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SAMMENDRAG

Vi viser at den preprojektive algebraen Py (Q) til et kogger @ er isomorf med
tensor algebraen Tk (6), hvor 6§ = Ext,lcQ(D(kaQ), kQ). 1 tillegg konstruerer
vi en kvasi-isomorfi mellom II,,(A4) og V,,(I1,,(A)), hvor II,,(A) er n-Calabi-Yau
fullfgringen av en homologisk glatt algebra A og V,, er det n’te skiftet av den
induserte predualitets funktoren péa kategorien av bimoduler over IL,(A). Til
slutt viser vi at 2-Calabi-Yau fullfgringen II5(kQ) av veialgebraen kQ er kvasi-
isomorf til den preprojektive algebraen P (Q).



ABSTRACT

We show that the preprojective algebra Py (Q) of a quiver @ is isomorphic to
the tensor algebra Ty (), where 0 = Ext,lcQ(D(kaQ), kQ). We also construct
a quasi-isomorphism between II,,(A) and V,,((II,,(A)), where II,,(A) is the n-
Calabi-Yau completion of a homologically smooth algebra A and V,, is the nth
shift of the induced preduality functor on the category of bimodules over IL,, (A).
Finally we show that the 2-Calabi-Yau completion I (kQ) of the path algebra
kQ is quasi-isomorphic to the preprojective algebra Py (Q).



PREFACE

This thesis was written under the supervision of Prof. Aslak Bakke Buan at the
Department of Mathematical Sciences, NTNU. It marks the end of my time as
a master student in mathematics at NTNU

Firstly I want to express my deepest gratitude towards my advisor Aslak
Bakke Buan for providing me with such an interesting task and for doing his
utmost in order to answer my questions. I also want to thank postdoc Yu Qiu
for fruitful discussions and for helpful feedback on drafts of my thesis. Finally I
want to thank my parents and my friends for their encouragement throughout
these years.



CONTENTS

. Introduction . . . ... ..o 6
1.1 Purpose and motivation . . . . . . ... ... L. 6
1.2 Contents . . . . . . . . . L 7
1.3 Notation and terminology . . . . . . .. ... ... .. ... .. 8
The preprojective algebra of a quiver . . . . . . . . .. ... ... ... 10
2.1 Derivations . . . . .. ..o 10
2.2 Standard projective resolutions . . . . . ... ... oL 17
2.3 Themainresult . . . . . . ... ... Lo 19
2.4 Applications . . . . . .. .. 23

. Dg algebras and triangulated categories . . . . . . .. ... ... ... 26
3.1 Definitions and examples . . . . . . . ... ... 26
3.2 Dgmodules . . ... ... 29
3.3 Shiftsand cones . . . .. ... Lo 30
34 Homofdgmodules . . .. ... ... ... ... .. ... ... 32
3.5 Tensor product of dg modules . . . . ... ... ... ... ... 36
3.6 Differential graded categories . . . . . ... ... ... ... .. 38
3.7 The dg category of dg modules . . . . . ... ... ... ... .. 39
3.8 Triangulated categories . . . . .. ... ... ... 46
3.9 Homotopy categories . . . . . . . . ... 50
3.10 Derived categories . . . . .. ... . L oo 53

. Preduality functors . . . . . . .. . ... o 55
4.1 Extending involutions to preduality functors . . . . . . . .. ... 55
4.2  Properties of dg preduality functors . . . . .. .. ... ... .. 57
4.3 Derived preduality functors . . . . . . ... ... ... ... ... 62
4.4 Relations with hom and tensor product . . . ... .. ... ... 63
The n-Calabi-Yau completion . . . . . . . ... .. ... .. ...... 70
5.1 Statement of the main result . . . . ... ... ... ... .... 70
5.2 Proof of the main result . . . . ... ... ... ... .. ..... 72

5.3 Relation to the preprojective algebra of a quiver . . . ... ... 79



1. INTRODUCTION

1.1 Purpose and motivation

There are two main objects of study in this thesis, the preprojective algebra of
a quiver, and the n-Calabi-Yau completion of a homologically smooth algebra.
The preprojective algebra of a quiver @ is given by

Pr(Q) = kQ/(p)

where Q is the quiver obtained by adding an arrow o* : y — x for each arrow
a:x — yin @, and where

p= Z [a, ] = Z (aa® — a*a)

aeQq ac@

The preprojective algebra appears in diverse situation, for example by Kron-
heimer in [12] for studying problems in differential geometry, and in Lusztig’s
perverse sheaf approach to quantum groups (see [13], [14], [15]). There is a well
known isomorphism

P(Q) = Tio(0)

where Ty (0) is the tensor algebra of the module 8 = ExtiQ (D(kQrg), kQ). We
will give a more detailed version of the proof in [3] for this. It is also well known
that P (Q) is the sum of the preprojective modules of kQ. We will give a proof
of this in subsection 2.4 using the isomorphism above. This will in particular
imply that Py (Q) is finite dimensional if and only if @ is Dynkin.

Let A be a finite dimensional algebra over the field k. We say that A is homo-
logically smooth if it has finite global dimension. In the second part of the thesis
we will consider the n-Calabi- Yau completion I1,,(A) of a finite dimensional ho-
mologically smooth algebra A. This is the differential graded algebra

Hn(A) = TA(9A> =APOsDPOARAO04D ...

where 64 = ©4[n — 1] and O 4 is the inverse dualizing complex of A given by
taking a homotopically projective resolution of the chain complex

RHom - (A, A°)

where A° = A®; A°P. This is a special case of what Keller studies in section 4 of
[7]. Let A = Endc(T) where C is the derived category of quasi-coherent sheaves
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on a smooth algebraic variety X of dimension n — 1 and T is a tilting object
in C. Then the derived category of quasi-coherent sheaves on the total space
of the canonical bundle of X is triangle equivalent to the derived category of
IT,(A) (see [19]). Also the n-Calabi-Yau completion corresponds to Ed Segal’s
cyclic composition under Koszul diality (see [18]). Furthermore in [6] Keller
claims that the preprojective algebra P (Q) of a non-Dynkin quiver @ is quasi-
isomorphic to II3(kQ), the 2-Calabi-Yau completion of the path algebra kQ,
which gives an equivalence of the derived categories D(II3(kQ)) and D(P(Q)).
We will show this in subsection 5.3.

Calabi-Yau categories (see [6] for the definition) plays an important in homo-
logical mirror symmetry and in categorification of cluster algebras. The category
of modules over the preprojective algebra has a 2-Calabi-Yau property which
Geiss-Leclerc-Schrer uses (see [4]). Also Kontsevich-Soibelman interpretation
of cluster transformations for studying Donaldson-Thomas invariants and sta-
bility structures uses the Calabi-Yau property (see [11]). In subsection 4.8 of
[7] Keller proves that D(II,,(A)) is n-Calabi-Yau by showing the existence of a
quasi-isomorphism

f: B — RHompg.(B, B°)[n]

where B = I1,,(A). We will give a proof of this result based on Keller’s proof,
but with more details. Unfortunately, due to time limits there is one detail of
the proof which we won’t verify is true.

1.2 Contents

The main object of study in section 2 is Px(Q), the preprojective algebra of
a quiver. We show the well known result that Py (Q) is isomorphic to Tyq(0)
(Theorem 2.13) where 6 = Ext,ng (D(kQrg), kQ). Our proof is a more detailed
version of the one given in [3]!. In order to do this we need introduce the concept
of derivations. As a necessary tool we also show that any module over the path
algebra kQ has a canonical projective resolution. Finally in subsection 2.4 we
use Theorem 2.13 to show that the preprojective algebra is finite dimensional if
and only if @ is Dynkin.

In section 3 we introduce differential graded algebras and modules. We de-
fine the shift M[n]| of a dg module, the tensor product M ®4 N of two dg
modules, and the chain complex Hom4 (M, N) of graded maps between M and
N. We also investigate how these operations interact. We define differential
graded categories in 3.6, and we show that we have a dg category Cqq(A) with
morphism sets Hom (M, N) in 3.7. We describe the homotopy category and
the derived category of a dg algebra in 3.9 and 3.10. All of this material is well
known and can also be found in [8], [9] and [10].

I For a different proof see [17]
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In section 4 we investigate preduality functors. We show in proposition 4.2
that a dg algebra A equipped with an involution 7 : A — A°P gives us a pred-
uality functor on C44(A). We also prove that the shift of a preduality functor
is still a preduality functor (proposition 4.3). Finally in 4.4 we investigate how
the preduality functors relate when we have a morphism of dg algebras which
commute with the involution. Most of this material is taken from [7]

We define the n-Calabi-Yau completion B of a homologically smooth algebra
A in section 5. Our main theorem is 5.1, which has as a consequence that the
derived category of B is n-Calabi-Yau. Except for one detail we give a complete
proof of Theorem 5.1 in subsection 5.2. It is based on the proof given for
Theorem 4.8 in [7]. In subsection 5.3 we show that the preprojective algebra of
a non-Dynkin quiver is quasi-isomorphic to the 2-Calabi-Yau completion of the
the path algebra.

1.3 Notation and terminology

Throughout this thesis k£ will always be a commutative ring. In section 2, 4 and
5 k will be a field.
A k-algebra is a ring A together with a ring morphism

f:k—A

such that Im f C Z(A) where Z(A) is the center of A. We let Mod A (mod A)

denote the category of (finitely generated) modules over the k-algebra A. When

k is a field we have the duality functor D = Homy(—, k) : mod A — mod(A°P).
A graded k-algebra A is a graded k-module

A= @Ai
1EZL

with an algebra structure such that if a € A® and b € A7, then a-b € A",

An A-algebra is a ring B together with a ring morphism f : A — B. If B;
and By are A-algebras with morphisms f; : A — By and fy : A — B then a
A-algebra morphism ¢ : By — Bs is a ring morphism satisfying ¢ o f; = fo.

If M is an A-bimodule satisfying r-m = m -r for all r € k, m € M we have
the tensor algebra

Ta(M) = @ M"
n=0

where M™ = M @4 M ®4 ... ®4 M is the tensor product taken n times. This
is a graded k-algebra with multiplication given by

m-n=menecMmyM"*=M"T"
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for m € M™ and n € M™. Since T4(M) contains A as a subalgebra it will be
an A-algebra. The ideal

o
n=1

of T4(M) is called the augmentation ideal. If B is an A-algebra and f: M — B
is a morphism of A-bimodules we get an induced morphism F : T4 (M) — B of
A-algebras given by

F(imi @ma®...Q0my,) = f(my) - f(me) - ... f(my)
A chain compler M over a ring A is a graded A module

M:éMi

with a differential d : M — M of degree 1 satisfying d o d = 0. We denote by
d*: M™ — M™H

the restriction of d to M™. We set Z"(M) = Kerd" and B"T}(M) = Imd".
Since d? = 0 we have that B"(M) C Z"(M). The nth homology of M is

H"(M) = Z"(M)/B"(M)

A chain map f: M — N is a k module morphism satisfying fod =do f. A
quasi-isomorphism is a chain map that induces an isomorphism in homology.

If we have two chain complexes M and N we can form the chain comples
M ®; N with

(M @ N)" = @ M’ ®) N
i+j=n

and where the differential is given by
dim®@n)=dnen+(-1)" - medn
There is a natural isomorphism of chain complexes
T - M®,N—-NQM
defined by

r(m@n) = (_1)\m|'\"| (n®@m) (1.1)



2. THE PREPROJECTIVE ALGEBRA OF A QUIVER

In this section all modules will be left modules unless stated otherwise.

Let Q = (Qo, Q1) be a finite quiver without cycles, where Qg are the set of
vertices and @ are the set of arrows. Let k be a field. We have a quiver Q
obtained from ) by adding an arrow a* : j — 7 for each arrow a : 7 — j in Q.
The preprojective algebra of the quiver () is defined as

Pu(Q) = kQ/(p)

where

p= Z [a, "] = Z (aa™ — a*a)

a€Qr a€Q1

(see [17]). Note that kQ can be identified as a subalgebra of Pk (Q). Consider
the k@Q-bimodule ExtlleQ (D(kQrg), kQ) It has a natural k@ bimodule structure,
where the left module structure is inherited from the right k@ module structure
of D(kQrq), and the right structure is inherited from the right module structure
of kQ. The main goal in this section is to show that there exists an isomorphism

Pr(Q) = Tiq(0)

which acts as identity on k(Q), and which maps the arrows in Q7 onto the aug-
mentation ideal of Ty (6), where 6 = ExtiQ(D(kaQ),kQ) The subsections
2.1, 2.2 and 2.3 will be devoted to developing the necessary tools, and proving
this result. It is an expanded version of the proof of Theorem 3.1 in [3]. In
subsection 2.4 we will show that the preprojective algebra is finite dimensional
if and only if @ is a Dynkin quiver.

2.1 Derivations

Here A will be a k-algebra, where k is a field. The A bimodule A¢ = A ®; A°P
will have a natural ring structure given by

(a®b) (c®d)=ac®bd
for a,c € A, b,d € A°P. A bi-A-module M will be left A°-module via
(a®b)-m=a-m-b

Conversly any left A°-module will also be a bi-A-module in the natural way.
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Definition 2.1. Let M be an A bimodule. A k-derivation
D:A—->M
is a k-linear map such that
D(a-b) =D(a) b+ a-D(b)
The collection of all k-derivations from A to M will be denoted by Der(A, M).

We want to construct a k-derivation satisfying a universal property. Consider
the A-bimodule

AR, A
with module structure given by
ai(a ® b)as = aja ® basy
for a, a1, as,b € A. The multiplication map
m:A®y,A— A with m(a®b)=a-b
will then be an A-bimodule morphism. Therefore the kernel
Q' A = ker(m)
will be an A bimodule. There is also a natural k derivation
d: A—Q'A
given by
dla)=a®l1-1®a

Proposition 2.2. Let D : A — M be a k-derivation. Then there exists a unique
A¢ morphism

Op: QA M

| e

QA

such that the diagram

commutes.
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This results implies that there is a natural isomorphism
Hom 4 (Q' A, M) = Der(A, M)
given by sending f € Homa<(Q'A, M) to f od € Der(A, M).

Proof. Assume D is a derivation from A to M. This induces a left A-module
morphism

D:AQuA—- M
given by

D(a®b) =a-D(b)

for a,b € A. Composing this with the inclusion of Q'A into A ®; A we get a
left A morphism

Op: QA M
We show that this will also be a right A module morphism. So assume
Zai@)biGQlA SO Zazble
i=1 i=1

and let b € A. The right action is given by

n

Z(%@bi)'b:i:ai@(bi'b)

i=1

Now we get that

Op(> ai@(bi-b) =Y a;-D(b;i-b)=> a;-D(b;) b+ Y _a;-b;-D(b)
i=1 i=1 i=1 i=1
and since

iai~bi~D(b):O and iai'p(bi)'b:@D(iai@)bi)'b
i=1 i=1

i=1

it follows that
Op (Y ai @ (bi b)) =Op((Y_a; @ b)) - b
i=1 i=1

so Op is a right A module morphism. Now a simple calculation also gives us
that
®D od=7D

and hence we have shown the existence part of the theorem. Uniqueness comes
from the fact that the image of d generates Q' A as an A-bimodule. O
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Now let M = A ®;, A. Then Der(4, A ®; A) has a A-bimodule structure.
Let A € Der(A, A ®; A) be the derivation given by

Ala)=a®1—-1®a

The sub A-bimodule of Der(A4, A®j A) generated by A will be denoted by AAA.
We want to show that there is an A-bimodule isomorphism

Der(A, A @y, A)/JAAA = Ext,(D(A), A)

In order to do this we need some preliminary results.

