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ABSTRACT. A model for calculation of core-ionization energies is
developed within the equations-of-motion coupled cluster frame-
work with application of the CVS approximation. The model
deviates from EOM-CCSD by inclusion of triple projection man-
ifold and triple excitation operators, as well as triple excitation
amplitudes. However, the triple projection manifold is restricted
to only include states involving a specific core excitation, namely
an excitation to a super-diffuse orbital. As the super-diffuse or-
bital does not interact with the molecule orbitals, the model pro-
duces core-ionization energies. The truncation level of the cluster
operator remains as in EOM-CCSD, but a trivial zero triple clus-
ter operator is added. There are still some minor errors present
in the pilot code, but it is expected that the model produces re-
sults at an accuracy level close to EOM-CCSDT. The computa-
tional cost, however, is reduced to n” compared to EOM-CCSDT,
which scales as n®, and could be further reduced to n%, n denot-
ing the number of basis functions. Since the proposed model is
the theoretical equivalent to the experimental procedure XPS, it
is named XPS-CCSD. Theoretical spectra may be constructed
by core-ionization energies obtained by the XPS-CCSD model,
where these are helpful in the interpretation of their experimen-

tal counterpart.






SAMMENDRAG. En modell for beregning av kjerneioniseringsen-
ergier er utledet ved hjelp av equations-of-motion coupled cluster
teori hvor CVS approksimasjonen er benyttet. Forskjellen mel-
lom denne modellen og eksisterende metoder som EOM-CCSDT
og EOM-CCSD er stgrrelsen pa projeksjonsmanifoldet og trunk-
eringsnivaet av cluster-operatoren. Modellen inkluderer de samme
elektroninteraksjonene som CCSD, men tar ogsa hgyde for trip-
peleksitasjoner som resulterer i kjerneionisering. En superdiffus
orbital er inkuldert i basissettet, slik at kjerneeksitasjon til denne
orbitalen resulterer i kjerneionisering. Pilotkoden innholder fremde-
les noen sma feil, men det er forventet at modellen vil gi resul-
tater som er sammenliknbare med EOM-CCSDT nar det kommer
til ngyaktighet. Beregningskostnaden er imdilertid redusert til n’
sammenlignet med EOM-CCSDT som skalerer som n®, og kan yt-
terligere reduseres til n%, hvor n betegner antall basisfunksjoner.
Modellen kan brukes til a konstruere teoretiske spekter, hvor et
eksperimentelt spekter fra XPS-metoden kan tolkes ved hjelp av
det teoretiske spekteret. Derfor har modellen fatt navnet XPS-
CCSD.
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1. INTRODUCTION

Quantum mechanical methods yield an accurate description of many-body sys-
tems, which includes descriptions of molecular systems and chemical phenom-
ena. A tool for obtaining information about the electronic structure of atoms
and molecules is the Schrodinger equation, proposed by Erwin Schrodinger in
19261, Since it is only possible to obtain exact solutions of the Schrédinger
equation for the simplest of systems, there have been developed a number of
approximate models with different trade-offs between accuracy and computa-
tional cost. In this context, chemical accuracy is the warranted goal of accuracy
in order to achieve predictive quantum chemical models, and involves theoreti-
cal values within the range of £ 1 kcal/mol, or equivalently + 0.043 eV, of the
corresponding experimental values. However, this goal is in most cases not
achieved, such that models tend to only have high accuracy and not fulfil the

requirement of being predictive models.

Coupled cluster theory is the foundation of a number of ab initio models for
electronic structure calculations, where the associated accuracy and computa-
tional cost of each model compete. Based on the work on electron correlation
by Sinangolu® and inspired by the exponential ansatz Coester and Kiimmel
proposed in connection with nuclear physics®, the framework of the coupled
cluster models was first introduced by Cizek in 1966F!, where equations for
the simplest model was derived, and later together with Paldus and Shavitt
in 197219 Further development of the framework has since produced models
that are widely used for calculation of ground state energies and excitation

energies 720,

Description of electron correlation in atoms and molecules is considered one of
the challenges within the field of quantum chemistry?!, and coupled cluster
theory was developed in order to handle this problem. Coupled cluster models
retrieve dynamic correlation well, but since the models are based on a single
Slater determinant, the description of static correlation is poorer #2224 Con-
sequently, the coupled cluster models produce accurate results for molecules
in the vicinity of their equilibrium geometry, while dissociation energies do
not achieve the same level of accuracy. In addition, systems with degenerate
or near-degenerate states are also of multireference character, hence coupled

cluster models handle such systems poorly as well. There exists an approach
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that tries to overcome the multireference issue, namely multireference coupled

cluster, abbreviated to MRCC, but this approach is still in development 2324

The coupled cluster method involves projection of the coupled cluster

Schrodinger equation where the exponential ansatz leads to both connected
and disconnected excitation amplitudes. In the resulting equations, the oper-
ator used is called the cluster operator and it is parted into terms that induce
single excitations, double excitations, triple excitations and so forth, where the
non-truncated operator consists of N terms, N denoting the number of elec-
trons, and use of this operator leads to an exact result. The non-truncated
operator produces results equal to the results obtained by the full interaction
configuration model, FCI, while models with a truncated operator can be as-
sociated with the truncated configuration interaction models, CIS, CISD and
so forth. In this case, the space used for calculations is not equal to the full
space #2526l - However, the computational cost of the coupled cluster model
with a non-truncated operator limits it to description of the simplest systems,
therefore, the operator is usually truncated, leading to a hierarchy of models,
where the computational cost of each model increases with the inclusion of

excitation operators in the cluster operator.

The simplest coupled cluster model is called coupled cluster singles, CCS, where
the cluster operator is truncated after the first term, corresponding to excita-
tions of a single electron. Including the second term of the cluster operator
leads to the CCSD model, where simultaneous excitations of two electrons are
considered as well. Continuing in the same manner, the CCSDT model emerges,
where the cluster operator consists of the single, double and triple cluster opera-
tors. As touched upon earlier, the computational cost of these models increases
as the accuracy increases, thus CCSDT will produce more accurate results than
CCS and CCSD, which is expected as it includes more electron interactions.
The drawback of CCSDT is the computational cost, the model scales as n®,
while CCS scales as n* and CCSD as n®, n denoting the number of basis func-

S [13426]

tion The level of accuracy of CCSDT is often aimed for, but as noted

the model is too impractical for application on large systems, creating room for
alternative models such as CC3, CCSD(T) and CCSDT-1/2/3 13617

CC3 is a hybrid model that make use of both coupled cluster theory and pertur-
bation theory, where the coupled cluster wave function is obtained by simplify-

ing the projected coupled cluster amplitude equations by perturbation theory.
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The higher order terms, in this case higher than second order, of the perturba-
tion is disregarded in the amplitudes and the determination of the wave function

proceeds in the same iterative manner as for CCSDT H31427

CCSD(T) is not an iterative model such as the rest of the coupled cluster mod-
els, it simply adds an correction obtained by perturbation theory to the CCSD
energy, thus approximating the CCSDT energy. The correction corresponds to
the fourth and fifth order perturbative corrections that contain connected triple

amplitudes projected onto the single or double space 141527

The CCSDT-1/2/3 models include variations of the cluster operator when con-
sidering different excitations, for the CCSDT-1 model the exponential cluster
operator is approximated by ehi+Te + Ty, while for CCSDT-2 both T} and T} are
neglected when considering the triple excitation amplitude equations and for
CCSDT-3 only Ty is neglected when considering the triple excitation amplitude

equations 1617

All of the mentioned models that consider the triple contribution to some ex-
tent, CC3, CCSD(T) and CCSDT-1/2/3, scale as n”, and are often more accu-
rate than CCSD I3 727 CC2 is worth mentioning as an alternative to CCSD,
where energies are obtained similarly as for CC3, but in this case the double
excitation amplitudes are obtained by perturbation theory, leading to a scaling

5 [13827]

of n . The mentioned coupled cluster models are summarised in Table [1]

One approach for describing excitation energies within the coupled cluster
framework is to make use of the equations-of-motion theory, EOM-CC, where a
parameterization similar to the parameterization in the CI model allows descrip-
tion of excited states8. This model was first derived from a time-dependent
linear response framework by Monkhorst 28 and later discussed by Emrich 2
and Sekino and BartlettBY. A biorthonormal basis and the application of the
variational principle results in eigenvalue problems where the solutions provide
a good description of the electronic structure. EOM-CC has proved to be one
of the most accurate techniques for excited states, and the framework is widely

used BLH36]
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TABLE 1. Hierarchy of the coupled cluster methods BHIZ2627 7 denotes
the cluster operator, while T; denotes the cluster operator containing exci-

tation operators for i electrons.

Model Cluster operator Scaling
CCS T="T n’
CC9 T = Tl + perturbative approximations ns

to double excitations

CCSD T=T+1, n’

3 T = T1T2 + perturbative approximations n7

to triple excitations
T = Tl + Tg + perturbative approximations
CCSD(T) n
added to the CCSD-energy

el m etz 4 Ty /el m etz fel m Tt

CCSDT-1/2/3 (the latter two only for triple excitation amplitudes, n’
for single and double e +72+75 ig used)
CCSDT T == Tl + Tg + Tg n8

Another model for description of excited states is the coupled cluster lin-
ear response model, abbreviated to CCLR. This approach is based on the
time-dependent expectation value of a Hermitian operator where the time-
independent coupled cluster linear response function is identified upon expan-

39]

sion B89 In addition to excitation energies, properties such as polarizabilities

and oscillator and transition strengths may be obtained by CCLR H#2,

In order to obtain the eigenvalues of an eigenvalue problem, the Davidson al-
gorithm is often used, this algorithm determines the lowest eigenvalues of large
matrices by diagnolising part of the full matrix and projecting onto a suitable

subspace 43!

. However, other algorithms may be applied as well, for instance
the Lanczos algorithm presented by Cornelius Lanczos in 195044 Application
of the Davidson algorithm on the EOM-CC eigenvalue problem yields eigenval-
ues corresponding to the states with the lowest energy, which have emerged by
excitation of valence electrons. In order to obtain core excitation energies, the

mentioned algorithm is impractical since these final states are of high energy.
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Corani and Koch proposed the core valence separation model, abbreviated to
CVS, which only takes into account the excitations that involve at least one core
orbital in the projection manifold and disregard the other excitations, making

determination of the core excitation energies achievable 5!

Introducing a super-diffuse orbital in the basis set, as done by Stanton and
GaussH9 | by setting the exponent of the corresponding basis function to nearly
zero, makes it possible to determine core-ionization energies. When a core-
excited electron excites to the super-diffuse orbital, the final state of the mol-
ecule is consisting of one less negative charge, and the molecule is considered
ionized. Combining the EOM-CC approach and the CVS model in addition to
including a super-diffuse orbital in the basis set introduces an accurate model

for core-ionization, which is described in the following chapters.

