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Abstract

The commercial industry has initiated work on how to make it feasible to enter the Arctic
seas. Ice loads affects most aspects of the Arctic operation, and the marine crafts must
be able to handle them all. The DP control system, and thus the thrust allocation, is not
designed to handle ice loads and will not work properly [24].

The main purpose of this master thesis is to enhance the thrust allocation for handling
ice loads. This is done by including thruster dynamics and adding thruster ice clearance
by thruster wake. When the ice loads are too high for the DP system to handle, a
prioritization of the degrees of freedom is included to achieve predictable degradation of
performance. To predict possible drift-offs, energy analysis will be used to investigate if
the control forces integrated over time contain enough energy to withstand the ice loads.

The thrust allocation is based on numerical optimization and implemented in Matlab.
To make the thrust allocation more realistic, thruster dynamics are added. The first
method is to low-pass filter the control forces, and the second is to add restrictions on
the change of control forces. To clear the ice away from the hull, thruster ice clearance
is implemented. The first solution is to let the algorithm calculate the azimuth angles
within predefined sectors, and secondly to force the azimuth thrusters to follow predefined
references in control forces and azimuth angles.

A case study is done to investigate the performance of the thrust allocation algorithm,
where towing tank measurement data from CIV Arctic is used as input. To measure the
performance of the thrust allocation, the magnitude of the slack term, s�Qs, gives a first
impression. For further investigation, the error between the forces and moments from the
ice loads and the achieved forces and moments from the thrust allocation is used.

The results from the case study indicated that when the ice loads were high, the prioriti-
zation of degrees of freedom was followed. Both with and without thruster dynamics the
error in produced thrust was less than 8 [%] for small ice conditions, but increased rapidly
for 1.2 [m] of ice. The thruster dynamics did not increase the error significantly, except
an increase in yaw error for light ice conditions when the low-pass filter was applied.
By adding thruster ice clearance, the error in produced thrust increased. Corresponding
results were found for the energy considerations.

The chosen thrust allocation algorithm gave satisfactory results. By decreasing the ice
concentrations, for instance by using ice management, the performance was improved.
Adding restrictions on the change of control forces was found to be the best way of
including thruster dynamics, because then the restrictions were implicit in the thrust
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allocation algorithm. Two solutions were also proposed for implementing thruster ice
clearance. By letting the thrust allocation find the azimuth angles, the performance
of the algorithm was better than by forcing the control forces and azimuth angles to
follow predefined references. In spite of this, the second solution was found to be the
best in practice because the vessel operator has more control over the thrusters. Some
recommendations for future work are to include all the components of the DP control
system, do a more advanced implementation of the thruster dynamics and a more detailed
energy analysis.



Sammendrag

Den kommersielle industrien har igangsatt arbeid om hvordan det skal muliggjøres å g̊a
inn i arktiske havomr̊ader. Isen berører de fleste aspektene ved arktiske operasjoner, og de
marine fartøyene må kunne h̊andtere det. DP-systemet, og dermed thrust-allokeringen,
er ikke laget for å h̊andtere is og vil ikke fungere ordentlig [24].

Hovedformålet med denne masteroppgaven er å forbedre thrust-allokeringen for å h̊andtere
is. Dette gjøres ved å inkludere thruster-dynamikk og thruster-is-klarering ved hjelp av
kjølvannet til azimuth-thrusterne. N̊ar iskreftene er for store til at DP-systemet kan
h̊andtere dem, vil en prioritering av frihetsgradene gi en forutsigbar reduksjon av ytelsen.
For å kunne forutsi mulig drift-offs, brukes energianalyse for å undersøke om kreftene fra
thrusterne over tid inneholder nok energi til å motst̊a iskreftene.

Thrust-allokeringen er basert p̊a numerisk optimalisering og implementert i Matlab. For å
gjøre thrust-allokeringen mer realisk er det lagt til thruster-dynamikk. Den første metoden
for å løse dette er å lavpassfiltrere kreftene, og den andre er å legge til restriksjoner p̊a
endring av krefter. For å hindre at is fester seg til skroget er det implementert thruster-
is-klarering. Den første løsningen for å legge til thruster-is-klarering er å la algoritmen
kalkulere azimuth-vinklene innenfor forh̊andsdefinerte sektorer. Den andre er å tvinge
azimuth-thrusterne til å følge forh̊andsdefinerte referanser for krefter of azimuth-vinkler.

Det er gjennomført et case-studie for å undersøke ytelsen til thrust-allokeringsalgoritmen,
hvor måledata fra en slepetanktest fra CIV Arctic er brukt som inndata. For å måle ytelsen
til thrust-allokering brukes slakken for å gi et førsteinntrykk. For videre undersøkelser
sammenlignes feilen mellom kreftene og momentene fra isen og de faktiske produserte
kreftene og momentene fra thrust-allokeringen.

Resultatene fra case-studiet indikerte at n̊ar iskreftene blir for store følges prioriteringen
av frihetsgrader. B̊ade med og uten thruster-dynamikk er feilen i produsert thrust mindre
enn 8 [%] for små iskrefter, men økte raskt for 1.2 [m] is. Thruster-dynamikken økte ikke
feilen betydelig, bortsett fra en økning i gir for små iskrefter n̊ar lavpassfilteret ble brukt.
Ved å legge til thruster-is-klarering øker feilen i produsert thrust. Tilsvarende resultater
ble funnet for energianalysen.

Den valgte thrust-allokeringsalgoritmen ga tilfredstillende resultater. Ved å redusere
iskonsentrasjonen, for eksempel ved hjelp av ish̊andtering, ble ytelsen forbedret. Det
å legge til restriksjoner i endring av krefter er betraktet som den beste måten å legge
til thruster-dynamikk, fordi da er begrensingene tatt med implisitt i algoritmen. Det ble
foresl̊att to løsninger for å implementere thruster-is-klarering. Ved å la thrust-allokeringen
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finne azimuth-vinklene ble ytelsen til algoritmen bedre enn ved å tvinge kreftene og
azimuth-vinklene til å følge forh̊andsdefinerte referanser. Til tross for dette var den an-
dre løsningen ansett å være best i praksis, fordi operatøren da har da mer kontroll over
thrusterne. Noen anbefalinger for videre arbeid er å sette samme alle komponentene i
DP-kontrollsystemet, gjøre en mer avansert implementering av thruster-dynamikken og
en mer detaljert energianalyse.
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Chapter 1

Introduction

In 2008, the United States Geological Survey performed a study to prove the potential for
oil and gas exploration north of the Arctic Circle [37]. This study estimated a potential
of 90 billion barrels of oil, 47 trillion cubic meters of natural gas and 44 billion barrels
of natural gas liquids to be extracted from these areas. This accounts for 22 % of the
undiscovered, recoverable resources in the world. By today prices [38], both the oil and
natural gas can give an income of nearly USD 16 trillion.

As the polar ice is melting, the Arctic regions are more accessible. The potential for oil
and gas exploration is just one example of the many possibilities for these areas. One can
imagine that most operation performed in open-water today can be done in the Arctic in
the future. This includes everything from offshore supply and oil and gas extraction, to
tourism, research and shipping.

Even though the ice is retreating, it will pose a challenge for future Arctic marine op-
erations. The ice loads are large and rapidly varying, making it difficult to predict how
they will affect the dynamics of the marine craft. Because the ice is rigid, it will affect
the marine craft differently than the other environmental loads, such as wind, waves and
ocean currents. The weather at these remote places can be harsh, with low temperatures
and high winds. All these challenges need to be handled to make it feasible to go into
the Arctic areas. Therefore, research is required to obtain robust and safe technology. As
an example, Statoil has tripled their Arctic research budget to NOK 250 million in 2013
[35].

This master thesis is a part of the research project KMB Arctic DP [26] at the Norwegian
University of Science and Technology, NTNU. The research project is a collaboration
between NTNU and several industrial partners, and the main purposes are to develop
both technology and competence for Arctic challenges.

1



2 Chapter 1. Introduction

1.1 Dynamic Positioning

Station keeping is an essential part of many marine operations, such as hydrocarbon
extraction, platform supply vessels, cruise ships and cable-laying. When the waters are
deep, such that mooring is not an option, dynamic positioning (DP) is the only way
to maintain the desired position and orientation of the marine craft. The Norwegian
classification society, Det Norske Veritas (DNV), defines a DP vessel as [6]:

...a vessel which automatically maintains its position and heading (fixed location or pre-
determined track) exclusively by means of thruster force.

To specify the displaced position and orientation of the vessel, degrees of freedom (DOF) is
used. The vessel has maximum 6 DOFs, with 3 translational and 3 rotational components.
The motions along the xb, yb and zb axes in Figure 1.1 are referred to as surge, sway and
heave. The rotations about these axes are referred to as roll, pitch and yaw. This
convention follows the SNAME notation [32], given in Table 1.1.

Figure 1.1: Motion of a vessel in 6 DOF. Courtesy of Fossen [8].

DP applications for ships are often simplified to 3 DOFs, including surge, sway and yaw.
This is because it is possible to decouple the motion in the horizontal and the vertical
plane [8]. On the other hand, sometimes it is desirable to include damping in roll and
pitch as well. For instance on semi-submersible oil platforms, cruise ships and operation
requiring small roll movement. This increases the level of complexity, but it might be
necessary if the vessel is intended to operate in harsh and demanding conditions.

1.2 Arctic DP

Today, DP systems for open-water applications are commercialized and well developed
[8, 33]. However, using such systems in the Arctic environment have shown to be infeasible,
as they are not designed for handling the ice loads and the induced dynamics [24]. Some
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Table 1.1: The SNAME notation for marine vessels.

Forces Linear and Positions
and Angular and Euler

DOF Moments Velocities Angles
1 Motion in x direction (surge) X u x
2 Motion in y direction (sway) Y v y
3 Motion in z direction (heave) Z w z
4 Rotation about x direction (roll) K p φ
5 Rotation about y direction (pitch) M q θ
6 Rotation about z direction (yaw) N r ψ

research areas have been covered, for instance design of ice going vessels [29, 41] and power
requirements [14], but DP systems for the Arctic are not well developed. Even though
some research has briefly covered the general problems with Arctic DP and the use of
azimuth thrusters to improve the DP system [11, 42], no literature was found treating
applications of thrust allocation (TA) in Arctic regions.

The large and rapidly varying ice loads acting on the vessel are some of the major chal-
lenges with Arctic DP. To argue why this is the case, the DP model is presented [8]:

Mν̇ +Dν = τ + τenv (1.1)

whereM is the inertia matrix,D is the damping matrix, ν are generalized velocities, τ are
the generalized forces and moments and τenv are the environmental forces and moments.
The inertia matrix and the damping matrix are constant matrices, and designed for open-
water applications. When operating in ice it is believed that both matrices change due
to the interaction with the rigid ice loads [16]. The larger the ice loads, the more the
open-water model, Equation (1.1), deviates from the real world. In turn, performance of
the DP system will be reduced. With a deviating model, the deduction of the appropriate
generalized forces and moments, τ , will be slower and less accurate.

Another important aspect is that the integral effect in the DP control law cannot be too
aggressive. The relation between input and response is not as distinct as in open-water
and might result in undesirable behaviour and poor performance.

1.3 The DP Control System

The overall goal of any DP system is to calculate the required thruster forces and moments
in order to maintain the desired position and orientation of the vessel. The software doing
this is typically divided into several modules, as illustrated in Figure 1.2. The reason for
the modularization is that it is easier to use, maintain and replace modules.

The most important modules in Figure 1.2 are signal processing, observer, controller
and TA. An adaptive law can be included to update the parameters in the observer and
the controller, if that is necessary. The power management system (PMS) is not a part
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Figure 1.2: DP software modules, with PMS. Courtesy of Sørensen [33].

of the DP control system, but is necessary in practice to ensure sufficient power levels.
The first module, signal processing, analyses and handles the input measurements to
provide feasible signals to the observer. This can include noise reduction, signal checks
and voting. The observer estimates unmeasured signals, for instance velocity, and filter
measured signals. The control law compares the output from the observer with a reference
to determine how much the vessel needs to move in surge, sway and yaw to keep the desired
position and orientation. At last, the TA distributes the generalized forces and moments
from the control law to forces and directions for each of the thrusters.

1.4 Scope of Work

This master thesis will focus on the TA module in Figure 1.2, and investigate how this can
be enhanced to handle operations in ice. It is assumed that the other modules in Figure
1.2 are in place and functioning properly. The ice conditions subject to investigation
are managed ice, which usually is produced by one or more icebreakers performing ice
management (IM) upstream from the DP vessel [24].

The motivation of this work is to investigate how the TA can be optimized for marine
operations in the Arctic. This includes examining whether the ice loads can be reduced
and the manoeuvrability can be increased by actively using the thrusters, for instance by
using the azimuth thrusters to clear the ice away from the hull. When the TA is not able
to counteract for all the ice loads, a prioritization of DOFs can be included to achieve
predictable degradation of the TA. The TA algorithm is implemented and a case study,
using towing tank measurement data from CIV Arctic, is carried out. Because of the ice’s
nature it is necessary to also look at the thruster dynamics.
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1.5 Outline

In Chapter 2, theory and background material will be presented. Chapter 3 contains a
brief discussion on why thruster dynamics should be incorporated in the TA, and two ways
of solving this problem is suggested. An introduction to thruster ice clearance and aspects
of practical implementation is presented in Chapter 4. Two tools for indicating when the
vessel is not able to keep position and heading is described in Chapter 5. In Chapter 6
a case study is presented. The results from this is presented in Chapter 7, in addition to
aspects of implementation in Matlab. A discussion of the findings from the case study is
given in Chapter 8, and finally some concluding remarks and recommendations for further
work are given in Chapter 9.

