A PARAMETER VERSION OF FORSTNERIC’S SPLITTING LEMMA

LARS SIMON

ABSTRACT. We construct solution operators to the J-equation that depend continuously on
the domain. This is applied to derive a parameter version of Forstneri¢’s splitting lemma: If
both the maps and the domains they are defined on vary continuously with a parameter, then
the maps obtained from Forstneri¢’s splitting will depend continuously on the parameter as
well.

1. INTRODUCTION

The well-known splitting lemma for biholomorphic maps close to the identity by Forstneri¢
([3, Theorem 4.1] or alternatively [4, Theorem 8.7.2 on p. 359]) says the following:

Theorem. Let dist be a distance function induced by a smooth Riemannian metric on a
complex manifold X, let (A, B) be a Cartan pair in X and let C be an open subset of X
containing C = AN B. Then there exist open subsets A', B' and C' of X, with A C A’,
BCB and C CC' C A'NB CC, satisfying the following:

For every n > 0 there exists an €, > 0 such that for every injective holomorphic map
v C — X with disté('y,ld) < €, there exist injective holomorphic maps a: A" — X and
B: B' — X with the following properties:

e « and 8 depend continuously on -,
e y=poa"ton

o dista/(ar,Id) < 7,

e distp/ (8,1d) < 7.

If F is a nonsingular holomorphic foliation on X and v is an F-map on 5, then o and 3
can be chosen to be F-maps on A" resp. B'. If furthermore Xy is a closed complex subvariety
of X that does not meet C, then we can choose o and B to be tangent to the identity map to
any finite order along Xg.

In [2] and, more recently, in [I], the need for a parameter version of said theorem has
become apparent. More precisely, if both the maps and the domains they are defined on vary
continuously with a parameter, one wants the maps obtained from Forstneri¢’s splitting to
vary continuously with the parameter as well. The purpose of this paper is to give such a
parameter version of Forstneri¢’s splitting lemma in the special case of Euclidean space C"
and compact parameter space; our main result is the following (precise definitions can be
found in Section :
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Theorem 1.1. Let P be a nonempty compact topological space, let ((A, BC))ceP be admissible

and let > 0. Then there exists a T > 0 satisfying the following:
For each n > 0 there exists an €; > 0, such that for every family (v¢)cep of injective
holomorphic maps ~v¢: C¢(p) — C™ satisfying

* v - Id||og(u) < ¢, forall ( € P,
o (Y¢)cep depends continuously on ¢ € P in the sense of Deﬁm’tion

there exist families (a¢)cep and (B¢)cep of injective holomorphic maps o A¢(27) — C" and
B¢ Be(21) — C™ having the following properties:

o e =pBcoac™t on Ci(t) for all ¢ € P,
o [loc —1d|la,2r) <7 and |[B¢ —1d|[p 2r) <n for all ¢ € P,
o (a¢)cep and (Be)cep depend continuously on ¢ € P in the sense of Definition .

Regarding continuous dependence on a parameter, the main difficulty is the additive split-
ting in Forstneri¢’s original proof, where he uses the well-known sup-norm bounded solution
operators to 0 on bounded strongly pseudoconvex domains with boundary of class C2. While
the estimate is known to be stable under C2-small perturbations of the boundary, it is a priori
not clear whether these 0 solution operators depend continuously on the domain, even in
Euclidean space C". However, Forstneri¢’s original proof consists of an iteration, where, in
each step, the occurring domains shrink in a controlled way. Hence, by introducing an in-
termediate step, it is enough to construct solution operators to 0 giving solutions on slightly
smaller domains, which makes it easier to ensure continuous dependence on a parameter.

Recently, Forstneri¢ gave a much simpler proof of his splitting lemma, which also applies
to complex spaces ([5, Theorem 9.7.1 on p. 432] and [5, Theorem 9.7.4 on p. 435]). His new
proof relies heavily on the implicit function theorem for Banach spaces.

While this leads to a much simpler proof in the non-parametric case, the parametric version
presented in this paper is proved by adapting Forstneri¢’s original method, since this circum-
vents the need to include a proof of a parameter version of the implicit function theorem on
sufficiently general topological spaces.

However, a referee of this paper has suggested that Forstneri¢’s new method could be used
to obtain parametric versions of the splitting lemma for Stein manifolds and even for Stein
spaces.

This paper is organized as follows. In Section [2| we introduce some notation as well as
precise notions of continuous dependence on a parameter in various settings.

In Section |3| we construct solution operators to 0 that depend continuously on the domain
and satisfy sup-norm estimates which depend continuously on the domain as well; we do so
by using a partition of unity argument to reduce the problem of continuous dependence on a
parameter to a local one. They give solutions on the closures of bounded strictly pseudoconvex
domains in C" with boundary of class C? for forms defined on arbitrarily small neighborhoods.
The result we end up with is Theorem [3.I} which might be of independent interest.

Section [4] contains some technical results and the announced additive splitting, which will

be used in Section [5] to prove Theorem

It should be remarked that our method in Section |[3| makes use of the properties of the
O-operator, but is in no way specific to it. If one is willing to accept that the initial data
has to be defined on slightly larger domains, the method can easily be generalized to other
systems of linear partial differential equations admitting solution operators, or even to certain
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linear operators on presheaves. The method can also be applied to find a result similar to
Theorem in the setting of pseudoconvex domains varying with a parameter and solving 0
with L?-estimates.

2. PRELIMINARIES

In this section we introduce some notation and define the various notions of continuous
dependence on a parameter that appear in this paper.

Notation 2.1. Let M be a subset of C™ and let » > 0. Then we define:
M(r):={z€C": 3z e M s.t. |z —z| <r}.

M (r) obviously is an open subset of C". Concerning order of operations, taking the boundary
is given higher precedence, i.e. bN(s) := (bN)(s), whenever s > 0 and N C C".

Notation 2.2. Let M be a nonempty set and let f: M — C™ be a mapping. We set

[f1laz := sup [|f()[] € R>o U {00},
zeM
where ||-|| denotes the Euclidean norm on C™.

Next we define what it means for maps and forms defined on varying domains to depend
continuously on a parameter.

Definition 2.3. Let P be a nonempty topological space and, for each ( € P, let U; be a
nonempty subset of C" and let g¢-: Us — C™ be continuous. We say that the family (g¢)cep
depends continuously on ¢ € P, if the following map is continuous:

Az, eC" xP:zeUs} = C™, (2,0) = g¢(2),

where C" x P is equipped with the product topology and {(z,{) € C"xP:z€ Us} CC*"xP
is equipped with the subspace topology. .

