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A hybrid method for sound scattering calculations is presented in this paper. The
boundary element method (BEM) is combined with a recently developed edge source
integral equation (ESIE) [J. Acoust. Soc. Am. 133, pp. 3681-3691, 2013]. Although
the ESIE provides accurate results for convex, rigid polyhedra, it has several numer-
ical challenges, one of which applies to certain radiation directions. The proposed
method, denoted ESTEBEM, overcomes this problem with certain radiation directions
by applying a similar approach as BEM. First, the sound pressure is calculated on
the surface of the scattering object using the ESIE, then second, the scattered sound
is obtained at the receiver point using the Kirchhoff-Helmholtz boundary integral
equation, as BEM does. The three methods have been compared for the scattering
by a rigid cube. Based on results from several discretizations, ESIE and ESTEBEM
results are typically (90% quartile) within 3 — 4 - 10™* for a kL-value of 1.83 and
2-1073 for kL = 9.15, L being the cube length, of reference results computed with

the BEM. The computational cost of ESIEBEM appears to be lower than BEM.
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I. INTRODUCTION

Accurate and fast numerical modelling of sound propagation and scattering is of great
interest nowadays. A wide range of problems ranging from environmental acoustic prob-
lems to musical instrument synthesis require the modeling of large scale 3D computational
domains. The computational complexity of standard solution methods such as the finite
element method (FEM), boundary element method (BEM) and finite differences in the time
domain (FDTD), scale poorly with the problem size. Therefore, alternatives to these well
known methods are needed. The fast multipole boundary element method (FMBEM) is
an alternative method to accelerate the calculations of the boundary element method! by
clustering boundary elements and using multipole expansions to evaluate the interactions

among clusters.

A recent edge source integral equation method (ESIE) presented by Asheim and Svensson®
has shown to be more efficient computationally than the numerical methods mentioned
above for convex, rigid scattering objects. Instead of using a mesh for the whole body
surface (BEM), and possibly also the air surrounding the object (FEM, FDTD), only a
discretization of the object edges is needed to compute so-called edge source amplitudes.
In a subsequent stage, these edge source amplitudes can be used for computing the sound
pressure in any external receiver positions, similar to the BEM, where the surface sound field
can be used in a similar way. It has not been possible to prove that the ESIE method fulfills

the governing Helmholtz equation, only that the results are remarkably accurate for rigid,
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convex scattering bodies. Although this method is very attractive computationally, and in
terms of accuracy in general, erroneous results may arise for certain receiver positions®.

The goal of this paper is to propose a method that achieves fast calculation while main-
taining good accuracy. The method developed is a combination of the edge source integral
equation (ESIE) method and the boundary element method (BEM). Parts of this work were
presented in the POMA paper® by the same authors. The method avoids the singularities for
certain receiver positions of the ESIE?, and it also avoids the well-known internal resonance
phenomenon of the BEM formulation commonly avoided by using the Burton and Miller’s
method® or the CHIEF points technique®. The computational cost of this hybrid method
will be compared to the BEM and to the original ESIE.

This paper is organized as follows: in section II, the fundamental equations and theo-
retical backgrounds for the three methods, the boundary element method (BEM), the edge
diffraction-based ESIE method and the hybrid method are introduced. Section III summa-
rizes the implementation details of the methods as well as the description of the benchmark
case, and the results obtained are presented and discussed in section IV. Finally, section V

collects the conclusions of the paper.

II. THEORY

There are two large families of methods for solving acoustic scattering problems: those
commonly called wave-based techniques derived from the wave equation (BEM, FDTD,
FEM, FMBEM) and those referred to as geometrical-acoustics techniques which are high
frequency assymptotic solutions (the image source method, ray tracing). The latter can also

4
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have diffraction-based extensions such as the geometrical theory of diffraction (GTD) pre-
sented by Keller’, the Uniform Theory of Diffraction (UTD) by Kouyoumjian and Pathak®,
or the recent edge source integral equation method (ESIE) by Asheim and Svensson” men-
tioned above. Two of these methods will be presented more in detail below: the wave-based
boundary element method, and the edge source integral equation method. Their respective
advantages and drawbacks will be identified, and a new hybrid method will be presented
that exploits the advantages of both techniques and avoids some of their limitations when

combined to solve scattering problems.