This thesis is a continuation of the project work presented in [43]. It is chosen to make
this report as extensive as possible, and therefore some of the sections are based on work
from [43]. Sections 4.1, 6.1, 6.4, 7.1.1, 7.1.3 and 7.1.4 are copied from the project report,
and sections 2.1, 2.2, 4.2, 4.2.1, 6.3, 7.1.2 and 7.1.6 are based on material from the report.
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Chapter 2

Theory

This chapter will give a review of important background theory. Some important variables
for the TA are defined, and then previous work on TA will be presented. After that,
quadratic programming, normalization, adjustment for model scaling of the vessel, low-
pass filtering and energy calculations will briefly be presented.

2.1 Literature Study

The modularization of the simplified DP control system in Figure 1.2 provides opportu-
nities to replace one or more of the modules. In this project the TA module is extracted
to analyse and make modifications for Arctic operations.

Extracting the middle module of Figure 2.1, the TA can be treated as a stand-alone
system with the generalized forces and moments, τ , as input and the control forces, f , as
output. If azimuth thrusters are applied, the azimuth angles, α, may as well be outputs
of the TA. Assuming that the TA always produces outputs adequately fast, such that the
bandwidth of the DP control system is not affected, this simplification should hold.

Figure 2.1: DP control system.

2.1.1 Definitions

Before presenting the TA algorithms, some basic terms must be defined. n is the number
of DOFs, r is the number of actuators and p is the number of azimuth thrusters. The
following definitions are provided by [8].

7
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The control forces, f =
[
f1, . . . , fr

]� ∈ R
r, are defined as:

f = Ku (2.1)

where K ∈ R
r×r is the diagonal force coefficient matrix and u =

[
u1, . . . , ur

]� ∈ R
r are

the control inputs to the actuators.

The relationship between the generalized forces and moments, τ =
[
τ1, . . . , τn

]� ∈ R
n,

and the control forces, f , is given by:

τ = T (α)f (2.2)

where T (α) ∈ R
n×r is the thrust configuration matrix and α =

[
α1, . . . , αp

]� ∈ R
p are

the azimuth angles. Equation (2.2) is the primary constraint in all the TA algorithms.

The thrust configuration matrix, T (α), is defined as:

T (α) =
[
t1, . . . , tr

]
(2.3)

where ti ∈ R
n are column vectors. For azimuth thrusters and tunnel thrusters the column

vectors, in 3 DOF, is gives as:

ti =
[
cos(αi), sin(αi), li sin(αi)− bi cos(αi)

]�
(2.4)

ti =
[
0, 1, li

]�
(2.5)

where li and bi denotes the lengths from the center of origin (CO) to thruster i, in
longitudinal and transverse direction, respectively, and αi is the azimuth angle for thruster
i.

It is preferred to use the control forces, f , instead of the control inputs, u, as the output
of the TA module. The denomination for the control forces, f , are Newton [N]. For the
control inputs, u, the denominations are either pitch or revolutions per minute of the
thruster blades. When interpreting the results it is more convenient to use Newton as the
denomination because it is more practical and closer related to power consumption. This
way it is easier to analyse the efficiency of the TA algorithm.

2.1.2 Previous Work on Thrust Allocation

Typical for TA problems in DP applications are that they are over-actuated, r > n. In
practice, this means that there are more control inputs than controllable DOFs. Because
of this, the problem is to distribute the generalized forces and moments to each of the
thrusters in an optimal manner. This may be important because the available resources,
such as fuel and the thrusters themselves, should be distributed in the best possible way.
The over-actuated TA problem is formulated as an optimization problem with respect to
physical restrictions, such as power consumption and wear and tear of the thrusters.
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Overview of Thrust Allocation Algorithms

The simplest form of TA is power minimization, with no state constraints. An explicit
solution is found using the geometric inverse of Equation (2.2).

In real life, the actuators do not have infinite amount of available power. Therefore, it
is natural to have constraints on the control forces applied to the thrusters. A more
sophisticated version of the TA will include the constraints on the control forces.

Using azimuth thrusters as actuators, constraints on the azimuth angles and azimuth
angle rates can be introduced. It can be desirable to restrict the azimuth angles so that
challenges with superfluous rotations are avoided. Azimuth thrusters can be enormous,
the propeller diameter can be up to 7.8 [m] [1], so the azimuth angle rates are limited.
In the most sophisticated TA presented in [8], the restrictions on azimuth angles and
azimuth angle rates are included. Also, a singularity avoidance term is added in the cost
function to penalize singularity configurations [12]. The reason for penalizing singularity
configuration is to avoid linearly dependent thrusters. For azimuth thrusters it means that
several thrusters have equal azimuth angles. If a sudden change in ice loads occurs, the
possibility for a drift-off is present because the thruster may not be able to change azimuth
angles fast enough. If the TA is able to avoid near-singular thruster configurations the
thrusters may be better distributed around 360 [deg], and it is more likely that changes
in ice loads can be counteracted for.

Thrust Allocation with Singularity Avoidance

In the last 20 years the use of azimuth thrusters on ice going vessels has increased rapidly
[9]. Compared to traditional propulsion, using main propeller with rudder, azimuth
thrusters can offer better manoeuvrability when performing operations on ice. Therefore,
using a TA algorithm that utilizes azimuth thrusters are a natural choice when enhanc-
ing the TA to operate in Arctic environments. Singularity configurations of the azimuth
thrusters may result in a non-optimal solution resulting in higher power consumption and
less manoeuvrability [12]. Therefore, it is desirable to include the singularity avoidance
term in the cost function.

Formulated as a convex optimization problem, this TA algorithm is given as [8]:

J = min
Δf ,Δα,s

{(f0 +Δf)�P (f0 +Δf) + s�Qs+Δα�ΩΔα+

∂

∂α

(



ε+ det(T (α)W−1T�(α))

)∣∣∣∣
α=α0

Δα} (2.6)

subject to:

s+ T (α0)Δf +
∂

∂α
(T (α)f))|α=α0,f=f0

Δα = τ − T (α0)f0 (2.7)

fmin − f0 ≤ Δf ≤ fmax − f0 (2.8)

αmin −α0 ≤ Δα ≤ αmax −α0 (2.9)

Δαmin ≤ Δα ≤ Δαmax (2.10)
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where f0 and α0 are the control forces and azimuth angles from the previous iteration, Δf
and Δα are the change in control forces and azimuth angles, s ∈ R

n are the slack variables,
P ∈ R

r×r, Q ∈ R
n×n and Ω ∈ R

p×p are positive definite weighting matrices for the states,

 > 0 is a scalar weight that influences the relationship between manoeuvrability and
power consumption, ε > 0 is a small number to avoid division by zero and W ∈ R

r×r is a
positive definite weighting matrix for the control forces in the singularity avoidance term.

In the derivation of the optimization problem, equations (2.6) - (2.10), some simplifications
must be introduced. First of all, the power consumption is in reality proportional to f 3/2

[34], but is locally approximated to a quadratic term in f such that f = f0 + Δf . The
singularity avoidance term introduces a non-convex term that can be locally approximated
by a linear term around the last azimuth angle, α0, such that α = α0+Δα. Making these
approximations yields a convex optimization problem, equations (2.6) - (2.10), which can
be solved using standard software for numerical optimization.

2.2 Quadratic Programming

The TA algorithm, equations (2.6) - (2.10), is formulated as an optimization problem with
a quadratic objective function subject to linear constraints. This type of optimization
problem is the definition of quadratic programming (QP) [25] . Using the m-file function
quadprog [22] in the Optimization Toolbox

TM
in Matlab, the optimization problem can

be rewritten on matrix form:

min
x

{1
2
x�Hx+ g�x} (2.11)

subject to:

Ax ≤ b (2.12)

Aeqx = beq (2.13)

lb ≤ x ≤ ub (2.14)

Note that in the objective function, g is used as the vector of linear terms instead of f ,
which is the standard quadprog notation. This is to avoid confusion with the vector of
control forces in Equation (2.1).

The active set method is used to solve the QP problem. It is an old and well proven
algorithm and works well for most of minor optimization problem [25], compared to the
interior point method. Briefly speaking, the active set method searches along the active
set of constraints, which is the equality constraints and the inequality constraints that
are equal to zero for the given state [25], to find the optimal solution of the QP problem.
In short, the general structure of the primal active set algorithm, for convex optimization
problems, can be given as:
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Find a feasible initial point and the active set.
for i = 0, 1, 2, . . .
Solve QP with equality constraints for active set, to find step.
if(step = 0)
Compute Lagrange multipliers for active set.
if(Lagrangian multiplier = 0)
Optimal solution is found.

else
Remove constraints with most negative Lagrange multiplier.

else (step �= 0)
Compute step length.
Move the solution in desired direction.
if(blocking constraints)
Add blocking constraint in active set.

end

The reader is referred to [25] for more detailed description of the active set method and
definitions of the Lagrange multipliers.

2.3 Normalization

According to [8], two of the most commonly used normalization systems are the prime
system and the bis system. The prime system is mostly used in ship manoeuvring, and
not applicable for DP application due to zero division. The bis system, on the other

hand, avoids the division of speed by using
√

Lpp

g
as the time unit. Therefore, for DP

applications the bis system is the preferred normalization system, as well as for high speed
applications.

The bis system is chosen for this purpose because the problems with zero division are
avoided. Table 2.1 summarizes the normalization variables used in this report. The
variables used in Table 2.1 are: μ = m

ρ∇ is the body mass density ratio (μ = 1 for floating

vessels), ρ is the water density, g is the acceleration of gravity, ∇ is the volume of displaced
water and Lpp is the length between perpendiculars.

Table 2.1: Normalization variables for the bis system.

Unit Bis normalization
Force μρg∇

Moment μρg∇Lpp

Angle 1
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2.4 Froude Scaling

The forces and moments in the CIV Arctic towing tank measurement data, described in
Section 6.6, are scaled to full scale. Froude scaling must therefore be applied to adjust
for the scaling of the vessel used in the model test.

The scaling factor is given as [10]:

λ =
Lf

Lm

(2.15)

where Lf is the full scale length and Lm is the model length of the vessel. λ represents
how much larger the full scale vessel is compared to the model.

Applying the scaling factor, λ, in Equation (2.15), the time, t, is scaled according to [10]:

√
λ · t (2.16)

2.5 Low-Pass Filter

A low-pass filter (LP) is designed to remove frequencies above a certain frequency, the
cut-off frequency, ωc. For ideal LP filters the frequencies below ωc will pass through the
filter.

For this project it is chosen to use the Butterworth filter as a LP filter. The Butterworth
filter is designed to have a maximally flat magnitude in the passband and monotonically
descend in the stopband [28]. Using the syntax in the m-file function butter [20], of first
order, in the Signal Processing Toolbox

TM
in Matlab the digital domain transfer function

is given as:

H(z) =
b1 + b2z

−1

1 + a2z−1
(2.17)

where a2, b1 and b2 are the filter coefficients.

Applying the filter coefficients in the Butterworth filter, Equation (2.17), as well as the
vector to be LP filtered into the m-file function filter [21] in Matlab yields the LP filtered
input vector.

A Bode diagram showing the magnitude and phase of the LP filter is given in Figure 2.2,
where T = 20 is the time constant.

2.6 Energy Calculation

The denomination of energy is joule (J). One joule is defined to be the work done by
applying one unit of force [N] to move a point one meter [27]. One joule is therefore equal
to one newton times one meter.
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Figure 2.2: Butterworth filter, with T = 20.

Calculations of the energy of the forces in surge and sway is given as:

EN = τN · x
= τN · 1

2
· a · t2

= τN · 1
2
· τN
m

· t2

=
1

2m
· τ 2N · t2 (2.18)

where τN is the surge and sway part of τ , x is the linear displacement, a is the linear
acceleration, t is the time and m is the mass of the fully laden vessel. The acceleration,
a, is calculated using Newton’s second law.

According to [27], the denomination of yaw is [Nm], which can be given as energy per

angle. In other words, [Nm] = [J ]
[rad]

. By reshuffling this equation, the energy of the yaw
component of τ can be calculated as:

ENm = τNm · θr
= τNm · 1

2
· α · t2

= τNm · 1
2
· τNm

I
· t2

=
1

2I
· τ 2Nm · t2 (2.19)
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where τNm is the sway part of τ , θ is the drift angle, α is the angular acceleration, t is
the time and I is the moment of inertia. The moment of inertia is given as [39]:

I =

(
LWL

4

)2

·m

where LWL is the length of the water line of the vessel and m is the mass.



Chapter 3

Thruster Dynamics

It is assumed that the thruster dynamics are more important for the performance of the
TA in ice compared to open-water, because of the induced dynamics of the ice loads. In
open-water, the environmental forces acting on the vessel changes relatively slow. Because
of the nature of the ice, an impact between the vessel and the ice loads yields large forces
and moments for the DP control system to withstand. If, for instance, the vessel crushed
the ice, the forces to withstand dropped quickly. To be able to withstand these ice loads,
the control forces must change quickly and frequently. In real life applications some time
is needed to adjust for new thruster levels, and a new engine might need to be started [39].
To make the TA algorithm more realistic for operations in ice, some way of incorporate
constraints on the thruster dynamics should be included.

