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Abstract

We present a theoretical and numerical framework — which we dub the Direct Integra-
tion Method (DIM) — for simple, efficient and accurate evaluation of surface wave mod-
els allowing presence of a current of arbitrary depth dependence, and where bathymetry
and ambient currents may vary slowly in horizontal directions. On horizontally constant
water depth and shear current the DIM numerically evaluates the dispersion relation of
linear surface waves to arbitrary accuracy, and we argue that for this purpose it is su-
perior to two existing numerical procedures: the piecewise-linear approximation and a
method due to Dong & Kirby [2012]. The DIM moreover yields the full linearized flow
field at little extra cost. We implement the DIM numerically with iterations of standard
numerical methods. The wide applicability of the DIM in an oceanographic setting in
four aspects is shown. Firstly, we show how the DIM allows practical implementation

of the wave action conservation equation recently derived by Quinn et al. [2017]. Sec-
ondly, we demonstrate how the DIM handles with ease cases where existing methods strug-
gle, i.e. velocity profiles U(z) changing direction with vertical coordinate z, and strongly
sheared profiles. Thirdly, we use the DIM to calculate and analyse the full linear flow
field beneath a 2D ring wave upon a near—surface wind—driven exponential shear cur-
rent, revealing striking qualitative differences compared to no shear. Finally we demon-
strate that the DIM can be a real competitor to analytical dispersion relation approx-
imations such as that of Kirby & Chen [1989] even for wave/ocean modelling.

1 Introduction

Surface waves in ocean and coastal waters are often affected by currents. Partic-
ularly when the current varies with depth — i.e., it has vertical shear — the interactions
between surface waves and current can be rich and highly non—trivial even in the linear
wave regime. While this has been recognized for a long time [e.g. Peregrine, 1976], it is
recently becoming increasingly clear that the effect of shear in the water column must
be accounted for in order that environmental waves may be fully understood, and ad-
equately modeled, as emphasized in a recent review of coastal wave modelling [Cavaleri
et al., 2018]. Several oceanographic models such as Delft-3D [Elias et al., 2012] and ROMS,
used for example in the coupled COAWST model [Kumar et al., 2012], now include as
an option of the wave—dispersion correction due to a horizontal ambient current U(2)
which varies with vertical coordinate z. Necessary theoretical tools and insights to this
end have been developed in recent studies [Banihashemi et al., 2017; Quinn et al., 2017],
where it was concluded that wrongly accounting for shear in such wave models, or ne-
glecting it, can lead to serious errors. Failure to include Langmuir turbulence, a direct
consequence of wave-shear current interaction [Leibovich, 1983], is a prime suspect for
the systematic misprediction in global climate models of the ocean surface temperature
and boundary layer depth, particularly in the southern oceans [Belcher et al., 2012]. Wave
effects moreover greatly influence storm surge inundation as shown by Wu et al. [2018],
where strongly sheared currents are present.

Knowledge of the effect of shear on wave dispersion is also necessary in order to
remotely measure near—surface currents using X-band of HF /VHF radar [Stewart & Joy,
1974; Teague, 1986; Shrira et al., 2001; Lund et al., 2015; Campana et al., 2017], used
inter alia to shed light on exchange of heat, mass and momentum between ocean and
atmosphere, and transportation of nutrients and pollutants.

In this article we present a new framework for numerical calculation of wave dis-
persion on arbitrary shear currents, which compliments the analytical framework devel-
oped by Ellingsen & Li [2017], and applied to the case of ship waves by Li et al. [2017].
We refer to it as the Direct Integration Method (DIM). The DIM is simple to implement,
combining only standard operations for solving linear inhomogeneous differential equa-
tions, numerical integration and root—finding, for which any of a number of methods may
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be used. The implementation tested herein with an iterative scheme which uses very ba-
sic procedures: finite differences, Simpson’s method, and Newton’s method, respectively
(an example implementation in MATLAB is included in supplementary materials). In
the interest of fair comparison the iterative numerical scheme is deliberately simple, and
we do not claim it is the universally optimal option for implementation of the DIM.

The DIM has a number of attractive features. It can handle ambient currents U(z)

(z: vertical coordinate) which change direction with depth with the same ease as uni-
directional currents. It facilitates estimation of the relative error of the calculated value
of ¢(k) at little additional cost (k: wave vector in the horizontal plane; ¢: phase veloc-
ity). And it may provide the full sub-surface flow field within linear wave theory, with-
out any increase in complexity. The general solutions of the full flow field are the fun-
damental components of analysing 3D rotational waves of finite amplitude, a question
for future studies.

A particular feature of the DIM is its ability to include the effects of slowly vary-
ing water depth. A wave action conservation equation for this situation was recently de-
rived by Quinn et al. [2017], but those authors deemed that its application in ocean and
climate models was impractical due to computational cost. We believe that with the DIM
this could change radically. We present both an analytical framework and an extension
of DIM numerics to evaluate the equation of Quinn et al. [2017].

We argue that the DIM is superior to the two existing numerical methods for cal-
culating ¢(k) with arbitrary accuracy over constant water depth that we are aware of,
namely the piecewise-linear method [e.g. Zhang, 2005], and a method due to Dong &
Kirby [2012]. It is considerably simpler to implement than the former and is faster and
easier to parallelize than the latter, which also cannot provide the flow field in a straight-
forward manner. Neither method has been developed to handle changing depth.

The structure of the paper is as follows. In Sec. 2 we define the system under con-
sideration. Sec 3 reviews existing methods for calculating or estimating c(k) on a cur-
rent U(k) of arbitrary depth dependence, including numerical procedures of arbitrary
accuracy, and widely used analytical approximations. The Direct Integration Method
is presented in Sec. 4. We apply it with an iterative scheme to a range of different cases
in Sec. 5. In Sec. 6 we compare the DIM to existing numerical and analytical approaches
in terms of accuracy and cost, before concluding remarks are provided in Sec. 7. The nu-
merical performance of the iterative scheme is tested in an appendix.

2 Theory formalism

We consider a plane wave running on a horizontal background flow U(x, z) where
x = (z,y) is the position vector in the horizontal plane and z is the vertical axis such
that the undisturbed surface is located at z = 0, over varying water depth h(x).

A geometry of the system is depicted in Fig. 2. Assume incompressible and invis-
cid flow, and that the medium above the surface can be neglected. We assume pertur-

bations of the background flow due to the wave motion is small, and work eventually within

linear wave theory. A wave in the horizontal plane with wave vector k = (kg, k) =
k(cos 0,sin 6) generates perturbations that are understood to be proportional to exp(ik-
x —ike(k)t), where k = |k| is the wave number, ¢(k) is the phase velocity of the wave
along direction k, and ¢ is the time.

Before proceeding to the governing equations and boundary conditions, we first in-
troduce two key assumptions;
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Figure 1. Geometry of the three-dimensional wave and current system.

I Fast variation of wave phase; the wave phase S = k - x — kct is of rapid spatial
and time variation — O(1) — when compared to the slow variation of the shear cur-
rent, water depth , and wave amplitude A in the horizontal plane and time.

