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ABSTRACT. We obtain the asymptotic formula of the Sidon constant for ordinary
Dirichlet series using the Bohnenblust—Hille inequality and estimates on smooth
numbers. We moreover give precise estimates for the error term.

SAMMENDRAG. Ved & benytte Bohnenblust—Hille-ulikheten og estimater for
glatte tall oppnéar vi den asymptotiske formelen til Sidon-konstanten for ordinzere
Dirichlet-rekker. Videre angir vi presise estimater for feilleddet.
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Introduction

We begin by giving a short introduction to the topic at hand, through General
Dirichlet Series and Sidon Constants. After this we give a brief overview of the
thesis and discuss some asymptotic notations employed.

General Dirichlet Series

Suppose that A = {A1, A2, A3, ...} is an increasing sequence of real numbers such
that A\, — co. We say that A defines a General Dirichlet Series by

oo
F(s) = Z ane” M,

n=1

where the coefficients a,, and the variable s = ¢ + it are complex numbers. For
each defining set A we consider the sequence of Sidon Constants, given by

N
Z ane” | Va, € (C} .
n=1

N

N
SA(N) = inf {C : Z |an| < Csup
n=1 teR

Combining the inequality
1
3

2
dt < sup
teR

—itAy,

N
ane”thn ane
=1

1
N 2 T
1
S jaa?) = [ Jim — /
el T—o00 2T _T e

with the Cauchy-Schwarz inequality yields the upper bound Sx(N) < /N, since

N N 3
Z|an|<vN<Zan|2> < VN sup
— teR

n=1

n=1

N

E ane” |

n=1

If we take A = {0, 1, 2, ...} we obtain Power Series in the variable z = e~* since

(oo} (oo}
F(z)= Z an2" = Z an (e_s)n.
n=1 n=1

1



GENERAL DIRICHLET SERIES 2

The supremum is taken along the imaginary axis, which implies that we need to
consider Fourier Series, since

—zf § an —ﬂLt

This was exploited by Kahane in [24], where he used methods from probability
theory to get the asymptotic equality

S(N) ~ VN

as N — oo, and the upper bound is obtained. The random trigonometric poly-
nomials Kahane showed existed are called wltra-flat, since their supremum is as
small as possible compared to the absolute sum of their coefficients, in view of
the general bound Sx (N) < v/N. Explicit ultra-flat polynomials were later found
by Bombieri and Bourgain in [10], who also improved Kahane’s estimates and

obtained
S(N) = VN (1 +0 (N‘1/9+5>) .

A natural question is whether ultra-flat polynomials can be found for any defin-
ing set. Let us take A = {log(1), log(2), log(3), ...}. This yields the Ordinary
Dirichlet Series, which we write as

S
S

9-3

n=1

S

3

The Sidon constant for the set A = {log(1), log(2), log(3), ...} was recently esti-
mated as

S(V) = Vi exp ( (=5 + o(1) ) Viog N TogTog ¥ )

combining contributions from several mathematicians, including Bohr, Little-
wood, Bohnenblust—Hille, Kahane, Hildebrand—Tenenbaum, Konyagin—Queffélec,
de la Breteche, and finally Defant—Frerick—Ortega-Cerda—Ounaies—Seip. The es-
timate implies that ultra-flat Dirichlet polynomials cannot exist, since
S(N

N —oc0 \/N
The main goal of this thesis is to retrace the steps of the mathematicians listed
above and obtain the asymptotic formula for S(N). In addition, some precise
estimates for the o(1)-term will be provided.

REMARK. In the remainder of this thesis, we will restrict our study to the set
A = {log(1), log(2), log(3), ...}. Furthermore, when we say Dirichlet series and
the Sidon constant, we have this set in mind.
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Overview of the Thesis

The thesis is divided into four chapters and two appendices. The first chapter may
be considered an extended introduction, but we also obtain some necessary tools.
The following two chapters provide crucial theorems, needed for the fourth and
final chapter where the main result is proven. The first appendix supplies some
general inequalities, while the second provides some properties of the Riemann
Zeta Function.

Chapter 1. The first chapter is devoted to the study of convergence properties
of Dirichlet series. We obtain Cahen—Bohr formulae for ordinary Dirichlet series,
and show how these allow us to view the Sidon constant as a statement on the
relationship between uniform and absolute convergence of the series. Perron’s
Formula is also obtained, which is an important inversion formula.

Chapter 2. The second chapter contains the main number theoretic part of the
thesis, and concerns itself with the study of smooth numbers. Number theory is
closely connected with Dirichlet series, and Perron’s Formula is crucial here.

Chapter 3. In the third chapter, we study multilinear forms and homogenous
polynomials. Starting with Littlewood’s 4/3-Inequality, we combine Khinchine—
Type Inequalities with Blei’s Inequality to prove several hypercontractive versions
of the Bohnenblust—Hille Inequality.

Chapter 4. In the fourth chapter, we combine Bohr’s Correspondence with
Rankin’s Trick and the Salem—Zygmund Inequality to obtain the main result of
the thesis. We give as precise estimates as we can obtain, and mention some
related open problems.

Asymptotics

Let us give a brief overview of the different types of asymptotic notation that is
used in the text. We will employ both Landau’s notation f(z) = O(g(x)) and
Vinogradov’s notation f(z) < g(x) interchangeably when there is some constant
C > 0 such that

|f(@)] < Clg()],
for all x in some domain. Unless otherwise stated, we often assume this is globally,
as x — oo. If we have both f(z) < g(z) and g(z) < f(z) we will write f(z) <
g(z). We will also consider limit comparisons, say

L = lim M
If L = 1 we have asymptotic equality, and write f(z) ~ g(z). Furthermore, if
L = 0 we say f(z) = o(g(x)). Clearly, if L = oo we have the converse and

9(x) = o(f(x)).



CHAPTER 1

Some Convergence Properties of Dirichlet Series

A familiar and important concept in mathematics are power series, which are
studied at university courses in Complex Analysis. Power series are given by

(1.1) F(z)= ch(z—c)n.

The series converges trivially for z = c¢. In addition, the radius of convergence
around this point can be computed by the Cauchy-Hadamard formula

1
(1.2) = limsup /|cy|.

n—oo

The power series (1.1) converges absolutely inside the radius of convergence,
uniformly on any compact subset inside the radius of convergence, and diverges
outside. We are mainly interested in Dirichlet series, which are defined by

“a

(13) fls) =,

n=1

for complex numbers s = ¢ + it. The main goal of this chapter is to investigate
where the series converges, converges absolutely and converges uniformly, and
obtain analogous formulae to (1.2) for Dirichlet series [1, 20].

1.1. Summation by Parts

To better understand the Dirichlet series (1.3), we will study the sequence of
truncated Dirichlet polynomials, given by

N



1.1. SUMMATION BY PARTS 5

On these Dirichlet polynomials, we introduce the following quantities

N
(14) 1nllo = | > an
n=1
N a
1.5 0o = SUu 2l =su it
(1.5) £l Sup ;n” teﬂglfzv( )|
. N
(1.6) Fnll = lan|
n=1

which will be associated with the different types of convergence. Clearly

[xllo < [lfnlloe < [l fnllr,

where the first inequality is obtained by taking ¢ = 0 in the supremum, and the
second by the triangle inequality.

REMARK. It should be noted that only (1.5) and (1.6) defines norms on the set
of Dirichlet polynomials. In general, (1.4) fails to separate points, and therefore
only a semi-norm. This should not cause any confusion, we adopt this notation
to obtain a sense of similarity in the Cauchy—Hadamard-type formulae.

We now consider any function a : N — C and define the following truncated sums

A(z) = Z a(n)

Awy)= Y aln)

If £ < 1 we take A(z) = 0 and similarly if y > x we take A(x,y) = 0. Using these
definitions, we are ready to state and prove two technical results, which will be
applied to prove the central results in the following sections.

LEMMA 1.1 (Abel Summation). Suppose ¢ € C* ([y,x]) with 0 <y < x. Then
(L.7) Y aln)d(n) = Alx)d(x) — Aly)éy) — /$ A(t)'(¢) dt.

PROOF. Since A is a step function we can formulate the sum as a Riemann-—
Stieltjes integral. We apply integration by parts to obtain

Y alm)e(n) = /x o(t) dA(t) = A(z)d(x) — Aly)d(y) — /x A(t) do(t)

= A@)o(@) - AWolw) - [ AWt

where the final equality is due by the fact that ¢ is continuously differentiable. [J
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LEMMA 1.2 (Partial Summation). Let a,b: N — C. Then

Y amp(n)= Y Aln,y)b(n) - b(n+ 1)] + Az, y)b([]).

y<n<z y<n<z—1

ProOOF. We compute

Y amp(n)= Y [A(n,y) — Aln —1,)]b(n)

y<n<z y<n<z
y<n<z y—1l<n<z-—1
= Az, b))+ D Aln,y)[b(n) —b(n+1)],
y<n<z—1
and since A([y],y) = 0, the first term in the second sum disappears. O

1.2. The Abscissa of Convergence

We begin by investigating where the Dirichlet series converges. Our first result is
an important lemma which shows how the real part of s = o4t is the dominating
element in the question of convergence.

LEMMA 1.3. Assume that the Dirichlet series
o0

f(s) =

n=1

ap

nS
converges for sog = oo + itg. Then f(s) converges for all s = o + it with o > oy.

PROOF. To apply Lemma 1.1 we take a(n) = a,/n® and ¢(t) = t*~*°. We plug
this into (1.7) to obtain

S moAD AW AN,

ns 5—50 yS*SQ ts—so+1 :

y<n<lzx

Since f(sp) converges, the partial sums are bounded, say |A(t)| < M. We apply
the triangle inequality and obtain

x

Z a—: SMx"O_"+My”0_”—|—M|S—50\/ too—o=1 gy
y<n§zn Y

(mao—a + yao—o) + M|j - 20| (yoo—a _ xao—a)
— 00

=M
<M (1 + |S_SO> (y0070’ +x0070) < 2Myo~° (1 + |5_30> :
g — 0o o — 0o
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since 0¢g < 0 and y < x implies 777 < y?°~ 7. We let y — 0o, and hence the
partial sums of f(s) forms a Cauchy sequence and f(s) converges. |

THEOREM 1.4. Assume that the Dirichlet series f(s) does not converge every-
where or diverge everywhere. Then there exists a real number o., such that the
series converges in the half-plane {s : o > 0.} and diverges in the half-plane
{s : 0 <.}

PRrROOF. Consider the quantity

oo
. 29
1.8 . = inf : — .
(1.8) oc = inf {a E e converges}

n=1

Since the series does not diverge everywhere, the set is non-empty and the infi-
mum exists. Since the series does not converge everywhere, the set is bounded
below. Hence the infimum is a finite real number. By Theorem 1.3 the number
0. gives the half-planes of convergence and divergence by its definition. ]

DEFINITION. The real number o, as defined by (1.8) is called the abscissa of
convergence for the Dirichlet series. If the series converges everywhere, we say
that o, = —oo and if it diverges everywhere we say o, = co.

We are now ready to prove the first Dirichlet series analogy to (1.2), which will
give the abscissa of convergence.

THEOREM 1.5. Assume that the Dirichlet series

. a
fs)=) —
n=1 n’
diverges at s = 0. Then o, = o¢ where
_ log || fnllo .. log|a; +az + -+ an|
1.9 op = limsup ————— = limsu .
( ) 0 N—)oop 1Og N N—><>op 1Og N

PRrROOF. We take oy as above, and since the series diverges at s = 0,

lim A(x)

Tr—00

diverges. By Lemma 1.3, we only consider real s, and take s = ¢ > 0.
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Step 1. Let € > 0 be arbitrary. There is some N, € N such that
log ||.fw llo
log N
for all N > N, by the definition of o3. We take care of the finite number of
N < N¢ by adding a suitable constant C. such that

<og+e€

log || fx|lo log C.
o NJINVIY ~ o 7€
logN — g0t log N
holds for all N € N. This implies the estimate
(1.10) I fnllo < CNTo.
Now, we take o = o + 2¢ and apply Abel summation with a(n) = a, and

¢(t) = 1/t, which yields
> om oA A,

ne xro ya t1+o

y<n<z

The estimate (1.10) implies |A(t)| < C.t7°T¢. We take absolute values and apply
the triangle inequality to obtain

a poote oote T toote
Y < +4 45 dt
ne xo yo Y t1+0

y<n<z
1 1 Todt C.
:CE<—|—+U/ 1+>§<2+U),
:L.E ye yt € yE €

which demonstrates that the Dirichlet series converges at s = . Thus we see
that o, < 0 = 0g + 2¢ and hence o, < o0g.

Step 2. Now, fix € > 0 and let 0 = o.+¢€. Clearly f(o) converges, and hence the
partial sums B(x) are bounded, say by a constant M. Again by Abel summation

we obtain .
a
a= 2n? = B(z)z” — Aty dt.
> an =3 S = Ba® —o [ A

n<x n<x

Absolute values and the triangle inequality yields

Zan <M<x”—|—a/ t"ldt> =M(2z° — 1) <2Maza°.
1

n<z
This estimate is valid for x = N and by (1.9) we obtain
. log || f~llo . log2M + olog N
oo = limsup ————— < lim sup =0c=o0.,+¢€.
N —o00 Ogjv N—o0 IOgAf

Hence oy < 0. and we are done. O
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1.3. The Abscissa of Absolute Convergence

We immediately obtain the domain of absolute convergence, since we can appeal
to the familiar convergence tests from calculus regarding positive series.

THEOREM 1.6. Assume that the Dirichlet series f(s) does not converge absolutely
everywhere or diverge absolutely everywhere. Then there exists a real number o,
such that the series converges absolutely in the half-plane {s : o > o0,} and
diverges absolutely in the half-plane {s : 0 < 04}.

PROOF. We observe that

E R

‘J — N\ 19l

n=1 n’ n=1 ne

By the comparison test we immediately see that if the series converges absolutely

for some sg = o( + itg, it converges absolutely for all s = ¢ 4 it where o > oy.
As in the proof of Theorem 1.4 we consider the quantity

. .- |an|
1.11 o = inf : E — < .
( ) 7 ;IGIR{U — ne >

Since the series does not diverge absolutely everywhere, the set is non-empty and
the infimum exists. Since the series does not converge absolutely everywhere,
the set is bounded below. Hence the infimum is a finite real number. By the
observation above, the number o, gives the half-planes of absolute convergence
and divergence by its definition. |

DEFINITION. The real number o, as defined by (1.11) is called the abscissa of
absolute convergence for the Dirichlet series. If the series converges absolutely
everywhere, we say that 0, = —oo and if it diverges absolutely everywhere we
say o, = 00.

We can apply the formula for the abscissa of convergence to obtain the formula
for the abscissa of absolute convergence easily.

COROLLARY 1.7. Suppose that the Dirichlet series f(s) diverges absolutely at
s =0. Then
log (Ja1| + lag| + - -- + |an|)

. log | fnli ..
1.12 0, = limsup ———— = limsu .
( ) N~>oop IOg N N~>oop log N

PrOOF. This follows from Theorem 1.5 by replacing the coefficients a,, with their
absolute values |a,|. O

THEOREM 1.8. Assume that the Dirichlet series f(s) does not converge every-
where or diverge everywhere. Then 0 < o, — o, < 1.
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Proor. The lower bound is trivial since o, > o.. It is sufficient to show that if

the Dirichlet series converges for some sy = o( + itg it converges absolutely for
all s = o + it with o > 0¢ + 1. Since the series

flso) =Y n

converges, its summands are bounded. Say |a,n~%°| < M. Then clearly

la la 1 =~ M
n n
Z ’E - Z ’ns() ns—so = Z no—oo’
n=1 n=1 n=1
converges since p = o — gy > 1 by p-test from calculus. (|
REMARK. It should be noted that the above argument implies that if o, = —o0
then o, = —oo. Similarly, if 0, = oo then clearly o, = co. Since we have o, < g,

the two remaining cases follow. If either o, or o. is infinite, then o, = o,.
THEOREM 1.9. For any 0 < «a < 1 there is a Dirichlet series with 0, — 0. = .
PROOF. The case a = 0 is given by the Riemann zeta function,
=1
ns’

By (1.9), the Dirichlet eta function
0 (_1)n+1
n(s) = Z s
n=1

provides the case & = 1. For 0 < a < 1 we consider a Dirichlet series f(s) with
an € {—1, 1}. Hence we have A = 1, by (1.12). We want to show that we can
choose a,, such that it converges for all ¢ > 0, = 1 — « and diverges elsewhere,
to obtain 0. = 0, and 0, — 0. = a. We call upon Lemma 1.1 and apply (1.7) to

obtain
S oA ),

ne xro ya t0'+1 :

y<n<z
We now want A(t) ~ t°=. This is easily done, by recursively choosing
1 if n? > A(n—1)
ap = ,
" -1 ifn% < A(n-—1)

which implies |A(t) —t7| < 3, by the fact that ¢ is strictly increasing contraction
on [1, co). Thus it is clear that o, = 0, and hence we have o, — 0, = a. O
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1.4. The Abscissa of Uniform Convergence

We are now interested in obtaining the abscissa of uniform convergence. It was
introduced by H. Bohr in [6, 9]. Our first result is a general result on uniform
convergence, and can be seen as an improvement of Theorem 1.4.

LEMMA 1.10. For any s € C and n € N we have

1 : lo—l (nff_ (n—il)")

n®  (n+1)°
Proor. We convert to an integral and estimate using the triangle inequality
1 / < / B \ 1 1 0
t5+1 - t"“ o \n° (n+1)0 )’

ns (n+ 1
THEOREM 1.11. Suppose that the Dirichlet series f(s) converges for some s = sq.
Then it converges uniformly in the angular region

(1.13) Arg(s —sp) <0< g

PROOF. Let ¢ > 0 be arbitrary. Since f(sp) converges, we can find an N, € N

such that
a
E — 1l <ecosf <e,
nso
y<n<z

for any x and any y > N.. Summation by parts with a(n) = a,,/n®® and b(n) =
1/n®7% yields

Qp, _ 1 1 A(I,y)
Z ; - Z A(n, y) <’I’LS_SO - (n+ 1)5—30> + [x]s—so :

y<n<z y<n<z—1

It is clear that |A(n,y)| < ecosf. We take absolute values and apply the triangle
inequality to obtain

an 1 1
R B S =

y<n<z y<n<z—1

ecosf

el

by Lemma 1.10 and the fact that |s — so|/(c — 0¢) < 1/cosf in (1.13) we obtain

|s — so] 1 1 1
< 0 — <
<€ Z cos o — o9 \no—oo (n n 1)0700 + [55]07”“ <e

y<n<lz—1

by summing the telescoping series and the fact that y > N.. Since s was arbitrary
in the angular region, we have proven uniform convergence. (]
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Theorem 1.11 implies that there in general is no largest domain of uniform con-
vergence. Hence we are required to take the abscissa of uniform convergence as
a definition.

DEFINITION. Given a Dirichlet series which neither converge everywhere nor
diverge everywhere, the the abscissa of uniform convergence is the unique real
number o, such that the Dirichlet series converges uniformly in each closed half-
plane {s : 0 > g9 > op}. If the Dirichlet series converges everywhere, we say
that o, = —oo and if it diverges everywhere we say that o, = oo.

Observe that Theorem 1.8 implies that this definition makes sense; and obviously
o. < op < 0, since absolute convergence implies uniform convergence, which in
turn implies convergence. Our first goal is to obtain the formula for the abscissa
of uniform convergence, analogous to Theorem 1.5 and Corollary 1.7 [7].

