HOCHSCHILD COHOMOLOGY OF RING OBJECTS IN MONOIDAL
CATEGORIES

MAGNUS HELLSTROM-FINNSEN

ABSTRACT.  We define the Hochschild complex and cohomology of a ring
object in a monoidal category enriched over abelian groups. We interpret the
cohomology groups and prove that the cohomology ring is graded-commutative.
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INTRODUCTION

With inspiration from the classical definition of Hochschild cohomology (which for example
can be found in |[Hap89]) we define the similar notion of Hochschild cohomology for ring
objects in monoidal categories enriched over abelian groups. Hochschild cohomology was
initially studied by Hochschild in [Hoc45| and |[Hoc46)|.
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Monoidal categories were introduced as a generalisation (or formalisation) of tensor
products, and they have played a fundamental role in the development of category theory
ever since. We restate the Hochschild cochain complex in this setting, look at some
immediate consequences for lower dimensions and prove that the cohomology ring is
graded-commutative.

Related work was done in [AMS07|, where the authors studied Hochschild cohomology
of abelian monoidal categories by construction a bar complex. Abelian monoidal categories
were also studied in [Banl4], in which localisations of modules over ring objects are studied
and it proves a classification result using Hochschild cohomology.

1. PRELIMINARIES

In this section we discuss monoidal categories, ring objects and their basic properties.
Throughout this paper, in a category % we denote an object X by X € ¥, and its identity
by 1x, or only by 1 if the object is assumed to be known. Morphisms are denoted by arrows

X — Y and natural transformations with arrows such as F' — G.
Let Ab denote the category of abelian groups and group homomorphisms. A category &

is said to be an Ab-enriched category if the hom-objects in € are abelian groups and the
composition is bilinear over the integers Z. Note that we do not assume that an Ab-enriched
category has a zero object. But if an Ab-enriched category happens to have an initial
object, this object is also terminal, hence a zero object, because the zero morphism is in
every hom-object. Similarly every finite coproduct in an Ab-enriched category is also a finite
product, which often is referred to as a biproduct. If an Ab-enriched category % happens to
admit finite biproducts, we say that & is additive.

1.1. Monoidal categories. We recall the definition of a monoidal category from |[Mac98|.

Definition 1.1. A category % is a monoidal category if it is equipped with a bifunctor
N: € X € — € (often referred to as the tensor product) and an object I in € called the
tensor unit, together with the following natural isomorphisms:

e The associator o : (?AT)A?7 =7 A (?A7) which has components
(11) axy,z: (X/\Y)/\Z—)X/\(Y/\Z)
for all objects X, Y and Z in ¥.
e The left unitor X\ : IN? —7 which has components
(1.2) Ax INX = X
for every object X in €.
e The right unitor p :? A I —7 which has components

(1.3) px XN —= X

for every object X in €.

These data should make the pentagon diagram
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WAXYANY NZ)

(WAX)ANY)NZ WAXNANYANZ))

aw,x,y N1z lw ANax,y,z

(WAXAY)VNZ WA(XAY)NZ)

QW,XAY,Z

where W, X, Y and Z are arbitrary objects in €, and the triangle diagram

ax,I1,y

(XADAY XAINY)
PXN %)\Y
XANY

where X and Y are arbitrary objects in 4 commutative. We denote the data for this category
by (€¢,N, 1, a, A, p).

Among many examples of monoidal categories we mention the following. The category
Set (of sets and functions) with tensor product given by the cartesian product and the
tensor unit given by the one point set * is monoidal. This is even an example of a cartesian
monoidal category, which is a monoidal category where the monoidal structure is given by the
cartesian product and the terminal object is the tensor unit. Another example of a cartesian
monoidal category is Cat (of (small) categories and functors) with products of categories
and the terminal category. Similarly any category with coproducts is a monoidal category,
where the initial object is tensor unit. Further the category Ab (of abelian groups and group
homomorphisms) with the usual tensor product A = ®z and tensor unit Z. In fact Ab is
even a symmetric monoidal category (defined in Section [3.2)). The category vec(k) (of finite
dimensional vector spaces over a field £ and linear transformations) is a monoidal category
with tensor product ®; and tensor unit k. The category Top, (of pointed topological spaces
and continuous functions) is a monoidal category with the smash product A and the base
point as tensor unit.

1.2. Ring objects. Here we will use the term ring object for what many will refer to as
monoids (i.e. [Mac98|). This terminology is also used in [HPS97].

Definition 1.2. Let (¢, A, I, a, A, p) be a monoidal category. A ring object R is an object in
€ equipped with a multiplication rule pg : RA R — R and a multiplicative unit eg : [ — R.
These morphisms satisfy the following relations:
e The associative relation: the multiplication rule is associative in the sense that the
following diagram commutes
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(RAR)AR—"" RA(RAR)
MR/\lR‘ ‘1R/\IJ«R
RAR RAR

S A

e The unitary relation: the multiplication admits a left unit and a right unit in the
sense that the following diagram commutes

-1 —1

R IARSEAME pARlEAR B PR
-
1R 1R
R

We denote a ring object as a triple (R, pug, er), and often the subscripts are skipped.

In the monoidal category Ab the ring objects are simply ordinary rings. The ring objects
in the monoidal category vec(k) are (finite dimensional) k-algebras.

Definition 1.3. Let (R, pug,er) and (S, ug,es) be ring objects in a monoidal category
(€, N, 1, a, \, p). A morphism of ring objects f: R — S is a morphism f in ¢ such that
(1.4) four=pso(fANf):RAR—S and foer =ceg,

which means that the following two diagrams commute

RARIM sas

-, -] <

R S

f

Ne—

1.3. Coherence in monoidal categories. Throughout this section let (€, A, I, a, A, p) be
a monoidal category. We say that € is strict if a, A and p all are identities. When confusion
may occur, we use the term weak for non-strict monoidal categories. Nevertheless, examples
like Ab, even Set, which we think of as natural examples of monoidal categories, are not
strict.

However, in weak monoidal categories, as discussed in [Mac98, Section VII.2| (and
originally suggested in |[Mac63| and [Kel64]), any formal diagram built up from instances
of o, A and p by A commutes. This result will often be referred to as coherence in monoidal
categories or the coherence theorem for monoidal categories. The coherence theorem implies
that the constructions we can make of objects in ¢ by “moving parentheses with associators”,
or “tensoring with the tensor identity on the left or the right” are not only isomorphic objects,
but all different ways to “produce” these constructions are “equivalent”. “Equivalent” in
the sense that every diagram containing different procedures of constructing objects using
instances of o, A and p by A commutes.
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As a consequence of the coherence theorem it is sometimes usual to not differ between such
isomorphic objects, and hence thinking about any monoidal category as strict. However we
choose to be loyal to the philosophy that every arrow should start in a distinct object and
end in a distinct object, hence we differ between all such coherent cases.

Later we are going to study long “chains” of ring objects tensored together. Hence we
introduce the following notation.

Notation 1.4. Let (R, i, e) be a ring object in 4. We denote
(1.5) R =(..(RAR)AR)AR---)AR,

where R occurs k times and the parentheses are as above (i.e. all the left parentheses are

grouped together). We use the convention that R"Y is the empty symbol. By the coherence
theorem all such procedures are equivalent, in the sense that all formal diagrams involving
these associators possible tensored with identities commute. We denote this described
procedure by

(1-6) aZ’j RN (RM A R/\j) A RAk=i=j)
for 0 <i <k 0<j<kand0<i+j <k Weremark that o}’ in many cases might be

the identity, e.g. when k£ = 0,1, 2, but also in many other cases. Now consider again chains
of the same ring object tensored together. By

(L.7)  ph = (Tgas A p) A lgaaeiozy : (RN A RM) A RMEZIZ2) 5 (RNA R) A RMF72)

for 0 < ¢ < k — 2 we denote the multiplication of two objects occurring after a chain of ¢
objects.

2. THE HOCHSCHILD COMPLEX

In this section, we define the Hochschild complex for ring objects and bimodules.

2.1. The Hochschild cochain complex of a ring object. We restate the classical
definition of the Hochschild cochain complex from [Hoc45| and |[Hoc46| in the setting of

ring objects in Ab-enriched monoidal categories.

Definition 2.1. Let (¢, A, I, , A, p) be an Ab-enriched monoidal category and let (R, u, €)
be a ring object in €. The Hochschild cochain complex C*(R) = (C*(R), d*)ez is defined to

be the sequence
0L RS YR L (RS
that has objects

0 for k<0
(2.1) C* = { Homg(I,R)  for k=0
Homg (R, R) for k > 1.
The differentials d* : C*(R) — C*™!(R) are defined as:
o d*=0for k<0.