Table |2 displays core-ionization energies for a selection of coupled cluster mod-
els, where experimental values are noted as well. The CCSD(T)(a) model
approximates the triple excitation amplitudes differently than what is done in
CCSD(T), and corrects the single and double amplitudes as well, which leads
to another energy correction added to the CCSD energy as what is the case for
CCSD(T), and the model scales as n” B,

TABLE 2. Comparison of core-ionization energies for different coupled cluster
models. CCSDT numbers are due to Lan Chang at Johns Hopkins, while the rest
of the numbers are due to Dr. D. A. Matthews at University of Texas. The basis
set used is aug-cc-pCVTZ and energies are given in eV. For the CO molecule,

excitations form both core orbitals are considered, denoted by the parenthesis.

CC2 CCSD  CC3  COSD(T)(a) Cospr  xperimental
values 48l
H,0 537.98 54148 538.87  539.62  539.61 539.8
CO (O) 540.32 544.27 541.57 54221  542.26 542.5
CO (C) 297.66 297.62 296.44  296.57  296.43 296.2
NHy; 40510 407.03 405.17 40549 40547 405.6

As observed in Table 2] the core-ionization energies of the different molecules
are best described by the CCSDT model, deviation from experimental values
is less than 1 €V in every case. The more accurate description provided by
CCSDT is expected considering the position of CCSDT in the coupled cluster

hierarchy. However, the computational cost of CCSDT is a drawback, and
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the perturbative triple excitation models, CC3 and CCSD(T)(a), are both of
less computational cost, but both are also less accurate than CCSDT, although
CCSD(T)(a) provides energies close to the CCSDT-energies. With this in mind,
a model with computational cost less than, or equal to n”, and that produces

as accurate core-ionization energies as CCSDT is warranted.

The theoretical ionization process is equivalent to experimental procedures such
as X-ray photoelectron spectroscopy, where the atom or molecule is bombarded
by X-rays of the frequency leading to ejection of core-electrons. Construction
of such experimental spectra is essential in the determination of molecular and
electronic structure, and properties such as charge transfer, geometry, dipole
moments, bond angles, bond lengths, and hybridization may be obtained by

hH59 - Such spectra have also been studied theoretically by lin-

this approac
ear response theoryB%1  density functional theoryB2, EOM-CCFE3 and other

methods P56

The proposed approach contains the single and double projection manifold as in
CCSD, but limits the triple projection manifold to only include core-ionizations.
Thus, the model includes excitations of a higher level than CCSD, but not all
triple excitations are present as in CCSDT. In addition, the cluster operator is
truncated after the second term as for CCSD, but the specific triple excitations
are present in an additional term added to the truncated operator. However,
this term is not equal to the full three-electron part of the cluster operator and
is equal to zero as the specific ground state triple excitation amplitudes are

equal to zero.

Theoretical preliminaries are covered in Chapter [2| beginning with the second
quantization followed by the foundation of coupled cluster theory along with the
equations-of-motion technique. Chapter |3 provides a more detailed explanation
of the CVS model and the inclusion of a super-diffuse orbital, in addition to a
brief overview of the experimental procedures XPS and NEXAFS. While chap-
ter [4] contains the set-up of the derived equations, where the derived equations
corresponds to the elements of the Jacobian matrix of the proposed model. The
scaling of the proposed model is discussed in Chapter [4] Chapter [f, provides an
insight in the implementation of the proposed model, while preliminary results

when the model is applied to simple molecules are given in Chapter [6]



2. THEORETICAL BACKGROUND

The wave function, ¥, describes a quantum chemical system and contains in
principle all possible information about the system. In order to obtain the
wave function, the Schrodinger equation must be solved, here given in its time-

independent form,

HV = EV,

where H is the Hamiltonian operator and E the energy of the system. An exact
solution of this eigenvalue problem is impractical when applied to molecular

systems, except for the simplest of systems, and approximations must be made.

2.1. THE SECOND QUANTIZATION REPRESENTATION. When describing many-
body systems, a method that accurately describes changes in the number of par-
ticles in the system and particle motion within the system is favourablePT58!,
The second quantization representation is a well-established formalism for this

BT59  In this representation, the observables and the wave function

purpose
are both expressed by operators, contrary to the first quantization formulation
in quantum chemistry where observables are represented by operators and the

wave function has explicit coordinate dependence.

Consider the set of M orthonormal spin orbitals, {¢p(x) | P = 1,..., M},
where the spin orbitals may be written as a Slater determinant, which is an
anti-symmetric product and thus have fulfilled the anti-symmetry of the wave
function according to the Pauli principle . A normalized Slater determinant

may be written as

op (1)  Op(X1) o0 Ppy(x1)
‘¢P1¢P2 U ¢PN| - \/]ﬁ ¢P1 :(X2> (bPQ :<X2) . ¢PN:<X2) ;

op (XN) O (XN) o+ dpy(XN)

for a system of N electrons. In this notation x is a coordinate that contains

the spatial coordinates, r, and the spin function, o, of the electron.
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Each Slater determinant can be represented by an occupation number vector,
k), in an abstract linear vector space called the Fock space 61 The occupa-
tion number vectors are basis vectors of the Fock space and contain no spatial

structure, and have the form

1 if ¢p is occupied
k) = |ki, koo bar) . kp =
0 if ¢p is unoccupied.

The number of electrons in the system, N, is thus the sum of the occupation
numbers such that N < M. As a consequence of the orthonormality of the
spin orbitals, the inner product of two occupation number vectors produces the

Kronecker-delta function 61,

The fundamental building blocks within the second quantization representation
are the creation and annihilation operators, and all operators are defined from
these®.  As noted, the state of the system is described by the occupation
number vectors, operating the creation operator on such a state for the fermion

case yields

alb |K) = 6,00 |k, oy 1py o kg (1)

where ¥ = Hg;}(—l)'@ denotes a phase factor. The creation operator, a}rg,
creates an electron in spin orbital P by changing the occupation number on

site P from 0 to 1. Likewise, the effect of the annihilation operator is

ap |k> :6kP1FlE|kl7"‘7OP7"‘7kM>‘ (2)

As observed in the above expression, the annihilation operator reduces kp from
1 to 0 if spin orbital P is occupied. If the mentioned orbital is not occupied
the annihilation operator produces zero, since there is no electron to annihi-
late. The anti-commutation relations of these operators follow from the above

. BTEOETHES
relations! ' l,

[CLP7 GQ]Jr = 07

[a}, agl+ = dpq- (3)
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As observed in Equations (1) and , the creation and annihilation operators
alter the number of electrons in the state they operate on. However, when a
string of an equal number of the creation and annihilation operators operate on
a state the procedure is number preserving. The resulting operators are called
excitation operators, where the singlet excitation operator, £,,, and the double

excitation operator, ey, have the form

Ep = ajaaaqa + a;gaqﬁ, (4)

epgrs = EpgErs — 0gr Eps = Z a;:aalrawaqo: (5)
oT

which are linear combinations of strings of creation and annihilation operators.
The permutation symmetry e,q,s = €,5pq follows from the definition. Note that
the upper case letters in a subscript denote spin orbitals, a combination of
spatial and spin part, while lower case letters denote the spatial part such that
Op(X) = ¢po(r, ms) = ¢p(r)o(ms), and o and 7 denote general spin functions.
In other words, the spin orbital in non-relativistic theory exists in the spin-
orbital space, which is spanned by the direct product of a basis for the orbital
space and a basis for the spin space. ¢,(r) is the spatial part of the spin
orbital with spatial coordinate r and o(m;) is the spin part of the spin orbital
with spin coordinate my, where my is either equal to % or —% for the fermion
case, corresponding to a or [-spin, respectively. Thus, the anti-commutation

relation, see Equation ({3]), may be written as

[a;m aq7]+ = Opo,gr = OpgOor
where creation operator a;f,a is associated with the spin orbital ¢,,.

Based on the definitions of the creation and annihilation operators, see Equa-
tions and respectively, the electronic Hamiltonian in the second formal-

ism may be expressed as

~ 1
H = Z thEPq + 5 Z 9pgrs€pgrs + P
pq

pqrs

The operator is valid for the Born-Oppenheimer approximation, such that
U = Yt Where 9. designates the nuclear wave function and v, desig-
nates the electronic part of the wave function ¥. The Hamiltonian in the above

expression is also considered non-relativistic, spin-free and in the absence of
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61

external fields Expressions of the one-integral and two-integral in the ex-

pression of the Hamiltonian may be written as

hpq:/¢;<r)<_;v2_ZZI

7 T

)¢q<r> ar. ©
_ / /¢;<r1>¢i<r2>¢q(r1)¢s(rz)

T12

Gpgrs dridr,. (7)
The expression of the nuclear-repulsion energy, hyyuc, in the second formalism is

equal to that of the first and is given as

1 AV

hnuc - R )
1J

5 (8)
2 I£J

where Z; denotes the nuclear charge of nucleus I, r; the distance between an
electron and the nucleus, r15 the distance between electron 1 and electron 2 and
R;; the distance between nucleus I and nucleus J. Note that the symmetry of

the one- and two-electron parameters, see Equation @ and respectively, is

hpq = hqp?

9pgqrs = YGqprs = YGpgsr = Yqpsr-

for real spin orbitals.

2.2. CouPLED CLUSTER THEORY. Coupled cluster models are extensively used
and provide a relatively accurate approach for description of electronic struc-
ture, depending on the level of electron interactions included in the utilised
operator T122326]  \When compared to experimental results, coupled cluster
models produce highly accurate results, however, the computational cost is
also high. Therefore, these models are only practical for application on small
to medium sized molecules. Since the theory is based on a single determinant,
as mentioned in Chapter|l} it works well around equilibrium geometry for closed
shell systems where it retrieves most of the dynamic correlation ™2 Gener-
ally, coupled cluster models are size-extensive, due to the exponential cluster
operator that guarantees correct scaling with the number of electrons, and few

problems concerning optimization occurs 726

The coupled cluster wave function, |CC), is retrieved by the exponential ansatz,



11

CC) = e |HF),

where the Hartree-Fock state is used as a reference state, which is often the case
since coupled cluster models describe correlation, thus coupled cluster models

26] 7 is called a cluster operator

are regarded as post Hartree-Fock models
and is a linear combination of excitation operators 7,, where the expansion
coefficients, ¢, are called excitation amplitudes and are a probability measure
of the associated excitation. Gathering all single excitations in one operator
noted as T}, all double excitations in another operator noted as Ty, and so forth,

the cluster operator may be written as a sum of these operators,

T:T1+T2+T3++TN,

where N is the number of electrons in the system, and Ty is an N electron clus-
ter operator containing excitation operators that excite IV electrons simultane-
ously. Truncation of the cluster operator consequently leads to an approximate
method, and a hierarchy of approximations is established. All possible electron
interactions are taken into account when the non-truncated cluster operator is

used, yielding a result equal to that of the full configuration interaction model,
FCI [7426560] _

The truncation level of the cluster operator and its associated models are given
in Table [ in Chapter [T, as well as the scaling of the models, which indicates
computational cost. As observed, the computational cost increases with the

level of excitations included, n denoting the number of basis functions.

