


















Fy



Fz

= [Fx, Fy, Fz]
T

τ =
[

×
]

=

⎡
⎢⎢⎢⎢⎢⎢⎣

Fx

Fy

Fz

Fzly − Fylz
Fylz − Fzlx
Fylx − Fxly

⎤
⎥⎥⎥⎥⎥⎥⎦

τ = (α)
=

α
=

Fx = Fcosα Fy = Fsinα

= {K1, K2, · · · , KI}
−1 =

{
1

K1
,

1
K2

, · · · ,
1

KI

}

I

α

(α) = [t1, t2, . . . , tI ]



i

i =

⎡
⎢⎢⎢⎢⎣

cos αi

sin αi

−lzi sin αi

lzi cos αi

lxi sin αi − lyi cos αi

⎤
⎥⎥⎥⎥⎦

i

i =

⎡
⎣ cos αi

sin αi

lxi sin αi − lyi cos αi

⎤
⎦

τ = [X, Y, N ]T

Xi = Ti cos αi,

Yi = Ti sin αi,

Ni = Ti(li,x sin αi − li,y cos αi)

•
•
•

α α0 T (α) = T (α0) = constant



†
w

= −1 †
wτ

J = min
{

T
}

subject to : τ − =

†
w = −1 T

( −1 T
)−1

ui,x := Xi, ui,y = Yi ui := [ui,x ui,y]T ∈ R2

τ = Bu

u
u = [u1,x, u1,y, u2,x, u2,y · · · uI,x, uI,y, ]T

B =

⎡
⎣ 1 0 · · · 1 0

0 1 · · · 0 1
−l1,y l1,x · · · −lI,y lI,x

⎤
⎦

Ti

√
u2

x + u2
y αi

arctan(uy

ux
)



J = min
,f

{
T + T + βf̄

}
subject to :

= τ −
min ≤ ≤ max

−f ≤ f1, f2, . . . , fr ≤ f

��

=
[
τT , T

min, T
max, β

]T

=
[

T , T , f̄
]T

∗( )



J = min
α

∑r

i=1
P i |fi|3/2 + T

+ (α − α0)TΩ(α − α0)

+
�

ε + det( (α) −1 T (α))
.

subject to :
α = τ +

min ≤ ≤ max

αmin ≤ α ≤ αmax

Δαmin ≤ α − α0 ≤ Δαmax

det(T (α)W−1T T (α))

T = KT ρD4 |n|n

KT ρ D
n ρ KT

n

n = sgn(T ) ∗
√∣∣∣∣ 1

ρKT D4

∣∣∣∣ ∗ 60



α





Tc

ẋ(t) = f(x(t), u(t)), x(0) = x0,

u(t) ∈ U, ∀t ≥ 0,

x(t) ∈ X, ∀t ≥ 0.



u(t) ∈ Rm x(t) ∈ Rn

U X

U := u ∈ Rm |umin ≤ u ≤ umax,

X := x ∈ Rn |xmin ≤ x ≤ xmax,

umin umax xmin xmax

min
u(·)

J(x(t), u(·)) = min
u(·)

∫ t+Tp

t
F (x(τ), u(τ))dτ

ẋ = f(x(τ), u(τ)), x(t) = x(t),
u(τ),∀τ ∈ [t, t + Tc] ,

u(τ) = u(t + Tc),∀τ ∈ [t + Tc, t + Tc] ,
x(τ) ∈ X,∀τ ∈ [t, t + Tp]



Tp Tc u
x

u J
F (·)

(xop, uop)

F (x, u) = (x − xop)T Q(x − xop) + (u − uop)T R(u − uop)

Q R
F

u∗(t0; x0) = u∗
0

u(t) = u∗(t0, x0) = u∗
0.

u∗ x(t)

V (x) = J(x(t), u∗(t; x(t)).

u = κ(x)

u0(·; x) κ(x) = u0(0; x)



•
•
•
•
•







α



u = uk
i

k k ∈ [1, . . . , N ] i
i ∈ [1, . . . , I] N
I = 8
ui = [ui,x ui,y]T

α T

αi = arctan

(
ui,y

ui,x

)
Ti =

√
u2

i,x + u2
i,y

α = [α1, α2, . . . , αI ] T = [T1, T2, . . . , TI ]



α∗ T ∗

α T τcomm

τcomm = Bu + s

J = ΣN
k=1((α

∗)k − αk)T Q((α∗)k − αk) + ((T ∗)k)T R(T k)
subject to :
Ak

1α
k ≤ bk

1, ∀ k ∈ [1, N ]
Ak

2T
k ≤ bk

2, ∀ k ∈ [1, N ]
−Δαk

min ≤ Δαk ≤ Δαk
max, ∀ k ∈ [1, N ]