6 MAGNUS HELLSTROM-FINNSEN

e For f € C°(R) = Homg (I, R) the differential d° : Homy (I, R) — Homg (R, R) is
defined to be

(2.2) d°(f) =po (fA1R)oAG —po(1g A f)opg'

e For k > 1 and f € C*(R) = Homg (R, R) the differentials d* : Homy (RN, R) —
Homg (RM**+D | R) are defined to be

dk(f) po(lrAf) O%+1+Z . 11) 1ON2+110042+112
+ (=) o (f Alg)]
Next we prove that this sequence is a cochain complex. The proof spans several pages.

Theorem 2.2. Let (6¢,N,I,a, )\, p) be an Ab-enriched monoidal category and let (R, i, €)
be a ring object in €. The sequence C*(R) = (C*(R),d")rez is a cochain complez, i.e.
d**tod* =0 for all k € Z.

Proof. This proof mainly consists of identifying terms in sums with one another, in such
a way that they cancel each other. Braces are used to label the different terms. The sign
of the term is always considered as a part of the term. We divide the proof into separate cases.

The case k < 0. This case is obvious since all d* = 0.

The case k = 0. For this case we want to prove if d' o d® = 0. Recall
d'(?) = po (1gA?) + (=1)?u+ po (? Alg). For f € Homy (I, R) we get

(d od)(f) =po (g Ad(f)) = d(f) o p+po (d°(f) Alg)
—po[lrApo(fALR) o AT — o [lrApo (g A f)oprl]
(i22) (iv)
(23) — o (f A1p) o Nz ot o (In A f)opglon
(v) (vi)

+pofuo(fALR) oAz Algl —pouo (Ig A f)opg' Alg].

First we claim that (7) cancels against (vi). To see this consider the following diagram, where

(1) is the vertical composition along left hand side, and (vi) that along the right hand side.
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RAR c---mmn 08 RAR
lR/\)\I_%l pl_%l/\lR
OR,1,R
RA(IANR)¢----------- (RNI)ANR
LR A(f A 1R) (ArAf)Alr
&R,R,R
RA(RAR) ¢---------- (RANR)AR
1Ir A p wA1lR
RANR RAR
M M
- R

The top square commutes from the (inverse of the) triangle identity. The middle square

commutes by the naturality of a. The bottom square commutes by the associativity relation

in the multiplication rule.

pollpApo (fALR) o ARl —poluo(Ir A f)opg' Alg]=0.
Next we show that (i7) cancels against (iv). Consider the following diagram where (i7) is

Hence the diagram commutes and “(i) + (vi) = 07, namely

the vertical composition along the left hand side and (iv) that along the right hand side

1R/\(1R/\f)
RA(RAR)
1r A p

RAR

1IrNf

AR
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The top left part of the diagram commutes by coherence and the top right part commutes
since p is natural. The middle left part commutes since « is natural and the middle
right part of the diagram commutes by functoriality and identities. The bottom part
commutes by the associative relation. Hence the diagram commutes and (ii) + (iv) = 0, or
—po[lgApo(IrAf)opp]l+po(lpAf)opg' on=0.

Finally, we show that (iii) + (v) = 0. In order to show this, we consider the
“(7i1)-(v)"-diagram

(#i7) : (v) :

RAR Linn RAR

14 \\\\\

R ik Mg Alr
Ag!

u QI,R,R

1r
IAR " T ARAR) ™ (IAR)AR

fA1R \ f ANrar (f A1R) Alg
1r A e R,

RAR " RARAR) 22 (RAR)AR

pA 1R

% RAR

I

1r

R : R

First we observe that this diagram is the “reflection” of the “(ii)-(iv)"-diagram. Again
starting at the very top, the square left of the dashed )\}_%/1\ r commutes since A is natural.
The square right of this dashed arrow commutes by coherence. In the middle part of the
diagram, the right square commutes since « is natural, while the left square commutes
by straightforward compositions (— A — is a functor and properties of compositions with
identities). The bottom part commutes by the associative relation for the multiplication
rule. Hence (i) + (v) =0, or —po (fAlg)o Az o+ pofuo(fAlg)oAz' Alg]=0. We
conclude that d* o d° = 0 from the diagrams above.

The case k > 1. We prove that d**' o d® = 0 for k > 1. Let f € Homy (R, R)
and recall that

k+1
A7) = o (1gA?) 0 a? + Z(—l)l[? o (az;ll’l)_l o iy 0 ozz;rlf] + (=12 o (? A 1R)].
i=1
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Since

d*(f)=po(lrAf)o ak+1 + Z a 1’1) © :uk+1 © 042:+112] + (=D o (f A1R)]

we then obtain

(a0 d")(f) =
(i)
MO [1RANO(1R/\JC)OO%+1]OO‘2412
(i)

g k

+po [1r A (Z ag o uh e O‘;chllz)] o ajy
=1
(ii)
+ (=1 o [lg Ao (f Alr)] o gty
(iv)
et K
i—1,1 i—1,2
+ Z Tuo(rAf)o ak+1](%+1 )7 o HiGn 0 )Ly
v
et k )
i j i—1,1 12| (i1 i—1,2
(24) T Z(_l) Z(_l)]f o(ag ") o #kﬂ © ak+1 (O‘kﬂl) O flj15 © Xys
i=1 j=1
(v9)

o1
+ Y (D=0 o (f Alg) o (af ) o pih 0 aps?

i=1

(viz)

+ (=1 20 ([wo (1 A f) ol ] Alp)

(viid)
7\
7 N

T (—1)*20 [Z(—wf (@) Vo it 00l i A 1

(iz)

A

+E—1)k+2(—l)k+1,u ofpo(fALR)A 13]‘.

Before we prove that this expression vanishes, we introduce the following notation. Let
(77) = Zle & be one of the nine sums above. For 0 < n < k, by (7?7), we denote the nth

term in expression, that is (77), = fn Furthermore (77)™ denotes the sum (7?) but without

the nth term, that is (77)" = ZZ L&+ ZZ 1 i
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First we associate (zii) with (viz). We use that A is a bifunctor and hence commutes with

compositions to rewrite (ii7) and (vii) slightly

)
(
(4ii) =(—1) " po[lg Ao (f Alg)] o a2i2
(—
(—
(=

D" o (Lg Ap)o (Lr ALf A Lr]) o agy,

)
) (

1o ([wo (1r A f) o agy] A 1)
) (

D20 (uA1g) o ((Ir A fIA1R) o (gl AlR).

(vid)

Now we use these expressions to construct the following diagram:

(4i7) : (vit) :

RAKR+2) (T L RAk+2)
ol o0, Ap
RARMNED o JBENE (R A RMY AR
1r A [f A1R] (IrAf)A1R
RA(RAR)«--—- """ ____(RAR)AR
1r A p LA 1R
RAR RAR
" 7
R - R

The top square commutes by the coherence theorem. The middle part commutes since «
is a natural transformation. The bottom part commutes by the associativity relation of
the multiplication rule. Hence the diagram as a whole commutes and we conclude that
(i) + (vii) = 0.

Next we associate (i) to (iv);. Again we rewrite sightly

(i) =po[lr Ap(lg A f)o agiﬁ © agiz

=po(lpAp)o(lrAN[IgA f])o (1RA%+1)0042+12

(
(iv) = (- )[Mo(lR/\f)oakH] (a2i1)_ OMk+2OO‘2i2
)

(— 1MO(1R/\f)OHk+2OO‘2f2
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Then we organise these expressions in the following diagram:

(@) :

IPNTEE)

() :

RA(k+2) ,,,,,,,,,,,,,,,,,,,,,,,,,,,,, *RAUH'Q)
o0
k42
R/\R/\(k+1) ang
1R/\052’41_1
O‘z_%,lRRNc
R/\(R/\R/\k)””””””L ********** %(R/\R)/\R/\k
1rA(Ar A f) //// U Lpak
RA(RAR) laanA S RARM
) O‘\;z,lRR //
1r A p \\\ ,/ ].R/\f
\\A \4/ wAl
RAR (RAR)AR------ . RAR
1 1
1
e 'R

11

The top square commutes by the coherence theorem. For the middle part, the left square
commutes by the naturality of o, and the right middle square commutes since A is a functor.