Although the truncation level of CCSD involves no higher than double exci-
tations in the cluster operator, higher level excitations are implicitly included
through disconnected excitation amplitudes™. Due to the exponential cluster
operator, terms on the form 7375 and Tf emerges when considering the CCSD
model, where both terms contribute to an excitation level corresponding to
triple excitations. Hence, the triple excitation in CCSD is a process generated
by two distinct mechanisms. The associated excitation amplitudes are called
disconnected excitation amplitudes and are on the form ¢¢t% and t¢5t, re-
spectively. a,b,c,... denote virtual orbitals, while 7, 7, k,... denote occupied
orbitals. In contrast, the connected triple excitation amplitude in CCSDT has
the form #{¢ and corresponds to simultaneously excitation of three electrons

within three orbital pairs. With this in mind, the advantage of the coupled
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cluster model is clearly visible; namely the disconnected excitation amplitudes,
which give rise to contributions to higher level excitations not directly included

in the truncated operator.

As the coupled cluster model is a non-linear parametrization, the variational
method results in too complicated expressions for the coupled cluster model.
However, within the CI model the variational minimization of the energy is
equal to the solution of the projected Schrédinger equation, which indicates an
alternative way to obtain an equivalent expression for the non-linear coupled

cluster method 291,

Projecting the coupled cluster Schrodinger equation onto the reference state

R| and onto a general projection manifold, (u| = (R| 7, yields
o

R|e THTR) = E, (9)
(ule THET |R) =0, (10)

where multiplication of el was conducted prior to projection due to simplifi-
cation. The above expressions remain valid when the cluster operator is trun-

26l As observed, this alternative scheme introduces the operator e TH eT,

cated
which is regarded as the similarity transformed Hamiltonian, designated as HT.
Note that a similarity transformation does not change the eigenvalues, and that
two cluster operators commute, [Tm, Tnj] = 0 for n;,n; = 1,..., N. Since the
variational principle is not applied in the coupled cluster method, the calculated

energy is not an upper bound for the ground state energy.

Upon projection of the coupled cluster Schrodinger equation onto the reference
state followed by expansion of the exponential cluster operator, it is established
that only the single and double excitation amplitudes contribute to the coupled
cluster energy, regardless of the truncation level of the cluster operator. Both
the Brillouin theorem and the effect of the Hamiltonian as a two-particle oper-
ator enable this result 26/, Nonetheless, the higher level excitation amplitudes
contribute indirectly to the energy since all amplitudes are coupled by the pro-
jected equations, see Equation ((10). For instance, when considering the same
system for CCSD and CCSDT, the single and double excitation amplitudes
in CCSD may not be equal to the single and double excitation amplitudes in
CCSDT, thus the energy may differ as well.
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The similarity transformed Hamiltonian is not Hermitian due to that the cluster
operator is not anti-Hermitian. Nevertheless, another property of the Hamilton-
ian is exploited to achieve practical expressions; due to the rank of the operator,

a BCH-expansion, see Equation (B.1)) in Appendix , truncates after the fifth

28] The truncation level is in accordance with the criterion for surviving

term |
commutators given in Appendix @, see Expression . As a consequence,
the non-truncated cluster operator in the projected coupled cluster Schrodinger
equation, Equation , yields at most quadratic expressions in the excitation

amplitudes 9.

Working within the closed-shell CCSD framework, both Tl and Tg are of singlet
symmetry, leading to a spin-adapted method. Compared to the level of excita-
tions included, the CCSD model is a simple method with accurate results, since
it is only the single and double excitation amplitudes that contribute directly to
the energy, as mentioned earlier. Considering the Brillouin theorem the double
excitation amplitudes are the most influential contributors to the total energy,
but both the single and double excitation amplitudes are central in obtaining
molecular properties, such as the dipole moment%. The closed-shell coupled

cluster singles and doubles wave function has the form

|CCSD) = ¢+%2 |RY,

where the one- and two-electron terms of the cluster operator are given in terms

of singlet excitation operators, defined in Equation (4)),

Tl - Z t?Ea’h (11)

- 1

T2 — 5 Z t;ljbEmEbj (12)
aibj

Note that the double excitation amplitudes have the symmetry t?f’ = t?g‘. In

the CCSD model the similarity transformed Hamiltonian may be written as

AT = e fe™ (13)

where H is called the T-transformed Hamiltonian. This transformation pre-
serves the particle rank of the Hamiltonian, but there is a loss of symmetry of

the one- and two-electron integrals,



14 o 2. Theoretical Background

};’PQ 7£ ﬁf]?’

gpqrs = grqu 7£ gqprs 7£ gpqsr 7£ gqpsr-

The above relations hold for both complex and real orbitals. e feT2 can be
expanded by the BCH-expansion, and in this case the non-zero nested com-
mutators of the singlet excitation operators and the electronic Hamiltonian
applied to the Hartree-Fock state are useful expressions, see Appendix [C] The

Ti-transformed Hamiltonian is expressed as

H= Z ﬁpquq + ; Z Gpqrs€pqrs + Pmuc,
pq pars
where the one- and two-electron integrals are also T-transformed, the trans-
formation of the excitation operators are encapsulated by the integralsP%. The
T)-transformed creation operator is a linear transformed standard creation op-
erator where the two are equal for the unoccupied case. Likewise, the T;-
transformed annihilation operator is a linear transformed standard annihilation

operator where the two are equal for the occupied case.

2.3. EQUATION-OF-MOTION COUPLED CLUSTER THEORY. The coupled clus-
ter framework was originally developed in order to describe the ground state,
whereas the goal of the equation-of-motion coupled cluster model, EOM-CC,
is to describe the electronic structure of the excited states as accurate as the
structure of the ground state. Consequently, the model is widely used to obtain
excitation energies®8H3386 byt it may also be applied for ionization poten-

868701 The model provides an accurate

tials B466468] 51 electron attachments!
spin-adapted final state wave function when applied to a closed-shell reference
state, and as long as the cluster operator is not truncated the EOM-CC method

is an exact procedure Bl

The basis of the EOM-CC model is a Cl-type linear parameterization of the

excited states on the form

c) = Zczﬁ'u |CC) = GTZCNA'M IR),
[t 1t

where the ground state is also included in the summation. In the EOM-CC

model the bra and ket states form a biorthonormal set, where a biorthonormal
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set consists of two sets that are orthogonal to each other, but the two sets are

not orthogonal among themselves. The biorthonormal set may be written

as
) = |y (14)
(ul = (ul e, (15)
in the EOM-CC basis. The orthonormality of the determinants in the spin-

orbital basis leads to biorthnormality BL,

(ulv) = (ulv) = 0

In the EOM-CC model the energy can be expressed as a pseudo-expectation
value, which is minimized in accordance with the variational principle in order

to determine the states. Thus, the following eigenvalue equations are produced

Hc = Ec, (16)
c'H=c'FE, (17)

where the elements of the non-symmetric real matrix H is given by H,, =
(u|H|v) and ¢ and € are column vectors containing the expansion coefficients
¢, and ¢,. Since the bra- and ket-coefficients are numerically different, the bra-
states are denoted with overbars. It is possible to choose the eigenvectors such
that they are orthogonal, €} ¢; = d;;. Thereby, the calculation of the EOM-CC
states is reduced to diagonalising a non-symmetric matrix. The eigenvalues may
become complex since the similarity transformed Hamiltonian is not Hermitian.
Nevertheless, when the biorthonormal set of expansion coefficients, which car-
ries information about the excitation structure of the electronic states, provides

a good representation the eigenvalues will be real 28,

For the optimized coupled cluster ground state, with energy Ej, the Hamilton-

ian matrix has a special structure,

IN E() n = 0
(ulHIR) = (18)
0 wpu>0,

where the first case is in accordance with definitions given in Equation ({14]) and
. While the second case is valid due to orthogonality. An element of the



16 © 2. Theoretical Background

non-symmetric matrix H that corresponds to the excited projection manifold

may be written as

H,, = (plHv) = (R|#][HT, 4] |R) + (R 717, H" |R)
= (ILL|[HA-7 7A—V]|R) + 5;11/E0-

Thereby the EOM-CC Hamiltonian matrix may be expressed as a block struc-

O T
H=( " |+E1
0 A

2

tured matrix,

for an optimized coupled cluster state8. The elements of the column vector 1
is given as (R|H|p). While the elements of the coupled cluster Jacobian matrix

A is given as

Note that this matrix is also a non-symmetric matrix. The eigenvalue equations,
Equations and (I7), may be simplified by level-shifting, where the the
ground state energy is subtracted, such that AH = H — Eyl1 and AE = F —
Eo B8 As a consequence, the non-zero eigenvalues correspond to the excitation
energies while the eigenvectors of AH are the same as for H. Considering an

excited state K, the following eigenvalue equations are obtained

Atg = AExt, (20)
LA =T, AEy, (21)

by multiplying the emerging matrices. tg is a column vector containing co-
efficients for the excited states, thereby, the excitation energies are the eigen-
values of the coupled cluster Jacobian. As noted previously the eigenvalues
may become complex since the Jacobian is a non-symmetric matrix. However,
whenever a suitable ground state wave function is used this is not a problem.
There is one drawback of the above eigenvalue problems, the first column of
the shifted Hamiltonian matrix, AH, have to vanish in order for the EOM-CC
equations for the excited states to work properly. For CCSD and CCSDT this
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criteria is fulfilled since the first column vanish due to the that the amplitude
equations, see Equation , are satisfied. However, this criterion makes the
EOM-CC model limited in use!29.

In closed-shell CCSD the Jacobian matrix, A®“SP_ has the form

ACCSD _ <<m| (AT 5, [HE) (] (BT 7, |HF>> | (22)
(uol [HT, 7, ] [HF)  (po| [HT, 7,,,] [HF)

as in accordance with Equation . In this case, 7,, = Ly; and 7,, = Eyj B,

as observed in Equation and Equation , respectively. The Jacobian

matrix for the closed-shell CCSDT model has the form

(| [T, 2, [HF) (| [HT, £,,] [HF) (| [HT, %,,] [HF)
ACOST | [ (7,2, ] [HE) (o [T, 5, [HF) (o] [A7, 5, HE) [, (23)
(us| [HT, 7, [HF)  (us| [H”,5,,) [HF)  (us| [HT, 7,,] |[HF)
as in accordance with Equation . In the above matrix the triple excitation
operator 7,, equals Ly; Fe, B, while 7, and 7,, are equal to the corresponding
terms for the CCSD case.