Lemma 2.3. Let X be a left A module and Y a finite dimensional right A
module. Then there exists A-bimodule isomorphisms

X @, Y 2 Homy (A @5 DY, X)
given by

nrey)(a® f)=f(ya-z

withx € X,yeY,ae€ A and f € DY, and where the left A module structure
of A ®p DY comes from the left A module structure of A, the left A module
structure of Hom 4 (A ®x DY, X) comes from the right A module structure of A,
and the right A module structure of Hom 4 (A ®y DY, X) comes from the left A
module structure of DY .

Proof. Tt is easy to see that n is an A bimodule morphism, so we only need to
show that 7 is bijective. We note first that Y and DY have the same dimension
over k, which we will call n. We choose a basis ey, es, ... e, for Y, which gives
us a dual basis e}, €3, ... e} for DY. This induces an isomorphism

A®kDY§éA

i=1
given by sending a ® ef to (0,0,...,0,q,0,...,0) where a is in component ¢ of
n

@ A. As k-vector spaces we therefore have isomorphisms
i=1

n

Hom (A ®;, DY, X) = Homa(EP 4, X) = @) Homa (4, X) =P X

i=1 i=1 i=1

We also have a k-isomorphism

éX%X@kY

i=1
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given by sending (x1,xa, ..., Z,) to 1 @ €1 + T2 ® €2 + ... + T, @ €,,. We denote
the composition of these maps by d, so

0:Homa(A®r DY, X) > X @Y

Now a simple calculation shows that nod =1 and §d on = 1, so n is bijective.
Since 7 is also an A bimodule morphism we get the result. O

Lemma 2.4. Let X be a left A module and Y a finite dimensional right A
module. There is a natural isomorphism

o: X ®;Y — Homg (DY, X)
of A bimodules, given by

o(z@y)(f)=fly) -z

Proof. As before we choose a basis for Y, giving a dual basis for DY . Then the
inverse for o is given by the composition of the induced %k isomorphisms

n
Homy (DY, X) = 5 X
i=1
and
Px=xe,y
i=1
so o is bijective and the result follows. O

We will let Mod A denote the category of right A-modules and Mod (A°P)
denote the category of left A-modules (not necessarily finite dimensional).

Lemma 2.5. Let X be a left A module and Y a finite dimensional right A
module. There is a natural isomorphism

Hom(Q'A ®4 DY, X) = Hom . (Q'A4, X ®@; Y)
Proof. Consider the tensor functor
—®4 DY : ModA® — ModA
This functor will be left adjoint to the Hom functor
Homy (DY, —) : ModA — ModA°

Hence there exists a natural isomorphism

Hom 4 (Q'A ®4 DY, X) = Hom 4. (Q' A, Homy (DY, X))
Now from lemma 2.4 we get an isomorphism

Hom 4 (' A, Homy (DY, X)) = Hom 4 (Q'A, X @, Y)

and the result follows. O
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Lemma 2.6. Let X be a left A module and Y a finite dimensional right A
module. There is a natural isomorphism

Homa(Q'A®4 DY, X) 2 Der(A, X @, Y)
Proof. This follows from proposition 2.2 and lemma 2.6 U
Finally we get the promised result

Proposition 2.7. There is an isomorphism of A bimodules
Der(A, A®; A)JAAA = Exth (D(A), A)
Proof. Consider the exact sequence
0-AL A, A™ A0

where i is the inclusion and m is the multiplication map. Since A is a projective
A module we have that

Tor (A, DA) =0

So if we tensor the exact sequence above on the right with DA, we get an exact
sequence

0 Q'A®s DAEL (A, A)®a DA 2L A@, DA -0
Simplifying, we get
0= Q'A®4 DA— A®, DA — DA =0

Now observe that A ®;, DA is isomorphic as a left A module to n copies of
A, where n is the dimension of A as a k vector space. In particular A ®; DA
will be projective as a left A module. Therefore when we apply the functor
Hom 4 (—, A) to the exact sequence above we get the exact sequence

0 — Hom4 (DA, A) — Homa(A ®y DA, A) — Homu(Q'A®4 DA, A) — Ext!y(DA, A) — 0
Now we have that
Homa(A®p DA, A) =2 A®, A and Homu(Q'A®4 DA, A) = Der(A, A®y, A)
from lemma 2.3 and 2.6. Since the induced map
A®p A— Der(A, A®y; A)
will take 1 ® 1 to the derivation A, the result follows. O

We will also need the following lemma
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Lemma 2.8. Let M be a A-bimodule, and N a sub-bimodule of M. We have a
natural isomorphism

TA(M/N) = Ta(M)/(Ta(M) - N - Ta(M))
where Ta(M)-N-Tx(M) denotes the Ta(M) bimodule generated by N C Ta(M).
Proof. The projection map
p: M — M/N

composed with the inclusion map M/N C T4(M/N) induces a surjective A-
algebra morphism

P: TA(M) — TA(M/N)

We want to show that the kernel of P is contained in T4 (M) - N -T4(M). Since
P(mi®@ma®...Q0my,) = p(my) @ p(me) @ ... @ p(my,) is a graded map of degree
0 it is enough to show this for elements of M ® 4 M ®4 ... ® 4 M. Observe first
that
MRy ... 04 MOIANRQAMR®g...04 M CTA(M)-N~TA(M)
.Nowlet z € M @4 M ®4 ... 84 M. Also let p; be the natural projection
pi:M@AM®A...®AM—>M/N®A...®AM/N®AM®A...®AM

where there are n — i terms of M /N and ¢ terms of M. Since ® 4 is right exact
we have the exact sequence

(M/N®4g.. A M/N)@a N — (M/N®4..04 M/N)®@4 M
— (M/N®4 ... 04 M/N)®@4 M/N — 0

Since P(z) = 0 we can find an element y; € (M/N ®4 ...Q4 M/N)®4 N with
image equal to p;(z). Also since

M®s.A MRy N —> M/N®y..Q04s M/N @4 N
is surjective we can find
1 EMP@4 ... 04 M4 N C (M®A~-~®A M)Q(TA(M) NTA(M))

such that p;(x — z1) = 0. Now consider the exact sequence

(M/N®4g.. 0 AM/N)@aANRs M — (M/N®4s..0a M/N)@a M @4 M
— (M/N®4 .04 M/N)®4 M/N®s M — 0

By a similar argument as before since pi(x — 1) = 0 we can find element
22 €M @4 .04 M)N(Ta(M) - N -Ty(M)) such that pa(x — z1 — z2) = 0.
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Repeating this argument we get a sequence of elements xj...,x,_1 such that
2, €E(M®a..0 A M)N(Ta(M)-N-Ta(M)) and pp—1(x —21 —... —2Zp—1) = 0.
Since we have an exact sequence

Pn-1

NRIAMRg..0 A M —>MR4..0AM —> M/NRAM®as..0 4 M — 0

we get that t—x1 —...— 21 € TA(M)-N-T4 (M) and therefore x € T4(M)-N-
Ta(M). It follows that the kernel of P is contained in T4 (M) N -T4(M). Since
P in an algebra morphism which takes N to 0 we get that Ta(M) - N - T4 (M)
is also contained in the kernel of P. Hence P induces an isomorphism

P Ta(M)/(N) = Ta(M/N)
and we are done 0
We have the following corollary

Corollary 2.9. There is a natural isomorphism of rings

Ta(Extyy(D(A), A)) = Ta(Der(A, Ay A))/(A)
where (A) is the ideal in Ta(Der(A, A ®y A)) generated by A
Proof. From proposition 2.7 we have an isomorphism

Ta(Exth (D(A), A)) = Ty (Der(A, A @5, A)JAAA)
Also lemma 2.8 gives us an isomorphism

Ta(Der(A, A®y A)JAAA) = Ty(Der(A, ARy A))/(A)

so the result follows. O

2.2 Standard projective resolutions

We will now restrict to the ring A = kQ, where @ is a finite quiver without
cycles. Assume M is a left kQ module. Let i be a vertex of @, and let e;
denote the idempotent in k@ corresponding to i. Consider the left k@ module
kQe; ® e; M, where e; M are all the elements m € M satisfying e; -m = m, and
where kQe; is left ideal in kQ generated by e;. Observe that kQe; ®y e; M is
isomorphic to the sum of n copies of kQe;, where n is the dimension of e; M. It
is therefore a projective left k@) module. We also have a left kQ-morphism

Ci : kQ€1 R eiM — M

given by
Glp@m)=p-m
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Taking the sum for all ¢ we get a projective module @ kQe; @k e; M and a left
1€Qo
kQ@-morphism
¢: @eri(@keiM%M
1€Qo

equal to (; on component i. This map is obviously an epimorphism. Now let
«a be an arrow in @)1, and let sa and ta denote the scource and target vertex
of a. Consider the module kQes,, @k 5o M. As before this will be a projective
kQ-module. We have maps

aoz : erta Ok esaM — ersa R esaM

and
€a - erta Rk esaM — ertoc Rk etaM
given by
dalp@m)=p-a@m
and

calp@m) =p@a-m

Taking the sum over all a we get a projective module @ kQeiq ®k eso M and

a€Q1
left kQ-morphisms

0: @ kQeiq Qk esa M — @ kQe; @ e; M
a€Q 1€Qo
equal to J, on component «, and
€: @ kQeto R esa M — @ kQe; @i e; M
aEQ: 1€Qo
equal to €, on component a.
Lemma 2.10. We have a projective resolution
0= P kQera @1 esaM L5 @D kQei @y e:M S5 M — 0
a€Q1 1€Q0

Proof. We will show that the sequence is a split short exact sequence of k vector
spaces, which will be sufficient. Note that

M= eM
1€Qo
as a vector space. We have a map

s: M — @erZ-@keiM
1€Q0
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defined by
s(m) = Z e Qe -m

1€Q0

for m € M. This satisfies 1); = ( o s. We also have a map

t: @ kQe; @ e; M — @ kQeta @ esaM

1€Qo a€Q1

defined by

tp@m) = pr@ph_s-m
k=1

where p = ap, 1 -y isapathin Q, pp = anan 1 - Qgq1, pf, = apag_1--- 1
and the term py ® pj._, - m lies in the component corresponding to ay. Note
that p, = €sq,,, and P = €sa,- Now by a simple calculation we get that

soC(p®m)=e; @ (p-m)
where p is a path ending in vertex ¢, and
(@@= otpom)=pom—e; @ (p-m)

and so
1=(0—€)ot+so(

Also by a simple calculation ¢ o (0 — €) = 1, so the results follows. O

2.3 The main result

Now consider the module

M= P kQew @x €1akQ & @ kQe; @ e;kQ
e 1200

Also let Q be the quiver we obtain from Q by adding an arrow S3;; : j — i for
each pair of vertices i and j in @ with ¢ # j.

Lemma 2.11. There is a natural isomorphism
ThoM = kQ
of k algebras

Proof. Note that kQ sits inside kQ as a sub-k algebra, making kQ into a bi-kQ
module. Now we have k() bimodule morphisms

\Ija : ersa R etosz — kQ



2. The preprojective algebra of a quiver 20

given by
o(po ® p1) = po™p1
Similarly we have a k@ bimodule morphism
Vi kQe; ® ejkQ — kQ
given by
U, i(po @ p1) = pobijp1

Taking the sum over all vertices i # j and all arrows o € Q1 we get kQ bimodule
morphism

v:M—kQ

By the universal property of the tensor algebra this induces a k-algebra mor-
phism

\I’:TkQM%kQ

which we will also write as ¥. Note that ¥ must be surjective since its image is a
k-algebra containing all the arrows of Q. Now consider the k-module morphism

®:kQ = ThgM

defined as follows. Let p be a path in kQ. Then p =po-qo - P1-q1*** Gn-1 " Pn
for some n, where p; is a path in @), and ¢; is an arrow 3, or an arrow a*. We
then set

q)(p) = (pO (22 pl) ®kQ (esqg Rk p2) ®kQ (esqg Rk p3)' o ®kQ (esqn R pn)

where e, @k p; (resp po Q p1) lies in the component of M corresponding to
a if g; = o (resp go = «*), and lies in the component of M corresponding to
(4,7) if ¢; = Bi; (resp qo = B, ;) . Now a simple calculation gives that

PoV¥ =1
so VU is bijective and therefore an isomorphism of rings. O
We will need one more technical results

Lemma 2.12. Let Q be a finite quiver without cycles, and let i and j be vertices
of Q. Assume M is a kQ bimodule. Then there exists a natural isomorphism

Homyg- (kQe; ®1 e;kQ, M) = e;Me;

where e;Me; are the elemets in M satisfying = e; -m =m =m - e;.
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Proof. We define a k morphism
¢ : Homyge (kQe; ®k e;kQ, M) — e;Me;
by
o(f) = flei ®e5)
Note that the map is well defined since
ei flei@ej) = f(ei-ei) @ej) = fles @ej)
and
fles®@ej)-ej = fle;®ej-e;) = flei ®ej)
We also have a map
Y : e;Me; — Homyge (kQe; @1 e;kQ, M)
given by
p(m)(a®@b)=a-m-b

where a € kQe; and b € e;kQ. Now a simple calculation shows that ¢ o) =1
and 1 o ¢ = 1, so the result follows. O

We can now finally prove the main result for this section (see also [3] and

[17])

Theorem 2.13. Let Q be a finite quiver without cycles. Then there exists an
isomorphism

Pr(Q) = Tiq(0)

which acts as identity on kQ, and which maps the arrows in Q7 into the aug-
mentation ideal of Tk (8), where 6 = Ext,lcQ(D(kaQ), kQ)

Proof. We have an exact sequence
0— @ erta Rk es(ka a_€> @ erz Rk eka i) kQ —0
a€Q1 1€Qo
as in lemma 2.10 with M = kQ. We also have the exact sequence
0 P kQei®eikQ - P kQei @ ekQ — 0

) )
1,J€Qo 1,J€EQo
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Adding these two sequences together we get the exact sequence

0= P kQera ®k esakQ® D kQe; @ €;kQ

aEQ: i#]
4,j€Q0
5 P kQe; @k ekQ @ P kQe; @ €;kQ LrQ—o
1€Qo i#j

4,J€Q0

where ¢ is the sum of 0—e and 1, and f acts as ¢ on the module @ kQe;Qre; kQ

1€Qo
and as 0 on @ kQe; ® e;kQ. This exact sequences can be rewritten as
i#]
1,7EQo

0 P kQera Dk csakQ® @D kQei @ e;kQ % kQ @1, kQ ™ kQ — 0

a€Q: i#£]
,j€Qo

where m is just the ordinary multiplication map. This implies in particular that

0'%6Q = P kQero @1 esakQ® P kQe; @i €;kQ (2.1)
a€Q: i#j
i7j€Q0

Now observe that
Hokae (erl Rk eij, kQ ®p kQ) > e kQ erj = erj R €:kQ

from lemma 2.12 and the fact that tensor product commute up to isomorphism.
In fact the composition of these two isomorphisms will be an isomorphism of
kQ° modules. Note also that

Homyg- (kQ, kQ @ kQ) = Der(kQ, kQ ® kQ)

by proposition 2.2. Applying Homyge(—, kQ ®; kQ) to (2.1) we get

Der(kQ, kQ ®1 kQ) = (P kQesa @k e1akQ & P kQe; @4 €;kQ
a€Q i#j
1,J€Qo
Via the isomorphism in proposition 2.2 we see that A € Der(kQ, kQ & kQ)
correspond to the inclusion of Q'£Q into kQ®kQ in Homgge (R £Q, kQ®,kQ),
which is just g. By using the isomorphism ¢ in lemma 2.12 we see that g
corresponds to the element

Z(esa®a—a®em)+ Z e ®e;

a€Q: i#£]
1,7€Qo



2. The preprojective algebra of a quiver 23

Now from lemma 2.11 the tensor algebra of Der(kQ, kQ & kQ) is isomorphic
to the path algebra £Q. Under this isomorphism A is sent to

0= Z(a*afaa*)+ Z Bij

a€Q1 i#£]
1,5€Q0

in kQ, and we have
(Th@Der(kQ, kQ @ kQ))/(A) = kQ/(d)
Now for i # j we get e;0e; = f;;. This implies that
kQ/(d) = Pr(Q)

and the result follows from Corollary 2.9 O

2.4 Applications

We will use Theorem 2.13 to show that the direct sum of all the indecomposable
preprojective k@ modules is isomorphic to Pr(Q) as a left £Q module. This is
a well known and important result. We will first mention some concepts used
in the representation theory of finite dimensional algebra (see also [1]).