This chapter will present two possible solutions for including thruster dynamics in the
TA algorithm. First, a LP filter approach where the control forces are LP after the
optimization. The second approach is to include restrictions on the change of control
forces, Δf , implicitly in the TA.

3.1 Low-Pass Filter Approach

As a first thought, the time needed to adjust the pitch or propeller speed on the thrusters
can be achieved by approximating the control forces, f , using a LP filter. In this project
it is chosen to do this off-line using a first-order Butterworth filter, as described in Section
2.5.

The time constant for adjusting the control forces is guesstimated to be approximately
65 [s]. By trial and error, 65 [s] gave satisfactory results in terms of comparing the LP
filtered control forces with the original control forces. This parameter is specific for each
thruster and engine, and it is not critical to have the exact value for this project. Finding
the exact time constant is not the main focus of this report and no further effort will be
put into finding more a more realistic value. Applying the LP filter, given in Figure 2.2,
to a step from zero to one yields the result given in Figure 3.1.

15
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Figure 3.1: Low-pass filtered step.

3.2 Restriction on Change of Control Forces

Another way of solving the problem of adding thruster dynamics is to add restrictions
to the TA algorithm, equations (2.6) - (2.10). Equivalent to the restriction on change of
azimuth angles, Δα, in Equation (2.10), a restriction on change of control forces, Δf ,
can be added:

Δfmin ≤ Δf ≤ Δfmax (3.1)

The TA algorithm including the restriction on change of control forces, in Equation (3.1),
is given by:

J = min
Δf ,Δα,s

{(f0 +Δf)�P (f0 +Δf) + s�Qs+Δα�ΩΔα+

∂

∂α

(



ε+ det(T (α)W−1T�(α))

)∣∣∣∣
α=α0

Δα} (3.2)

subject to:

s+ T (α0)Δf +
∂

∂α
(T (α)f))|α=α0,f=f0

Δα = τ − T (α0)f0 (3.3)

fmin − f0 ≤ Δf ≤ fmax − f0 (3.4)

αmin −α0 ≤ Δα ≤ αmax −α0 (3.5)

Δfmin ≤ Δf ≤ Δfmax (3.6)

Δαmin ≤ Δα ≤ Δαmax (3.7)
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A disadvantage of using the LP filter to approximate the thruster dynamics is that the
control forces, f , is filtered after optimization. The TA algorithm does not know of the
thruster dynamics and the results may become non-optimal. The results may be more
accurate if the LP filtering is done on-line, but will not be optimal before the restrictions
are included in the TA algorithm. It is therefore believed that the best choice is to include
restrictions in the TA algorithm.

The rate restrictions, Δfmin and Δfmax, are for instance dependent on the engines, the
thrusters and the PMS, because of physical limitations and to protect the equipment from
large steps in working points. For these reasons, the minimum and maximum limits are
in real life dependent on the engine and thruster state. According to conversations [40]
with Ph.D. candidate Aleksander Veksler at NTNU and Mr. Helge Asle Lundeberg, from
Scana Mar-El, using diesel-mechanical propulsion limitation on the control forces should
be on minimum 20 to 30 [s] from 0 [%] to 100 [%] of thrust. In real life, the step from 0
[%] to 100 [%] thrust is divided in three stages, i.e. [0, 60〉, [60, 90〉 and [90, 100], with
approximately 10 [s] in every interval. As a simplification these three intervals are added
together and one time constant is used for 0 [%] to 100 [%] of thrust. When the vessel is
using diesel-electric propulsion the time constant can be smaller, probably close to half,
relative to diesel-mechanic propulsion. Therefore, for diesel-electric propulsion, the time
for 0 [%] to 100 [%] is chosen to be 20 [s].
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Figure 3.2: Step with restrictions on change of control forces, Δf .

The concept of restricting the change of control forces is illustrated in Figure 3.2. As an
illustrative example, a step from zero to one is applied at time t = 10 [s]. Restricting the
control forces from 0 to 100 [%] to 20 [s], as described above, the restricted step will reach
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one at time t = 30 [s]. Dividing the restricted step in 3 intervals, [0, 60〉, [60, 90〉 and [90,
100], with 6.67 [s] (20

3
≈ 6.67) in each interval yields a steeper slope in the interval [0, 60〉

and a gentler slope in the interval [90, 100]. Approximating the three intervals into one
interval, [0, 100], the slope will be 1

20
[1
s
]. As seen in Figure 3.2, dividing the restricted

step in 3 intervals will give a faster rise in the interval [0, 60〉, but to make it as easy as
possible the approximation of one interval is chosen for this project.



Chapter 4

Thruster Ice Clearance

Thruster ice clearance (TIC) is a mode for clearing ice from the hull by use of azimuth
thrusters. Using the wakes of the azimuth thrusters to clear the ice has shown to give
positive results in real life [3, 15]. It is believed that it can be useful for IM, to change the
vessel’s position and/or heading and to prevent the vessel from getting stuck in the ice.

The crew on board the Finnish icebreaker ”MSV Fennica”, operating in the Chukchi Sea,
found the wakes of the thrusters so powerful that they were used to clear the ice away
[3]. As the ice drifted past the vessel, the thruster wakes broke the ice and left a clear
passage behind for other vessels to operate in.

This chapter will motivate TIC and aspects regarding practical implementation. Two
possible solutions for implementation will be presented. Some focus will be given to how
to make it user friendly for the vessel operator who actually might use this in real life.

4.1 Background

When operating in Arctic environments, ice might adhere on the vessel and the possibility
for getting stuck increases. Between the late 1960s and early 1990s, several vessels used
an air bubble system to prevent this [41]. It was quite efficient, but additional equipment
was needed, such as compressors, valves and piping. The extra equipment needed space
on the vessel, it consumed extra energy and modification had to be made on the hull.

As stated in Chapter 2.1.2, the use of azimuth thrusters for marine vessels operating in
the Arctic has increased considerably in the past 20 years. With the flexibility of changing
the force direction, the azimuth thrusters can replace the air bubble system as a self IM
system. The wake of the azimuth thrusters is powerful and used for both breaking the ice
and clearing it away from the hull [15]. The ice clearance can be very useful to prevent
the ice adhere the vessel and reduce the ice resistance along the hull.

Using azimuth thrusters instead of the air bubble system releases a lot of space and no
extra equipment is needed. A disadvantage of using the azimuth thrusters as a self IM
solution is that more effort is required to keep desired position and orientation. On the
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other hand, the alternative equipment for clearing the ice uses extra power. Therefore,
the extra power consumption due to the azimuth thrusters might not be substantial.

The idea of using the azimuth thrusters for self IM is not entirely new [11, 31, 42], but
more research needs to be done in order to incorporate it into the TA algorithm.

4.2 Implementation Aspects

Two solutions for implementing TIC are presented sections 4.2.1 and 4.2.2. Some focus
will be given to how to make it user friendly for the vessel operator. First, some aspects
applying for both ideas will be covered.

Figure 4.1: Vessel with TIC.

For a vessel to be able to apply TIC, it must be
equipped with a set of thrusters such that some of
them can be used for the DP operation and some
can be used for TIC. Figure 4.1 shows a vessel where
TIC can be applied. For this vessel, the two front
azimuth thrusters are used for TIC and the two rear
azimuth thrusters are used for keeping desired posi-
tion and heading. The vessel is in addition equipped
with bow thrusters, which can be used to help keep-
ing the desired position and heading if necessary. If
the ice concentration in the area is high, it might
be advantageous not to use the tunnel thrusters.
This is because ice can get sucked into the tunnel
thrusters and break them.

The blue sectors in Figure 4.1 indicates how and
where the TIC can work. The azimuth thrusters
will apply forces within these sectors, for instance at
constant azimuth angles or continuously flush back
and forth. The indicated sectors in Figure 4.1 are
examples of how they can look like. More research has to be done to find the optimal
sectors, and how the TIC is resolved in an optimal manner. In this report the TIC concept
in Figure 4.1 will be used.

The top priority for the DP system is to keep the desired position and heading. If the rear
azimuth thrusters are not able to counteract for the extra forces and moments introduced
by the TIC, the clearing of ice must be stopped. Even though this topic is important, it
will not be discussed further.

4.2.1 Solution 1

The first way of solving TIC is to restrict the azimuth angles to be within the blue sectors
in Figure 4.1, and let the TA algorithm find the optimal azimuth angles within these.
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Sometimes, the TA algorithm can give non-optimal azimuth angles for azimuth thruster
two and four. This can be because it might not be optimal to apply forces in the directions
of the azimuth thrusters within these sectors. If so, the control forces for these azimuth
angles will be zero, and TIC will not be applied. This can be solved by forcing the TA
to apply control forces to azimuth thruster two and four by setting the minimum control
forces, fmin, to be positive values. One way of finding these positive values is to run the
TA algorithm without TIC. The average value of the control forces, f , are then used as
minimum control forces, fmin, for azimuth thruster two and four.

Using this way of solving TIC, the TA algorithm will decide which azimuth angles, within
the restricted sectors, that resists the ice loads, τice, in the best possible way.

From the vessel operator’s perspective, it can be useful to have a simple graphical user
interface (GUI) where the TIC mode can be activated and possibly some simple specifi-
cations can be made. It can be desirable for the vessel operator to be able to specify the
minimum control forces, fmin and the width of the sectors. To make it simple, the vessel
operator can for instance choose between ”little”, ”middle” and ”high” level of minimum
control forces, and corresponding for the sectors. If the ice conditions is estimated, the
minimum control forces, fmin, can be set automatically based on mathematical models.

4.2.2 Solution 2

Solution 1 leaves little control for the vessel operator to decide which directions to point
the azimuth thrusters used for TIC. The second solution aims to give the vessel operator
more freedom to point the azimuth thrusters where it is desirable. To achieve this,
azimuth thruster two and four are extracted from the first and third term in the objective
function, Equation (2.6). To be able to let the vessel operator control the behaviour of the
azimuth thrusters, two quadratic terms are added to force azimuth thruster two and four
to follow predefined references in control forces, fref , and azimuth angles, αref . β and
γ are scalar weights for the difference in control forces and azimuth angles, respectively.
The optimization algorithm, with the quadratic deviation terms, is given as:

J = min
Δf ,Δα,s

{(f0 +Δf)�1,3,5,6P1,3,5,6(f0 +Δf)1,3,5,6 + s�Qs+Δα�
5,6Ω5,6Δα5,6+

∂

∂α

(



ε+ det(T (α)W−1T�(α))

)∣∣∣∣
α=α0

Δα+

β(f2,4 − fref )
�(f2,4 − fref ) + γ(α2,4 −αref )

�(α2,4 −αref )} (4.1)

subject to:

s+ T (α0)Δf +
∂

∂α
(T (α)f))|α=α0,f=f0

Δα = τ − T (α0)f0 (4.2)

fmin − f0 ≤ Δf ≤ fmax − f0 (4.3)

αmin −α0 ≤ Δα ≤ αmax −α0 (4.4)

Δαmin ≤ Δα ≤ Δαmax (4.5)
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Azimuth thruster two and four are not extracted from the singularity avoidance term
in the objective function, Equation (2.6), and the constraints, equations (2.7) - (2.10),
because these equations must be calculated using all the thrusters.
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Figure 4.2: Reference signals for azimuth angles, αref , for azimuth two (bottom) and
four (top).

From the vessel operator’s perspective, the two interesting parameters are the references
in control forces, fref , and azimuth angles, αref . For the reference in the control forces,
fref , the same applies as for the minimum control forces, fmin, described in the latter part
of Section 4.2.1. For the reference in azimuth angles, αref , the GUI can display different
choices of reference signals for the vessel operator. Figure 4.2 displays three different
examples of reference signals for azimuth angles that can be applied. First keeping a
constant angle, then a triangular signal and at last a sinusoidal signal. The lower part
of Figure 4.2 is the reference for azimuth thruster two and the upper part is for azimuth
thruster four. The period of the signals are not equal, and is just meant to illustrate
possible reference signals for the azimuth angles. The simplest reference is be to keep
a constant azimuth angle, α, where the vessel operator can specify the azimuth angle.
The more advanced reference is to let the azimuth thrusters, used for TIC, to flush back
and forth, using triangular or sinusoidal signals. The triangular signal can be easier to
imagine and a first choice, but it is discontinuous when reaching the ends of the sectors.
The sinusoidal signal is smooth and continuously differentiable, and therefore a more
suitable signal to use in practice. Using the sinusoidal signal, there will be less wear
and tear of the thrusters because there are no sudden changes in the azimuth angles.
Parameters for the vessel operator to choose are the width of the flushing sectors, as in
Figure 4.1, and how fast to flush.
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To make it easier for the vessel operator, some specific choices of reference signals can be
standard. The vessel operator can then change parameters, as the width of the sectors and
the speed of flushing, if desired. In the beginning, the vessel operator must activate the
TIC mode manually. Later, if some system to decide when to activate TIC is developed,
it can be done automatically.

Figure 4.3: Two ways of flushing with azimuth thrusters two and four. Top: forces
vectors point away from each other. Bottom: Butterfly shape.

For the triangular and the sinusoidal reference it is chosen to always let force vectors of
azimuth thrusters two and four point away from each other, as in the top part of Figure
4.3. This is like the roll motion on an aircraft, when the wings represent the force vectors
of the azimuth thrusters. The other way of flushing the azimuth thrusters in TIC mode
is as a bird flapping with its wings, called the butterfly shape in the bottom part Figure
4.3. It is believed that pointing the azimuth thrusters from each other, such that the
force vectors always will be close to 180 [deg] between each other, will induce less moment
compared to the butterfly shape. This because the butterfly shape will force the vessel to
move a little back and forth while flushing. By pointing the control forces away from each
other, it is believed that if the azimuth thrusters are close enough such that the induced
moment will be small, and probably negligible.
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Chapter 5

Energy Considerations

This chapter will give a brief introduction to why DP capability plots are not, at least
with today’s mathematical models, suitable for predicting possible drift-offs for vessels
operating in the Arctic. An alternative method using energy analysis will be presented.