II We assume wave motions to be affected by a background current, but not vice versa.

Assumption IT allows us to first look at purely non-wave motions (wherein param-
eters are defined with the superscript ‘(°)’) and then together with wave motions.

2.1 The steady background flow

When there is no wave motion and the time dependence is negligible , the Euler
and continuity equations yield after eliminating the horizontal velocity perturbation com-
ponents 4?0 and ¢(%),

V- U+ 4" =0, (1a)
(U-V)U + U =—vp®/p, (1b)
(U- V)w(o) + 0 = _ ﬁ/(o)/p. (1c)

where a prime denotes the derivative with respect to z, w(® is the vertical velocity and
p(© is the dynamic pressure, ¢ is the grativational acceleration, and the operator V =
(0z,0y). Egs. (1) assume no variation of density p, precluding stratification and inter-
nal waves.

Thelinearized boundary conditions are

PO — pgn©® =0; at z =0, (2a)
2@ _U. vn(o) =0; at z =0, (2b)
»O® _U-Vh =0;at z = —h, (2¢)

where 17(?) is the surface elevation and p is the density of fluid.

The solutions of (1) and (2) work as boundary conditions when additional wave
motions are considered.
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2.2 Small wave motion in the presence of a shear current

We now proceed to consider wave motion together with a background current. A
generic field variable ¥ is then expressed ¥ = ¥(©) + y explik - x — ike(k)t], the latter
of which is the variable due to wave motion.

The flow of a wave-shear current system is governed by the Euler and continuity
equations. Assumption I allows necessary linearisation as follows. After the linearisa-
tion with respect to surface steepness ¢ = kA (e < 1, A is a characteristic wave am-
plitude) the flow may be expressed as the boundary value problem

(k-U—ke)(w” — Kw) =k-U'w; —h<z<n®,  (3a)
T 4
(k.U_kc)Qw’_(g].gQ+Tk)w—k-U’(k-U—kc)w:O; z =7, (3b)

w=0; z=—h(x,y), (3¢)

where w(k, z) is the amplitude of the vertical velocity due to wave motion and T is the
surface tension coefficient. Eq. (3a) is called the Rayleigh equation (or the inviscid Orr—
Sommerfeld equation). We are thus faced with an eigenvalue problem with two unknowns,
w(z) and c(k).

3 Existing approaches for constant h

Existing approaches for calculating or estimating the value of ¢(k) when h is con-
stant with respect to x may be divided into two categories: numerical procedures with
arbitrary accuracy, and analytical approximations with theoretical error. In the follow-
ing we briefly review these wherein constant water depth is assumed and (®) = 0 is
hence obtained.

3.1 Arbitrary accuracy

Numerical schemes to determine ¢(k) in the past have included, in particular, two
very different strategies.

The first, and oldest approach is to divide the water column into n artificial lay-
ers, and presume U(z) to vary as a linear function of z within each layer. The linearised
Euler equations now permit explicit solutions with undetermined coefficients within each
layer. When U(z) does not vary in direction there are n+1 free coefficients which are
determined as zeroes of the system determinant. We refer to this method as the piecewise—
linear approximation (PLA). The idea goes back well over a century [Rayleigh, 1892],
and has recently been analysed in further detail [Zhang, 2005; Smeltzer € Ellingsen, 2017].
The method is tried and trusted, physically intuitive, and reasonably efficient when mod-
erate accuracy is required (4-5 layers are typically sufficient for error < 5%), but has
certain drawbacks. The foremost of these is that n + 1 eigenvalues for ¢(k) are found
of which two must be chosen which describe surface wave propagation, the rest being vor-
ticity waves generated by the artificial discontinuities of U’(z) and should be discarded.
This considerably complicates implementation. Secondly, directly generalizing U(z) to
allow changing direction would double the number of undetermined coefficients, much
increasing the cost. A more sophisticated procedure could likely avoid this, but we are
not aware of any implementation of the PLA for turning U(z) to date.

An alternative procedure was used by Dong & Kirby [2012]. They introduce an ad-
ditional function Q(z) = w(z)/w'(z) which transforms the Rayleigh equation into a non-
linear ordinary differential equation for Q@ which contains both @? and dQ/dz, with bound-
ary conditions at the bottom and free surface, respectively. The eigenvalue c¢ is thence
found using a shooting method. The fact that the system is nonlinear is a disadvantage
which increases numerical cost and makes parallelization more cumbersome. We argue
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in Section 6 that our new method has several advantages over that of Dong & Kirby [2012],
perhaps the greatest of which that our new method solves a linear second order differ-
ential equation .

3.2 Analytical approximations

An altogether different approach is to find an explicit analytical expression depen-
dent on k and U(z) which approximates c¢(k). The most used of these was first presented
by Skop [1987] generalizing Stewart & Joy [1974], and was developed to second order ac-
curacy by Kirby & Chen [1989]. This relation (generalized to the 3D case of a turning
U(z)) we call the 3DKC, and to leading order may be written (see Ellingsen & Li [2017])

() sinh 2k(z + h)
kcg sinh 2kh

0 1T
&(k) ~ co(1 — 6); 6:[hdzk U (1)

Here, and for later reference, we define

U, = U(0), Ul = U(0), ék) = c(k) — k- Uy/k, AU = U — Up, wo = w(k, 0)

and co = +/(g/k + Tk/p) tanh kh. We recently proposed an alternative approximation

&(k) ~ co(V/0% + 1 —6), (5)

which has certain advantages FEllingsen € Li [2017]. Both approximations come with a
second order accurate extension providing excellent accuracy at far greater cost.

For typical shear profiles occurring in oceanographic settings, both leading order
approximations estimate ¢(k) to within 5% for all k, often significantly better. For many
practical cases this is quite adequate. However, for strongly sheared flows occurring in
other systems, such as fast discharge of a surface jet into quiescent water or fast flow in
a thin film, both approximations may become inaccurate and approximation (4) could
even become unphysical [Ellingsen & Li, 2017]. In a setting where computing cost is im-
portant, (4) and (5) would in practice be used “blindly” without any estimation of er-
ror, since this would in essence require a far more expensive second order calculation.
We show in later sections that our method has an explicit error estimate as a built-in
feature. It is moreover more robust than analytical approximations and with some ex-
tra iterations is able to tackle even profiles with extremely large shear and curvature where
(4) and (5) are poor. For moderately sheared profiles our method is comparable to (4)
and (5) also in terms of cost, as discussed in Sec. 6.3.