If all U; are additionally assumed to be open, a family ( f¢)cep of (0, 1)—f0rms fe= Z?:l fc(J )d7j
€ C871(U<) is said to depend continuously on ¢ € P if the family ( fg(] ))Cep depends continu-
ously on ¢ € P in the above sense for all j =1,...,n.

We now define a metric space @ which, intuitively speaking, describes all bounded strictly
pseudoconvex domains with C?-boundary in C". Not surprisingly, the metric § on said space
is defined in a way that, roughly speaking, two domains are close whenever their defining
functions are close in C?-norm.

Definition 2.4. It is well known that (C2(C";R),d) is a complete metric space, where for
r1,7m9 € C2(C™; R):

—._; r2—milaB,
5(7‘1,T2) = 22

= ' |rg — 7"1!2,3]- +1

where Bj is the closed ball of radius j around 0 € C" and |-|3,; denotes the C*-norm. For
r € C2(C™;R), we define Q") as the set of all points where r < 0.
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Define
Q := {r € C*(C™;R): dr # 0 at every point where  vanishes,
r strictly plurisubh. in a nhbd. of Q™).

Q") is nonempty, bounded and connected},

where bQ(") denotes the boundary of Q). If r € Q, then Q") is a bounded strictly pseu-
doconvex domain with C2-boundary in C*. Conversely, any (nonempty) bounded strictly
pseudoconvex domain with C%-boundary in C" is given as Q") for some r € Q. We will
always assume Q to be equipped with the topology it gets from the metric 9.

We now define what it means for a family of nonempty bounded strictly pseudoconvex
domains in C™ with boundary of class C? to depend continuously on a parameter.

Definition 2.5. Let P be a nonempty topological space and let (£2¢)cep be a family of
nonempty bounded strictly pseudoconvex domains in C" with boundary of class C2. We say
that (Q¢)cep depends continuously on ¢ € P, if there exists a continuous map d: P — Ry
satisfying the following:

(1) for all ¢ € P the signed distance function po, of € is of class C* on bQ¢(d(¢)) and
satisfies dpg, # 0 at every point of bQ2¢(d(()),

(2) for all (o € P there exists an open neighborhood W, of {p in P, such that:
(a) for all ¢ € WCO we have bQC - bQCo (d(CO)/2) S bQC(3d(<)/4),
(b) ¢~ pa ¢ is continuous as a map from W, to the space of real-valued C2-functions

on bQ¢,(d(¢o)/2), equipped with the C2-norm.

Remark 2.6. The intuition behind Definition [2.5]is the following:

The well known sup-norm estimates for @ on bounded strictly pseudoconvex domains with
boundary of class C? depend on the C2-data of a defining function. Furthermore, the signed
distance function of a bounded C2-smooth domain is of class C? in a neighborhood of the
boundary. Hence it is natural to require continuous dependence of the signed distance function
with respect to the C?-norm. The technical assumption is necessary to ensure that the
map in [2b{is welldefined: each pq, is C? on an individual set, so one needs to find a common

set (for ¢ close to (p), on which all pq, are c2.

Remark 2.7. An alternative way to Definition [2.5] of defining what it means for a family
(Q¢)¢ep of nonempty bounded strictly pseudoconvex domains in C" with boundary of class
C? to depend continuously on ¢ € P would be to require that there exists a continuous map
: P — Q, (> r¢, such that Q¢ = Q¢ for all ¢ (compare Thm. [3.1)).

Definition is easier to verify, whereas the alternative definition is easier to handle from a
technical point of view. How the two definitions relate is the content of Lemma [4.3]

We now define what it means for a family of pairs ((A¢, B¢)).cp to be “admissible” for
Theorem The pairs (A¢, B¢) play the same role in Theorem|[1.1|as the Cartan pair (A, B)
plays in Forstneri¢’s original result.

Definition 2.8. Let P be a nonempty compact topological space and, for all ¢ € P, let A,
B¢ be compact subsets of C". The family of pairs ((A¢, Be)) is called admissible if the
following is satisfied:

CeP
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(1) Ac N B¢ is nonempty and A U B is the closure of its interior Int(A¢ U B¢) for all ¢,

(2) (Int(A¢c U B¢))¢ep is a family of nonempty bounded strictly pseudoconvex domains
in C" with boundary of class C?> depending continuously on ¢ € P in the sense of
Definition [2.5]

(3) for all ¢, the sets A¢ \ Be and B; \ A¢ are nonempty, but A¢c \ B N B\ Ac =0,

(4) both ¢ = A¢\ B and ( — B¢\ A¢ are continuous as maps from P to the set of
nonempty compact subsets of C", equipped with the topology induced by the Haus-
dorff distance.

Notation 2.9. If P is a nonempty compact topological space and ((A¢, B¢)) cep is admissible,
we adapt the following notation:

° CC = AC N Bc,

o Q¢ :=Int(Ac U Be).

3. CONTINUOUSLY VARYING O SOLUTION OPERATORS

In this section we will construct solution operators to d that depend continuously on the
domain and satisfy sup-norm estimates which depend continuously on the domain as well.
They will give solutions on the closures of bounded strictly pseudoconvex domains in C* with
boundary of class C? for forms defined on arbitrarily small neighborhoods.

As mentioned in Definition if r € Q, then Q) is a bounded strictly pseudoconvex
domain with C?-boundary in C". Conversely, any (nonempty) bounded strictly pseudoconvex
domain with C2-boundary in C” is given as Q") for some r € Q. Hence it suffices to define
solution operators for the domains Q). r € Q. The result we will prove in this section is the
following:

Theorem 3.1. There exist a continuous map C: Q@ — R and a collection of linear operators
57 €L () (e) — C° (Q(r)) ,
fore >0 and r € Q, such that:

(1) S™¢ is linear,

(2) for all positive intergers k: if f € C§ (") (e)) then S<(f) € ¥ (m)
(3) if f€CE(Q0)(€) and f =0 on Q) (e) then I(S™(f)) = f on QW)
(4) if | € C31(QA(€)) then [8()llgey < C) I llaw (e in Reo U {00},

(5) if > 0 is fized, T is a nonempty topological space and if
o (U)er is a family of nonempty bounded strictly pseudoconvexr domains in C"
with boundary of class C* depending continuously ont € T in the sense that there
exists a continuous map : T — Q, t — 1y, such that Q; = QU for allt € T,
o (fi)ter is a family of (0,1)-forms f; € C&l(Qt(e)) depending continuously on
t € T in the sense of Definition
then the family (S™ (ft)),er of functions 8™ (f;) : @ — C depends continuously on
t € T in the sense of Definition[2.3
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Remark 3.2. We make some remarks about Theorem 3.1}

(1) One gets solutions on Q") but the initial data has to be defined on the e-neighborhood
Q) (€).