5.1 Capability Plot

A DP capability plot is, according to DNV [5], defined as a

...graphic illustration of vessel’s position and heading keeping capacity in a specified vessel
condition and specified environmental condition.
The vessel condition involves for instance the thrusters, and the environmental conditions
involve wind, waves and current [2]. An example of a DP capability plot is given in
Figure 5.1. The vessel is in the middle and for this particular example the green line is
the maximum limit of wind the vessel is able to withstand for a given heading. If DP
capability plots are to be used for vessels operating in the Arctic, ice loads must also be
included in this guideline.

In open-water, the environmental forces and moments are calculated using experimental
results [8], but this is not the case for ice loads. Mathematical models of ice are not well
developed because of the quantity of ice parameters and ice properties [23]. The ice loads
are also fluctuating and it can be difficult to model how and when the ice loads will affect
the vessel. In [36], some work on DP capability plot including ice loads is done, but the
problem is to get realistic models for the ice loads. Therefore, another solution to predict
the DP capability for vessels operating in the Arctic is presented.

5.2 Peek Over Capability

An alternative way of predicting possible drift-offs can be to investigate if the ice loads,
integrated over time, contain too much energy for the TA to withstand. To do this, two
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Figure 5.1: DP capability plot. Courtesy of MARINTEK [18].

variables are defined. First, the superfluous control forces are defined as:

fdiff = fmax − fact ≥ 0 (5.1)

which is how much of the control forces the TA did not need to withstand the ice loads.
Then, the variable peek over capability is defined as [17]:

τdiff = −τice − T (α)fact (5.2)

which is how much of the ice loads the TA was not able to counteract for. τice are the
measurements of the ice loads from the towing tank test. They are negative because τice
are the generalized forces and moments from the ice acting of the vessel. Input to the
TA must be the other way around, the generalized forces and moments from the vessel to
counteract for the ice loads.

Large peeks in ice loads may result in drift-offs and it is therefore interesting to investigate
if the vessel is able to come back to its original position and heading after the peek has
passed, and how much time it will take. When the TA is able to withstand all the ice
loads perfectly, τdiff is equal to zero. If it becomes positive, meaning that the ice loads
are larger than what the TA is able to withstand, fdiff must be investigated to see if
the vessel is able to come back to the desired position and heading in a sufficiently short
period of time. If fdiff is equal to zero, the TA uses all the available control forces and
has nothing more to give if the vessel loses position. For the vessel to be able to come
back in the original position, fdiff must be positive for a sufficiently large time after the
drift-off. Analysing the energy of these two variables can give an indication of possible
drift-offs. If the vessel is required to be on DP, the energy of fdiff must be larger than
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the energy of τdiff . The energy of fdiff and τdiff is calculated according to practises
described in Section 2.6, using equations (2.18) and (2.19). In the frequency plane the
area of fdiff must be larger than the area of τdiff to accomplish the same.
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Chapter 6

Case Study

The material presented in chapters 2.1, 3, 4 and 5 are general and applies for all types of
marine crafts. To demonstrate the performance of the TA, a case study of an intervention
vessel is carried out.

This chapter will present the case study vessel, discuss the appurtenant values, briefly
discuss the towing tank measurement data from CIV Arctic, discuss the reference signals
for TIC, present the cases for the case study and finally suggest a methodology for checking
the performance of the TA.

6.1 Thrust Allocation Algorithm

Based on the argumentation in Section 2.1.2, the thrust allocation algorithm, given in
equations (2.6) - (2.10), is chosen for the case study. This is the most sophisticated TA
algorithm and it accounts for many of the practical aspects, like restrictions on control
forces, azimuth angles and azimuth angle rates.

6.2 CIV Arctic Vessel

CIV Arctic KMB [19] has been a project at MARINTEK, in the period 2008 to 2012, for
which the objective was to extend the operating season into seasonal ice for construction
and intervention vessels. The CIV Arctic project has designed an Arctic construction and
intervention vessel, the CIV Arctic vessel. The vessel was designed for operation in the
Norwegian parts of the Barents Sea, with high operability in both open-water and first
year ice up to 0.7 [m] [4].

The CIV Arctic vessel, pictured in Figure 6.1, is chosen as the case study vessel in the
project. The vessel is designed using the double acting concept [13], and can be used both
bow first for DP operations and open-water applications and stern first for ice breaking.
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In stern first mode, the two rear Azipods are often used as main propulsion units, while
in DP mode all six thrusters might be used.

The overall length, Loa, of the CIV Arctic vessel is 121.8 [m], the length between per-
pendiculars, Lpp, is 109.3 [m] and the beam, B, of the vessel is 24.0 [m]. The maximum
power is 5 [MW] for the two rear Azipods and 1.5 [MW] for the two front retractable
azimuth thrusters and the two tunnel thrusters. The propulsion system includes these six
thrusters and four diesel generators at 4 [MW] each, adding up to a total of 16 [MW] of
power.

Figure 6.1: The CIV Arctic vessel. Courtesy of CIV Arctic.

6.3 Thruster Configuration

The CIV Arctic vessel is, as described above, equipped with two main Azipods in the stern
and two retractable azimuth thrusters in the bow, in addition to two tunnel thrusters
in the bow. A detailed sketch of the thruster configuration, with all the appurtenant
variables, can be seen in Figure 6.2. fi denotes the control force for thruster i, αi denotes
the azimuth angle for azimuth thruster i and li and bi denotes the lengths from CO to
thruster i, in longitudinal and transverse direction, respectively.

Provided the notation in Figure 6.2 and the definitions in equations (2.3) - (2.5), the
thruster configuration matrix, T (α), is given by:

T (α) =

⎡
⎢⎢⎣
0 cos(α2) 0 cos(α4) cos(α5) cos(α6)
1 sin(α2) 1 sin(α4) sin(α5) sin(α6)

l1 l2 sin(α2) l3 l4 sin(α4)
−l5 sin(α5)

−b5 cos(α5)

−l6 sin(α6)

+b6 cos(α6)

⎤
⎥⎥⎦ (6.1)

where li and bi is given in Table 6.1, fi is the control force for thruster i and αi is the
angle between xb and fi. Both fi and αi are outputs of the optimization problem given
in equations (2.6) - (2.10).
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Figure 6.2: Thruster configuration for case study vessel.

Table 6.1: Moment arm in yaw for the thrusters [39].

Distance from CO
l1 = 49.9 [m]
l2 = 45.9 [m]
l3 = 42.3 [m]
l4 = 38.3 [m]
l5 = 52.5 [m]
l6 = 52.5 [m]
b5 = 6 [m]
b6 = 6 [m]
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6.4 Bollard Pull

Section 6.2 provided information on the maximum power of the thrusters for the CIV
Arctic vessel. To find the maximum control forces, fmax, the thruster power is converted
from [MW] to [kN] by calculating the bollard pull.

As a rule of thumb [44], the bollard pull is given by:

Bollard Pull =
0.9 · c · BHP

100
· 1000 · 9.81[N] (6.2)

where c is a constant, dependent on fixed/controllable pitch propeller and Kort nozzle,
and BHP is break horse power (1 [kW] ≈ 1.34 [HP]). The multiplication with 1000 ·9.81 is
done to convert the bollard pull from metric tonnes to [N]. Assuming that all the azimuth
thrusters have fixed pitch propeller without Kort nozzle, then c = 1.10. The results are
given in Table 6.2.

Table 6.2: Conversion from power to forces.

Thruster power Control forces
5 [MW] 651 [kN]
1.5 [MW] 195 [kN]

It is important to notice that Equation (6.2) is an empirical formula which gives rough
estimates of the bollard pull. It is chosen for this work because it is not critical that the
maximum control forces, fmax, are exact.

Only positive thrust for the azimuth thrusters are allowed because they are often optimized
for producing thrust in one direction [30]. It is chosen to let the tunnel thrusters apply
thrust in both positive and negative direction, which is defined in Figure 6.2, meaning
that the minimum control forces, fmin, are negative of the maximum control forces, fmax.

6.5 Azimuth Thrusters

The azimuth thrusters are not able to rotate infinitely fast, partly because of what was
discussed in Section 2.1.2. In the report describing the towing tank measurement data
from the CIV Arctic vessel [39], it is stated that the azimuth thrusters can rotate 24
[deg/s], in model scale. To adjust for the model scaling, Froude scaling must be applied.
Looking at the unit for the azimuth angles rates, [deg/s], the numerator is scaled with 1
and the denominator with the square root of λ according to Equation (2.16). The scaling
factor, λ, for the CIV Arctic vessel, defined in Equation (2.15), is given as:

λ = 24.138 (6.3)

The resulting azimuth angle rates, Δα, are:

Δα = 24 · 1√
λ

[
deg

s

]
=

24√
24.138

[
deg

s

]
=

24

4.913

[
deg

s

]
= 4.885

[
deg

s

]
(6.4)
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Figure 6.3: Change of azimuth angles.

The azimuth thrusters can rotate 360 [deg] around. If the azimuth thrusters are allowed
to rotate around and around, the azimuth angles might grow to infinity. To prevent this
from happening, it is chosen to constraint the azimuth angles between 0 [deg] and 360
[deg]. A problem then arises in the transaction between 0 and 360 [deg]. An example is if
the azimuth angles are to change from 355 [deg] to 5 [deg]. It is not optimal to do a full
rotation, because the angles can be changed only 10 [deg] crossing 0 [deg], see Figure 6.3.
Note that the figure is illustrative and the angles might not correspond 5 [deg] and 355
[deg]. A solution could be to map the azimuth angles from 360 to 0 [deg] when crossing
360 [deg]. In that way, the azimuth thrusters can change the angles from 355 [deg] to 360
[deg] and since 360 [deg] equals 0 [deg], another rotation on 5 [deg] can be done to reach 5
[deg]. Also, if the azimuth angles becomes below 0 [deg], the azimuth angles are mapped
to 360 [deg].

6.6 Towing Tank Measurement Data

As input to the TA algorithm, towing tank measurement data from CIV Arctic [39] is
used. These data were gathered in May 2011 in the Aker Arctic test facility in Helsinki,
Finland. The best data comes from full scale test from real life tests, but this is expensive.
It can also be difficult to gather real life data for a wide variety of parameters, so a towing
tank test is most likely the best way of measuring the ice loads acting on the vessel [11].

The CIV Arctic vessel was towed, without any propulsion, through a stationary ice sheet
at constant speed with a fixed drift angle, as illustrated in Figure 6.4. The dark blue area
is open-water and the light blue squares on the top are ice floes. The vessel is attached to
the light grey test carriage via a 6-component balance, and towed through the ice. The
forces acting on the vessel is measured, and converted to full scale forces and moments in
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surge, sway and yaw, according to standard practices [39]. The measurement data were
trimmed to exclude the parts when the vessel was not completely inside the ice sheet.
These parts include the beginning, when the vessel entered the ice sheet, and the end of
the model basin when the ice was packed together. The ice was prefabricated in desired
square floe size and concentration. To remove effects from carriage vibrations and natural
frequencies from the vessel and the 6-component balance, a 1 [Hz], 8th order Butterworth
LP filter was applied to remove the noise.

Several tests were done varying the ice thickness, hi, ice concentration, C, drift speed, V
and drift angle, θ.

Figure 6.4: Illustration of model test.

To exemplify how the towing tank measurement data can look like, an example using the
toughest ice conditions is presented in Figure 6.5. Note that these data are normalized,
using bis normalization from Section 2.3. As seen in the figure, the forces in sway are in
average 3 times as large as the forces in surge. The moment in yaw seems to be small,
because the normalization, but in reality it is nearly an average of 10 times as large as
the forces in surge.
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Figure 6.5: Ice loads for towing tank measurement data.

The sets of data from the towing tank are extensive and not all the data sets are used for
this case study. Table 6.3 summarizes the relevant parameters for this case study, where
V is the drift speed of the ice, C is the ice concentration, hi is the ice thickness and θ is
the drift angle of the vessel. The towing tank measurement data are combinations of all
these parameters, except for hi = 0.8 [m] with θ = 10 [deg].

Table 6.3: The parameters used from the CIV Arctic towing tank measurement data.

V [m/s] hi [m] C [%] θ [deg]

0.2 0.5 0.8 1.2 90 100 0 5 10 20

6.7 Reference Signals

The magnitude of the ice loads, presented in the previous section, is significantly different
from the lightest to the toughest ice conditions. Experiences from [43] shows that the
control forces applied to the azimuth thrusters, used for TIC, can not be equal for different
ice conditions. If the control forces are large, compared with the ice loads, they will be
dominating. Therefore, the control forces for the azimuth thrusters, used for TIC, must
have the same magnitude as the ice loads. To find appropriate values, the towing tank
measurement data from CIV Arctic was applied to the original TA algorithm, given in
equations (2.6) - (2.10). Then, the average of the control forces for azimuth thruster two
and four was used as references.
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For TIC solution 1, the reference in control forces, fref , was chosen as the minimum
control forces, fmin. This because the minimum control forces, fmin, must be greater
than zero for the TA to apply any control forces to azimuth thruster two and four.