Let A will be a finite dimensional k algebra, where k is a field. modA will denote
the finitely generated right A modules. Recall that we have a functor

Homy (—, A) : mod(A)°P — (modA)°P
which restricts to an equivalence
Homp (—, A) : proj(A)°® — (projA)°?

where projA denotes the finitely generated projective k@ modules. The com-
position v = D o Homp(—,A), where D is the duality functor, is called the
Nakayama functor. It’s inverse is given by v~ = Hompes (—, A). The
Auslander-Reiten translation TM of a finitely generated module M is defined
as follows. First take a minimal projective presentation of M

LR M-0
Applying v to it we get an exact sequence
vP; i>1/P0—>1/M—>0
We define 7M = Ker(vf). Dually we can take a minimal injective presentation

0-M-—>1I, 51
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and define 7~ M = coker(v~g). We see that 7P = 0 if and only if P is projective
and 71 = 0 if and only if I is injective. Furthermore it is not hard to see
that if M is indecomposable non-projective then 7= (7M) = M and if M is
indecomposable non-injective then 7(7~ M) = M. We say that a module M is
preprojective if 7" M = 0 for some n > 0, and we say that M is preinjective if
77 "M =0 for some n >0

Now let A = kQ. Since k(@ is hereditary, 7 and 7~ extends to well defined
functors on modk(@). We have the following lemma

Lemma 2.14. There are natural isomorphism of functors
1. 77 = Bty (D(kQ), —)
2. 7= Tor*? (=, D(kQ))

Proof. We will prove (1), which is the only part we will need. Observe that
v~ = Homygor (D(—), kQ) = Homyg(D(kQ), —) since D is contravariant and
fully faithful. Also since kQ is hereditary, a minimal injective presentation of M
will be an injective resolution of M. Hence applying v~ to this resolution and
taking the cokernel is the same as calculating ExtiQ (D(kQ), —), so the result
follows. U

We want to give another description of 77, but in order to do that we will
need the following homological result. The proof can be found in most books
on homological algebra.

Theorem 2.15. Let R and S be rings, and let F' : modR — modS be a right
exact functor which preserve sums. Then

F=F(R)®gr —
Now let 6 = Ext,lcQ (D(kQ), kQ) as before. We then have
Corollary 2.16. There is a natural isomorphism
T 20®rg —

Proof. We know that 77 = ExtiQ (D(kQ),—). Also ExtiQ (D(kQ), —) preserve
sums, and since k@ is hereditary Ext;lcQ(D(kQ), —) is also right exact. The
result follows from Theorem 2.15 O

Note that this imples that 77" (kQ) = 0 @ 0 @@ ... @k #, where the tensor
product is taken n times. This gives us the following result

Corollary 2.17. We have an isomorphism
Pe(Q) = P (kQ)
n=0

as left kQ modules. In particular Pr(Q) is the direct sum of all the indecom-
posable preprojective modules.
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Corollary 2.18. P (Q) is finite dimensional if and only if the underlying graph
of Q is of Dynkin type

Proof. This follows from the well known result that there are finitely many
indecomposable preprojective modules if and only if the underlying graph of @
is of Dynkin type. U



3. DG ALGEBRAS AND TRIANGULATED CATEGORIES

In this section we introduce differential graded algebras and differential graded
modules (see also [10]). Dg modules over a dg algebra is a generalization of
a chain complex over a ring. A lot of the same constructions and results will
also work in this case. We can for example define the tensor product of two dg
modules. We also have a well defined homotopy category and derived category
of a dg algebra. These will be triangulated in a similar way as for a ring.

We also consider differential graded categories , i.e categories enriched over
chain complexes (see [8] and [9]). These are generalizations of differential graded
algebras. In fact a dg algebra is precisely a dg category with one object. If A
is a dg algebra we have the dg category Cqq(A) with objects being dg modules
over A and with morphisms being graded maps. This will turn out to be a very
important category for studying the dg modules over A

In this section k is a commutative ring.

3.1 Definitions and examples

A differential graded k algebra A is a chain complex which is also a graded k
algebra such that the multiplication map

mult : A®y A— A

is a morphism of chain complexes. It is not hard to see that this is equivalent
to

d(a-b) =da-b+ (~1)'a-db

for all @ € A’ and b € A7 and for all 4,57. A morphism of dg algebras A and B
is a chain map

f:A— B
satisfying
flay - a2) = f(a1) - f(a2)
for all ay,as € A.

Example 3.1. If A is an ordinary k algebra, then A can be considered as a dg
algebra concentrated in degree 0.
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Example 3.2. Let M be a chain complex over k. Let Homy (M, M)™ be the
module consisting of all k linear maps f : M — M of degree n, i.e f(M?) C
M#*", Note that f doesn’t necessarily commute with the differential of M.
Combining these modules gives us a chain complex

Homy, (M, M)

with degree n component equal to Hom 4 (M, M)™ and with differential given
by

d(fy=dyof—(—1)"fody

for f € Homy(M,M)"™. Now Homy (M, M) also has a natural ring structure
where multiplication is given by composition. Since

d(fog)=duofog—(~1)""fogody
and
d(f) e g+ (=1)"f o d(g)
=dyofog—(-1)"fodyog+(-1)"fodyog—(-1)"""fogody
=dyofog—(-1)""fogody
we see that Homy (M, M) is a dg k algebra.

Example 3.3. This example requires some knowledge of differential geometry.
Let QP(U) denote the R-vector space of all alternating smooth p forms on U,
where U is an open subset of R™. So for z € U, and w € QP(U) we have a linear
alternating map

wE): VxVx..xV-=R

where we take the product p times with V' = R"™. Now w(x) is alternating means
that

W(T)(Va(1), Vo (p)) = sign(o) - w(z)(v1,...vp)

for 0 € S, where S, is the group of permutations of {1,2,...p}, and we write
w(z) € AltP(R™). Collecting all these QP(U) together we get a chain complex
Q(U) with differential

d: QP(U) — Qrr(U)
given by

p+1

dw(z)(v1, - vpy1) = Z(*l)Flew(Ui)(vh ey Vi1, Vi 1 ooy Upe1)
i=1
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where D, w is the induced map between the tangent spaces at z, i.e
D,w : R™ — AItP(R™)
Now Q(U) also comes equipped with a multiplicative structure
A wP(U) x wl(U) — wPT(U)
defined by
w1 A wa(z)(v1, ... Vptq)
1

= W Z sign(o)wy (Ua(1)7 ...vg(p))wg(vg(p+1)7 ...vg(p+q))

a€S(p+q)

and together with the differential d this makes Q(U) into a differential graded
algebra over R. In fact this example can be generalized to any manifold. Details
of this construction is provided in chapter 9 of [16]

Let A be a dg algebra. We want to construct the opposite dg algebra A°P
which has the same elements as A and with opposite multiplication to A. Naively
defining

axb=>b-a
won’t work, since then
x: AQr A— A

will not be a morphism of chain complexes. Instead we define * = mo 7, i.e as
the composition

Agr A AAS A

where 7 was defined (1.1) and m is the multiplication map in A. We immediately
get that % is a morphism of chain complexes, and hence A°P is a dg algebra.
Explicitely * is defined by

axb=(=1)alltl.p.q
Observe that
d(axb) = (1)1l q(ba)

= (_1)\a\~|b\ -d(b) -a+ (_1)|a|~|b\+\b| -b-d(a)

and
d(a) * b+ (=)l - axd(b) = (=1)Ie+FV 0l b d(a) + (=1)le Pl a) - a

and hence

d(a*b) = d(a) * b+ (=1)1*l . a % d(b)

which was expected since A°P is a dg algebra.

The idea of composing with 7 in order to get a dg algebra structure or a dg
module structure (defined below) will be used frequently in this thesis, but it
might not always be stated explicitely.
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3.2 Dg modules

Let A be a differential graded algebra. A right differential graded module over
A is a chain complex M over k with a right A module structure such that the
map

mult: M @, A — M
given by
mult(m®a) =m-a

is a morphism of chain complexes. It is not hard to see that this is equivalent
to

m-a€ M
ifa e A* and m € M7, and
d(im-a) =d(m)-a+ (=) - m-d(a)

A left differential graded module over A is a chain complex M over k with a left
A module structure such that the map

mult : AQp M — M
given by
mult(a®@m) =a-m
is a morphism of chain complexes. This is equivalent to
a-me Mt
if a € A* and m € M7, and
d(a-m) =d(a)-m+ (=D a-d(m)

Note that M is a right dg A module iff it is a left dg A°® module. These module
structures are related via

lal-|m|

aom = (—1) m-a

where - comes from the right action of A and o comes from the left action of
A°P,
A morphism of right (resp left) dg A modules M and N is a chain map

f:M—N

satisfying f(m -a) = f(m)-a (vesp f(a-m) = a- f(m)). We will denote the
category of right dg A modules for C'(A4). The set of morphisms is denoted by
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HomC(A) (]\I7 N)
A degree —1 graded map

s:M— N
is a k-linear map satisfying s(M?) C N**!. Furthermore we have
s(a-m) = (=) - a- s(m)
if M and N are left modules and
s(m-a) =s(m)-a

if M and N are right modules. It does not necessarily commute with the
differential. We will say more about such maps in section 3.4.
Two morphisms f: M — N and g : M — N are said to be homotopic, written

f~g
if there exists a degree —1 graded map
s:M— N
satisfying
f—g=dnvos+sodyu

A morphism f is said to be nullhomotopic if f ~ 0. Also we say that M is
homotopic to N and write M ~ N if there exists morphisms f : M — N and
g: N — M of dg A modules satisfying

gof~1ly and fog~Iln

The homotopoy category H(A) has the same objects as C'(A) and its morphisms
Homy,4)(M, N) are homotopy classes of morphisms in C(A). Note that two
modules are homotopic if and only if they are isomorphic in H(A).

3.3 Shifts and cones

Let M be a right (resp left) dg A module. The nth shift of M, denoted by M|[n],
is the dg A module with components

and differential dﬁ/l[n] = (~=1)" - dkf™. The right (resp left) action % of A on

Mn] is given by m*a =m-a (resp axm = (=1)™% .q.m). If f: M — N is
a morphism we let

fln] = Mn] > N[n]
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be the morphism which is defined componentwise by f[n]y = fii1n. Then [n]
induces a automorphism

[n] : C(A) — C(A)
Note that [n] o [m] = [n + m].
Now let M and N be two right (resp left) dg modules over the dg algebra

A, and let u : M — N be a morphism of dg modules. The cone of u, denoted
by Cone(u), is the dg A module with components

Cone(u)' = N* @ M+

and differential

o dN u
dCone(u) - 0 dM[l]

Hence doone(u) (7, m) = (dn(n) +u(m), dymy(m)). The right (resp left) A mod-
ule structure on Cone(u) is given by (n,m)-a = (n-a,m-a) (resp a- (n,m) =
(=Dl a-n,a-m)). Let (n,m) € N* @ M*+'. The calculation

dcone(u)((n,m) - @) = dcone(u)( - a,m - a)

= (d(n-a) +u(m- a) d(m - a))
= (d(n)-a+ (=1)"-n-d(a) + u(m) - a, —d(m) - a — (=1)"* - m - d(a))
= (d(n) - a+u(m) - a,—d(m) - a) + ((=1)'n - d(a), —(=1)""'m - d(a))
= (d(n) + u(m), —d(m)) - a + (=1)"(n,m) - d(a)

= dcone(uy(n,m) - a + (=1)"(n,m) - d(a)

shows that Cone(u) is a right dg module when M and N are right dg modules.
A similar argument works when M and N are left dg modules. Observe that
we have maps

v : N — Cone(u)

and
w : Cone(u) — M[1]

given by v(n) = (n,0) and w(n,m) = m. It is easy to see that these are
morphisms of dg modules. We say that

M % N 2 Cone(u) = M[1]
is a strict triangle and denote it by (u,v,w). Note that we have an isomorphism
Cone(u) 2 N ¢ M[1]

as graded modules (not as chain complexes).



3. Dg algebras and triangulated categories 32

Lemma 3.4. Assume we have a commutative diagram

Uy
M1 — N1

Ll

M242’N2

Let (u1,v1,w1) and (ug,ve,ws) be the strict triangles corresponding to u; and
uz. Then the map h : Cone(u;) — Cone(us) given by

h"(g f%ﬂ

18 a morphism of dg modules.

Proof. Note that

(B ) (8 ) = (0 %)
0 f[1 0 dayp) N\ 0 fJodypy

(dN2 U )O(g O)Z(szog wo f[1] >

0 dasy 0 f[1] 0 daypyoe f[1]

are equal since f and g are chain maps satisfying gou = wo f. Hence h is a
chain map and the result follows. O

and

3.4 Hom of dg modules

Let M and N be two right (resp left) dg A-modules. Let Hom4 (M, N)™ be the
k module consisting of all morphisms f: M — N of degree n satisfying

f(m-a)=f(m)-a
(resp f(a-m) = (=1)"1%a- f(m))

Observe that the degree —1 graded map in section 3.2 is just an element of
Hom 4 (M, N)~1. Combining the k modules Hom (M, N)" gives us a chain
complex

Homy (M, N)
with degree n component equal to Hom4 (M, N)™ and with differential given by

d(f)=dyo f— (-1 fody
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This construction is similar to the one in example 3.1. Not that f is a mor-
phism if and only if f € Z°(Homu(M,N)) and f ~ 0 if and only if f €
BY(Hom (M, N)). In particular we have that

Homy 4 (M, N) = H(Hom 4 (M, N))

Now assume M and N are right dg A-modules. If M also has a left dg B module
structure then Hom (M, N) gets a right B module structure via

Jb=folb--)

for f € Homa(M,N) and b € B, where b- —: M — M is left multiplication by
b. Since

d(f-b)y=d(fo(b-=))=dofo(b-—)—(~D* fo(b-—)od

and

d(f)-b+ (=)W f-db

=dofo(b-—)— (=) fodo(b-—)+ (=D fo(db-—)
and

(DU fodo(- =)= (=) fo(db- =)+ (—DVFPI fo(b-—)od
we get that
d(f-b) =d(f)-b+ (=)' f-db

and hence Homy (M, N) is a right dg B module. On the other hand if N has
a left dg B module structure then Hom 4 (M, N) gets a left B module structure
via the action

b-f=(@0b-—)of
Since
db-f)=do(b-—)of— (=) (b. Yo fod
and
do(b-=)of=(db-=)of+ (=) (b-—)odof
and

dv) - f + (=1)"-b-d(f)
=(db-—)of+ (=D (b-=)odo f—(—=1)PHIT.(b. —)o fod

we get that
(b~ f)=d(®) - f+ (-1’ b-d(f)
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so Hom4 (M, N) will be a left dg B module.

