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Abstract—This paper presents a study focused on a newly
developed procedure for wave spectrum estimation using wave-
induced motion recordings from a ship. The particular procedure
stands out from other existing, similar ship motion-based pro-
cedures by its computational efficiency and - at the same time
- providing accurate estimates of the on-site wave conditions.
In the paper, the procedure is applied to full-scale experimental
data obtained from dedicated sea trial runs. The results show
favorable agreement with corresponding wave spectrum estimates
by a directional wave buoy.

Index Terms—Wave spectrum estimation, ship motions, spec-
tral residual calculation, full-scale experimental data

I. INTRODUCTION

High levels of safety and fuel efficiency are fundamental and
strived for in all types of ship operations at sea. Notably, it will
be essential to have reliable performance evaluations of safety
and fuel efficiency levels - in real-time and at the exact point
of operation - when the autonomous ship starts to navigate the
world’s oceans in a (not so...) distant future; pointing out that
human gut-feeling to secure safety and efficiency has been
taken out of the loop. The governing factor influencing, or
compromising, the achievement of safe and efficient operations
is the wave-induced loads on the particular vessel. As a
consequence, it is fundamentally important to possess real-
time knowledge about the existing wave conditions at the
very location of the ship or marine vessel. Having this sort
of information available allows not only an evaluation of the
past and current safety and fuel performance levels but the
information can also be applied as input to decision support
systems which aid to increasing the future levels. It is thus
a crucial and relevant engineering task to be able to estimate
the on-site sea state, usually represented by the wave energy
spectrum, since it is the fundamental input regardless if the
concern is on evaluation of past conditions or on predictions
of the future performance level of marine operations.

Trustful means for sea state estimation include floating
(classical) wave buoys, which are primary tools used to collect
statistical ocean wave data. However, wave buoys are not prac-
tical for a sailing vessel, since sea state information, in real-
time and at the actual geographical position, is required. On
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the other hand, the analogy between a ship and a floating buoy
naturally suggests to using the ship itself as a kind of wave
buoy [1]–[7]. In this analogy, the overall principle, or problem,
is a matter of fusing together signals of measured wave-
induced responses of the particular vessel with a mathematical
model relating the signals of interest and the actual wave
conditions, i.e. the wave energy spectrum. It is noteworthy
that this study uses motion components (heave, roll, pitch) as
input to the estimation algorithm, but it is possible also to use,
e.g., the wave-induced (vertical) bending moment amidships
[8] if measurements and the corresponding transfer function
are available.

In the past, several successful studies on the wave buoy
analogy have been conducted, and it has been concluded [9]
that different procedures can be applied. Nonetheless, the
underlying computational/mathematical methods have been
found to suffer in many cases of being too slow or inefficient
(although being fairly accurate). Recently, however, a novel
procedure has been developed by Brodtkorb et al. [?] and
Nielsen et al. [10], where the former study considers station-
kept, dynamically positioned ships exclusively, while the latter
[10] focuses on ships with a non-zero forward speed, and
to some extent represents a generalisation of the former.
Regardless of forward speed, the procedure relies on a brute-
force, residual calculation formulated in the frequency domain
through spectral analysis and, indeed, this solution-strategy
is what makes the particular procedure computationally very
efficient with computational times in the order of a few
seconds.

This paper is a direct continuation of the previous work
[10] addressing sea state estimation from ships advancing in
the seaway. The original work [10] was focused on compre-
hensively testings and evaluations of the estimation algorithm
using numerical simulations of motion measurements, while
testings with full-scale experimental data were made on only
a few cases. In the present paper, the method is tested on
additional sets of full-scale motion recordings obtained during
sea trials with a research vessel. The performance of the
estimation algorithm is evaluated by comparing the produced
wave spectrum estimates with corresponding spectrum mea-
surements from a wave buoy deployed for the special purpose.
The paper has its main focus on the results, Sections III



and IV, obtained from the experimental data, and in the
following section the estimation procedure is briefly presented;
introducing only the fundamentals as the details are given in
[10].