(2) Property [5| gives the desired continuous dependence on a parameter.

(3) Property [4] is the sup-norm estimate. Since C' is continuous, the estimate depends
continuously on the domain. It is important to note that C' only depends on r and
not on e. This is crucial for the proof of the estimate in Lemmal[4.10|and, by extension,
for the proof of Theorem[I.1] If C' was to explode as € approaches 0, then the controlled
shrinking of the occurring domains in the proof of Theorem would not be possible
and the iteration would break down.

The remainder of this section is devoted to proving Theorem We start with the
following technical lemma:

Lemma 3.3. If s € Q then there exist constants ds > 0, Ly > 0 and a bounded open
neighborhood Wy of bQ®) in C™ with the following properties:

(1) W does not contain Q%)

(2) ds # 0 at every point in Wi,

(8) s is strictly plurisubharmonic on Wy,

(4) for each s € Q with 0(s,S) < ds there exists a constant nés) > 0 with the following
properties:
(a) for alln € [O,nés)} the set

s = (N W) UL € Wes 5(x) < n)

is a bounded strictly pseudoconvex open set in C"™ with boundary of class C?.
Furthermore there is a linear operator

Sssm Co1 () = C° ()
with the following properties:
(i) for all positive integers k: if f € C871 (an) ﬂC{{l (Qg,s,n) then Szn(f) €
c* (Q'S',s,n)’
(ii) if f € C&l (@) and Of = 0 then 5(535,,7(]")) =f,
(i) |50 (D)., < La | fllasry for all £ € C8y (Us5) N Co1 (Do)

M

(b) for all € > 0 there exist gg’gﬁ >0 and nezs € (0,7]?)}, such that all r € Q with
o(r,s) < 56;575 satisfy the following:

Q(T) g ngsvﬁe 3,87
Q(r) (6) 2 Qg,s

Me.3,s°
Proof. By definition of Q it is obvious how to achieve Properties and [3] Property
follows from the definition of the metric § on Q and the fact that the well-known estimates
for & on bounded strictly pseudoconvex domains in C" with boundary of class C? are stable
under small C? perturbations of the boundary. A formal statement of that fact can be found
in Range’s book [6, Theorem 3.6 on p. 210].
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Finally, Property [4b] follows from a straight forward calculation. This is the only point where
we use that the sets defined by the elements of Q are connected. O

For the remainder of this section we fix a set Wy for each s € O, such that the conclusion
of Lemma [3.3| holds true for this choice of Wy and some choice of dg, L.

Even with this fixed W, the constants ds and L in Lemma (3.3 are obviously not uniquely
determined: one could, for example, replace ds by ds/2 and Ls by Ls + 1. With this in mind
we define

I := inf{v € Rsq: there exists u € Rs, s.t. the conclusion of Lemma [3.3] holds
true with our fixed choice of Wy and with ds = v and Ls = v},
and

]\78 :=min{m € Z-o: m > I,}.

So ]/\4\S is the smallest positive integer strictly larger than I and we have I, > ]/\4\5 — 1.
Furthermore, if ds is chosen appropriately, the conclusion of Lemma holds true with M
in the role of L;. The remaining objects which exist by Lemma |3.3|are obviously not uniquely

determined either. From now on, we fix choices of dg, nés), S5,55 0e5,s and 1z such that
the conclusion of Lemma, holds true with M in the role of L.

Armed with this notation, we define a cover of Q as follows: for every positive integer k
we define

O = U B(s,ds),
s€Q: ]T/[\Sgk’
where B(s, ds) denotes the set of all s € Q with 6(s, s) < ds. It is obvious that O; C Oy C ...
and that (Op)rez., is an open cover of Q. Since Q is a metric space and hence paracompact,

said cover admits a locally finite open refinement (Ug)gep. It is important to note that neither
of these two covers depends on the € > 0 in the statement of Theorem [3.1

Now, if rg € Q, let kyy := min{k € Z~g: 79 € Oi}. By definition of the cover (O)rez.,
there exists an s(rg) € Q, such that M) = k., and g € B(s(r0), ds(r))- Since d(ro, s(r0)) <

ds(ry), we have a welldefined 0, () from Lemma for any given € > 0. For every € > 0,
the following is an open cover of Q:

0= U <U5 NnB (TQ, ge,m’s(m»)

(To,ﬂ)EQXB: ToEUﬁ

It should be noted that this cover does depend on €. Since Q is a metric space and thus a
paracompact Hausdorff space, it admits partitions of unity with respect to any open cover.
Hence, for any ¢ > 0, we find a collection (¢q)aeca of continuous functions ¢n: Q — [0, 1],
such that:

e for all @ € A there exist (%) € Q and S, € B, such that r(® ¢ Ug, and

supp(qba) C Uﬁa nB (T(a)vge,r(a),S(r(a))>

e for all r € Q there exists an open neighborhood N, such that ¢, # 0 on N, for only
finitely many o € A,

® > caPa=1on Q.
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It should be noted that (¢q)aca and the other occurring objects depend on e, since the cover
of Q depends on e. If 7 € Q satisfies ¢q(r) # 0 for some a € A, then 6(r, (@) < Oc r(@) s(r(@)-
Hence, by Lemma we have (if ¢o(r) # 0):

(r)
Q QQr<a>,s(r(“>)m6,r(a>,s<r<a>)’

Q(T)(e) D) Qr(a),s(r(a))

M (@) g(r(@))

For ease of notation, we denote the operator

.0 0
5@ 5(r®)n_ () iy CO1 (Qr(axs(r(a)),nw(a)w(a))) —C (Qr(a),s(r(a))mem(a)’S(T(a)))

obtained from Lemma as S(q,e)- Hence (if ¢o(r) # 0) we can take any f € C871(Q(T) (¢))

and apply the operator S, ) to obtain a welldefined element of co (W) This shows that
the following operators are welldefined:

For r € @ and € > 0 we define the operator

872 €91 (€)) = C° (W)

Fe ) ¢alr) Saelf)

a€A: ¢ (r)#0

We have to show that these operators have the desired properties.