4 Direct integration method

We now consider the more general situation where water depth is allowed to vary,
different from the existing approaches reviewed in Sec. 3. We define

[a, 9, @, p, {](k, z) = [u, v, w,p/p,](k, 2) /w(k,n'). (6)

Here uw and v are amplitudes of the horizontal velocities, p(z) is amplitude of the dynamic
pressure, and ( is the surface elevation, all in k space. The boundary value problem (3)
may then be written following Ellingsen & Li [2017] and Li & FEllingsen [2018] ,

k . U//
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where

Dg(8) =& + ¢l.(¢) — ¢, (8)
_ 7

. k-Ujtanhkh _ k- U"w(k, z)sinh k(z + h)
I(¢) = — "~ d ’ . 9
€) ;2 e / “"k(k - AU — ké) cosh kh ©)

—h

o = (9/k+ Tk/p) tanh kh, (10)
h=h+n. (11)

1. denotes the contribution from a shear current on wave motion. For the case where k-
AU—ké = 0 for some critical depth z; € (—h, 77(0)>, see discussion in section 4.3. The
implicit dispersion relation (7b) is found by multiplying (3a) by sinh k(z+h), integrat-
ing with respect to z, and using the boundary condition (3b) ; refer to Li & Ellingsen
[2018] for details.

For later references, we define

o =ke, oo, = kegr, ok, z) =ké—k-AU=ke—k-U. (12)

As is discussed in Ellingsen & Li [2017] for uniform water depth, when we further
assume slow current compared to fast wave motion — O(U/c) < 1, (4) is readily ob-
tained from (7); when the depth vertical shear is assumed to be small compared to wave
motion, we obtain (5).

The philosophy of the direct integration method (DIM) is to treat Egs. (7) as two
coupled equations with @ and ¢ as the unknowns and then to obtain the solutions of Egs. (7)
with numerical approaches. Indeed, from a numerical point of view the DIM is simple
to implement, combining only standard operations for solving linear inhomogeneous dif-
ferential equations, numerical integration and root—finding, for which any of a number
of methods may be used. We introduce an iterative scheme in Sec. 5.1 based on New-
ton’s method; it is deliberately basic to ensure comparison with other methods be as fair
as possible, and we do not claim it is the optimal choice.

4.1 Error estimates

Assume that ¢ is an approximation to the exact solution é. to (7b). A Taylor ex-
pansion of (7b) about é = ¢~ reads (dependence on k is understood)

0D
Dg(é~ + Ac) = Dp(éx) + Aca—;(az) +..=0, (13)
where Ac = ¢, — ¢~ and
0Dgp . Ol
:2 IC —_— y 14
9% c+( +C@é(c)> (14)
()
8{c _ / dzk -U" (k- AU)w(k, 2) sinh k(z+ h) (1)
oc ko?(k, z) cosh kh
This yields an estimate of the relative error R(éx),
~ Ac DR(Ez)
R(cy) = |—| ~ s 16
(&) Ce Cr 8&5; (C~) (16)

Since Dy and 0Dg/0¢ need to be calculated anyway in order to solve (7a), the er-
ror estimate (16) can be calculated with very little additional cost.
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4.2 An explicit approximation of the DIM

Based on (16) , we obtain

(17)

which gives a good approximation of ¢ if we insert either (4) or (5) as the ¢, as was noted.
This is a form of the solution with a single iteration . In principle, this returns the next
order approximation of ¢ to ¢ and the accurate w of the input é~ (k). Compared to the
second order corrections to (4) [Kirby & Chen, 1989] and (5) [Ellingsen & Li, 2017], (17)
offers much faster computation

4.3 Critical layers

The integrand of the integral in (9) has poles whenever a critical layer exists, i.e.
there exists a depth z. € (—h,0) so that k - U(z.) = ke. This situation requires care-
ful treatment of the integration path. In this circumstance one should in principle con-
sider how the waves were created, treating the system physically as an initial value prob-
lem [Peregrine, 1976]. One way to achieve this is to assume that a plane wave of frequency
w(k) has been created by a disturbance which has grown in time from zero at ¢t = —oo,
in a manner proportional to e~ “I*¢ letting (e — 07). Mathematically, this moves the
integration path slightly off the real z axis, making the integral in (9) well defined. Us-
ing the resulting integral, the real part ¢, pertaining to wave propagation, is kept in the
limit € — 07. (The imaginary part has a bearing on the stability of the critical layer;
see e.g. discussion in Velthuizen & van Wijngaarden [1969]; Shrira [1993]; Ellingsen &
Li [2017]).

4.4 Full flow field solution

A useful trait of the DIM is that in addition to the dispersion relation c(k) it can
calculate the full flow field with little extra cost. Given ¢ and w(z), remaining scalar flow
fields @, v, p, ¢ are given by

ik?p/p = —(kc — k- U)w' — k- U'w, (18a)

E* (ke — k- U)a = ik, [k - U'w — (k- U — ke)w'] — ik*UlLw, (18b)
k*(ke —k - U)o = iky[k - U'w — (k- U — ke)w'] — ik*U,w, (18c)
ké¢ = iwy. (18d)

In order to obtain dimensional amplitudes we require the value of wg. It can most of-
ten be readily calculated from the initial conditions of a particular problem. For a plane
wave with known amplitude a, wg = —ikca, following from the kinematic free-surface
boundary condition.

4.5 Group velocity from a kinematic approach

Based on a kinematic approach, the group velocity can be readily obtained using
the full derivatives on the relation Dg(k, ké) = 0 with respect to k, and k,, i.e.

Vi Dr(k, &) + 9, (5) =0, (19)



in which the operator Vi = (0k,,k,). The above relation further yields the group
velocity defined

They  — %Vk(kfc)

¢y =Vik(d) +Up = -2 — + Uy, (20)
’ TR
= 0h (L " )= 21
Cone = 7o ( +sinh2kh> I (21)
235 in which Vi (kI.) can be calculated via a numerical method and ¢, is the group veloc-

236 ity in the absence of a background flow. (20) is applied to verify the group velocity de-
237 scribed by (24).

238 4.6 Conservation equation of wave action

239 We now proceed to the conservation equation of wave action ( henceforth called
240 the wave action equation, WAE ) first developed by Voronovich [1976] based on a dy-
201 namic approach and further developed by Quinn et al. [2017], and show how the DIM

242 can be used for a practical implementation of this equation. The equation is in general
23 applicable for any flow where there is large separation of lengthscales between the wave
244 motion and vertical current variation on the one hand, and the horizontal variation of
215 the current and bathymetry on the other, an approach well known from geometrical op-
246 tics. This is a very typical situation in ocean and coastal modelling; see Quinn et al. [2017].
247 The WAE can be derived by retaining terms to O(e?) to obtain

ol

"2 4V (cylys) = 0. (22)
O
in which

7o

k-U” , (9+Tk/p) k-U"\ ,
Lys :/ 57257 Y dz 4+ [( 3 ~9g72 | W Z:no’ (23a)
~h
)
k . U/I U// k 5
Colos = / (202k2U+ 20k? I<;2>w dz
(9 +Tk*/p) k.U U (g+TK/pk\
- U- 23b
+ [(( a3 202k2 20k? + o?k? v N (23b)
248 which are based on the notations defined herein and surface tension is considered and
249 n® = 0 for uniform water depth. w in (23) is the solution of the boundary value prob-

250 lem described by (3a). Refer to Quinn et al. [2017] for details and discussions.