Note that the Hamiltonian matrix is non-symmetric within EOM-CC theory,
subsequently the left and right eigenvectors differ. As a consequence, the EOM-
CC model is not size-intensive when considering transition properties such as
dipole transition strengths, oscillator strengths and rotational strengths, and
CCLR and EOM-CC will thus provide different results %2 When considering
the FCI-limit, however, EOM-CC will produce the same result as CCLR. Both
EOM-CC and CCLR are size-intensive when considering excitation energies,

thus the two models provide the same results in this case.






3. BACKGROUND ON THE PROPOSED MODEL AND LINK TO
EXPERIMENTAL PROCEDURES

EOM-CC is a model designed for obtaining excitation energies of a molecular
system, where the Davidson algorithm is utilised in order to obtain valence exci-
tation energies. The Davidson algorithm is a procedure for obtaining the lowest
eigenvalues of a large real-symmetric matrix®3, but a generalized version may
be applied to non-symmetric matrices, which might produce complex eigenval-
ues. Thus this approach can be applied to the Jacobian eigenvalue problem,
see Equations and , in order to calculate the lowest excitation ener-
gies. With this in mind, the Davidson algorithm is not applicable for obtaining
excitation energies when considering core excitations, since such excitations are
of high energy and the Davidson algorithm applies a bottom-up approach.

In order to retrieve core excitation energies the CVS model has proved an ac-
curate approach ¥  The foundation of the CVS model is a core-valence
separation consisting of projecting out all excitations that do not contain at
least one core excitation. Separation of core and valence-electrons was first

%3] where the Hamiltonian was

proposed by Cederbaum, Domcke and Schirmer
split into two terms that treated core and valence electrons separately. The
justification of this separation is the large difference in both energy and local-

ization in space between the core and valence electrons.

Stanton and Gauss added a super-diffuse orbital to the set of unoccupied molec-
ular orbitals and recognised that an excitation of an electron to the super-diffuse
orbital portrayed an ionization process. Core-ionization energies were obtained
by applying the approach for several CCSDT methods®8. The resulting ion-
ization energies proved to be in agreement with experimental values, thus a
simple method for obtaining ionization energies was presented. A final state
containing N — 1 electrons, which corresponds to the diagonal representation of
HT in the N —1 electron Hilbert space, can be demonstrated to be identical to
a restricted NN electron excited state treatment when a super-diffuse orbital is
included in the basis set #6864 Likewise, an electron attachment process can be
described by EOM-CC where the final state contains N 4 1 electrons®. This
method is often called EA-EOM-CC and is among others presented by Nooijen
and Bartlett 69

Adding a super-diffuse orbital to the basis set and applying the CVS technique

in addition to restricting the core excitations to only involve excitations to the



20 ¢ 8. Background on the proposed model and link to experimental procedures

mentioned orbital, makes it possible to obtain core-ionization energies within
the EOM-CC framework. Restricting the triple excitations to only include the
specific core excitation, leads to a Jacobian matrix with more elements than
the CCSD Jacobian matrix, but the elements will differ from the elements of

the CCSDT Jacobian matrix, which is the case for the proposed model.

3.1. SPECTROSCOPY. The field of spectroscopy is based on the interaction of
electromagnetic radiation with matter, where absorption and emission proper-
ties of molecules or atoms make it possible to obtain an accurate description of
the molecular or atomic structure ¥ Transition between two states of a par-
ticle may be induced by electromagnetic radiation and this process is described
theoretically by quantum mechanics, where the Franck-Condon principle states
that the momentum and position of the nuclei will not change significantly due
to an electronic transition since such transitions are so fast compared to the
motion of the nuclei™. As a consequence, the turning point belonging to the
vibrational state vertically above the internuclear equilibrium separation of the

ground state will give rise to the most intense absorption.

An example of the corresponding Franck-Condon diagram is visualized in Fig-
ure [1, where the green arrow represents the vertical transition, the energy of
such a transition is called the vertical excitation energy, and these energies are
usually considered when estimating excitation energies since the assumption
of no geometrical changes simplifies the calculation. The excitations in the

proposed model are considered vertical, leading to a vertical ionization energy.
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FIGURE 1. An illustration of a vertical excitation, adapted after
figures in chapter 5 of Symmetry and Spectroscopy™. The green
arrow visualises the vertical excitation from vibrational state v
to the excited vibrational state v}. Along the vertical axis the
energy of the system is noted, while the internuclear separation is
noted along the horizontal axis, where Ry denotes the internuclear

equilibrium separation.

There exists a wide range of experimental spectroscopic procedures, based on
what kind of system that is studied and what the property in question is. In
X-ray photoelectron spectroscopy, abbreviated to XPS, the atom or molecule
is bombarded by monochromatic photons of the frequency leading to ejection
of core-electrons, where an ejected electron is called a photoelectron®¥. This

process is visualised schematically in Figure 2
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F1GURE 2. The XPS process visualised schematically, adapted
after figure 8.1 in chapter 8 of Modern Spectroscopy®). An elec-
tron initially in the core orbital is ejected from the atom or mol-
ecule, illustrated by the green arrow, when the system is subject
to X-rays of energy hv illustrated by the yellow arrow. h denotes
the Planck constant and v the frequency, while e~ denotes an

electron.

Separating the photoelectrons in relation to their kinetic energy and measuring
the number of electrons per unit time trough a slit, makes it possible to con-
struct a spectrum. Similarly, the NEXAFS, near edge X-ray absorption fine
structure, technique studies the electronic structure of molecules close to the
absorption edge, where the structure is subject to weak fluctuations due to the
absorption of photon energy. When bombarded by photons of higher energies
than the ionization energy, core-electrons will eject as photoelectrons, as in
XPS | leading to core-holes in the K shell. Two distinct relaxation mecha-
nisms may occur, which involve annihilation of the mentioned core-hole, one
resulting in emission of fluorescence while the other ends in a final state consist-
ing of two electron-holes. The latter phenomena is known as the Auger-effect,
where an electron de-excites to the K shell transferring the additional energy

to another electron, which thereby leaves the molecule and is then called an
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Auger-electron. However, when the molecule is exposed to hard X-rays, the de-
excitation of an electron to the K shell results in emission of energy, known as
fluorescence. Both of these mechanisms are measured by the EXAFS technique,

extended X-ray absorption fine structure ™!,

XPS and NEXAFS provide description of the electronic structure of atoms or
molecules by construction of emission and absorption spectra, however, these
experimental techniques are expensive in use and theoretical spectra are there-
fore of great value. In addition, theoretical spectra have proven as a helpful

tool for interpretation of experimental spectra 768!,






4. METHOD

Consider the ionization process described in the previous chapter, namely ex-
citation of core-electrons to a super-diffuse orbital that is included in the basis
set. Employing this approach for core-ionization together with the EOM-CC
framework and the CVS technique, results in a model for core-ionization ener-
gies. Restriction of the triple projection manifold such that the core excitations
to the diffuse orbital are the only excitations taken into account, leads to a de-
crease in computational cost when compared to EOM-CCSDT, as the scaling
of EOM-CCSDT is the same as for CCSDT. Furthermore, the level of accuracy
of the proposed model remains close to the accuracy of CCSDT. Thus, the
computational cost is reduced with respect to EOM-CCSDT, while the accu-
racy of the model is at level with the accuracy of CCSDT, two factors that lay
the foundation of a promising model. The model is called XPS-CCSD since
the experimental equivalent is the process occurring in XPS, as mentioned in

Chapter [3.1]

In order to only include the triple excitations involving the specific core ex-
citation, the triple cluster operator is a summation only over two virtual and
two occupied orbitals. The initial core orbital, denoted I, and the final super
diffuse orbital, denoted A, are thus considered as fixed molecular orbitals. A
restricted projection manifold is utilised, where the single and double projec-
tion manifolds are included in their completeness, while the triple projection
manifold is restricted as mentioned.

The XPS-CCSD model constitutes a Jacobian matrix where the triple excita-

XPS

tion operator, 7;."°, includes the two terms ﬁg) and ﬁg). These triple excitation

operators are given as

~(1
,Ell)bjck = EarEyjEe, (24)
(2
zglj)blck = Eaj By ey (25)

In comparison, the CCSDT Jacobian matrix, see Matrix in Chapter ,
includes the full triple cluster operator, Tg, with the corresponding triple ex-
citation operator 7,,. The Jacobian matrix for the XPS-CCSD model may be

written as
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(ul [A", 7,] [HE)  Gu| (AT, 7,][HF)  (ul| [H”, 755 [HF)

[ 253

AR = ool (A7, 7, ] [HF) (o [A7, 7, [HF) (o (7, 2375 [HE) |, (26)

R 73

(XTSI AT, 7] [HE) (S| [HT7,] [HE) - (S| [AT, 7)575] [HF)

where < pXts

‘ denotes the triple projection manifold only involving excitations
from core orbital I to the super-diffuse orbital A, and consists of the states
{<§*j’,§ } and {<§‘}’,§ } Note that the elements belonging to the CCSD part of
this matrix will be equal to the CCSD Jacobian matrix, see Matrix . The

triple excitations will not give a contribution to the ground state as

<M§PS’F[T ‘HF > =0,

since all the triple excitation amplitudes are equal to zero, t*FS = 0, due to the
final state containing N — 1 electrons, which is one less electron than the ground
state. That the above equation is equal to zero is a criteria for the EOM-CC
model to work properly, see Chapter 2.3l The cluster operator is truncated
after the second term in the XPS-CCSD model, as is the case for CCSD, but
the cluster operator may be seen as T=T+Ty+T XPS “where the triple cluster
operator is equal to zero due to that the triple excitation amplitudes are equal
to zero. However, note that the triple excitation operator %,féps is present in the

elements of the XPS-CCSD Jacobian matrix.