In addition to choosing a reference for the control forces, fref , for TIC solution 2, a
reference in azimuth angles, αref , must also be chosen. The basis for selecting reference
for azimuth angles, αref , is the three references in Figure 4.2. Keeping a constant azimuth
angle is a simple solution. To be able to flush the ice away in a wider area it is chosen a
time varying reference signal. Due to the discontinuities in the triangular reference signal
it is chosen to use the sinusoidal reference signal as reference for the azimuth angles, αref .
In the simulation, a frequency of 0.005 [Hz] was found to be appropriate. This is equal to
the sinusoidal signal illustrated in Figure 4.2.

6.8 Cases

The case study consists of five cases. Case I is the original TA algorithm, without thruster
dynamics and TIC. In Cases II and III thruster dynamics is added, with LP filter and
restrictions on change of control forces, Δf , respectively. In Cases IV and V TIC is added
to the original TA, using solution 1 and 2 respectively.

It is chosen not to include thruster dynamics in Cases IV and V. This is a simplification to
assume instantaneous change of control forces, f , but the simulations are only meant to
give indications on how the TIC affects the performance of the TA. That way, it is easier
to give indications on how well the TA performs with and without thruster dynamics and
TIC.

6.9 Performance Methodology

An important part of the case study is to measure the thrust capability of the TA algo-
rithm. It is important to present the results in a way such that it is easy to investigate
for which ice conditions the TA is able to keep desired position and heading. Two ways
of displaying the thrust capability of the TA will be presented. First, by using the slack
variables as an initial indication. Then, the error in thrust is used to investigate for which
ice thickness the TA is not able to produce sufficient amount of thrust to withstand the
ice loads, τice.

As an overall performance indication of the TA algorithm the slack term, s�Qs, in the
objective function, Equation (2.6), is plotted for each case described in Section 6.8. It is
believed that s�Qs can give a first impression of the thrust capability in all 3 DOFs in
one number, and by that an indication whether the vessel is able to be on DP. A large
slack term means that the TA is not able to distribute all the ice loads to the thrusters
for a given set of thruster forces and azimuth angles.

Secondly, the performance is related to produced thrust, τact. Input to the TA is −τice,
where the minus is explained in Section 5.2, and the outputs are control forces, f , and
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azimuth angles, α. The idea is to use the difference between the ice loads, τice, and the
forces and moments actually produced by the TA, τact, to measure the performance. The
control forces and azimuth angles from the TA are used to calculate the corresponding
forces and moments, by using Equation (2.2). The error between desired thrust, −τice,
and achieved thrust, τact, is denoted τdiff , as defined in Equation (5.2). The concept is
illustrated in Figure 6.6. The error in thrust is given by:

Error =
−τice − τact

τice
=

τdiff
τice

(6.5)

Multiplying the Error with 100 will give the error in thrust in percent.

Figure 6.6: Measure of performance.

Compared to s�Qs, this error, defined in Equation (6.5), gives the error for the 3 DOFs
separately. The error will be plotted both sorted by ice thickness, hi, and DOFs to
investigate how the error develops with different variables. This provides opportunities
to compare the results both in terms of ice thickness and DOF.
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Chapter 7

Simulations

This chapter will first present how the TA algorithm was implemented and argue why
the chosen parameters are reasonable. Then, results from the case study are presented.
Finally, some samples of the energy analysis will be presented, with the lightest and
toughest ice conditions as examples.

7.1 Implementation in Matlab

To implement the TA in Matlab, the modifications in sections 7.1.2 - 7.1.4 were performed
to convert the TA algorithm to quadprog syntax. Using the weighting matrix for the slack
variables to prioritize degradation of the performance of the TA is discussed in Section
7.1.5. Finally, Section 7.1.6 provides some guidelines on how to determine satisfactorily
parameters for the TA algorithm.

7.1.1 Optimization Vector

To convert the optimization problem, equations (2.6) - (2.10), to quadprog syntax, equa-
tions (2.11) - (2.14), an optimization vector, x, must to be defined. Based on the opti-
mization problem, it is easy to see that the natural choice is:

x =

⎡
⎣Δf
Δα
s

⎤
⎦ ∈ R

r+p+n (7.1)

7.1.2 Objective Function

All parts of the objective function, Equation (2.6), must be written in quadratic or linear
terms of the optimization vector, defined in Equation (7.1). The first term of the objective

39
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function must be rewritten in the following way:

(f0 +Δf)�P (f0 +Δf)

=Δf�PΔf + 2f�
0 PΔf + f�

0 Pf0 (7.2)

where the last term, f�
0 Pf0, can be erased because it is constant. Applying the quadprog

syntax in Equation (2.11) yields the H matrix in Equation (A.1) and g vector in Equation
(A.2) in Appendix A.

The same calculations as in Equation (7.2) applies for the two last terms in objective
function, Equation (4.1), for the TA with TIC solution 2. The g vector is then given by
Equation (A.9).

7.1.3 Constraints

Both equations (2.9) and (2.10) are constraints for Δα because of the linearization to
make the optimization problem convex. To solve this, Equation (2.9) is modified to fit
the syntax in Equation (2.12):

αmin −α0 ≤ Δα ≤ αmax −α0 ⇔
{

Δα ≤ αmax −α0

−Δα ≤ −αmin +α0

which yields the A and b matrices in equations (A.3) and (A.4), where the same calcula-
tions are performed on Equation (2.8).

Converting the equality constraint in Equation (2.7) to Equation (2.12) yields the vectors
in equations (A.5) and (A.6).

The last inequality constraint in Equation (2.10) gives the vectors in equations (A.7) and
(A.8). Here, restrictions on the change in control forces, Δf , are added to incorporate
the thruster dynamics into the TA. To always be able to guarantee feasibility of the
optimization problem, the slack variables, s, are chosen to be in the interval (−∞, ∞).
In practice s should be as small as possible so difference between the commanded and
achieved forces and moments is as small as possible.

7.1.4 Numerical Differentiation

The partial derivative term in Equation (2.6) must be updated in every sample. Calculat-
ing the exact derivative for every sample is very expensive and time consuming. Therefore,
the partial derivative is approximated using the forward-difference approximation [25]:

∂h

∂αi

≈ h(α+ εei)− h(α)

ε
(7.3)

where h = �
ε+det(T (α)W−1T�(α))

∣∣∣
α=α0

, ε is a small, positive scalar, ei is the ith unit vector

and i = 1, 2, ..., n.
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7.1.5 Prioritization of Degrees of Freedom

When the ice loads are high, it can be desirable to include prioritization of DOFs to
achieve predictable degradation of the performance of the TA. This can be done by putting
different weights on the diagonal of the weighting matrix for the slack variables, Q. For
instance, if the weight of the first slack variable is twice as large as the weight of the
second slack variable, the TA algorithm will penalize the first slack variable twice as hard
as the second slack variable. A strategy for finding the weights of the slack variables, Q,
is given in Section 7.1.6.

Figure 7.1: Pendulum analogy.

It is important to keep the desired heading of the
vessel. If the heading of the ship deviates too much
against the ice drift, the control system and actua-
tors may not be able to counteract the ice loads. A
deviation in heading will in turn induce additional
forces in sway, which can make it difficult to keep
the desired position. To find a strategy for prior-
itization of the DOFs, the pendulum is used as a
comparison. If the pendulum, as in Figure 7.1, is
hanging straight down, the forces from the side are
equal. They will therefore not push the pendulum
to either of the sides. If the vessel is able to have a
heading such that the ice drifts directly towards the
bow of the vessel, using a weathervane strategy, the
sway forces will in an ideal world be zero. Then, it
is not so important to keep the desired sway forces.
In an ideal world it should be possible to be on DP if the heading is perfect, which means
on average no forces in sway, and the surge forces follows the desired surge forces. Using
the weighting matrix for the slack variables, Q, to keep this prioritization gives the largest
weight on the slack in yaw and the smallest weight on the slack in sway. The weight on
the slack in surge is the middle. A corresponding strategy was used in [39] when the vessel
was not able to keep desired position.

7.1.6 Choice of Parameters

Several of the parameters in the TA algorithm, equations (2.6) - (2.10), are vessel specific
and given in Chapter 6. This applies for the following parameters: T (α), fmin, fmax,
αmin, αmax, Δαmin and Δαmax. Including thruster dynamics with restrictions on the
change of control forces, Δf , adds Δfmin and Δfmax to this list.

The tuning parameters in the cost function are chosen such that the TA behaves desirable.
Initially, the weights of the control forces, P , and change of azimuth angles, Ω, are chosen
to be diag(1, 1, 1, 1, 1, 1) and diag(1, 1, 1, 1). diag(x1, x2, . . . , xn) is a diagonal matrix
with x1, x2, . . . , xn on the diagonal and zeros on the off-diagonal. The weights of the
slack variables, Q, are chosen to be in order of approximately 1000 times as large as
the other weights to keep them as small as possible [30]. Including the prioritization
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of DOFs, described in Section 7.1.5, the weights of the slack variables are chosen to be
diag(2500, 1000, 5000). This way, slack in yaw will be penalized twice as much as slack in
surge, as in turn will be penalized 2.5 times as much as slack in sway. As it is stated in
Section 4.2, it might be undesirable to use the tunnel thrusters. Therefore, the weights of
tunnel thrusters are increased to 100. The P matrix is in addition multiplied with 5 to
get satisfactory performance. Also, the weights on the azimuth angle rates are increased
to diag(10, 10, 10, 10) to penalize change of azimuth angles harder.

In the singularity avoidance term W , 
 and, ε are tuned so the term is large enough in
the cost function. The weighting of the control forces, W , is chosen such that the use of
tunnel thrusters is penalized twice as much as the two front azimuth thrusters. In turn,
the two front azimuth thrusters are penalized twice as much as the two rear azimuth
thrusters. The reason for this is to force the system to use the rear azimuth thrusters
rather than the front azimuth thrusters. 
 is chosen large enough so that the desirable
manoeuvrability is achieved. At last, ε is chosen as a small value to avoid zero division.

Applying TIC solution 2, two additional tuning parameters are added. β is a scalar
weighting the quadratic difference in control forces, f − fref , and γ is a scalar weighting
the quadratic difference in azimuth angles, α−αref . Both variables are given sufficiently
large weights to force the TA to follow the respectively references whenever possible.
Simulations have shown that it is sometimes necessary to deviate from the desired azimuth
angles, αref , to be able to resist the ice loads as well as possible.

The final values for the tuning parameters are given in equations (7.4) - (7.11).

P = diag(500, 5, 500, 5, 5, 5) (7.4)

Ω = diag(10, 10, 10, 10) (7.5)

Q = diag(2500, 1000, 5000) (7.6)

W = diag(4, 2, 4, 2, 1, 1) (7.7)

β = 106 (7.8)

γ = 1016 (7.9)


 = 5 · 108 (7.10)

ε = 10−2 (7.11)

7.2 Results Case Study

The case study consists of 5 cases, as presented in Section 6.8. The towing tank mea-
surement data from CIV Arctic, presented in Section 6.6, consists of several data sets
of multiple parameters. The parameters are drift speed, V , ice concentration, C, ice
thickness, hi, and drift angle, θ, and the data sets consist of combinations of the values
presented in Table 6.3.

The results are presented using the performance methodologies described in Section 6.9.
The first performance indicator, s�Qs, is normalized between zero and one to make
it easier to compare all the cases against each other. The error in produced thrust is
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normalized using bis normalization, presented in Section 2.3. In the figures presenting
the error, the blue lines represents the error in surge, the green lines represents the error
in sway and the red lines represents the error in yaw.

For each of the cases and ice concentrations, the results will be presented in 3 figures. For
all 5 cases and both ice concentration this will results in 30 figures. Only the most notable
figures will be presented in sections 7.2.1 - 7.2.3. The rest will be briefly commented on
in these sections, while presented in the appendix, sections B.1 - B.2. All the figures have
the drift angle, θ, on the x-axis.

First, the results from the original TA algorithm will be presented in Section 7.2.1. Then,
the results from adding thruster dynamics to the TA algorithm, Cases II and III, will be
presented in Section 7.2.2. Finally, adding TIC to the original TA algorithm, Cases IV
and V, will be presented in Section 7.2.3.

7.2.1 Thrust Allocation

In this section, the results from Case I will be presented. First for C = 90 [%] and then
for C = 100 [%], for all 3 performance indicators.

Figure 7.2 presents s�Qs for Case I with C = 90 [%], and indicates a general increase
in slack with increasing drift angles, θ, and ice thickness, hi. When the ice thickness is
increased for 0.5 [m] to 0.8 [m], and from 0.8 [m] to 1.2 [m], the slack term increases
approximately 10 times each time. For hi = 0.5 [m], the slack term decreases slightly
from 0 [deg] to 5 [deg].

The slack term, for Case I with 100 [%] ice concentration, is presented in Figure 7.3. For
hi = 0.5 [m] and hi = 1.2 the slack term does not have a distinct increase for increasing
drift angles, as for C = 90 [%]. On the other hand, s�Qs for hi = 0.8 follows the same
development as for C = 90 [%], only with a magnitude approximately 10 times larger.
For hi = 0.5 [m], θ = 5 [deg] and hi = 1.2 [m], θ = 10 [deg] the slack term is significant
larger than for the other drift angles.