THEOREM 1.12. Suppose that the Dirichlet series f(s) diverges at s = 0, but does
not diverge everywhere. Then o, = oy, where

ProoOr. We want to prove that g = o3, which we will do in two steps. Since
f(s) diverges at s = 0 we have o, > 0 and from (1.14) it is clear that o¢ > 0.

log (sup,cp [N, an/nit
(1.14) oo = limsu og 1/ lloe = limsu reR [ Zm=
) 0 N—>oop 10g N N—>oop log N

Step 1. Fix some € > 0. There is some N, € N such that for N > N, we have

log || fn |l
logN — o0+ ¢

Choose a suitable C. > 0 to compensate for the finite N < N, such that

log || /]l log Ce

—S NIV ~

log N _GO+€+logN

holds for all N. We can use this to estimate
(1.15) [fn(it)] <l fnlloe < CeNTOTE

Now, take s = o + it where o > o + 2¢. We split the summand into a,,/n‘ and
1/n? and apply partial summation to obtain

N a N—-1
fn(s)=>" n—" =" fulit) (77 = (n+1)77) + fn(it) N7

The final term goes uniformly to 0 by (1.15), since it is bounded by C.N .
Hence,

£(5) = 3 Falit) (077 = (n+1)77).
n=1
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We estimate the telescoping part by

n*u(nﬂ)*o:a/

n

L o
tito — n1+a'
The function

Pn(t) = n1t+t

has a global maximum at ¢ = 1/logn and decreases strictly to 0 as ¢ increases.
For those n > M, such that

1
— <09+ 2 <o,

logn
we obtain 5
. . o + 2¢€
n 7 —(n+1) Sin”‘m“f'
Choose K > M, and apply (1.15) to obtain
Ce(op + 2¢)
1f(s) = fr(s)] < Z e

n>K

which can be made smaller than any § > 0 by choosing large enough K. This
implies uniform convergence for o > o¢ + 2¢. Hence oy, < 0 + 2¢ and o}, < 0y.

Step 2. Fix some € > 0. We know that f(s) converges uniformly on the vertical
line s = o} + € + it, and hence its partial sums are uniformly bounded, that is
N

QA
Z nov +e+it

n=1

<M

— )

where M > 0 depends neither on N nor ¢t. By taking the supremum over all
t € R, we obtain

N N
Ay, G,
=S 7 <S ]Va-h#?6 —— <MNJb+E.
I/ llo0 = sup ; ir| < sup ; i <
This immediately yields
1 log M log N
o0 :limsupM < limsup og M + (0, +€)log =o0p+e

N—oco log N N—oo log N

which clearly implies oo < 0. In total, we have oy = 0. O

We easily obtain the bound 0 < o, — 0 < 1, from Theorem 1.8, and the fact
that 0. < 0p. In the following result, we improve this.

THEOREM 1.13. Suppose that the Dirichlet series f(s) does not converge every-
where or diverge everywhere. Then o, — op < 1/2.
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PROOF. A simple computation yields
1 T it 1 ifm=
(1.16) lim —/ (@) =4 "M
T=oo 2T J_p\m 0 ifm#n

for m,n =1,2,.... We begin by applying (1.16) to compute

1 2 i L7 (my
gy [ = 3w g [ ()" 0

n,m=1

Z G O Z\an\2

m,n=1

(1.17)

Using the Cauchy—Schwarz inequality and (1.17), we obtain

. N N \? /N 3 N 3
Bl =3 el < (z 1) (zmn?) _ m(z w)
n=1 n=1 n=1 n=1

(1.18) 1
:m<hm i |fN<zt>|2dt) < VFlful

2T

By Theorem 1.5 and Theorem 1.12, this implies

<1og||fN||1 ) 1ong||oo> < limsup 2VY _ 1

log N log N = Noee logN 2

0q — 0p < limsup
N —o0

which completes the proof. O

Theorem 1.13 suggests that one way to understand the quantity o, — o} is to
study the ratio ||f1\v 1/l fn]loo for different N and different choices of coefficients
{an}. In particular, we would like to maximize this to obtain a lower bound for
04 — 0p. This leads naturally to the definition of the Sidon Constant,

I/l
{an}£0 1N oo

S(N) =

We are now in a position to state the main result of this thesis, namely
1
S(N) = VN exp (<\/§ + 0(1)) \/logNloglogN)

The o(1) term is taken as N — oo. Since v/log Nloglog N < log N this implies
that the bound o, — 0, < 1/2 indeed is optimal, by similar considerations as in
the proof above.
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1.5. The Mellin Transformation

The goal of this section is to provide an analytic correspondence between the
Dirichlet series and the summatory function of the coefficients, which we recall
are given by:

fls) =,
A(z) = Z Q.

To do this, we apply integral transformations. We begin by proving a version of
Kronecker’s lemma for Dirichlet series.

LEMMA 1.14 (Kronecker’s Lemma). Consider the Dirichlet series f(s) and let
s = o + it with 0 > max(c.,0). Then

A
(1.19) im 28

r—oo IS

PrOOF. Fix s = o + it with o > max(o,,0). Let

B(x) = —.

Since o > o, the partial sums of f(s) are bounded, say |B(z)| < M/2 for some
M > 0. Abel summation yields
A)=> n s = B(x)z® f/ B(t)st* "' dt = / (B(xz) — B(t)) st*~ " dt.
e n® 0 0
Now, let € > 0 be arbitrary. Since o > 0. we know there exists some B € C such
that
|B(z) — B| < €/2,
for all > xo(e). We split the integral at zo(e) and obtain

) x
|A(z)] g/ |B(z) — B(t)\msa*ldtju/ |B(z) — B(t)|ot"~ dt
0 0 (€)

zo(€) x

< / Mot tdt + / eot®tdt = x0(€)7 (M — €) + ex®,
0 zo(€)

since o > 0. Clearly this implies

A(z)

:L.S

lim
€T—r 00

<

which gives (1.19) since € > 0 was arbitrary. O
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We are now ready to obtain the first part of the correspondence, using Abel
summation and Kronecker’s lemma.

THEOREM 1.15. Consider the Dirichlet series f(s) and the summatory coefficient
function A(x). Let s = o + it with o > max(o.,0). Then

(1.20) Fls) = s /1°° fs(fl) dz.

PROOF. By Abel summation we obtain

an _ Aly) /y A(z)
— + s dzx,
1

ns - e s+l

n<y

since A(x) = 0 for z < 1. We want to take y — oo, and apply Kronecker’s lemma,
which yields

A YA <A
f(s) :ylgigo (y(sy)+8/1 xs(fl) dx) :8/1 ws(fl) dz,

as required. O

EXAMPLE 1.16. Consider the Riemann zeta function ((s). Clearly,
A(z) = [],
since a, = 1. We apply (1.20) to obtain

T ] s = {z}
C(s)—s/1 a:s“‘ldx_s—l_s : xs+1dx,
since x = [z] + {z}. This yields an analytical continuation of ((s), since the

integral is absolutely convergent for ¢ > 0. Furthermore, the continuation has a
simple pole at s = 1 with residue 1.

Inspired by (1.20), we define the following integral transformation, defined for
more general functions than summatory functions of Dirichlet series.

DEFINITION. Suppose f : [1,00) — C is locally Lebesgue integrable, and satisfies
the growth condition |f(z)| < AzP. The Mellin transformation of f is defined
as

fie),

T

flo) = mirys) = [ h

If we can invert the Mellin transformation, we will be able to to obtain the
converse of (1.20). To do this, we try to connect the Mellin transformation to
some familiar integral transformations.
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DEFINITION. For any f € L'(R) we define Fourier transformation

(1.21) 7o) = Fiye) / F()e™ da.

The Fourier transformation exists for any £ € R and is continuous. The proof
of the following theorem is omitted, but can be found in any standard text on
Fourier Analysis [18].

THEOREM (Inverse Fourier Transformation). Suppose that f, f € L'(R), and
that f is piecewise continuously differentiable. Then

az) e =T i - LT Rgesas

at the least in the Cauchy principal value-sense.

DEFINITION. Suppose that f : [0,00) — R is locally Lebesgue integrable and sat-
isfies the growth condition |f(x)| < AeP®. We define the Laplace transformation
by

7ls) = £L1}(s) /f e da.

We may use the Fourier Inversion Theorem, to obtain the Laplace Inversion
Theorem. We can later apply this theorem to invert the Mellin transformation,
and obtain the desired formula.

LEMMA 1.17. Suppose that both |f| and |f'| satisfy the growth condition < CeP®
and that f is piecewise continuously differentiable. Then

K+ico
(123 f@ =@ = o [ foeds,

for any k > D at the least in the Cauchy principal value-sense.

ProoOF. By (1.21) and (1.22) we obtain

1 o0 (o) . X
—5 | s ayag,
— 00 — 00

for any piecewise continuously differentiable function g, with g,¢’ € L'(R). The
outer integral may be taken in the Cauchy principal value sense if necessary. We

choose
g(w) = H(x)e ™ f(a),
where H(z) is the Heaviside’s function, with one small addition: We take the
mean value at x = 0 to obtain the correct value in the principal value integrals,
0 ifx <0
H(z)=<1/2 ifz=0.
1 ifx>0
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The function g(z) satisfies the demands by the growth condition. Clearly, for
x > 0 and by the substitution s = x 4 ¢£ we obtain

@ =G [ e [ s agae

e K+i00 1 K+i00 .
- %/ . "+ / fly)e " d YT omi ) ™[ (s) ds
P _

00 K—100

where the integral is taken in the Cauchy principal value-sense if necessary. The
case ¢ = 0 follows similarly. O

THEOREM 1.18. Suppose that both |f| and |f’| satisfy the growth condition < Az®
and that f is piecewise continuously differentiable. Then

m-l—ioo/\ x5
(1.2 P =MD =5 [ Rt s

at the least in the Cauchy principal value-sense, for any k > B.

ProoF. We define g(z) = f(e®). By the growth conditions, we can compute

L{g}(s) = /Ooog@)e—“ds: /Oooﬂe s = [T I Dagyie),

Similarly, the demands for (1.23) are met, and we obtain

Kk+ioco 1 K+ico s

£r@) =g lloga) = 5 [ g ds = o Fis)™ ds,

—100 2mi K—100

where the integral is taken in the Cauchy principal value-sense if necessary. [J

Observe that (1.24) implies that
1 K+100 l,s
Alz) = — ~d
W=gm |, ST

is formally the converse to (1.20). However, we see that the mean value is taken
at the discontinuities © = n. In the next section, we will obtain several versions
of Theorem 1.18 tailored to Dirichlet series. We also estimate error terms when
restricting the integration to a finite part of the imaginary axis, say [t| < T.

1.6. Perron’s Formulae

To satisfy the required mean value at the discontinuities, we introduce a weighted
version of the summatory coefficient function,

(1.25) A*(z) = % Y an+ Y an

n<x n<x
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The multiplicative version of H(z) is the auxiliary function h : RT — R by

1, ife>1
(1.26) hz)=<1/2, ifz=1
0, ifo<z<1

The following lemma regarding (1.26) will yield Perron’s formula.

LEMMA 1.19. For any positive k, T and T' we have

1T s " 11
1.27 hz) — — Sl ——— [ =4+ =
(1.27) (z) 27 /K_iT/ Tss 27| log z| (T + T’) ’
1 [T ds K
1.28 h(1) — — —| < .
(1.28) (1) 27TZ'/,Q_1T s| T TH+k

where 0 < x # 1 4n (1.27) and h is defined as in (1.26).

PROOF. Assume first that £ > 1 and take k > k. Let Ry be the rectangle given
by its corners k —iT", k+iT, k—k-+iT and k—k—¢T" oriented counter-clockwise.
By the residue theorem,

1 d
— e h(x).
27 g, s

One of the edges is the integral in (1.27). We will estimate the other three,
starting with

r—k+iT
/ s ds
s =
k41T S

The same holds for the opposite edge,
/fi—iT’ s dS 1 K ./L'K _ xﬁ—k xﬁ? xﬂ
< <
K

1 K T — xm—k xr Pl
< = x®ds = < = .
T J._& Tlogx Tlogx  T|logzx|

S
¥ — | < = z%ds =
—k+—iT’ s T )k

T'logz — T'logz T'|log x|
Finally we apply the triangle inequality to the third edge and obtain

k—k
x

k—k’

k—iT’
1 s

<(T'"+T)

21 ) —ir s

which disappears as k — co. Combining this, we obtain (1.27) for > 1. The
same argument applies for z < 1, by replacing x by —x, since h(z) = 0. This
proves (1.27). Now for the case x = 1, we observe that

1 o ds _ 1 (arg(k +iT) — arg(k —iT)) = 1 arctan(7T'/k)
2mi Jyr 8 27 & & o ’
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We note that

T °dt 2 2
0 < = —arctan(y) = 5 < s dt = ,
2 , 1+ (1+10) 1+y
and hence (1.28) follows by taking y = T'/k, since 2/7 < 1. O

THEOREM 1.20. Consider the Dirichlet series

o0

fls) ==,

n=1

with finite abscissa of absolute convergence o, and suppose that k > max (0, 0,).
Then

1 K41i00 ds
1.2 A*(z) = — —
(1.29) @ =5 [ 6%
which converges conditionally for x € R\N and in the Cauchy principal value
sense for for x € N.

PROOF. Since k > g4, we have absolute convergence. This means that we can
interchange integration and summation to obtain

1 k+iT K—‘,—ZT
o s Z
218 J i f(s) s 2mi /,,i T n

By (1.25) and (1.27) we then have

k+1T S
A*(z) - = / f(s)zt %

278 )i S

z® (1 1) |an]
() Sl
2r \T 1) = n"|log(z/n)|
valid for € R\N. The infinite series converges since k£ > o, and since z is
not an integer, which implies 0 < C' < |log(z/n)|. Thus by letting 77,7 — oo

independently, we obtain (1.29). For z € N we apply (1.28) and similarly obtain
convergence in the Cauchy principal value sense, since we have T’ = T. (|

We now prove effective companions of Theorem 1.20, where we keep T finite and
obtain error bounds, which will be very useful later.

LEMMA 1.21. Consider the Dirichlet series f(s) with finite abscissa of absolute
convergence 0., and suppose that k > max(0,0,), and take T > 1 and x > 1.
Then

k41T

1 ds an
(1.30)  A(w) =5 / IO ( Z 1+T||1lg<x/n>|>>
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PRrROOF. By the proof of Theorem 1.20 we note that it is sufficient to prove that
for any fixed k > 0 we have uniformly for y > 0 and T > 0 that

1 r+iT < ds y*
i) / I _O<1+T|10gy|>’

27
where we will take y = x/n. First, suppose that T|logy| > 1. Then (1.31) follows
immediately from (1.27). Now, assume that T'|logy| < 1. We write

K411 dS Kk+1T dS K+1T ) dS
/ ys ? — yn/ bt _|_ yn/ (yu- _ 1) =
K K K

—iT —iT S —iT S

(1.31)

The first integral is bounded by 7, since we obtain an arctangent as in the proof
of Lemma 1.19. For any x € R we have

|em - 1| < |l‘|,

hence |y*" — 1| < |7 logy|, and thus the second integral can be bounded by

k4T k4T
/ (™ — 1) ds| _ /
K k—iT

—iT S
The error term is O (y") which is of the right order since T'|log y| is bounded. O

Tlogy
s

‘ ds < 2T|logy| < 2.

Let us provide two methods to further estimate the sum in the error term of
Lemma 1.21.

LEMMA 1.22. Suppose that a, > 0. For any ¢ > 0 and any k > max(o,,0) we
have

. T
Z an (%) < C’ex"‘/T |f(k +41)| dr,
llog 2/n|<e -

where T = 1/¢ and C' = sinc™2(1/2), where f is associated to a,.

PROOF. Suppose w, F{w} € L*(R). We begin by proving the auxiliary formula
) s 1 K+100
(1.32) ;an (%) w (1og %) =5 /  fs)t (s

We have absolute convergence and may exchange integration and summation.
We then use a substitution to obtain

sorras =3 an (2) o [~ () win

n=1 -0

1 K+100

27” K—100
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which proves (1.32), since the integral is the Fourier inverse of w(7) evaluated at
log z/n. Consider the following function:

N 1—|7] if|r| <1
w(r) = .
0 if |[7] > 1

We may compute the inverse Fourier transformation easily, since w € L'(R),

1

w(t) = — /_00 W(r)e! dr = %sian(tﬂ).

21

In particular, we also have w € L'(R). Now, let € > 0 be arbitrary and define
we(t) = w(t/e). This yields we(7) = ew(er), and (1.32) is applied to obtain

e} k+iT K T
K 1
7;:1 an, (%) We <log %) =5 L—iT f(s)x’ew(er)ds < % [T |F(k + i1)|dr,

since a,, > 0. The inequality holds if we consider only a finite number of the
summands,

Z an, (%)K (log ) 6; /T |F(k +i7)|dT.

|log a/n|<e

The proof is complete, since

. X 1. 2
inf  w. (log E) = 5 -sinc (1/2). O

|log z/n|<e
LEMMA 1.23. Suppose that T > 1 and x >0, and I = {n : /2 <n <z}. Then

1 2z
S = —_ 1 2logT
Zl—i—T\logaz/m_T( +7+2logT/x),

where v denotes the Fuler—Mascheroni constant.

PROOF. By the mean value theorem, for some £ between x and n,

|z —n| _ |z —n]
> .
E T 2z
We furthermore observe that 0 < |z —n| < z, since /2 < n < 2z. We split the
sum at /T and obtain

2z
7 T e Tl

0<|z—n|<z/T z/T<|z—n|<lz

23; 2z e=a/T gy 2@ dt 2z
— 4 — 2log T
T+T< +/z/2 x—t+/z+m/Tt—x T (1 +7+2logT/z),

which completes the proof. O

| log(/n)| = [log z — log n| =




CHAPTER 2

Smooth Numbers

This chapter concerns itself with estimating the smooth numbers, which the fol-
lowing definition introduces.

DEFINITION. Given any positive real number y, we say that the integer n is y-
smooth if all the prime factors of n are smaller than or equal to y. For z > y > 2
we consider the number of y-smooth numbers less than z,

U(z,y) =card{n <z : n is y-smooth}.

The goal of this chapter is to estimate W(xz,y) precisely [38, 22]. To obtain
the required estimates we shall apply the Saddle Point Method. The following
example will illustrate the method.

oo
n!:/ et dt
0

is well-known, or may be obtained by induction. We will use the Saddle Point
Method to obtain Stirling’s approximation for n!. We substitute t = sn to obtain

o0 o0
nl =n"tt / e s ds = n" Tt / e ") s,
0 0

ExXAMPLE 2.1. The formula

where f(s) = s—log(s). Asn gets big, one can expect that the main contribution
will be where f(s) is small, and thus we are interested in 0 = f/(s) =1 — 1/s,
and hence s = 1. Using a Taylor polynomial we can approximate

" S s—1 2
£(8) = £(s0) + £/ (s0)(s — s0) + L0 (s - sy =14 LI
for s near 1. Since the main contribution is near s = 1, we use the Taylor

polynomial and extend the integration to the entire real line to obtain

o0 2 o 2
_ _plez)? _ _plez)? _n /2T
nl ~n"tle "/ e " T ds~n"tle "/ ez ds =n"tle [ 2,
0 —00 n

which is Stirling’s approximation n! ~ +/27mn - n"e~". It should be noted that
this argument can be made more rigorous.

23
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Following Example 2.1 we introduce the Gamma function, which is the natural
generalization of the factorial. It is defined by

(2.1) I'(s) = /OOO et tat,

for R(s) > 0. We require some properties of this function in what follows. We
easily obtain

I'(n+1)=nl,
and the functional equation
I(s+ 1) =sI(s)
using integration by parts. The following standard result on the Gamma function

will be needed [17].

THEOREM 2.2. The analytical continuation of the Gamma function satisfies

(2.2) % —see ] (1+2) e,

n=1

where v denotes the FEuler—Mascheroni constant.

PrOOF. We begin by letting s > 0 and considering the sequence of functions

T.(s) = /On 51 (1 - ;)n dt.

The dominated convergence theorem implies that I',(s) — I'(s) as n — co. By
the substitution r = ¢/n and integration by parts, we may recursively compute

Fn(s)ns/olrSI(lr)"dr1< n >S+1Fn_1(s+1)

s\n—1

n—2 s+k+1
1 n—k nsn!
e+ ),gsw(n—(km) sGr D) (s+n)

where the integral I'1 (s +n — 1) is easily computed. After taking the reciprocal,
this product can be rewritten as

Fnl(s) == kl;[l (1+7) =sem kgl (1+2) e,

where 7, — . This is done to ensure convergence for any s € C, which gives (2.2)
as we let n — oo. This can be shown by taking logarithms and estimating the sum
using Taylor’s theorem. Hence (2.2) extends to C by analytical continuation. [
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2.1. Dickman’s Function

In this section, we study Dickman’s function. The function p: R — R is defined
by the initial condition p(u) = 1 for 0 < u < 1 and recursively

(2.3) p(u) = p(k) + /k“ plv—1) d—:, ke N.