We can do a similar construction when M and N are left dg A-modules. If M
has a right dg B module structure then Hom4 (M, N) gets a left dg B module
structure given by

b f= (_1)\b|-\f| ~fo(bx—)
where b*x — : M — M comes from the left action of B°? on M. Hence
(b- f)(m) = (_1)Ib|~|f|+\b|~lm| - f(m-b)

Similarly if N has a right dg B module structure then Hom (M, N) will be a
right dg B module via

fb= (=D (b =)o f
where b —: N — N comes from the left action of B°®? on N. So
(- b)(m) = (=)™ f(m) b
Now consider the shift M[n] of M. There is a graded map
S M — Mn|
acting as identity on the underlying modules. Note that

and hence

d(Xy) = darp) © Xy — (=1)" - X3 0 dy
1

= (=D)"-Efody — (=1)" - Xy ody =0
This implies that X%, € Z~"Hom 4 (M, M|n]).
Lemma 3.5. Let M and N both be left or right dg A-modules.
1. There is a natural isomorphism of chain complexes
Hom 4 (M, N[n]) = Homa (M, N)[n|
sending X% o f to ZaomA(M,N)(f)
2. There is a natural isomorphism of chain complezes
Homu(Mn], N) = Homy (M, N)[—n]

sending f o Syt to (—1) (T nn ()
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Proof. We will only show the second part. The argument for the first part is
similar. Let

¢" : Homa(Mn], N) — Homyu (M, N)[—n]
denote the map. Observe that

an(dHomA(M[n],N) (f © Z]T/;En])) = ¢n(dH0mA(M,N) (f) © E]T;[ln])
= (- ) (roma a3 ()

since d(ZXﬂn]) =0. Also

dtom o (0,0 [-n) (@™ ( © Sigi)) = (1™ Y oy (01,10 (S o a1, ()
= (_l)n.(‘f‘+l+n) : E7_-L’Zm,4(M,N) (dHomA(M,N)(f))

This implies that ¢™ is a morphism of chain complexes, so the result follows. [

We use the same notation as in the proof, i.e the isomorphism in part 2 of
the lemma is given by

¢" : Homa(Mn], N) =2 Homs (M, N)[—n]
Now consider the diagram

¢n+m

Hom 4 (M[n + m], N)

o™ =
[=m](¢™)

Hom 4 (M[n], N)[-m] ———— Hom (M, N)[—m — n]

Hom 4 (M, N)[—m — n]

A simple calculation gives us that

(bn—i-m(f o ZA—/[TE;:TW]) — (_1)(n+m)(\f|+n+m) . Z;LTOLI;ZI(]\/I,N) (f)

and

[_m]((bn) o ¢m(f ° ZX;ET;Tm]) _ (_1)”'(\f\+7a)+7n~(\f\+n+m) . E;LZI;T(M,N)(]()

Observe that the diagram doesn’t commute because of an exstra sign (—1)™".
We rectify this by defining a new isomorphism

(=) +D/2 g om s (M[n], N) 2 Homy (M, N)[—n]

This gives us the following result.
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Lemma 3.6. There is a natural isomorphism of chain complexes
Homu (Mn], N) = Homy (M, N)[—n]

sending fo X/, to (—1)n(n=D/2+n(f1+n) “Eyomacr,n) ). This isomorphism
makes the diagram

1

Hom(M[n + m],N)

Hom (M, N)[—m — n]

o~ =

Il

Hom 4 (M|[n], N)[—m)]

Hom (M, N)[—m — n]
commute.

3.5 Tensor product of dg modules

Let M be a right dg A-module, and N a left dg A-module. Since they are both
chain complexes over k, we can construct the chain complex M ®; N. Consider
the k& submodule P of M ®; N generated by elements of the form

m-a®n—mQea-n

Note that P is a graded submodule of M ®; N. Since
dm-a®@n—-—m®a-n)=dm-a®n)—dm®a-n)
=d(m)-a®@n+ (—)"™ - m-da)@n+ (=1l im0 @ d(n)
—dm)®@a-n—(-1)" . meda) n— (D"l m@a-dn)
=(d(m)-a®@n—dm)®a-n)+ (=" . (m-da) ®n—me d(a) @n)
+ (=D)ImHal S (m e @ d(n) —m @ a-d(n))

we get that P must be a chain complex. If we let

M®a N

denote the quotient of M ®; N by P, we get that M ® 4 N is a chain complex
over k with differential inherited from M ®j N. In particular we have that

m-a@n=maea-n
and
dim®@n) =d(m)®@n+ (=1)'m @ d(n)

holds in M ® 4 N. If M also has a left dg B module structure, then M ® 4 N
has a left B module structure given by

b-(m®@n)=(b-m)®n
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db-(m®n))=d((b-m)®n)
db-m)@n+ (=1)PF™ L (b.m) @ d(n)
)-m)@n+(=1)"- (b-d(m))

= (d(b m)) @n+ (=1)PH™ (b .m) @ d(n)
= (d(b) -m)@n+ (=) b (d(m) @n+ (D)™ - medn))
=d) - (men)+ (=)™ - b-d(m@n)

we get that M ®4 N is a left dg B module. If M instead has a right dg B
module structure then M ® 4 N has a right dg B module structure given by

(m@n)-b= (=D (m.p)en

This can be shown in a similar way as above.
We have similiar constructions for N. If N has a left dg B module structure
then M ®4 N has a left dg B module structure given by

b-(mon)= (- me@®b-n)

and if N has a right dg B module structure then M ® 4 N has a right dg B
module structure given by

(m®n)-b=m® (n-b)
We have the following result relating the shift functor and the tensor product.
Lemma 3.7. Let M be a right dg A-module and N a left dg A-module.

1. There is a natural isomorphism of chain complexes
M(k]®a N = (M ®a N)|[k]
sending X5 (m) @ n to ¥k o v (m @ n)
2. There is a natural isomorphism of chain complezes
M ®a Nk] = (M ®4 N)[K]
sending m @ XK (n) to (—1)FIm!. S ion(men)
Proof. We will only prove part 2. The proof of part 1 is similar. Let
¢: M@y Nkl = (M ®s N)[k]
denote the map. We first need to show that ¢ is well defined. This holds since

¢(m @ a- S (n) = ()" g(m © T (a - n))
— (_1)k'(|a\+|m|) . Z?\/[@N(m(@ a-n)
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and
dlm-a @ Sh(n) = (~)FHD Sk ma )
= (_1)k~(la\+|m|) . 2’?\4®N(m ®a-n)
We also have that
$(d(m @ T (n))) = ¢(dar(m) @ K (n) + (1) - g(m & dypy (K (n)))
$(dar(m) @ K (n)) + (=1)™** - g(m @ K (dw (n)))
(=)D Sk v (dar (m) @ ) + (=1)HEHIRERL SR v (m @ div(n)

and
d(¢(m @ =K (n))) = (=)* ™ d(Shgn (m @ n))
= (—=)FImHD Ry (dim @ n))
= (~)F D ok o v (da (m) @ n) + (1) Sk (m @ d ()

hence they are equal and ¢ is an isomorphism of chain complexes. O

3.6 Differential graded categories

A differential graded category C is a category enriched over chain complexes.
This means that the morphism spaces C(X,Y’) are chain complexes over k and
the composition

o:C(Y,Z) @, C(X,Y) = C(X, Z)

is a morphism of chain complexes. Note that there are categories Z°(C) and
HO(C) associated to C. They have the same objects as C, and their morphism
spaces are Z°(C(X,Y)) and H°(C(X,Y)) respectively. Note also that a dif-
ferential graded category with one object is just a differential graded algebra.
Now let C°P be the category with same objects as C and morphism spaces
C°?(X,Y) =C(Y, X). The composition

1 CP(Y, Z) @), CP(X,Y) = C°P(X, Z)

is given by f % g = (—1)/I'9l. g o f. This makes C°P into a dg category.
Now assume that C and D are differential graded categories. A differential graded functor

F:C—7D
from C to D is a mapping that
e Associate to each object X in C an object F(X) in D.

e Associate to each morphism f: X — Y in C a morphism F(f) : F(X) —
F(Y) in D such that
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— F(1x) = 1p(x) for all objects X in C.

— F(fog) = F(f)o F(g) for all morphisms f, g in C such that the
composition f o g makes sense

— The map
F(X,Y):C(X,Y) > D(FX,FY)
is a morphism of chain complexes.
Let F:C — D and G : C — D be dg functors. We have a complex
Hom(F, G)
with nth component Hom (F, G)" consisting of families of morphisms

ox € D(FX,GX)"

satisfying ¢y o Ff = (—1)"/I. Gf o ¢x. These are natural transformations in
the context of dg categories. The differential on Hom (F,G) is defined compo-
nentwise, i.e

dyom(r,c)(0)x = dp(rx,ax)(¢x)

It is also not hard to see that if ¢ € Hom(F,G) and ¢y € Hom(G, H) then
o ¢ € Hom(F, H) where

(Yod)x =vxoox
This gives a well defined morphism of chain complexes

o:Hom(G, H) ®, Hom(F,G) - Hom(F, H)

3.7 The dg category of dg modules

We want to show that the collection of right dg A-modules together with com-
plexes of morphisms Homy (M, N) gives us a dg category. In order to do that
we need to show that composition

o: Homy (N, K) @, Homa(M,N) — Homa (M, K)
sending f ® g to f o g is a morphism of chain complexes. This follows from
d(fog)=diofog— (-D)Helfogody
and
d(f)og+ (=DM fod(g)
=diofog— (D) fodyog+ (- (fodyog—(-1)"- fogodu)
ZdKOfOQ—(—l)mHgl ~fogodum
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We will denote this dg catgory by Cqq(A). It is easy to see that
Z%(Cag(A)) = C(A)
and
H(Cag(A)) = H(A)
We say that a map f: X — Y in Cy4(A) is closed if
f € Z°(Homa(X,Y)) = Home(a)(X,Y)

We can also extend the shift functor [n] : C(A) — C(A) to Cqq(A). It will act
the same on objects, and send a mmap f € Homy (M, N) to

nl(f) = (~)"1 S5 0 fo sy
It is easy to see that this makes

[n] : Cag(A) = Cay(A)

into a dg functor. Note that [n] o [m] = [n + m] in Cgqe(A). Note also that (cf
section 3.6))

" e Z7"(Hom(1e,, (a), [n]))

Now consider a componentwise split exact sequence in Cqy(A), i.e an exact
sequence in Z%(Cqy(A)) = C(A)

VNN,

together with maps s € Homa (N, M)° and t € Hom (M, K)° satisfying

tos=20
and
gos=1n
and
tof=1g

We say that M is an extension of K and N. We then get a natural map
h € Hom4(N[-1], K)? given by

h=tod(s)o Z}V[il] =—d(t)oso Zzlv[fu =todyoso Z}v[fl]
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Lemma 3.8. We use the same notation as above. Then
h € Homga)(N[-1], M)
and we have an isomorphism
Cone(h) 2Y
making the diagram

N=1] —" K~ Cone(h) —¥— N

NS

Z

commute, where v and w are the maps defined in section 3.3.
Proof. Similar as for chain complexes over a ring O

Hence we get a one to one corresondence between componentwise split exact
sequences in Cgqy(A) and the cone of some morphism in C'(A4).

Definition 3.9. Let strictperf(A) be the smallest full subcategory of Cq4(A)
closed under shifts, extensions, and direct summands. A dg module M is called
strictly perfect if it is an object of strictperf(A).

If A is an ordinary algebra then a bounded complex of finitely generated
projectives is strictly perfect. Also if

F Cdg(A) — Cdg(B)

is a dg functor (covariant or contravariant) and if F(A) is strictly perfect, then
F takes strictly perfect modules to strictly perfect modules. This follows since
F preserves extensions and commutes with the shift (which we will show below).

Now let M be a right dg A module and a left dg B module such that
(b-m)-a=b-(m-a)
foraec A,be Band me M.
Lemma 3.10. We have a well defined dg functor
Hom s (—, M) : Caq(A) = Cqq(B°P)°P
sending N to

Hom 4 (N, M)
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and a map f € Homy (N1, Na) to
Homu (f, M) : Homa(No, M) — Hom 4 (N1, M)
given by
Homa(f, M)(g) = ()1 go g

Proof. If N is a right dg A-module then Hom 4 (N, M) has a left dg B-module
structure given by

(- f)(z) =b- f(x)

(cf section 3.4). Let N7 and Na be dg A-modules and let f € Hom (N1, N2)™.
It is not hard to see that

Hom(f, M) € Hompoep (Hom g (No, M), Hom s (N1, M))"
We also have that

d(Homa(f, M))(g)
= dygom(ny,01) © Homa (f, M)(g) — (=) Homu (f, M) © dyyom s (Nz,01)(9)

= (—1)VTdl “dyptom Ny, (g0 f) — (—1)HTal “ dyom 4 (No, ) (9) © f

— (_1)‘f|‘Q‘+IQ| . gOdHomA(Nl,Nz)(f)

= Homa (dyom 4 (Ny,N2) (f), M)(9g)
and hence Homy(—, M) is a dg functor. O

Lemma 3.11. We have a well defined dg functor
—®B M : Cag(B) = Cqqy(A)
sending a right dg B-module N to
N®pM

and a map f € Homy (N1, Na) to

f®l1:Ny®pM — N, ®p M
given by

(f©1)(n1@m) = f(n1) @m

Proof. This is a straightforward verification O



3. Dg algebras and triangulated categories 43

We now assume we have a dg functor
F : CaglA) = Cag(B)™
where A and B are dg algebras. Consider the dg natural transformations
Elr € Z"(Hom([n] o F, F))
and
F(X(L,)) € Z7"(Hom(F, F o [-n])
Let

" = (<1 (L) 0 S € 2°(Hom(n] o FyF o [-n)

Note that o™ are natural isomorphisms in C'(4) and that a® = 1. Also observe
that

[ml(aiy) = (@)~ = (~1)" /25 o Pz
(cf lemma 3.6). The next result tells us that the order of composition of the o*
doesn’t matter.

Proposition 3.12. Let o™ be as defined above. We have a commutative diagram

[n]o[m]o F [n+mjoF

[na anim
o Foloml — ", Fo[njo[m] — = Fol-n—mj
(3.1)
Proof. We have that

@ = (L) D/ e o winT

o (S, o X ox

[—m] [n]o[m]oF

(—1)rinan/z. F(E joi—m)) © Zp,

[na™ = (—1)mmEDZ L wg
—m [n]oFo[—m)]

o

]

Hence we get

af,, o [nJa™

= (—1)r(ntD/24m(m+1)/2 F(E pjojom)) @ F(E[Z,0) 0 E[_WZLOF o E[:l?o[m]oF

1)n(n+1)/2+m(m+1)/2+m~n : F(Z?im] © EF—n]o[—m]) © E[:Lﬁ-_rny?oF

[—n—m] [n+m]oF

(,
(71)(n+m)(n+m+1)/2 . F(En+m ) o —n—m
an

+m

and the result follows. O
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We also have the following result relating the cone and F.
Lemma 3.13. Consider the sequence
X 5 Y 5 Cone(u) = X[1]
with v and w the inclusion and projection respctively. We have extensions

Fx[1) 2% F(Cone(w)) £ Fy

and
P 22, p(Cone(w))[1] =2 Fy (1]
Hence we can write
F(Cone(u)) = F(X[1])® FY
and
F(Cone(u))[1] = F(X[1])[1] ® FY[1]
as graded modules. With this identification we get the following results
e We have an isomorphism f : F(Cone(u)) = Cone(—F(u[l])) given by

I= ((1) (aﬁ)m)

F(w) F(v)

F(X[1]) — F(Cone(u)) —— F

F f {(a?)[l]

FX[1])) —2 Cone(—F(u[l])) —2 FY[])[1]

Hence the diagram

commutes, where v1 and wy are the inclusion and projection respectively.

e We have an isomorphism g : Cone(—Fu) = F(Cone(u))[1] given by
_((exH] 0
9= < 0o 1

F(X) —2 ., Cone(—F(u)) —2— (FY)[1]

Hence the diagram

(ax)[] g =
F(w)|l F(v)[1
1] (4)”» F(Cone(u))[1] &» (FY)[1]

commute, where vo and wy are the inclusion and projection respectively.
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Proof. Let s : X[1] — Cone(u) be the inclusion and ¢ : Cone(u) — Y the

projection. We know from lemma 3.8 that u = t o d(s) o X%.. Therefore
—u[l] = =X} otod(s)
and hence
—F(u[l]) = d(F(s)) o Fto F(%})
Applying F to the extension
Y % Cone(u) = X[1]
gives us an extension

F(X[1)) £% F(Cone(u)) 2% FY

with splitting F't : FY — F(Cone(u)) and F's : F(Cone(u)) — F(X][1]). Using

the isomorphism

oyt = F(Syiy) o gy FOO1] = FOYL)

we get a commutative diagram

F(Y)[-1] X1])
ool —
Y
—F(ull
F(Y[1]) 1) F(X1])

and lemma 3.4 and 3.8 gives us an isomorphism F'(Cone(u)) = Cone(—F(u[1]))

with the necessary properties.