Biorthogonality is obtained from the overlap integrals

alc
<(il | k> = 5ai,ck7
Tled\ _ ped __ pab
<?§’ iz> = P 0uickObja1 = 5 Oai,ck O,

abe | d abc
<?Jb]§ l’nez{’b> = 55k 5ai,dl5bj,em5ck,fn7

where the biorthogonal bra states are denoted with an overbar. PZ* denotes the
double permutation operator and Pl‘jl,’f the triple permutation operator, which,
respectively, induces six states for the triple projection manifold and two states

for the double projection manifold, as follows
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ab fab __ ab ba
Pij Aij - Aij + Aji7 (27)
Poir AShy — A+ AT+ AE + ATE + ATE + A, (28)

Where A?]l? and A?j’,ﬁ denote general integrals. From the biorthogonal states,

the double projection manifold of the biorthonormal states may be written as

ab
i

where the tilde denotes the biorthonormal bra-state. Likewise, the biorthonor-

Y

1 — 1
1+ Oai,bj <?Jb ‘ B A <?Jb

mal basis for the triple case yields

abe |
ijk

B 1 + 5ai,bj + 6ai,ck + (Sbj,ck

1 <%

ijk

= Nake <%

igk \ ijk

In order to solve the eigenvalue problem, see Equations and , a linear
transformation is performed where the coefficients are given as column vectors

and written as

C1 0 0 0 C1
0 Co 0 0 (&)
c=ci+cp+est) + s = + + + =
tree > 0 0 e 0 b
0 o2 (2)

The linear transformed system is denoted as o, and has the form

o = AXPSc — AXPS¢c, 4 AXPSe, +AXPSC3(1) +AXPSC3(2)
=01+ 02+ 03, (29)
where
Oy = Oyai T Ox,aibj T Ovaibjcks 7=1,2 (30)

03 = 03,4i T 03,aibj + 03 aibjck

1 2 1 2 1 2
= Pg;z + P:(aiz + pg,;ibj + pi(’),gw‘bj + pi(’),c)u’bjck: + pi(%,tlibjck‘ (31)
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Notation-wise, the terms belonging to triple excitations are further divided into
two terms, designated as pgl) and pg)__, as observed above. Note that for terms
emerging from %V(g) there is a loss of symmetry for the linear transformation
coefficients, as mentioned in Appendix . In other words, C’g‘}fck = Cj}g{bj, but
B,;‘}j{ aF Bﬂ pj» thereby the cél)-coefﬁcients consist of a symmetric matrix, while
the c;(f)—coefﬁcients consist of a non-symmetric matrix. This non-symmetry of
the Bg‘}j{ 4 1s also emphasized in the notation by the two commas in the subscript.
The superscript of a matrix element denotes the fixed orbitals, for instance the

fixed orbitals for Bajzj’dl are a and j.

Expressions for o1 gipjck, 02,aibjek and 03 gipjer, Were derived in accordance with
the procedure given in Appendix [E] and the final expressions are presented in
Appendix [F] Note that the triple projection manifold is written on the general
form in the following expressions for o1 gipjck, 02.aibje and 03 gipjer- In other
words, the triple projection manifold is not yet restricted to only involving the
specific core excitation. In addition, the two-electron integrals, the contracted
two-integrals and the elements of the inactive Fock matrix are written without

tilde even though they are T)-transformed.

4.1. DIFFERENCE FROM EOM-CCSD AND EOM-CCSDT. Considering the
modifications mentioned above, the difference of XPS-CCSD when compared to
EOM-CCSDT is the restriction of the triple projection manifold and the trun-
cation level of the cluster operator. The XPS-CCSD model includes excitations
of a higher level than CCSD, but not all excitations included in CCSDT are
present. This feature results in more cumbersome expressions than what is the
case for the EOM-CCSD model, however, when compared to EOM-CCSDT the
expressions are not as numerous. Application of the CVS technique ensures that
core excitations are the only ones taken into account, while further restriction
of the triple excitations results in that only core excitations to the super-diffuse
orbital are occurring. In addition, note that the ground state triple excitation
amplitudes are equal to zero, t?f,ﬁ = tflb,f = 0, due to the ionized state contain-
ing N — 1 electrons, while the ground state is containing N electrons. Such
that the N — 1-state is not represented in the Slater determinants included in

the ground state wave function.

Furthermore, the cluster operator is truncated after the second term, not the
third as is done in the EOM-CCSDT model. However, a zero contribution is

added to the truncated cluster operator, representing the triple cluster operator.
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Note that the two triple excitation operators 7{)) and #{? in the XPS-CCSD
Jacobian matrix, see Matrix ([26]), still contribute even though the triple clus-
ter operator is equal to zero, accordingly including a higher level of electron

interactions than what is the case for CCSD.

4.2. THE SUPER-DIFFUSE ORBITAL. As proposed by Stanton and Gauss, an or-
bital with super-diffuse character is included in the basis set ¥, more precisely,
the super-diffuse orbital is included in the set of virtual molecular orbitals.
The exponent of a Gaussian basis function added to the basis set is set to
nearly zero. In this manner the super-diffuse orbital has no interactions with
the molecular or atomic orbitals, which is warranted in order to describe an

ionization process.

For a more general treatment, bath-orbitals may be used. Introduction of such
orbitals means to add orbitals that do not interact with the molecular orbitals
and all integrals involving such bath-orbitals are explicitly set to zero. In this
manner, instabilities regarding the integral code that can arise from very small

orbital exponents are avoided.






5. IMPLEMENTATION

Final expressions of the linear transformed XPS-CCSD Jacobian matrix, see
Equation (29) and Matrix , are given in Appendix . These expressions,
except the expressions corresponding to the CCSD Jacobian matrix, see Ma-
trix , were implemented in a coupled cluster program developed at the
quantum chemistry group at NTNU. The pilot code is object oriented and
was implemented using Fortran 2008. Expressions for o1 4, 01 4inj, 02,4 and
02,aibjer 10 Appendix [F| are not included in the implementation of the linear
transformed XPS-CCSD Jacobian, as the XPS-CCSD class inherits from the
already implemented CCSD class. All together the submodule containing the
XPS-CCSD-expressions contains over 20 000 lines of code.

The expressions were implemented as they appear in Appendix[F], meaning that
the triple permutation operator was not unwrapped in the implemented terms,
but applied afterwards. As a consequence, every possible term was calculated,
also the ones not involving a core-ionization. However, only the terms belonging
to the mentioned projection manifold were allowed to contribute to the sigma

vectors. In that manner, the projection manifold was restricted.

Terms involving integrals with the diffuse orbital are equal to zero, since the
diffuse orbital does not interact with any of the other molecular orbitals, as
mentioned in Chapter 4.2 For instance, the terms including ¢,,;4, Which

(2) (2)

belongs to p3 ek, OF Liaia, which belongs to ps,,:, are all equal to zero. Both

of the mentioned expressions are given in Appendix

5.1. DEBUGGING. An EOM-CCSDT calculation where the ground state triple
excitation amplitudes were set equal to zero was performed by Dr. Devin A.
Matthews at University of Texas in Austin. Hence, the CCSD wave function
was used as the ground state function and the truncation level of the cluster
operator is the same as what is used in the XPS-CCSD model. In addition,
all excitations not involving the specific core excitation to the super-diffuse
orbital were neglected. In this manner, the CCSDT-calculation takes the same
excitations as the XPS-CCSD model into account, and the results obtained by

these two models should therefore be equal.

Dr. Matthews’s calculations proved useful in debugging the pilot code, since

the obtained result was compared to the corresponding result obtained by Dr.



32 o 5. Implementation

Matthews. Note that since a CCSDT calculation was performed, the computa-
tional cost corresponded to a scaling of n®, while XPS-CCSD currently scales

as TL7.

The coefficient matrices for the triple excitations, CI;;‘,Ick and Bg‘}j{ ok, contain
some of the same elements. As a consequence, linear dependence emerged and
the result became equal to zero. This problem was explicitly handled in the

code.

5.2. COMPUTATIONAL COST. The XPS-CCSD model scales as n”, but would
scale as nS if only the terms belonging to the restricted projection manifold were

calculated, which could be done by writing out all the terms emerging when

operating the triple permutation operator, i‘}’;f, and only including the relevant
terms. Relevant terms are in this case terms that involve the core-ionization.
This was not done due to the amount of work and limitation of time, as the
triple permutation operator leads to six terms for each term and both Pg()nbjck

(2) :
and py .0 already consist of numerous terms.

Although the scaling of the XPS-CCSD model, when only including terms as
described above, is n®, the approach may lead to greater computational cost
than EOM-CCSD, which also scales as n®. The most expensive contribution
in the EOM-CCSD model scales as n2..n% 29 n.. denoting the number of
occupied orbitals and n.;, denoting the number of virtual orbitals, while the
most expensive contribution in the XPS-CCSD model may involve a greater
power of the number of virtual orbitals. In addition, depending on the ratio
between n,.. and n; there might be several terms that deserve the name "the
most expensive contribution”, while in EOM-CCSD there is only one term

2 4

scaling as ng .ng;,.



6. PRELIMINARY RESULTS

Table |3| displays core-ionization energies for HoO, CO and NHj obtained us-
ing the coupled cluster methods CCSD, CC(2,3), XPS-CCSD, CCSD(T)(a)
and CCSDT for different basis sets. The discrepancies from the CCSDT-
energies when compared to energies obtained by CCSD, CC(2,3), XPS-CCSD
and CCSD(T)(a) are noted in the columns named ACCSD, AXPS-CCSD and
ACCSD(T)(a), respectively. CC(2,3) denotes the modified CCSDT-calculation
performed by Dr. Matthews, as mentioned in Chapter [5.1]

The augmented correlation-consistent polarized core-valence set, aug-cc-pCVXZ,
of Woon and Dunning™ was utilized for all four molecules, where the triple
zeta and quadruple zeta sets were applied. Inclusion of core, core-valence and
valence correlations are represented by the core-valence part of the basis set,

where core correlations are important for describing core excitations properly.

Note that the column named ACCSD contains the greatest energy differences,
which is in accordance with the accuracy of the model when compared to the
other models presented in the table. Compared to models that includes triple
contributions, CCSD takes less electron interactions into account and therefore

provides a poorer description of the electronic structure.

In addition, large orbital relaxation effects will occur due to promotion of core-
electrons since the screening effect of the nucleus weakens P#081 - These effects
will not be described sufficiently by only double excitations, as excitation of
one of the electrons is saved for promotion of a core-electron to the diffuse
orbital. Thus, in order to properly describe the orbital relaxation, at least

triple excitations are needed.