−ΔT k
min ≤ ΔT k ≤ ΔT k

max, ∀ k ∈ [1, N ]



J = ΣN
k=1

∥∥∥(Buk − τk
comm)

∥∥∥
Qk

subject to :
Akuk ≤ bk

1, ∀ k ∈ [1, N ]
−Δαk

min ≤ Δαk ≤ Δαk
max, ∀ k ∈ [1, N ]

−ΔT k
min ≤ ΔT k ≤ ΔT k

max, ∀ k ∈ [1, N ]

u2

J = ΣN
k=1‖(uk − uk−1)‖Q + ‖sk‖R

subject to :
Buk + sk = τ k, ∀ k ∈ [1, N ]
Akuk ≤ bk, ∀ k ∈ [1, N ]
−Δαk

min ≤ Δαk ≤ Δαk
max, ∀ k ∈ [1, N ]

−ΔT k
min ≤ ΔT k ≤ ΔT k

max, ∀ k ∈ [1, N ]

τ comm

R Q



U =

⎡
⎢⎢⎢⎣

u1

u2

uN

⎤
⎥⎥⎥⎦

u1 =

⎡
⎢⎢⎢⎢⎢⎣

u1
1,x

u1
1,y

u1
I,x

u1
I,y

⎤
⎥⎥⎥⎥⎥⎦ , u2 =

⎡
⎢⎢⎢⎢⎢⎣

u2
1,x

u2
1,y

u2
I,x

u2
I,y

⎤
⎥⎥⎥⎥⎥⎦ etc.

S =

⎡
⎢⎢⎢⎣

s1

s2

sN

⎤
⎥⎥⎥⎦

s1 =

⎡
⎣s1

1

s1
2

s1
3

⎤
⎦ , s2 =

⎡
⎣s2

1

s2
2

s2
3

⎤
⎦ etc.

N I

J = ΣN
k=1‖(uk − uk−1)‖Q + ‖sk‖R

= UT QU − UT QU0 − UQ(U0)T + (U0)2 + SRST

= UT QU − 2(U0)T QU + (U0)2 + SRST



Qk =

⎡
⎢⎢⎢⎣

q 0
q

0 q

⎤
⎥⎥⎥⎦

︸ ︷︷ ︸
I

, Rk =

⎡
⎣r 0

r
0 r

⎤
⎦

︸ ︷︷ ︸
3

Q =

⎡
⎢⎢⎢⎣

Q1 0
Q2

0 QN

⎤
⎥⎥⎥⎦

︸ ︷︷ ︸
N

, R =

⎡
⎢⎢⎢⎣

R1 0
R2

0 RN

⎤
⎥⎥⎥⎦

︸ ︷︷ ︸
N

X =
[
U

S

]
=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

u1

u2

uN

s1

sN

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

J = min
X

1
2

XT HX + fT X

H = 2
[
Q 0
0 R

]
, f = 2(X0)T H2, H2 = 2

[
Q 0
0 O

]

X0 X∗

AuneqX ≤ Buneq AeqX = Beq

⎡
⎢⎢⎢⎣

B1 I
B2 I

BN I

⎤
⎥⎥⎥⎦

︸ ︷︷ ︸
Aeq

X =

⎡
⎢⎢⎢⎣

τ1

τ2

τN

⎤
⎥⎥⎥⎦

︸ ︷︷ ︸
Beq



I =

⎡
⎣1

1
1

⎤
⎦ , Bi = B ∀k ∈ [1, N ]

B
τk τcomm

Δα ΔT Au ≤ b

⎡
⎢⎢⎢⎣

sa1

sa2

saI

⎤
⎥⎥⎥⎦

︸ ︷︷ ︸
SA

u ≤

⎡
⎢⎢⎢⎣

sb1

sb2

sbI

⎤
⎥⎥⎥⎦

︸ ︷︷ ︸
SB

sai sbi

⎡
⎢⎢⎢⎣

SA1 0
SA2 0

SAN 0

⎤
⎥⎥⎥⎦ X ≤

⎡
⎢⎢⎢⎣

SB1

SB2

SBN

⎤
⎥⎥⎥⎦

X∗ U∗

U1,∗
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α

	
		

Δα

�
�

��ΔT
�uy

ux

l1

l2l4

l3

l1 l2 l3 l4

p = [u0
x, u0

y] α T
αmax = α + Δα αmin = α − Δα

Tmax = T + ΔT Tmin = T − ΔT

Au1 ≤ b u1 = [u1
x, u1

y]

p1 l1 p2 l2

p1 = [p1,x, p1,y] = [cos(αmin), sin(αmin)]
p2 = [p2,x, p2,y] = [cos(αmax), sin(αmax)]