For the second part we first observe that given a morphism f : X; — X5 we

have an isomorphism
Cone(f[—1]) 2 Cone(f)[~1]
such that

Xo-1] 2L Cone( 1)) 22 x,[-1]

{_ i[-1] { 1] [_

2[—1] —— Cone(f)[-1] —— X[-1]

1%

commute, where X5 - Cone(f) & X, is the extension corresponding to the

cone of f. Using this and our previous result we get an isomorphism

Cone(—Fu) = F(Cone(u[—1])) = F(Cone(u)[—1]) = F(Cone(u))[1]
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This gives us a commutative diagram of extensions

F(X) —2 . Cone(—F(u)) ——2— (FY)[1]

I

IR
°
=<
\_7
=
L

F(w F(v
F(X) _ Fles) F(Cone(u[—1])) _Fl) | F(Y[-1))

|
IR
|

F(w|—1 F(v|—1
r(x) 2 pconour-1) W )
(axH)[1] (@ Gome(uy)[1] (ayH)[1]

F(w)(1 F(v)[1
F(X[1)[1] &» F(Cone(u))[1] & (FY)[1]

where Y[—1] 2% Cone(u[—1]) 2% X denote the extension corresponding to the
cone of u[—1]. The result follows. O

We have the following result which tells us that a natural transformation
between contravariant dg functor commute with the a™.

Lemma 3.14. Let F : C44(A) = Caqq(B)°? and G : Cqq(A) — Caq(B)°P be dg
functors. Also let ¢ € Z%(Hom(F,G)) be a natural transformation. Then the
diagram

njy
[n)o F i [n]o G
a” a”
1ﬁ[fn]
F o[—n] G o [—n]
commaute.
Proof. This is a straightforward calculation O

3.8 'Triangulated categories

We start with a definition of a triangulated category. This version is taken from
chapter 4 in [5] .
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Definition 3.15. Let C be an additive category. We say that C is a triangulated
category if it comes equipped with an additive automorphism

T:C—C
called the translation functor, and a class of distinguished triangles
X5Y 5Z25TX
also denoted (X,Y, Z, u,v,w), satisfying the following axioms

1. a) X 25 X 503 TX is a triangle
b) Any triangle isomorphic to a distinguished triangle is distinguished
¢) Any morphism X 2 Y can be extended to a distinguished triangle

X5YS5Z25TX
2. A triangle
X5YS5Z25TX
is distinguished if and only if
Yy %z % rx 1y
is distinguished.

3. Given a diagram

X Y Z TX
X' v 7 TX'

where the top and bottom row are distinguished triangles, and the mor-
phisms f and g makes the right square commute, then there exists a mor-
phism h : Z — Z' such that the middle and the right square commutes.

x4 yv—Y oz Y. .rx
[1;( v r 1rx
xvou z Iy K oy
h s Tu
Xy
7 |Tv o1
Tv
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Given dlstmgulshed trlangles X5y L7 571X,y 5 7 LN 'R

vou

TY, X =% 7z L v’ LN TX, there exists morphisms r : Z/ — Y/,
s Y’ — X’ such that the four squares in diagram commutes and

7' Ly s x e g
is a distinguished triangle

Since T' is an automorphism it has an inverse which we will denote by 7.
We have the following lemma for a triangulated category

Lemma 3.16. Let
X5Y 5Z25TX
be a distinguished triangle. Then v ou = 0.

Proof. Consider the diagram

x Y.y Y.z Y rx
0 |U {12 0
o 1 ‘
oY Z,7,-9 .5

Note that the lower and the upper sequence are distinguished triangles. By
shifting the triangles using axiom 2 and then applying axiom 3 we get that
there must exists a morphism X — 0 which makes the squares commutes. This
morphism must necessarily be 0, so by considering the first square we get that
vou=~0 U

By shifting triangles one easily sees that this implies that the composition
of any two consecutive morphisms in a triangle is 0.
Lemma 3.17. Let
X5Y 5Z25TX
be a distinguished triangle and K an object of C. We have long exact sequences

Lo Home (K, T~ X) 2224 Home (K, T~Y) £-*°=s Home (K, T~ Z)

L% Home (K, X) 2= Home (K, Y) 2= Home (K, Z)

Tuo— Two—

Lo, Home (K, TX) —— Hom¢ (K, TY) Twoz, Home (K, TZ)

and

o = Home (T2, K) —22% Home (TY, K) —22% Home (T'X, K)

—Oov

=% Home(Z, K) —% Home (Y, K) —% Home (X, K)

—oT ™ —oT u T 2w

ol w, Home (T~ Z, K) —— Home(T™Y, K) ——% Home (T~ X, K) — ...



3. Dg algebras and triangulated categories 49

Proof. By the symmetry property of distinguished triangles we only need to
check that

Home (K, X) = Home (K,Y) 2= Home (K, Z) (3.2)
and
Home(Z, K) —% Home (Y, K) —= Home (X, K) (3.3)

are exact. We observe by lemma 3.16 that the composition of the two maps
are 0 in both sequences. For the exactness of (3.2) consider h € Home(K,Y)
satisfying v o h = 0. We then have the diagram

X Yy Z TX
A h\ 0‘ T

1
K50 00 g

where the lower and upper sequence are distinguished triangles and the middle
square commutes and the left square commutes. By axiom 3 we have that there
exists a morphism &k : K — X satisfying u o k = h, so (3.2) is exact. For (3.3)
assume [ € Home (Y, K) satisfies [ o u = 0. We then have a digram

u v w

X % Z TX
1 ~
U/ S G U

where the upper and lower sequence are distinguished triangles. By axiom 3 we
have that there exists m : Z — K satisfying m o v = [, and hence the sequence
(3.3) is also exact O

This gives us the following corollary

Corollary 3.18. Consider the commutative diagram

U v w
X, —y, sz X,
kf g [h ka
U U w
Xy — Yy — Zy —— TX,

where the upper and lower rows are distinguished triangles. If two out of f, g
and h are isomorphisms, then the third one also is.
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Proof. By axiom 2 we see that it is enough to show that h is an isomorphism
when f and g are isomorphisms. Applying Hom(Z;, —) we get a commutative
diagram

Hom(Z2, X1) » Hom(Z5,Y1) » Hom(Zy, Z1) » Hom(Z5,TX;) » Hom(Z5, TY?)

F F [ho_ F F

Hom (Z3, X3) » Hom(Z3,Y2) » Hom(Z2, Zs) » Hom(Z, TX2) » Hom(Z2, TY>)
where the upper and lower rows are exact sequences. By the five lemma we get
that

ho—: HOI’II(ZQ, Zl) — HOIII(ZQ7 ZQ)

is an isomorphism, and hence h has a left inverse. Similarly by applying
Hom(—, Z7) to the diagram we can show that h has a right inverse. O

We also need to say what a functor between triangulated categories should
be

Definition 3.19. Let C and D be triangulated categories. An additive functor
F:C—>D
is called a triangle functor if there exists a natural isomorphism
FoT L ToF
and if
X5Y 5Z25TX
is a distinguished triangle in C, then

F(X) 7(u)

is a distinguished triangle in D.

3.9 Homotopy categories

Let A be a dg algebra. Recall that we have the homotopy category H(A) defined
in section 3.2. The objects in H(A) are the same as the objects in C'(A), and
the morphisms are morphisms in C'(A) modulo nullhomotopic maps. The shift
functor [1] : C4q(A) — Cq4(A) is a dg functor and therefore induces a well defined
additive automorphism

[1]: H(A) — H(A)
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taking an object M to M[1] and a morphism f to [1](f) = f[1]. We call a
sequence of map in H(A) of the form

X5y 5 z25% X[

for a triangle, and denoted it by (u, v, w). A morphism of two triangles (u1, vy, wy)
and (ug, ve,ws) is a commutative diagram of the form

Xy oz Py
T
Xo 2y, 2 7, 2 ]

A triangle of the form
X 5 Y 5 Cone(u) = X[1]

is called a strict triangle. We say that a triangle is exact if it is isomorphic to a
strict triangle. The proof of the following theorem is similar to the case when
A is a ring

Theorem 3.20. Let A be a dg algebra. The category H(A) is triangulated with
[1]: H(A) — H(A)

as translation functor, and where the distinguished triangles are the exact tri-
angles.

Let K be a dg A-module. We say that K is homotopically projective if for
any acyclic dg A-module N we have that

HOIHH(A)(K,N) =0

We say that K is homotopically injective if for any acyclic dg A-module N we
have that

HOmH(A)(N,K) =0

The homotopically projective modules plays a similar role in H(A) as bounded
above chain complexes with projective components does in H~(B) when B is a
ring. Let H,(A) (resp Hi(A)) denote the full subcategory of H(A) with object
homotopically projective (homotopically injective) dg A-modules.

Lemma 3.21. The category H,y(A) (resp Hi(A)) is triangulated and closed
under infinite direct sums and direct summands.
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Proof. Let N be an acyclic dg A-modules. We first show that 7{,(A) is closed
under direct sums and direct summands. Let (K;);cz be a collection of dg
A-modules. Then

HOHI'H(A)(@ Ki, N) = H HOHIH(A) (Ki, N)
ieT ieT
and hence HomH(A)(@ K;, N) = 0 iff Homy;(4)(K;, N) = 0 for all 4. Therefore
ieT
@Ki is homotopically projective iff K; is homotopically projective for all .
ieT
Now assume K is a homotopically projective module. We have an isomorphism

Homy (K[1], N) = Homa (K, N[—1])
by lemma 3.5. Taking homology in degree 0 we get that
HOmH(A)(K[l], N) = HOID'H(A)(K, N[—l]) =~

since acyclic modules are closed under the shift functor. This implies that K[1]
is also homotopically projective. It remains to show that if

X—>K-=Y — X[1]

is a strict triangle with X and Y homotopically projective, then K must be
homotopically projective. Since H(A) is triangulated we have an exact sequence

HOII]H(A)(K N) — HomH(A)(K, N) — HomH(A) (X, N)

by lemma 3.17. Since Homy(4)(Z, N) = 0 and Homy(4)(X, N) = 0 we get that
Homy(4)(K, N) = 0 and hence K is homotopically projective. O

Recall that we defined strictly perfect modules in 3.9

Lemma 3.22. Let M be a strictly perfect dg A-module. Then M is homotopi-
cally projective.

Proof. This follows from #,(A) being triangulated, containing A, and closed
under direct summands O

A proof of the next theorem can be found in the appendix of [10].
Theorem 3.23. Let M be a dg A-module
e There exists a quasi-itsomorphism

pX = X

with pX homotopically projective. This assignment induces a triangle
functor

p:H(A) — H(A)

which makes the quasi-isomorphisms pX — X into a natural transforma-
tion between p and the identity functor.
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e There exists a quasi-isomorphism
X —1X

with iX homotopically injective. This assignment induces a triangle func-
tor

1:H(A) = Hi(A)
which makes the quasi-isomorphism X — iX into a natural transforma-
tion between the identity functor and i.
3.10 Derived categories

Let A be a dg algebra, and consider the collection S of all quasi-isomorphism
in H(A). If we localise the category H(A) with respect to S we get the the
derived categories of A, denoted by D(A). It shares a lot of the same properties
as the derived category of an ordinary algebra. In particular a morphism X — Y
in D(A) can be represented as

and as

’
S

x5z

where f, f' are morphisms and s,s’ are quasi isomorphisms in H(A). The shift
functor [1] : H(A) — H(A) preserves quasi-isomorphism and therefore induces
a well defined functor

[1]: D(A) — D(A)

which sends a morphism

to
x(1) &2z 28 vy
We have the following theorem
Theorem 3.24. Let A be a dg algebra. The category D(A) is triangulated with
[1]: D(A) — D(A)

as the translation functor. The distinguished triangles are the ones which are
isomorphic in D(A) to an ezxact triangle.
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Recall that we have a functor p : H(A) — H,(A) from section 3.9. These
are very useful when studying the derived category.

Theorem 3.25. Let A be a dg algebra.
o The functor p: H(A) — H(A) induces a triangle functor
p: D(A) — H(A)

which is fully faithful and left adjoint to the projection functor
H(A) = D(A).

e The functor i : H(A) — H(A) induces a triangle functor
i:D(A) = H(A)

which is fully faithful and right adjoint to the projection functor
H(A) — D(A).

Below we define some subcategories of D(A) which we will need later.

Definition 3.26. Let perf(A) be the smallest full triangulated subcategory of
D(A) closed under direct summands. A dg A-module M is called perfect if it is
an object of perf(A).

Note that a chain complex over an ordinary algebra is perfect if and only if
it is quasi-isomorphic to a bounded complex with projective components.

Definition 3.27. Let k£ be a field and A a dg k-algebra. We then have a full
triangulated subcategory of D(A) formed by dg A-modules M such that

Z dimy, H? (M)

is finite dimensional. We will denote this by Dq(A).
If A is a finite dimensional algebra then D4(A) = D°(mod A).
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In this chapter we will consider dg algebras B equipped with an involution
7:B— B?
which is a morphism of dg algebras satisfying 72 = 1.

Definition 4.1. A preduality functor on a category C is a functor F' : C — C°P
equipped with a natural transformation

¢o:le - VV
satisfying Vg o ¢y = 1y

We will show that a dg algebra B with an involution has a dg preduality
functor

V1 Cag(B) — Cyq(B)°P

We will also show that [n]oV is a preduality functor if V' is a preduality functor,
where [n] is the shift functor. This will be necessary for the definition of the
deformed n-Calabi-Yau completion of a homologically smooth algebra in the
next section. We will also investigate the situation where

F:A— B

is a morphism of dg algebras satisfying F o 74 = 75 o F where 74 and 7p are
involutions on A and B.

4.1 Extending involutions to preduality functors

Let A be a dg algebra with an involution 7. Assume that M is a left dg A-
module. We then have a right dg A-module M with module structure given
by

mxa=(=DImHelr (@) . m
This induces a dg functor

7' Cag(A%P) = Cyy(A)
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Now let N be a right dg A-module. We have a dg functor * sending N to
N* =Homy (N, A) and a morphism f : Ny — N to

f*=Homa(f, A) : Homy(Na, A) — Hom(Ny, A)
given by f*(g) = (=1)l/19lgo f. We let
V=710 (4.1)
be the composition, so V is a functor
Vi Cagl(4) = Cagl(A)
It takes a right module N to Homa(N, A). We also have a natural maps
on : N = VV(N)

given by ¢ (n)(f) = (-7 (f(n)).
Proposition 4.2. We use the same notation as above.