The DIM can be readily employed in (23). As was noted, w = ww,o(k,n?) in
which @ is the solution of (7) and w,o = w(k, d;t,n(?)) is the amplitude of slow spa-
tial and time variation, if any. We rewrite (22) and obtain

0 [who - wh
a 711)3 : Ivs% =Y, 24
B) ( jo 1vs | TV Calvsgs | =0 (24)
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71(0)
I % Opirtd %o S 25
L.= | 20w _%h___g,
v / g Rt e R (252)
—h
5 N
Cg :Efi, (25b)
(0)‘
! kU o2 U o k
N = - —k | w3d __0h __ g |Z_g4__"00 =
/ (Q’“ . 9 )w i (52tanhkh k| T T3t S tannih & .
—h z=n
(25¢)
U’ 'S u” k-Q
S = — S = - = = ) 25d
2% Z:n(0)7 k k ) Q 2% Qk L ( )

where N, I,5, S, and Sj; are dimensionless parameters, Q and Qy are of the same unit
as k. It is straightforward to find ¢, = ¢4, + U when the current is irrotational, i.e.
U =uU"=0.

5 Numerical scheme and example applications

In this section we explore the numerical potentials of the DIM and demonstrate
and test the DIM with an iterative algorithm for a range of different practical applica-
tions. Discussions regarding criterion of convergence and an estimate rate of convergence
of the iterative algorithm are presented in Appendix A: .

5.1 Iterative algorithm

Indeed, Eq. (7b) is but a nonlinear scalar equation for ¢, as can be seen by noting
that for some value of ¢ Eq. (7a) determines w completely. Naturally a solution for ¢,
and consequently w, is iterative. The essence of the iterative algorithm is to consider w
as a function of an approximation ¢y of é defined implicitly by Eq. (7a) and evaluate w(¢x)
with an explicit scheme, as described below in step 1.

We discretize the z axis into N points z;, ¢ = 1,2, ..., N. The influence of U on
the surface wave falls off for increasing |z| as ~ exp(kz); For short waves compared to
h, therefore, contributions from the water column will be negligible for z below some thresh-
old which depends on the desired accuracy. We choose the grid points equidistantly so
that 2o = 7(*) and kzy = —max[a + 2In(N/Ny), kh]; we found o = 3.5 and Ny =
7 to be suitable. The “bottom” condition used is now w(zy) = 0. This discretization
works well for all cases we have tested yet we do not claim that it is the universally op-
timal choice.

Each iteration consists of three basic steps.

1. @(¢; z;) is calculated from Eq. (7a) using the value of ¢ from the previous itera-
tion. For the first iteration an initial guess for ¢ is required.

2. An improved estimate of ¢ is calculated from Eq. (7b) using @ from step 1.

3. The error of the calculated ¢ is then estimated as described in section 4.1, and it-
eration is terminated once a tolerance is reached.

The number of iterations needed depends on the accuracy of the initial guess, yet
in cases of moderate shear we shall see that a single iteration with c¢o(k) as a naive ini-
tial guess, is accurate to within a few percent, sufficient for many purposes. A more ac-
curate but more expensive first guess could be made using e.g. (4) or (5).

—10—
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A number of standard methods exist for performing the first two steps of each it-
eration, the choice of which determines the computational cost and accuracy of the scheme
of the DIM. In our implementation we have solved Eq. (7a) [step 1] using a finite dif-
ference scheme with a 2nd order central difference approximation for w”, resulting in a
tridiagonal linear problem. Updating the value of ¢ using (7b) [step 2] we do with a sin-
gle iteration of Newton’s method, i.e.

Dg(&)

~j+1 _ ~j
¢r=c ODR/0¢|e=zi’

(26)

in which j denotes the j'" iteration.

All integrals with respect to z we calculate using Simpson’s method, all on the same
grid of z-values.

5.1.1 Computational complexity

The computational complexity of the above three steps is primarily from Step 1
and is of O(N). If we implement ‘blind’ predictions as (4) or (5) do, then one or two it-
erations (i.e. M = 1 or M = 2 in which M is the total number of iterations) is suffi-
cient to achieve the same accuracy as (4) and (5), and an error estimate and a good ap-
proximation of w in all evaluation points along the z-axis are also obtained at little or
no extra cost, see Sec. 5.3.

Furthermore, if we use either (4) or (5) as an initial input of the DIM, The accu-
racy of the DIM from a single iteration is much increased. In most of the tested cases
in the present paper, we use c,;, as a naive guess to make comparisons of methods as fair
as possible. Also calculating group velocity ¢, using Eq. (24) incurs no additional com-
plexity, and the overall complexity remains O(N).

Quinn et al. [2017] comment that ”the WAFE ... is difficult to apply to operational
wave models as it is too computationally intensive: it is required to solve the Rayleigh
equation for every node, frequency, direction, etc. at every time step” for which reason
they derive an approximate (explicit) form of (23) that suffers from a loss of accuracy.
However, the DIM can change this picture radically; good accuracy may be achieved with
the same complexity as numerical evaluation of the explicit equation of Quinn et al. [2017].
As we will demonstrate, N = 7 is enough for accuracy better than a few percent in typ-
ical cases and an example implementation of the DIM for slowly varying water depth is
provided in Sec. 5.5.

5.2 Turning profiles

In Ellingsen & Li [2017] approximations (4) and (5) were compared for a spiral-
ing velocity field, but we were not in a position to compare the predictions to the accu-
rate result since this was beyond the capabilities of the PLA, the best numerical method
available at the time. With the DIM this task is easily accomplished.

As in Ellingsen € Li [2017] we consider the profile,
U(z) = Upsinha(z + h)(e, cos kz + e, sin kz). (27)

Choosing ah = 1 corresponding to a wavelength 27h, we consider waves propagating
in different directions 6.

As conjectured in Ellingsen & Li [2017] the 3DKC estimate (4) performs relatively
poorly for the turning profiles compared to unidirectional examples, particularly in the
area 0.1 < 6/7 < 0.2 in this example. As shown in Fig. 2a-c, where kh = 1, this holds
true even for very weakly turning profiles with kh = 0.3 and kh = 1, and worsens with
stronger changes of direction. The 3DKC tends to perform well in the vicinity of 8 =
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Figure 2. Error calculated for estimates from analytical approximations (4) and (5) (Denoted

KCis¢ and ELig, respectively, for the turning profile (27) with different parameters as shown. In
all panels Fr = Up/+/gh = 0.5 and ah = 1. In (a,b,c), kh = 1, and in (d,e) kh = 1.

m, yet the approximation (5) appears to be more consistent. The error estimates for the
two analytical approximations as functions of # and kh are shown in Fig. 2d,e. For both
cases performance is least good for long wavelengths. While one should not draw too strong
conclusions based on a single example, Fig. 2 seems to indicate that approximation (5)

is preferable for turning profiles. A more careful analysis is beyond the scope of the present
Article.