As observed in Table [3| the values of CC(2,3) and XPS-CCSD differ, which
is most apparent, when considering energies obtained by using basis set aug-
ce-pCVTZ, for CO when the excited core-orbital belongs to oxygen. These
energies differ by 0.0003121 eV, as observed in Table in Appendix [A] where
the deviations of these two calculations are given. Comparison of the rest of
the energies for the same basis set, prove a difference in the fourth decimal,
a deviation of magnitude close to 10~ eV, where the XPS-CCSD energies are
greatest in each case. This implies that the XPS-CCSD pilot code still contains
some minor errors, as the CC(2,3) model and the XPS-CCSD model should

produce the same energies.
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In addition, it appears that the error increases with increasing basis set size,
as observed in Table [A.I] For energies given in Table [3 the three decimals
included for the XPS-CCSD ionization energy for H,O, for instance, in the aug-
cc-pCVQZ basis set differs from the corresponding CC(2,3) energy. Meanwhile,
the error is not visible for the decimals included for the aug-cc-pCVTZ basis
set, and values in Table proves that the error is close to a magnitude of
102 eV for the aug-cc-pCVQZ basis set. Notice that the XPS-CCSD energies
are greater than the CC(2,3) energies when the aug-cc-pCVTZ basis set is
utilized, while the energies obtained by XPS-CCSD are of less magnitude than
the CC(2,3) energies for the aug-cc-pCVQZ basis set. Such an error increase

may suggest that a summation over the virtual orbitals is erroneously truncated.

Inclusion of triple excitations in the XPS-CCSD model results in core-ionization
energies closer to experimental values than the EOM-CCSD model provides,
as observed in Tables [2] and This is to be expected due to the level of
excitations included in the CCSD model and the large orbital relaxation effects
that emerges, as mentioned previously. In addition, in order to obtain accurate
ionization energies it has been proven that the CCSD-level does not suffice,
as the inclusion of triple contributions usually decrease the CCSD ionization

67]

energies| All together, it is safe to say that inclusion of triple excitations

improves the core-ionization energies.

The CCSD(T)(a) approach provides core-ionization energies closest to the
CCSDT-energies, as observed in Table 3] as the values of the ACCSD(T)(a)-
column clearly are of the smallest magnitude compared to the other columns
containing discrepancies. As for XPS-CCSD-calculations, the computational
cost of CCSD(T)(a)-calculations corresponds to a scaling of n’, but remember
that the cost of the XPS-CCSD model could be reduced to n®.

As observed in Table [3 the ionization energies obtained by the XPS-CCSD
model are close to the CCSDT-energies, as the deviations are in the range of
0.222-0.304 eV. Even though the level of electron interactions included in the
model is not as high as for what is included in CCSDT, the interactions which
contribute significantly to the core-ionization energy are taken into account.
The XPS-CCSD model thus performs at a level of accuracy comparable to

CCSDT, which was expected due to the inclusion of significant excitations.

Values in the column named AXPS-CCSD are of equal magnitude; approx-
imately 0.2-0.3 eV, and for the basis set aug-cc-pCVTZ the difference from
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CCSDT is approximately 0.222-0.269 eV, while for the aug-cc-pCVQZ the dif-
ference is larger, approximately 0.267-0.304 eV. Further calculations on other
molecules may prove that the deviation will remain within these intervals. In
that case, the model might prove to be a useful tool for estimating CCSDT
core-ionization energies, as XPS-CCSD-calculations have lower computational
cost than CCSDT-calculations. That the deviation from CCSDT increases with
basis set size might be that there are less electron interactions included in the
model than what the case is for CCSDT, such that the following error enlarges

when the system is more accurately described.

Comparing the XPS-CCSD model and the CCSDT model, the advantage of
XPS-CCSD is the reduction in computational cost. Although the accuracy is
reduced as well, the reduction of the computational cost triumphs the loss of
accuracy. When the computational cost is decreased, the model can be applied

on larger systems that are too large for the CCSDT model to be practical.

Coriani and Koch calculated core-ionization energies by applying the CVS
technique within the EOM-CCSD framework and restrict the core excitations
to only involving excitation to a super-diffuse orbital®. The obtained core-
ionization energies proved to be in line with previous findings, which confirmed

the validity of the approach for obtaining core-ionization energies.

The CVS approach is also an approximation which affects the accuracy of the
results. However, as stated by Coriani and Koch, this approach has proved as
an accurate approximation, where the excitation energies differ by less than
0.05 eV when compared to application of the full Lanczos algorithm . Fur-
thermore, Myhre et al. constructed theoretical NEXAFS spectra for ethanal,
propenal and butanal where both the Lanczos algorithm and the Davidson algo-
rithm with the CVS approximation were applied, and the error due to the CVS

Tl Similarly, when applying the

approximation remained minor in all cases!
CVS approximation with the CC3 model ™ the error remained small. In con-
clusion, even though application of the CVS technique does induce errors, the
approximation is valid when calculating core-ionization energies as the errors

are non-significant.

Finally, note that the XPS-CCSD model is an EOM-CC model, such that the
properties of EOM-CC models apply, see Chapter
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Introducing a super-diffuse orbital in the basis set and making use of the CVS
technique within the EOM-CC framework results in a model for core-ionization
energies. Further restriction of triple excitations to only include states corre-
sponding to core excitations to the super-diffuse orbital leads to a model in-
volving a higher degree of electron interactions than CCSD, but not as high
as a full CCSDT model. Note that the truncation level of the cluster operator
remains as in CCSD. The model corresponds to the experimental XPS process
and it is not a full CCSDT model, thereof the name XPS-CCSD.

Expressions of the linear transformed Jacobian matrix for the XPS-CCSD
model were derived and implemented. Preliminary testing of the pilot code
was performed on HyO, CO and NHj for the two basis sets aug-cc-pCVTZ and
aug-cc-pCVQZ. Comparison of the obtained results with results of a modified
CCSDT calculation proved that the pilot code still contains minor errors. The
modification of the CCSDT calculation involved neglecting all excitations not
corresponding to promotion of a core electron to the super-diffuse orbital, such
that the XPS-CCSD model and the modified CCSD-calculation should pro-
duce equal core-ionization energies. Further work includes debugging the pilot
code and eliminate all errors such that the modified CCSDT calculations and
the XPS-CCSD model produce exactly the same results. In addition, the pilot
code could become more efficient by evaluation of the structure and contraction

choices.

The XPS-CCSD model scales as n’, but the scaling could be further reduced
to n® by writing out the emerging terms when the permutation operator is
applied and only including the terms involving core excitation to the super-
diffuse orbital in the model. Note, however, that the most expensive terms
might be numerous and of a greater power of the number of virtual orbitals
than what is the case for CCSD.

Calculated core-ionization energies for HoO, CO and NHj3 obtained by a bug-free
XPS-CCSD calculation differ from energies obtained by CCSDT by 0.22-0.29
eV. These discrepancies are a result of a comparison of the modified CCSDT
model with the full CCSDT model. Thus, the accuracy of the proposed model
is at level with CCSDT. The great advantage of the model, however, is this level
of accuracy combined with a possibility of a computational cost corresponding

to a scaling of n®. This factor widens the range of the selection of molecules
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where the model is applicable, the selection now consisting of larger molecules
than what the case is for CCSDT calculations.

Further testing of the XPS-CCSD model when applied to a range of molecules
may prove that the model can be used as an estimation for CCSDT core-
ionization energies, if the discrepancies between CCSDT calculations and XPS-
CCSD calculation remains within the specific range. There should also be fur-
ther testing with different basis sets in order to outline how the model behaves

and how large basis sets that are needed for a proper description.

The combination of the accuracy and the computational cost of n”, which could
be reduced to n®, makes the proposed model a well functioning and promising

model for core-ionization energies.
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LI1ST OF SYMBOLS

Symbol Definition Description
N Number of electrons
n Number of basis functions
T Cluster operator
. n,=12...,N,
i . n; cluster operator
1=1,2,...,k
k see Appendix @ Number of nested commutators
H Hamilton operator
v Wave function
E Energy
M Number of spin orbitals
P P=1 ... M General spin orbital

b
r
o(myg)
Mg ms = a or 3
a, B %, —% for fermions
p.q.T, S
o,T
k)
kp
aID Equation ({1
dij
s
ap Equation
E,q Equation ({4))
Epgrs Equation (/5
Ppg Equation ({6
Gpars Equation (7
Boue Equation ({])
V2
Z

Spin orbital number P
Coordinate containing spatial
and spin part

Spatial coordinate

Spin function

Spin coordinate

Up or down spin

General orbitals

General spin functions
Occupation number vector
Occupation number
Creation operator
Kronecker ¢-function
Phase factor

Annihilation operator
Singlet excitation operator
Double excitation operator
One-integral

Two-integral
Nuclear-repulsion

Nabla operator squared

Charge of nucleus [



48 o List of symbols

Symbol Definition Description
Distance from an electron
" to nucleus [
719 Distance between electron 1 and 2
Separation between nucleus [/
Ry
and nucleus J
Ynue Nuclear wave function
Vel Electronic wave function
|CC) Coupled cluster wave function
|HF) Hartree-Fock state
IR) Reference state
Ty General excitation operator
t, General excitation amplitude
) General projection manifold
AT e~ THel Similarity transformed Hamiltonian
|CCSD) CCSD wave function
t?]l? double excitation amplitude
a,b,c, Virtual orbitals
0,0, k... Occupied orbitals
H e T et Tl—transformed Hamiltonian
Pog Ty-transformed one-integral
Tpgrs Ty-transformed two-integral

H Ho = (ul 119)
1)
C, C Cus Cp

Ey

n (RIH 1)

A
A, Equation (|19
AH H- Eyjl
AFE E— Ey

K

tK7 fI(

Linear expansion of excited states
Hamiltonian matrix

General biorthonormal

projection manifold

Column vectors containing
expansion coefficients

Ground state energy

Column vector

Jacobian matrix

Elements of Jacobian matrix
Level-shifted Hamiltonian matrix
Level-shifted energy

An excited state

Column vectors containing expan-

sion coefficients for excited states
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Symbol Definition Description
ACCSD Matrix Jacobian matrix for CCSD
ACCSPT Matrix (23) Jacobian matrix for CCSDT
AXPS Matrix (26) Jacobian matrix for proposed model
(el 7 4+ 22 Restricted triple excitation operator
<u§PS‘ Restricted triple projection manifold
Excitation amplitudes for
XPS core excitation to
super-diffuse orbital
7XPS Restricted tripleA
contribution to T’
AT Fixed orbitals, core and

super-diffuse orbital

Double and triple

Pgb, peke Bquation (27),

permutation operators

A, A General integrals
Agiv; 1+ 04ipj Constant
<‘ZTJ” Biorthogonal states
%]v’-’ Biorthonormal states
ube Normalization constant for
ik triple projection manifold
e i=1.2.3 Column vectors for linear
transformation coefficients
o Equation (29)) Linear transformation (LT)
1) ) LT of triple excitation,
Osai Pai + Paai single projection manifold
1) 2) LT of triple excitation,
7saibj Paaitg T Psai double projection manifold
(1) 2) LT of triple excitation,

73 aibjek Psaibjek = P3,aibjeh triple projection manifold
Ciie LT constants belonging to 7
B,fj{ dl LT constants belonging to #{?
Lyaia 20pd1A — GbAld Contraction of two-integrals
Toce Number of occupied orbitals

Thvir Number of virtual orbitals



50 ¢ List of symbols

Symbol Definition Description
A, B, C General operators
E... Ponn + 2 (29mnii — Gmiin)  Element of inactive Fock matrix
Pi‘}l,’fld Quadruple permutation operator
i Down rank of operator A
5% Up rank of operator A
ne Number of virtual
creation operators
. Number of occupied
o annihilation operators
. Number of occupied
o creation operators
no Number of virtual
annihilation operators
m 4 Particle rank of A
54 Excitation rank of A
Q) Operator containing
nested commutators
Ch; LT constants belonging to 7,
Chjck LT constants belonging to 7,,
C’bjﬁk AainjCai b Constant
ég;”ck Agin; Ot Constant
Cij 1,7 =1,2,3,... Elements of matrix Cy; .