Proof of Theorem[3.1. By construction, Properties [} [2] and [3] in Theorem [3.1] are immediate
from the corresponding properties of the operators in Lemma [3.3] Property [5] follows from a
long and tedious (but straight forward) calculation making use of the fact that ¢o: Q — [0, 1]
is continuous for all & € A. It should be noted, however, that we make use of the Cé’l—
regularity assumption in Property [5| in order to use the estimates for the operators from
Lemma It remains to prove Property 4

Since (Ug)gep is a refinement of (Ok)rez.,, there exists a map 7: B — Z, such that
Ug C O, p) for all B € B. Consider any r € Q. Since (Up)gep is locally finite, we find an open
neighborhood V. of 7 in Q and S, 1, ..., Brm, € B, such that (for 8 € B) we have V., NUg # ()

if and only if 8 € {Br1,..., Brm, }- If r & Ug, ; for some j € {1,...,m,}, then we can replace

Vi by Vi \ Ug, ;; hence we can assume that r € Ug, ; for all j € {1,...,m,}. Now we define

M, = max{7(Br1),...,T(Brm,)} € Z>o.

It is important to note that M, does not depend on e, since (Ug)gep is independent from
e. Now we consider the collection (¢4 )aeca, Which does depend on €. If ¢, (r) # 0 for some
a € A, then r € Ug, and thus B € {Br1,- .., Brm, }- By definition of M, we get 7(5,) < M,
and hence

T(a) S Uga - OT(,BQ) C Op,..
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This implies that ]\/4\5(14&)) = k. < M,, whenever ¢,(r) # 0. We compute for f €
Co,1 (20 (e)):

IS Dllgmr < 30 () [0 (F)lger

a€A: ¢a(r)#0

< Z ¢Q(T) ’ Ms(r<f")) : ||f||Q<T)(e)
a€A: ¢ (r)#0

< Z Pal(r) - M- Hf||Q(7‘)(e)
a€A: ¢a(r)#0
= M, - | fllam e
Hence the map M: Q@ — Ry, r — M, does not depend on ¢ and satisfies the estimate in
Property 4l So it suffices to show that there exists a continuous map C: Q — Ry, such that

C(r) > M, for all r € Q. Since Q is a metric space, we only have to show that M is upper
semicontinuous.

To this end let » € Q and let V,. be the open neighborhood introduced above. Consider
q € V;. It is enough to show that M, < M,. We have q € Ug,_; for all j € {1,...,m,}; so,
since g € V., we get
VinUg,,; #0 for all j € {1,...,mg}.
So, since V. is open, we also have:
VinUg,,; #0 for all j € {1,...,mg}.
The defining property of V,. then immediately gives

{Bq,h sy /Bq,mq} c {/37“,17 C) 5T,mr}7
which implies M, < M,, as desired. ([l

4. TECHNICAL LEMMAS AND ADDITIVE SPLITTING WITH PARAMETERS

This section is devoted to stating and proving some lemmas which are important for the
proof of our main result, Theorem

Lemma 4.1. There exists a constant const,, > 0, depending only on n € Zx>1, with the
following property:

Let V' be a nonempty open subset of C*, let d > 0, let x,y € V and let F':' V — C" be
holomorphic and bounded. Assume that the real line segment S := {tz + (1 — t)y: t € [0,1]}
between x and y satisfies S(d) C V. Then we have:

F
)

Proof. This is obvious from the Cauchy estimates. O

1F(y) = F(x)|| < consty, -

Lemma 4.2. There ezists a constant K > 0, depending only on n € Z>1, with the following
property:

If D is a nonempty open subset of C", r > 0 and c: D(r) — C™ is a holomorphic mapping
with ||c|[|pey < K -7, then the following map is (holomorphic and) injective:

C:D—C" z— z+c(z2).
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Proof. This is obvious from the Cauchy estimates. U

If (Q)cep is a family of nonempty bounded strictly pseudoconvex domains in C" with
boundary of class C? depending continuously on ¢ € P in the sense of Definition then
it is not immediately clear how to apply Theorem to obtain solution operators to 0 that
depend continuously on {. That is why we need the following lemma.

Lemma 4.3. Let P be a nonempty topological space and let (Q¢)cep be a family of nonempty
bounded strictly pseudoconvex domains in C" with boundary of class C* depending continuously
on ¢ € P in the sense of Definition[2.5. Additionally assume that P is compact. Then there
exist 1o > 0 and a continuous map

R:P x[0,70] = Q,
such that:

o (¢ = QREO) for all ¢ € P,
o Oc(e) = QRGD) for all ¢ € P, € € (0, 7).

Proof. If 1 > 0 is chosen small enough, 79 := /2% and A > 1 is chosen large enough, then
the map R: P x [0,79] — Q given by

(¢, 1) — (: C" >R,z —exp(AT) + 1+ (@DOch)(z))

is welldefined and continuous and has the desired properties, where pg, is as in Deﬁnition
and ¢: R — R is a function with the following properties:

e 9 is of class C*°,

o () = exp(At) — 1 for all t € [—4p,4u],

e 1 is increasing on R and strictly increasing on both [—5u, —4p] and [4pu, 5ul,
e 1) is constant on both (—oo, —6u] and [64, 00),

o exp(A-(—=7p)) —1<y(t) <exp(A-Tup)—1forall t € R.

This follows from a long and tedious calculation using compactness of P and the defining
properties in Definition |2.5 O

The following lemma concerns the existence of certain cutoff functions that are well-behaved
with respect to a parameter.