5.3 Strongly sheared profiles

In this section we demonstrate how the DIM can readily handle very strongly sheared
profiles, of which we consider two example flows

U(z) = 3\/ghexp(z/h), (28a)
U(z) = \/ghexp(10z/h). (28b)

For both examples the first—order analytical approximation (4) performs poorly, and even
yields unphysical results for some wavelengths. Also approximation (5) is poor for pro-
file (28b) (see further details and discussions in Ellingsen & Li [2017]).

The profiles (28) are too strongly sheared to represent oceanographic flows, but could
realistically occur in other flow settings. Eq (28a) could represent, e.g., for a flow of sur-
face velocity 4m/s of 40cm depth, for example over a local shallow in a river, or a film
flow of lem depth with surface velocity 60cm/s, which is readily produced. Eq (28b) might
represent a surface jet due to discharge of a fast flow into a still water reservoir, e.g. a
jet speed of 3m/s over 1m depth. An oceanographic situation where shear can be strong
is a relatively short period after the onset of wind over the surface Caulliez et al. [1998].
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Figure 3. Applying the DIM to two very strongly sheared velocity profiles given in (a,b):

Eq. (28a) and (c,d): Eq. (28b). Velocity profiles are shown in (a,c), corresponding to plots of
relative error R, Eq. (16) for different calculations. K&Cis: Approximation (4), E&Lqst: ap-
proximation (5), My = 1,2,3: DIM with initial guess ¢y using 1,2 and 3 iterations, respectively,

Mg, = 1,3: DIM using (5) as initial guess.

Relative errors for calculations of phase velocity for waves propagating along the
direction of the flow as a function of wave number are shown in Fig. 3. It is clear to see
that DIM converges quickly, producing accurate results in these cases with only 3 iter-
ations even with a poor initial guess ¢g. For the velocity profile of Fig. 3a, approxima-
tion (5) is reasonably successful (within 20 % of the true value) and using this as initial
guess the accuracy is better than 0.1% with only one iteration of the DIM.

In a sense, a single iteration of DIM can be interpreted as sibling of the analyti-
cal approximations, in that it also constitutes a single integration of a functional of U(z)
along the z axis. Just like (4) and (5) this may be inaccurate for extreme profiles. Un-
like these, however, the DIM can simply be iterated whereas the second order extensions
of (4) and (5) are far more expensive.

One should note that when the initial guess is very poor, as for example when us-
ing ¢p in the examples (28), the error estimate (16) is far from its real value. Neverthe-
less it will produce an estimate that is higher than any realistic error tolerance, ensur-
ing that more iterations are performed, with correspondingly more accurate error esti-
mates.

5.4 Velocity field

Using Egs. (18), the full flow field is readily obtained by the DIM at little extra cost.
As demonstration we calculate the wave—induced velocity field due to an initial surface
perturbation in 2 dimensions, on a shear flow with the profile

U(z) = 0.1\/gh(exp (6z/h) — 1) (29)
representative of a surface drift layer. To our knowledge such a Cauchy—Poisson prob-

lem has not been considered before for the velocity field in the presence of a velocity field
of non—uniform vorticity.
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Figure 5. Waves propagating over slowly varying water depth in the presence of a wind-
induced current. In the figure, h; and hs are water depth and L is the characteristic length in

the horizontal plane. The slowness of depth variation is indicated by |h1 — he|/L < 1 .

Fig.4 depicts the velocity field and surface elevation in 2D at two instaznt gimes T =
Dex Te4x
tv/g/h =1 and 5 generated by an initial impulsive pressure pe—}; = eXp(—T)é(t).
Results in the presence and absence of the sub-surface velocity profile (29) are shown in
the right and left columns of Fig.4, respectively. The velocities and pressures plotted are
the perturbation fields, i.e., after subtracting their values when no waves are present.

As one would expect in light of previous studies (e.g. Ellingsen [2014]; Li et al. [2017])
the surface shape is changed visibly, yet moderately by the shear flow. The velocity and
pressure fields, on the other hand, are strikingly different in qualitative appearence. With-
out shear current the velocity magnitude beneath the surface elevation has slow spatial
variation with only the direction changing rapidly. Not so in the presence of the sheared
current, in which case there are several highly distinct regions directly beneath the largest
surface excitations with far lower absolute velocities. In the present example these re-
gions are near—vertical in shape. The rotating wave motion undergoes a depth—dependent
phase shift due to the depth—varying velocity field.

While only a single example, these observations seem to indicate that the veloc-
ity field beneath waves can be strongly affected by e.g. a wind—driven shear layer, as (29)
might represent. This is a potentially important observation, since the near—surface fluid
mechanics of the oceans is crucial for processes in oceanography and climate modelling,
in particular transportation of nutrients and algae, and mixing of warmer and colder wa-
ters. The effect of shear—-modified wave motion on sub-surface turbulence intensity, Reynolds
stresses and thermal mixing are all virtually unknown and make for an important as well
as intrinsically interesting area of future study. We have demonstrated how the DIM can
offer a fast and computationally cheap first insight.

5.5 Wave amplitudes over slowly varying water depth

As noted in section 4.6, the DIM calculates wave rays and amplitudes with com-
putational complexity of order O(NN). We now consider as an example, steady wave prop-
agation over a sloping seabed in the presence of a constant wind—induced shear current,
as depicted in Fig. 5. Due to waves being steady, the time—-dependent term in the wave
action equation is zero, hence

_w? _w?
Oy <Cga:Ivs(~:O> + 9y <ngIvsan-O> =0, (30)

which can be solved numerically using ray theory when information at a point is spec-
ified. For more details in the absence of a shear current, one may refer to Mei et al. [2017].
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Figure 6. Comparison of wave amplitudes in the presence and absence of a vertical shear flow
at different relative water depth H = hi/hs. In the figure, (a-c) Fr, = 0.1; (d-f) Fr;, = 0.4.

As depicted in Fig. 5, we consider a linearly varying seabed h(x) that has a neg-
ligible effect on the wind-induced current, implying 7(®) = 0 and |h;—hs|/L < € where

L is the characteristic horizontal length; A surface drift is expressed U = Frp+/gha(exp(6z/ha)—

1); H = hqy/hg > 1 is defined where h(xz1) = hy and h(x2) = he and Fry, = Uy/+/ghs.
Hence, (30) yields

& — ng(xl) (31)
Al Cg:r ((EQ) ’
where Ay = A(zz) and A; = A(x1). For cases with the absence of a shear current,

we use the subscript ‘nvs’ to note. Eq. (31) is solved using the DIM wherein the frequency
of an incident wave remains constant over the varying water depth.

Fig. 6 compares the amplitude change of waves at different frequencies with and
without the shear when Fr;, = 0.1 and Fr;, = 0.4, respectively. It is seen the ampli-
tude change of a wave oscillates at a specific frequency can be over(under) estimated by
up to 6% (Frp, = 0.1 ) or to 15% (Frp, = 0.4 ) when a subsurface shear is neglected.
This is in keeping with the conclusions drawn by Zippel & Thomson [2017]. The DIM
offers a viable route to this end.