A. The boundary element method (BEM)

The acoustic boundary element method is a well-established method in acoustics, espe-
cially suitable for infinite domains (outdoor/free-field environment). The BEM formulation
is based on the Helmholtz integral equation which relates the sound pressure p(P) at any
point P to the sound pressure p(Q)) and the normal velocity v,(Q) at positions () on the
surface D of a scattering body. In this paper, only rigid scattering polyhedra will be stud-
ied and so the Neumann condition v,(Q) = 0 holds for any point Q € D. Therefore, the
Helmholtz integral equation for these cases can be expressed without the monopole term
and it can be written as follows’

CPpP) = 4 (P) + [ 9PQ)  )as, (1)

D an
—jkR

where G(P,Q) = is the free-field Green’s function in 3D between two points P and
Q, R is the Euclidean distance between P and @, p’ is the incident sound pressure, C'(P)

5
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is the solid angle corresponding to 0, 27w or 47 if P is inside, on the surface, or outside of
the object, respectively, k is the wavenumber, and n is the normal vector to the surface at
Q pointing away from the body. A time-harmonic factor ¢! has been omitted in Eq. (1)

and throughout the paper.

The sound pressure at any point P expressed in Eq. (1) is interpreted here as a sum of
contributions from free-field radiating dipoles aligned with the surface normal vector. The
strength of the dipole is given by the surface sound pressure and once this sound pressure

on the surface is known, then the sound pressure at any point P can be obtained.

The boundary element method calculates the sound pressure in a field point P in two
steps. In the first step, the solution on the surface of the scattering object is obtained by
placing P on the surface of the scattering object, and Eq. (1) becomes an integral equation.
In the second step, the so-called ”propagation” step, the sound pressure in the sound field

is calculated by letting P be an external point, often termed as a "field point”.

Different discretization methods are commonly used for the first step, such as the projec-
tion methods (Galerkin, collocation) or Nystrom methods, which turn Eq. (1) into various
forms of linear systems of equations. The number of degrees of freedom in that system of
equations is directly related to both the accuracy of the solution and the computational

cost.

The BEM, when it is applied to exterior scattering problems, has a well-known problem
as mentioned in the introduction. The matrix equation to solve becomes ill-conditioned at
the natural frequencies of the corresponding interior problem, but two different solutions

have been presented in the literature for this problem. A first technique is using so-called
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CHIEF points, or internal control points, where the sound field is enforced to be zero®.
A second one is the so-called Burton-Miller technique® which uses a linear combination of
the Kirchhoff-Helmholtz integral equation and its normal derivative. Marburg and Amini'"

show that the Burton and Miller method is a more robust method compared to the CHIEF

method as its solution is unique for exterior acoustic problems at all frequencies'’.

Another challenge of the BEM is the singularity in the integral kernels, which becomes
prominent for thin bodies and narrow gaps'' as well as when the field point is located near
the boundary of the scattering object. There have been different approaches to overcome

that difficulty making use, for instance, of singular numerical integration as suggested by

Cutanda et al.'?, splitting the integral using analytical removal of the singularity'’'?, or
using a polar coordinates transformation as presented by T. Terai'®. The details of these
techniques will not be discussed in this paper and the interested reader is referred to the

cited work for more details.

B. Edge source integral equation method (ESIE)

The edge-diffraction based method used in this paper is the edge source integral equation
(ESIE) method suggested recently by Asheim and Svensson?. This method, which was
shown to be accurate and efficient for rigid convex scattering objects, decomposes the total

acoustic field into three different components:

Prot(P) = paa(P) + pp1(P) + pron(P), (2)

7
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where pga(P) is the geometrical acoustics component, and pp;(P) and pyop(P) correspond
to the first- and higher-order diffraction components respectively. The geometrical acoustics
term, pga, represents the direct and reflected sound considering the visibility between source

and receiver, and it can easily be obtained by the commonly used image source (IS) method.