We take p(u) = 0 for w < 0. This function is continuous except for a discontinuity
at u = 0. We obtain the following properties of Dickman’s function.

LEMMA 2.3. The function p has the following properties:

(2.4) up' (u) + p(u—1) =0 u>1

(2.5) up(u) = /u71 p(v) dv UNSHIN

(2.6) p(u) >0 u>0

(2.7) p(u) <0 u>1
1

(2.8) p(u) < m u=>0

PROOF. We proceed as follows:
(1) By differentiating (2.3) we obtain (2.4).
(2) We see that (2.5) holds trivially for any uw < 1. Furthermore, it holds for
u > 1 by continuity since both sides have the same derivative by (2.4).
(3) Define
uo = inf{u >0 : p(u) = 0}.
Clearly ug > 1. If we suppose that ug < co, then we have

ug
0 = uop(uo) = / p(v) dv >0,
uo—l

by (2.5) and continuity. This is impossible and wy = co.

(4) We obtain (2.7) from (2.4) and (2.6) since
’ _ _p(u — 1)
p(u) = ya—

which is valid for u > 1.
(5) Clearly (2.8) is true for 0 < u < 1. Inductively and by (2.5) and (2.7) we

obtain

o) =3 [ plwyao <

u

lu—(u-1 1
w T(u) — T(u+1)
by applying the functional equation for I'(s).

This completes the proof. O
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Our next task is to compute the Laplace transformation of Dickman’s function.
LEMMA 2.4. We have
(2.9) Als) = eT+B(9),

where v is the Euler—-Mascheroni constant and

(2.10) E(s) = /0 e t_ldt.

PROOF. By (2.8) the integral

o) = [ ptueau

is absolutely convergent for any s € C. By (2.5) and Fubini’s theorem,

_%5(5) - /OOO up(u)e™" ds = /Ooo ([11 p(v) dv) e du
_ /O o) ( / :e—us du) dv == (s).

This separable ordinary differential equation has the solution

- Tloe B(-s)
p(s) =Cexp | — ; dt | = Ce™'\ 7%,
0

By logarithmic differentiation of (2.2) we obtain —y =I"(1). Now, by (2.1)

1 —t oo —t s _—t s oo _—t
-1 -1 1
r'(1):/ € dt+/ e—dt:/ ¢ dt+/ fdt+/ £,
0 t 1t 0 t 1t s U
where s > 1. Combining this we obtain the identity
(2.11) 0=+ E(—s) +log(s) + E1(s),

where we have

o0 e_f, [e'e] e-(t+s)
s 0

t+ s

Using integration by parts we obtain

spts) = [ plapse > du = p(0%) + [ pure du,
0 1
and as s — oo the final integral disappears. Thus, by (2.11) we compute
1= lim p(u) = lim sp(s) = lim Ce 7 ~E1() = Ce™,
u—0t §—00 §—00

and hence C' = ¢” and we are done. O
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By Lemma 1.17 the inverse Laplace transformation is applicable for x € R,
1 K+1i00
_ ~ us g ,
o) = g [ ls)en s
and u > 1, since p is continuously differentiable for v > 1. We would expect the

main contribution at |7| < ¢ by choosing & to be a zero of the derivative of the
integrand. Hence we require

d N -1
0= 7= (log(p(s)) +us) = —— +u,
by (2.10). We want k = —&(u), where £ is positive and satisfies

(2.13) et =1+u.
The function £(u) is non-elementary, but we can obtain the following properties.

LEMMA 2.5. For any u > 1 the equation (2.13) has an unique positive solution.
For u > 3 we have

log1
(2.14) &(u) =logu + loglogu + O (ogogu) ,

log u

as u — oo and furthermore for u > 1 we have

1
PROOF. Let
T 1
(2.16) ﬂ@:eglz/emw
0

It is clear that f(£) = u, if £ solves (2.13). Furthermore f (07) = 1, and clearly
f'(z) > 0. Thus f is strictly increasing on [0,00), and f(0) = 1. This implies
that for any uw > 1 there exists some unique positive £ such that f(£) = u, and
hence (2.13) has a unique positive solution. The simple estimate £{(u) = O(logu)
is valid for u > 3, and can be used to prove (2.14). We apply (2.13) iteratively

& =log(1+uf) =logu+log (£+ i)

1 1
= logu + log <logu—|—log (f—l—) —l—)
U U
log 1
—10gu+10glogu+0<0g ogu>7
logu

by the simple estimate and the fact that log(l + ) = O(z). We need to take
u > 3 to ensure that the iterated logarithms are defined. The first equality in
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(2.15) follows by implicit differentiation with respect to w in (2.13). Applying the
inverse function theorem to (2.16) yields &'(u) = 1/f'(€). Now, we compute

e o [wa=roz) [ cazd [ ca=1E

0 1/2
which implies &'(u) < 1/u as required. O
The following lemma provides estimates on p(s), given the choice of K = —&(u).

LEMMA 2.6. Letu>1, £ =&(u) and s = =€ +i7. Then we have the estimates:

2
(2.18) p(s) < exp (E(g) - ;:;) Ir| <,
219) o) <o (BO - g ) ol >,
(2.20) Bls) = % <1+0(1TT|”§>) 7| > 1+ ué.

PrOOF. For (2.18) and (2.19) we consider the quantity

1 —costr
et

1
H(&m) = B - R(B(=s) = | ==

If |7| < m we have 1 — cos (1t) > 2722 /7. Following (2.17) we get

2 2 1 2 1 2 1 2
H(ﬁ;T)Z%/ tet5dt2%/ etidtz%/ et5dt:%,
™ Jo T J1y2 2m2 Jo 2m

dt.

Combining this with (2.9) yields (2.18). Suppose now that || > w. Then a
computation of the integral and estimation yields
1 1
1-— t 2
H(;T) :/ et =BT gy > / e's (1 — costr) dt > v 2
0 t 0 E+m o
Combining this with (2.9) yields (2.19). To prove (2.20), it suffices to show
e Fis) — 14 0 (1+u€) ’
7|
by first applying (2.11). This follows from the estimate e* = 1 4+ O(z), which is
applicable if z is bounded. For s = —¢ + i7 we obtain

[e'e] —t £ [e'e)
|E1<s>|s65/ ¢ dtge—/ et = 1T
o srd ST 7

by the assumption |7| > 1 + u, which completes the proof. a
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We are now ready to obtain the asymptotic formula for Dickman’s function. We
apply the inverse Laplace transformation, using Lemma 2.6 and various estimates
to obtain the required result.

THEOREM 2.7. For u > 1 we have

"(u 1
22y )= ewt-uerme) (1+0(3)).
T u
PROOF. We take k = —¢ and want to use the inverse Laplace transformation
1 K+100
= — p(s)e*’ ds.
o) = g [ e s
Choose 6 = m4/2log (v + 1)/u and divide the line into four parts:
I ={-¢+ir : |1] <o}, Iy ={-¢+ir: d < |7]| <7},

Iy={-¢+ir: m<|r| <14 u&}, Li={-¢+ir: 1+u&<|7|}.

The main contribution is expected to come from Iy, and the other three parts
should be absorbed in the error term of (2.21). By Lemma 2.5, we have that
&'(u) < 1/u. This implies that the error term in (2.21) is of order

e~ uE+E(€)
u3/2
We begin by computing the main contribution at I;, and follow up by estimating
the other parts of the integral.
Part 1. By Lemma 2.4 we can rewrite the integrand
p(s)e" =exp(y+ E(§ —it) — ul +iut) = eV TUEHE() | QB(E—im)—E(&)+iuT

The first exponential is taken outside the integral and appears in (2.21). For the
second exponential, we apply Taylor’s theorem to E(§ — i¢7) to obtain

2 ;3
E(—ir)— E(§) +iur = —%E”(f) + %E@(f) +0 (74 max EW (e + ZT)D ,

t|<|7T

since a computation shows E’(£) = u, by (2.10) and (2.16). Now, since

1 1
E(k)(f—&-iT)‘ S/ tkeftdtg/ et dt = u,
0 0

and |7] < ¢ the final two terms are O(1). This means we can apply the estimates
e =14+2+0(%) =1+0(2),

respectively. Thus the two final terms are

i 2.6 4 i 4,26
= (1 + ?E( (&) + O(ur )) (1+O(uth)) = 1+?E( NO+0 (urt +u?70).
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Since I, is symmetrical in 7, the 72 term disappears when integrated. Combining
what we have obtained so far, we have

6 2 1
/ p(s)e™ ds = e’Y*uE+E(§)/ e~ T E"(©) (1 +0 (UT _|_u27_6)) dr.
I _5

We begin by showing that the O-term is absorbed in the error term of (2.21).
The substitution t = 72/2E"(£) allows us to write

€ e —|t| th 2|t‘3 J

t
o (e * @)
where € = 72 log(u + 1)E”(€)/u. A computation yields

" _ieg_l_ _1 . 1 _
B =G ¢ “(1 f)f’(u)““’

5
/ e‘éE”(OO (u7'4 + u276) dr =
)

by (2.17). Thus

1 € el

s 2, , 1
[56 zE(ﬁ)O(uT4+u7)dT*u3/2 \f (t2+|t3)dt0(u3/2>,

since the integral is clearly bounded by a constant independent of €. As for the
main term, we write

8 2 ©0 2 o0 2
/ e~ TEO dT:/ e~ TEE d7—2/ e~ TE O gr,
-6 —o0 é

By the same substitution as above, and the estimate E”(§) =< u we obtain the
introduced error

e tdt,

o [F e mE© gr — L
/5 \/E// / \/> \/E//(f) log u

which clearly is O (u=3/2), as required. We finally compute the modified main
term, which now is a Gaussian integral

R R . S =7
VE©) /_oo =\ = VAW

Part 2. For I, we may estimate using (2.18) to obtain

/ p(s)e™ ds
I

2y x (W2 et
< e WHEE) / e ot dt = MO / —— dt
§ log(u+1) \/1?
e—UE+E(E) oo e—uE+E(E)
L — e tdt

= 2
\/ﬂ logu US/
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Part 3. Similarly we apply (2.19) to I5, which yields

E+E(E) e u
p(s)e"ds| < e e - d
/fgp() /w Xp< £2+7r2) T

—uf+E(¢§ u
< e ()exp<—§2+ﬂ_2+f>
by (2.13). By Lemma 2.5 we have the estimate £ = O(logu). This shows that
the final term of this estimate is of order v ~3/2, as required.

Part 4. Finally, for I, we apply (2.20) to obtain

R o] eiuf oS} 1
p(s)e™ ds| < e "¢ ( / —dr|+ (14 ug)/ — dT)
/13 1+ug —§+ir 1+ug 72
e (ltul) = <
by the fact that E(¢) > & + 2 logu for large enough . O

We provide the following corollary for later use.
COROLLARY 2.8. Foru>1and 0 <v<wu
(2.22) plu —v) < plu)e’s™.

)
ProOF. For u > 1 we may write (2.21) in the form

plu) = 5'2(7T) exp (7 /1u§(t) dt) <1 +O <i>> .

If 0 <v < wu—1 we may apply this to obtain

plu — ) = plu) 5(;,”(_)” exp(/ £(t) dt) (HO(uiU))'

Using the fact that &'(t) < 1/t we obtain
2 uop u
<[ EEas [ gwe-utod / £(t)

t u—v

By applying the same estimate in the square root we may write

2
p(u—v) < p(u) exp (US(U) — c% + %log (ui})) < p(u)e”s ™),

for some positive ¢ > 0. The case u — 1 < v < u follows immediately, since the
left side of (2.22) is 1 in this range, while the right side is increasing in v. |
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2.2. Dirichlet Convolution

In this section we give some brief remarks on Dirichlet convolutions and the von
Mangoldt function, which is given by

(2.23) A(n) = logp ifn= pk for some prime p and integer k > 1 .
0 otherwise
DEFINITION. An arithmetic function a : N — C is completely multiplicative if
a(mn) = a(m)a(n).

DEFINITION. The Dirichlet convolution of two arithmetic functions a and b is

(axb)(n) =3 a(n)b (g) .

d|n
Dirichlet convolution is useful when pointwise multiplying Dirichlet series,

a2 (3] (S2U0) <52 5 e - 30 g,
k=1

m=1 n=1 mn=~k k=1

where both sides converge.

LEMMA 2.9. If the Dirichlet series f has its coefficients given by the completely
multiplicative arithmetic function a, say a, = a(n), then

b

f'(s) _ N~ Aman)
(2.25) ) = > pr

n=1

where both sides converge.

PrROOF. We introduce the constant function 1(n) = 1, which is trivially com-
pletely multiplicative. If n = p{"* ---p}*, we may compute

k
(2.26) (A+1)(n) = Z A(d) = Z a;logp; = logn,

d|n

which also holds if n = 1. Thus (A % 1)(n) = logn. Now, by differentiating the
Dirichlet series term wise, we obtain

floy =y Aoen

By multiplying both sides of (2.25) by f(s), and applying (2.24) we need to
prove (Aa x a)(n) = a(n)logn. This follows from the fact that a is completely
multiplicative and a computation similar to (2.26). O
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2.3. Smooth Zeta Functions

The main goal of this chapter is to precisely estimate the function ¥(x,y). We
shall see that the desired approximation of ¥(z,y) is de Bruijn’s function

x/oop(u—v)d<[yv]> x &N
(2.27) Az, y) = oo yv ,
Azt y) z €N
with the convention u = logz/logy and the assumptions 2 < y < 2. To obtain

the required estimates, we shall apply Perron’s formula and the inverse Laplace
transformation. The argument may be split into three main steps. Each of these

~

U(z,y) > Az, y)

M| ) IS

C(s,y) F(s,y)

steps will be a lemma, and in the final proof we will combine them. We begin
with the first step, the Mellin transformation. A natural way to consider the
function ¥(z,y) is as the summatory coefficient function of some Dirichlet series.
We let x(n,y) denote the characteristic function of the y-smooth numbers, and
define the y-smooth zeta function by

(2.28) sy =11 (1 _ 1) o i x(z;y).

p<y
The Euler product representation is finite and hence o, = 0. Perron’s formula in
the form of Theorem 1.20 would imply that

K+100 5
Vo) = Y xtn) = 5 [ s

21 )y ioo s

n<zx
for kK > 0 and x ¢ N. We are looking for an estimate, so we seek to apply
the effective version given in Lemma 1.21. The following lemma provides this
estimate.

LEMMA 2.10. Letx >y > 2. Forany0 <k <1 and T > 1 we have
1 N-‘riT xs
N = —ds+ O(R
@) =g [ )T ds+ O(R)

where

T . T x” VT .
R = -—=((k,y) + min <\FT7 ﬁ/ﬁ|<(ﬁ+zt,y)dt> .
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PROOF. Perron’s formula (1.30) provides the required formula with the error

term
7= () T i

To obtain the required estimate, we split the sum at |log(z/n)| = 1/v/T, with
R = Ry + Ry. When |log(x/n)| > 1/v/T we obtain

= s\ x(n,y)
R < (7) = —((k,y).
Now we turn to <, which is estimated as

Ry > (%)Kx(m y)-

|log z/n|<1/vVT
We estimate the quantity Rs in two different ways.

(1) Since & is bounded, the summands of the sum in Ry are bounded. Thus we
may estimate

Ry < card {n : log(z/n)| < 1/\/T}.

Since 1/v/T is O(1) we may take exponentials and estimate

(2.29) 1—\F<exp<—\/1T><Z<exp<\%)<1+(9(\/1T>7

and hence Ry < z/VT.
(2) By Lemma 1.23 with ¢ = 1/v/T we immediately obtain

RQ<<7/ (5 + it, )| dt.

At any given point, we need only consider one of these estimates, and hence we
may take

z o VT
Ry = min —,—/ C(k+1t,y)|dt |,

as required. This completes the proof. (|

Lemma 2.10 has few demands on z, y, T and . In each step that follows, we
will be more demanding. Our next goal is to approximate (s, y).



2.4. APPROXIMATE FUNCTIONAL EQUATIONS 35

2.4. Approximate Functional Equations

The product representation given in (2.28) implies
Jim (s, y) = C(s)-

The approximation of (s, y) can be expected to be related to {(s). In this section,
we study approximate functional equations for the Riemann zeta function.

THEOREM 2.11. For o >0 and t # 0 we have

1 xl=s s

(2.30) )= — - +0 (F) .

ns 1—s

n<x

PrOOF. We begin by using Abel summation in a similar manner to the proof of
Theorem 1.15 and Example 1.16 to obtain

1 - < [yl als /°° {y}
N == gl dy = ——"—— — d
¢(s) ~ =T +S/m ek i weat ) B e

n<z

valid if ¢ > 1. What remains is to estimate the final integral. We easily compute

o) = [hav= [ "+ [ rar="com =5 o

Thus for any fixed s with R(s) > 0 we compute

[T gy 0y [T

5+1 - 1+s 2
ys+ xlts - y+s

1 1 1 1 1
T s +0 <x1+s> + 20s +0 (x1+s) =0 (I1+s) )

Hence we have obtained (2.30). By analytic continuation it continues to be valid
for o > 0, if t # 0. ]

Our main applications of Theorem 2.11 will be the following estimates.

COROLLARY 2.12. For 0 < o < 2 < |t| we have

)= 32 o+ 0 (),

n<|t|
and for o > 1/2 and |t| > 1 we have {(s) = (9( \t|)

PROOF. The first claim follows from setting « = |¢| in Theorem 2.11. The second
follows by comparing the sum in the first with the corresponding integral. |
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THEOREM 2.13. For e >0, let

(2.31) Le(y) = exp ((log y)?/"~).

We have the approximate functional equation
1-s

¢'(s) Aln) _y 1
2.32 — = —
(2.52) G0 "2 w 1m0\ T
under the conditions y > yo(€), |t| < Le(y) and

(2.33) 1—(logy) 2" <o <1,

ProOF. Lemma 2.9 suggests that we should consider

Cs) N A(n)
()~

and apply Perron’s formula to the Dirichlet series with translated coefficients
an = A(n)/n®. We apply Lemma 1.21 and obtain

A) _ =1 [T (s +w)y” S A(n)
Z ns %/K%T C(s+w) Edw—&—@ (y nz::l nrto(1+ T logy/n|)> ’

n<y

under the conditions T'> 2 and y > 2, and kK = 1 — o + 1/log y, where s = o + it.
To estimate the sum in the error term, we split it according to |log (y/n)| = log 2,
say Ry and R,. For the <, we estimate using Lemma 1.23

y' =7 (logy)®

K

4 2
Ry < v -log(2y) - Ty logy <

T
The case > is estimated by comparison with an integral
o A(n) v logt eyl= 2
Ry <y < gt — | |
235y ;nn+a(1+Tlog2) - T]og?/1 thto TlogQ(Ogy)

Thus, the error term is of order y*~(logy)?/T. To obtain the required terms in
(2.32), we want to extend the path of integration to obtain the residues of the
poles at w =1 — s and w = 0. We move the integration as far left as

logT
logy
First, to obtain w = 1 — s we require || < Lc(y) and T" > L.(y). Furthermore,
w = 0 requires k > 0 which implies 0 < 1 and —n < 0, which is satisfied since
{— logT <1 log L(y)
logy logy

—n=1—0—

=1— (log y) P <o
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This gives the bounds of (2.33), as well as the required bounds on |t|. To avoid
any zeroes of the Riemann zeta function, we want to stay within Vinogradov’s

Zero Free Region (consult APPENDIX B), and hence require

>1-C (logT)fz/3 (loglog T)fl/3 .

Take T = L(y) and y > yo(€) to satisfy this. In view of the residue theorem,

Aln (s 1-s 1-9 (1o 2
R )

where R denotes the integral along W, the polygonal path connecting x — T,
—n —iT, —n 44T and k +iT. See APPENDIX B for the estimate
(s +w)
(s 4 w)

valid in the zero free region. The horizontal parts are estimated by

n<y

< log|S(s +w)| < logT < logy,

K

e o 2
yf(logy)(ﬁ -n)=0 (y(;gy)> ,

by the definition of k. The vertical part may also be estimated by

T 1—0o 1—0 2
y " logy/ At <c? (logy)* = O (y (logy) > .

rlw = T T
We are done, by choosing T' = L%(y), since y' =7 < L.(y) in (2.33). |

LEMMA 2.14. Let € > 0. We have

(2.3 o) =Pl (140 () )

(2.35) F(s,y) = ((s)(s — 1)(logy)p((s — 1) logy).

under the conditions y > yo(e€), [t| < Lc(y) and

1—(logy) 2" <o <1,
where Lc(y) is given by (2.31).