Lemma 4.4. Let P be a nonempty compact topological space and let ((Ac, BC))<€7D be admis-
sible. Then there exist a T > 0 and a map x: C" x P — R with the following properties:

(1) x is continuous and 0 < x < 1 everywhere,

(2) (Ac(7)) N (Be(7)) = Ce(T) for all ( € P, 7 € (0,7],

(8) for all { € P, 7 € (0,7] we have inf (o g) | — B|| > 647, where the infimum is taken
over all (o, ) € (A¢ \ Be)(m) x (Be \ Ag)(7),

(4) for all ¢ € P, 7 € (0,7] we have x(-,¢) = 1 in a neighborhood of (A¢ \ B¢)(7) and
x(+,¢) = 0 in a neighborhood of (B¢ \ A¢)(T),

(5) x(-,¢): C" = R is of class C* for all ¢ € P,

(6) the map : P — R, { — [|0(x(-,Q))]|on is welldefined (i.e. ||0(x(-,¢))||en < 00 for all
¢) and bounded,
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(7) for all k € {1,...,n} the map

ox(,
:C"xP—=C, (p,¢)— Xa(o (p)
2k
1S continuous.

Proof. In the case without parameters, this is a standard construction using mollifiers. But,
by compactness of P, the defining properties in Definition 2.8 and the well-known properties
of both the Hausdorff distance and the standard mollifier, the construction can easily be
adapted to the parameter case. O

The following lemma will help with the estimates in the proof of Theorem [I.1

Lemma 4.5. There exists a map p: Ryg X R>1 X R>1 — Ry with the following property:
If (a, B,C) € RsoxRx>1 XxR>1 and if (€m)mez, is a sequence of non-negative real numbers
satisfying
e 0<e¢ < p(a,B,C),
2 ey for all m € Z>,

¢ 1 <C- a

then we have for all m € Z>q:

a
16B€m < 237771

The proof is an elementary calculation and will be omitted. The next lemma says that,
roughly speaking, compositions are well-behaved under uniform convergence.

Lemma 4.6. Let ) # U,V € C" be open and let W € V. Assume
(fm: U— Cn)mezzw
(gm:V — Cn)mEZZO,

are sequences of continuous maps such that:

o (U)W for allm € Z>g,
° (fm)mez20 converges uniformly on U to a (continuous) map f: U — C",
° (gm)mezzo converges uniformly on the smaller set W to a continuous map g: V. — C".

Then g o f is welldefined (i.e. f(U) CV) and (gm © fm)mezs, converges uniformly on U to
golf.
The proof is an elementary calculation and will be omitted.

Lemma 4.7. Let D be a nonempty open subset of C" and let €,§ € R satisfy 0 < € < 4.
Assume ®: D(0) — C" is an injective holomorphic mapping with ||[® —1d|| 5 < €. Then we
have:

D(6 —€) C ®(D(6)).

Proof. Let x € D(0 — €) and let 2 be the open ball of radius € around x in C". Set
f:Q—=C" 2 O(2),

and consider

F: Qx[0,1] = C", (2,t) =tz + (1 — t) f(2).
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F'is a smooth homotopy between f and Idg and the mapping
H:[0,1] = CH(Q;C"),t — F(-,t)
is continuous, where C'(Q; C") is equipped with the usual topology. But z is a regular value of

both f and Idg and we furthermore have = ¢ F(bQ,¢) for all ¢ € [0,1], since [[® —Id|| (5 < e

Hence the C'-mapping degrees of f and Idg are (welldefined and) equal, which implies the
claim. g

The following lemma is a version of [4, Lemma 8.7.4 on p. 360] in the special case of
Euclidean space.

Lemma 4.8. There is a constant My > 1, depending only onn € Z>1, such that the following
holds:

If V is a nonempty open subset of C"* and if €,5 € R satisfy 0 < e < g and a, B,v: V(5) —
C" are injective holomorphic mappings with |a —Id[[y s, 18 —1d|lyg), |7 = Idl[y5 < €
then the mapping

J:=pltoyoa: V> C"
is welldefined, injective and holomorphic. Writing
a = a+1dv(5), Y= C+Idv(§),
B =b+Idys), v =c+Idy,
we have

2
6= (c+a—d)ly < M.

If furthermore ¢ = b —a on V, then we have
- €
lellv < Mz

Proof. Welldefinedness of 7 follows from Lemma Since, in contrast to Forstneri¢, we are
working in C", the estimates follow from an elementary calculation using Lemma O

Notation 4.9. If U is a nonempty open subset of C", then we write HB(U) for the set of all
holomorphic and bounded mappings ®: U — C".

The following lemma is based on [4, Lemma 8.7.6 on p. 362] and constitutes the announced
additive splitting. We follow the idea of the proof given there and adapt it to our situation.
Regarding continuous dependence on a parameter, this lemma is the key ingredient, since it is
the only point in the proof of our main result, Theorem [1.1], where we have to invoke Theorem
in order to obtain solution operators to 0 depending continuously on the domain.

Lemma 4.10. Let P be a nonempty compact topological space and let ((ACvBC))geP be ad-
missible. Then there exist constants M3 > 1 and 79 > 0 and operators

£ HB(Cg(m2)) — HB(Ac (1)),

2™ HB(Cg(r2)) — HB(B¢ (1)),
where ( € P and 11,72 € R with 0 < 1 < 70 < 719, such that:
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(1) If (e P,0< 11 <12 <19 and c € HB(C¢(m2)), then we have:
c= Zc(n’m)(c) - EC(Tl’TQ)(C) on C¢(m1),
(2) Eén’m) and Zéﬁ’w) are C-linear and satisfy the following estimate:

e @], ) < M lelley for alt e € HB(C(m)

HZQ(TI’TQ)(C)HBC(H) < Ms- HCHC'c(Tz) for all ¢ € HB(C¢(12)),

(3) If 71,72 € R are fivzed with 0 < 71 < 72 < 79 and if c: {(2,{) € C" xP: z € C¢(m2)} —
C" is a continuous map with c(-,¢) € HB(C¢(m2)) for all ¢ € P, then the following
two maps are welldefined and continuous:

a: {(2,0) €C" x Pz € Ac(m)} = €, (€)= (£7™(e(,0) ) (2),
b {(2:Q) € C" x P 2 € Be(m)} = €, (2,0) = (27 (e(, Q) (2).