APPENDIX A. DISCREPANCIES BETWEEN CORE-IONIZATION ENERGIES FOR
THE CC(2,3) AND THE XPS-CCSD MODEL

Table displays deviations in core-ionization energies for the modified

CCSDT model, CC(2,3), and the XPS-CCSD model for molecules H,O, CO and
NHj in basis sets aug-cc-pCVTZ and aug-cc-pCVQZ. The modified CCSDT cal-
culation was performed by setting all ground state triple excitation amplitudes
equal to zero and neglecting all excitations not involving at least one core ex-
citation to a super-diffuse orbital. The CC(2,3) calculation was performed by

Dr. D. A. Matthews at University of Texas, and the core-ionisation energies of

both CC(2,3) and XPS-CCSD are given in Table 3|

TABLE A.1l. Discrepancies between the CC(2,3) ionization energies and
XPS-CCSD ionization energies for HoO, CO and NHj for basis sets aug-cc-
pCVTZ and aug-cc-pCVQZ. Energies are given in eV.

Difference CC(2,3)

Basis set Molecule
and XPS-CCSD
H,O
aug-cc-pCVTZ 0.0003116
aug-cc-pCVQZ 0.0237476
CO (C)
aug-cc-pCVTZ 0.0001711
aug-cc-pCVQZ 0.0094327
CO (0)
aug-cc-pCVTZ 0.0003121
aug-cc-pCVQZ 0.0142748
NH;3
aug-cc-pCVTZ 0.0002334

aug-cc-pCVQZ 0.0280239






APPENDIX B. COMMUTATOR RELATIONS AND THE BCH-EXPANSION

When A, B and €' denote operators, the following commutation relations are

valid

In addition, when E,, denotes a singlet excitation operator, H the electronic
Ty-transformed Hamiltonian and 0pq the Kronecker d-function, the nested com-

mutator [Eq[H, Eq, Ey;] may be written as

[Eck[H, Eq), Evj] = —([Eyjy Ea][H, Ea] + Ek[Eyj, [H, Ea))
= Eck[[ﬁ; Eal, Eyj] + [Ee, Ebj][ﬁa Eq]
= E([H, Ea), Ey).
The last equality in the above expression is due to that [Ee, Eyj] = Eejop —

Eyde; = 0 since dp, = 0 and d.; = 0. An occupied orbital and a virtual orbital

can not be the same orbital.
According to Helgaker et al. the BCH-expansion, where BCH is an acronym
for Baker-Campbell-Hausdorff® | is defined as the following

(B, A], Al + =[[[B,A], A, A] + ... . (B.1)
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APPENDIX C. NON-ZERO COMMUTATORS OF THE HAMILTONIAN AND THE
SINGLE EXCITATION OPERATORS APPLIED TO THE
HARTREE-FOCK STATE

The non-zero commutators of the Hamiltonian and the single excitation opera-
tors applied to the Hartree-Fock state is given below. These relations are given

in Box 13.2 of Molecular Electronic-Structure Theory28,

H|HF) =Y (hy + Fy) [HF) + > F,E,; |HF) +2 > Gaivj Eui By |HF)

7 ai aibj

[H, E,;] |HF) = 2F,, |HF) (Z FouByi — > FyEy+ 3 Lbij,,j> IHF)
J by

(Zgb]caEbj ci Zgb]lkEbj ak) ‘HF>

bjc bjk

[H, Eul, Ey;) [HF) = 2Ly, [HF)
- P (FibEaj +Y LixjpEar — Y LcajbEci> |HF)
& c

— P;;,b < Z gaCkEa]Eck + Z gzkchakEC]> ’HF>

ck

+ (Z GikjiBarBu + ) gcadbEciEdj> |HF)
kl cd

[[H, Eai], Ey;], Eat] [HF) = — PYL ;. B,y |HF)

ijk

P;;I;): ( Z gilchalEbk - Z gibchaj Edk) |HF>
1 d

[[[H, Eu), Evj), Eci), Eal) |HF) = P (grviaEeaEar + gwic gy Ear, [HF)
1
= ipfjl-l;’fldgidchazEbk [HF)



H denotes the Ti-transformed electronic Hamiltonian, |HF) the Hartree-Fock
state, which is used as a reference state, h,, the one-electron integral, F,,, =
P + 3i(2Gmnii — Gmiin) the inactive Fock matrix, E,, the singlet excitation
operator, gpqrs the two-electron integral, where Lygs = 20pgrs — Gpsrg- While

ab abc abcd :
P, P and Pjy® denote permutation operators.
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APPENDIX D. RANK

In order to determine whether a nested commutator is equal to zero or not, the

rank of the operator can be used. The down rank of an operator fl, s 4, and

_l’_

the up rank of the same operator, s7, are defined as the following

1 & a
Sg - i(nv +no>7
- 1 C a
4= §<no+nv)7

where n¢ denotes the number of virtual creation operators that A consists of and
n% the number of occupied annihilation operators that A consists of. Likewise,
n¢ and n¢ denote the number of occupied creation operators and the number
of virtual annihilation operators in A. The particle rank, m 4, and excitation

rank, s 4, of the operator A are defined as

It follows that the numbers of nested commutators, k, have to be less than 2

two times the down rank of the operator,

2s; > k, (D.1)

for the expression not to be equal to zero. This means that the nested commu-

tator on the form

Q= [[[[Av Tm]? Tnz]v ]7 T”k]’
vanishes if the number of nested commutators is greater than two times the
down rank of the operator . T, denotes terms of the cluster operator, where
n;=12,...,Nandi=1,2,...,k. N denoting the number of electrons in the

system.
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APPENDIX E. PROCEDURE USED TO DERIVE THE ELEMENTS OF THE

JACOBIAN MATRIX FOR THE XPS-CCSD CASE

The following procedure is made use of when determining expressions of the
linear transformed XPS-CCSD Jacobian matrix, see Equation and Matrix
(26). The procedure is given below.

(1)

()

The linear transformation of the XPS-CCSD Jacobian matrix is given in
Equation and was further partitioned in Equations and .
Note that for each of the excitation operators, the projection manifold
is single, double and the restricted triple manifold. In addition, the
Hamiltonian is the similarity transformed Hamiltonian, H™ = e THeT.
The Hamiltonian is Tl—transformed, see Equation ([13]), and expanded in
accordance with the BCH-expansion, see Expression in Appendix
Bl

The expansion is inserted into the expression of the linear transformed
elements, and the expression is further developed by noting that the
nested commutators at some point in the expansion vanish to due the
rank of the Hamiltonian, see Appendix [D]

The commutators that survive are rewritten to the form of the com-
mutators in Appendix [C]in order to make use of the relations given in
this appendix. This step involves making use of the relations given in
Appendix [B]

When the commutators are on the warranted form the relations given
in Appendix [C] are made use of. Note that the bra-projection manifold
is biorthonormal, such that the biorthonormal states produce a normal-

ization constant and a permutation operator, for instance it produces

abc pabe

o Py for the triple projection manifold, as mentioned in Chapter .
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(6) The terms of the expression are now contracted by using the properties
of the Kronecker d-functions that appear in the expressions. Thereby
the expression is further contracted by switching dummy indices and
collecting terms that sums over the same indices.

(7) The final expression for a linear transformed Jacobian matrix element
is obtained by adding all the terms that emerge from all the surviving

commutators.



APPENDIX F. ELEMENTS OF THE JACOBIAN MATRIX FOR THE
XPS-CCSD MODEL

The derived expressions of the XPS-CCSD Jacobian matrix, see Equation
and Matrix in Chapter , are given below. Note that a linear transforma-
tion is conducted by multiplying the Jacobian matrix, AXPS  with coefficients

matrix ¢. This transformation is denoted as o and has the form
o= AXPSC _ AXPSC1 —|—AXPSC2 +AXPSC3(1) +AXPSC3(2) = 0y + 09 + 03,
where

O~y = Oy,ai + O~ ,aibj + O~ aibjcks for Y= 17 2

03 = 03,45 + 03,aibj T 03,aibjck

1 2 1 2 1 2
= P:(sf)u + Pz(a()u + p:(s,()u'bj + pg’),()m'bj + pg,c)n'bjck + Pg,()nbjck-

There are two possible projection operators and projection manifolds for the
triple excitation process, thereby o3 4i, 034 and o3 gipjer are parted into two
terms denoted by pgl) and p§2) The starting point for oy 4, is

Db (4|[AT, Ey;] [HF) Cy; in accordance with the linear transformation, the def-
inition of the Jacobian elements, see Equation , and the projection mani-
fold. Making use of the BCH-expansion given in Appendix [Bland commutator

relations given in Appendix [C], the first term may be written as

O1ai = > FurCri — > FjiCaj + > LaijoCh,
b 5 b

+ 3 (uffChy — 12Ca; — t5:Chi) Liess.

bjck

Xi



In the same manner, the second term of o, has staring point
Sk (“b [AT, E.] [HF) C,; and may be written as

)

Pab [Zgazbc cj Zgazkj Cbk - Z ch taccbk; + t Ocy)

O1,aibj =
az bj

+ Z <gkilc(t Cej + ¢! 5 Cak + 15500) — Lijic(t3) POy + 1 CCbk))

ckl

- <9kdbc(tﬁfccj + t5Cap + t5Cai)

ckd

— Lyane(t; Car, + t§ ch))]

The last term of oy is single excitation within three occupied and three unoc-

cupied orbitals and is expressed as Y4 <fjb,§ [A”, E4) |HF) Cy. This term takes

the form

O01,aibjck = N;ﬁ@cpabc[ Z (gndck (t?};cdj + t?]dcbn) + gnjcd(t Cdk +t Cbn))

dn

+3 g, Ca + > t?]fgbfcd(]dk
In df

+y <glfnd trh a0 Cp + 1510 Cop + 040 Oy + 1112,
dlfn

2157 G+ 153177 Con) — Lupua(6557 Car + 6153 Con
+ tf;’f}tifc'dl)ﬂ :

The first term of o, has starting point 35,5 <§HFIT, Ey;Ee) [HF) Cyj o, and

have the form

02.ai = Z b 20(17, bj T Caj,bi) - Z Lkijbébj,ak: + Z Lacjbébj,ci7

bjk bjc

Where Caz b = Aazbj Ca,z ,bj -

xii



In the same manner, the second term of o5 may be written as

S cksdl (ZJ ][HT EEq] |HF) Coxa and can be expressed as

1 5 N
ab
O2aibj = X 'blpij E FoiCligj — E F;Cuip
ato) d l

+ Z(Lbjldéai,dl - gldbjéal,di - glibdéal,dj>
dl

t3 (Z 9t Carpt + > GacbaCl dj>

cd

+> ( red(try Carg + t1s Coirgs + L Covaj
ckdl

t 'CCJ al + tlj Ccz ak + t CYbl ak)
— Lieta(t%Cj i + 1 chk it 8 C o a + 12 Ci g

+ t;?éai,bk + t%éai,dl — Qtsiéai,dz)ﬂ .