PrOOF. We begin by logarithmically differentiating (2.28) and using Lemma
(2.9) to obtain

C(s9) _ o~ x(my)A(n) g~ A(n) x(n, y)A(n)
((s,y) -2 n® -2 n* P> nt

n=1 n<y n>y
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The sum for n < y may be estimated using the approximate functional equation
given in Theorem 2.13. We will show that final sum is absorbed in the error term
of (2.32). Observe that that

ZX ay Zlogp Z p —vo 4 Z 1ng Z p —vo.

n>y <Y vipY>y VI<p<y vipY>y

We recall that both ¢ and y are bounded below by a constant depending on e,
and hence

o y~ 7 logp — 1/2—0
dologp Y opT=) 00 T, <V > logp < y'/?7,
P<\Y vip¥>y p<y P<y

by the Prime Number Theorem. For the second sum, we observe that y > p
implies v > 1, and hence we similarly obtain

D logp Y pT< Y IngZp SR 1;gp<<e ,

VI<p<y vip¥>y VY<p<y VY<p<y

again by the Prime Number Theorem. Since o > 1/2, the first term is the largest.
Both are clearly bounded by the error term in the functional equation (2.32),

for y > yo(€), and hence we obtain
/ / 1—s 1 F/ 1
(sy) _C(s) _y +0(2 )Z (s,y)+o(2 )
C(Say) C(S) 1-s Le (y) F(Say) Le (y)
where the final equality follows from logarithmic differentiation of F'(s,y), using

wp(w) = exp (—/ - dt) ,

by (2.12) for w = (s — 1) logy. Thus, by integrating from s to 1 we obtain

i = r e () =m0 (56))

The proof is completed by noting that

C(1,y) = H (1—;)1 :eWIOgy<1+0(L€1(y))>v

p<y

by Theorem B.5, and furthermore computing
F(1,y) = (logy)p(0) lim ((s)(s — 1) = ¢ logy,
by Lemma 2.4 and Example 1.16, which proves (2.34). |
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2.5. de Bruijn’s Function

Our next goal is to study the function F(s,y) as defined by (2.35). In this section,
it will become apparent that F'(s,y) can be considered the Laplace transformation
of de Bruijn’s function A(z,y), as introduced in (2.27).

LEMMA 2.15. Let € >0, x > xo(€) and

(2.36) exp ((log log m)5/3+e> <y<ux.
We have
1 o+iT s x?
2.37 A = — F(s,y)—dz+ O = +a3/*
230 Ao =g [ Fen D 0T aat),

fora =1—¢(u)/logy and T > Li(y).

PROOF. By the definition of A(z,y), it suffices to prove (2.37) when x is not an
integer. For u = logx/logy, we define

Ay(u) = Ay, y)y ™" = A(Z’ v,

By splitting the integration in (2.27) we obtain

ure [y"] v [y"]
il | [ p=na (B 4 [ otu-na ()
< pluf2)L | = S /) + o,

since y > 2 and w > 0. This implies that the Laplace transformation

—

Ay (w) = /O e (u) du

exists when R(w) > —log (y)/2. Assuming this is true, Fubini’s theorem allows
us to compute

)
([ oo [ ().

We apply the substitution ¢ = y” and adopt the convention s = 1+ w/logy to

rewrite ) /_‘: R ([z:]) _ /io A= g ([E]) .
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As distributions, we may apply the product rule to obtain

J(1Y_ (20 _10)
t t t2
where D(t) denotes Dirac’s comb with period 1 given by
D(t) =) _4(t—mn).
neZ
Thus we may compute

Gyw) = [ 2D g /100 Ha=3 L e = (1 - 1) C(s).

1-

Combining this, we have computed

1

) = )G, () = ) (1 1) ¢y = T8

slogy

Using the inverse Laplace transformation, the appearance of p(w) leads us to
integrate along the line ®(w) = —£(u), which clearly is acceptable in the domain
(2.36) by the bound

(2.38) £(u) < loglog(x) + O(1),

which we obtained from Lemma 2.5. Thus, we may conclude

—&(u)+ioo F 1 o+ico s
Ay) = 2 / F(339) o gy - L / Fs,)™ ds,
20 ) _¢(u)tice  SlOgY 2mi J, S

S

—100

by a substitution, where 0 =1 — £(u)/logy. It remains to estimate the tails

/ F(s, y):L ds
[t|>T S

and show that they are contained in the error term of (2.37). We may apply
(2.20), which yields

Y

log y(s — 1)pllogy(s — 1)) =1+ O ( ! +“§> ,

[t|log y
whenever |t|logy > 1+ u&. This is clearly allowed since 1+ u¢ < L.(y), again by

Lemma 2.5. We apply the estimate of Corollary 2.12 to estimate the contribution
of the Riemann zeta function, and thus obtain

S S dt
/ F(s,y) % ds / C(s)% ds
[t|>T 8 [t|>T S

+ :L’ULE(y) / W,

<
[t|>T |t
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and this final term is of order 27/+/T, by the fact that T'/* > L.(y). We may
apply the first part of Corollary 2.12 to obtain

x® x\*% ds x® ds
q€ —ds:/ -) —+0 / —— .
/|t>T (#) 5 t|>TnSZ|t (n) s > S [t

The integral in the O-term is easily estimated by

/ x® ds < g/ dt < x?
T e =
lt|>T S [t]7 [t|>T [t]1 T

which is clearly acceptable, since o > 1/4. In the first integral, we may exchange
integration and summation to obtain

ryds / )
/1€|>T7§< Z [t|>T, n s

where T,, = max(n,T). By an identical argument as that given in the proof of
Lemma 1.21, it can be shown that

. /xN\° 1
Z/M ﬁ <<n:1 (ﬁ) 1+ Ty log(z/n)|

We split the sum at |logz/n| = 1/v/T,. In the first part, the summands are
bounded and we estimate by the number of summands.

T\ 1
— < card{n : |log(z/n)| < Tn_l/4 .
. ) ey < i {n ¢ ogta/m) }

Using the same techniques as in (2.29) we obtain
card {n s | log(z/n)| < Tn_1/4} < card {n : |log(z/n)| < n_1/4} < 23/
Thus this is of order 2%/4, as required. When |logz/n| > 1/¢/T,, we obtain

T\ 1 N\ 1 x°
2 (ﬁ) 1+Tn|log(w/n)|<§(n) W*Z:TW’

|log(z/n)|>Ty /*

both these sums are easily showed to be of the correct order, by comparing them
with the corresponding integral. This completes the proof. (|

It is clear that de Bruijn’s function is closely related to Dickman’s function. The
following lemma shows an asymptotic equality.
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LEMMA 2.16. Let € > 0, x > xz¢(€) and suppose x and y satisfy (2.36), that is

exp ((log log 1)5/3+6) <y<um.

Az, y) = zp(u) (1 +0 GZ?;)) .

PROOF. We recall that p(u —v) = 0 if v > u. We apply integration by parts and
(2.8) to obtain

Moy = [ ptu-ja( L) =t -a [ Elapu-o),

:[:I:]_—:E/Oup’(u—v)[iz:j]dv:[m]—m/ou_lp/(u—v) (1-%?) v,

since we have y" = z and [y”] = 0 for v < 0 and the fact that p'(v — v) = when
0 <u—v < 1. Thus we have

Then

u—1 v
Aa,y) = zp(u) — {a} + 2 / o~ v>{z,,}

where we used z = [z] + {z}. We can ignore {z}, and have obtained the main
term zp(u). By (2.4) and Corollary 2.8 we obtain

u—1 u—1 u—1
v —v=1){y (v+1)¢ g
/ pI(U*U) {yv} dv = 7/ p(u v ) {y,u} dv < p(u)/ e 7’:)
0 Y 0 u—=v Yy 0 u—vy
What remain to show is that
/“1 eWtE dy  logu
— < s
0 u—v gy logy

dv,

in (2.36). We obtain the estimate
£(u) < loglog + O(1) < (logy)*”,
by (2.38) in the domain (2.36). This implies

u—1 (v+1)¢ d u—1  —3/5v 31
og/ < —Ug(1+u§)/ YT gy < 3L
0 u—v Yy 0 U —v 5ulogy

The proof is completed by the estimate £(u) < logu of Lemma 2.5. O

We are now ready to prove the main theorem. The reader is invited to review
the following important results: Lemma 2.10, Lemma 2.14 and Lemma 2.15. We
shall also rely on Lemma 2.16 and the results obtained concerning Dickman’s
function.
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THEOREM 2.17. Let € > 0 and x > zq(¢€) in the range (2.36). Then we have

(2.39) U(z,y) = Az, y) <1 +O ( Lj@))) .

ProOF. We apply Lemma 2.10, Lemma 2.14 with €¢/2 and Lemma 2.15 to obtain

1 o+iT xs
U(z,y) = %/ . C(Say)? ds + O(Ry)

_1 U+iTF( V1+0(—)) Zas+ o)
T Sy Y Latw))) s @ !

= Az, y) (1 +0 <L6/z(y)>) + O(Ry) + O(Ry).

The error terms of Lemma 2.10 and Lemma 2.15 are

g

x . x ad VT .
R, = ﬁ<<aay) + min <\/T7 \/T/_ﬁ|§(a+zt,y)|dt> )

ma

VT
The term of order A(x,y)/Lc/2(y) is clearly absorbed in the error term of (2.39).

When we applied Lemma 2.14 we implicitly demanded 7' < L /5(y). This implies
that we take

Ry = + 23/4,

T = L5/2 (y)7
which satisfies the demand T > L(y) of Lemma 2.15, for y > yo(¢) and hence
x > xzp(€). The choice of o =1 — &(u)/logy is also acceptable, since

&(u) >1_ loglogz + O(1)
logy — logy
in the domain (2.36), since we applied Lemma 2.14 with €/2. What remains is

to show that Ry and Ry are contained in the error term of (2.39). To do this, we
investigate the error term. By Lemma 2.16 and Theorem 2.7 we have

1>0=1- > 1 — (logy)~*/*7/2

T 20 eE(8)
Az, y) < zp(u) < N (—uf+ E(€)) = N
since &'(u) < 1/u by Lemma 2.5. Hence the error term of (2.39) is of order
20 eE©)
Le(y)vu

We may estimate

Eet 1 1 €
E(g);/et dtzg/ e —ldt =u—1,
0 0
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and thus exp(E(£))/v/u > exp(u/2). Both terms of Ry are thus clearly accept-
able, since T/* = Li//s(y) > L(y) and 2%/* < 27 /L.(y). We now turn to R;.
We split the integral at v/T and use |((o + it,y)| < |¢(o,y)| to obtain

ad T
R <« —((o,y) +min { —, 2°M |,
1 \4/TC(U y) (\/T )

where

M = max o+ 1it,y)l.
{‘/TSMS\/TK( v)l

The first term is estimated using Lemma 2.14 and (2.18) which yields

C(o,y) = Fo,y) < ((0)(1 = 0)(logy)p(~£) = (logy)e™),
where we applied Example 1.16 to estimate the contribution of ((c). This is
clearly acceptable, since u = log x/logy and

1 _ 1 .

exp <—4 (log y)3/5 /24 loglogy + 3 log u) < exp (— log yd/‘%*e) ,

for in the domain (2.36) for y > yo(€), and hence x > zg(¢). To estimate M,
VT = LY3(y) > Le(y) > 1+ ué
and may apply estimate (2.20) and compute using Lemma 2.14 to obtain
Clo+it,y) < F(s+it,y) < (o +it).
Now, we observe that there is some small = 5(e) > 0 such that
—2/5—¢/2
1— 0= (logy) */*"* = (log T) 575/ > (logT)*/*7",

since T = LE/Q(y). Thus, by the estimate on Riemann’s zeta function in Vino-
gradov’s zero free region (consult APPENDIX B), we have M =< ((0+it) < logT.

What remains is to consider
A
min | —, z° log T> .
( VT’

Using T' < y and Theorem 2.7 we obtain

27 logT = ze “log T < zp(u)e PE logy < zp(u)e /2.

This is acceptable if u > 2log L¢(y). Now, if the converse it true, we estimate
using ¢ < logu and obtain

ué 1
c = 27 exp (—4 (log y)3/5_6/2 +0 ((log )%/ loglog y))

ﬁ = V Le/2(y)

:Z:U

1 3/5—e/2)
——(lo < ,
g (g ) L(y)

which is acceptable. This completes the proof. O

< z7 exp (
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Let us combine the results of CHAPTER 2 to obtain an effective estimate of
U(x,y), which will be useful in our applications.

LEMMA 2.18. Let € > 0 and x > xo(€) in the range (2.36). Then

(2.40) U(z,y) = zexp (—u (logu + loglogu + O(1))),
where
log
u= .
logy

PrROOF. Combining Theorem 2.17, Lemma 2.16 and Theorem 2.7 yields the es-
timate

U(z,y) = Mz, y) < zp(u) < 2\/€ (u) exp (E(E) —ub(u)) .

By the substitution s = £(t) we compute

u &(u) &(u) es — 1
/ 1/ (¢) ds = / Lds :/ ds = E(€),
0 1 1 s

by the fact that

e’ =1+ts,
in view of the the definition of £&. Now, by Lemma 2.5 we have the estimate
&'(u) < 1/u, which allows

E) = / t&'(t) dt < / dt = u,
0 0
and hence E(¢) = O(u). Combining this with the estimate
&(u) =logu +loglogu+ O (1),
again by Lemma 2.5 we obtain
E(¢) —ué(u) = / t&'(t) ds — ué(u) = O(u) — u (logu + loglogu + O(1)) .
0

Furthermore, we have

F0) = oxp (5.

which is absorbed in the error term. This completes the proof of (2.40). (|

REMARK. When we computed Lemma 2.18, the sharp error term of Theorem
2.17 was ignored. Why did we need Vinogradov’s zero free region, if we ignore
the error term we obtained? We needed the estimate of Lemma 2.18 to be valid
in the domain (2.36), that is for any € > 0 and = > z¢(e),

exp ((log log x)5/3+€) <y<uz.

This allows us freedom in the choice of y, which is crucial.



CHAPTER 3

Multilinear Forms and Homogenous Polynomials

In this chapter we consider multilinear forms, which are multi-argument analo-
gies of linear functionals on a vector space. Our main goal is to prove the hyper-
contractive Bohnenblust—Hille inequality for homogenous polynomials. We will
follow the main ideas of their argument [5], but improve on their estimates.

DEFINITION. Let V' be a vector space over a field F. An m-linear form is a
mapping B: V xV x --- x V — F which is linear in each of the m arguments.

We are particularly interested in the case F = C and V' = C". Let us now see how
these multilinear forms can be represented: Assume that m and n are positive
integers strictly bigger than 1, and define

M(m,n):{i:(il,ig,...,im) : il,ig,...,imG{L 2,...,n}}.

Given any i € M(m,n) we let

ke . . . .
i = (A1, oy Tkt Tkt - Tm),

which then is in M (m — 1,n). For any permutation o € S,, we say that

U(l) = (io(l); i0(2)7 ceey ZJ(m)) .
(4)

%

If we let e denote the basis vector in C" where e
following representation:

= 0;j, we obtain the

LEMMA 3.1. Let B: C" x C" x -+ x C™ — C be a m-linear form. Then
B(zW, 23, . 2M) = Z a;z V2@ )

1%41 “ig
i€M(m,n)

where a; = B(el™), el .. elin)) forie M(m,n).

PROOF. Write

ip=1

and apply linearity in each of the m arguments. O

46
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Let us now turn to polynomials in several variables, which we will represent using
multi-index notation.

DEFINITION. An m’th order multi-index on C™ is the vector a = (o, g, ..., o)
where a; € {0,1,...,m}. For z € C" we take
Za — Zfélzgtz - zg"?

and furthermore || = a1 +az + -+ a, =mand a! = a1!- as! - ayl.

Any m’th degree polynomial on C™ can be represented as
P(z) = Z a2,
|| <m

under the assumption that there is some a, # 0 with |a| = m.

3.1. Khinchine—-Type Inequalities in the Polydisk

In this section, we introduce some properties of the polydisk and functions of sev-
eral complex variables. For more on several complex variables and function theory
in polydisks, consult Rudin [35]. We furthermore prove prove two Khinchine—
Type inequalities in the polydisk [26, 3]. These inequalities replaces similar, but
weaker, inequalities in the original proof of Bohnenblust—Hille.

DEFINITION. Suppose U C C" is an open set. A function F': U — C is called
holomorphic (in U) if it is continuous and holomorphic in each variable.

In one dimension, we study the unit disk and the unit torus:
D={zeC: |z| <1},
T={zeC: |z|=1}.
A simple fact is that the boundary 0D = T, and by the Maximum Modulus

Principle and continuity we obtain

sup |F'(z)| = sup |[F(z)],
zeD zeT
for any holomorphic function F on an open set which strictly contains D. We
would like to extend this to n dimensions. It is natural to consider:
D" ={z=(21,22,...,2,) €EC" : z; € D},
T" ={z = (21,22,...,2n) €C" : 2, € T}.
For n > 1 we observe that
’H‘TL g a]Dn7
for example by z = (1,0, ...,0), which is on D™ but not on T™. In some sense the
boundary T™ is the most important part of D", and we call it the distinguished
boundary. The following result illustrates its importance.
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LEMMA 3.2 (A Maximum Modulus Principle). Suppose that F is holomorphic in
some set U which strictly contains D™. Then
(3.1) sup |P(2)] = sup |F(2)].
zeDn z€Tn
Proor. The inequality > in (3.1) is obvious by continuity. To show <, we fix
z = (21,22,...,2n) € D* and prove that there is some ¢ = (¢1,(2,...,(,) € T
such that |F'(z)| < |F(¢)|. We begin by considering the one-variable function
Fl(w) = F(w,2’27...,2n).

It is clearly holomorphic in some open set that contains D, and by the Maximum
Modulus Principle, there exists some ¢; € T such that |Fy(z1)| < |F1(¢1)]- Now,
consider

Fy(w) = F(C,w, 23, ..., 2n).
By similarly considerations, we obtain (3 € T such that |Fz(z2)| < |F2((2)]. We

continue in this way for 3,4, ...,n and obtain
|F'(21, 22, - -+, 2n)| < [F(C15Ca5- -5 Ca)ls
which shows < in (3.1) and completes the proof. O

This maximum modulus principle allows us to define the norms
[Pllsc = sup [P(z)[ = sup |P(z)],
zeDn zeTn

Bl = sup [BED. ) = sup B, 2]
2 e 2(k) gTn

by viewing the multilinear form as a polynomial in mn variables. Let us now
turn to integration in the polydisk. We let y™ and v" denote the normalized
Lebesgue-measure on T™ and D™ respectively. We write u! = p and v! = v.

LEMMA 3.3. For any multi-indices o and 8 on C™ we have

(3.2) / 2078 dp"(z) = dap,

a— n _ 6015
(3:3) /Z 2 dv(z) = 1+ a)(I+as) (1 +an)

PrROOF. For non-negative integers ¢ and j we have
[ dut) = b
T
by the orthogonality of the trigonometric system. This yields
i L ivi [ i 204 0ij
2Zdv(z)=2 | 7 [ 2'Z du(z)dr = = = -

D 0 T 2 —+ 1+ ¥l 1 +1

Apply these for each of the n variables to obtain (3.2) and (3.3) respectively. [




3.1. KHINCHINE-TYPE INEQUALITIES IN THE POLYDISK 49

Let H (D) denote the vector space of holomorphic functions on the unit disk. On
this space we introduce the norms:

(3. 1 fllae = ( / |f<z>|ﬂdv<z>)”,
(35) e = ( [ f(Z)Ipdu(Z)>; |

where the latter is taken as a radial limit if necessary. The following lemma
provides a simple inequality, which we can build on.