The error, sorted by ice thickness, for Case I and 90 [%] ice concentration is presented in
Figure 7.4. At first glance there is no distinct development for any of the ice thicknesses.
For hi = 0.5 [m] and hi = 0.8 [m] the error in surge is larger than the error in sway for
0 [deg] and 5 [deg], but is smaller for larger drift angles. The error for hi = 1.2 [m] is
approximately 0 [%] for the drift angles 0 [deg] and 5 [deg]. For 10 [deg] and 20 [deg]
the error is larger and the prioritization described in Section 7.1.5 is ensured. The largest
error is in sway direction for hi = 1.2 [m] and θ = 10 [deg], with a magnitude of 15.1 [%].

Increasing the ice concentration to 100 [%], the error for Case I, sorted by hi, is presented in
Figure 7.5. As can been seen in the figure, the error for all drift angles and ice thicknesses
follows the prioritization of DOFs. Comparing it with C = 90 [%], the error for hi = 0.5
[m] and hi = 0.8 [m] is approximately in the same magnitude, but for hi = 1.2 [m] the
error is significant increased. For instance, for hi = 1.2 [m] and θ = 20 [deg] the error has
increased by nearly 5 times.
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Figure 7.2: Results from Case I: s�Qs, C = 90 [%].
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Figure 7.3: Results from Case I: s�Qs, C = 100 [%].
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Figure 7.4: Results from Case I: Error sorted by hi, C = 90 [%]. − Surge, − Sway,
− Yaw.

The error, sorted by DOF, for Case I is presented in figures 7.6 and 7.7 for 90 [%] and
100 [%] ice concentration, respectively. The error for C = 90 [%] does not have a distinct
development for the ice thicknesses. The error in yaw is significant smaller compared to
surge and sway. For 100 [%] ice concentration the error for 0.5 [m] and 0.8 [m] is nearly
equal and significant smaller than the error for hi = 1.2 [m]. The error for hi = 1.2 [m]
can be approximated with a linear increase for increasing drift angles in surge and sway.
For yaw, this is not the case because the error for 10 [deg] is significant larger than the
other drift angles.

7.2.2 Thrust Allocation with Thruster Dynamics

Adding thruster restrictions to the TA algorithm yields the following results, in Cases II
and III. The results will be presented in the same manner as in the previous section.

The control forces, f , are LP filtered off-line after the optimization in Case II. The slack,
s, is calculated during the optimization, and the LP filter will thus not affect s�Qs.
The slack term for Case II will therefore be equal to case I, and no new information
can be added. One solution to this problem can be to LP filter the control forces in
the optimization loop, but this is not done in this project. It is unfortunate that no
indications on the performance of the TA can be given by looking at the slack variables,
but it is assumed that the error can give a good enough picture of the performance for
this case.
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Figure 7.5: Results from Case I: Error sorted by hi, C = 100 [%]. − Surge, − Sway,
− Yaw.

The error, sorted by hi, for Case II with C = 90 [%] is presented in Figure B.1, and is
similar to Case I. An exception is a larger magnitude for hi = 0.5 [m]. More interesting
are the results when increasing the ice concentration to 100 [%], as is shown in Figure
7.8. For hi = 0.5 [m] the error is larger compared to Case I, but the most interesting
result can be seen at 0 [deg] and 20 [deg] drift angle. Here to error is -0.4 [%] and -14 [%]
respectively, meaning more thrust is produced than what is required to withstand the ice
loads. For hi = 0.8 [m] the error in yaw is quite large, larger than the error in surge and
sway for 0 [deg] and 5 [deg]. With 1.2 [m] ice thickness the error is nearly equal as it is
for Case I.

Figures B.2 and B.3 presents the error, sorted by DOF, for Case II with 90 [%] and 100
[%] ice concentration, respectively. The results are not so different from Case I, except
for the negative error for hi = 0.5 [m] and θ = 20 [deg].

s�Qs for Case III with C = 90 [%] is shown in Figure 7.9. The slack term for hi = 0.5 [m]
and θ = 5 [deg] is significant larger compared with the other drift angles, approximately
10 to 100 times as large. In general, s�Qs for hi = 0.8 [m] is increasing for increasing
drift angle. For hi = 0.8 [m] and 5 [deg], it is nearly 80 times as large compared to Case I.
Approximating the slack term for hi = 1.2 [m] with a linear line from 0 [deg] to 20 [deg],
it is actually decreasing with increasing drift angles. In spite of this, s�Qs is 1.4 times
as large for θ = 20 [deg] compared to Case I.

The slack term for Case III with C = 100 [%] is given in Figure B.4. The development for
s�Qs, with respect to drift angles, is almost the same as for Case I, only with a larger
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Figure 7.6: Results from Case I: Error sorted by DOF, C = 90 [%]. - - hi = 0.5 [m],
— hi = 0.8 [m], · · · hi = 1.2 [m].

magnitude. An exception is for hi = 0.8 [m], θ = 0 [deg] where the slack term is larger
than θ = 5 [deg].

The error, sorted by ice thickness, for Case III is presented in figures B.5 and B.6 for
C = 90 [%] and C = 100 [%], respectively. The results are not very different from Case I,
except for a more linear increase in error from 5 [deg] to 20 [deg] for hi = 1.2 [m], C = 90
[%] and a negative error in sway for hi = 0.5 [m], θ = 0 [deg] and C = 100 [%].

Figure 7.10 shows the error, sorted by DOF, for 90 [%] ice concentration. In surge
direction, the largest error is for hi = 0.8 [m]. In sway direction the error is nearly
linear increasing from 5 [deg] to 20 [deg], and the error for hi = 1.2 [m] is larger than for
hi = 0.8 [m] which in turn is larger than for hi = 0.5 [m]. The error in yaw gives no clear
indication regarding for which ice conditions the error is largest, except for hi = 1.2 [m],
θ = 0 [deg] and hi = 0.5 [m], θ = 5 [deg] which is significant larger than the others.

The error, sorted by DOF, for Case III and C = 100 [%] is presented in Figure B.7. The
results are similar to corresponding ice conditions in Case I, except that the error is a bit
larger for some of the drift angles for hi = 1.2 [m].

7.2.3 Thrust Allocation with Thruster Ice Clearance

The results from Case IV and V, when TIC is added to the original TA algorithm, are
presented in this section. The presentation of the results is done in the same manner as
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Figure 7.7: Results from Case I: Error sorted by DOF, C = 100 [%]. - - hi = 0.5 [m],
— hi = 0.8 [m], · · · hi = 1.2 [m].

the two previous sections.

Figures B.8 and 7.11 presents s�Qs for Case IV with C = 90 [%] and C = 100 [%],
respectively. The results in both figures tend to follow the same trend from Case I, except
with a larger magnitude. With 100 [%] ice concentration, hi = 1.2 [m] and θ = 10 [deg]
the slack term, s�Qs, is the largest amongst all cases.

The error, sorted by hi, for case IV and C = 90 [%] is given in Figure B.9. The results,
especially for hi = 0.5 [m], are similar to the results from Case I. An exception is that the
error is large especially for sway.

In Figure 7.12 the error for Case IV, sorted by ice thickness, is presented. The error is
significantly larger compared to Case I, and the prioritization of DOFs is maintained. For
hi = 0.8 [m] and 20 [deg] drift angle, the error is negative, with -1.4 [%] error.

The error for Case IV and C = 90 [%], sorted by DOF, is presented in Figure 7.13. It is
interesting to note that the error in surge is largest for hi = 0.5 [m] for all drift angles.
In sway, the error is small and nearly constant from θ = 0 [deg] to θ = 5 [deg], and the
increase in error can be linearly approximated from 5 [deg] to 20 [deg]. The error in yaw
is small, compared to surge and sway, and do not follow any distinct development with
respect to increasing ice thickness and drift angle.

Increasing the ice concentration to 100 [%], the error for Case IV, sorted by DOF, is
shown in Figure B.10. The results are roughly the same as for Case I, only with larger
magnitude.
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Figure 7.8: Results from Case II: Error sorted by hi, C = 100 [%]. − Surge, − Sway,
− Yaw.
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Figure 7.9: Results from Case III: s�Qs, C = 90 [%].
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Figure 7.10: Results from Case III: Error sorted by DOF, C = 90 [%]. - - hi = 0.5 [m],
— hi = 0.8 [m], · · · hi = 1.2 [m].
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Figure 7.11: Results from Case IV: s�Qs, C = 100 [%].
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Figure 7.12: Results from Case IV: Error sorted by hi, C = 100 [%]. − Surge, − Sway,
− Yaw.

Figure B.11 shows the slack term for Case V with C = 90 [%]. The results are quite similar
to the same ice conditions for Case IV, except that s�Qs is increasing with increasing
drift angle for the smallest ice thickness and that the magnitude is larger. The same
results for 100 [%] ice concentration are presented in Figure B.12. The same exceptions
as for C = 90 [%], as described above, applies to 100 [%] ice concentration, except that
the magnitude for hi = 1.2 [m] is smaller for Case V compared to Case IV.

Figures B.13 and B.14 presents the error for Case V, sorted by ice thickness. Interesting
observations are that the error in surge is significant negative for C = 90 [%], hi = 0.8
[m], θ = 20 [deg] and C = 100 [%], hi = 0.5 [m], θ = 10 [deg].

The error for Case V, sorted by DOF, for C = 90 [%] is given in Figure 7.14. In surge
direction, the error is dominating for hi = 0.8 [m] and negative for 20 [deg]. For sway
and yaw, the error is roughly the same as for Case IV. An exception is for hi = 1.2 and
θ = 10 [deg] where the error is significant larger than the other ice thicknesses.

Increasing the error to 100 [%], the error for Case V, sorted by DOF, is presented in
Figure B.15. The results indicate that the error is approximately the same as for Case
IV, only with negative errors for some of the ice conditions in surge.
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Figure 7.13: Results from Case IV: Error sorted by DOF, C = 90 [%]. - - hi = 0.5 [m],
— hi = 0.8 [m], · · · hi = 1.2 [m].

7.3 Results Energy Considerations

In the energy considerations, the energy of the remaining control forces, fdiff and the
ice loads the TA were not able to counteract for, τdiff , is calculated and compared. A
complete overview of all the cases as a function of all the ice conditions is given in tables
C.1 - C.5. The energy of fdiff and τdiff are summed up over the time axis and subtracted
from each other. This way, the results in tables C.1 - C.5 give an overall indication of
the ability to avoid drift-offs all together over the time axis. There might be cases where
the vessel will drift off in small periods of time and then come back into position, but
simulations showed that for most of the cases the TA was either able to prevent drift-offs
or not. An exception is for hi = 1.2 [m], C = 90 [%] and θ = 20 [deg] where the energy
of fdiff and τdiff were similar, and only minor difference resulted in a positive result for
surge and negative for sway.

Simulations for Cases I - III, presented in tables C.1 - C.3, indicated that the vessel was
able to withstand the ice loads for all ice conditions with 0.5 [m] and 0.8 [m] of ice. For
hi = 1.2 [m] the TA started to have problems with withstanding the ice loads in sway for
C = 90 [%] and θ = 20 [deg]. For 100 [%] ice concentration, the results indicated that the
TA was not able to withstand the ice loads in surge and sway. For Case IV, presented in
Table C.4, the results indicated that the TA also failed to withstand the ice loads for sway
for θ = 20 [deg] with 0.5 [m] of ice and 100 [%] ice concentration, in addition to both ice
concentrations for 0.8 [m] of ice. For Case V, presented in Table C.5, the indications on
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Figure 7.14: Results from Case V: Error sorted by DOF, C = 90 [%]. - - hi = 0.5 [m],
— hi = 0.8 [m], · · · hi = 1.2 [m].

Table 7.1: Possible drift-offs in sway, Case V.

hi C θ
[m] [%] [deg]

0.5 100
10
20

0.8
90 20
100 20

1.2

90
10
20

100

0
5
10
20

failure to withstand the ice loads in sway apply to the ice conditions presented in Table
7.1. It is also worth noticing that the TA was able to withstand the ice loads in yaw for
all of the cases.

To give some examples of the energy analysis, it is chosen to present the results for surge
direction for the lightest ice condition and the toughest ice condition. In Figure 7.15, the
difference in the energy of fdiff and τdiff is plotted in the time domain. For the time
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intervals at around 15 [s], 410 - 480 [s], around 920 [s] and around 1180 [s] the error is
nearly 0, meaning that little of the control forces are left to withstand the ice loads. For
this ice condition this happens only for small periods of time, and the remaining control
forces are quite large the rest of the time. The energy of the fdiff and τdiff are plotted
separately in the frequency plane in Figure 7.16. The same results are presented, and it
easy to see that the energy of fdiff is larger than the energy of τdiff in the whole frequency
plane. Note that the y-axis shows the power spectral density (PSD) of the energy signals.
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Figure 7.15: Energy of fdiff subtracted energy of τdiff for lightest ice condition, surge
direction.

The results for the toughest ice condition are presented in figures 7.17 and 7.18, in the
time and frequency domain, respectively. In Figure 7.17 it can be seen that the energy
of τdiff is larger than the energy of fdiff for most of the time, and it is likely that the
vessel will not be able to come back into position in the small periods when the difference
is positive. In the frequency plane, the energy of the ice loads that the TA is not able to
withstand, τdiff , larger than the energy of the remaining control forces, fdiff , except for
small frequencies. For some of the small frequencies, below approximately 0.5 [Hz], the
two signals seem to be on top of each other, but the difference becomes significant quite
soon.
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Figure 7.16: Frequency analysis of the energy of fdiff and τdiff for the lightest ice
condition, surge direction.
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Figure 7.17: Energy of fdiff subtracted energy of τdiff for toughest ice condition, surge
direction.
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Figure 7.18: Frequency analysis of the energy of fdiff and τdiff for the toughest ice
condition, surge direction.