Finally, the bottom part commutes by the associativity relation. This proves that the diagram

commutes and (i) + (iv); = 0.

k,1

The next objective is to prove that (vi)ry1 + (iz) = 0. We use that (o))" = lgagsy)

and (—1)F1(—1)*1 =1 to rewrite

(i = (D=1 o (f ALr) o (agyy) ™t o pifip 0 agy

k,2

= po (fAlg)o (Ipae Ap) ooy

(i) = (=1)*(=1) " pofuo (f Alr) Alg]

—po (uA1gr)o ([f ANLR]ALR)

Now consider the diagram
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(Vi) k41 . (iz)
RAGH2) (RO RAKk+2)
2 L
Cht2 - T W R
-7 "orh
L
R A (RAR) [f ARl A 1R
IR/\"’ A AN
\\\,/(:
R AR "% (RAR)AR
A P
N L
\ “
1pate+) AN o™
v L///
R/\(k:-i—l) RA (R A R) wA1lg
v
b e
fA1lR AR -
=
RAR RAR
Iz Iz
1r
Re----ommmmmim e R

The top triangle commutes by the coherence theorem. The middle part of the diagram
consists of two squares,

RN AR &= RN A (RAR) e 2000 RAR+2)

fALlR fA1lgaz

where the right square commutes by the naturality of a. The left square clearly commutes,
hence the middle part of the diagram commutes. The bottom part commutes by the
multiplicative associativity relation, and we conclude that (vi),; + (iz) = 0.

Next we prove that the sums (i) + (iv)! = 0. We do this by checking that (ii); + (iv);, = 0
for 0 < i < k. Recall that

g i i—1,1\— i i—1,2 0,1
(i) = po[lr A ((=1)"f o (a7 ) oy o gy )] o gy,

. i 0,1 i1 \— i 02
(Zv)il—i-l =(-1) +1[H o(lgAf)o O‘k+1] o (ak+1) 'o Hiqo © Qg o
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and consider that diagram

(1) - (iv)igy :

RAK+2) e RAK+2)
oyt
R A RN+ ai?,
1r Aaj )2
RA ([RA(ifl) A RM| A R/\(kﬂ')) ,,,,,, o (RM A RM) A RANk—1)
1r A it M2
RA([RM=D ARJARMEZ) oo s (RN A R) A RNk
(o3he) ™!
1r A (o W) RAk+1)
oy
RARN oot R A RM
IrASf IrAf
[ E— R R ~RAR
p p
) 2 e ' R

The unlabeled horizontal arrows are compositions of associators appropriate to the setting.
The top part commutes by the coherence theorem and the second square commutes by the
naturality of the associator. The middle square commutes by the coherence theorem again,
while the bottom two squares clearly commute. The diagram shows that (ii); + (iv)i,; = 0

for all 0 <4 < k, hence (ii) + (iv)' for the full sums.
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Next we consider the “reflected” version of the previous identification. We want to show
that (vi)*™! + (viii) = 0, that is

k
0 = (0i) + (vidi) = Y (=1)'(=1)"" o (f Alg) o (i35") ™ o pigh 0 aigs™+
i=1
k
(=D)** 2o | (=1 f o () o g o apy® Alg
i=1

k
1,1 1,2 1,1 1,2
= (o (fAlr) o (ajy) ™ opigh o alys® — o [f o (o ™)™ o i) 0 afly” A lg))
=1
In this last sum we check that each term vanishes, i.e.

o (fAlg) o (ay) o pigh o gy’ — o [f(a) M o o ey A L] =0,

by considering the following diagram

(vi)k+t (wiid)
RAKk+2) e,,,,,,,,,,,,,,}?f%ﬂ ,,,,,,,,,,,,,,, RAG+2)
oy’ P A g
(RMNED A RNY A RME=HD) oo ((RMN=1 A RM) A RME=DY A R
Ko pish Alg
(RANEDARYARME—HD o ((RMNi=D A R) A RMNE=D) A R
(@)™ (@)1 Alg
RAK+1) e,,,,,,,,,,,,,,}{*f(fflf ,,,,,,,,,,,,,,, RAG+1)
f Algr f ANlgr
R/\2 el __ %@Af 777777777777777777 R/\2
Iz Iz
1r
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The unlabeled dashed arrows are associativity relations. The top square commutes by the

coherence theorem. The second square from the top commutes since the associator is natural.

The middle square commutes again by the coherence theorem. While the two bottom squares

commute simply by successive compositions with identities. Hence (vi)* + (viii) = 0.
Finally, we show that (v) = 0, that is

k+1 k
; i i—1,1\— i—1 i—1,2 i—1,1\— i— i—1,2
(0) =D (=1 D (=1 fo(af ") oy oad 1?0 (ap ) o b o gy
i=1 j=1
k41T k k+1 &k
9] D30I S ) SO
i=1 Lj=1 i=1 j=1

VY J=1IN—1 G112 L ieLINo1 il 12 :
where b; = (—1) fo(ay )l opu o0y and a; = (a;, ;)" oy s 0,5 . To do this,

we show that bja; + b;a; 41 = 0 for 1 <i,5 < k. Clearly bja; and b;a;;1 have opposite signs,
namely (—1)""7 and (—1)"*! respectively. Observe also that every term in the sum (v) fits
with this description, so if the claim is true, then (v) = 0. First we check the case when
1 = 7, i.e. we show that b;a; + b;a;11 = 0. We construct the following diagram, where b;a; is
the composition along the outer left hand side, and b;a;,; is that of the outer right hand side
(see Appendix |A| for a larger diagram)

RAk+2)

. < (I Aagpr) AL RS . .
(RM=D A RN A RMNE=HD - — —y (RMED A (R AR AR = = = - — = oo o > (RNED A (RARM) ARMD ¢ — — — (BN A RM?) A RMEZD

! !
! !
(LAp)AL :(1/\(/1,/\1))/\1 (1/\(1/\/1))/\1: (LAp)AL
| |
(RM=D A R) A RMEZHD — — — = (RNZD A (R A R)) A RMEZD (RN A(RAR)) A RMNETD ¢ = — — — (RND A R) A RMNED
-7 N 7 ~
-7 AN .7 NG|
Phe A s S S
- N . ~
-7 N 7 S S
A(i—1) A2 N //\[L‘fﬂ N N 4 ’ /\(7t1? A2 A(k—i)
(R ARM)AR (AL (IAp) AT (RN=1 A R"2) A R
N .,
N ;
N .
(TAp) AL AN e (IAp)AL
N .
1 o’ 1
(RMEDAR)ARMN ) - — e o e e SRMDARY AR (o — — m o e Do (RNi=D A R) A RNFD

~

RN

The unlabeled arrows are the associativity relations. The middle part of the diagram
commutes by the associativity relation for the multiplication rule. The rest of the diagram
commutes by naturality, identities and the coherence theorem. For the remaining case when
¢ < j we have the following diagram, again where b;a; is the composition along the outer
left hand side and b;a;41 is that of the outer right hand side (see Appendix |B| for a larger
diagram).
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Again, unlabeled arrows are associativity relations. This diagram obviously commutes by
naturality and successive compositions. This proves the claim, and then (v) = 0. This
completes the proof. O

2.2. Bimodule objects. We take a detour and introduce the Hochschild cochain complex
for a module object. In classical Hochschild cohomology the cochain complex has objects of
the from C™(A) = Homy(A®™, X), where k is a field, A a finite dimensional k-algebra, and
X =4 X4 an A-bimodule, i.e. the similar setting that we now aim to generalise.

Let (¢, A, I,a, A\, p) be an Ab-enriched monoidal category and let (R, u, €) be a ring object
in €. A left R-module object is an object A in € together with a morphism v: RAA — A
in € called a left action, such that the following two diagrams commute

QR,R,A

(RAR)A A RA(RAA)
‘,U,/\lA 1R/\I/‘ INA RAA

RAA RAA K /
\ / A

A

We denote this by the pair (A,v). Clearly any ring object R is a left module object over
itself with left action v = y: R A R — R. We define morphisms of left module objects as
follows, let (A, v) and (A’, ') be left module objects. A morphism of left R-module objects

f: A— A'is a morphism in % preserving the action, i.e. such that the following diagram
commutes
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1R/\f

RAA RNA

v 4

A A

Similarly, a right R-module object B is an object in % together with a right action
o : B AN R — B satisfying the required relations given by the following two diagrams

QB,R,R

(BAR)AR
1B Ner
ocAlgr 1A p BAIT BAR

BAR BAR N”B\ /
\ / B
B
Now let (R, g, er) and (S, s, es) be ring objects and let (X, v) be a left S-module object

and (X, o) a right R-module object. Then X is said to be an (S, R)-bimodule object if, in
addition, the following diagram commutes

BA(RAR)

s, X,R

(SAX)AR — SA(XAR)
jl//\lR ls/\aj
XAR SANX

When S = R we simply say that (X, v, o) is an R-bimodule object. We remark that any ring
object R is an R-bimodule over itself where both the left and the right action is given by
v=oc=pu:RANR— R.