Proof. By definition, (¢)¢cep = (Int(A¢ U B¢))¢ep is a family of nonempty bounded strictly
pseudoconvex domains in C" with boundary of class C? depending continuously on ¢ € P in
the sense of Definition[2.5] Let 79 > 0 and R: P x [0, 79] — Q be as in Lemma[4.3] By making
7o smaller if necessary (which does not affect the conclusion of Lemma being true), we
can assume that 7y < 7, where 7 is as in Lemma 4.4

We want to define the operators. To this end, let ( € P, 0 < 14 < 7 < 79 and ¢ €
HB(C¢(72)). For j € {1,...,n} we define a (0, 1)-form on Q¢ (7»):

f(j7g77_17,r27c) — {a(X(’C) . Cj) on CC(TQ),
0 on Q¢(72) \ C¢(72),
where ¢; is the j-th component function of ¢ and x is as in Lemma @ Using Lemma
one readily checks that f@6m:72:¢) is welldefined, f¢mm:e) ¢ C69(Q2¢(m2)) and that
fCTime) = (). Noting that Q¢(m2) = (Q¢(11)) (12 — 1) = QRET) (75 — 1) and adopting
the notation from Theorem we can set:

g(ijyTl,T%C) = SR(G1) 2T (f(j’Cﬂ'l,T%C)) e C®(QRECm)) = COO(W).

Let g¢ri ot ¢(71) = C™ be the map whose j-th component function is gUSTm2:0) - We now
define ZC(TI’TQ)(C): B¢(11) = C" and EC(T“TQ)(C): Ac(11) = C" as follows:

Z(Tlﬂ'z)(c) — —9¢m e T X('a C) +C on BC(Tl) N C§(72)7
¢ —Grime on Be(r) \ Ce(r2),
and
£m) () = § TIGmime T (X(-,¢) =1)- ¢ on A¢(m1) N C¢(72),
¢ —9¢,m 200 on A¢(11) \ C¢(72).

Using Lemma Lemma and Theorem we readily verify that Zéﬁ’m)(c) (resp.

EC(TN?)(C)) is indeed a welldefined element of HB(B¢(1)) (resp. HB(A¢(71))); so it remains
the check Properties and [3] from the statement of Lemma
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Property (1] is obvious and C-linearity in Property [2] is immediate from Theorem In
order to establish the existence of the constant Mz > 1 satisfying the estimate in Property [2]
we note that one easily computes the following:

Hgn,n H <1+n.0( (¢ m)) - [|o0x( ))Hm)‘lldlqw),
gy < (17 CREA) - [BC D) el

where C': @ — R is as in Theorem But sup;ep HE(X("Q)H@ < oo by Lemma
C': Q@ — Ry is continuous by Theorem R:P x[0,79] = Q is continuous by Lemma
and P is compact by assumption, so the existence of a constant M3 with the desired property
follows.

A ( (m1)
el

Remark 4.11. The crucial point here is that, in the notation of Theorem the map C only
depends on r € Q and not on € > 0. So, intuitively speaking, even as € goes to 0 and the
neighborhoods of the closures of the domains get smaller and smaller, the estimates stay the
same.

It remains to prove Property Since (p,C) %Z;I’f)(p) is continuous as a map from
C"™ x P to C for all k by Lemma 4.4 a straight forward calculation involving the Hausdorff
distance and Lemma [4.4] shows that the assumptions for applying Property [5| in Theorem [3.1]
are satisfied. Together Wlth another calculation involving the Hausdorff distance and Lemma
this implies Property O

The following lemma is based on [4, Lemma 8.7.7 on p. 363|. Following the proof given in
[4], we use the additive splitting obtained from Lemma to construct maps which in some
sense are “close” to giving a compositional splitting. In the proof of Theorem we will
repeatedly apply this (while shrinking the occurring domains in a controlled way) to obtain a
compositional splitting in the limit. Continuous dependence on the parameter will be ensured
by invoking Lemma in order to obtain a Lipschitz estimate for a certain inverse map.

Lemma 4.12. Let P be a nonempty compact topological space, let ((Ac, BC))QGP be admissible
and let 79 and M3 be as in Lemma . Then there exist constants My, M5 > 1 with the
following property:
If >0 and r > 0 satisfy 7+1r < 19 and if v: {(2,{) e C" xP:z€ Ce(t+1r)} = C"isa

mapping satisfying

® v 1S continuous,

o v(-,¢): Ce(T + 1) = C" is injective and holomorphic for all ¢,

e [7(-0) ~ Wl oy < r/(16M4) for all ¢,

then there exist mappings
a: {(2,{) eC"xP:ze Ac(t+1/2)} = C",
B:{(2,() € C"xP:ze€ Be(r+71/2)} = C",
such that:

(1) « and B are continuous,
(2) ?(-,() (resp. B(-,C)) is injective and holomorphic on Ac(T +1/4) (resp. Be(T +1/4))
or all ¢,
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(3) for all ¢ € P we have:

||a(7C) - Id||AC(7—+T/2) < MS : ||7('a ) Id”CC T47r)
||/6(5C) - IdHBC(T—l-T/Q) < M3 : ||'7(, ) Id”Cg (t4r)

(4) the mapping ¥: {(2,{) € C" x P: z € C¢(T +1/8)} — C" given by

-1
(5,0) > ((50,0\3((7”/4)) 01+ ¢) oa<~,<>) (=)

is welldefined and continuous and, for all {, the map 5(-,(): Ce(r +1/8) — C™ is
injective, holomorphic and satisfies

3G, Q) = Wl sy < Ms/r) - I1y( €)= T -

Proof. Let 19 and M3 be as in Lemma let K be as in Lemmal[4.2] let M5 be as in Lemma
and set My := 2 - max {211M3, flw—]?} > 1 and M5 := 32M>(M3)? > 1. We have to show
that M, and M5 have the desired property.

To this end let 7, » and v be as in the statement of Lemma Define c: {(z,() €
C"xP:zelCe(t+1)} = C", (2,) = v(z,() — 2 ie c(-,¢) =~(-,¢) —Id for all (.

Applying Lemma [£.10] we define

a: {(2,Q) € C" x P z € Aclr +7/2)} = C", (2,0) = (E77AT(el,0))) (2),
bi {(2,Q) € C" x P 2 € Be(r +7/2)} = €, (2,Q) = (2T (e(,0))) (2),

and

a: {(2,{) eC"xP:ze Ac(t+71/2)} = C", (2,() = a(z,() + 2,
B:{(2,¢) € C"xP:z€ Be(r+71/2)} = C", (2,{) = b(2,() + 2.