1. Vs a differential graded functor

2. ¢n € Z°(Homa(N,VVN)) = Homs(N,VVN)

3. Vis a preduality functor

Proof. For the first part observe that V is the composition of the dg functors
7/ and Hom4(—, A), and is therefore a dg functor.
Let M be a right dg A-module. Since

on(n-a)(f) = (,1)|f\-(|n\+la\) 1(f(n-a)) = (fl)lf\-(lnwlal) -7(f(n) - a)
= (=plHrlel il (@) -7 (f(n) = (=)l (a) - (o5 (n)(£))
= (¢n(n) xa)(f)

we get that
on(n-a)=on(n)xa

It therefore only remain to show that ¢ commutes with the differential in order
to prove the second part. This follows since

on(dn)(f) = (=D)L f(d(n))

and
d(¢n(n))(f) = do dn(n)(f) — (=D)" - g (n) o d(f)
= (=DM d(f(n)) = (=) a(f)(n)
= (DI d(f () = (<) d(F () + (~) I f(d(m)
= (- 1) nl-|fI+If] . f(d(n))
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For the last part we want to show

VM 22 vy X8 v

is equal to 1y . Solet f € VM = Homa (M, A) and m € M. Then
Vonr(ovar(£))(m) = dvar(f)(dar(m)) = (D)7 (Gar(m)(f))
=7(r(f(m))) = f(m)

and the result follows. O

4.2  Properties of dg preduality functors

Let F be a functor satisfying proposition 4.2, i.e F' is a dg functor
F :Cag(A) — Cag(A)°P
and we have morphisms ¢y, : M — FFM natural in M which satisfy
F(¢n) o drm = 1rum
Let F,, denote the composition [n] o F. We then have a natural transformation

(afnr)” !

1% FF S Fl-n|[n)F
which we will denote by ¢™.

[n)F[n]F = F, o F, (4.2)

Proposition 4.3. F, = [n] o F' together with ¢™ is a preduality dg functor
satisfying proposition 4.2

Proof. 1t is obvious that Fj, satisfy property 1 and 2 of proposition 4.2. We
therefore only need to show that

o (6"
RN o o) LI CIONG

is the identity. This composition is the same as

Pn)F CHATINIS
[n] [n]F[n] [

[n]F FFn)F = F[-n][n]Fn]F

[n]F((afty ) ™)
Ty

[R)FF[-n|[n)F = ) FFF 259 e
We will denote this composition by ®. We first need to show that

(b[n]F

[n]F

FF[n|F
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commutes. Note that
Flag") = (*1)n(n+1)/2 'F(EF—TL]FF) © FF(E[:L?F)
and
(@) pp = (=1)"0 72 S pp 0 F(SER)
S0
(@")gp o Flap") = Xhpp o FEXR)

Also note that the square

¢[n]F
EF FF(E[;?F)

commutes by naturality of ¢. Hence

(@")pr 0 F(ap") 0 $pujp = Shpp 0 FF(S115) © dpajr

=XEprodr oY, p
= [n](¢r)
and 4.3 commutes. Therefore ® can be written as
[n]F(¢) o Bo[n](¢r)
Where 3 : [n|FFF — [n]FFF is given by
8= [nF((efyr) ") o (afuyppr) " 0 Flap™) ™ o alp
We also have that
[n]F(¢) o [n](¢r) = [n|(F($) 0 ¢F) = 1k

since F' is a preduality functor. We therefore only need to show that 5 = 1.
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Consider the diagram

[WFFF — = [p]FF[-n][n]F —— []F[n]Fl]F
\ ~
~ ] Fln)[~n]FF
Fl-n]FF — = Fl-n]z] [:mFF _
FF[?ZF L [n;[n]p = [WFWFRF

where the maps are the natural ones. Note that we get 8 if we follow the iso-
morphisms on the boundary of the square counterclockwise around the diagram
starting in the upper left corner. Also note that the two left diagrams and
the right diagram commutes since the maps are natural isomorphisms, while
the upper diagram commutes because of the commutativity of diagram (3.1) in
proposition 3.12. The commutativity of the small diagrams implies that the big
diagram commutes, and hence 8 = 1. Therefore F,, is a preduality functor.

O

Let f: X — FX be a closed morphism. We say that f is (F, ¢)-symmetric
if
f=F(f)oox
and (F, ¢)-antisymmetric if
f==F(f)oox
Proposition 4.4. (2.5 in [7]) Let f : X — FX be a closed morphism.

o If f is an (F, ¢)-antisymmelric morphism then the cone of f has a
([1] o F, ¢*)-symmetric morphism

g : Cone(f) — [1]FCone(f)

Furthermore, if ¢x is a quasi-isomorphism then g is a quasi-isomorphism

o If f is an (F, ¢)-symmetric morphism then the cone of [ has a
([1] o F, ¢*)-antisymmetric morphism

h : Cone(f) — [1]F'Cone(f)

Furthermore, if ¢x is a quasi-isomorphism then g is a quasi-isomorphism
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Proof. We will only show the second part. The first part is similar. So assume we
have a symmetric closed morphism f : X — FX. We then have a commutative
square

X

From lemma 3.4 we get a closed morphism

-1 0 ) B
< 0 ¢X[”> : Cone(f) — Cone(—F(f))

with the identification Cone(f) = FX & X|[1] and Cone(—F(f)) = FX &
(FFX)[1] as graded modules. Also by lemma 3.13 we have an isomorphism

((Oé)_co)[l] (1)> : Cone(—F(f)) — F1(Cone(f))
where Fy(Cone(f)) = Fi(X[1])[1] ® F1 FX as a graded module. We let

-1

g= ( (ax)[1] 0 ) : Cone(f) — Fi(Cone(f))
0 ox[1]

denote the composition of these maps. Then g gives us a commutative diagram

FX —2 . Cone(f) — 2 Xx[1]
—(axH[1] g ox[1]

Fi(w) FyCone(f) i)

Fi(X[1]) FFX 44)

Here v1, wy are the inclusion and projection induced by the cone. We also have
isomorphisms

((exHI) ™ AX[)) = FX
and
Fi((axHI) ™ AFX — FUR(X[1)
So we can write Cone(f) = Fy(X[1]) @ X[1] and FyCone(f) = Fy(X[1]) &
FLF(X[1]). With this identification we get

(! 0 : Cone 1 (Cone
9‘(0 F1<<a;£>[1]>-1o¢x[11>'c (f) = Fa(Conel 1))
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Also it is not hard to see that

O = Fil(ax)) ™" o ox[1]

Thus

-1 0
g= < 0 ¢§([1]> : Cone(f) — Fy(Cone(f))

and we have a commutative diagram

Fi(X[1]) —2—— Cone(f) —— 22— X[1]

-1 g ¢’§([1]
Fi(w) Fi(v)
1(X[1 — FlCone(f) — FlFl(X[l])

(4.5)

where v = v; o ((ax")[1]) ™! and w = w;. Note that

Sr, (x1))
0

¢100ne(f) = ) : Cone(f) — F1 F1Cone(f)

XM]

and

Fi(g) = (Fl(ﬁi}([l]) _01) : F1 FCone(f) — FyCone(f)

where Fy F1Cone(f) = FiFy F1(X[1]) ® F1 F1(X[1]) as a graded module. There-
fore

9= _Fl(g) © (béone(f)

Now assume ¢x is a quasi-isomorphism. Consider the commutative diagram
(4.5). We have that the lower and upper sequence is contained in a distinguished
triangle by lemma 3.8. Hence g is a quasi-iso by corollary 3.18. O

We will also need the following result for later

Lemma 4.5. Assume
¢pa:A— FFA

is an isomorphism. If X is a strictly perfect dg A-module then
ox : X - FFX

18 an tsomorphism.
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Proof. Let C denote the full subcategory of Cqq(A) with objects X such that
¢x is an isomorphism. First observe that A is an object of C. Also since the
diagram

Pny(x)
[1(X) —————— FF[1](X)

Il

ox[1]

(FFX)

commutes we get that if X[1] € C if X € C. Now assume that
0—->Xi —>Xo—>X3—0

is an extension and X7 € C and X3 € C. We then have a commutative diagram

0 X3 Xy X3 0

[ dx, { O, { Ox,

0— S FFX; ——— FFX, FFX; —— 0

where the upper and lower row are exact in C'(A). By the five-lemma we get
that ¢x, is an isomorphism, and hence X2 € C. Therefore C is closed under
extensions. By naturality of ¢ it is easy to see that if X € C and Y is a direct
summand of X then Y € C. Hence C contains strictperf(A), and the result
follows. U

4.3 Derived preduality functors

Let A be a dg algebra with an involution 74. Let V' denote the extension of the
preduality functor given in (4.1), and let V;, = [n]o V. Since V,, is a dg functor it
induces a well defined triangle functor on the homotopy categories also denoted
by

Vit H(A) = H(A)P
We define the total derived functor of V,, to be
DV, =moV,o0p

where p : D(A) — H(A) is the homotopically projective resolution functor in
Theorem 3.25 and 7 : H(A) — D(A) is the projection functor. Note that

DV, : D(A) — D(A)°P
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is a triangle functor. Consider the natural morphism
"1 —=>V,0V,

We want to define a corresponding natural transformation ¢ in D(A) for the
derived functors DV,,. If we let

q:p—1
denote the quasi-isomorphism in Theorem 3.23, then ¢’ is the composition

1 o Vi (avie
1q—)p—p>VnOVnOpMVnopoVnop:DVnoDVn

Lemma 4.6. If f : M — N is a morphism between homotopically projective dg
A-modules. Then

DV,.(f) = Vulf)
Also if X, V,(X) are homotopically projective then
=g
Proof. This follows from the fact that p acts as the identity functor on homo-

topically projective modules. O

4.4 Relations with hom and tensor product

Let A and B be dg algebras with involutions 74 and 7g. Furthermore let
G : A — B be a morphism of dg algebras satisfying

Goty=710G
We want to investigate how the preduality functors on Cgy(A) and Cyy(B) relate.

Lemma 4.7. Let M and N be right dg A modules. We then have a natural
morphism of chain complezes

N ©4 Homu (M, A) L Homu (M, N)
given by
P(n @ f)(m) =n-f(m)
Proof. We have a natural isomorphism
N = Homy(A,N)
given by sending n € N to g, € Hom4 (A, N) defined by
gn(a)=n-a

With this identification we see that 1 is just the composition map, and hence
the result follows. O
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We will denote by * the induced module structure on M when M is a dg
module.

Lemma 4.8. Let M be a right dg A modules and N a left dg A module. There
18 a natural isomorphism

M@A NN M

Im[:|n|

given by sending m @ n to (—1) ‘nQm.
Furthermore, if M has a left dg B-module structure (resp N has a right dg
B-module structure) then the map above induces an isomorphism

M@y g N = N XA M
of right B-modules (resp left B-modules).

Proof. Let the map be denoted by n. We want to check that 7 is well defined.
We have that

nim-a®@n) = (=1)ImFlaDnl @ (m - a) = (=1)ImIFHalnltlaliml y @ 7(0) «m
and
nim®a-n) = (=1)InHaDIml (. n) @ m = (=1)UniFlalImitlalnl L s 7(a) @ m

and hence is well defined. It is easy to see that 7 is a chain map and an
isomorphism in both cases, so the result follows O

Note that the morphism G : A — B makes B into a dg A-module.

Lemma 4.9. Let M and N be right dg A modules. We have a natural isomor-
phism

Homy (M, N) = Homp(M ®4 B,N)
given by sending f € Homa (M, N) to the map
meb— f(m)- b
Proof. This is a straightforward calculation O

The relation G o714 = 75 o GG gives us the following result

Lemma 4.10. There is an isomorphism of bi A-modules
B~B

given by sending b to Tp(b).
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Proof. We denote both the A-module structure of B and the multiplication in
B by -, so

aj - b- as = G(al) -b- G(ag).
where a1 € A, as € A and b € B. We have that

p(ay x b x ag) = (—1)lerlPitlallazltbHazl  7p (G(74(ag)) - b - G(ra(ar)))
= (71)\a1\-\b|+|a1|~|a2|+\b|-\a2\ -18(t8(G(a2)) - b- 8(G(a1)))
= G(a1) - 18(b) - G(az) = a1 - 7(b) - as

and hence 7p is a morphism of A-modules. Since it is obviously an isomorphism
we are done. O

Now consider the tensor product
V(M) ®4 B=Homy(M,A)®4 B

where M is a right dg A-module. From the above lemmas we get a sequence of
maps

Homa (M, A) @4 B= B®4 Homa(M,A) — Homs(M, B)
=~ Homua (M, B) =2 Homp(M ®4 B, B)

This gives us the following result

Lemma 4.11. (2.8 in [7]) We have a natural morphism of right dg B-modules
V(M) ®a B — V(M &4 B)
given by sending f ® by to the map
m® by — (=) g (b)) - f(m) - by
Furthermore, if M is strictly perfect then the map is an isomorphism.

Proof. Denote the map by vys. The first part follows from our discussion above.
For the second part let C denote the full subcategory of C44(A) consisting of
objects M such that vy, is an isomorphism. We want to show that C contains
strictperf(A4). Observe first that v is a morphism between contraviariant dg
functors, i.e

v € Z°(Hom((— ®4 B) o V,V o (— ®4 B)))

By lemma 3.14 we see that C is closed under shifts. Also by a similar argument
as in lemma 4.5 we see that C is closed under extensions and direct summands.
Since C contains A the result follows. O
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Recall that we use the notation M* = Hom4 (M, A). Consider the module

V(M) @4 B®a M*
The composition

V(M) ®4 B®a M* — Homa(M,V(M)®4 B)
>~ Homp(M ®@4 B, V(M) ®4 B) = Homp(M ®4 B,V(M ®4 B))

gives us a morphism
Y :V(M)®aB®a M — Homp(M ®a B, V(M ®4 B))
Let fobj®geV(M)®4B®a M*. We see that

Y(f ®b1 @ g)(m1 ®@b2) = v(f @ (b1 - g(m1) - b2))

where v : V(M) ®4 B — V(M ®4 B) in the map defined in lemma 4.11. This

implies that

P(f @b ® g)(my @ b2)(ma @ bs)
- (,1)(|b1\+Ig|+|m1\+|b2\)-\f\ ~1p(by - g(my) - by) - f(myg) - bs
Now consider the composition

V(M) ®aB®s M* M)V(M) Qa4 B®a M*

~N* @4 B®a V(M)
=V(M)®aB®aM*

We denote this map by
X1:V(M)®@sB®a M- V(M)®sB®a M*
Hence
xi(f®b® g) = (=)l g @ 75 (b) @ f
We also have a map
X2 : Homp(M ®4 B, V(M ®4 B)) - Homp(M ®4 B, V(M ®4 B))
given by
x2(f) =V (f) o due.n
Note that 7 =1 and x3 = 1.