We are now going to restate the Hochschild cochain complex for bimodule objects. Let
(€,N, I,a,\ p) be an Ab-enriched monoidal category, (R, p, €) be a ring object in 4" and let
(X,v,0) be an R-bimodule object. The Hochschild cochain complex C*(X) = (C*(X), d*)ez
is defined to be the sequence

oYX o) B otx) L
that has objects

0 for k <0
CH(X) = Homg (I, X)  for k=0
Homy (RN, X)) for k > 1,
The differentials d* : C*(X) — C**1(X) are defined by
o d*=0for k<O0.
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e For f € C°(X) = Homg (I, X) the differential d° : Homg (I, X) — Homg (R, X) is
defined to be

d°(f) =vo(lgAf)odg —oo(f Alg)opg'

e For k > 1 and f € C*(X) = Homg (R, X) the differentials d* : Homg (R, X) —
Homgy (RN**D | X)) are defined to be

k
d"(f)=vo (A f)oay + Y (=1)[fo ()™ o uizh o gy
i=1

+ (—1)k+1[(7 o (f VAN 13)]

The sequence C*(X) = (C*(X), d*)rez is indeed a complex i.e. d**1 o d* = 0 for all k € Z.
The proof follows that of Theorem by replacing p by the actions v and ¢ in the places
where this makes sense in the diagrams.

3. THE HOCHSCHILD COHOMOLOGY GROUPS

We now define Hochschild cohomology as the homology of the cochain complex described
in Definition [2.1] Recall that in the classical case of an algebra A, the low dimensional groups

HH°(A), HH'(A) and HH?(A) can be interpreted in terms of the centre of A, the derivations
on A and extensions of A. For a ring object R we provide similar interpretations for HH"(R),
HH'(R) and HH?*(R). Throughout this section, we fix an Ab-enriched monoidal category
(€,N, I,a, )\ p) and a ring object (R, p,e) in €.

3.1. The Hochschild cohomology groups. We define the cohomology groups as follows.

Definition 3.1. Let C*(R) = (C*(R), d*)rez be the Hochschild cochain complex associated
to R (see Definition . We define the Hochschild cohomology groups as the quotient groups

(3.1) HH*(R) = Kerd*/Im d" ™,
i.e. the homology of C*(R).

We remark that these are clearly abelian groups, as quotients of subgroups of abelian
groups. Note also that the definition of the cohomology groups makes sense for R-bimodule
objects as in Section We now discuss some properties of the lower dimensional
cohomology groups.

3.2. The centre and HH’(R). By definition,

(3.2) HH°(R) =Kerd" = {f € Homy (I, R) [ppo (f Alg) o Az' — o (1g A f)opp' = 0}.

With the motivation from the classical case we define the centre of R to be HH’(R), i.e. the

collection of f € Homy (I, R) such that the following diagram commutes
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R
2 N

INR RAT
f/\lR{ kl]{/\f
RAR RAR

S A

We denote the centre by Z(R).

If R happens to be a commutative ring object (to be defined next), then we will see that the
centre of R consists of all such f € Homy ([, R), i.e. Z(R) = Home (I, R). For this purpose
we recall the definition of symmetric monoidal categories from [Mac98| Section VIL7]. A
symmelry on ¢ is a natural isomorphism v :?A? —7?A? with components y45 : AN B —
B A A (for every pair A, B of objects in €’) such that the following diagrams, called the unit
coherence, the associativity coherence and the inverse law, respectively, commute

Al
XAVAZ 2 (Y AX)AZ
X NI i XANT ax,y,z oy, x,z YANX
PX\ %( XANYNANZ) YANXAZ) %/ YX
X VX, YAZ 18 Ayx,z XAY ) XAY
XAY
ay,z.x
YANZ)NX YAN(ZANX)

A monoidal category with symmetry is called a symmetric monoidal category and denoted
(€, N, I,a, X\ p,v). A ring object (R, i, e) in a symmetric monoidal category is said to be a
commutative Ting object if j1o yr p = p, i.e. the following diagram commutes

YR,R

R R
XR%

RA AR

Observe also that if R and S are commutative ring objects, and f : R — S a morphism of
ring objects, then f preserves the commutativity since v is natural. Hence we do not need
any additional structure on f. This is similar as for classical rings (i.e. ring objects in Ab):
the commutativity is preserved just by the axioms of ring homomorphisms.

In order to prove the claim, that for a commutative ring object R we have Z(R) =
Homg (I, R), we pick an arbitrary f € Homy (I, R) and consider the following diagram where
dashed arrows with symmetries are added as help lines,
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R
)\};1 };1
YI,R
IAR----"1 VRAI
f/\lR{ kl]{/\f
YR,R
RAR--—-- " . "RAR
\ /
R

The top triangle commutes by the (inverse of the) unit coherence diagram. The middle
square commutes since vy is natural. The bottom triangle commutes by the defining relation
for commutative ring objects. Since this diagram commutes we conclude that every morphism
f € Homg (1, R) is in the centre of R, whenever R is a commutative ring object. The other
direction is obvious, when every f € Homy (I, R) is in the centre of R the previous diagram
commutes and the bottom triangle tells us that R is commutative.

Now let € be not necessarily symmetric, R not necessarily commutative and (X, v, o) be
an R-bimodule object. We define the centre of X as

Z(X):=HH"(R) = Kerd’ = {f € Homg (I, X)|oo (f Alg)oAz' —vo(1gA f)opp' =0}

3.3. Derivations and HH'(R). We define the set of derivations on R as
(3.3) Der(R,R) :={f € Homg(R,R) | fou=po(lg A f)+puo(f ANlg)}.
This is a subgroup of Homy (R, R). We recall that d*(f) = po (1g A f) — fopu+po(f Alg).

Hence we identify derivations with the kernel of d', i.e. Ker d! = Der(R, R).
Further we define the set of inner derivations as

f € Homg (I, R),
g=po(fAlr) oAz _/LO<1R/\f)O/)R1}.
We immediately observe that Im d° = Der’(R, R) directly from

d'(f) =po (f A1r) o Ag" = po (IR Af)opg'.

Moreover, by definition we observe that
(3.5) HH'(R) := Kerd'/Imd" = Der(R, R)/ Der’(R, R)

(3.4) Dep(R,R);:{gEEHmngU%Z@

As in the classical case, we refer to non-zero residue classes in HH'(R) as outer derivations.
For bimodule objects we observe that we get the same result when defining

Der(R,X)={f € Homg(R,X)|fou=vo(lgAf)+oo(fANlgr)}
f € Homg (1, X), }
g=0o(fAlg)oAg" —vo(lgAf)opg'

So, HH'(X) = Der(R, X)/Der’(R, X) as claimed.

DaDULX)::{gEEbm%ULX)
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3.4. Extended algebras and HH?*(R). In this section we assume in addition that € has
finite coproducts (i.e. € is an additive monoidal category) which commute with tensor
products. Let f € Homg(R",R). When f € Kerd® we are going to construct a ring
object R X R in € referred to as the extended ring object of R along f. As object R xR is
the coproduct RII R which is equipped with a multiplication rule and a multiplicative unit.

We recall that morphisms between finite coproducts in additive categories can be
represented by matrix expressions where the entries are morphisms between the respective
objects (see [Mac98|, Section VIII.2]). In this section we simplify the following notation, when

not otherwise stated let 1z =: 1, ugr =: 1, arr.r =: @, eg =: e and QRx ;RRx ;R.Rx jR =" QL.

As usual let 0 denote the unique map that factors uniquely through the unique zero object
of €.
The distributive law from |[Mac98, p. 172] (in the proof of Theorem 2) will be useful. From

this we have that AA (By I By) = (AA By) I (A A By). Hence
(3.6) (RILR)A(RIIR)= (RAR)IL(RAR)IL(RAR)IL(RA R).

We define the multiplication rule pig.,z : (RITR) A (RIIR) — RIIR on R x; R as the

composition

s (RARYIT(RAR)IT(RAR)II(RAR)

(uooo)
JSow p O

,LLRD(J,R:(RHR>/\<RHR)

RIIR

which written together is

(

po ((1,0) A (1
1,0) A (0
(

KR R:< 0) )1
I Fo((LO)A(L,0)) +pe((1,0) A(0,1)) + o ((0,1) A (L,0))

(3.7) RIR)A(RIIR) — RIIR

We claim that the multiplicative unit egy g : [ — R X R is defined as the composition,

11 1[ 0 E€ER 0
1[ 0 )\I_l 0 er N\ er
RII(RAR)

o |~ T 25 [TL(IAT)
1z 0
0 —f
S

Recall that A\; = p;, so we can replace them with one another appropriate to the setting we

RIIR

are studying. Composed together this gives,

_ €R .
(38) eRMfR_ (_fo(eR/\eR>O>\11> I —->RUOR
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Proposition 3.2. Let (¢, A, I, a, A, p) be an additive monoidal category, and (R, u,e) a ring
object in €. Then the triple (R Xy R, lirx R, €Rrx;R) 15 @ Ting object in € .