6 Comparison with other approaches

In this section we will compare the DIM with the iterative scheme to existing ap-
proaches for calculating dispersion relation c¢(k), both numerical methods with arbitrary
accuracy, and analytical approximations with theoretical error. These two categories of
existing approaches were reviewed in Sec. 3.1 and 3.2, respectively.

6.1 The piecewise—linear approximation

We compare first with the piecewise-linear approximation (PLA, c.f. Sec. 3.1). Hav-
ing implemented both the PLA (albeit only for unidirectional flow; see Smeltzer € FEllingsen
[2017] for full details) and the DIM, we are in a position to directly compare the two meth-
ods. While the choice of method will always remain a point of preference of the user, we
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find it hard to imagine a practical application for which the DIM is not preferable to the
PLA.

The one point in favor of the PLA compared to the DIM is its physical transparency.
It is very easy to follow all physical quantities explicitly throughout calculations. The
rate of convergence of the PLA is typically similar to that of the iterative approach of
the DIM employed here, ~ N~2 (see Zhang [2005]; Smeltzer & Ellingsen [2017] and Fig. A.1).
The DIM reaches a higher convergence rate if a numerical approach of higher accuracy
(than the second-order central difference approximation for @” ) is used. Both the DIM
and PLA can approximate the full flow field with little extra effort.

However, from a numerical point of view the DIM has a number of advantages. Firstly
its implementation is significantly simpler. The PLA initially produces N+1 solution
to the dispersion relation, N — 1 of which are artifacts of the abrupt change of vortic-
ity at layer interfaces. There are reliable ways to deal with this problem [see Smeltzer
& Ellingsen, 2017], but it remains a hurdle. Secondly, and for the same reason, compu-
tation is less costly, since detecting the correct eigenvalues of ¢ can be the most costly
part of the PLA calculation. Thirdly, the DIM can easily handle cases where U(z) changes
direction with depth, as demonstrated in Sec. 5.2. Short of a more sophisticated PLA
implementation than has been developed to date to our knowledge, this would double
the number of free coefficients to be determined in the PLA. Fourthly, the DIM comes
with a direct estimate of the error with very little extra cost; error estimation using PLA
is not straightforward (the obvious solution is by comparing results from different val-
ues of N; however we cannot preclude that a more intelligent way can be found).

6.2 Dong & Kirby’s method

Also compared to the method of Dong & Kirby [2012] the DIM definite advantages.
Foremost of the advantages of the DIM over Dong & Kirby’s (DK) procedure is that the
ordinary differential equation to be solved, (7a), is linear, allowing a fast and cheap so-
lution e.g. with a finite difference scheme. Dong & Kirby’s method (DK), on the other
hand solves a nonlinear ordinary differential equation of the function Q(z) = w(z)/w’(2),
determining the eigenvalue ¢ with a shooting method. For the DIM the linear solution
is easily parallelizeable, able to perform all operations for an array of k values at once.
Should the full flow field be required, the DIM produces this automatically whereas DK
produces only Q(z), requiring further integration in order to obtain the velocity via w(z) =
exp([ %Z) The explicit error estimate of DIM could be a further advantage, although
convergence of DK’s shooting scheme can also be used for error estimation. Also com-
pared to the DK procedure it is our opinion that the DIM is superior for all purposes
we can think of.

6.3 Analytical approximations

We finally compare the DIM to analytical approximations with theoretical error
presented in Sec. 3.2. Obviously such a comparison will be context dependent, since the
philosophies behind numerical and analytical approximations are fundamentally differ-
ent: A numerical implementation of the DIM has arbitrary accuracy while approxima-
tions (4) and (5) have finite theoretical error no matter the accuracy with which the as-
sociated integrals are evaluated. With this in mind, we have tried to make comparison
as fair as possible. We will presume a context which involves calculating c(k) for a large
range of k spanning all directions and several orders of magnitude in terms of wavelengths
ranging from very deep to very shallow waves, and that at least a rough notion of the
calculation error is desired.

There are obvious advantages to using DIM rather than analytical approximations
such as (4) and (5), beyond the mere fact that arbitrary accuracy can be achieved. Firstly,
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as demonstrated in Fig. 3, DIM can easily handle difficult cases where analytical approx-
imations perform poorly, without greatly increasing computational cost compared to weakly
sheared flows. Secondly, the DIM yields the full velocity and pressure fields, whereas (4)
and (5) provide c(k) only. Perhaps most pertinently, DIM facilitates low-cost error es-
timation, whereas in a context where computational cost is of importance, first—order
analytical approximations must in practice be used “blindly”, without any control of the
error made, since an error estimate will essentially involve going to far more costly second—
order approximations (refer to Kirby & Chen [1989]; Ellingsen & Li [2017]).

We choose a context where neither of these advantages play a role, and where an-
alytical approximations (4) and (5) are routinely in use today, namely for quick estima-
tion of dispersion relations as part of a bigger oceanographic or coastal flow simulation,
c.f. e.g. Elias et al. [2012]; Kumar et al. [2012]. For this purpose the analytical approx-
imations (4) and (5) are very suitable: shear profiles are typically not strongly sheared
so that analytical approximations are typically well within accuracy requirements. The
analytical approximations are also cheap to calculate compared to numerical schemes
reviewed in Sec. 3.1. For fairness, however, we will also employ the iterative DIM algo-
rithm “blindly”, spending no time on error estimation and tolerance comparison. For
the iterative algorithm this amounts to a cost reduction of only a few percent for the small
number of iterations we consider. Integrals in analytical approximations as well as the
iterative algorithm are calculated with the same 2nd order accurate method (Simpson’s
method), with the number of grid points as specified. For some N, the same discretiza-
tion is appropriate for both schemes. For analytical approximations, the smallest cho-
sen N is just large enough so that calculation of the integral is not the main source of
error (naturally this can only be checked a posteriori with an expensive error calcula-
tion, hence a somewhat higher N should be used in practice). In order not to favour any
particular range of wavelengths we calculate values for a grid of 512 x 512 values of k
covering values |k|h from 1072 to 10? isotropically. The maximum value of R from these
values is presented. Since calculational times are essentially identical for (4) and (5), and
their theoretical errors are similar in magnitude for moderately sheared flows, we include
results only for the 3DKC (4) from Skop [1987]; Kirby & Chen [1989)].

Calculation times are given in Table 6.3 for the wind-driven profiles shown in Fig. A.2a.
c(k) was calculated using MATLAB for a grid of 512 x 512 values of k on a standard
desktop computer (8 processors: Intel i7-4770 3.4 MHz, 32 GB RAM). Naturally com-
putational cost depends on the choice of methods for calculation of integrals and solu-
tion of the boundary value problem (7a) as well as for the analytical approximations. Cal-
culations were parallelized, calculating the full matrix of k values simultaneously.

A number of interesting observations can be made. Firstly, discretizing the z axis
with only N = 7 points and running a single iteration is sufficient to achieve accuracy
at the level of the theoretical error of the 3DKC even though the initial guess ¢ = ¢g
is naive and does not make use of any knowledge of U(z). Using instead ckc as initial
guess the error is reduced by a factor 10 or more, although calculation is then necessar-
ily more expensive.