The first-order diffraction is based on a representation of the diffracted field for a single
wedge!®, which is a reformulation of the analytical solution for infinite edges by Bowman

and Senior'® that can be applied to finite edges.

This first-order diffraction term in Eq. (2) at a receiver’s position P, pp;(P), can thus
be computed as an explicit line-integral equation over the set of edges I' of the scattering

object as

pp1(P) = — s
T

e_jkTP,z e_jsz,S

« / VeV s B(P,zS)dz, (3)
I

rpz 28

where ¢g is the source strength of the sound source, S, defined such that g5 = poA/4m,
where pg is the density of the medium at rest, and A is the volume velocity amplitude of the
monopole sound source. In Eq. (3) v, is the so-called wedge index, V,; is a point-to-point
visibility term being one when a is visible from b and zero otherwise. The term §(P, z, .5) is
a function which depends only on the wedge angle and on the angles of the sound source, S,
and receiver, P, defined relative to the tangent at the edge point z, and thus £ is interpreted
as a directivity function of a virtual/secondary edge source at point 2'°. The integral in
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Eq. (3) can be computed by standard quadrature methods or, as suggested by Asheim and
Svensson, by employing the efficient and accurate numerical method of steepest descent!”.

The higher-order diffraction term, pgop, is obtained by the introduction of explicit edge
source strengths for the secondary sources along the edges referred to above, for first-order
diffraction. The computation process is similar to the BEM in that first, the strengths of
these secondary edge sources are calculated by solving an integral equation and secondly,
the diffracted sound pressure, pyop, is obtained via a propagation integral from the edge
sources to the receiver. Below is a brief description of the formulation to obtain pyop.

Let q(z1, z2) be defined as the equivalent source strength at an edge point z, radiating in

the direction of another edge point z;. As shown by Asheim and Svensson®, ¢(z1, z2) needs

to satisfy the following integral equation

1 e k=,

Q(ZI;ZQ) = QO(ZLZQ) - —/FQ(Z%Z) :

81

ng,z

X ]/22‘/21,22‘/22,2/8<Zl7 22, Z)dsz- (4)

The term qo(21, 22) corresponds to the equivalent source strength at z; due to the field
diffracted at 25, coming from the source S, in the direction of z; which is expressed as
follows

e_j k;T’Z2 S

1
610(2’1722) = _8_7TV2‘/21722‘/22,Sﬁ5<217227S)' (5)
z2,

Once the edge source strengths are obtained, by solving the integral equation (4), the term
prop(P) can be computed by a double integral, each integration taken along the set of all

edges, expressed as follows
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pHOD(P) = _8_//Q(Zlyz2)V21VP,Z1‘/z1722
™ JrJr

e*jkT’P,zl e_jkrzl 129
X B(P, z1, z5)ds,,ds,,, (6)

TPz T21,22

where the spherical radiation factors and the same directivity function 8 as used in Eq.(3)
have been considered.

Note that the computation of the edge source strengths ¢(z1, z2) in Eq.(4) is independent
of the receiver’s position in the same way as the first step of the BEM when computing the
sound field at the surface of the scattering object. The attractiveness of the ESIE, though, is
that there is only the need to discretize the edges of the object instead of the entire surface,
which reduces considerably the computational cost. A further advantage of the ESIE versus
the BEM is that the ESIE does not have any problem with the internal fictive resonances
that the BEM suffers from. On the other hand, the intermediate quantities are more directly
useful for the BEM than for the ESIE: the surface sound pressure might be exactly what is
sought in some applications, whereas those edge source amplitudes are apparently not useful
for anything by themselves.

The ESIE gives very accurate results for rigid convex scattering objects (so, with no
indents) and even gives accurate results in the low-frequency limit?. As mentioned in the
Introduction, it has not been shown that the ESTE method should give an exact solution to
the Helmholtz equation. Very accurate results have been demonstrated nevertheless, and
it is not clear how this conundrum can be tackled. But, for certain receiver positions, the

convergence to the accurate solution for the propagation step is very slow due to that the

10



164

165

166

167

168

169

170

171

172

173

174

175

176

177

178

179

180

181

182

184

directivity function  in Eq.(6) has some singularities that depend on the positions of the
receiver P relative to the edge sources z; and z;. Two edges define a virtual plane, exterior
to the scatterer, and the directivity function § makes a jump as a receiver position crosses
that virtual plane®. Associated with that jump is a very slow convergence.