Lemma 4.12. (2.10 in [7]) The morphism 1) commute with x;, i.e

Yox1=x20

(4.6)
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Proof. We first consider the composition 9 o x;. Observe that

Yoxi(f @by ®g) = (=)W (g @ 75(b) @ f)
Applying equation (4.6) we get

Yo xi(f®b1®g)(m1 @ ba)(ma @ bs)

= (_1)\f|~\b1\+\g|~\m1|+\g\‘|bz| c1p(15(b1) - f(m1) - by) - g(ma) - bs

= (=1)" - 75(b2) - 7B(f(m1)) - b1 - g(m2) - b3
where

t =gl Imal + gl - [ba] +[ba] - [b2| + [ba] - [ma] + [ f] - [b2] + |ma] - [bo]

Now consider y2 o 1. We have that

XeoY(f@b1®g)=V(W(f®b ®g))odue.B

Hence

X2 0 Y(f @ b1 ® g)(m1 ® b2)(m2 @ b3)
=V(@W(f @b ®9))(dme,p(mi @ b)) (ms @ bsz)
= (=1)""¢nme,B(m1 @ b2)(U(f ® by @ g)(mg @ b3))

where sy = |[my| - [f| + [ma] - [br] + [ma| - |g| + [ba] - [f| + [ba2] - [b2] + [b2] - |g]-
Furthermore

(=1 - duean(mi @ ba)(P(f @ b1 ® g)(ma @ b3))
= (=1)* - 7p(Y(f @ b1 ® g)(ma2 ® bz)(m1 @ b2))

where so = |mq| - |ma| + |mq| - |bs| + |b2| - |ma| + |b2] - |bs|. Also

(—=1)*2 - 75 (¥(f ® by @ g)(ma @ bs)(m1 @ by))
(=1)% - 7mB(tB(b1 - g(m2) - b3) - f(m1) - b2)

where s3 = s3 + | f| - |b1] + |f] - 9] + | ] - [me| + | f] - |bs]. Finally

(=1)* - 15(tp(b1 - g(m2) - b3) - f(ma1) - b2)
= (=1)" - 7p(ba) - TB(f(m1)) - b1 - g(my) - b

and the result follows. O

In proposition 4.3 we showed that Vj, = [k] o V' is a preduality functor. We
want to find a version of lemma 4.12 with V' replaced by V. First observe that
we have a morphism

V(M) ®4 B®a M* = (V(M)®a B®a M*)[k]

Y, Somp(M @4 B, V(M ©4 B))[k] = Homp(M @4 B, Vi(M @4 B))
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which we denote by 1*. We also have a map
X5 : Homp(M @4 B, Vi (M ®4 B)) = Homp(M ®4 B, Vi(M @4 B))
given by
5(5y o f)=Vi(Zy o f)ody
X2\ &V (M®4B) E\&V(M®aB) M®aB

We want to find a map x§ on Vy (M) ®4 B ®4 M* such that lemma 4.12 holds
for 1%, x5 and x¥. A natural candidate is the composition

Vi(M)®@4 B®a M* = (V(M)®4 B®a M")[K]

X V(MY ©4 B®a M*)[K] 2 Vi(M) @4 B®a M*

We denote this by x}*. Explicitely it is given by
YEER () @b g) = (—1) I sk () @ 75(b) ® f
By lemma 4.12 we have that
PP ox =g oyt
where x4 is the composition

Homp(M ®4 B, Vi(M @4 B)) = Homp(M ©4 B, V(M @4 B))[k]

2, g omp(M @4 B, V(M ®4 B))[K = Homp(M 4 B, V(M ©4 B))

Explicitely x¥ is given by
X5 (EV(mean) © F) = ZVimean) © V() o ¢Me.B
We compare this to x5(3y, e, ) 0 f) = Vi(EV (e, m) © f) © Phre .5 Recall

that ¢}/ 5 is the composition

k
PM®@ 4B (v (Mo 4 B) K]

—1
M®s B ——=VV(M ®4 B) Vi o Vis(M @4 B)
(see 4.2), where

(71)]@(}671)/2

k —1 k —k
(W moamw) = Evwvmeanir) ©VEv(ve. )

We also have that

Vk(zl\c/(M(g)AB) of)= (—1)k'(‘f|+k) : E@(M(X)AB) © V(Zlé(M@AB) of)o E\?ka(MeaAB)

k k k —k
= (=1)" XV me.n) o V() o VEV (e .p) © Xy, v (Meas)
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This implies that

XS(EI\C/(M@)AB) o f)
= Vk(£€/(M®AB) of)o ¢IX4®AB
= (D)8 s am 0 V) 0 VSV (rsam) © V(ST (s myk) © PMoan
= (—D)FEDESE ey o V) 0 dmeas
= (—1)FE-D/2 'Xlgk(zlxv/(M@)AB) o f)
We therefore define x% = (—1)F(k=1/2. y/k 5o

SR () @b @ g) = (—1)VIHIHIHgIHPHgIHRR=1/2 53k () @ 75(b) @ f
This gives us the following result
Proposition 4.13. Let )% be the composition

V(M) ®4 B®@a M* = (V(M) ®a B®a M")[k]

B, Homp(M @4 B, V(M ©4 B))[k] = Homp(M @4 B, Vs(M ©4 B))
where 1 is given in (4.6). Also let

XY V(M) @4 B®@ag M* = Vi(M)®4 B®a M*

and

X5 Homp(M @4 B, Vi (M ®4 B)) — Homp(M @4 B, V(M ©4 B))
be given by

XEF(f) @b @ g) = (=) TglHbHgl+R(E=D/2 U5k () @ 75(b) @ f
and

Xlzc(zlxﬁf(Me@AB) of)= Vk(El‘c/(M(@AB) of)o ¢IJ€\4®AB

Then % commutes with x¥, i.e

Y oxt =xboyF



5. THE N-CALABI-YAU COMPLETION

Consider the dg algebra
A® =A@y AP
where A is a dg algebra. The multiplicative structure on A€ is given by
(a1 @ by) - (ag @ by) = (=1)192101l (a1 - ag) @ (by * by)
where * is multiplication in A°P. The chain map
T: AR AP - AP @, A
given by
rla®b) = (=Dl pgq
will be an involution on A°. Note that A is a right dg A°-module via the action
a- (a1 @ ag) = (—1)lezllaltlazllal g, g gy

We say that A is homologically smooth if it is a perfect dg A¢ module. If A is
an ordinary algebra then A is homologically smooth if and only if A has finite
projective dimension as an A°-module.

In this chapter we will define the n-Calabi-Yau-completion B of a homologi-
cally smooth finite dimensional algebra. We will show that B is a homologically
smooth dg algebra and that B is quasi-isomorphic to DV;,(B), where V,, = [n]oV
and V is the preduality functor on B¢ induces from the involution. This will
imply that the full subcategory Dq(B¢) of D(B°) is n-Calabi-Yau. In the last
subsection we show that the preprojective algebra P (Q) is quasi-isomorphic to
the 2-Calabi-Yau completion of the path algebra kQ.

5.1 Statement of the main result
Let A be a homologically smooth dg algebra over the field k. Let

V i Cag(A®) = Caq(A°)°P

be the preduality functor induces from the involution on A¢. We define the
inverse dualizing complex of A to be

©4=poDV(A)
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where DV is the derived functor of V' and p is the homotopically projective
resolution functor in Theorem 3.25. Note that © 4 is well defined up to homotopy
equivalence. Now let n be an integer and

9A = @A[n - 1]
The n-Calabi- Yau completion of A is the tensor dg algebra
B=Ts(04)=AP04sD(04®@4064) ...

with differential acting componentwise on B. Note that B is well defined up
to homotopy equivalence. We can consider A as a dg algebra concentrated in
degree 0. With this identification we get a natural morphism of dg algebras

F:A—B
Recall that
¢ :1— DV, 0DV,
denote the induced natural transformation on D(B¢) defined in subsection 4.3.

Theorem 5.1. (Theorem 4.8 in [7]) Let A be a homologically smooth finite di-
mensional algebra, and let B be the n-Calabi- Yau completion of A. Then B is
homologically smooth and we have an isomorphism in D(B¢)

f: B — DV,(B)
satisfying

f=DV,(f)o ¢

Recall that Dyq(B) is the subcategory of D(B) consisting of modules with
finite dimension in homology. One of the main reasons why Theorem 5.1 is
important is due to the following result.

Theorem 5.2. (Lemma 3.4 in [7]) Assume B is a homologically smooth dg
algebra over the field k. For any dg module L and any dg module M in Dq(B),
there is a canonical isomorphism

Hompp) (L ®p O, M) = Homy (Homppy(M, L), k)

In particular if © g is isomorphic to B[—n] in D(B¢), then Dyq(B) is n-Calabi-
Yau as a triangulated category.

Note that © 5 = DV,,(B)[—n|. Hence if B is the n-Calabi-Yau completion
of some finite dimensional homologically smooth algebra A, then Dq(B) is
n-Calabi-Yau.



5. The n-Calabi-Yau completion 72

5.2 Proof of the main result

In this section we want to give a proof of Theorem 5.1. But first we need some
preparation.

Lemma 5.3. Let C be a dg A-bimodule. Let
TA(C)=AeCa(C®aC)a

be the tensor algebra. Then Ta(C) is a dg algebra and we have an exact sequence
of right dg TA(C)¢ modules

0= TA(C)®aC®aTa(C) =Y TA(C)®a Ta(C) LY TA(C)—0

where a(b@x®c) =b@ (x-¢) — (b-z) ®c and m(b® c¢) = b- ¢ are morphism
of dg Ta(C)c-modules.

Proof. Tt is obvious that T4 (C) is a dg algebra and that o and m are morphism
of dg A°-modules. For exactness observe that we have a map

$:Ta(C) = Ta(C) ®a Ta(C)
given by
s(h)y=b®1
Note that s is a right inverse for m, i.e
mos=1
We also have a map
t:TA(C) @4 Ta(C) = Ta(C)®a C®4Ta(C)

given by

t((bl X...Q bk) & (Cl ®...Q Cl))
=01 ®..0b)R®(2®.0¢)+(11®..QK )X (c3®...Q¢)
++((b1®®bk®01 ®...®cl,1)®cl®l

It is easy to see that
toa=1
and
aot+som=1

Hence the result follows. O
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We will now assume A is a finite dimensional homologically smooth algebra.

Lemma 5.4. We have a projective resolution of A
0P, —..>FPh—>A—0
of finite dimensional A®-bimodules such that Py = A°.
Proof. We have an A°-bimodule epimorphism
Ac A

given by m(a; ® az) = aj - ag. Observe that Ker(m) has finite projective dimen-
sion since A has finite projective dimension. Picking a projective resolution of
Ker(m) and append A€ to the end gives us the required projective resolution
for A. O

Now pick a projective resolution P = P, — ... = Py of A as in lemma 5.4.
Consider the dg A°-module

DV(A) = Hom g (P7 Ae) = Hom 4e (.P()7 Ae) — ... — Hom 4e (Pk7 Ae)

Since Hom 4. (P;, A¢) is projective for ¢ = 0, ...,k we get that Hom e (P, A°) is
homotopically projective. Hence

O4 =po DV(A) = Homy.(P, A¢)
This implies that
04 =Oa[n — 1] = Hompe (Py, A®) — ... — Hom ge (P, A°)

concentrated in degrees —n + 1, —n + 2,..,—n + 1 + k. Note that 04 is strictly
perfect since it is a bounded complex of finite dimensional projectives. Let
B =Tx(64) be the n-Calabi-Yau completion of A. Lemma 5.3 tells us that we
have an exact sequence

0> BR404®4B5B®4B"% B—0 (5.1)

We want to show that B is homologically smooth, but first we need some prepa-
ration. Note that the dg algebra morphism F' : A — B gives us a dg algebra
morphism

Fe: A° — B°
given by
Fe(a1 & ag) = F(al) (9 F(ag)

In this way we can consider B¢ as a dg A°-module.
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Lemma 5.5. Let M be a right dg A° module. We have a natural isomorphism
of dg modules

M &4 B = Boa Mo, B

sending m @ (by @ by) to (—1)lb2llbrl+1b2Iml oy @ m @ b, .
Proof. This is a straightforward calculation O

Lemma 5.5 tells us that
B®404®aB=04 R4 B°
and
B®s B> ARye B°
With this identification we see that the morphism « is given by
a(z @ (b @by)) = (@ by) @ by — (—1)0rlFle2D 2l gy & (b, - 22)

Lemma 5.6. Let M and N be respectively projective left and right A-modules.
Then M ®i N is a projective A®-module.

Proof. There exists positive integers m, and ms such that M is a direct sum-
mand of A™! and N is a direct summand of A™2. Hence M ®; N is a direct
summand of

Am1 ®k Amz %.; (Ae)ml‘mg
Therefore M ®;, N is a projective A°-module. O

Lemma 5.7. Let M and N be (ordinary) A®-modules. Assume that M and N
are projective as left and as right A-modules. Then

M®a N

is projective as a left and as a right A-module.

Proof. Let X and Y be right A-modules, and let f: M@ N - Y andg: X —
Y be morphisms of right A-modules. Furthermore assume that g is surjective.
We want to show that f factors through g. Let

nx : Homa(M ®4 N, X) = Hom4 (M, Hom (N, X))

and

ny : Homa(M ®4 N,Y) = Homu (M, Homu (N, Y))
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denote the hom-tensor adjunctions, where the elements in the hom sets are
morphisms of right modules. Consider the diagram

Hom 4 (N, X)

h go—

M ——— Homu(N,Y
ny (f) oma( )

Since N is projective the map
go—:Homuy(N,X)— Homyu(N,Y)

is surjective. Therefore since M is projective there exists a morphism A making
the diagram commute. This implies that the diagram

X

|
)

M®AN—>f Y

commutes, and hence M ® 4 N is a projective right A-module. A similar argu-
ment shows that M ®4 N is a projective left A-module. O

Lemma 5.8. Let M be a projective A°-module. Then M is a projective right
A-module and a projective left A-module.

Proof. There exists a positive integer m such that M is a direct summand of
(A°)™. Furthermore there exists bijections

riAC S A
and
I:A° = Al
given by
r((k1-e1+ ...+ kqg-eq) ®@b) = (k1 -b,ka-b,....;kq - D)
and

lla® (k1 -e1+...+kqg-eq) =(k1-a,ka-a,...kq-a)

where d is the dimension of A, k; € k for i = 1,...,d, and a,b € A. Using these
bijections we see that M is a direct summand of A%™ as a right module and as
a left module. The result follows. O
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Lemma 5.9. B¢ is a homotopically projective A°-module.

Proof. From lemma 5.8 we know that 64 is a bounded complex of projective
right and projective left A-modules. Hence

04 R4 ...0404

is a bounded complex of projective right and projective left A-modules by lemma
5.7. Lemma 5.6 implies that

(A R4 ...0404) R (04 R4 ...0404)

is a bounded complex of projective A°-modules, and is therefore homotopically
projective. Since B¢ is a sum of such terms we get that it is homotopically
projective. O

Lemma 5.10. 04 ® 4. B¢ is a strictly perfect dg module and A ® 4« B® is a
perfect dg module.

Proof. Since 0 4 is a strictly perfect dg A°-module and — ® 4. B€ is a dg functor
taking A€ to B¢ we get that 04 ® 4. B€ is a strictly perfect B¢-module (see 3.9).