LEMMA 3.4. Suppose that f € H(D). Then we have ||f|las < || f|lz2-

-

PROOF. since f is holomorphic, we may write

oo
= E anz",
n=0

which converges in D. Squaring this we obtain

oo n
2
= E bn,z"™  where b, = g Ak -
n=0 k=0

Applying (3.3) of Lemma 3.3 and the Cauchy—Schwarz inequality we obtain

. © bn2
71 = 1212 = 3 S by / ") =y el

n=05=0 n=0

(oo} n (oo}
Z  n <ZZ\%% o

= n=0k=0

2

oo
(ZW) S S0 [ | = 1l

n=0 n=0 j=0

as required. O

DEFINITION. A Blaschke product is a product of Mébius transforms of the form

Hl— 7%, for ay € D.
In what follows, we only consider finite Blaschke products. In this case, the only
zeroes of B are ay, and we observe that and |B(z)| < 1in D and |B(z)|=1on T,
since each of the Mdbius transforms satisfies these demands. Finally, B € H(D)
since its poles lie outside T
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LEMMA 3.5. Suppose that P € Poly(C). Then ||P| az» < || P| ze-

PRrROOF. Let P be a polynomial. If P = 0 we are done. If P #Z 0 then P has a
finite number of zeroes. In particular, let wy,wo, .. .,w, denote the zeroes of P in
D numbered according to multiplicity. Form the Blaschke product of the zeroes,

H W 2 — Wk
|wk| Wz — 1
We factor P(z) = G(z)B(z). NOW, since |B(z)| = 1 on T we have |P|lgr =

|G|l zr». Furthermore, GP/? is in H (D) since G' does not vanish in ID. Then, since
|B(z)| < 1in D, we apply Lemma 3.4

|Pllaze < 1G]Laze = [|GP2|[2F < ||GP2| |58 = IGllaw = | Pllss. O

For any function f € H(D"), we define n-dimensional versions of (3.4) and (3.5):

I = ([ If(Z)I”dV"(Z)>; ,
= ([ 1 ar)”

THEOREM 3.6. Suppose that P € Poly(C™). Then ||P|| a2 < || P||z».

PRrROOF. We prove this using induction on n. The case n = 1 is already settled
by Lemma 3.5. We write z = (w, z,,) and compute

Pl = [ [ ([ 1Pz o]

by the induction hypothesis

1

< L[ P moparw) du(zm] "

by Minkowski’s inequality (see Theorem A.4)

D=

< /(/|Pw )PP du( ))zdm*(w)] 7

and finally and application Lemma 3.5

<[ ([ipwer ) dﬂ"*(w)r — 1P,

which completes the proof. O
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REMARK. It should be noted that both Lemma 3.5 and Theorem 3.6 can be
generalized to hold for any f € H(D"), using the theory of inner and outer
functions in Hardy Spaces. We avoid this, since we only require the polynomial
version in our applications. Consult [36] for more on Hardy Spaces.

LEMMA 3.7 (Khinchine-Type Inequality for Polynomials). Let P be any m’th
degree polynomial on C™. Then

m
[Pz < V27 || Plla
Proor. We begin by computing:

(3.6) 1Pllaz = > laal]

N

‘aa|2
(3.7) IPlae= | X Granftad —0rel

lo|<m
We do this by writing
|P(2)]* = Z Z aat52"7",
loo|<m | B]<m

then exchanging integration and summation. We then apply (3.2) and (3.3) to
obtain (3.6) respectively (3.7). We combine these to obtain

1PIF = Y laal® < 27| Plf%e,

lo|<m
since 1 + k < 2*. Furthermore, by taking p = 1 in Theorem 3.6 we conclude
IPllz < V2" |[Pllaz < V2" |[Pllas,
which completes the proof. O

By again considering a multilinear form as a polynomial in mn variables, we
extend the HP-norm to multilinear forms

(3.8) |Bll,= </ |B(z(1),...,z(m))|pdu”(z(1)) ~~~du”(z(m))>
T x...xT™

LEMMA 3.8 (Khinchine-Type Inequality for Forms). Let B be a m-linear form
on C™. Then we have the upper bound:

=

2

S jal?] < v2"|IBlL.

i€ M(m,n)
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PRrROOF. We begin by computing

IBI5 = / 1Bz, ..z [ dp (V) - dm (207)
T x-.-xT™

= Z ai?jn/qrnzgf)ﬁdu"(z(k)): Z |ai|?.
k=1

i€M(m,n) i€M(m,n)
JjeM(m,n)

(3.9)

In light of this, it will suffice to show
IB]l2 < V27| Bl

We will prove this using induction on m. The case m = 1 follows from Lemma 3.7
since a 1-linear form actually is a polynomial. Assume hence that the inequality
holds for m — 1. Let X =T" and Y = T"™ x --- x T", where the product is taken
(m — 1) times. Then

1

181 = [ [ ([ 1BGO st P (o2 - () ) a2

and by the induction hypothesis squared

1
2

2
< V gm—1 (/ |B(z(1),...,z(m))|d,u”(z(2))~-~du"(z(m))> d,ﬂ(z(l))] 7
X Y

using Minkowski’s inequality with p = 2 we obtain

<V [ ([ IBE0 N i (0)) () (),
Y X

finally applying the case m = 1 we obtain the required

<z \/5(/ ,B(Zu)’”_’Z<m>),dun(z<1>)) d (=) - d (=)
Y X

= 2" ‘B(z(l), ce z(m))‘ dp™ (2 - dpm (2(™) = V2" B,
XXY

which completes the proof. O

This completes our initial study of the polydisk, and we return to multilinear
forms.
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3.2. Symmetric Multilinear Forms and Polarization
Let us consider two special cases of polynomials and multilinear forms:

DEFINITION. A homogenous polynomial on C™ is a polynomial where all the
terms have the same degree, say m, and we write

P(z) = Z a2

laj=m

DEFINITION. A multilinear form B on C" is called symmetric if the coefficients
are symmetric, that is a,(;) = a; for any i € M(m,n) and any o € S,.

To connect these concepts, we take any i € M (m,n), and associate ¢ to the m’th
order multi-index

(3.10) a(@) = (#{in =1}, #ie =2}, ..., #{ir =n}) = Ze(i’“)
k=1

It is immediately clear that a(i) = a(o(i)) for any permutation o € Sy,, since
this would only change the order of summation in (3.10). We take each variable
of a symmetric multilinear form B equal to the same z to obtain

(3.11) B(z,...,z) = Z ;2% = Z 2% = P(2).

i€M(m,n) la]=m

The coefficient a, is the sum of all coefficients a; where a(i) = a. If ¢ is one of
these indices, the only others possibilities are o (i), by (3.10). However, some of
these indices may be equal, if one of the factors z; appears more than once. This
implies that the total number of such indices are the multinomial

m m!
3.12 T, = -
12 (of0) = w6
Since B is assumed to be symmetric, these a; are identical. Combining this
observation with (3.11) and (3.12) we obtain the coefficient relationship

(313) aa(i) = Tiai.

Thus, for any symmetric m-linear form B, we can construct an m-homogenous
polynomial P(z) = B(z,...,z). Furthermore, (3.13) implies that we have a
one-to-one correspondence between symmetric m-linear forms on C" and m-
homogenous polynomials on C". Finally, it is clear that
(3.14) |Plloo = sup |[P(2)] < sup |B(2W,....2(™)| = | B||w.

zebr 2(k) e
Here ||P||s is bounded by ||B|lo. We would like the opposite implication, pos-
sibly with a constant depending on m. We can do this using polarization.
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THEOREM 3.9. Let P be the m-homogenous polynomial associated with the sym-
metric m-linear form B. Then we have the representation
1 -
B(zW,...,2M) = / PGz 4 4 Gz ™) G G dp™(C).

m! Jr

PROOF. We first observe by the m-homogeneity of P that this indeed is a sym-
metric m-linear form. We also note that we have

G+t +G)" = +mlGG Cnt-,

and by (3.2) of Lemma 3.3, this is the only term that will be non-zero when
integrated with (q - - - (;,. It suffices then to show

P -
- n(f!) / (Gt Gn) ™ G G ™ (€) = Po(),
by the one-to-one correspondence. 0

We can immediately apply Theorem 3.9 to give the following estimate, which will
give the converse of (3.14), as we asked for above.

COROLLARY 3.10. Let P be the m-homogenous polynomial associated with the
symmetric m-linear form B. Then we have the following estimate:

m"™ m"™
IBloo = sup [B(z,...,2™)] < — sup |P(2)| = —[|P]loc-
z(k) eDn m: Lepn m.

PROOF. Follows from Theorem 3.9, since z(V¢; + --- 4 2(M)¢,, is in (mD)". O

We also state the following addendum, which will be useful later.

LEMMA 3.11. Let P be the m-homogenous polynomial associated with the sym-
metric m-linear form B. Then we have:

Bawew) = ey [ PG+ = 06w G Q)

m(m

1 m—1
sup |B(z,w,...,w)]| < <1—|—> sup |P(z)]
z,weDn m—1 zcDn

PROOF. Similar as the proof of Theorem 3.9 and Corollary 3.10. ]
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3.3. Littlewood’s 4/3—-Inequality

Let us for a moment consider a different problem. Let ¢ : £*° — C be a linear
functional. By arguing like in Lemma 3.1, we can represent

= Z AiZi,
i=1
where a; = (Z)(e(i)). We recall that ¢ is bounded if

sup |¢(z)| < oo,
zeDee

and thus if we let z; — @;/|a;| we obtain

o0
Z la;| < oo.
i=1

Thus, if the linear functional is bounded, the series of coefficients converge abso-
lutely. Can we say the same for multilinear forms?

EXAMPLE 3.12. We consider the bilinear (or 2-linear) form B on ¢*°, which we
can represent by the coefficients

0 ifi=3j
where we take
1 1
= — - and y; = — - .
Vi+ Llog(i + 1) Vi +Tlog(j +1)

Using the integration estimate we obtain

i|x| Z| |2 +/oc dt . 1 n 1
pot ’ Yi log2) 1 (t+D(log(t+1))2  2(log2)?  log2’

If we apply Hilbert’s inequality (see Theorem A.5) we obtain

sup |B(z,w)| sup Zb”zlw]

z,webhe z,weh>

1
< 1;2 '2 < 7r 1 1 <A .
=7 <Z il ) ;wﬂ ~ log?2 ( + 2(log 2)?

%

[N
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Thus B is bounded in the unit disk. However, we have x; > x;,; which implies

> byl = ZZ aszy] Z szyz+k>z th—&-kyt—&-k

4] i=1 j;éz
_ng; (i +1)(log(i + 1)) gk pa1 (t+ 1)(log(t +1))2

Pt k log( k+2 71@:1 (k+2)log(k+2) — Js tlogt

This example leads us to pose the following problem: Is there some exponent

p > 1 such that

Z |bi;]” < o0

i,
for every bilinear form B, bounded in the unit disk. Furthermore, what is the
smallest exponent p we can take? Littlewood 28] solves this problem, in fact he
does more:

THEOREM (Littlewood’s 4/3-Inequality). Let B be a bilinear form on C™. Then
there is some absolute positive C' such that
3

4

n n 4
ZZ|aij|3 < C sup |B(z,w)|.

i=1 j=1 zwebn

Furthermore, the exponent 4/3 is optimal, in the sense that any smaller exponent
will make C' dependent on n.

We would like to extend this bilinear inequality to general multilinear forms.
Hence we would like an inequality of the type
1

P

(3.15) Z la;|” | < Cp, sup fB(z(l),z(g),...,z(m))’ = Cp|| Bl oo
€M (m,n) z(R) D

for some exponent p and constant C,,,, which both may depend on m, but not on
n. Clearly, by Example 3.12 we need p > 1. We can also give an upper bound.
In light of (3.9) we have

Y lal| =IBl2 < ||Blle

i€M(m,n)

by the fact that the measures in (3.8) are normalized. In combination, we now
have 1 < p < 2. Bohnenblust—Hille was able to find p and prove its optimality.
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3.4. Rudin-Shapiro Polynomials

The Bohnenblust—Hille inequality for homogenous polynomials can be stated as

P

3.16 anl? < D,, sup |P(z2)|.
(3.16) > laal zdg)nl (2)]

la]=m

In this section we obtain a sharp lower bound for p which depends on m. We aim
to construct some polynomials having some very special properties, which will
give the lower bound [30]. The Hadamard matrices are given by the recursive
relation

11 AR Ay
A = [1 _1} and  Agy1 = |:Ak _AJ for keN.

The Hadamard matrix Aj, is square of dimension ¢ = 2* and its coordinates are
either 1 or —1. Furthermore, we have

A}cAg = qu.

We want to use the Hadamard matrices to recursively define homogenous poly-
nomials, which will give the required lower bound. Fix some positive integer m
bigger than 1 and k € N. Let ¢ = 2¥. We shall recursively construct homogenous
polynomials in n = mq variables until they are of degree m. We begin by letting
z € C™ and for 0 < j < m considering the polynomial vectors

T
Pi(z) = [Pja(2) Pja(z) -+ Pigl2)]
where we take Py(z) = [1 1 - 1}T, and recursively introduce ¢ new vari-
ables and apply Ay to obtain
T
Pi+1(2) = Ar [2jg+1Pja1(2)  zjgr2Pia(2) - zjgraPig(2)] -

Observe that we can also write Pj11(2) = ArD;(2)P;j(z), where D;(z) is the
appropriate diagonal matrix. We do this procedure m times, and then we have
used all our n = mgq variables. We obtain the following result regarding the final
polynomials. These polynomials P, ; are called Rudin-Shapiro polynomials.

LEMMA 3.13. The polynomials P, ;(z) are m-homogenous and have ¢"™ non-zero

terms with coefficients 1. Furthermore, they are absolutely bounded by quH n
the unit disk.

PRroor. It is clear that P, ; is m-homogenous, since we at each iteration increase
the degree of each term in each polynomial by 1. The number of non-zero terms
in each polynomial are increased by ¢ each iteration, and since there are only
1 to start with, we have ¢™ terms. They cannot take any value other than the
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values in Ay, since we at each iteration introduce ¢ new variables, so we have no
overlap. Now, for the bound, we take z € T™ first prove the auxiliary formula
F(2) = |Pma (2)] + [P2(2)]? + - + [Prg(2)]* = ¢
We apply the inner product and obtain
(2) = (Pm(2), Pm(2)) = (AkDm(2)Pim—1(2), ArDm(2)Pm-1(2))
= (Pm-1(2), Dy (2) A Ak D (2)Pm—1(2)) = ¢ (Pm—1(2), Pm-1(2))
=¢" (Po(2), Po(2)) = ¢" .
Now, by the maximum modulus principle of Lemma 3.2 it is clear that
mt1
SUp [P (2)] < sup 4/ [P, (2) < sup V7 (z) = g7,
which completes the proof. O

We can now obtain the required lower estimate for both Bohnenblust—Hille in-
equalities, in one theorem by polarization.

THEOREM 3.14. Let m be a fized positive integer. Suppose that p satisfies (3.15)
or (3.16). Then p >2m/(m+1).

PROOF. Recall that ¢ = 2¥ and consider the Rudin-Shapiro polynomial Q(z) =
P,, 1(z) which is of n = mgq variables. By Lemma 3.13 we see that

i
P
m+41

Y laal” | =¢% and  sup |Qu(z)| < ¢
zeDn

le|=m

Now, if p is supposed to satisfy (3.16) we obtain, for any ¢ = 2,
m41

m

qg» < Dpq 2

m+1_p7

since D,, does not depend on n = mgq. Furthermore, we let By be the symmetric
polynomial associated to Q. By (3.13) and the fact that T; < m!, we obtain

2 1 2 - 2
Do laal” | = >0 F Ml ] <@yl YT il
|a]=m i€M(m,n) i€M(m,n)

Combining this with the polarization estimate given in Corollary 3.10, if p is to

satisfy (3.15) we must have

m+1
2

(m!) 7" q% < Crq
m!

which completes the proof since C,, does not depend on n = mq. O
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3.5. Blei’s Inequality

Our final lemma is a powerful inequality due to Blei [4]. Recall the special
versions of Holder’s inequality and Minkowski’s inequality of (A.2) and (A.3).

LEMMA 3.15 (Blei’s Inequality). For families of complex numbers {c;}ien(m,n)
we have

1
17 50

ORNCEE IS 1 oY N SR

i€M(m,n) k=1 |ix=1 \ikeM(m—1,n)

PROOF. The proof works in m steps, one for each of the m variables we sum
over. In step k& we apply the Holder once and the Minkowski k — 1 times. Let

i€M(m,n)

_2
m+l

Step 1. We extract iy from the sum, and take a1(i1) = -+ = am(iz) = |¢
which yields

I IEHADES 3 (Zl)(zu)

12,..050m 11=1 12,..05%m \t1=1 71=1

Step 2. We now consider i and take

a1 (iz) = <Z Ci|> and as(iz2) = as(iz) = -+ = am(iz) = (Z |Ci|2> :

i1=1

We apply Hélder’s inequality, and again obtain

n n 2 ﬁ n % n n % m+1
< 2. Z(qu) > leil? Z(ZW) ,

13,..00m  \l2=1 \i1=1 i1,i2=1 =1 \i1=1

and if we apply Minkowski’s inequality to the first factor, we obtain

V)

m—

1

cx (BEe)) (B E) (s

i3, im \d1=1 \iz=1 in=1 \i1=1 i1,40=1

1
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Step 3. We turn to i3 and choose

ay(is) = | <Z Ci|2> ;

i1=1 \i2=1

W=

as(iz) = Z <Z Cz‘|2> :

11=1

n m=1

az(iz) = as(iz) = - = an(iz) = Z il

11,i2=1

Another application of Holder’s inequality and two Minkowski’s inequalities to
the two first factors yield

2 2
I\ m+I I\ m+1
n n n n
2 2
< 22| X el > | 2 el
idyeim \d1=1 \dn,iz=1 ia=1 \i1,iz=1
2
1 m—3
. . 1\ m+I . m=2
2 2
) > el > il
i3=1 \21,i2=1 i1,12,i3=1

Step k. We continue to consider the 2/(m + 1)-factors by themselves and apply
Minkowski’s inequality to these k — 1 factors. The final term 2/(m + 1)-term
always comes from the application of Holder’s inequality. We continue in this
way until we have used up all the identical terms, that is until £ = m. Then

<2 X P X X P
i1=1 \ileM(m—1,n) i2=1 \i2€M(m—1,n)
2 2
N 2\ m+I . . 17 miT
ol 2 el I 2 P
tm=1 \#imeM(m—1,n) k=1 |ix=1 \ikeM(m—1,n)
The proof is completed by taking 2m/(m 4+ 1)-roots on both sides. O

The geometric upper bound provided by Blei’s inequality is very useful, as we
shall see in the following section.
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3.6. Bohnenblust—Hille Inequalities

We are finally ready to prove the Bohnenblust-Hille inequality for homogenous
polynomials. This section shows why multilinear forms are necessary to obtain
the results we seek for polynomials. Linearity is essential in the proof. We be-
gin by considering a homogenous polynomial, then the corresponding symmetric
multilinear and finally back to the homogenous polynomial by polarization.

THEOREM 3.16. Let P be a m-homogenous polynomial on C™. Then there exists
some positive constant D,, such that

m+1
2m

2m
> laa| 7 < Dy, sup |P(2)],
jal=m e

and the exponent 2m/(m + 1) is optimal in the sense that any smaller exponent
p will make D,, depend on n, and

m—1
1 m—
D,, < Jm (1+) Nk

m—1
PROOF. The optimality of 2m/(m + 1) was already decided by Theorem 3.14.
First we observe that for any i € M (m,n) and any k we obtain
Ti m
3.17 = <
(3:.17) T ar@)l =
Let &2 denote the left side of the inequality. By the fact that 1 < T; we get

2m
G VLTS DEE L LD SRR VE T
K3

la]=m i€M(m,n) i€M(m,n)

By taking (m + 1)/2m-roots and then applying Blei’s inequality

m+1
2m

2m_ m n
m+1 < H Z Z Ti|ai|2
k=1

k=1 \i*eM(m—1,n)

Nl
3=

P < Z ’\/?iai

ieM(m,n)

and an application of (3.17), where we proceed to factor out the m,

[N

n

<vm]] > S Talal

k=1 [ix=1 \ikeM(m—1,n)
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We let ag, be the coefficients of P, (2) = B(z,...,z,e™) 2 ... z), where e(¥)
is inserted in the k’th argument. We apply Lemma 3.7 to obtain

m

1
n m

IS (8 ) | vl [,

k=1 [i=1 |ﬁik|:m71 k=1 Lip=1

We see that we are done if, for any k, we can prove

n 1 m—1
Sipulis (1+15) 1Pl

ip=1

By choosing a unimodular function \;, (z) we can write || P;, |1 as

/ ’B(z,...,e(i"‘),...,z)‘d/ﬂ(z):/ B(z, ..., hi, (2)e®™) . 2)du™(2)

We add these up to obtain
n .
Te(2) = Z Xiy (2)el™),
ig=1

which assumes values on T”. Now, by Lemma 3.11 and the maximum modulus
principle we obtain

Z 1P|l = /n B(z,...,mk(2),...,2)du"(2) < sup B(z,...,7(2),...,2)

in=1 T z€T™
1 m—1
< sup |B(z,...,z,w,z,...,2)| < <1—|—> 1P| s,
z,wehn m—1
which completes the proof. O

REMARK. As we have stated earlier, this inequality is hypercontractive. This
means that the coefficient D,,, does not grow faster than exponential in m. In
fact, we may obtain

m—1

1 m—1 —
Dmgﬁ(w) V2' T <em,

for m > 2.

