Marangoni flows change the coalescence time
significantly. However, they both reduce the critical velocity after
which dimple formation is observed, i.e., promote the dimple for-
mation at the interface.
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Appendix A

This appendix aims to explain the estimation of the dimension-
less parameters used in the simulations. The small parameter e
is approximated as 102, the viscosity of the continuous phase is
taken as p. =103 kg/ms to represent water. For 4> > ¢ case,
the dispersed phase is chosen as ten times or more viscous than
water, i.e., @g>10uc, which corresponds to A* = e% > 0.1. The
case g~ . represents the system of droplets and continuous
phase with similar viscosities, and by taking w. = pg4, the input
is determined as A* = 10~2. Finally, ugq < < j4c case stands for gas
bubbles in water, therefore the dispersed viscosity is taken as a
typical value to represent air, 1.8 x 107> kg/ms, and A* = 10~% is
set since it is the order of magnitude of 1¢4/1ic. In the cases where
droplets are considered the surface tension is taken as oy = 50 x
10-3 kg/s?, whereas for bubbles it is g = 72.8 x 10-3 kg/s?. All cal-
culations are done for 1 mm fluid particles, and both the contin-
uous phase and the surface diffusion coefficients, D, and D), are
either 10~ m2/s or 102 m?/s. Then, the maximum value of €2Pe
appearing in Eq. (31) is

R,0 1
6_"p00 -5 1
Dod i 3x10 e (47)

showing that even for the smallest A* value used in this work, the
term in Eq. (31) can be neglected. The surface Péclet numbers for

€?Pe=¢€

droplets become

RpUO _10 1
——— =25%x10
DI)\*/'LC x Dl}\*
which gives Pe; = 2.5 and Pes = 25 respectively for D; = 10-8 m?/s
and D; = 1072 m?/s for g~ pc (A* = 102) case. Similarly for bub-
bles

Pe; = €4

(48)

R,o 1
Pes =329 —20x 1075~
: Difiq D,

estimating Pes; = 200 and Pes = 2000. Finally, a typical value signi-
fying the dependence of the dimensionless surface tension to di-

(49)

mensionless surface excess concentration, 2? is chosen as —0.5,
yielding &/ = 62% = —5000 to be used in simulations.
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