Since the -function is also used in the expression for the term o, in Eq. (5), there will
be inaccurate results associated with external source positions that are very near to any of
the planes that are formed by pairs of the scattering body’s edges. Finally, the presence of
the f-function in the integral equation operator in Eq. (4) leads to slow convergence when
smooth scattering objects are represented by polyhedra. Interestingly, the ESIE formulation

is numerically much more efficient for scattering bodies with edges than for smooth bodies.

C. Combining the ESIE and the BEM: ESTEBEM

It is possible to combine the two presented methods in a way that uses their respective
strengths and overcomes some of their respective weaknesses. The hybrid method proposed
here, called the ESIEBEM from now on, is based on using the ESIE, instead of the Helmholtz
integral equation, for obtaining the sound pressure on the surface. At this calculation
stage, the surface of the object is discretized by an element mesh and the sound pressure
is computed at the element centers (collocation points). The expression of the directivity
function g for this case, appearing in both Eq. (3) and Eq. (6), has been derived in the
Appendix VII. Note that § would have no singularity related to the receivers positions on
the surface, except for source positions close to a plane of the scattering object (as discussed

in Section I1B). There is also a 1/r-singularity, where r is the distance from the receiver

11
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point to and edge point, which is the reason to use collocation points instead of the element
nodes. However, the computation of the directivity function 8 will still have some challenges
when two or more faces of the scattering polyhedron are close to co-planar.

The principles of the ESIE and ESIEBEM are illustrated in Fig. 1. The ESIEBEM
involves three calculation steps. The first step is the same as for the ESIE: calculation of
the edge source strengths, given the external source, using Eqs. (4) and (5). The second
step is the edge source-based computation of the sound pressure in the element collocation
points on the surface, using Eq. (2), (3), and (6) and the third step employs the propagation

integral of the BEM, Eq. (1).

ESIE
Propagation of edge source strengths
to the sound pressure at receiver
using Eq. (6) °
ESIEBEM
ESIE: Computation of 7
the edge sources strengths ESIEBEM
using Eqs. (4) and (5)  E—
Propagation of edge Propagation of surface
source strengths to mesh points sound
the sound pressure on pressures to the sound
surface mesh points pressure at receiver
using Eqs. (2), (3) and (6) using Eqs. (1)

FIG. 1. Tllustration of the ESIE and the ESIEBEM computation steps. The discretization of edges

and surfaces as well as paths drawn are only a few, for illustration purposes.

The main advantage of using the ESIE in this first step of computing the sound pressure
on the surface is that the ESIE is highly efficient for finding the sound pressure in receiver
positions that are not challenging for the method. Therefore, the computation time might

12
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be advantageous compared to the BEM. Moreover, the accuracy of the ESTEBEM seems to
be guaranteed as long as the receiver points on the surface are not immediately at the edge®

and the scatter has no co-planar faces.

III. IMPLEMENTATION

A. BEM - Direct collocation method

In this paper, the OpenBEM implementation developed by Juhl and Henriquez has been
used for obtaining the BEM results. OpenBEM is a collection of open-source Matlab func-
tions for solving acoustical problems in 2D, 3D or axi-symmetric settings'®. Interested
readers will find a detailed description of it in Ref.'” by Juhl and a shorter version of it in
Ref.? by Henriquez and Juhl.

The implementation employs the direct collocation method to compute the sound pressure
on the scattering body surface. The scatterer’s surface is discretized into a mesh of elements,
triangular or quadrilateral, and the sound pressure is calculated at the nodes of this mesh.

When the point P in Eq. (1) is placed at any node, the following matrix expression results

Cp = Ap + 47p', (7)

where the matrix A contains integrals of the kernel functions defined in Eq. (1).