II. METHODOLOGY AND ESTIMATION PROCEDURE

It is a general characteristic of the wave buoy analogy that it
relates the measured signals of wave-induced responses with
the exciting unknown wave spectrum through a mathematical
model that couples the two parts using theoretically calculated
transfer functions. Thus, in a short-crested, stationary seaway,
the governing equation reads,

Rij(ωe) =

∫
Xi(ωe, µ+ χ)Xj(ωe, µ+ χ)Se(ωe, µ)dµ (1)

where Rij(ωe) is the complex-valued cross spectrum for a pair
(i, j) taken among, say, the heave (z), roll (φ), and pitch (θ)
responses i, j = {z, φ, θ}; Xj(. . .) is the complex conjugate
of the (complex-valued) transfer functions in heave, roll and
pitch. Se(ωe, µ) is the directional wave spectrum ordinate
due to waves from direction µ, relative to the mean wave
heading χ, as observed from the advancing ship, and ωe is the
encounter frequency. As noted µ represents the direction of the
single waves, and, hence, by integration over all directions, the
mean (absolute) wave direction ϑ can be derived by taking into
account the compass-course of the vessel. The encountered
frequency is related to the absolute frequency ω0 through the
Doppler Shift,

ωe = ω0 − ω2
0ψ, ψ =

U

g
cosχ (2)

where g is the acceleration of gravity and U is vessel speed,
and setting µ = 0 for simplicity. The Doppler Shift imposes an
elementary physical problem but, in practice, this shift implies
that the wave estimation problem is rather ”delicate” to solve
for ships with advance speed; noting that, in the end, the
absolute wave energy spectrum rather than the encountered
wave energy spectrum must be estimated. Several textbooks
introduce the complications involved because of the Doppler
Shift, e.g. [11]–[13], but giving no solution on how to deal with
the problem in practice, when a wave spectrum (or a response
spectrum) shall be transformed from encounter frequency-
domain to absolute frequency-domain; a process that theo-
retically cannot be uniquely solved as it relates one single
encounter frequency to three absolute frequencies in following
seas. On the other hand, an interrelated study by Nielsen [14]
outlines explicitly an elaborate and practical solution strategy
for this problem. The details of the particular work will not be
covered herein, but later additional referencing will be made
to the study [14].

The main (mathematical) task of the wave estimation prob-
lem is to solve Eq. (1) for the unknown wave spectrum. The

actual solution follows from an iterative approach, schemati-
cally written as;

R̃ij(ωe) = Rij(ωe)− R̂ij(ωe) (3a)

Êij(ωe) = Êij(ωe) + hR̃ij(ωe) (3b)

R̂ij(ωe) = Êij(ωe)

∫
Xi(ωe, µ+ χ)Xj(ωe, µ+ χ)ϕ(µ)dµ

(3c)

performed for any pair (i, j) of response signals for the
entire set of considered encounter frequencies. The directional
wave spectrum is taken as the product between a point wave
spectrum Eij(ωe) and a spreading function ϕ(µ), e.g. [11].
The iteration is initiated by setting the estimated response
spectrum and the estimate of the wave spectrum equal to zero;
emphasising that Êij(ωe) is computed for each combination of
signals. As seen, the iteration builds on a residual calculation
(Eq. 3a), where R̂ij(ωe) is an estimate of the measured
(response) cross spectrum Rij(ωe). Subsequently, the residual
R̃ij(ωe) facilitates an update (Eq. 3b) of the wave spectrum
estimate, using a prescribed step size h > 0, and the wave
spectrum is in turn used to estimate the cross spectrum again
(Eq. 3c). This iteration is continued until a threshold is reached
|R̃ij | ≤ ε, for ε > 0.

The iteration scheme (Eqs. 3a-3c) is as mentioned applied
for each signal-combination (i, j) but, although not mentioned
in this paper, it is a fact that the iteration is, on top, conducted
for a discrete set of absolute wave directions specified on the
full circle, ϑ = 0−360 deg. Altogether, the solutions obtained
from Eqs. (3a-3c) are a set of initial brute-force estimates of
the encounter-wave energy spectrum. Therefore, in order to
obtain the one final spectrum estimate, valid in the absolute
domain, some further postprocessing steps are required. The
details of this postprocess are given in [10], and here the basics
should be given only. Basically, the postprocess consists of two
steps: Firstly, a corresponding match of the optimum wave
direction and an associated set of wave spectra (composed by
all signal-combinations) is selected through a minimisation of
a metric based on an energy-variance between the individual
wave spectra. Secondly, for the particular wave direction, the
mean wave spectrum of the set of wave spectra is calculated
and, lastly, this spectrum is transformed [14] to the absolute
(frequency) domain.

In the original work [10] the developed estimation procedure
has been tested intensively (and successfully) using numeri-
cally simulated data, and the method was also applied to a few
full-scale data sets obtained from sea trials. In the remaining
part of the present paper, additional sets of sea trials data
will be used to evaluate the performance of the estimation
procedure.