Although results show that with N = 7, 3DKC gives errors < 5%, likely to be
adequate in many cases, the error in the integral evaluation is still a significant and un-
controlled contributor to the maximum error, thus without an error estimate a higher
value of N should be used in practice. Using N = 16, the calculation time is only slightly
lower than the N = 7 DIM calculation which has essentially the same accuracy. In con-
trast, increasing N for the iterative DIM algorithm

does not significantly improve accuracy, which depends almost exclusively on the
number of iterations in the examples shown. Based on this we opine that it is fair to say
that the iterative DIM algorithm can realistically compete with analytical approxima-
tions even in cases where the latter is particularly suitable and in routine use, and given
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Table 1.

Computation times for calculating c(k) for a grid of k-values using the iterative

algorithm and analytical approximation (4). See main text for further details.

. Max R
N | M Time, 512* values co init. Cle 1nit.
cp init. ‘ Cke init. | profile 1 ‘ profile 2 ‘ profile 3 | profile 1
1 0.181 0.241 0.0242 0.0318 0.0154 6.50E-03
7 12 |0.302 0.361 7.71E-04 | 4.51E-04 | 9.49E-05 | 3.04E-05
3 | 0.426 0.486 4.06E-05 | 1.44E-05 | 1.36E-06 | 1.69E-06
1 0.520 0.599 0.0245 0.0318 0.0153 1.26E-03
DIM 16 | 2 | 0.893 0.929 8.58E-04 | 4.64E-04 | 1.07E-04 | 7.35E-05
3 1.251 1.308 5.13E-05 | 1.51E-05 | 1.62E-06 | 4.56E-06
1 1.178 1.232 0.0244 0.0317 0.0153 1.00E-03
32 | 2 1.871 1.951 8.65E-04 | 4.68E-04 | 1.08E-04 | 5.94E-05
3 2.576 2.554 5.23E-05 | 1.52E-05 | 1.65E-06 | 3.75E-06
7 0.075 0.045 0.036 0.024
KCig | 16 | — [0.141 0.023 0.033 0.011 —_—
32 0.282 0.022 0.031 0.010

the advantage of easy control of errors, can be a very viable alternative for implemen-
tation in oceanographic models such as detailed in Elias et al. [2012]; Kumar et al. [2012].

Including an error estimate for the iterative DIM algorithm only has numerical cost
in the last iteration because both integrals calculated to estimate R in Eq. (16) are made
use of in the next iteration if the latter is performed. Calculating the estimated R then
incurs approximately half the cost of the next, unevaluated, iteration. Checking the rel-
ative error for N = 7, M = 1, for example, increases calculation time to about 0.24,
an increase of less than 30%. Relative increase in cost is obviously smaller for higher M.

Should higher accuracy be required, results in Table 6.3 also show that additional
iterations are significantly cheaper than the first.

7 Conclusions

We have developed a direct integration method (DIM) for linear surface waves trav-
elling at arbitrary angles atop a horizontal background current U(z)allowing slowly vary-
ing barthymetry; both the magnitude and direction of the current may vary arbitrar-
ily as a function of depth. In particular, when depth is constant the DIM allows efficient
evaluation of the dispersion relation over arbitrary shear. We also derive the full ap-
proximate flow field solution of the wave-shear current-sloping seabed system and revisit
the conservation equation of wave action for which the DIM offers cost-efficient means
of numerical evaluation.

We implement the DIM in an iterative procedure using standard constituent meth-
ods due to Quinn et al. [2017]. The iterative DIM algorithm comes with a built—in er-
ror estimate for comparison with a tolerance level and can make the DIM somewhat ex-
plicit by limiting the total number of iterations with a reasonable initial guess.

We argue that the DIM is superior to existing calculation methods with arbitrary
accuracy with constant depth , namely the piecewise-linear approximation (PLA) in which
the water column is divided into N artificial layers with linear U(z) within each [Zhang,
2005; Smeltzer & FEllingsen, 2017], and a shooting method due to Dong & Kirby [2012]
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(DK).Compared to the PLA, the DIM is at least as fast at comparable accuracy, con-
siderably easier to implement, and can easily handle turning profiles. The DK solves a
non-linear differential equation and is considerably slower, and arguably numerically more
complicated, than the DIM.

Compared to analytical approximations such as those of Skop [1987]/ Kirby & Chen
[1989] (KC) or Ellingsen & Li [2017] (EL), the DIM has some obvious advantages be-
yond the mere fact that arbitrary accuracy can be achieved; it can easily handle diffi-
cult, strongly sheared flow situations where the above analytical approximations perform
poorly; it yields the full flow field with little extra effort; and it provides an estimate of
the relative error of the intrinsic phase velocity at only slightly increased cost, whereas
the analytical approximations must either be used without any control of errors, or a far
more expensive 2nd order estimate must be calculated.

The respective importance and relevance of the above advantages will naturally de-
pend on the context in which c¢(k) is required. We argue, however, that the DIM can even
compete with analytical approximations like KC and EL in contexts where the latter are
particularly well suited and in routine use, e.g. as part of oceanographic models where
the KC approximation is currently in use. Making as fair a comparison of these fun-
damentally different methods as we have been able to, we show that the iterative DIM
algorithm predicts ¢(k) for a typical wind—driven shear profile with the same accuracy
as the KC (better than 5%) when the z axis is discretized with only 7 points, perform-
ing just a single iteration, and using a naive and inaccurate initial value of ¢. The cost
involved is of comparable magnitude to that of the analytical approximations whose in-
tegrals are evaluated with the same method as those required for the iterative DIM al-
gorithm . This holds true even when including estimation of error during DIM imple-
mentation (KC is in practice used “blindly” with no accuracy check). Based on these
cost considerations and the mentioned advantages of error control and additional cost—
free flow field information it is our opinion that the DIM can compete with analytical
approximations even in such applications.

We have applied the DIM to several examples, some of which have not been con-
sidered before to our knowledge. We make use of the DIM’s ability to easily handle turn-
ing velocity profiles to compare the KC and EL approximations in this case, something
which was not done in Ellingsen & Li [2017] due to lack of a suitable computation method.
We secondly calculate the velocity and pressure fields beneath a wave created by a short,
localized pressure pulse upon a background flow representing a near—surface shear layer,
and compare them to the case without shear. Although the surface deformation is only
moderately different in the two cases, the sub-surface flow field (when background flow
is subtracted) is strikingly different.

We have demonstrated that the DIM can be used for efficient evaluation of the wave-

action conservation equation in the presence of shear currents and slowly varying bathymetry

(shear-WAC) derived by Quinn et al (2017). These authors themselves commented that
this was not practical due to high cost; we argue otherwise. The shear-WAC is re-written
in a suitable form, and applied for demonstration to waves above a depth changing lin-
early between two constant levels, with an exponentially decaying surface shear current.
Thus the DIM seems to be a viable way in which the shear-WAC can be applied in oceano-
graphic wave models.
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testing and suggesting improvements. No new data was generated for the research re-
ported herein, and all equations necessary to reproduce the results are included.