For the the second part note that A is a perfect dg A°-modules. Hence it
is enough to show that the functor — ® 4« B¢ takes perfect modules to perfect
modules. First observe that B¢ is homotopically projective, so —® 4 B¢ induces
a well defined triangle functor

— @4¢ B®: D(A°) — D(B°)

Consider the full subcategory C of D(A€) consisting of objects M such that
M ®4e B¢ is perfect. This is a triangulated category since — ® 4 B¢ is a
triangle functor. It is also obviously closed under direct summands and contains
the object A¢ since A¢ ® g4« B¢ = B¢ is perfect. Hence C contains perf(A), and
we are done. O

Corollary 5.11. B is a homologically smooth dg algebra

Proof. We need to show that B is a perfect B®-module. The exact sequence
given in 5.1 implies that we have a quasi-isomorphism

Cone(a) ~ B

Since « is a morphism between perfect modules we have that Cone(«) is perfect.
Therefore B is a perfect, and we are done. O

Now consider the dg module V,,_1(64). This is given by

Vn_l(e,q) = Hom 4 (HomAc (Pk,Ae), Ae) — ... — Hom ge (HomAc (Po, Ae),Ae)
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concentrated in degrees —k,...,0. Since P; is projective we have an isomorphism
of A°-modules

P; = Hom 4« (Hom 4 (P;, A¢), A°)
This induces an isomorphism
Vi1(04) =2 P
where
P=PFP.,—..—F
Since P is a projective resolution of A we get a quasi-isomorphism
piVa-1(0a) > A (5.2)
This induces a quasi-isomorphism
Vi_1(04) ®ac B 2245 A@ e B

where we use the fact that B¢ is homotopically projective. Furthermore the
map

V(04) ®ac B — V(04 @ac B)

in lemma 4.11 is an isomorphism since 6 4 is strictly perfect. We therefore have
an isomorphism

L Vn_l(HA) ® 4 B¢ i) Vn_1(9,4 R Ae Be)

Hence we have a diagram

04 Rqe B LA@)AQ Be
p®1
= anl(eA) ®4e B¢

anl

04 @4 B° » Vn—1(04 ® 4c B°) (5.3)

Note that ¢, 4. Be is an isomorphism since 04 ® 4. B€ is strictly perfect. The
idea for the remaining part of the proof is the following. We want to find a
morphism o which is antisymmetric and makes (5.3) commute in D(B€). From
proposition 4.4 we will then get a V;, symmetric quasi-isomorphism Cone(a/) —
V,.(Cone(a)). Using the commutativity of (5.3) and the fact that Cone(a’) is
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quasi-isomorphic to B we then finally construct the morphism f in Theorem
5.1.
In order to construct the morphism o we consider the commutative diagram

Hompe (9A ® ae B€, anl(a,q X Ae Be))

n—1
v prlo—
Vn_l(ﬁA) ®pe B ® ge 02 Hom ge (9A ®ae BC, Vn_l(QA) X Ae Be)
B (p©1)o—

HOmBe (eA X Ae .Be7 A X Ae Be)

(5.4)
The horisontal morphism is the composition of the maps given in lemma 4.7
and lemma 4.9. The vertical morphisms are induced from the morphisms

L Vin—1(04) @ 4e B¢ = V,_1(04 ®4c B®)
and
pR1: Vn_l(ﬂA) R pe B¢ — A ® e B
The diagonal morphisms are the composition of the horisontal and the vertical
morphisms.
Recall from proposition 4.13 that we can talk about antisymmetric elements

in V,,_1(04) ®ac B¢ @4 0% (i.e elements x satisfying x} ' (z) = —x), and that
the morphism

Vn—l(HA) ®pe B¢ ® ge 02 111—_) HOInBe(eA ®ae B®, Vn_l(QA & Ae Be))

takes antisymmetric elements to antisymmetric morphisms. Hence it is enough
to find a antisymmetric element that maps to « under the morphism

n—1
Vio1(04) ®ac B® ®4c 0% —— Hompe (04 @ 4c B®, A @ 4c B)

in diagram 5.4.
At the end of 4.8 in [7] Keller claims that the element id ® ¢ maps to the
morphism

zT—=r®1
and its transpose conjugate x; ' (id ® c) maps to the morphism

r—>1®x
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under "1 where ¢ € 04 ® e 0% is the Casimir element (i.e the preimage of
1 € Homae(04,04) under the morphism in lemma 4.7), and where we use the
identification

HOmBe(eA X Ae B€7A®Ae Be) = HOmBe(eA,A X Ae Be)

It is then easy to see that the antisymmetric element id ® ¢ — ' (id ® ¢) maps

to o/. Unfortunately, due to time limits we haven’t been able to verify that this
is true.

Now assuming the existence of such a morphism o', we get a V,-symmetric
quasi-isomorphism

f : Cone(a) = V,,(Cone(c))

from proposition 4.4. Note that V;,_1(04 ®4. B¢) is strictly perfect since
04 ®4e B¢ is strictly perfect. Hence Cone(a’) is strictly perfect, and there-
fore V,,(Cone(a’)) is also strictly perfect. Since strictly perfect modules are
homotopically projective (lemma 3.22), f must be a quasi-isomorphism

f : Cone(a’) — DV,,(Cone(a'))
satisfying
f=DVi(f) © dCone(ar
by lemma 4.6. Theorem 5.1 follows from the quasi-isomorphism

B ~ Cone(a)

5.3 Relation to the preprojective algebra of a quiver

Let @ be a finite quiver without cycles. Let kQ have a right kQ°¢ = kQ ®; kQ°P
module structure given by

- (y®z)=z-1-y

We want to consider the 2-Calabi-Yau completion ITs (k@) of kQ. In order for the
results in the previous section to hold we need to show that k@ is homologically
smooth. For this we will use the exact sequence in lemma 2.10 with M = kQ

Lemma 5.12. We have a projective resolution of right kQ°¢ = kQ ®p kQ°P
modules

0= P kQera ®k k@ 25 @D kQe; @1 eikQ S kQ — 0
a€Qn 1€Qo

where 0,€ and ( is the same as in lemma 2.10. In particular, kQ is homologically
smooth.
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Proof. We have already shown that the sequence is exact. Also kQe; ® e;kQ
has a canonical right Q¢ module structure given by

(mon)(zr®y)=y-men-x

for x @y € kQ° and m @ n € kQe; ® e;kQ. With this structure it is easy to
see that ¢ and 0 — € are morphisms of kQ° modules. It therefore only remain
to show that

@ erta Rk esak

a€Q1

and

P *Qe: @4 k@
1€Q0o

are projective kQ¢ modules, and for this it is sufficient to show that kQe; ®e;kQ
is a projective kQ° module for i, 5 € 9. Now we have an epimorphism

P kQ — kQe; ®p e;kQ
given by p(z ® y) =y - e; ® e; - . We also have a natural inclusion map
i kQe; @ e;kQ — kQ @ kQP = kQ°
given by
i(r®y)=(y®)

and the composition poi is the identity map on kQe;®e;kQ. Hence kQe;®e;kQ
is a direct summand of kQ°¢, and is therefore projective. O

Recall that we have an isomorphism
Pr(Q) = Trq(0)

where 6 = EXt}CQ(D(k)Q)7 kQ) and Py (Q) is the preprojective algebra. We now
assume that the underlying graph of @ is not Dynkin. Our main goal is to show
that we have a quasi-isomorphism of dg algebras

Pr(Q) — T2 (kQ)

where we consider P (Q) as a dg algebra concentrated in degree 0.
Consider the projective resolution of D(kQ) in lemma 2.10 given by

0= P kQera ®1 esa D(kQ) L= @D kQei @1, e:D(kQ) > D(KQ) — 0
acQ@ 1€Q0
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Since D(kQ) is a kQ-bimodule we get that
P kQera @x esaD(KQ)
acQq
and
P kQe; @ e:D(kQ)
1€Qo

are k@Q-bimodules, and therefore also left kQ°-modules. It is easy to see that ¢
and 0 — € will be morphisms of left Q¢ modules. Applying Homyq(—, kQ) we
get the complex

—o(0—e
Homg (@D kQe; @1 e;D(kQ), kQ) —=% Homug( D) kQesa ®1 esa D(KQ), kQ)
1€Qo acQq
of right kQ°-modules. We denote this complex by C’. Note that
H°(C") = Homyq(D(kQ), kQ) = 0

since there are no morphisms from injectives to projectives when @ is non-
Dynkin. Also note that

H'(C") = Extjq(D(kQrq). kQ)
Hence we get a quasi isomorphism
s : C = Exto(D(kQrq), kQ)

where C' = C'[1]. We want to show that this lifts to a quasi-isomorphism of dg
algebras

S TkQ(C) — TkQ(EXt}CQ(D(kaQ>7 kQ))

Lemma 5.13. Let X and Y be a finite dimensional left kQ modules. We then
have a natural map

n : Hompq (X, kQ) ®rg Y — Homyo(X,Y)
gwen by n(f @ y)(z) = f(z)-y. If X is projective then n is an isomorphism.

Proof. Tt is easy to see that 7 is well defined and natural. Also if X = kQ then
7 is just the identity map on Y. Naturality of  makes it into an isomorphism
when X is a sum of direct summands of k@, and hence 7 is an isomorphism
when X is projective. O

Lemma 5.14. Let § = ExtiQ (D(kQrq), kQ) and let n a positive integer. Then
the map

5P5R5R.05:C®rC Ak ... kg C = 0 Q1o 0 Qg ... AQrg 0

18 a quasi isomorphism, where the tensor product is taken n times.
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Proof. We show this by induction on n. The result is obviously true for n = 1,
so we assume that it holds for n — 1. Note that we have the identity

SRSPSR.Qs=(50101®..01)0(1®s®SR...®s)

Also, C is homotopically projective since it is a bounded complex with projec-
tive components. So tensoring with C' preserves quasi isomorphisms, and in
particular we have that

1®S®S®...®s:C®kQC®kQ...®kQC—>C®kQ9®kQ....®kQ9

is a quasi isomorphism by the induction step. Hence it only remains to show
that

S®1M:C®kQM—>9®kQM

is a quasi isomorphism, where M = 0®yq....Qrg0. The chain complex C®rqo M
is given by

= 0 — Homypg (Po, kQ) @ro M %Y Homyg (P1, kQ) @ro M — 0...

concentrated in degree —1 and 0, where
Py = P kQe; @1 e;D(kQ)
1€Qo
and
Pl = @ erta R esaD(kQ)
ac@Qq

and f = 0 — e. Since tensor product is right exact we get that
coker((—o f)®@1) =0 Qo M

80 s® 1,y is still an isomorphism in homology in degree 0. Hence it only remains
to show that the map (— o f) ® 1 is mono. Note that we have the following
commutative diagram

(—of)®1
Hoka(PO, kQ) Qg M ——— Hoka(Pl, kQ) kg M
— 0 f
HOka (]307 M) HOka (Pl, M)

where the vertical maps are the isomorphisms in lemma 5.13. Note also that
the kernel of the map

— 0 f : HOka(Po,M) — HOka(Pl,M)

is Homyq(D(kQ), M). Now we have that Homyq(D(kQ), M) = 0 since M =
O ®kq -..- @ 0 is preprojective, @ is non-Dynkin, and D(kQ) is injective. Hence
— o f is mono, and the result follows. O
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Lemma 5.14 implies that we have a natural quasi isomorphism

s: Th(C) = Pr(Q)
of dg algebras. Consider the resolution of kQ)
0= P kQera ®k esak@ 25 @D kQe; @1 ikQ S kQ — 0
a€Q1 1€Qo

of projective right £Q° modules given in lemma 5.12. Applying Homyg- (—, kQ°)

to it we get a complex of left kQ° modules ©’ given by

—o(0—e

Hokae(@ eri ®k eikQ, er) # Hokae( @ erta ®k esakQ, er)
1€Qo acQ1

in degree 0 and 1, and with 0 in all other components. Now let © = ©’[1] (see
4.1). Since © is homotopically projective we have that

> (kQ) = Tko(O)
Hence it only remains to show that © is isomorphic to C
Lemma 5.15. There is an isomorphism C = © of right kQ°¢ chain complexes

Proof. Let e; and e; be two idempotents of k(@) correspond to vertex ¢ and j.
We have a natural isomorphism

Homyg- (kQe; ®5 ejkQ, kQ ®, kQ) = Homyge (kQe; ®y, ejkQ, Homy (D(kQ), kQ))
by lemma 2.4. Now the hom-tensor adjunction gives us an isomorphism
Homyg- (kQe; ® e;kQ, Homy (D (kQ), kQ)) = Hompg (kQe; ® e;kQ Qrg D(kQ), kQ)
We also have that
kQe; @1 e;kQ @rq D(kQ) = kQe; ®y e;D(kQ)
Putting all these isomorphisms together we get
Homyg- (kQe; @y ;kQ, kQ @y, kQ) = Homyg (kQe; R ;D(kQ), kQ)

This induces isomorphisms

Homyqe (P kQera @k €:akQ, Q%) 2= Hompo( @D kQern @1 esa D(kQ), kQ)

ac@q a€Q1
and
Homyq- (€D kQe; @ :kQ, kQ°) = Homyq (€D kQe; @1 e:D(kQ), kQ)
1€Qo 1€Q0

This gives us a isomorphism of C' and © as graded modules. It is also not hard
to see that this map commutes with the differential, and hence C' and © are
isomorphic as chain complexes. O
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Putting all this together gives us the following result.

Theorem 5.16. We have a quasi-isomorphism

I (kQ) — Pr(Q)
of dg algebras

There is a well-known result (see 3.10 in [9]) stating that a quasi-isomorphism
f:A— B
of dg algebras A and B induces an equivalence
LF: D(A) — D(B)
where ILF is the left derived functor of the induction functor
F=—-—®4B:HA— HB

This means that LF' = F op, where p is the homotopically projective resolution
functor in Theorem 3.25. If we apply this to the case A =115 (kQ), B = Px(Q)
and f is the quasi-isomorphism in Theorem 5.16, we get the following result

Theorem 5.17. We have an equivalence of categories

D(2(kQ)) = D(P(Q))

This restricts to an equivalence

Dya(lla(kQ)) = D5a(Pr(Q))

In particular the category Dyq(Pr(Q)) is 2-Calabi- Yau.



1]

2]

[3]

BIBLIOGRAPHY

M. Auslander, I.Reiten and S. Smal Representation Theory of Artin Alge-
bras, Cambridge Studies in Advanced Mathematics, Cambridge University
Press, 1997.

G. M. Bergman and W, Dicks Universal derivations and universal ring
constructions, Pacific J. Math .79 (1978), 293-337

W. Crawley-Boevey Preprojective algebras, differential operators and a
Conze embedding for deformations of Kleinian singularities, Comment.

Math. Helv., 74 (1999), 548-574

C. Geiss, B. Leclerc and J. Schrer Preprojective algebras and cluster al-
gebras, Trends in Representation Theory of Algebras and Related Topics,
EMS Ser. Congr. Rep., Eur. Math. Soc., Zurich (2008), 253283.

S.I.Gelfand and YU.I.Manin. Methods of Homological Algebra, 2nd ed.
Springer (2003)

B. Keller Calabi- Yau triangulated categories, Trends in Representation The-
ory of Algebras and Related Topics, EMS Ser. Congr. Rep., Eur. Math.
Soc., Zurich, (2008), pp. 467489.

B. Keller Deformed Calabi- Yau Completions, arXiv:0908.3499

B. Keller Deriving DG categories, Ann. Scient. Ec. Norm. Sup. 27 (1994),
63 - 102

B. Keller On differential graded categories, arXiv:math/0601185v5

B. Keller On the construction of triangle equivalences, Lecture Notes in
Mathematics, volume 1685, Springer Berlin Heidelberg

M. Kontsevich and Y. Soibelman Stability structures, Donaldson-Thomas
imwvariants and cluster transformations, arXiv:0811.2435.

P. B. Kronheimer The construction of ALE spaces as hyper-Khler quotients,
Jour. Diff. Geom. 29 (1989) 665-683

G. Lusztig Quivers, perverse sheaves, and quantized enveloping algebras, J.
Amer. Math. Soc. 4 (1991), 365-421



Bibliography 86

[14] G. Lusztig Affine quivers and canonical bases, Publ. Math. IHES 76 (1992),
111-163

[15] G. Lusztig Introduction to Quantum groups, Birkhuser Progress Math.
(1993)

[16] Ib Madsen and J. Tornehave. From Calculus to Cohomology, Cambridge
University Press (1997)

[17] C. M. Ringel The preprojective algebra of a quiver, Canadian Mathematical
Society, Conference Proceedings, Volume 24, 1998

[18] E. Segal The Ay deformation theory of a point and the derived categories
of local CalabiYaus, J. Algebra 320 (2008), no. 8, 32323268

[19] A, Takahashi On derived preprojective algebras for smooth algebraic vari-
eties, preprint, February 2008



	Introduction
	Purpose and motivation
	Contents
	Notation and terminology

	The preprojective algebra of a quiver
	Derivations
	Standard projective resolutions
	The main result
	Applications

	Dg algebras and triangulated categories
	Definitions and examples
	Dg modules
	Shifts and cones
	Hom of dg modules
	Tensor product of dg modules
	Differential graded categories
	The dg category of dg modules
	Triangulated categories
	Homotopy categories
	Derived categories

	Preduality functors
	Extending involutions to preduality functors
	Properties of dg preduality functors
	Derived preduality functors
	Relations with hom and tensor product

	The n-Calabi-Yau completion
	Statement of the main result
	Proof of the main result
	Relation to the preprojective algebra of a quiver