The last term of o, may be written as >y e <le [AT, EgEep) [HF) Cyp e and

in the same manner as the previous terms, this term may be expressed as

abc abc A
02,aibjek = Nijg Bij [ S gbjedCarai — D GojikCetai
]

— Z Fla( tl]’ Cai,dk + tkjéai,cl)
dl

+> (gnjld(tfgécl,dk + 180 Chet + 125 Coi i
din
+ tlcz‘aébn,dk + tl;f]lcéai,cl + tglcéai,bn)

- Lnkld(tfj}caz dl + tl] Caz cn))

B Z <gcfld<t?;lédj,fk + ti?ébl,dj + t;l?ébl,fk
dlf

~ b~ e
t?]('icai,fk + tl}fcai,dj + tﬁ] Cai,bl)

- chld(tiséai,dl + tld]béai,fk)>] :
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Remember that o3 ,; is divided into two terms in order to simplify the notation,

03.ai = pglc)n + ngc)n The first term is expressed as

Shisek (G |[HT E41EyE] |HF) C’b] - and may be written as

pglc)n = - Z(LIAjbCN’l;?,{zj - QLIA]I) ai b] Z LkC]A aj, ck

bj jck

~al ~ai
= LinreCeity; + D LyjokeCj s

bjc bjck

where C{i! i = = Apia; CiiE 0 ,03 i is on the form

Y bick (S|[AT, Ea; By E] HF) B; , and may be expressed as

2
pf(it)u: ZLijbBbjck+ZLIbJC 2Bbzcg Bb]c%)

bjck bjc
+ LjAkb(2Bf,§',bk B g k) — Z(lekA(Bb iak T Ba ke bi 2Bb k az)
bik bk

Al
+ LivraBy )

The second term of o3 is also divided into two terms, o3 g = pglilb] + p:(fgibj,
where the first term may be written as > >q (§ ab [HT, E s EqEq) [HF) CAT I

ij
and may be rewritten as

o _ 1 oy
Pa.aibj = N - > Fa2C 4 — Cyf dj - ijldcdl bk T ZLbcldCdl ¢j
aibj dl kdl cdl
~al ~al ~al ~al
- Z gchdCcz‘,dj - Z(Luzdobj,dz - gh‘ldcbz,dj - glﬂdobl,di>
cd dl

SNal ~AjG
- Z Fldij7di + Z gkilACak,bl
d kl

— > (9140Ci%i + GasaClly; — LoaaCi’y)
dl

~Aj ~AT ~AI ~NAT
- Z ‘FIACai,bl + Z LdeACai,dj - Z LleACai,bl + FIAC(M ,bj
l d l

xXiv



Péi)nbj is written as Y (% \[AT, E s, E. Eqg] HF) BZ 4 and may be rewritten

as

ab
(2 _ Tij Al Al AT Al
P3,aibj = Agibi - FIABb,j,ai - Z(gldbABa,j,dz’ - LbAIdBd,j,ai + gIAdea,i,dj)
aibj d

AT Al Al
+ > (graaByjy + gj1aBiiy — Lijia By o)
!

+ Z ﬂd((QBl%,dl - Bﬁ,@,u) - BZfl,dj)

dl
aj aj aj aj
- Z(gkdchc,k,di - LbdeBc,i,dk) + Z(gkildBd,k,bl - Lkilde,k,dz)
ckd dkl
bj bj bj
> FuuBgh 0 = Y GhcaaBlkai + D Gna B
dl ckd dkl

+ > Fra2BY; i — B a) + D (9151aBY g — Lijra Bl o)
d dl

bI bl bl bI
+> LoareB.j 4 + Z(gh'ldBaJ,dj — LiitaBgja — LiaBa;a)
cd dl

Aj Aj Aj Aj
+ > FaBy} i — Byla) = Y (9146aBy] o + Giaaa By y
! a

Aj Aj Aj Aj
- LaAlde,z’,dl - LbdlABd,l,m‘ - LadlABb,l,di) - Z LlikABb,k,al :
Kl
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The last term of o3, where triple excitations involving three occupied and three

unoccupied orbitals occur, is parted in the following manner 03 gipjck = pglt)nb]ck—i_
2 .

pg c)ub]ck The first term is expressed as 3y~ <uk [AT, Ea;E4E.,) |HF) C

and may be rewritten as

dl ,em

1
1 abc pabe c
P:(s c)ub]ck Nzﬁf P ’ [2 ( cACaz bj Flkcaz b T Lck:IACaz by)
+ Z <Fceél§?,ek - gIeCkCa'L ,ej ngceécbn{ek + gbAceéé'{ek>
- Z ( kabj cm + gmACkCaz bm + gm]CACaz bm gljmkcaz cm)

~vai ~vai
- Z (gmeckcbm,ej + gmjcecbm,ek ckmer] em

em

+ LIAme (tbc Caz ek C:;Icm 2 kaaz b T Oaz b]))

2 ( Z gljmkobl cm + Z gbdcecd] ek)

de

+> <gldle i Cdj ekt t?jdé Lek T taecdk ot Caz ek
dle

CEZ ar Tt Cgil,bl) lele(tb cel AT degl o + St Cel b]))

b
+> <9mAld(t Ccl ‘e T L dC om Tt - dk T trglcaz ek
dlm

th Caz ,bl +1 Caz bm) - LmdlA<t Caz dm tbd Caz ,cl + t Caz bj))

~ 1 .
+ > (gldme Chler, +1 zb ce, ek T35 (th Cd] ek T gllbm)

dlem

cd bd ~ai
- leme (t Cb] ek + Cb] cm Cdk em

cl,em

+ t?;lég:n,ek + ij em( - Qt?Il)) :
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The last term, P:?Bnbjcka is expressed as

Satem (5 |[AT, EaiEat Eop) [HF) Bl

ik and may be rewritten to an enormous

d,l,em

term that stretches over two pages

pgfc)n'bjck lechabc FcABa J,bj FIchz bj gIAckBlij,az gIJCABb k,ai
+ Z ce Bb i,ek + Be K b]) - gleckBl?é,ej - ngCGBg,g,ek
+ gbAce(B?]kaz - Ba] ek) + LCkI@Be i b])
- %: ka( bz cm + Ba m b]) - gljmk’Bgé,cm + gmAck:Bé;,bm
+ Gmiea BLk o — Gmitk Bory 0 — LCkmABf,fn,bj)

bi bj
- Z Gmeck Bamej Bezbm Bemaz)
em

+ gmjce(BZlm ek + Bez bm + ngm az) - LCkmeBbz em
- gIAme(taC Bb] ek + taeBc k,bm + tcek‘Bb,] az)

- gmAIe(tab BAIek + t B tce Bb k az)

cybm

+ LIemA(tbc Be k,ai + BA[ ) + LmeIAtbe B

c,m,ai c,k,ai

+ Z gbdceBd iek + Z gljkaa,l,cm

de Im

+ 3 Grae(tiy By o + 15 B + 55 B an
dle

ad al
8By e + 5B+ i B ai)
- lele(ts'lc le,li,ek + degz el + t?Zdecl +1 Bczdk

+ BCZb]+Bde]( 52_22?) 2Bdlaz)
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+> gmAzd(t?chﬁ,bm + ti Bd wpr "B .bm
dlm

+ 1 BAl dk+t§f'BA§cbz+t Bd]az)
_LmAld<Bambj( _2tzcll)+tc Bakb]+t Bamdk

bd R A b Ai
+ tjk:Ba,;n,cl + t Ba k,cm tj(r:nBa,;c,dl + t Bdm az))

+ D | Game(E By + 157 Bt et + i Bdl ok T 5B om

dlem

+ BC]l ar T L Be Lbm T thzde ok T tfride i.bl
be cd
debm t Bdlaz t (Belaz Balek))
d cd aj b
leme(Bbz em (i — 2t47) + Bblem + (de w+ Bolai) T 1 lez ck

+tbe Bdlck+ Bdlem+t Bbzek+t6delck+tl Bbzcm)
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APPENDIX G. THE LINEAR TRANSFORMATION CONSTANTS

In the case of a linear transformation where the double excitation operator is
involved, 7, is for instance equal to E.; Ey, the linear transformation constants
are denoted as Cy; .. These constants can be unwrapped as a symmetric matrix

as

€11 Ci2 C13
Chjek = | €21 €22 Co3 | - (G.1)
C31 C32 C33
Since this matrix is a symmetric matrix, it means that c;5 = co1, ¢13 = ¢3; and
co3 = c32. Thus, Ch; e is equal to Cexpj. Due to the symmetry property, the
summation over bj > ck denotes all the elements in either the upper or lower
triangle of Matrix . In order to rewrite the summation, note that

1 1
B Z Chjck = 5(011 + cog + c33) + o1 + o3 + ca,
bjck

which almost gives the lower triangle of the matrix. When modifying this result

in order to give all the elements of the lower triangle, note that

if bj # ck
if by = ck.

1+ O ek B
— =

= NI

Thereby, the summation over bj > ck may be rewritten as the following

14 0y Ay
> Chjor = %Obj,ck => %ij,ck. (G.2)

bj>ck bjck bjck

When considering the linear transformation constants belonging to the triple
excitation operator T,S;), see Equation , these constants may be unwrapped
as a symmetric matrix as in accordance with the constants for the double
excitation, since the summation is only over b5 > ck in this case as well. Thus
the same rewriting as in Equation (G.2) may be used. Considering the triple
excitation operator T,Ef), see Equation , the constants Bf,g’ 4 emerge. It isnot
possible to unwrap these constants as a symmetric matrix, thus B,fj{ ok T Bé,ibj.
This non-symmetry is also emphasised in the notation of Blfj{ .k, hote the two

commas in the subscript.
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