A: Numerical performance

The DIM, concisely formulated in the coupled equations (7a) and (7b), is, from a
numerical point of view, a scalar system with ¢ as unknown. For some value of ¢, Eq. (7a)
implicitly defines the function w(z;¢). In an iterative scheme at iteration n + 1, ¢"**
will depend on ¢" and @w", but w"*! depends only on the most recent value of & not on
w".

The convergence of our iterative implementation of the DIM as a whole thus shares
the well known criteria for Newton’s method, in particular that Dg(z) has continuous
derivative with respect to ¢ at the root. It is obvious from Eqs. (8) and (9) that this is
so when there are no critical layers, i.e., when k - AU — k¢ # 0 throughout the range
of z. Also critical layers in the interior of the range pose no problems, since it is well known
that w(z) is continuous across critical layers. A critical layer cannot occur at the sur-
face. The remaining point of interest is the case where a critical layer occurs at z;, =
—h. In this case %Ig appears to have a double pole at the lower endpoint of the integral.
However, the numerator of Eq. (15) has a factor sinh(k(z+h)), and the boundary con-
dition @w(—h) = 0 ensures that dDpr/O¢ exists and is continuous also in this case. Con-
vergence is thus assured providing the initial guess for ¢ is sufficiently close to the root.

We have yet to come across a case where ¢g(k) is not an adequate choice for convergence.

We have chosen a simple central difference approximation for w(z) from Eq. (7a),
which is known to converge at least as N 2. The same rate of convergence is true of New-
ton’s method (c.f., e.g. Chap.3 & 8 in Isaacson [2012]), so an overall convergence rate
of at least N~2 is expected, and indeed found in the case considered below.

As with many numerical integration schemes, convergence issues can arise if the
grid is too course, i.e., N is too small. In this case the numerical evaluation of w, and
hence Dg and 0Dg/d¢, will have error. Cases with high values of U”(2) will require a
finer grid, although for typical oceanographic profiles such as in Section 6.3, convergence
is fast already at N = 7. A general criterion for the minimum value of N to ensure con-
vergence remains an open question.

To show how the iterative algorithm numerically converges, we make use of a class
of special class of shear currents that satisfy U”(z)/U(z) =constant, analysed by Pere-
grine [1976] (Section IV.B.2). Assuming ¢ = 0 the corresponding streamwise wave num-
ber can be found exactly. We will do the opposite: given a profile U(z) = U(z)e, and
streamwise wave number k, for which ¢ = 0 is the exact solution, we use the DIM to
estimate k with increasing accuracy by increasing the discretization N and the number
of iterations, M.

We let U(z) = U(z)e, where
U(z) = Ug cosh kz 4+ Ujr ™' sinh k2. (A1)

Assuming ¢ = 0 (stationay waves in chosen frame of reference), the Rayleigh equation
(3a) has the exact solution w(z) = w(0)sinh K(z + h)/sinh Kh with K = \/k2 + k2.

Given parameters s, Uy and Uy, the streamwise wave number component k, solves the
implicit dispersion relation Khcoth Kh = gh/UZ + U,h/Uy. We choose U(—h) = 0,

which fixes x implicitly. Calculated numerical values for ¢ will converge towards zero.
We perform calculations for various propagation directions § € (7, 37”), i.e. different

values of k, and hence k.

Convergence is tested for a single iteration and increasing grid refinement in Fig. A.la
and for increasing iterations in Fig. A.1b. We consider propagation in direction 6 = 57 /4
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Figure A.1.  Test cases for which ¢ = 0 is the exact solution: Velocity profile (A.1) is as-
sumed with parameters Up/v/gh = 0.5,hU;/Ups = 4, k given by U(—h) = 0, whereupon, for
. . . T 37 . . .
a chosen propagation direction 6 S (%, ), the appropriate k is calculated (see main text).
(a) Squares: |c|/Uy for increasing N for 0 = 57 Lines are proportional to N2 (solid) and

N2 (dashed). (b) Squares and circles: |c|/Up for increasing M for § = 5% when N = 64 and

1
N = 1024, respectively. Lines are proportional to M ~*! (dashed) and M~ (dash dot). (c) Cal-

culational time on desktop computer for M iterations, 50 equidistant values of k£ between 0.517

and 1.497. See main text for further details.

as a representative example and we used a naive initial guess ¢y for Fig. A.1b. The fig-
ure shows that with our implementation the convergence with respect to IV is better than
~ N72, and approximately ~ N3 for the level of accuracy required in many practi-

cal applications. Even for N = 1024 accuracy becomes limited by NV, not M already
after 4-5 iterations.

In Fig. A.1lc we show calculation time on a standard desktop computer (8 proces-
sors: Intel i7-4770 3.4 MHz, 32 GB RAM) for M = 1,2 and 3 iterations and increas-
ing discretisation N. In order to test a range of different wavelengths, each calculation
runs through 50 values of k, (the value of k, will be the same for all) by choosing 50 equidis-
tant values of ¢ in the range (7, %T) of counterstreamwise directions, where stationary
wave solutions are possible. In all cases we find that calculation time scales approximately

as NO-85,

A.1 Wind-induced profiles

In this section our demonstration is for three typical examples of wind—induced sur-
face flows, taken from Swan & James [2000], shown in Fig. A.2a. For five different cal-
culation procedures we study the relative error made in the calculation, R = |éx—Cc|/ée,
where ¢, is the fully converged, “exact” value. The five procedures are labelled as fol-
lows. K&Cig: Approximation (4). E&Lis: Approximation (5). My =1, My = 2:, cal-
culations using DIM with 1 and 2 iterations, respectively, using ¢y as the initial guess.
Mxkco = 1: one iteration of DIM, using approximation (4) as initial guess. (For a care-
ful analysis of the performance of Eqgs. (4) and (5) and their extensions, see Ellingsen
& Li [2017].) In all methods the DIM as well as numerical integration is performed on
appropriate grids of z-values with N = 7.

Figure A.2 shows how a single iteration of DIM with the no—shear velocity ¢ = ¢g
as initial guess, gives results that are as good as the analytical approximations (4) and
(5). In the discussions in section 6.3 we show that calculation times are also typically
similar, although depending on context and exact implementation. In all cases a second
iteration of the DIM brings the calculated result to within 0.1% (much better in most
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Figure A.2. (a) Wind-driven velocity profiles taken from Swan & James [2000]. (b,c,d) Rel-
ative errors of calculated value of ¢(k) for waves on the profiles in panel a, respectively. See main

text for details.

of the cases) of the true value, more than adequate for many practical purposes. The same
high accuracy or better is obtained with a single iteration of the DIM if the analytical
approximation (4) is used as initial guess. A second iteration of DIM is much faster than
including the second order accurate analytical expressions using Kirby & Chen [1989]

or [Ellingsen & Li, 2017], which give similarly high accuracy.
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