Since rigid scattering objects are considered in this paper, the Neumann boundary con-
dition applies, i.e., v,(Q) = 0, and the left-hand side term in the expression can be directly

13
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substracted from the diagonal of the first term on the right-hand side, and Eq. (7) is

simplified to

P = Dil(_47rp1>7 (8)

where D = A — C is a full matrix. If the surface mesh used has N elements, then the
computational complexity to solve the scattering problem with the OpenBEM is of the
order of N2, for building up the needed matrices, with a subsequent step scaling as N3
for inverting the matrix. The simple Gauss elimination is used here to solve Eq. (8),
although other more efficient iterative solvers could have been implemented, and reduced
the complexity by an order of magnitude. The minimum number of surface elements will

depend on the square of the maximum frequency studied, fi.x, so the total computation

4

max

time might scale as Tiomp ~ — f8 ., depending on which stage is computationally

dominating in a specific implementation.
The OpenBEM uses the common method with CHIEF points to avoid the problems at

certain fictive internal resonance frequencies®.

B. ESIE - Matrix equation formulation

The ESIE method used in this paper was implemented in Matlab by Svensson et al.?!
as the "Edge diffraction toolbox” published under the terms of the GNU General Public
License and currently available on GitHub. The toolbox computes various combinations of

specular reflections and higher-order diffraction, in the frequency domain.
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The ESIE is based on the solution of the integral equation in Eq. (4) where the unknown
edge source strengths ¢(z1, z2) need to be solved for each pair of edge points (z1, 25). This is
done using the straightforward Nystrom, or quadrature, method, where the integral equation
is discretized at positions z* along all the straight edges of the polyhedron. The unknowns
are the edge source strengths, defined for pairs of discrete points along the edge, q(z!, zg),
which refer to the edge source amplitude at edge point zé, in the direction of edge point
2t. For each straight edge of the polyhedron, a Gauss-Legendre (G-L) quadrature scheme is
employed. A certain G-L quadrature order is chosen for the longest edge, and proportionally
lower orders are chosen for shorter edges. For a cube example, if each of the 12 edges are

discretised according to a G-L quadrature order ngqqss, a total of 12 - ngq,ss edge points will

consequently be generated. As discussed further below, each edge point of a cube can reach

2
gauss

6 other edges, and thus 6 - ny.ss other edge points, for a total of 72 - n unknowns. By
constructing a column-vector q with all the terms (2%, ), z¢ and 2} being the discretization

points of all edges, Eq. (4) can be rewritten as the matrix expression

q =qo + Hgq, 9)

where the matrix H contains sampled values of the kernel of the integrand operator in Eq.
(4), including the weighting factors of the Gauss-Legendre quadrature rule. This matrix

equation can be solved by inversion

q=[I-H] "qo, (10)
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although the size of the H-matrix often prohibits such a direct inversion. Fortunately, H
has a very sparse nature, which makes an iterative solution of Eq. (9) very efficient?. Thus,

iteration step n gives a term

qn:an—la TLGN, (11)

where qq is given by sampled values of Eq. (5), and all terms of the truncated iteration

process are summed up to the final solution,

Ntruncation

dfinal = Z an, (1 2)

n=0

The final solution is then propagated to the receiver with Eq. (6), and the term pgop
obtained will correspond exactly to the contribution of all orders of diffraction up to and

including order (Nyuncation + 2). The matrix equation formulation for this propagation is

b= Fqﬁnala (13)

where p is the sound pressure amplitude in a single receiver point, and F is a horizontal
vector of samples of the integrand in Eq. (6), again with weighting factors according to the
Gauss-Legendre quadrature.

The sparseness of the matrix H is the reason for the efficiency of the ESIE, and it is

explained in Appendix VIII. The minimum number of edge points/sources, Nes will scale as

2

max*

Nes ~ fumax, Whereas the number of edge source amplitudes, N, will scale as Ny ~ N2 ~
The size of the H-matrix is such that the number of non-zero terms is ~ Ng’/ ?, so the iterative
solution of the matrix equation will cost Tiomp ~ fo..- This suggests that the ESIE could

max*
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indeed be more efficient than the BEM for computing the field at the surface of the scattering

body.