In our application of the Bohnenblust—Hille inequality, we are mainly interested in
the version for homogenous polynomials. However, the inequality for multilinear
forms are within reach, and we will provide the proof for completeness.
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THEOREM 3.17. Let B be a m-linear form on C™. Then there exists some positive
constant C,, such that

>, la

i€EM(m,n)

m-+1

T <C, sup |B(z(1),z(2),‘..,z(m))|,
z(F) eDn

and the exponent 2m/(m + 1) is optimal in the sense that any smaller exponent
-1
p will make Cy, depend on n, and Cp, < \/§m .

PROOF. The optimality of 2m/(m + 1) was already decided by Theorem 3.14.
We can proceed almost as in Theorem 3.16: We can immediately apply Blei’s
inequality, to obtain

m+1 1 =
= m
2m n 2

m
2
OIS S 1 Dol (D o
k=1

i€M(m,n) k=1 \i*eM(m—1,n)

We use Lemma 3.8 identically to how we used Lemma 3.7 in the proof of the pre-
vious theorem; now to the (m — 1)-linear form B;, = B(z(l), el z(m))
to obtain

1

m

<v2" '] [Z IBs |1

k=1 Lip=1

We choose a unimodular A;, , and since we need not apply polarization, hence the

factor
1 m—1
1 -
(14553

does not appear. The rest of the proof is identical to that of Theorem 3.16. [

REMARK. The proofs we presented are actually very similar to the one presented
by Bohnenblust—Hille. They did not have Blei’s inequality and used weaker
“power mean value™-inequality essentially due to Littlewood. This introduced
a factor m'/?. Their version of the Khinchine-Type inequality yielded

\/gmfl'

The main improvement of their argument comes from Lemma 3.11, and the spe-
cialized argument for Theorem 3.16 [14], which provides a hypercontractive in-

equality for homogenous polynomials. In the original proof, a factor of
m

2
— < m™?

Vm! ~

appeared in D,,, which is not sufficient for our applications.
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Let us for a moment turn our attention to general polynomials in n variables of
degree m, say
P(z) = P(z1, 22, .-+, 2n) = Z o 2%,
lo|<m
Does the Bohnenblust—Hille inequality hold for these polynomials? This is eas-
ily obtained as a corollary of the Bohnenblust—Hille inequality for homogenous

polynomials using a simple homogenization process and the maximum modulus
principle.

LEMMA 3.18. Given any m’th degree polynomial P(z) in n variables, there erists
some m-homogenous polynomial Q(z) in n+1 variables with the same coefficients
and the same supremum in D1,

PROOF. Let us define
Q(z,w) =w™P (ﬁ, Z—2, cey Z—") .

w o w w

The computation
ZO{
Q(z,w) =w™ g Ao— = g aquw™ 1ol ze
uﬂa
o] <m lo|<m

shows that Q(z,w) is m-homogenous in n+ 1 variables with the same coefficients
as P(z). To obtain the supremum, we only need to consider T" and T"*! in view
of the maximum modulus principle. Clearly,

Q(z,1) = P(2)

and hence ||P||co < ||@]lco- Suppose that Q(z,w) attains is maximal modulus at
(z,w). Clearly, since |w| = 1, we have

Qzw) = [P (2, 2, =)

) ’
w w w

9

and thus [|Q|lcc < ||P]]co- -

COROLLARY 3.19. The Bohnenblust—Hille inequality of Theorem 3.16 holds for
any m’th degree polynomial P(z), that is

P

> laal’ | < Dy sup [P(2)].
zebn

|| <m

ProoF. This follows directly from Theorem 3.16 and Lemma 3.18. |
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3.7. A Real Bohnenblust—Hille Inequality

Let us furthermore consider real homogenous polynomials,

P(z) = P(xy, 2, ..., Tp) = Z aax%, aq €R.

lee|=m

We want to prove a Bohnenblust—Hille inequality for these polynomials, but we
restrict the supremum to [—1,1]™. The following Chebyshev type inequality will
be useful [39].

LEMMA 3.20. Let P(z) be an m-homogenous polynomial P(x) in n variables.
Then

1
sup [P(2)] 2 5o sup |P(2)].
ze[—1,1]" z€D"

PROOF. Let t € [0,27]™ and introduce

P (e, .. eitn) + P (e~ .. eitn
D) = Pleos(ty), ... cos(ty)) = L e )J;m(e bee™)

There is some ¢y € [0,27]™ such that P (e, ..., ') attains its maximal mod-
ulus and is positive at to: Take any maximal point and rotate each coordinate
with 8/m for some suitable 6 to obtain positivity. Clearly, by the fact that

P(e*itl, ...,e*it") = P (eftr, ... eiln),

this is also of maximal modulus and positive at ty5. Thus,

1
sup |P(z)| = sup [Z(t)] > 5= sup |P(2)| = 5= sup [P(2)]
ze[-1,1]" te[0,27]n 2m=1 crn 2m=1 epn ’
by the maximum modulus principle. O

Combining this with Theorem 3.16 yields a hypercontractive Bohnenblust—Hille
inequality for real polynomials. However, more can be done [12].

COROLLARY 3.21. Suppose that P(x) is a real m-homogenous polynomial in n
variables. Then

m+1
2m

37 Jao| 7 <E, sup |P(z),

ze[—1,1]"

la|=m

the exponent 2m/(m + 1) is optimal. Furthermore, hypercontractivity is both
necessary and sufficient.
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PrOOF. Optimality of the exponent 2m/(m + 1) is provided by the Rudin—
Shapiro polynomials, and E,, < (2¢)™/2 follows from Theorem 3.16 and Lemma
3.20. The simple polynomial P(z1, ¥2) = 23 + x179 — 23 is absolutely bounded
by 5/4 in [—1,1]2. Consider therefore

Q(z) = Q(x1, 2, ..., Tyy) = P(x1, 22)P(a3, 4) - P(Xm—1, Tm),

for any even number m. This is clearly m-homogenous, and furthermore

m+1
2m m

m+1 5

Sl ) =N wd s jewi=(F)

ze[—1,1]m

lee|=m

This immediately implies that hypercontractivity is necessary since it demands

V3 (2\?) < Ep,

and 2v/3 > /5. O

Can we do something similar with the complex Bohnenblust—Hille inequality to
prove that hypercontractivity is optimal? Using the maximum modulus principle,
we may easily compute
sup ’zf + 2129 — z§| = sup |21%5 + 1 — Zize| = sup |1+ 2iS (213)| = V5,
z€D? 2€T2 2€T2
and hence an identical computation to that of Corollary 3.21 may not be used
in the complex case, since v/5 > /3. In fact, any similar construction to that
of Corollary 3.21 will fail for complex polynomials: Suppose that P(z) is any
polynomial of degree d with r non-zero coefficients. Let

QM. 2@, ., W) = Pz P(=®) ... P(:).

Here m = kd and @Q has r* non-zero coefficients. We write ao = ao - 1 and use
Holder’s inequality to obtain

P (lig) %

Solaal ] < X laal] [ X0 <[ 3 jeaP]

la|<m || <m aa7#0 la|<m

|
o=

Furthermore, using (3.6) that the measures are normalized yields
1

o 2

1 1 B 1
[l | 2 el | < qgp | 2 Jaal | oree =,

lee|<m loe|<m

and hence the construction would yield at best rza < E,. Hypercontractivity of
the complex inequality must be decided by some other means.



CHAPTER 4

Estimating the Sidon Constant

In CHAPTER 1 we defined the Sidon constant

| £1l1
{ant20 [ flloo’

S(N) =

where we considered Dirichlet polynomials of the type
N
an

&) =3

n=1

We also stated the asymptotic formula for S(N), which is our main theorem.

THEOREM 4.1. We have
1
S(N) =+VNexp <(\/§ + s(N)> \/logNloglogN) ,

as N — oco. Furthermore, the s(N)-term satisfies

_llogloglogN 1 < s(N) < ilogloglogN 1
2 loglog N loglogN ) — ~ V2 loglog N loglogN }

In CHAPTER 2 we estimated the number of y-smooth numbers less than x and
in Lemma 2.18 we obtained the effective estimate

(4.1) U(z,y) = xexp (—u (logu + loglogu + O(1))),

which is valid for = > xo(€) and exp ((loglog z)*/3+€) <y < 2. We shall also need
the main result of CHAPTER 3; namely the hypercontractive Bohnenblust—Hille
inequality for homogenous polynomials of Theorem 3.16,

m+1
2m

(4.2) Z |aa\"2»7$i < e™ sup |P(2)],
zehn

lee|=m

To prove Theorem 4.1 we will combine these results with three new results.
Rankin’s Trick, Bohr’s Correspondence and the Salem—Zygmund inequality.

67
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4.1. Euler Products and Rankin’s Trick

In this section, we study absolute convergent series of completely multiplicative
functions. We obtain the Euler product representation of Dirichlet series and
Rankin’s trick, which allows us to estimate the cardinality of a certain set of
rough numbers.

LEMMA 4.2. Suppose that b : N — C is a completely multiplicative function such
that the series Y b(n) is absolutely convergent. Then the series can be represented
as a product over the prime numbers,

- 1

> b0~ T 5

—~ -1 =0b(p)
PROOF. Since Y b(n) is absolutely convergent, clearly

> 1
216! 'fz‘b =k

by the fact that b is completely multiplicative. Hence |b(p)| < ¢ < 1 for all primes
p. Exploiting this fact, we may compute the finite product

Pw) =1 =5 HZ =TI (1 +50) +b (%) +b () +---) -

p<y p<y k=1 p<y

Since the product is finite and the geometric series are absolutely convergent, we
may rearrange the terms as we see fit. A general term in the expansion of P(y)
is of the form

b(py')b(pe?)---b(ph) =b(p' pa® - pp) = b(n),

where n is y-smooth. Hence, for B = {n € N : n is y-smooth}, we have

Ply) =3 b(n)

neB

Now, let € > 0 be arbitrary. We may estimate

> b(n) — =) bn) = > bn)| <

neB
for y > yo(e) by the fact that > b(n) is absolutely convergent. This completes
the proof. O

Y b < bn)] <«

neN\B n>y

We may immediately apply Lemma 4.2 to obtain the familiar product representa-
tion of Dirichlet series defined by completely multiplicative arithmetic functions.
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THEOREM 4.3 (Euler Product Representation). Suppose that a : N — C is com-
pletely multiplicative and defines the Dirichlet series

fle) =>4,
n=1

If 0, < 00, f(s) can be represented as a product over the prime numbers:

f<s>H(1“]§§f)>l,

p
valid in the half plane N(s) > o,.

PRrROOF. Apply Lemma 4.2 with b(n) = a(n)/n® for R(s) > o,. O

The crucial observation in the proof of Lemma 4.2 is the fact that

P = T] =55 = 3 bl

p<ly neB

where B is the set of all y-smooth numbers. Now, suppose that b(n) > 0 and
A C B. Clearly we have the inequality

(4.3) Y bn) < Y b(n) = Ply),

neA neB

which will serve as an inspiration for the next result. For N C N the prime
divisor set of N is defined as

P(N) = {p prime : there is some n € N such that p|n}.

We are now ready to prove a generalization of (4.3).

LEMMA 4.4 (Rankin’s Trick). Let N C N be a set and suppose that b(n) is a
completely multiplicative non-negative function such that b(p) < § < 1 for all

p € P(N). Then
1
2 = 1 s

neN peP(N)

PROOF. By similar considerations as in the proof of Lemma 4.2 we obtain
1
I b
H 1-b(p) Z (n),
peEP(N) neB

where B is the set of all numbers of the form

By the definition of P(N), we have that N C B, since any n € N is of the
required form. The proof is completed by the fact that b(n) > 0 like in (4.3). O
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In CHAPTER 2 we studied y-smooth numbers. Let us define a related property.

DEFINITION. Given any positive real number y, we say that the integer n is y-
rough if all the prime factors of n are strictly larger than y. For x > y > 0 we
consider the quantity

T(z,y) = {n <z : nis y-rough}.

We shall require some estimates on y-rough numbers, but we are also interested
in y-rough numbers with a specified number of divisors. Let us furthermore
introduce the quantities

(4.4) T(:c y,m) ={neT(x,y) : Q(n) =m},
(4.5) (@, y, M) = > |T(z,y,m
m>M

where Q(n) denotes the number of prime divisor of n, counting multiplicity.
We want to apply Rankin’s trick to estimate N(z,y, M). The following result
is a slightly weaker version of an inequality in [2], which will not improve our
estimates.

LEMMA 4.5. Letx >y >2 and M > 1. Then

(4.6) N(z,y, M) < (/2) (log )" exp (O(y)) -

PROOF. We begin by proving an auxiliary inequality: For 0 < ¢ < 1/2 we have
(—21)?
|

(4.7) e <1 -2t + =1—t4+ (2> —t)<1—t,

by Taylor’s theorem and the fact that 2¢> —¢ < 0 in the range 0 < t < 1/2. Now,
to prove (4.6) we need to force a completely multiplicative function to appear.
Let ¢ = y/2 > 1. Using (4.5) and the fact that n < x,

Ny M= 3 3 1y 3 S o< X

m>M neT (xz,y,m) m2>M neT (z,y,m) neT (x,y)

We may take b(n) = ¢ /n, which satisfies b(p) = y/(2p) < 1/2 for any p €
P(T(z,y)), since Q(p) = 1. Hence, by Rankin’s trick and the inverse of (4.7),

-1 T 1
o 11 ( 2p) Swpmerly 2,

y<p<z y<p<z

N(z,y,M) <

By Mertens’s estimate of Lemma B. 3 we obtain

Z - < Z = loglogz + O(1),

y<p<x p<x
which completes the proof. O
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4.2. Bohr’s Correspondence

In this section, we introduce a new way to view Dirichlet polynomials, which is
due to Bohr [8]. Fix N and consider the Dirichlet polynomial
M a

(4.8) fls) =302
n=1
We want to introduce a new way to study (4.8), to simplify the computation of
N

Qn,
> i

n=1

[[flloo = sup | f(it)[ = sup

teR teR

Our first attempt may be obtained by noticing that
1 J—

= e

which is of unit modulus. Hence, we could study the related polynomial

N
G(z) = Z anZn,

n=1

—itlogn
)

where we apply N independent variables, z = (z1,22,...,2n), and study the
supremum on the torus TV. Each natural number is translated into a variable.
However, if we take z, = @,/|ay|, it is clear that
N ~

sup [G(2)| =Y lan| = [If]l1,

z€TN ne1
which will not work. In some sense, we have introduced too many variables.
However, if we can find a way to reduce the number of variables, we may succeed.
The fundamental theorem of arithmetic allows us to uniquely factor any integer
into prime factors

(n)

(4.9) n= H pRE.
k=1

This allows us to write
m(n) m(n)
nfit _ p—iakt _ efitozk logp.
If we now translate each prime number into a variable, we will have at most 7 (V)
variables in the corresponding polynomial. The factorization (4.9) allows us to
bijectively associate each integer to a finite multi-index

(4.10) n<+— a(n) = (al,ag,...,aﬂ(n)) ,
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and hence obtain Bohr’s correspondence

N N
B — a(n)
(4.11) f(s) 2 +—— F(z) ,;anz )

which yields a polynomial of at most m(NN) variables. The main result of this
section is to prove that the correspondence (4.11) indeed provides the correct
supremum on the torus. To obtain this, we employ the essential supremum:

DEFINITION. Suppose f : X — R is a measurable function. We define the
essential supremum as

esssup f =inf{a € R : p{r € X : f(x) >a} =0}.
If f is continuous, the essential supremum is equal to the “ordinary” supremum.

LEMMA 4.6. Let (X, X, ) be a finite measure space, and suppose f: X — C is
essentially bounded and integrable. Then

lim [, = [[fllcc = ess sup|f].

p—o0
PROOF. Let € > 0. Since f is essentially bounded and integrable, | f||, exists.
Furthermore, the set

Ac={ze X : [f(@)] = (1=l fllc}
has measure p(A.) > 0. Clearly,

1
111 = Ona? < ([ 5@ aute))" < 1l
If we let p — oo and then € — 0, we are done. ]
Lemma 4.6 is applicable for polynomials on the torus T*, since they are contin-
uous and the measures are normalized.

LEMMA 4.7. Suppose the Dirichlet polynomial f(s) corresponds to the k-variable
polynomial F(2) according to (4.11). Then, for any q € N, we have

T
(4.12) [ PGPt = im g [P

-T

PROOF. We apply the fact that |w|?> = ww and then (4.12) follows from (3.2)
and (1.17), that is

1 T it
/ 2mz ) Gk (2) = 8, = lim —/ (@) dt,
Tk T—o0 2T 7 \Nn

since 22" . 22(s) = a(rs) by (4.10). O
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THEOREM 4.8. Suppose F(z) is the k-variable polynomial corresponding to the
Dirichlet polynomial f(s), according to (4.11). Then || F|lco = || f|lco-

PrROOF. By Lemma 4.7 we have

1

2 1. k % . L *
1Py = ([ PGPt ) = (pim g [ isoar) - <l

If we take p = 2¢ and let ¢ — oo, and apply Lemma 4.6 we obtain
= 1i < .
1Flloe = Jim I1Flaq < 1171

The other direction is by comparison trivial, since the supremum clearly is taken
over a bigger set

N
[1flloc = sup s < sup [y a2 | = [|F | oo,
> teR n;l z€Tk Z >
which completes the proof. O

In our preliminary efforts, we observed that if we used “too many” variables in
our polynomial representation, ||f||~ would become too big. To provide a lower
bound for S(N), we want to maximize the ratio || f||1/]|f||lsc. Hence it is natural
to control the number of variables, say k = w(y) for some y > 2. Let us obtain
our first application of Bohr’s correspondence.

LEMMA 4.9. Fixz some x > y > 2 and write n = kA where k is y-smooth and A
is y-rough. When splitting the Dirichlet polynomial as

an 1 (s
:ZTL Z( Ab),{szf,{(s)

n<z

we have || fxlloo < ||l

Proor. We move to the polydisk using Bohr’s correspondence, so let F,, cor-
respond to f,. The restriction to y-smooth numbers allows us to control the
number of variables in F},. Let us write

Z = (Zl, 2’2) = ((Zl, . ,Zﬂ-(y)), (Zﬂ(y)Jrl, ceey Zw(z))) .

Indeed, this allows the decomposition
F(z) = F(z,22) ZF 29)z (’(K)
and using orthogonality we obtain

Fi(z2) = - )F(zl,ZQ)zl_a dp™ ™ ().
7 (y
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By taking absolute values and taking supremum over z;, we obtain

[Fi(20)] < sup |F (21, 22)]
z1

Hence we obtain || F;||co < ||F||c, by taking the supremum over zs. This implies
I flloe < | f]loc by Theorem 4.8. O

In view (4.9), we may write the prime divisor counting function

The Bohnenblust—Hille inequality is only valid for homogenous polynomials. Let
us introduce the m-homogenous Dirichlet polynomials, which can be written as

fe= Y o
Q(n)=m

The following lemma splits a Dirichlet polynomial into parts of the same number
of prime divisors.

LEMMA 4.10. Consider the Dirichlet polynomial

F& =32 =30 3 =3 fuls).

n<x m Q(n)=m

PROOF. Due to Bohr’s correspondence, we consider the Taylor polynomial

F(z) = Z anz®™ = Z Z a2 = ZFm(z)

n<x m |al=m

It is enough to prove ||Fiulleoc < ||F|leo- Fix z € T*, where k¥ = n(x), and
introduce

o0)=F (emzl, €2, ..., emzk) = Z (ew)m Z a2 = Z emF,(2).
|a]=m m

m

The homogenous polynomials F,,(z) appear as the Fourier coefficients of the
function ¢(6). Thus, for any z € T,

1 2w

e de‘ < sup |0(6)] < 7.