III. MOTION RECORDINGS FROM SEA TRIALS

Full-scale motion measurements have been recorded during
a test campaign with a smaller research vessel, R/V Gunnerus
owned and operated by the Norwegian University of Science
and Technology. Details of the test campaign and its various



TABLE I: Operational data during runs and standard deviations of
motion measurements.

Power Course SOG STW Heave Roll Pitch
[kW] [deg.] [kts] [kts] [m] [deg.] [deg.]

ID03 2×250 115 10.3 10.0 0.5 2.6 1.2
ID04 2×250 080 10.3 10.3 0.5 3.1 0.8
ID05 2×375 260 11.4 11.3 0.6 3.0 1.0
ID06 2×375 340 11.1 11.1 0.7 1.9 2.0
ID07 2×375 205 10.7 10.7 0.5 2.9 1.2
ID08 2×375 025 11.0 11.7 0.6 3.1 1.6
ID09 2×375 165 10.8 10.8 0.4 2.3 1.2
ID10 2×375 315 11.5 11.5 0.6 2.4 1.8

elements are described by [15] but basically the sea trials
included dynamic positioning tests as well as seakeeping tests.
The present study focuses on a set of seakeeping tests from
which motions measurements were available. The sea trials
were conducted in a restricted ocean area in the Norwegian Sea
outside the fiords of Trondheim, and the seakeeping tests had
run paths as illustrated in Figure 1. Generally, the individual
’straight-line runs’ lasted 20-25 minutes and the runs were all
conducted at constant engine power and at constant (compass)
course, striving to maintain the relative wave heading fixed.
Operational parameters including energy levels, in terms of
standard deviations, of the wave induced motions (heave, roll,
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Fig. 1: Vessel run paths during sea trials; IDs 03-06 at top and IDs
07-10 at bottom with a very short transition time in between all runs.
The (visually) observed wave heading is included in parentheses;
noting that the observed wave direction was nearly the same during
all runs, with waves coming from North North-East.

pitch) are given in Table I. As part of the test campaign, a
free-floating wave buoy [16] was deployed to provide the wave
conditions during the sea trials.

In Section II, it was made clear that the complex-valued
transfer functions are needed for the considered set of mea-
sured motion signals. In this study, use is made of the heave,
roll and pitch motions and, hence, corresponding (wave-ship)
transfer functions have been calculated with a 2D strip theory
code [17].

IV. RESULTS AND DISCUSSIONS

The (final) output of the estimation procedure is a 2D wave
energy spectrum and an associated wave direction, equiva-
lently relative wave heading; where χ = 180 deg. is head sea,
090 deg. and 270 deg. are beam sea approaching on port side
and starboard side, respectively. The results corresponding to
the individual runs, cf. Figure 1, are presented in the plots
in Figures 2 and 3. It is seen that each plot contains the
wave spectrum estimate of the spectral residual calculation
and the corresponding result from the buoy measurements. The
single wave spectrum estimates lead immediately to a set of
integrated wave parameters, and the results are summarised in
Table II for significant wave height Hs, mean wave period T1,
spectral peak period Tp, and mean (absolute and approaching)
wave direction ϑ, with the relative wave heading included in
parenthesis for the ship motion-based results. The formulas
of integrated wave parameters can be found in any textbook
related to ocean engineering and ship dynamics, e.g. [11], [18].

Generally, the plots in Figures 2 and 3 reveal a reason-
able agreement between the spectrum estimates from the
two ’sources’, i.e the ship motions and buoy measurements,
respectively. In this context, it should be kept in mind that,
strictly speaking, there exists no exact, true spectrum; the
spectrum estimate will be but just an estimate, even if the
spectrum originates from a wave buoy. Indeed, this fact should
be remembered when comparing the corresponding sets of
spectrum estimates obtained during the studied sea trial runs;
if not by other reasons, then simply because the buoy and the
ship are never at exactly the same position at any time, as the
buoy is floating at a (nearly) fixed position, whereas the ship is

TABLE II: Wave parameter estimates based on ship motions us-
ing the spectral residual approach (’Ship’), and the corresponding
estimates by a free-floating wave buoy (’Buoy’). Significant wave
height Hs; mean period T1; peak period Tp; mean direction ϑ, with
the estimated wave heading in parenthesis for the ship motion-based
results.

Hs [m] T1 [s] Tp [s] ϑmean [deg.]