Proof. We have to show that the multiplication rule and the multiplicative unit satisfy the
required associativity and unitary relations. For the associativity relation we want to show
that the following diagram commutes

QRx s R,RX y R,RX R

(Rx; RARX; R)AR&; R Rw;RA(Rx;RARN,R)
HRx RN 1Rx R IRu R AN PR 4R
RD(fR/\RD(fR RNfR/\RNfR
M /wa/

RD(fR

Composing the “left” side we get,

Prx RO (MR ;R AN 1R R)
1,0) A (1,0
/w00 0\ [(1,0)A (0,1
S \f pmop 0)1(0,1)A(L,0
(0,1) A (0,1

_ (uoauo((l,m AL O] A( ,o>>) .,

1,0) A (1,0)
1,0) A (0,1 10
0,1§AE1,0§ A(0 1)
0,1) A (0,1)

where
(1) (2)

&1 =T o (o (L,0) A(LONI A (LO)+ 70 (o ((L0) A (LN A0, 1) +
(3) (4)
7o (F o (LO) AL O AL O+ 7o (o (LO) A D) A (LO) +
(5)

o (o ((0,1) A (1,0)] A (1,0))

For the other path, namely compositions of arrows on the upper and right direction, we get

the following

Prx ;RO (HRx ;R AN 1Ri R) © QRM R Rx RRx ;R = R R © (HRw ;R A LR R) O G
(1,0) A (1,0) (1,0) A (1,0)
(w0 0 0) | (1,00A(0.1) 1o\, (n 00 0\[moaron|],
"\ oo o) lona@oyf{\o )\ pop o) 00| ]
(0,1) A (0, 1) (0,1) A(0,1)

_ <u0 ((1,0) A [ 05((1,0) A (1,0))])) a— R
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where
")
& =(fo ((1,0) A fuo ((1,0) A (1,0)])a+
(2)) (3)
(110 ((1,0) A Lf o ((1,0) A (1,0)])a+ (o ((1,0) Ao ((1,0) A (0,1))]))ér +
(4" (5")

(o ((1,0) Afuo ((0,1) A(L,0))]))a+ (o ((0,1) Afuo ((1,0) A (1,0))]))é

First we check if the top entries in £ and R coincide. Consider the diagram

QRIIR,RUIR,RIIR

(RHIRARUOR)ANRIR

RIRA(RIRARIIR)

((1,0) A (1,0)) A (1,0) (1,0) A ((1,0) A (1,0))
(RAR)AR ——— RA(RAR)
pAl 1Au
RAR RAR
T
R

which commutes: the top by naturality of a and the bottom by the associativity relation of
(. Then we have that

po (o ((1,0) A (LO0)IA(1,0)) = po ((1,0) Ao ((1,0) A (1,0))]) © Qi k. Ric s R xRy

which proves that the top entries in £ and ® coincide. Next we prove that the bottom entries
in £ and R coincide, i.e. & = &. We use that « is natural to identify (2) = (3'), (4) = (4')

and (5) = (5'). For the remaining terms we determine

d*(f) o (((1,0) A (1,0)) A (1,0))
=(uo(IAf)oarrr—fo(upAl)+ fo(lAp)oarrr
—po(fA1))e(((1,0)A(1,0)) A(L,0))
= o ((LO)A[fo((L,0)A(L0))])od— fo(lno((1,0)A(1,0))]A(1,0))+
Jo((1,0) Afuo ((1,0)A(1,0)]) o —po([fo((1,0)A(L0))]A(1,0) =0

which vanishes since f € Ker d?, and

arrro (1,00 A (1,0) A(1,0)) = ((1,0) A ((1,0) A (1,0))) 0 &
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(since « is natural, i.e. the top of the previous diagram commutes). Then

1) (2"

(1) +(2) =(F o ((1,0) A [wo ((1,0) A (1,0))])) 0 &+ (o ((1,0) A[f o ((1,0) A (1,0))])) 0
(1) 3)

=" o ([no ((1,0) A (1,0))] A (1,0))+ o ([f o ((1,0) A (1,0)] A (1,0)) = (1) + (3)

This finial argument shows that & = &, and we conclude that £ = ® and the multiplication
rule ppy g 18 associative.

Next we show that the unitary relations hold, starting with the left unitary relation. We
want to show that

AI_?;fR €rw;R N 1Ru,R
RIXfR I/\(RD(fR) (RD(fR)/\(RD(fR)
HRx ;R
lru;R
R D(fR

commutes, i.e. we want to show that ppx g o (eRleR A 1Rfo) )‘R[fo 1Rw,r. We compose

and calculate

MR[foo(eRKfR/\lRKfR)o)\E}KfR
(1,0) A (1,0)
2 2[R (a2
(0,1) A (0,1)
(e
(1

9

)
)
)
)

:( polent)o(lrA(1,0) )A_l
folen(L0)]+polenl]o(1rA(0,1) —pol(folene)oXf) A(L,0)]) "k
Ao (11 A (170))
— [ foleA(LO)]+X0 (1A (0,1) = po((folene)oAr) A(LO)] | AZL
~—_—— N f

@) (i)

where we have used that po (e A1) = A. We claim that

(i) = (i) = fole A(L0)] —puo[(fo(ene)oA;") A(L,0)] =0,
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in fact this is d?(f) o ((e A (eo A;')) A (1,0)) which clearly vanishes, since f € Kerd?. To see
this we calculate
d*(f)o((ene)o AT A(1,0)) = d*(f) o ((e Ae) AL)o (AH A(L,0))
—(uollAfloa—foluAll+ follapoa—polf AT)o((eAe)Al)o (AT1A (1,0)
(1) (2) (3)

A\ A\

-~

= |molenfo(enD)oarm—FfoluoleAe)Al]+folenpo(enl)]oarn—

(4)

A

~

polfolene)Al] | o (AP A(1,0)) =0.

We rewrite slightly,
(1) =polenfo(eAl)]oarrp=po(eAl)o (1A fo(eAl))oarrr
=Ado(I;Afo(enl))oarr
(2)=foluo(eNe)Al]=foluo(eAl)o(1Ae)Al]l=fo[Ao(lAe)Al]
(B)=foleApo(eAl)|oarrr=foleANNoarrr

Later we will identify (i) — (i¢) = (3) — (4). With this identification assumed to be true, and
if we in addition can show that
()= (2)=Ao(IAfo(eAl)oarrr—fo[do(lAe)A1]=0

we are done. We approach this latter by considering the following diagram

Qi IR

(INI)AR IN(AR)

(1[/\6)/\1 11/\(6/\1)

LAf

(IAR)AR—— IA(RAR) —“ I AR
I,R,R

AN ARAR A

RAR RAR R

RAR

where the outer/top zigzag is (1) and the left /bottom edges are (2). The top square commutes
since « is a natural transformation, the bottom left square commutes by the coherence
theorem, the bottom right square commutes since A is an natural transformation. So (1) —
(2) = 0. Hence we are left with

d*(f)o((ene) Al)o (AT A(L,0)) = ((3) = (4)) o (A" A (1,0)) =0
We identify
(4) o A" A(L0) =pofolene) Allo (A1 A(L,0))

— o [(fo(ene)orr) A(1,0)] = (id).
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Further we rewrite
(3)o A\ 'A(1,0)) = foleANoarrro (A1 A(L,0))
=fo(enl)o(IANoarrro (AP AL)o (1A (1,0)).