F, =
Fn(a = |57 |

by the definition of ¢(6). O
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4.3. The Salem—Zygmund Inequality

We introduce some elements of probability theory based on Kolmogorov’s ax-
iomatic development. We follow [31], but our exposition is limited to those
concepts needed to prove the Salem—Zygmund inequality [25].

DEFINITION. A probability space is a measure space ({2, 4,P), with P(Q) =1. A
measurable set A € A is called an event, and P is called a probability measure.
The probability of A occurring is P(A).

DEFINITION. Let (Q,.4,P) be a probability space. A function X : @ — R is
called a random wvariable if it is Borel measurable, that is

{XeBl={weQ: X(w)eB}e A,
where B denotes the set of Borel measurable sets on R.

Using this definition, we can compute the probability that the random variable
X is contained in some Borel set by P(X € B), for example P(X > 0).

DEFINITION. Let X be a random variable on the probability space (2, A, P). The
expectation of X, is defined by

E(X) = /Q X (w) dP(w),

provided it exists. If X € L(Q, A, P) we say that X has finite expectation.

LEMMA 4.11 (Markov’s Inequality). Let X be a nonnegative random variable on
the probability space (2, A,P) with 0 < E(X) < co. For any k > 1 we have

(4.13) P (X > kE(X)) <

B

PROOF. Let v > 0 be arbitrary and define I' = {w € Q : X(w) > ~}. Then

= w 1 w w 1 w w:M
POy = [ @) < = [ X(w)dP(w) < = [ X(w)aplw) = =

which proves (4.13) by setting v = KE(X) and & > 1. O

We want to consider series of functions with random coefficients. Let us consider
the Rademacher probability space: Let Q = {-1,1}", A = P(Q) and P be the
counting measure scaled by 1/2™ to make it a probability measure. This is called
the uniform probability measure on Q. Let E # () be a set, and consider a sequence
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of functions fi : E — C. We will consider the following random variables:

(4.14) F0) = £ult) = S wnful®)
k=1

Zwkfk(t)
k=1

We suppress the dependence on w in the notation, and remark that (4.14) is a
random variable for each t € FE.

(4.15) [flloe = Il flloo = sup
teE

LEMMA 4.12. Let f(t) be given by (4.14) with the additional demand that the fr’s
are real valued. For each A € R and any t € E, we have

2 n
E <€)\f(t)) < exp </\2 Z ||fk||§c> .
k=1

PrOOF. The following Taylor series are valid for any = € R:

oo 2n 0 T2n

cosh(z) = Z (xTn)' and  exp(z?/2) = Z STEDR

n=0 n=0
Clearly 2"(n!) < (2n)!, which proves the inequality cosh(z) < exp(z?/2). The
uniform probability implies that the expectation is a uniform mean value:

E (emt)) _ QLn 3 MO - 2% ﬁ ( () 4 o=l ) H cosh(\f(8))

weN k=1
A
< HeXp< ) < HGXP (|f/c||2 ) = exp <QZ||fk|Zo>
k=1
This is valid for any fixed t € E and hence we are done. O

Let us now turn to the functions fr. We now demand that (E, X, u) is a finite
measure space, and consider functions of the following type.

DEFINITION. Let (E, X, i) be a finite measure space. A set of functions, %, from
F into C is called a Salem—Zygmund space over E if the following hold:

(1) The functions in % are bounded and measurable.

(2) The space & is linear over C and closed under complex conjugation.

(3) There is some constant p > 0 with the following property: For any real
valued f € # there is some measurable set I = I(f) C E such that

for any ¢ € I and furthermore p(I) > u(E)/p.
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THEOREM 4.13. Let & be a Salem—Zygmund space over E with constant p. As-
sume that fi, € A, and consider the random variable || f||co as defined by (4.15).
For any k > 2, we have

(116) P (1l >3, |los(2pm) S 1A% | < 2

PROOF. Let A be a real number and write M = exp (A||f||~/2) and

F=> Il
k=1

Suppose first that the functions fj are real valued. Clearly, f is also real valued
and we may apply property (3) in the definition of the Salem—Zygmund space.
In particular, for t € I we have M < eM(®) 4 =2 (1) since at least one of the
terms on the right side is bigger than M for each ¢ € I. This allows the estimate

(—I)/IMd,u(t) < %/ (ekf(t) +ef’\f(t)) dpu(t)

< ﬁ”/lﬂ( MO | =M t)) du(t) < ﬁ/}s( M) 4 o= )d,u()

Taking the expectation of this estimate and using Fubini’s theorem to interchange
expectation and integration yields

E(M)Sﬁ/EE(V(t)‘*‘@_M )du()

P / N F /2 N F /2

< —— [ 2 du(t) = 2pe ,
WE) Jg

where Lemma 4.12 estimated the expectation. Using this estimate, we compute

<||f||oo >AF+ < 10g(2np)> P (eAHfHoo/Q > 2@6*2?/2)
1
<P Al flle/2 > E <=
<P(c > KE (M) < -,

by Lemma 4.11. We take A = /F log(2pk) which yields

S

(4.17) P I £lloe > 3, [log(206) Y lIfell2 | <

Now, suppose fr assumes complex values. Since Z is closed under complex
conjugation, the real and imaginary parts of f are in %. We may apply (4.17)
to the real and imaginary parts to obtain (4.16) with 2/x. O
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Let us consider Dirichlet series of the form

an
f(s) = Z wn;»

n<x
where w,, € {—1,1}. We want to apply the Salem—Zygmund inequality to inves-
tigate || f|loo and ||f||1. In view of Theorem 4.8 we have

1£l120 = 1Flloe = sup 37 2oz
z€Tk

Cn<z

The supremum is taken over the torus T*, where k is the number of variables.
We would like a Salem—Zygmund space that contains trigonometric polynomials
of several variables. This is obtained in the following lemma.

LEMMA 4.14. The set 2 of trigonometric polynomials of degree < m in k vari-
ables with complex coefficients is a Salem—Zygmund space over

E =0, 27",
equipped with the Lebesque measure. Furthermore, we have p > (Wzm)k.

PROOF. Demands (1) and (2) in the definition of the Salem-Zygmund space are
clearly fulfilled. Let Q@ € £ be arbitrary. Let I = I(Q) be the set such that

Q> 19l
There is some tg € E such that

Qe = 1Q(t0)]-

This allows us to define J = J(Q) as the periodic cube around t; of diameter
1/(mwm), in the sense that the 2m-periodic distance from ¢y in each coordinate is

at most 1/(mm). Clearly
9 \F
u(J) = <7rm) :

We employ the triangle inequality and Bernstein’s inequality in the form of Corol-
lary A.10 to compute
1Qllo

@l ~ 1Q(1)] < 1R(t0) — Q)| < Smllto — t - Qe < 21

for any t € J. Hence J C I and p(I) > p(J). In particular, the demand
w(I) > u(E)/p implies that

pZ@:(mﬁ)kZ@

() p()’
and thus 2 is a Salem—Zygmund space. O
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4.4. Proof of Theorem 4.1

We are now ready to prove Theorem 4.1. The proof is split into two parts. First
we provide a lower estimate for S(N) and then we prove an upper bound. In
both parts, we shall need Bohr’s correspondence and the estimate

Q(n) < logn

4.1
(4.18) ~ log2’

which is obtained by noting that Q(n) is largest if n is a power of 2. The first
part is done using the Salem—Zygmund inequality as well as the estimates for
U(x,y) we obtained in CHAPTER 2 [13].

PRrROOF OF THEOREM 4.1 — PART I. For each z, we need to choose a suitable
Dirichlet polynomial
a
o) = 30 o,

n<z
to prove a lower bound for S(x). The application of the Cauchy—Schwarz in-
equality in (1.18), would imply that |a,| = 1 is optimal. To control the number
of variables © > y > 2, we introduce the characteristic function of the y-smooth
numbers, x(n,y). To apply the Salem—Zygmund inequality, we choose
an = X(n, y)wn.
Let us introduce the index set S(x,y) = {n <z : x(n,y) > 0}, and write

f=> -

nesS(z,y)

Clearly ||f]l1 = |S(z,y)| = ¥(z,y). In view of Bohr’s correspondence we write
F(z) = Z wn2®M = Z wnFn(2),
nes(z,y) nes(x,y)
where F,(z) is a monomial. In particular
F= 3 IRl =18yl =¥(y).
nes(z,y)

Since each variable corresponds to a prime number, F(z) is a polynomial in
k = 7(y) variables. Its degree is equal to the largest value Q(n) assumes for
n € S(x,y). Clearly, since n < z, this is bounded by m = logx/log?2 by (4.18).
Lemma 4.14 allows us to use these functions in the Salem—Zygmund inequality,

and we may take
m(y)
o \k_ [ ologz
p= (2m) = (77 10g2> .
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We now apply Theorem 4.13 with x = 4 to obtain

P (17 > 30 ¥, 5)) < 5.

Clearly there is some choice of w such that the corresponding Dirichlet polynomial
f(s) does not satisfy the inequality in the probability, and hence

[ flloo < V¥(z,y)7(y)loglog .

Since S(z) is defined as the supremum of the ratio |\J/f\||1/||f\|007 we obtain

V(a,y) = [Iflh < S@)[flle < S(@)v/¥(, y)m(y)loglog z.
Applying the effective estimate (4.1) allows us to compute

V(z,y) zlogy 1 log y
_\d) [ 29T 21 _
Sz) > \/W(y) log log = \/log log = P 3 0g p(u) 2

> /wexp (—; (logu + loglogu + O(1)) — logy> ,

2

under the assumption logy > loglog z. Let us choose y = exp (oz\/log x log log x)
for some o > 0. We compute

u 1 log

2 2a\ loglogz’

1 1
logu = 3 loglog x — log o« — 3 loglog log z,

2loga loglog loga:)

loglog u = logloglogx —log2 —log | 1 —
loglog x loglog x

The largest terms are of order /log x log log x, which are

1 1 1
v/logzloglogx — o8y _ _ ——i—g v/log xloglog x.
2 da 2

(07

This is maximized when o = 1/4/2. Furthermore, loglogu = logloglog x4+ O(1),
which allows us to estimate the other terms

1 1
—loga — 3 logloglog z + loglog u = 3 logloglogz + O(1).

Combining everything, we have

1 1 loglogl 1
S’(x)Zﬁexp((——Og o8 ng—&—(’)( >> \/logazjlogloggc)7

V2 2 loglogzx loglog =
which provides the required lower bound. O

The second part of the proof uses Rankin’s trick, in addition to the Bohnenblust—
Hille inequality for homogenous polynomials of CHAPTER 3 [27].
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PrROOF OF THEOREM 4.1 — PART II. Let f(s) be any Dirichlet polynomial of

the form
an

flo =3
n<z

We want to prove

~ 1
119 17l < lesp ((~5 + 5V ) ViogaToglosa ).

V2
with
2 logloglog x 1

4.20 S(N) < ———=—>—>— — .
(420) (N) < V3 loglogx <loglogx>
We split the proof into four steps.

Step 0. Suppose x > y > 2. In view of Lemma 4.9 we decompose

flo) =3 =30 Iel)

n<x

where f,(s) contains only y-rough n and satisfies || fx|lco < ||f]lco. Suppose that
we can prove that each f.(s) satisfies (4.19) . Then, clearly

I < o ( (=75 + 50 ) ViogaToglog ) 1.

where the sum is taken over all possible choices of y-smooth k such that there is
some n < x with n = kA. How many such choices are there? By (4.18), n has at
most log z/log 2 prime factors, since n < x. Since k is y-smooth, each of these
prime factors has to be < y, so we have at most y choices for each factor. Hence

log z\" | logx
4.21 E 1< == < log 1 = =Tl
( ) ~ - <log2> < exp (yloglogz) = exp < loglogz |’

for y = y/logz/(loglogz)3, which is the value we choose. This is absorbed in
the O-term of (4.20). Hence we are able to restrict our investigations to the case
where f only contains y-rough n. Let us introduce

1 log x
2\ loglog x
With this in mind, let us further split the sum into three parts,

1= Y daadt Y aul+ Y fan =S+ S+

Q(n)<M; M1 <Q(n)<M> Mz<Q(n)

1
and My = 2V/2 08T

M .
! loglog x
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Since x and y now are fixed, recall (4.4) and put T,,, = T(x,y, m). Let ut consider

the polynomial
a
fm(s) = ’I”TZ
n€T,
Under Bohr’s correspondence, f;, is associated to a m-homogenous polynomial,
with 7(y) variables and hence satisfies || fi|lcoc < || f]loo by Lemma 4.10. We will

estimate each part by itself.

Step 1. We consider ¥;. We begin by using Holder’s inequality,

m+1 m—1

LD (Z an m> (Z 1)

m<M; neT,, m<M; \neT, nETm,

the Bohnenblust—Hille inequality of (4.2) and the trivial estimate |T,| < z,

m m=1 logx
< 3 M flloor T < My o™ v exp (— )

2M,
m§M1

1
= || fllcovVZz exp | ——=+/logzloglogx + O 08T ,
loglog x

by the definition of M;. The error term is of the order of the O-term of (4.20).

Step 2. This step is similar to the previous step. We again use Bohnenblust—
Hille with Holder’s inequality to obtain

Yo = Z Z |an| < Z

My <m< My n€T,, My <m< M,

As above, the number of summands and e™ is absorbed in the error term, and
we consider |T,,|. Since M7 < m < My there is some 1/\/§ < a < 24/2 such that

log x
m=ay| ————.
loglog x

We will need a better estimate than |T,,,| < z. We may use Lemma 4.5 to obtain

Tl < Nie,,m) < o log)? exp (O(9) < - exp (o (w/lﬁ;»

by the definition of y and the fact that m < Ms. The error term is fine, and

hence
mo1 loge m-—1 log x
|T,| 27 = Vxexp | — — logy + O —" 1.
2m 2 loglog =
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We recall that y = \/log z/(loglog x)? and compute

(6] = ——loglogx + —-mlogloglogx + —.

The first term is of order v/log x loglog  and is in the main term. Using m < M,
we bound the final two terms by

3 logy 3 log x log x
—-mloglogl —= < — | ——>—1loglogl _—
gmiesloglog = S V2 \/ loglog og loglogz + O loglogz |’

which is acceptable. What remains after ignoring the error terms is

logx m ) N
exp “om —Zloglogx =exp | —+v/logxloglogx £+Z .

This is largest at o = /2, which yields the required —1/v/2-term.

logy

Step 3. Recalling (1.17) we estimate

: - !
(Z |an2> = (%LII;OQT/TVm(it)th) < ||fm||oo

n€Tm -

Combining this with the Cauchy—Schwarz inequality we obtain

SO UES S > w)%(z )

Mo<m ne€T,, Mso<m \n€T,, neTly,
< S mlloo VTl < 1 oo VN (2,3, M),
Mo<m

By similar considerations as in Step 2, we easily estimate

z log x
< * _o8t
N(z,y, M) < yMa eXp (O ( loglogx>> 7

and furthermore we obtain

/1 M. 1
W = exp (—22 logy) = exp (—\/i\/logxloglogx + ZMQ logloglogac> .

In total this yields

P 1 3 log x
—= < Vwexp | ——=/logzloglogx + —/ ————— (logloglog z + O(1 ,
[ flloo ( V2 V2 \/ loglog x ( (1)

as required. O

REMARK. It is possible to replace y by 7(y) in (4.21), but the term yloglogx
also appears when Lemma, 4.5 is applied, so this would not improve the theorem.
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4.5. Some Related Open Problems

We end this chapter with some comments on a few open problems related to the
topics discussed in this thesis.

The Bohnenblust—Hille Inequality. Is hypercontractivity optimal for complex
polynomial Bohnenblust—Hille inequality? In the final section of CHAPTER 3 we
studied a real version of the Bohnenblust—Hille inequality, and obtained that hy-
percontractivity was both necessary and sufficient. Furthermore, we showed that
a similar approach would not prove hypercontractivity of the complex inequality.

Explicit flat Dirichlet polynomials. Construct explicit Dirichlet polynomials
to provide the lower estimate of Theorem j.1. The Salem—Zygmund inequality
implies the existence of “flat enough” Dirichlet polynomials of the form

_ x(n,y) _
f(s) = Z Wn= T W= +1,
n<x

to provide the required lower bound for S(N). It would be interesting to provide
either explicit values wy,(z,y) or some other sequence of Dirichlet polynomials
providing the lower estimate in Theorem 4.1. This would mirror the work done
by Bourgain and Bombieri on Kahane’s ultra flat trigonometric polynomials.

Improving the estimate. Improve the upper or lower bounds for s(N) and
decide the sign of this quantity, if any. We were able to provide the bounds

B logloglog N < logloglog N

S(N)SCQ 5

loglog N loglog N

for absolute positive constants C; and Cs, but it is not clear whether this is
optimal or not. Furthermore, the ultimate sign of s(IV) is not decided, if there
even is one.

p-Sidon Constants. Study and estimate the p-Sidon constants for 0 < p < 2.
We can define p-Sidon constants, S, (N), by replacing || f||co by the LP-type norm

in the ratio ||J?H1/Hf||Oo In view of (1.17) is is clear that S»(N) = v/N. By
Khinchine’s inequality one can obtain
Sp(N) = VN exp (-0O(1)),

for p > 0. Combining these observations yields S,(N) = v/N exp (—O(1)) for
p > 2. Thus the most interesting case is p < 2. In particular p = 1, where it
is known that VN < S1(N) < (1+0(1)) VNy/Iog N, and thus there is room for
improvement [37].



APPENDIX A

Inequalities

In this appendix, we state and prove some of the inequalities needed in the thesis,
which are omitted from the main part due to their general or elementary nature.
Our main reference is [19] and we refer to [15] for the measure theory.

A.1. Holder’s Inequality

Throughout this section, we assume that p > 1 and
1 1
Z4Z=1
p q

unless otherwise is stated. We say that p and q are Hélder conjugates.

)

LEMMA A.1 (Young’s Inequality). Assume that a and b are non-negative real

numbers, and p > 1. Then
a? bl
ab < — + —
p q

with equality if and only if a? = b4.

PROOF. If a = 0 or b = 0 we are done. Hence, assume a,b > 0. Now, it is known
that 1 4+ 2 < e” and thus < e*~!. In particular, for any ¢ > 0, we obtain

S5 () <) ) (R () )

if we take ¢ = a?/p + b?/q and thus the inequality follow by multiplying of ¢ on
both sides. Now, x = e*~! if and only if = 1. Thus we require a?/c = 1 and
b?/c =1 and in particular a? = b. O

THEOREM A.2 (Holder’s Inequality). Let (X, ¥, u) be a measure space and sup-
pose that f and g are X-measurable real or complem valued functions on X. Then

@@l dnte) < ( [ 15 duts ) ([ ot aut )

where p > 1 and 1/p + 1/q = 1, with equality when |f(z)|P = |g(x)|? almost
everywhere.

85
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PROOF. Suppose that || f||, = 1 and || f||; = 1. Now, we apply Young’s inequality
to compute

|f ()" |f ()] 11
[l < [ O gy [ O gy =11y

Let now | f]|, and ||g||, be positive and finite. By normalizing we obtain

/ |f(@)g(x)| du(x) = IIprHqu/ |F@)a(@)l du(z) < [1f1pll9lla,

where equality follows from the equality condition in Young’s inequality. The
cases where one of || f||, and ||g||, are zero or infinite are trivial. O

COROLLARY A.3. Let m be a positive integer and f; be Y-measurable real or

complex valued functions on X for j =1,2, ..., m. Assume p1 > 1 and
1 1 1
—+ — 4+ — =1
b1 P2 Pm

Then we have

/X|f1(15)f2(17)"'fm z)| du(z ﬁ(/}(|fj(x)pjd/l(I));j.