Chapter 8

Discussion

The main objectives of this study were to implement and test an optimization based
TA including thruster dynamics and TIC, suggest suitable methods for illustrating the
performance and implementing prioritization of DOFs. A case study was carried out using
towing tank measurement data from CIV Arctic and the results were illustrated using the
methodology described in Section 6.9. A brief discussion of the results will be given
in Section 8.1, along with drawbacks of the towing tank measurement data, parameter
tuning and the prioritization of DOFs. A more detailed discussion of the results, along
with the methods used, is presented in sections 8.2 - 8.4. The results from the energy
considerations are discussed in Section 8.5.

8.1 General Discussion

In general, s�Qs increased with increasing ice thickness. Increasing the ice concentration
from 90 [%] to 100 [%] increased s�Qs as well, for instance with a magnitude of approx-
imately 10 times for hi = 0.5 [m] and hi = 0.8 [m] in Case I. When the ice thickness
was increased to 1.2 [m], the slack term increased significantly. For all cases, except Case
III, s�Qs increased with approximately 1000 times from hi = 0.8 [m] to hi = 1.2 [m] for
C = 100 [%]. In real life, this means that by reducing the ice concentration from 100 [%]
to 90 [%], for instance by IM, it is more likely that the vessel is able to be on DP. Also,
the results indicated that 1.2 [m] of ice may be too much for the DP control system to
handle.

Investigating the error, for light ice conditions, such as C = 90 [%] and the two smallest
ice thicknesses, it did not have any distinct increase with respect to drift angle. Two
exceptions are for Cases IV and V, when TIC was added to the TA, and the error was
larger compared to the previous cases. For 100 [%] ice concentration, the error was larger
than for 90 [%] ice concentration, and the prioritization of DOFs was more visible. Sorting
the error by DOFs showed a clear picture that the error for hi = 1.2 [m] was in general
larger than the other ice thicknesses. There are some exceptions, for instance for some of
the drift angles for Case V with C = 100 [%]. For 90 [%] ice concentration the error was
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not so large and the prioritization of DOFs not that clear.

For C = 100 [%], hi = 1.2 [m] and θ = 10 [deg], s�Qs was significantly larger compared
to the other drift angle for all cases. Looking further into the ice loads, τice, applied to the
TA, it seemed like the TA was not able to counteract all the ice loads in the beginning if
they were too large. As seen in Figure 8.1, the TA was not able to counteract for the ice
loads the first approximately 100 [s]. In this ice condition, the ice loads in the beginning
were too large for the TA to withstand and the error became large. Some of the reason
may be that the TA needed some time to stabilize the thruster levels and azimuth angles
to desired values. Later in the time series for sway, it can be seen several times that
the TA was not able to counteract for sway forces. This is assumed to be due to the
prioritization of DOFs.
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Figure 8.1: τice and τact for Case I with C = 100 [%], hi = 1.2 [m] and θ = 10 [deg].

In the case study, towing tank measurement data from CIV Arctic were used as input
to the TA. It is difficult and expensive to gather real life measurement data, so model
test data is believed to be adequate in the design of DP systems [11]. Drawbacks with
model tests in ice are for instance that the ice floes are preformed into squares, which are
not realistic, and the effects from the basin walls. At the side of the basin at least two
of the ice floes did not move when the ship was towed through the ice sheet, and it is
therefore believed that the width of the basin did not affect the measurement data. But
at the end of the model basin, the ice tended to pack together and might give a higher ice
concentration. The measurement data were stopped when this before this was noticeably,
but it might have had some effect. In the towing tests, the vessel was towed through the
model basin, without running propulsion, with restrictions on movement in surge, sway
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and yaw. In practice, the vessel will only have limited amount of power, and for heavy
ice conditions the velocity of the vessel will decrease before the ice splits. Compared to
real life measurement data, the peeks in ice loads, from the towing tank measurement
data, might not be as large. Even though there are some large peeks in the towing tank
measurement data, the DP system would perhaps not be able to react on them. This
can be because they change too fast [11, 39], and will only push the vessel a little out of
position. This is an interesting subject, and what the energy analysis i Chapter 5 tries to
shed light on.

Figure 8.2: Initial values for the case study vessel.

The number of tuning parameters in the TA algorithm is substantial. Equations (7.4) -
(7.11) contain a total of 23 parameters to be tuned for satisfactory performance. Some
guidelines for tuning are given in Section 7.1.6, but it is likely that the parameters can
be tuned even better. This may be challenging because experience from tuning of the
TA algorithm has shown that small change in parameters and initial values will affect
the performance of the TA. The initial values for the control forces, f , and the azimuth
angles, α, for the case study is presented in Figure 8.2. For DP applications this initial
thruster configuration seemed to be good because the angles of the azimuth thrusters were
well distributed around 360 [deg]. The slack variables, s, were initialised to 0. The scope
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of this work did not include finding optimal tuning parameters, but rather to implement
and test a TA algorithm with satisfactory performance. For that reason, more effort
should be put into finding optimal tuning parameters, for instance to avoid near singular
configurations as mentioned in [43].

To achieve predictable degradation of the TA’s performance when the ice loads are too
high, prioritization of DOFs was implemented using the weights of the slack variables, Q.
As presented in Section 7.1.5, the main priority is to keep the desired moments in yaw.
Then, the vessel will ideally be bow first straight towards the ice and the sway forces
will be zero. The results presented in sections 7.2 and 7.3 indicated that for though ice
conditions the prioritization of DOFs was followed. This means that the largest error was
in sway and the smallest in yaw.

8.2 Thrust Allocation

The TA algorithm chosen for this work was the most advanced, including for instance
restrictions on azimuth angle rates and singularity avoidance. It was based on numerical
optimization, and was on a form such that QP could be used, but since it is so advanced
the number of tuning parameters was found to be extensive.

The results presented in Section 7.2.1 indicated relatively small errors and slack for Case
I, compared to the other cases. When the ice loads were large, from approximately θ = 10
[deg] and above for C = 90 [%] and for all ice conditions for C = 100 [%], the error followed
the prioritization of DOFs, as described in Section 7.1.5. Reducing the ice concentration
from 100 [%] to 90 [%], for instance by using IM, resulted in a smaller slack term. In
Figure 7.2 it can be seen that for two of the ice conditions s�Qs was significantly larger
than the others. For C = 100 [%], hi = 0.5 [m] and θ = 5 [deg] the magnitude of the
slack variable was 7.49 · 10−5. By investigating the error for this ice condition, Figure
7.5 reveals that most of the error comes from sway direction. Looking into the time
series of τice and τact for sway it was noticed that the error was substantial in the period
between approximately 950 [s] and 1200 [s], as seen in Figure 8.3. The TA was not able
to withstand the sway forces of the ice loads in this period of time, because the available
control forces were used to withstand the yaw moments and most of the surge forces.
This was according to the prioritization of DOFs and was expected. The other large slack
term was for C = 100 [%], hi = 1.2 [m] and θ = 10 [deg]. The reason for this is partly
explained above, in Section 8.1. Another reason can be that the error in yaw was quite
large, as seen in Figure 7.7, which was due to the error in the first 100 [s], as seen in
figure 8.1. Multiplying the slack in yaw, quadratically, with the weight of the slack in
yaw, Qyaw = 5000, the results will be very large.

8.3 Thrust Allocation with Thruster Dynamics

To make the TAmore realistic, thruster dynamics were added to the optimization problem.
Two strategies were tried out to approximate the physical dynamics of the thrusters. First,
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Figure 8.3: τice and τact between 870 [s] and 1250 [s] for Case I with C = 100 [%],
hi = 0.5 [m] and θ = 5 [deg].

a LP filter was included. A disadvantage with the LP filter is that the TA algorithm does
not know of it, and since only the control forces were LP filtered the slack variables were
equal to the ones in Case I. The results may have been better if the control forces were
LP filtered on-line, but this was not considered in this report because the second way
of approximating the thruster dynamics was found to be a better solution. Including
restrictions on the control forces, implicitly in the TA algorithm, enables the optimization
problem to be solved with constraints on the control force rates. In the original TA
algorithm, this was already included for azimuth angle rates, and easy to include for the
control forces.

Unfortunately, s�Qs for Case II was not able to provide new information about the slack,
due to reasons described above. For Case III, on the other hand, s�Qs indicated that
the slack was larger when adding thruster dynamics. With 100 [%] ice concentration and
1.2 [m] of ice, the slack term was very large for Case I and did not increase very much for
Case III. For the same ice concentration, but with hi = 0.8 [m], the slack term increased
significant, with approximately 5000 for 0 [deg] drift angle as an example.

At first glance, the error in yaw for Case II was quite large. For several of the ice conditions
the error in yaw was larger than for surge and sway, and did not follow the prioritization
of DOFs. The error in surge and sway were not that different from Case I, but the
error in yaw was quite different. For some of the ice conditions, it was actually negative,
meaning that the TA produced more thrust than what was required to withstand the
ice loads. This can have something to with that the control forces were LP filter after
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the optimization, but this must be looked further into. For Case III, with C = 100 [%],
hi = 0.5 [m] and θ = 0 [deg], the error was also negative. Another reason for the negative
error can be that the TA must produce too much forces in sway to keep the desired forces
and moments in surge and yaw. The negative error seemed to happen more frequently
for Case II. It can be that the off-line LP filtering worsens the error compared to Case
III, when thruster dynamics was included implicitly in the TA algorithm. Finally, the
error for Case III was very different compared to Case I. For C = 90 [%], the error did
not follow the prioritization of the DOFs, and in magnitude it was larger. But increasing
the ice concentration to 100 [%] did not result in a significant increase of error, except for
hi = 0.5 [m].

8.4 Thrust Allocation with Thruster Ice Clearance

In Section 4.2, two solutions were proposed for implementing TIC. For both solutions,
sectors were defined for the azimuth thrusters to apply control forces within. In the first
solution, the TA algorithm decided which azimuth angles were best within these sectors,
and a minimum limit of control forces were applied to the thrusters in those directions.
For the second approach, two terms were added to the objective function to let the
azimuth thrusters follow predefined references in control forces and azimuth angles. The
first approach was simple and minor changes were needed in the optimization problem to
make it work. The downside was that the vessel operator will have little control with the
directions the azimuth thrusters applied forces. The second approach aimed to let the
vessel operator have more control of the behaviour of the azimuth thrusters used for TIC.
Two additional tuning parameters were introduced, but it is believed that the second
solution give a more predictable behaviour. The first solution can roughly be converted
into the second solution by making the sectors very narrow and change the directions of
the sectors, but the second solution is considered as a better design.

Judging by the slack term, adding TIC to the TA followed roughly the same development
with respect to drift angle as for Case I. Exceptions are that the magnitude was larger,
and for Case V with C = 100 [%], hi = 0.5 [m] where the slack term changed to be
approximately linear increasing.

The error for Case IV looked similar to Case I, only with a larger magnitude, except for
C = 90 [%] and hi = 0.5 [m] which is nearly equal to Case I. For 100 [%] ice concentration
the error was largest for 1.2 [m] of ice and the prioritization of DOFs was ensured. For
the second solution of TIC the development of the error was not so clear. Compared to
Case I and IV, the error was in general larger for Case V. The error for C = 100 [%]
and hi = 1.2 [m] did not increase significantly with respect to θ, and the error sorted
by DOFs was not that clearly dominated by hi = 1.2 [m] as in previous cases. This is
not because the error for hi = 1.2 [m] was smaller, but because the error for the other
ice thicknesses had become larger. The prioritization of DOFs was still followed for most
of the ice conditions, but some of the errors were negative. The reason for the negative
error can be that the TA tries to follow the reference in control forces, fref , and therefore
produces more thrust than needed to withstand the ice loads.
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8.5 Energy Considerations

The results presented in Section 7.3, with primary focus on Table C.1 - C.5, gave indi-
cations on possible drift-offs. The results indicated that adding thruster dynamics to the
TA did not increase to the possibility for not being able to keep desired position and
heading. This means that the possibility for drift-offs did not increase by making the TA
algorithm more realistic by adding thruster dynamics. By adding TIC to the original TA
algorithm, the results indicated that the possibility for drift-offs were present for lighter
ice conditions than for the previous cases. The energy considerations indicated that by
letting the TA decide the azimuth angles, on the azimuth thrusters used for TIC, it was
able to withstand the ice loads for more of the ice conditions, compared to forcing them
to follow predefined references. On the other hand, these negative results in the energy
consideration were only for sway.

Comparing the results for Case I with results from CIV Arctic [39], the TA presented in
this report was able to withstand more of the ice conditions. With the same prioritization
of DOFs, the TA in the CIV Arctic report was not able to withstand the ice loads in sway
for hi = 0.5 [m], C = 100 [%], θ = 5 [deg] and for 1.2 [m] of ice with C = 90 [%], θ = 5
[deg]. For hi = 1.2 [m], C = 100 [%] and θ = 0 [deg] the TA in the CIV Arctic report
was not able to withstand the ice loads in surge and sway. For the other ice conditions
the results were equal. Note that the TA used in the CIV Arctic report was simplified by
clustering the thrusters together in one place at front and rear. Comparing the results, for
Case I, to a constrained nullspace-based TA [17], where the same vessel and input data
was used, the results were the same. For sway, the TA was not able to withstand the ice
loads for the same ice conditions. The three cases where the ice loads in surge was the
problem, [17] showed that it can be possible. In tables C.1 - C.5 it is only shows possible
or not possible drift-offs, but in [17] the results are presented in detail. Even though the
results gave positive results, they can be very close to negative and a more detailed way
of presenting the result could have been considered.
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Chapter 9

Conclusion

In this final chapter, some conclusions based on previous presented material will be given.
Some conclusions on the choice of the TA algorithm, including design choices for thruster
dynamics and TIC, will be drawn out, with a subsequent conclusion on the results. Then,
some conclusions regarding the energy considerations, and how the results can say any-
thing about the DP capability, will be presented. Finally, some suggestions for further
work will be given.