Ship Buoy Ship Buoy Ship Buoy Ship Buoy

ID03 2.3 2.2 7.9 7.0 9.3 9.7 345(050) 342
ID04 1.9 2.4 7.6 7.4 10.0 9.9 335(075) 343
ID05 2.1 2.6 9.1 7.2 10.5 9.5 335(255) 346
ID06 3.0 3.1 8.0 4.4 9.7 9.3 350(190) 346
ID07 2.3 2.3 8.9 7.1 10.1 9.6 330(305) 338
ID08 2.3 2.2 9.0 7.2 9.6 9.5 340(135) 342
ID09 2.2 2.1 8.0 7.0 11.8 9.4 335(350) 323
ID10 2.3 2.2 9.0 6.8 9.1 9.3 355(220) 349



advancing in the sea. Nonetheless, the buoy measurements are
used as the base metric and, hence, relative deviations between
the two sets of results can be calculated by studying the
integrated wave parameters derived from the sets of spectra.
Thus, relative deviations ε are computed as

εα =
αship − αbuoy

αbuoy
· 100% (4)

εϑ =
ϑship − ϑbuoy

360 deg.
· 100% (5)

where α should be substituted with the particular wave param-
eter in question. The comparisons of significant wave height
(Hs), wave periods (T1, Tp), and wave direction (ϑ) have been
plotted in Figure 4. The main observation from the plots
is that the energy level, represented by Hs, and the wave
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Fig. 2: Wave spectrum estimates, at absolute frequency scale, in runs
ID03 to ID06 with results based on ship motions, red full line, and
buoy measurements, dashed blue line.

direction can be estimated with the highest accuracy, whereas
the wave periods T1 and Tp, being representative numbers of
the frequency-wise distribution of energy, tend to take (too)
high values. This particular observation is no surprise but
rather it is a consequence of the filtering characteristic of
a vessel in waves, making the ship less responsive to high-
frequency waves, relatively to ship length (and breadth); as has
been reported in a wide number of other publications about
the wave buoy analogy.

When a more detailed inspection of the spectrum estimates,
Figs. 2 and 3, is made a few remarks and observations are
noteworthy: (1) The spiky behaviour of the ship motion-based
result in cases ID03 and ID07 is not fully understood but the
’spikyness’ occurs (seemingly) only in the stern-quartering
cases. Obviously, the spiky behaviour could easily be re-
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Fig. 3: Wave spectrum estimates, at absolute frequency scale, in runs
ID07 to ID10 with results based on ship motions, red full line, and
buoy measurements, dashed blue line.
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Fig. 4: Relative deviation between integrated wave parameters,
including wave direction, derived from spectrum estimates using ship
motions and buoy measurements, respectively.

duced or removed by introducing smoothing to the presented
spectrum estimates. (2) Although smoothing of the (final)
wave spectrum estimate is not a part of the postprocessing,
smoothing is indirectly applied, since smoothing is introduced
in the initial cross spectral analysis of the responses. However,
varying the degree of smoothing on the cross spectra has little
effect on the overall outcome of the spectrum estimates (not
shown herein), and increased smoothing does not exclude the
spiky behaviour of cases ID03 and ID07. (3) The estimate
by the free-floating wave buoy in case ID06 seems to be
”corrupted” with white noise, noting that no postprocessing
of the buoy measurements has been made. The specific case
(ID06) has the highest energy level (significant wave height)
and, interestingly, with the results of buoy and ship being
comparable. The larger wave energy level of this case is
reflected by the response energy levels, cf. Table I, of the
particular case. (4) The wave spectrum estimate in case ID09,
using ship motions, is inconsistent to all other cases using
ship motions, and also to the buoy estimate of the same case.
The shift of ’peak energy’ to lower absolute frequency and the
appearance of a substantial amount of wave energy at higher
frequencies (0.20-0.25 Hz) are therefore considered erroneous
results.

Some of the above observations can be investigated closer
by considering the initial ’brute-force estimated wave spec-
trum’, which applies to the encounter frequency-domain. Thus,
the whole set of estimated encounter-wave spectra are shown
in Figures 5 and 6. Obviously, the corresponding wave spectra
- in absolute domain - seen previously in Figures 2 and 3
have been obtained by transformation of the encounter-wave
spectra by applying the particular transformation algorithm
[14], specifically developed to transform a spectrum from
encounter to absolute domain, but not the ”other way”. The
reason to transform to absolute domain is that the estimated