[
p1,y −p1,x

−p2,y p2,x

] [
u1

x

u1
y

]
�

[
0
0

]



�
x

�

y

�
�

�
�

�
�

�
���

[ux, uy]

p3

�
�

�
�

�
�

�
�

�
�

��
α

�
�

��ΔT
�

�

a

p3,y

bp3,x
︸ ︷︷ ︸

c

l3

p3 l3

p3 = [p3,x, p3,y] = [Tmincos(α), Tminsin(α)]

a b c

α3 =
π

2
− α

c =
p3,y

tan(α3)
b = c + p3,x

a = b ∗ tan(α3)

l3
y = a − a

b
x

[−a

b
, −1]

[
u1

x

u1
y

]
≤ −a

l4



ux uy p

uk

U0∗

√
u2

x + u2
y

α α
√

u2
x + u2

y ≤ ε

α0 = cte.
α τ comm = T (α)

T (α) = T (α0) = B

B
T

J = min
{

T
}

subject to : τ − =



†
w = −1 T

( −1 T
)−1

T

=

⎡
⎢⎢⎢⎣

1 0
1

0 1

⎤
⎥⎥⎥⎦

︸ ︷︷ ︸
I

, I = 8.

= −1 †
wτ comm

0

app = 0 + Δu

Δu ΔT



◦

π/4
π/4
π/4
π/4
π/4
π/4
π/4
π/4



α T α∗ T ∗

α∗ T ∗

Δαi = 0.1 ΔTi = 0.1 i ∈ [1, N ] Q R
I

α T
α∗ T ∗

τ comm =
[10, 10, 0]T



α
T α∗ T ∗



α∗ T ∗



τcomm = [10, 10, 0]T



τ comm

Bu

[u0,xu0,y]

τ comm [0, 0, 0]T [10, 10, 0]T [0, 0, 0]T

[−10,−10, 0]T

QN =
diag(50) Qk = diag(1) k ∈ [1, N − 1]

α T

QN

N = 2, QN = diag(1)

N = 10, QN = diag(1)

N = 3, QN = diag(50)

N = 10, QN = diag(50)

N = 10

QN

U0

u0,∗ = u1,∗ = u2,∗

uk

U0













U0

Δα ΔT U0 U0

Δα ΔT
Δ2α = 2 ∗ Δα k = 2 Δ3α = 3 ∗ Δα k = 3

N = 3
Qk = diag(1) k ∈ [1, N − 1] QN = diag(5)

R = diag(25) Δα = 0.1 ΔT = 0.1
Rk k τN

τ comm R Q
τ

τ comm









τ

T ∗

T ∗

T ∗

T

α T











τ comm τ comm

τ

τ comm



[ux, uy]

τ comm

U∗0

U∗0

U∗0

U∗0

α T





•

•

•

• U∗0



































τ
τ comm

α
T



N

N

τ



N

N

τ



N

N

α



N

N

α



N

N



N

N



N

N



N

N



τ comm α T



α











ρ
D

KT

l1,x

l1,y

l2,x

l2,y

l3,x

l3,y

l4,x

l4,y

l5,x

l5,y

l6,x

l6,y

l7,x

l7,y

l8,x

l8,y

T i

T i





Card Address

J = min
x

1
2
xT Hx + fT x

Mx ≤ n

Meqx = neq

lb ≤ x ≤ ub

J = min
x

1
2
xT Cx + DT x



alpha_cmd

RPM_c

tau_cmd

opt_enable

alpha_bias

RPM_meas

alpha measure

u

alpha bias

RPM mpc

alpha mpc1

SM_Master

RPM

alpha_meas

u

alpha_bias

rpm_mpc

alpha_mpc

alpha_cmd

RPM_c

tau_cmd

opt_enable

alpha_b

SC_Console

A(J)x + B(J) = 0, J = 1, . . . , ME

A(J)x + B(J) ≥ 0, J = ME + 1, . . . , M

xl ≤ x ≤ xu

C = H D = f xl = lb xu = ub

−Meqx + neq = 0
−Mx + n ≥ 0

A(J) = −Meq, B(J) = neq, J = 1, . . . , ME

A(J) = −M, B(J) = n, J = ME + 1, . . . , M



[
1 2 3
4 5 6

]
⇒ row major order −→ 1 2 3 4 5 6

column major order −→ 1 4 2 5 3 6
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