9.1 Concluding Remarks

Based on the discussion in Chapter 8, the error of the TA was in general reduced when
the ice concentration was reduced from 100 [%] to 90 [%]. In real life, use of IM will
achieve this. To check the performance of the TA algorithm, the results showed that first
looking at the slack term, s�Qs, gave a first impression. But to be able to look into the
reason for the slack variable, the error in produced thrust should be looked into in more
detail. Also, when the ice loads became too high, the prioritization of DOFs was present.

Conclusion based on the methods and results will be carried out below in the same manner
as the results and discussions were presented.

9.1.1 Thrust Allocation

The TA algorithm chosen for implementation was the most advanced one described in
Section 2.1.2. It is based on numerical optimization and includes features such as singu-
larity avoidance and physical constraints on azimuth thrusters. Even though the number
of tuning parameters is large, it is assumed that this TA algorithm is the best with respect
to real life performance because of the included features.

For light ice conditions, the results indicated that the case study vessel using the developed
TA was able to withstand the ice loads. For larger ice loads, in the other hand, the error
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between the ice loads and produced thrust became large and the possibility for drift-offs
increased.

9.1.2 Thrust Allocation with Thruster Dynamics

One thing that was not included in the TA algorithm, given in equations (2.6) - (2.10), was
the dynamics of the control forces. To make the algorithm better for real life performance,
thruster dynamics were added. Two solutions were purposed, LP filtering and adding
new restrictions implicitly in the TA algorithm. It is believed that the second solution is
the best because then the TA algorithm know of the thruster dynamics while doing the
optimization, as was already done for the azimuth angle rates in Equation (2.10). The
resulting optimization is given in equations (3.2) - (3.7).

Based on the results in Section 7.2.2, the TA with restrictions on change of control forces
performed well compared to Case I. The error in yaw was smaller compared to Case II,
and the degradation of performance follows the prioritization of DOFs, as presented in
Section 7.1.5, well for heavy ice conditions. Adding thruster dynamics to the TA did
not increase the error very much, except for Case II where the error in yaw was quite
significant.

9.1.3 Thrust Allocation with Thruster Ice Clearance

Based on the discussion in Section 8.4, the second solution for including TIC into the
TA algorithm is considered the best choice. A positive factor for the first solution is
that the TA chooses the best azimuth angles to withstand the ice loads, and the all over
performance of the TA seems to be better judging by the results in Section 7.2.3. Even
though the error was larger, the second solution is considered the best way of solving
the TIC, because it gives better control over the azimuth thrusters. The IM performed
by the Finnish ice breaker ”MSV Fennica”, which used the thruster wakes to clear the
ice shows a great potential for TIC [3], and perhaps the DP system can be enhanced by
incorporating it in the TA.

Looking at the results in Section 7.2.3, the performance for Case IV was better for some
of the ice conditions compared to Case V, which might be because the TA chooses the
best azimuth angles to withstand the ice loads. This applies primarily to hi = 0.5 [m]
and hi = 0.8 [m], because the error for hi = 1.2 [m] was quite the same for both cases.
Compared to case I, the error was not very different for C = 90 [%], hi = 0.5 [m]. For
larger ice conditions the error increased significantly from Case I to Cases IV and V.

9.1.4 Energy Considerations

Using energy considerations, and looking at the difference in energy of the ice loads the
TA was not able to counteract for and the energy of the remaining control forces after
the optimization, some indications on possible drift-offs can be given. The results do not
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give a clear picture of whether the vessel is able to be on DP, but rather an indication of
possible drift-offs over time. This is based on how much control forces are left after the
optimization to counteract for the ice loads the TA did not withstand.

Based on the results in Section 7.3 and discussions in Section 8.5, it can be concluded that
the TA was able prevent drift-offs for all hi = 0.5 [m] and hi = 0.8 [m], except for large
drift angles for Cases IV and V. For hi = 1.2 [m], C = 100 [%] the energy consideration
indicated possible drift-offs for drift angles from 5 [deg] and above. Including thruster
dynamics did not affect the possibility for drift-offs, but by adding TIC the possibility for
drift-offs was present for lighter ice conditions compared to Case I.

The primary goal for the prioritization of DOFs was to use more effort to withstand the
ice loads in yaw, and it was achieved by the energy considerations always giving a positive
result for the moments in yaw.

9.2 Future Work

This study has focused on optimizing the TA for Arctic conditions, and included thruster
dynamics and TIC. Some ideas have been implemented and simulated in the case study,
but more can still be done to give better performance of the TA. Some recommendations
for further work are:

• The results from the case study give an indication of the performance of the TA.
The whole DP control system, as in Figure 1.2, should be simulated to investigate
how well the DP vessel in ice performs with the TA algorithm including thruster
dynamics and TIC.

• Test the TA on a real vessel.

• In the second way of including thruster dynamics, the restrictions on change of
control forces can be divided into 3 steps, as described in Section 3.2.

• Integrate the PMS in the thruster dynamics with restrictions on change of control
forces. The restrictions can be dependent on the states of the engines and informa-
tion can be passed between the modules.

• Use mathematical models to investigate automatic activation of TIC based on model
prediction.

• Further improvement of the reference signals used in TIC solution 2. Both how fast
the azimuth thrusters should flush back and forth and how large the references in
control forces should be. Adaptation, based on mathematical models of the ice, can
be included.

• Investigate how wide the azimuth sectors for TIC should be, and possible time-
varying dependent on the ice conditions.

• Do a more detailed analysis of the energy considerations to investigate how close
the TA is to possible drift-offs. Also, investigate when in the time series this might
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happen.

• Include a more sophisticated way of defining forbidden thruster zones for the azimuth
thrusters to avoid thruster losses, for instance thruster-thruster losses [33].

• Better tuning of parameters to improve performance.

• Investigate the negative errors.
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Appendix A

quadprog Matrices

An overview of the matrices used in quadprog is:

H =

⎡
⎣2P 06x4 06x3
04x6 2Ω 04x3
03x6 03x4 2Q

⎤
⎦ ∈ R

r+p+n×r+p+n (A.1)

g =

⎡
⎢⎢⎣

2Pf0[
∂
∂α

(
�

ε+det(T (α)W−1T�(α)

)∣∣∣
α=α0

]�
0n×1

⎤
⎥⎥⎦ ∈ R

r+p+n (A.2)

A =

⎡
⎢⎢⎣

Ir×r 0r×p 0r×n

−Ir×r 0r×p 0r×n

0p×r Ip×p 0p×n

0p×r −Ip×p 0p×n

⎤
⎥⎥⎦ ∈ R

2r+2p×r+p+n (A.3)

b =

⎡
⎢⎢⎣

fmax − f0

−fmin + f0

αmax −α0

−αmin +α0

⎤
⎥⎥⎦ ∈ R

2r+2p (A.4)

Aeq =
[
T (α0)

∂
∂α

(T (α)f)|α=α0,f=f0
I3x3

] ∈ R
n×r+p+n (A.5)

beq = τ − T (α0)f0 ∈ R
n (A.6)

lb =

⎡
⎣ Δfmin

Δαmin

−∞n×1

⎤
⎦ ∈ R

r+p+n (A.7)

ub =

⎡
⎣Δfmax

Δαmax

∞n×1

⎤
⎦ ∈ R

r+p+n (A.8)
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where

P = P� ∈ R
r×r

Ω = Ω� ∈ R
p×p

Q = Q� ∈ R
n×n

T (α) ∈ R
n×r

W = diag(w1, w2, . . . , wr) ∈ R
r×r

τ ∈ R
n

For TIC solution 2, the g vector is given by:

g =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

2P (f0 −

⎡
⎢⎢⎢⎢⎢⎢⎣

0
fref (1)

0
fref (2)

0
0

⎤
⎥⎥⎥⎥⎥⎥⎦
)

⎡
⎢⎢⎣
sa(1) + 2γ(α0(1)−αref (1))
sa(2) + 2γ(α0(2)−αref (2))

sa(3)
sa(4)

⎤
⎥⎥⎦

0n×1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

∈ R
r+p+n (A.9)

because of the two added terms including the references, fref and αref . The variable sa

is the singularity avoidance term, given by

[
∂
∂α

(
�

ε+det(T (α)W−1T�(α)

)∣∣∣
α=α0

]�
∈ R

p.
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Appendix Results

The case study resulted in numerous figures, and not all of them could be presented in
the report. The most notable figures were presented in section 7.2.1 - 7.2.3, and the rest
will be presented below in sections B.1 - B.2.

B.1 Thrust Allocation with Thruster Dynamics
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Figure B.1: Results from Case II: Error sorted by hi, C = 90 [%]. − Surge, − Sway,
− Yaw.
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Figure B.2: Results from Case II: Error sorted by DOF, C = 90 [%]. - - hi = 0.5 [m],
— hi = 0.8 [m], · · · hi = 1.2 [m].

0 [deg] 5 [deg] 10 [deg] 20 [deg]
0

10

20
Surge

E
rr
or

[%
]

0 [deg] 5 [deg] 10 [deg] 20 [deg]
0

20

40

Sway

E
rr
or

[%
]

0 [deg] 5 [deg] 10 [deg] 20 [deg]
−15
−10
−5

0
5

Yaw

E
rr
or

[%
]

Figure B.3: Results from Case II: Error sorted by DOF, C = 100 [%]. - - hi = 0.5 [m],
— hi = 0.8 [m], · · · hi = 1.2 [m].
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Figure B.4: Results from Case III: s�Qs, C = 100 [%].
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Figure B.5: Results from Case III: Error sorted by hi, C = 90 [%]. − Surge, − Sway,
− Yaw.
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Figure B.6: Results from Case III: Error sorted by hi, C = 100 [%]. − Surge, − Sway,
− Yaw.
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Figure B.7: Results from Case III: Error sorted by DOF, C = 100 [%]. - - hi = 0.5 [m],
— hi = 0.8 [m], · · · hi = 1.2 [m].
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B.2 Thrust Allocation with Thruster Ice Clearance
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Figure B.8: Results from Case IV: s�Qs, C = 90 [%].
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Figure B.9: Results from Case IV: Error sorted by hi, C = 90 [%]. − Surge, − Sway,
− Yaw.
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Figure B.10: Results from Case IV: Error sorted by DOF, C = 100 [%]. - - hi = 0.5 [m],
— hi = 0.8 [m], · · · hi = 1.2 [m].
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Figure B.11: Results from Case V: s�Qs, C = 90 [%].
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Figure B.12: Results from Case V: s�Qs, C = 100 [%].
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Figure B.13: Results from Case V: Error sorted by hi, C = 90 [%]. − Surge, − Sway,
− Yaw.
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Figure B.14: Results from Case V: Error sorted by hi, C = 100 [%]. − Surge, − Sway,
− Yaw.
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Figure B.15: Results from Case V: Error sorted by DOF, C = 100 [%]. - - hi = 0.5 [m],
— hi = 0.8 [m], · · · hi = 1.2 [m].
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Appendix C

Energy Consideration Tables

Tables C.1 - C.5 give an indication of if the vessel was able to keep the desired position
and heading for the Cases I - V, based on the energy considerations. The energy of τdiff
and fdiff , for each DOF, were summed up over the time axis and subtracted from each
other. If the result was positive, it indicated that the vessel was able to withstand the
ice loads over the whole time axis. A negative result indicated the opposite. A positive
result is represented with a green check mark and a negative result with a red cross in
the tables below.

85



86 Appendix C. Energy Consideration Tables

Table C.1: Results energy considerations, Case I.

hi C θ Surge Sway Yaw
[m] [%] [deg]

0.5

90

0
5
10
20

100

0
5
10
20

0.8

90
0
5
20

100
0
5
20

1.2

90

0
5
10
20

100

0
5
10
20
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Table C.2: Results energy considera-
tions, Case II.

hi C θ Surge Sway Yaw
[m] [%] [deg]

0.5

90

0
5
10
20

100

0
5
10
20

0.8

90
0
5
20

100
0
5
20

1.2

90

0
5
10
20

100

0
5
10
20

Table C.3: Results energy considera-
tions, Case III.

hi C θ Surge Sway Yaw
[m] [%] [deg]

0.5

90

0
5
10
20

100

0
5
10
20

0.8

90
0
5
20

100
0
5
20

1.2

90

0
5
10
20

100

0
5
10
20
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Table C.4: Results energy considera-
tions, Case IV.

hi C θ Surge Sway Yaw
[m] [%] [deg]

0.5

90

0
5
10
20

100

0
5
10
20

0.8

90
0
5
20

100
0
5
20

1.2

90

0
5
10
20

100

0
5
10
20

Table C.5: Results energy considera-
tions, Case V.

hi C θ Surge Sway Yaw
[m] [%] [deg]

0.5

90

0
5
10
20

100

0
5
10
20

0.8

90
0
5
20

100
0
5
20

1.2

90

0
5
10
20

100

0
5
10
20



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