encountered wave spectrum cannot be used to deduce any
consequence of speed or heading changes of the vessel, which
is the objective of decision support systems and also in
more general response calculations. The problem of encounter
domain is clearly visualised by the set of encounter-wave
spectra (Figs. 5 and 6) which shows that the distribution of
energy depends on the specific set of encounter frequencies
that, in turn, depends on vessel advance speed and wave
heading for the specific situation. This has an additional
consequence, namely that comparison of the spectra cannot
be (directly) made. Nonetheless, it is judged that no single
one of the encounter-wave spectra appears to be of a special
concern; including that of case ID09, noting that this spectrum
is estimated in truly following waves (χ = 350 deg.) for what
reason the peak of the spectrum is at the very lowest estimated
(encounter) frequency. Consequently, the ”inconsistent” wave
spectrum estimate of case ID09, in absolute frequency domain
(cf. Fig. 3), is likely a result of an erroneous transformation im-
posed by the (postprocessing) transformation algorithm [14].
This judgement can be partly confirmed by inspection of the
calculated, i.e. estimated, set of response spectra (heave, roll,
pitch), obtained by using the estimated encounter-wave spec-
trum (derived for only the ship motion-based results). Thus,
Figures 7 and 8 present comparisons between the measured
and the calculated response spectra of all cases (ID03-ID10).
As can be seen, the comparisons are of similar agreement for
the various cases, with no real difference(s) to be observed
from case ID09, strongly indicating that the problem with
the estimated wave spectrum of this case has to do with the
post-processed solution, where the transformation algorithm
[14] is the responsible cause. Obviously, this calls for further
studies of the transformation algorithm; and, although this
is an exercise left for future work, an additional remark is
also about the actual value of forward speed. If concern
is on resistance and general hydrodynamic calculations it is
always speed-through-water which is important, but for sea
state estimation it is not entirely so. The results of the wave-
to-motion transfer functions are affected by forward speed, and
here speed-through-water is the important one, but the main
influence of forward speed, considering ship motion-based
sea state estimation, is believed to be related to the mapping
between encounter and absolute (wave) frequencies, governed
by the Doppler Effect. In this sense, it will be the relative speed
between waves and vessel which is the important parameter
and, hence, vessel speed-over-ground should be used. On the
other hand, should the speed of the waves themselves be
measured relative to any sea current (not to mention depth
dispersion)? Altogether it is not obvious what the actual value
of forward speed should be and, hence, it could be relevant to
look closer into this specific topic in another future study.

With a repeated view on the encounter-wave spectra (Figs.
5 and 6), it can be seen that the spikes of the spectra of
cases ID03 and ID07 occur even before the transformation
to absolute domain is made, as was also indicated previously,
for what reason the transformation algorithm [14] is not the
suspect in this case. Moreover, it can be seen from the figures
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Fig. 5: Estimated encounter wave spectra of cases ID03-ID06.

that (nonphysical) spikes also appear at other cases, where the
ship experiences following sea, to smaller of larger degree
(ID04 and ID09). However, by nature, the kind of spikes
should not occur, and it should therefore be considered to
introduce smoothing as part of the postprocessing of the wave
spectrum estimates. An example is shown in Figures 9 and 10
for all spectra (cases ID03-ID10), where smoothing is imposed
by simply using a moving average filter.

V. SUMMARY AND CONCLUDING REMARKS

In the paper it was shown that a newly developed procedure,
using wave-induced motion recordings from an advancing
ship, can successfully be used to provide wave spectrum esti-
mates. The procedure relies on a spectral residual-calculation
formulated through a brute-force iterative process, leading to
an initial wave spectrum estimate in the encounter domain,
and, as a result, the estimate must be subsequently transformed
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Fig. 6: Estimated encounter wave spectra of cases ID07-ID10.

to absolute domain, applying a certain transformation algo-
rithm for the purpose. The iterative process and the associated
transformation has proven very computationally efficient with
CPU times in the order of a few seconds.

Specifically, the estimation procedure has been applied to
full-scale experimental data obtained from sea trials, where
wave spectrum estimates made by a free-floating wave buoy
were also available. Generally, the respective sets of wave
spectrum estimates were comparing well. One exception was
however observed in a following sea condition, where the
estimation procedure, using ship motions, was not able to
accurately estimate the wave spectrum, with the cause being
likely related to the specific transformation algorithm [14].

In the further work with the estimation procedure it is there-
fore suggested to focus on the influence of the transformation
algorithm and, if possible, improve it. Furthermore, and as an
interrelated study, the sensitivity to the actual value of forward
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Fig. 7: Comparisons between measured response spectra and calcu-
lated spectra obtained using the estimated encounter-wave spectrum
of the individual case, i.e. cases ID03-ID06. Note the difference on
the y-scale.
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Fig. 8: Comparisons between measured response spectra and calcu-
lated spectra obtained using the estimated encounter-wave spectrum
of the individual case, i.e. cases ID07-ID10. Note the difference on
the y-scale.



speed should be addressed.
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Fig. 9: Wave spectrum estimates being smoothed, compare to Fig. 2.
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