We have to verify Properties and [ from the statement of Lemma

Properties [I] and [3] are immediate from Lemma and Property [2] follows from Lemma
by choice of My; so we only have to show Property

We will first show that, for all ¢, the map (-, () is welldefined, injective, holomorphic and
satisfies the claimed estimate (which obviously implies that 7 is welldefined):
If, for fixed ¢ € P, we have 7(-,() # Id, then this follows from an application of Lemma
(with C¢(7 + 7/8) in the role of V and 2Ms3 - ||v(-,¢) — IdHCC 4+r) in the role of € and r/8 in
the role of §) by choice of My and Ms.
If, however, v(-,({) = Id then the estimates imply that «(-,{) and S(-,() are also = Id on
their respective domains and hence the claimed properties are obvious.
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It remains to show that ¥ is continuous. We define the following sets:
Hy:={(2,() e C" xP: z€ Ce(r +1/8)},
Hy:={(2,(,¢,("YeC"x P xP xP: (2, € Hy,

a(z,¢) € Co (T +1),v(a(z,¢), () € Con(T +7/8+ /21,
Hy :={(z,{,{")eC"xPxP:z€Cu(r+r),

YE. () € Cen(m+ /8 +1/2)},
Hs:={(2,{") € C"x P: 2€ Con(r +7/8+71/2')}.

We of course assume all of them to be equipped with the respective subspace topologies. We
define maps

do: Hy—> C*"x P x P x P, (2,0) 2% (2,¢,¢,0),

$1: Hi —C" x P x P, (2.6, ¢, ¢") ¥ (l2.0), ¢ ¢,

Go: Hy = C" x P, (7.¢'.¢") 2 (1(3.), ¢,

A Hy 5 6 (B )

From our estimates and Lemma it follows that the occurring maps are welldefined and
that ¢0(H0) C H;y, gbl(Hl) C Hy and ¢2(H2) C Hjs; hence the map Ao ¢g o0 ¢y 0¢g: Hy — C™
is welldefined. By direct computation one readily verifies that 7 = A o ¢9 0 1 © ¢g. So, since
®0, ¢1 and ¢o are continuous, it suffices to show that A is continuous.

To this end let (z0,(p) € Hz and € > 0. The set Uy := H3 N ((B(+,C0) (B¢, (T +1/4))) x P)
is an open neighborhood of (z0,§0)~in Hs. Let B be the restriction of 8 to {(z,{) €

C" x P: 2 € Be(t+r/4)}. Since (B(-,¢p))~ ' is a biholomorphism, we can find an open
neighborhood Uj of (zp,(p) in Uy, such that for (z,() € Uy we can write

IA(z,€) = Alz0,Go)ll < % B =) = (B ) ()]l

By choice of My, the explicit description of Hs and our distance estimates, the map h: Uy —
C" x P, (2,¢) = ((B( o))~ 1(2),¢) is welldefined and continuous and h(Usz) is contained in
the set where 6 is defined. Hence the map L := B oh: Uy — C™ is welldefined and continuous.

For (z,() € Us, using the distance estimates and Lemma one verifies that it is possible
to apply Lemma (with Be(r+7/4—7/21) in the role of V and r-(1/4—1/8—1/2'3 —1/216)
in the role of d and (z, £(z,¢)) in the role of (z,y) and (3(-,¢))~* — Id in the role of F). We
compute, using the distance estimates to ensure welldefinedness in each step:

1B )™ () = BN ™ =
=B, )7 () = (B, O) = O
<[ (B, —1a) 2z ) - (B - 1) (2)
+11£(,¢) 2|

7a/216
r-(1/4—1/8 —1/213 — 1/216) + 1) [[£(2,€) — =,

< <constn .
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where const, is as in Lemma So, since L is continuous and since [|[£(z,() —z| <
1£(2,€) — z0ll+12 — 20| =1L (2, &) — £(z0, O)II+]1z — Zo]l, we find an open neighborhood U
of (z0,¢p) in Us, such that |[A(z,() — A(20,C0)|| < €, whenever (z,() € Us. Hence A is contin-
uous. O

Remark 4.13. When showing continuity of 7 in the proof of Lemma [4.12] we applied Lemma
to obtain a Lipschitz estimate. This relies heavily on the holomorphicity of the occurring
maps.

5. PROOF OF THE MAIN RESULT

This section is devoted to proving Theorem To this end let P be a nonempty compact
topological space, let ((A¢, B¢)) cep be admissible and let p > 0. We follow the idea of
Forstneri¢’s original proof, adapt it to our situation and ensure continuous dependence on the
parameter along the way.

Let 79 be as in the proof of Lemma and let 7 > 0 be fixed with 57 < p and 57 < 7.
Let M3 be as in Lemma let K be as in Lemma let M5 be as in Lemma (.8 and
let My = 2 - max {211M3, } and M5 = 32M2(M3)2 as in the proof of Lemma 4.12| Let
Ry = 7 -min{1,7,K -7} and let p: Rog x R>1 X R>; — Ry be as in Lemma For
1N € Ryg we define

1 .
€y i= 5 . mm{l,p(Ro,M4,M5),P(777M47M5)}-

We have to check that 7 and (€,),er., have the desired property. To this end let n > 0 and
let (y¢)¢cep be a family of injective holomorphic maps ¢ : C¢(p) — C™ satisfying

o [lv¢ = Id||c, () < € for all ¢ € P,
e (7¢)¢cep depends continuously on ¢ € P in the sense of Definition

Let R,, = Ro/8™ for all positive integers m, define v(?): {(2,{) € C* x P: 2 € C¢(47 +
Ro)} — C", (2,¢) = 7¢(2) and, for all ¢, let o ¢ == [|[7O(-,¢) — Id|[c, (474 Ro)-

We continue our construction inductively; let m’ € Z>o and assume we have already
constructed a family (’Y(k))ke{o,l,...,m'} of continuous maps v¥): {(2,¢) € C*xP: z € Ce (47 +
Ry)} — C" and a family (ex ¢)refo,1,...,m},cep Oof non-negative real numbers with the following
properties:

e For all ( € P,k € Z>g N Z<yy the map v ¥ (-, ¢): C¢(47 + Ry,) — C" is injective and
holomorphic.

e For all ( € P,k € Z>0 N Zeyy we have e ¢ = [v¥(,¢) = 1d| ¢, (ar+ry)-

e For all ( € P,k € Z>1 N Z<yy we have € ¢ < Ms - ﬁ . ezfl,g'