PROOF. The case m = 2 follows from Holder’s inequality. We take g to be the
Holder conjugate of pg. In particular we observe that

1 1

We use induction on m and apply Holder’s inequality to obtain

/mlfl(x) o fmra ()] du(e) < [ fillp (/1 [fa(@) - fmga ()| du(fﬂ))q11

We take r; = p;/q1 for i =2, 3, ..., m+ 1 to complete the proof. O

THEOREM A.4 (Minkowski’s Inequality). Let (X,3, ) and (Y, T,v) be o-finite
measure spaces, and assume that f : X xY — C is some (¥ ® T)-measurable
function. For 1 <p < oo we have

([ 1eaw) e } < [ ([ 1o an >) 2
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PROOF. Since our measure space are o-finite and |f(z,y)| > 0 we can apply
Tonelli’s theorem where needed. In particular, the case p = 1 shows equality in
(A.1) by Tonelli’s theorem. Assume therefore that p > 1. Now, if

/X </Y f(x,y)ldy(y))p dp(z) = 0

we are done. Assume therefore that it is strictly positive and define

0= ([ e dv<y>>p_1 |

We now observe that (p — 1)g = p and compute

ol = | | g(x)qdw)];: (] If(x,y)ldl/(y)>pdu(x)r 1,

where we again apply Tonelli’s theorem and Hoélder’s inequality to

I:/ / foy)gle)dv / / f(,y)g() dp(z)dv(y)
/ (/ |f(z,y)|P du( )> (/X g(x)? d,u(;c)> dv(y)
/ (/ |f(z,y) [ du( )) ||g||qdu()_Iq (/ \f(z,y) P du(z ))pdy(y).

By dividing by I 7 we obtain (A.1), and complete the proof. |

REMARK. The case of equality in Minkowski’s inequality follows (if p > 1) from
the application of Holder’s inequality, which requires

fay =gt = ([ 162 du<z>)(p_l)q — frn) = [ Sz,

p-almost everywhere for v-almost every y € Y.

We will need the following special versions of Holder’s inequality (in the form of
Corollary A.3) and Minkowski’s inequality: For any family of positive positive
numbers a and b we have:

ZCH(j)' H
j=1 k=1
2 1

n n 2
2 2 b
Jj2=1 \u1=1

1 2
m—41 n m—+1
m+1 m+1
. E am(]) 2 ,
Jj=1

2

HM:

n

(A3) DD by

Jj1=1 \Jj2=1

IN
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A.2. Hilbert’s Inequality

THEOREM A.5. Let {Z, }mez and {yn }nez be families of complex numbers. Then
we have

(A4) >y o (Z tm?)é (Z |yn|2>é

mEZL n#m meZ nez

PrROOF. Let K be any positive integer. If we can prove the inequality for x,, =0
and y, =0 for |m| > K and |n| > K, (A.4) will follow. Consider therefore

Z Z e
- TL
—Kn=—K
m#n
We begin by computing the auxiliary integral

! 1 , L ifk#£0
A5 I(k) = t— =) ekt gt = { 2mik .
(A.5) (k) /0 ( 2)6 0 ifk=0

Now, we define

§ Tom eQ‘n’zmt and g § Yne 27rznt
n=—K

m=—K

Our first observation is that

K 1

lelz= 3 \me:/ P2 de = | f]2.
m=—K 0
K 1

WiE= 3 |ul? = / l9(t)[? dt = |g]2.
n=—K 0

by the orthogonality of the trigonometric system. We apply (A.5) to compute

7= [ (t-3) satra Z S onl(m —n) = D)

KK
But since

[t—1/2| <1/2
for ¢ € [0,1] we can apply the triangle inequality and the Cauchy-Schwarz in-
equality to obtain the required

1
\%M%whﬂﬂﬂéﬂﬁIﬂMWHﬁSMVMMb:ﬂMMMb 0
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A.3. Bernstein’s Inequality

In this section, we try to bound derivatives of trigonometric polynomials. We
are in particular interested in trigonometric polynomials in several variables, and
will obtain a corollary via the mean value theorem which will be required in our
arguments [33, 29].

DEFINITION. An m’th degree trigonometric polynomial is a function on the form

for ay, € C and z € [0,27) with (a—pm,,,am) # (0,0).

We begin by making two important observations:

(1) Exploiting the fact that we can write any trigonometric polynomial as a
rotation times a polynomial evaluated on T,

Tm(l’) _ efimac]gmn(eia:)7

allows us to conclude that T, has at most 2m distinct roots on [0, 27), since
Py, has at most 2m distinct roots in C.

(2) The complex conjugate of a trigonometric polynomial is still a trigonometric
polynomial, and hence

oan+an g
Fonl@) =R (T(@)) = 5 0 L0 et
k=—m
is also a trigonometric polynomial.

We begin by proving a result on real-valued trigonometric polynomials.

LEMMA A.6. Suppose that Tp,(x) is a real-valued n’th degree trigonometric poly-
nomial with 2m distinct zeroes. Then T, (x) has 2m distinct zeroes, all different
from the zeroes of Ty, (x).

PROOF. Since T, (x) has degree < m it is clear that it has at most 2m zeroes. If
f € Clla,b] with a < b such that f(a) = f(b) there is some a < ¢ < b such that

f(bl)):i(a’) — f/(C),

by the mean value theorem. This implies that there is at least one zero of T, ()
between two consecutive zeroes of T, (z). There is also one zero of T, (x) “be-
tween” the last and first zeroes of T,,(x) by periodicity. Thus T, (x) has exactly
2m distinct zeroes, which all are different from the zeroes of T, (z) since we have
strict inequality in the mean value theorem, a < ¢ < b. O

0=
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LEMMA A.7. Let T,,(x) be an m’th degree trigonometric polynomial over C sat-
isfying |Ton(z)| < M. Then |T),(z)| < mM.
PROOF. We give a proof by contradiction. Suppose there is some T, () with

sup [Tl ()] =
z€[0,27)

and L > M. There is some 0 < z¢ < 27 such that |7}, (zo)| = mL. By rotating
the trigonometric polynomial and taking real values, we may assume that

Ry (z0) = R (T (x0)) = mL.

Furthermore R (xo) = T, (x¢) = 0. We consider the following m’th degree real
trigonometric polynomial:

Sm(x) = Lsin(m(x — x¢)) — R (),
S, () = mLcos(m(x — xg)) — R, (),
S (x) = —m?Lsin(m(x — x¢)) — R ().

We begin by noting that S,,(z) assumes alternating signs at the 2m points

2m
Hence, by the intermediate value theorem, S,,(z) has 2m zeroes. By Lemma A.6,
S! (z) also has 2m zeroes. One of these zeroes has to be z since a computation
yields S/, (zo) = 0, by the definition of zy. However, we also note that S/, (z¢) =
0, which is impossible by Lemma A.6, since S}, (z) and S}/, (x) have no zeroes in
common. ]

To extend Lemma A.7 to trigonometric polynomials of several variables, we will
need the following result:
LEMMA A.8. For complex numbers z, we have

>z

k=1

n

> 23 Jal

k=1

sup
ge{-11}n

0y

PROOF. Let 2z = rpe’*. For any 6 € R we obtain

kazk kazk >R <€i925kzk> = Zrkfk cos(0 + Og).
k=1 k=1 k=1 k=1

We take the supremum over all £ € {—1,1}", which yields

Z Ek 2k

k=1

=R

sup

> sup Zrkﬁk cos(0 + 0y) = ZTM cos(0 + 0x)| = f(6).
ge{-1,1}"

ge{-11} k=1
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Now, taking the supremum over all § € R yields

ZSM

k=1

n n
2m 2

> sup £(6) = ;ﬂ f(@)dO:%Zrk:;ZszL

k=1 k=1

ge{ 1 1}n
We will require some notation before we can state and prove Bernstein’s inequality
for trigonometric polynomials of several variables.

DEFINITION. An m’th order signed multi-index on C" is a = (g, q9,...,Q,),
where a; € {0,£1,...,+m} and ||| = |oa| + |a2| + -+ + |an| =m

This allows us to write a m’th degree trigonometric polynomial of n variables as
(A6) Q) =Q(t1,t2,...,tn) Z g exp (i (a1ty + agta + -+ anty)) .
llef|<m

THEOREM A.9. Let QQ be an m’th degree trigonometric polynomial of n variables
as defined by (A.6). Then

oQ
— |t

() < FrlQl

PROOF. Fix ¢t = (t1,t9,...,t,). For £ € {—1,1}" and u € R define
R(u) = Q (t1 + &u, ta + Sou, ., tn + Enu)

which is a one variable trigonometric polynomial of degree < m. By Lemma A.7
we thus obtain

= [R(0)] < m||R]|oc <m[|Qlloc-

Zsk

We may take the supremum over all £ € {—1,1}" and apply Lemma A.8 to
complete the proof. |

The following corollary will be our main application of Bernstein’s inequality.

COROLLARY A.10. Let Q be an m’th degree trigonometric polynomial of n vari-
ables as defined by (A.6). Then

Q) = Q)| < m3y sup iy = 7l Q-

ProOOF. For a € [0,1] consider f(a) = Q(taw + (1 — a)7). By the mean value
theorem there is some 3 € [0, 1] with T = St + (1 — 8)7 such that

—~ 9Q

b, —(T)(tr, — )| < 6@

Q) - Q)| = 17(8)| = Jae)|

The proof is completed by appeahng to Theorem A.9. O



APPENDIX B

The Riemann Zeta Function

In this appendix, we briefly outline some properties of the Riemann zeta function,
which is defined as the analytical continuation of the Dirichlet series
= 1
C(s) = s
n=1
The Riemann zeta function has only one pole, at s = 1. This pole is simple with
residue 1, see Example 1.16. Furthermore, we have the trivial zeroes at

s=-2,—4,-6,....
The remaining zeroes are all found in the critical strip 0 < R(s) < 1. Using these
properties, it is possible to prove the celebrated Prime Number Theorem:

THEOREM (The Prime Number Theorem). Let 7(x) denote the number of primes
less than or equal to the real number x. Then, as x — oo,
x

(@) ~ logz’

These claims were stated and proved in the authors bachelor’s thesis [11].
B.1. Vinogradov’s Zero Free Region

In this section, all proofs are omitted. We invite the reader to consult [23] for a
treatment. The best known zero free region in the critical strip is due to Korobov
and Vinogradov. They established the upper bound

Cs) = O (14104~ ) 10g °)

valid for o > 0 and |¢t| > 2. They established that ((s) # 0 in the region
o >1-C (logt]) "> (loglog [t))/*,

valid for [¢| > 3. They also obtained the bound

) _ 0 ((1og )" (toglog )"

¢(s) ’
valid in the zero free region. The quantities A and C are positive constants and
we refer to [16] for some explicit estimates of these constants.

92
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B.2. Estimating Chebyshev’s Functions

In this section, we introduce Chebyshev’s functions and show how to estimate
them using Vinogradov’s zero free region:

=) An)

n<z

= Zlogp.

p<z

It should be noted that A(n) is the von Mangoldt-function, as defined in (2.23).
We now seek to estimate Chebyshev’s functions precisely. For € > 0, let

L.(z) = exp ((1og x)3/5_€) .

Following our study of the approximate functional equation of the logarithmic
derivative of the Riemann zeta function, we obtain the following estimate.

THEOREM B.1. Let € > 0 and suppose that x > xo(e). Then

(B.1) W(a) =z (1 +0 (Ll(ﬂc))) .

PROOF. This proof is very similar to the proof of the approximate functional
equation of Theorem 2.13. Most of the computations and estimates are near
identical and will be omitted. We begin by appealing to Lemma 1.21 and com-
puting

—1 [T (s) 2 n)
ZA " 2mi A_iT C(s) s d5+(’)< Zn“ 1+T|10gx/n)>

n<zx

where we take k = 1 + 1/logx and T > 2 yet to be decided. This is different
form Theorem 2.13, where we used the weighted coefficients A(n)/n®. Now, by
similar considerations as in the proof of Theorem 2.13 we observe that the error
term is of order

x(log z)?

T

We extend the integration as far to the left as n = 1 — log7T/logx. We require
this to be within Vinogradov’s zero free region, which demands

log T

>1-C (1ogT)_2/3 (log logT)_l/3 .
log x

o=1-

To satisfy this demand, we choose T = L?(x) and = > x(e). The residue at
s = 0 is avoided, which is different from Theorem 2.13. The only residue inside
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the path of integration is the simple pole at s = 1. This implies that

w(m):x+O<W)+R,

where R denotes the integral along the polygonal path connecting x —iT', n —iT,
n—+1¢T and kK ++¢T. These contributions may be estimated identically to Theorem
2.13, which in this case yields

z(log x)?
R« ———.
ST
The choice of T = L?(z) implies that we are done, since
1 2 5 1
(zég(i)) = exp (2 loglog z — 2(log x)3/5*5) < exp (f(log :v)?’/"*) = @)
We obtain (B.1) by factoring out the x of the error term. O

The following corollary shows that the error made replacing v (z) with the ¥(x)
is insignificant in view of the estimate (B.1).

COROLLARY B.2. Let € > 0 and suppose that x > xo(¢). Then

ﬁ(x)zx(l—i—(’)(LEl(m))).

log, =
0 <e(z) —d(z) = Z log p Z 1< Z logp-log, z =7 (Vz)logz < vz,
p<Vvz m=2 p<Vz
by the Prime Number Theorem. It is clear that \/r < z/L.(z), and hence the
error made in replacing 1 (z) by ¥(z) is absorbed in the error term of (B.1). O

PRrROOF. We observe that

B.3. Mertens’s Formula

By rearranging the summands of the Riemann zeta function in the half-plane
of absolute convergence as prime powers and summing the geometric series, we
obtain the Euler product:

11 1 1 1\ !
C(S):<1+2S+48+...>(1+3S+95+...)...:H(1_ps)

P
The classical Mertens’s formula [32], which predates the Prime Number Theorem,

can be stated as
1\ ! 1
H(l—) :e"’loga:(l—i—(’)( )),
P log

p<z
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for z > 2. It may be considered as a statement regarding the pole at s = 1 of the
Riemann zeta function in view of the Euler product. We shall require a stronger
version. To obtain this, we apply the precise estimates on Chebyshev’s function
obtained in the previous section.

LEMMA B.3. Let € > 0 and suppose x > xo(e). Then

(B.2) Zl =loglogz 4+ C, + O (Ll(x)) ,

p<z

where Cy is a constant.

PROOF. We begin by letting 1/2 < o < 1 and taking = > 2, to estimate

/ exp(~(logy)®) , _ <_1>/ " gt < exp (—(log2)*) .
z ylogy @ (log z) t
We let R(z) = 9(x) — 2. Combining the estimated integral with Corollary B.2
we obtain
* _R(y) 1
d
/z yPlogy Y S L)

by setting o = 3/5—e. Furthermore, it implies that R(y)/(y*logy) € L' ([2,00)).
We now apply Abel summation and ¥(z) = x — R(z) to compute

Z Z logp  9(z) +/”” J(y)(1 +logy) dy
xlogx /s 2

Zp “plgp (ylogy)
1 @ 141
= loglogz — loglog2 + —— + R(z) +/ Mdy
log2  zlogz J,  (ylogy)?

By Corollary B.2 it is clear that R(z)/(xlogx) is absorbed in the error term of
(B.2). What remains is to consider the integral, which we rewrite as

* R(y)(1 +logy) /°° R(y)(1 +logy) / ( 1 )
— = dy — — >Zdy=C"-0(——].
/2 wlogy)2 V7, (ylogy)?? 7 Le(x)
This implies (B.2) with C, =1/log2 — loglog2 + C". O

We may apply Lemma B.3 to compute a version of Mertens’s formula with an
unknown constant.
LEMMA B.4. Let € > 0 and suppose x > xo(e). Then

(B.3) 11 (1_;)1 = eC2 10gx<1+(9(L€1(x)>>7

p<z

where Cy is a constant.
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ProoOF. Using the Maclaurin series of —log(1 — ) for # = 1/p we obtain

D -Yu(i-l-yy Loyliyy Loyy

p<zx p<zn=1 p<$ p n=2 p>rn=2

Now, we may easily estimate
SiSleisio
—n =t T opt e p2’
and hence it is clear that (B.4) is of the form

Zlog(l) Z;+C”O<i).

p<lzx p<z

1
p?

We obtain (B.3) using (B.2) and exponentiating, and setting Co = C; + C”. O

THEOREM B.5. The constant Cy of (B.3) is equal to v, the Euler—Mascheroni
constant.

PROOF. Suppose f(s) is the Dirichlet series associated with the coefficients a,
and abscissa of convergence o.. We introduce the scaled summatory function

Qnp
n<zx

The Dirichlet series with coefficients b, = a,/n is g(s) = f(s + 1). We evaluate
the Mellin transform of g(s) at s — 1, to obtain

(B.5) o) =gls-1=(s-1 [ 2

valid for (s) > o.. We take f(s) = log((s). By integration of (2.25) we obtain
the coefficients a,, = A(n)/logn, and hence

Let us turn to the product
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Using a geometric sum and the Prime Number Theorem, we may obtain

log P(x Zlog(l—) ZZ——B )+ Z

p<zx p<zxn=1 p<zm>log, =

:B@H%)EZ% :m@+o(iﬁ):m@+00$x)

p<z

Alternatively, by Lemma B.4, we may estimate

1
log P(xz) =logloga + Cy + O (Le(:z:)> ,

and since log z < L(x) conclude that

B(z) = loglogx+C'2+O( ! )
log x

for x > 2. Inserting this into (B.5), we obtain

log¢(s) = f5) = (5= 1) [~ (loglogxwgw( ! )) dr.

log s

since B(z) = 0 for 1 < 2 < 2. We want to estimate this integral as s — 17.
Thus, let 1 < s < 3/2. We employ the substitution y = (s — 1) log x to obtain

e 1 -1
f(s) = / <1og +logy+Cy+ O <S>) e Ydy.
(s—1)log2 s—1 Y

The contribution of the O-term may be estimated by considering

/ e—d </ y+/ e Ydy =log
(s—1)log2 Y (s—1)log2 Y 1 §—

which implies that it is of order (s — 1)log1/(s — 1). For the remaining terms of
the integral, we extend the integration to 0, which introduces an error of at most

(s—1)log?2
[
0

This is the same order as the integrated O-term, and is absorbed. By computing
the extended integral we obtain the estimate

(B.6) f(s)=logsi1+Cz+/000(10gy)6_ydy+0((5_1)10g5i1>’

for 1 < s < 3/2. Now, we recall that f(s) = log((s). We now turn to Example
1.16 which allows us to estimate

((s) = sﬁw{“' = 1400 = -+ 0()

1
+ — —loglog 2,
1 e

1oyl + 1ol ) " dy < (5~ 1og -

-1 s+l 1 5 —
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by the fact that 1 < s. Taking logarithms and using log (1 +z) = O(z) for
0 < 2 <1/2 we may obtain

1 1
(B.7)  log((s) =log (3—1(1 +O(s — 1))> = log Py +0(s—1),
when 1 < s < 3/2. Equating (B.6) and (B.7), we may cancel log1/(s — 1) and

take s — 11 to obtain
Cy = —/ (logy)e ¥ dy = —I"(1) = .
0

The second equality follows from the definition of the Gamma function and the
third by logarithmic differentiation of its product representation in (2.2). O

REMARK. The computation Cy = v of Theorem B.5 also implies that

6T Y mm B (rm(3)
p

p m=2
which is called the Meissel-Mertens constant and is =~ 0.2614972.

B.4. The Riemann Hypothesis

In his celebrated paper [34], Riemann stated the following claim: ((s) # 0 if
R(s) > 1/2. This is one of the most famous open problems in mathematics.
Assuming the Riemann Hypothesis to be true, we are able to replace the quantity

L.(z) = exp ((log x)3/576>

by the much shaper estimate ., (x) = 2/27¢ in the results of this appendix. By
assuming the Riemann Hypothesis, we are able to move the integration as far left
as n = 1/2+ 1/log x without encountering any zeroes. This is how the sharper
estimate is obtained. The same improvement will also be true in Theorem 2.13
and Lemma 2.14. We are further able to extend these results to hold in the larger

domain
1

~+
2 logy
and |t| < Z(y). In [21] Hildebrand followed this argument to extend the domain
(2.36) to

<o<l1

(logz)®*T™* <y <z
in Theorem 2.17. We do not supply proof of any of these claims.
REMARK. The improved domain is sufficient for Lemmas 2.15 and 2.16, irregard-

less of the Riemann Hypothesis, but (2.36) is used throughout CHAPTER 3 for
continuity.
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