Consider the following diagram

1/\/\
(IADAR S T A(IAR) LS T A(TAR)

Ar Al AIAR 17 A X

1iAR 1iar

INR INR INR

which commutes by the coherence theorem. We obtain
(1 A\ )\) OdrI.RO ()\1_1 A 1) = 11/\3,
which gives
foleAl)o(I1AN carrro (AP AL) o (1A (1,0)) = fo(eA(1,0)) = (i)

Hence

0=d*(f)o((ene)Al)o (A1 A(1,0))

folen(L,0)] = po[(foleAe)or!)A(L,0)]

— (i) - (i)
as claimed. So far in the left unitary law we are left with
_ A1 A(L0)) (-
(39) HRx R © (eRleR A 1R><fR) o )‘RifR = ()\(1[ A (O, 1)) /\RifR
Now consider the following two diagrams
AR[fo AR><fR
IN(RXxyR) —— Rxs R IN(RXxyR) —— Rxs R
‘11 A (1,0) (1,0)‘ ‘11 A (0,1) (0, 1)‘
INR R INR R

which commute since A is natural. Hence we have that
)\O(le(l,O)):(l,O)O)\RMfR and )\O(l[/\(o,l)):(0,1)0)\R><fR.
Insert this back in the original expression and get,
PR R © (€R ;R A LRi R) © )\ﬁ}fo

. )\O<1]/\(1,0)) )\_1 . (170)0)\Rl><fR /\_1 - 1 0 —1
N /\0(1[/\(0,1)) RxypR ™ (071)o>\Rl><fR RxgR =\ 1) = "RxsR

which proves the left unitary law.
For the right unitary law we have to show that
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Pz_?,}fo lrx ;R Ne€RxsR
R[XfR (R[XfR)/\[ (RD(fR)/\(RD(fR)
MRfo
lrx;Rr
R D(fR

commutes. So we have to show that pg., r(1rw g A €Rfo)P§ifR = lpw,r. We identify

pr = Ar. Then we calculate

-1
HRx R © (1Rl><fR N eRKfR) © PRxR

(1,0) A (1,0)
(w0 0 0)](1,00A(0,1) 10 e .
(f fop 0) (0,1) A (1,0) ((O 1)/\<—f0(6A6)Op 1))%“’%
(0,1) A (0,1)
( pro((1,0) Ae) )pl
fo((LLo)ae) —po((LO)A(foleAe)oprh)) +puo((0,1)Ae)) "Rxsk

Similarly as for the left unitary law, we will prove that
fo((1,0)Ae) = pu((1,0) A folene)op;')=0

from the property that f € Kerd?. We have

d*(f)o((LAe)Ne)oag((1,0)Apr")

= (uo 1A floa—folunll+follAploa—uolfAl])

o((LAe)Ae)oagy o((1,0)Ap;h)
= (noLA(folene)]oarrni— folpAel
+fo(lAp)o(LA(enly)oarrr—po(fAl)o((1Ae)Aly))
oagyo((1,0)Aprt).

We identify the two last terms in the expression above with each other by the following
diagram

QR,1,I

(RANI) AT RA(INI)
(Ine)Al; 1A (enlr)

(RAR)AT 20 RA(RAT)

1(RAR)AT 1Ap
(RARVAT -2  RAR
AL f

RANT R
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where the top square commutes by naturality of «, the middle square commutes by the
coherence theorem and the bottom square commutes by the naturality of p. Since the top
and right composition is the summand fo (1 Ap)o (1 A(eA 1)) oagss and the left and
bottom is the summand po (f A1) o ((1 Ae)Al;) we conclude that

folnp)o(LA(enly))oan—po(fAl)o((1Ae)AL)=0

So we are left with
d*(f)o (1Ae)Ae)oag o((1,0)Ap;t)

=(no[LA(folene)loarrr—folpAel)oagy o((1,0)Apr")
=po[(LO)A(folene)op )] = fo((1,0)Ae)=0

where we in the last summand have that (p A 1)041}7117 /(1A p;') = 1gar by the coherence

theorem. Hence in the verification of the right unit law we summarise and are left with

—1
HRx ;R © (1RP<fR A eRKfR) © PRrx;R

_ ( po((1,0)Ae) )p_l
Fol((1,0)Ae) —po((1,O)A(folene)oprt)+mo((0,1) Ae)) PRrsR

0 A
L0)Ae)) o((L,O)A1)\ 4 ((L,0) A 1y) o R ;R -1
A e)) Progr = (Z o ((0,1) A 11)) PRocsR = (((07 1)Alp)o gR'XfR> PhesR

where we have used the unitary law po ((1,0) Ae) = po ((1,0) A1y) and po ((0,1) Ae) =
po((0,1)A1y), and that p is a natural transformation. This proves the right unitary law. O

Proposition 3.3. Let (€, N, 1, o, \, p) be an additive monoidal category and let (R, i1, e) be
a ring object in €. If f =g in HH*(R) then R x; R R x, R as ring objects.

Proof. We have to construct an isomorphism of ring objects (see Definition . Since f =7
there is a h € Homg (R, R) such that f =g+ d'(h) =g+ (uo(1Ah) —hopu+po(hAl)).
We consider the following morphisms in %

(3.10) ¢_(}1 ?):Rfo%Rng
(3.11) qp:(_lh ?):RMQR%RKfR.

These morphisms are clearly mutual inverses of one another,

1 0\ (10 10 10
W:(—h 1) (h 1):(—h+h 1):(0 1):13“@
1 0\/1 0 10 10

W‘(h 1) <—h 1>_(h—h 1)‘(0 1)‘1%3

So we have to check if ¢ and v really define morphisms of ring objects. Starting with ¢ we
have to show that the following two diagrams commute
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(Rx; R)A(Rx; R 2% (Rx, R)A (R, R) I Ru, R
/,LRWRM ‘/,UIRIX_QR 11[ [Qﬁ
Rx,R ’ Rx,R I Ry R
Starting with the left diagram, we have
(1,0) A (1,0)
(w0 0 0)](1,00A(0,1) 10 1 0
’“‘RMRO(“@—(? 0o 0) (0,1) A (1,0) ((h 1>A<h 1))
(0,1) A (0,1)
_ ( pro((1,0) A (1,0)) )
go((L,O)A(L,0)) +po((h+1,1)A(h+1,1))
and
(1,0) A (1,0)
1 0 0 0 0\ (1,0)A(0,1)
¢O“RMfR_<h 1) (l; wop o) (0,1) A (1,0)
(0,1) A (0,1)
:( ((1, 0) A (1,0)) )
houO((LO)/\(LO)) o ((1,0) A (1,0)) + po ((1,1) A (1,1))

:< o ((1,0) A (1,0)) )
9o ((1,0)A(1,0)) +po((h+1,1)A(h+1,1))

where the last equality is determined by the expression of f with g and h. We observe
that the expressions are the same, and conclude that the left diagram commutes, and the
multiplicative structure is preserved. For the right diagram, or the preservation of the unit

(10 e . e _
$0 Chusn = h 1) \—fo(ene)oX;')] ~ \—go(ene)oA? — CRxgR

where the middle equality is obtained from
folene)=go(ene)+ (no(enlhoe])—hopo(ene)+po([hoe]Ae))

=go(ene)+hoeol .

We conclude that ¢ is a morphism of ring objects. A similar justification proves that v is a
morphism of ring objects as well. O

4. THE HOCHSCHILD COHOMOLOGY RING

In this section we prove that HH*(R) = @, HH'(R) is a graded-commutative ring with
the cup product. In |Ger63| and |GS88| this result is proved when A is an associative ring,
i.e. for classical Hochschild cohomology. Our proof for ring objects in Ab-enriched monoidal
categories is motivated by that of Gerstenhaber. From [Ger63] and [GS88] we will recall some
of the needed concepts such as right pre-Lie system and right pre-Lie ring, and make use of
these in the proof. Throughout this section, let (¢, A, I, o, A, p) be an Ab-enriched monoidal
category and let (R, i, e) be a ring object in %
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4.1. Graded rings and pre-Lie systems. Recall that a ring A is Z-graded if it decomposes
as A = @2, A’ such that A’AY C A" for all i,j € Z. The elements of A" are said to be
homogeneous of degree i. For homogeneous elements a € A” and b € A’ the graded commutator
is defined as [a,b] = ab — (—1)Yba. The ring A is said to be graded-commutative if [a,b] = 0,
i.e. ab = (—1)"ba, for all homogeneous elements a € A" and b € AJ. We say that A is a graded

right pre-Lie ring if for homogeneous elements a € A™!, b € AJ*! and ¢ € A*! we have
(ab)e — (—=1)Y*(ac)b = a(be — (—1)7*ch).
By a right pre-Lie system {V,,, ;} we mean a system of objects V,,, together with an operation
® = ®mn) i Vm AV = Vg1 for i € {1,2,...,m} that for f € V,,, g € V, and h €V,
satisfies
(f.jh).l?kpflg if 1§]§Z—1
(4.1) (feig)ejh= . o
foi(gej_iy1h) if 1<j73<n
Further, the following identifications can be useful. From the first property we have
(4.2) (fojh)eiy19=(f®ip19) ®n1h if I1<i+p—-1<j-1
Now reading the expression above from right to left replacing i +p —1 by 7 and 5 +n — 1 by
jweget (fori<j—m+1-1<m-—1)
(4.3) (fe;g)o;h=(fe;_pi1h)e g if i+n<j<m+n-—1
For a right pre-Lie system {V},, ¢;} we define the composition product of f € V,, and g € V,,
by

m

(4.4) feg=>) (-1 Dfe g

i=1
We observe that the composition product also gives an operation e = e, ) : V;, AV, —
Vm-i—n—l'

We recall the following results for composition products (this result and its proof

corresponds to |Ger63, Theorem 2 and Corollary]).