Ry_1
16 My *

e For all ( € P,k € Z>1 N Z<yy we have €1 ¢ <
We have 1/Ry, = 2%¢ /Ry for all non-negative integers k and
€0,c < €y < p(Ro, My, Ms)

for all ¢ € P, so for each ¢ we can apply Lemma to the sequence

(6074, €1,¢y - - ,Em/7c,0,0, .. )
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and obtain 16 Mye,, ¢ < R0/23m/ = R,,s, i.e. we have

m/ Rm’
Em/ ( = H’Y( )<'7<) - Id”CC(4T+Rm/) < m-

Hence we can apply Lemma to obtain continuous maps
a™): {(2,0) € C" X P: 2 € Ac(47 + Ry /2)} — C™,
B {(2,() € C" X P: z € Be(47 + Ry /2)} — C™,
such that

o a™)(.¢) (resp. B™)(.,¢)) is injective and holomorphic on Ac(4T + R,y /4) (resp.
Be(41 + Ry, /4)) for all ¢,

o [a™)(,¢) = 1d|l 4. (4r+r,,/2) < Mz - 7™ (- ¢) = |l (artr,,) for all ¢,

o 1B)( Q) = 1d|l g ar+r,,2) < Mz~ 7™ (-, ¢) = 1d|lc(ar4r,,) for all ¢,

e the mapping v *V: {(2,() e C" x P: z € Ce(47+ Ryy41)} — C" given by (2,() —

-1
((B(W’)@ C)‘B (r+R /4)) oM (.. ¢) o al™)(., C)) (z) is welldefined and contin-
c(AT+R

uous and, for all ¢, the map v+ (.,¢): Ce(47 + Rpy1) — C" is injective, holo-
morphic and satisfies

IV 0O =Tl im0y < (Ms/Ro) - |7 (O =113, (474 1.,y-
Defining €,/ 41,¢ := [ (- ¢) — IdHC<(4T+Rm/+1) for all ¢, the last inequality reads

< Ms
Em/4+1,¢ > R, "€l (o
m

which completes the induction. It should be noted that over the course of the construc-
tion of the sequence (V(m))mezzo, we have also constructed sequences of continuous maps

(a(m))mezzo and (B(m))mEZzo- It is clear from the construction that

7™ (-, ¢) = 1dll o, (ar4 o) < Bim /32,
¢, Q) = Tl ag(ars r, /2) < B /32, (DE)
Hﬁ(m)(-,o - Id”Bg(4T+Rm/2) < Rpn/32.
For all ¢ € P, m € Z>q we define the map
alS): Ac(4m + Ry /4) » C"
by:

2 (a<0)(.,g) o...oa<m>(.,g))(z).

It is welldefined (because of the distance estimates [DE)), injective and holomorphic. By the

distance estimates the choice of Ry and by Lemma [4.7] the inverse map (&7(,%))*1 is wellde-
fined on A¢(77/2) for all m. Using the distance estimates yet again, one readily computes
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that ((&%))_l>mez>o is a Cauchy sequence with respect to the sup norm on A¢(77/2) and
hence converges uniformly to a holomorphic map

a1t Ac(71/2) = C".
Noting that ||a—1,¢ —1d[| 4, (77/2) < Ro/16 < K -7/4, we can apply Lemmato deduce that
the restriction of a_q ¢ to A¢(137/4) is injective. By Lemma [4.7| the range of ail’ch(
contains A¢(517/16), so that the map

137/4)

defined by

-1
S <a1’<|AC(13T/4)> (2)

is welldefined, injective and holomorphic. Analogously we obtain maps

B Be(4 + Ry /4) — C" for all m € Zs,
B—LC: B§(77‘/2) — (Cn,
B¢: Be(517/16) — C™,
with analogous properties. We define
= &C‘Ac(%)’

BC = BC’B((QT).

So we have constructed families (a¢)cep and (5¢)cep of injective holomorphic maps. We have
to show that they have the desired properties.

Welldefinedness of 3¢ o ac™! on C¢(7) and the compositional splitting y¢ = 8¢ o a¢ ™! on
C¢(r) follow from our distance estimates and two applications of Lemma

The estimates |[a¢ —1d[| 4, 2r) < 1 and [|B¢ —1d||p,(2) < 71 follow from the distance es-
timates and an application of Lemma to the sequence (€m7€)m6220 and the triple
(n', My, Ms), where ' = min {n, Ro}.

It remains to check that (a¢)cep and (B¢)cep depend continuously on ¢ € P in the sense
of Definition To this end define

a: {(2,0) €C"xP:ze€ Ac(21)} = C",(2,¢) — ac(2),
B:{(2,{) €eC"x P:ze€ B:(21)} = C",(2,¢) — Be(2).

We will show that « is continuous; continuity of 3 follows analogously. For all m € Z>¢ we
define the map

am: {(2,{) €eC" xP: z€ Ac(47 + R /4)} — C,
by
(2,¢) = af)(2).

With an inductive argument analogous to the proof of Lemma [4.12] one readily verifies that
ap, is continuous for all m. If one can show that (a,)mez., converges to a uniformly on
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{(2,{) € C"xP: 2z € Ac(27)}, then continuity of a will follow from the uniform limit
theorem.

Analogously to the proof of Lemma we find an L > 0 (independent from ¢ € P) such
that for all ¢ € P and for all z,y € C"* with {lx + (1 —l)y: 1 € [0,1]} C A¢(257/8) we have:

lac(y) — ac(e)| < L-ly — =[]

Remark 5.1. We are heavily relying on holomorphicity to establish this Lipschitz estimate,
which is essential for proving that « is continuous.

Using the distance estimates we deduce that the map a_ ¢ o &) is welldefined on Ac(27)
and that

S A a9 for all m € Z .
Hag oy, Acem S (a_qcoay) Ac2n) or all m € Z>o,( €P
Now we are ready to show that (qm)mez., converges to a uniformly on D := {(2,() €

C" xP:z e Ac(27)}. We compute, noting that all occurring compositions are welldefined
on the respective sets:

sup |lam(z,¢) — a(z, Q)

(2,)eD
S

ceP ¢ Ac(27)
<L-s Id — (o ~({)
<t-suplid = @aacod, .

<L -sup ( lim sup < HO‘—LC o &5}9 _ (al(C))—l o &%)H

¢ceP \I>m,l—00 A¢(27)

e e -ul, )

<L I e @) >
<zes (s (acre= @) o)
~ )1 _ (501
# imsw (|G = @) 7))

which goes to 0 as m goes to co. This concludes the proof of Theorem
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