Proposition 4.1. Given an arbitrary right pre-Lie system {V,,,®;}, and f € V,,, g € V,, and
h € V,, then

(i)
(foeg)eh—fe(geh)= > (1) NEDFEDE(f o) g) @ b
(1<j<i—1)V(n+i<j<m+n—1)
(i)
(Feg)eh—fe(geh)=(~1)" V"V ((feh)eg—fe(heg))
(11i) Let A = 11,,V,, be the coproduct of the objects V,, extending the composite operation

defined on homogeneous elements to an operation @ : ANA — A, then A becomes a
right pre-Lie ring.
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Proof. We adapt the proof from |Ger63|, but skip some details when they occur in |Ger63].
For (i) we write out the expressions on the left side,

m+n—1 m

(feg)eh= Z Z(_l)(j—l)(p—1)+(i—1)(n—1)(f o g)e;h

j=1 =1

n

folgoh)=2 > (-1 Dbzl fo, (g o, h)

By the second defining property of right pre-Lie systems we identify (f o; g) ®; h = f o,
(g®j—it1h) wheni < j<n,so(fe g)e;h— fe:(ge,h)=0if=iandw=7—1+1.
First we check if the signs from the sums above match. The expression (f o, g) ®; h occurs

with the sign (—1)0=DE-D+E=D0-1) while f e, (ge; ;.1 h) occurs with the same sign
(_1)(i—l)(”+P—2)+(j—i)(P—1) — (_1>(j—1)(l’—1)+(i—1)(”—1)

hence the suggested terms in the sums cancel. Moreover every term in the second sum cancels
against some term in the first sum. To see this we pick an arbitrary term f o¢ (g o, k) where
1 <¢<mand 1l <w<n. Again this arbitrary term cancels against (f e; g) ®; h whenever
E=tand w=j—1+1,ie. terms where 1 <7 <m and i <j <n+i— 1. These terms are
clearly in the first sum. Hence we are left with terms in the first sum with either 1 < j <:—1
orn+1<j<m+n—1, and the assertion follows.

For (ii), we have from (i) that

(feg)eh— fe(geh)= Z (_1)(n—l)(i—1)+(p—1)(j—1)(f 0. g)eh
(1<j<i—-1)V(n+i<j<m+n—1)
(feh)eg—fe(heg) = > (~1)FDEDHDTD(foc h) @, g

(1Lw<e-1)V(p+HE<w<m+p—1)

First we examine the case where 1 < 7 <7 — 1 in the first sum, and see if we can transform
the terms (f o; g) ®; h to terms of the form (f e¢ h) e, g in the second sum. In the defining
property of right pre-Lie systems we have for 1 < j <i—1 that (fe;g)e;h = (fe;h)e;, 19,
ie. (fe;g)e;jh=(fe:h)e,gwhen¢=jandw =1i+p—1. The term (f ®; g) ®; h occurs in
the first sum with the sign (—1)U=D@E-D+E-Dn=1) while (fe;h)e,., 1 g occurs in the second

sum with the sign

(—1)E=DE=DHED(4) — ()G DE=DHE) 1) (g (=)o)

Hence, as asserted, we have to multiply the suggested term in the second sum with
(—1)(=D@=1 in order to transform it to the corresponding term in the first sum. All required
terms of the form (f e; h) @, 1, 1 g occur in the second sum, by p+ & <w < m+p—1it
follows that 1 < 5 < ¢ — 1. For the case where 1 +n < 7 < m + n — 1 we have by the
defining property of right pre-Lie systems that (f e; g) ; h = (f ®;_,,4+1 h) ®; g, so we want
to transform the term (f ®; g) ®; h in the first sum to a term of the form (f o¢ h) o, ¢ in the
second sum with € = j —n + 1 and w = 4. This term in the first sum occurs with the sign
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(—1)(n=DGE=D+E=DG=1 while the term in the second occurs with sign
(—1)F=DG=m =11 _ (_1)n=)(=D+-1)G=1) (1)=(-1) ()

(_1)(n71)(i71)+(p71)(jfl) (_1)(1071)(7%1).

So the term (fe;g)e;h in the first sum can be transformed to the term (fe;_,.1h)e; g in the
second sum by multiplying it with (—1)®=)™=1_ These terms clearly occur in the second
sum so from 1 <w <¢—1wegeti+n<j<m+n—1. With these identifications we get
that (feg)eh— fe(geh) = (—1)""VP-U((feh)eg— fe(heg))and the assertion follows.

Finally, (iii) is a direct consequence of (ii), which can be rewritten as
(Fog)eh— ()"0 ((feh)eg) = fe(geh) = (=) (fe(heg)

and the defining property for a right pre-Lie ring follows. O

4.2. A pre-Lie system. The next objective is to prove that the following construction
involving ring objects is a right pre-Lie system. As in the definition of the Hochschild cochain
complex we denote C™(R) = Homg (RN, R) when m > 1. For f € C™(R) and g € C"(R)
(both m,n > 1) we define the operation e; as the composition of

i—1,n

RAmen=1) Zminly (pAG=1) A pAny A RAG=)

(1R/\(i—1) /\g)/\lR(m—i) .

(R/\(i—l) A R) A R/\(m—i)

i—1,1

[e 7% -1
lam D) prm Iy R

i.e. g evaluated at the “ith” place (of R"\(™*+"~1) before composing with f. We write out this
as

(4.5) feig=foao[(Ipauen Ag)Algmop]oal i« RAM=D 4 R,
Clearly e, defines an operation C™(R) ®z C™(R) — C™™1(R).

Proposition 4.2. The system {C™(R), e;} is a pre-Lie system.

Proof. We have to check if the relations from Equation (4.1)) hold. Let f € C™(R), g €
C™"(R) and h € CP(R) (with all m,n,p > 1). For 1 < j < i — 1 we have to show that
(feig)ejh = (fe;h)e,., ;. Consider the following diagram (see also Appendix |C| for a

somewhat larger diagram)
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(RA(J—I) /\R/\p) A RMNmAn—j—1)
(IAh)AT
(R/\(j—l) A R) A RA(m+n—j—1)

’

(RNI-DAR) A (Ri(z—,tn A Ry A RMm=)
!

7777777777 5 (RN A R'P) A (RNCID A RA) A RN ¢
7 A

R/\(m+n+p72)

N
NAADA(IAG AL
N\
N

\
N
N
N
N
N

-
-
.
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(RA(:+p—2) A RM) A RNm—i)

(IAg) A1

(R/\(H»[J—Z) A R) A R/\(m—l—l)

(R/\(J*I) A R/\p> A (é/\(zfl}fl) A R) A RAm—i)

I
I
|
I
|
I
I
RNmAn=1) : 1 1
I
|
I
|
|
|

(RA(J—I) A R) A (R/\(:rj—l) A R/\u) A R/\(m—n)

-

!
!
|
|
|
|
|
|
|
|
|
!
!
|
|
|
|
~

™~
\ ’

’

JAIAR)A(LAT)AL

(IAg) Al N ’

’

(RA(J—I) A R/\p) A (R/\(:—]—l) A R) A R/\(m—:,)
7

R/\(m

+p—1)

(RA(]*I) /\\R/\p) A R/\(mﬁ)

(IAR)AL

Y
(RM-D A RYARNm=) — - oo » (RNG-D A R) A (RM-3-D A RY A RN ¢« - oo o (RNG=D A R) A RAm=)
|

S - - - - - =

=

Ne——————
~

where the composition of the solid arrows on the left is (f ®; g) ®; h while the composition of

the solid arrows on the right is (f e; h) e;., 1 g. Unlabeled arrows are associativity relations.

Dashed arrows are added for the purpose that it is easer to extract information. We also

remark that i—j—1 > 0, so in the case of i—j—1 = 0 we have that R/~ = R is the empty
symbol. The middle hexagon commutes by successive compositions. The rest of the diagram

commutes by naturality and coherence. Hence we conclude that (fe;g)e;h = (fe;h)e,., 19

when 1 <75 <7— 1.

For the other defining property when ¢ < j < n we want to show that (f e; g) e; h

f® (ge;_it1 h). Consider the following diagram
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R/\(m+n+p72) ,,,,,,,,,,,,,,, l ,,,,,,,,,,,,,, R R/\(m+n+p72)
(R/\(i—l) A R/\(n+p—1)) A R/\(m—i)
(R/\(j—l) A R/\p) A R/\(m+n—j—1) 7777777 N (R/\(i—l) A ((R/\(j—i) A R/\p) A R/\(n-‘ri—j—l))) A R/\(m—i)
(LAR)AL (LA((LAR)AD))AL
(R/\(j—l) A R) A R/\(m+n—j—1) 77777777 N (R/\(i—l) A ((R/\(j—i) A R) A R/\(n+i—j—1))) A R/\(m—i)
R/\(m+n—1)
(R/\(i—l) A R/\n) A RNm—=d) ____ L N (R/\(i—l) A R/\n) A R/\(m—i)
(IAg) A1 (IAg) A1
(RNED AR)ARMm=D - L > (RNI=1 A R) A RNm—)
R/\m77777777777777777771 777777777777777777 N R/\m
f f
R————————————————————l ——————————————————— > R

where the solid left side represents (fe;g)e;h and the solid right side represents fe;(ge®;_;+1h).
The unlabeled arrows are again associative relations. The dashed arrows are added for
help reasons. Considering the horizontal dashed associative relations (unlabeled horizontal
arrows) clearly R"? is placed in the same “location” in the tuple on both sides, so these
associative relations contain some instance of RN—1 — RAG=D A RAG=) " wwhich indeed
makes perfect sense since ¢ < j. Further the associative relations also contain some instance
of RNmn=i=1) _y RAnti=j=1) A RAM=0) wwhich make sense since j —1 < n. The top square of
the diagram commutes by the coherence theorem, the second square from the top commutes
by naturality, while the third commutes by the coherence theorem again. The rest of the
diagram commutes clearly. Hence also the second relation is satisfied, and we conclude that
the given construction is a right pre-Lie system. U
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4.3. Graded commutativity of Hochschild cohomology. We now prove that HH*(R) =
D, HH'(R) is a graded-commutative ring. The multiplicative structure is given by the cup

product which we now define. Let f € C™(R) and g € C"(R). We define the cup product
f — g as the composition

;

RNt “nbn pam y pAn I oA R B R > 1
—1

RN IR prm a1 1N R AR R if m>1,n=0

(16)  f—g: K
A(m4n) Agnn An IAg I3 . o

R — INRM"~—= RAR—R if m=0,n>1

I )\I_lsz_l [ [ f/\g 1 f J— —

[ — IN—RANR—R if m=0,n=0
We remark that o), = oY rn, and this might happen to be the identity. We write the

compositions together and get the following forms
luo(f/\g)oam+n if m,n Z 1

o(fAg opRAm it m>1n=0
(4.7) f—yg=

(f Ng)
o(fANg)o R/\" if m=0,n>1
o(fAg)oX;t if m=0,n=0
Thus the cup product gives an operation C™(R) ®z C"(R) — C™ " (R).
Lemma 4.3. The multiplicative unit e : I — R is a left and right unit for the cup product.
Proof. For the right unitary law consider the following diagram

—1

pRATn 1RAm Ne

RN RN AT R AR
f fALl; fAlg
—1
R Pr RAI lnne RAR
m
1r
R

The bottom triangle commutes by the right unitary law, the left square commutes by
naturality and the right by successive compositions. We conclude that

f—e=po(fNne)opgm=po(fAlg)o(lrm Ae)oppim = f

where the last equality follows from the outer part of the diagram. Similarly, e is also a left
unit for the cup product by the left unitary law. O

We shall prove that HH*(R) is graded-commutative, i.e. for f € HH™(R) and g € HH"(R)
we show that f — g = (=1)""g — f. For this purpose let f € C™(R) and g € C™(R) with
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m,n > 1. Observe by a direct computation that the cup product can be given as
(4.8) f—g=(ne1f)oni1g.

where the operation e; is as in the previous section. Next we claim that the Hochschild
differential can be written as

(4.9) d"(f)=—(fep—(=1)""pef).
To see this, note that

m m

—fep==> () e p==> (=1)""foal, o} 0ap !}
i=1 i=1
where we have used the identity u,}, = (1%“71) A ) A 1paem—i. Furthermore,
2

(1" e f = (D)"Y () e

(=1)" (o (f A LR) + (=)o (1g A f) o aiy)

(=)™ o (f ALR)+po (Lr A f) o apt,

e el 1, 0,1
where we have used the identities oy " = 1pag and )} = ), (by the coherence theorem

and notation). Written together this gives
—(fop—(=1)""pef)=po(lgAf) oam+1+Z )'f ol o it oan

+(=1)" o (f Al
=d"(f)
The following result corresponds to [Ger63, Theorem 3 and Corollary 1]).

Proposition 4.4. Let (¢, N, I, a, A, p) be an Ab-enriched monoidal category and let (R, i, e)
be a ring object in €. Moreover let f € C™(R) = Homg(R", R) and g € C"(R) =
Home (R, R) where m,n > 1. Then

(i) feo(dg)—d™™  (feg)+ (=) (d"fleg=(-1)""" (g — f—(=1)"™f —g)
(i1) if f and g are cocycles (i.e. d™f =0 and d"g = 0) then

T 0g) = (A1) (g = - (7 <),

Proof. For (i) we use the expression for the differential in Equation (4.9) and write the three
terms on the left as

fe(dg)=—fe(gou)+(—1)"""fe(neg)
—d" N (feg)=(feg)epn—(—1)"""Pue(feg))
(1) d"fleg=—(-1)""(foep)eg+ (-1)"""*(ne f)eg

By the defining property for right pre-Lie rings we have that
(foeg)opu—(=1)""'(fep)eg=fe(gep—(-1)""neg)
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leaving us with
(=)™ (e f)eg—pe(feg))
in the original expression. From Proposition part (i) we have

(nef)eg—pe(feg) = > (1)t DEmDHEDE (0 f) @) g

(1<j<i—1)V(m+i<j<m+1)

where the only possible values for i are 1 (which gives j = m + 1) and ¢ = 2 (which gives
j =1), hence

(nof)eg—ne(feg)=(=1)"""(uer f)enig+(~1)" " (nexf)org.
We identify (via the identification in Equation (4.8))

(M'lf)’mﬂg:fvg
(Lo flerg=(ueig)e19g=9—f

where the second equality follows from the defining property of right pre-Lie systems. Inserted
back we get

()™ ()" g f = ()T = g) = (1) (g — f — (<)M — g)

which proves part (i).
For part (i), when d™f = 0 and d"g = 0 we have f e (d"g) = 0 and (d™f) e g = 0 by
construction, hence

A" (feg) = (=1)"(g— f = (=1)""f — g)
as asserted. O

We prove that the cohomology ring is graded-commutative.

Theorem 4.5. Let (€,N\,I,a,\,p) be an Ab-enriched category and let (R, pu,e) be a
ring object in €. Then the Hochschild cohomology ring HH*(R) = @i, HH'(R) is
graded-commutative, that is if f € HH™(R) and g € HH"(R) then f — g = (—=1)""(g — f).
Moreover, its unit is €.

Proof. We start by examining the case where m = 0 and n > 1. Recall that if f € HH°(R) =

Kerd® then f is in the centre of R (as discussed in Section , and for any g € HH"(R)
consider the following diagram
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1rNg gN1r

IARM 29 TAR R/\[<—RA”/\I
f/\].R/\n f/\le [1R/\f 1R/\n/\f
1rANg A1l
RAR™ 2L RAR RARIEE AR

\ /
R
The diagram clearly commutes by the definition of the centre (the middle hexagon), naturality

(squares on the left and on the right) and successive compositions. By composing on the left

and the right side we have, respectively,
po(lgAg)o(fALR)oAga =po(fAG)oAgm =f—g
po(gA1g)o(IgA f)oprin = o (gA f)o ppin =g — f
and by the commutativity of the diagram we conclude that f — g = (=1)°"g — f =g — f.
A similar argument holds when f € HH™(R) (m > 1) and g € HH°(R), we replace f by g
(and R" by R"™). When f € HH°(R) and g € HH"(R) replacing R"™ with I in the diagram
above, and the same result follows.
For the remaining case where m,n > 1 we apply Proposition . When f € HH™(R)

and g € HH"(R) clearly every representative for f and g are cocycles (in Ker d™ and Ker d”,
respectively) by definition. Hence we can apply part (ii) of the proposition, which states that

A" (feg)=(=1)" (g — f—(=1)"™f —g).
Moreover recall that f e g € C™™ (R), hence clearly d™™~!(f e g) is a coboundary
(i.e. d™™ Y(f o g) € Imd™™ ! C C™™(R)) and so vanishes in HH™"™(R), that is
dm+tn=1(f e g) = 0. For f € HH™(R) and § € HH"(R) we have then that

0=(-1)"(g—f-(-)"™f—7),

hence g — f = (=1)""f — g and the result follows. O
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APPENDIX A. DIAGRAM (v) WHEN ¢ = j
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APPENDIX B. DIAGRAM (v) WHEN i < j
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APPENDIX C. DIAGRAM 1, PRE-LIE SYSTEM
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