C. ESIEBEM

The hybrid method ESTEBEM suggested in this paper employs the discretization of the
scatterer’s surface like the BEM does. Triangular elements are used in this paper rather than
quadrilateral elements but the hybrid method might be used with quadrilateral meshing as
well.

As mentioned earlier in the text, it is known that the ESIE converges very slowly for
receiver positions where the visibility factor suddenly changes from 0 to 1, along the zone
boundaries that extend away from the scattering polyhedron. Receiver positions on the
surface of the scattering bodies are, however, not exposed to this problem. On the other
hand, along the edges of the scattering polyhedron, there are numerical challenges for the
ESIE, caused by the 1/r-factor in the involved integrals. No scheme has been developed for
mitigating this singularity, and therefore the standard quadrature method that is employed
here becomes inefficient for receiver positions very close to the edge. However, if the surface
sound pressure is calculated at element center points (i.e. collocation points) rather than at
the nodes, the effect of this singularity is reduced. Improved schemes might be developed
that handle that singularity more efficiently.

Yet another singularity occurs at the corners where two or more edges meet. The Gauss-
Legendre quadrature approach does not use any quadrature points at the integration range

endpoints, that is, at those corners, and no problems have been encountered with the quadra-
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ture used for the integral equation. A well-behaved polynomial convergence is demonstrated
in section IV B, as long as receiver points are not close to any zone boundaries. Also, in
Ref.?, the case of a circular disc was studied in detail. For a symmetrical incident field, the
integral equation could be simplified to a one-dimensional one, which was evaluated with the
midpoint method, in order to avoid the same singularities at the endpoints of the integration

range. No problems with convergence were encountered there either.

The internal-resonance problem and the thin-scattering-body problem mentioned in sec-
tion [T A that BEM encounters, do not apply to the ESIEBEM, but the near-singularity issue
for field points near the scattering bodies applies for both, BEM and ESIEBEM. OpenBEM
uses a refined quadrature scheme and the solution for the near-singular kernels could be
either to increase the mesh density near the close point or to increase the order of the

. . . ?
numerical integration® .

The test cases are calculated with different meshes when solving the problem with the
BEM and ESIEBEM, and with different numbers of edge discretization points when solving
the problem with the ESIE. The meshes have been created with the open-source GMSH
software”?. All elements are considered to be triangular and the receiver points (i.e. the col-
location points of the elements) correspond to the center points of these triangular elements
in the first ESIEBEM calculation step. The ESIEBEM uses isoparametric elements with
constant shape functions and derivatives of these shape functions equal to zero, as employed
in the OpenBEM.
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D. Test case

The scattering object studied here is one of the simplest to test the performance of the
novel hybrid method: a rigid cube as shown in Fig. 2. A cube of size 1 x 1 x 1 m? has been
modeled centered at the origin, assuming an incident field of a sound source located very far
away at a position (z,v,z) = 10°/4/3(1,1,1) m, to emulate a plane wave impinging on the
scattering object. The results shown in this section are for the frequencies 100 and 500 Hz,

corresponding to kL = 1.83 and 9.15, respectively, where L is the side length of the cube.

The receiver positions are in the plane z = 0 along a 1 m radius circumference with
a total of 629 receivers uniformly distributed, with a step of 0.01 radians, starting from 0.
Twelve different meshes were constructed for the BEM, with 408, 624, 744, 1096, 1480, 3124,
6260, 10204, 13084, 20456, 30940 and 50872 elements. With the ESIE method, edges were
discretized with 16, 24, 32, 40, 48, 56, 64, 80, and 96 edge points per edge, giving 192-1152
total edge points.

The calculations were carried out on a Macintosh HD with a processor of 2.7 GHz (Intel
Core i5) and 16 GB RAM and on a desktop computer with an operating system Windows

10 and a processor Intel(R) Xeon(R) 3.4 GHz and 8.0 GB RAM.

IV. RESULTS

In this section, results will first be presented with the finest BEM-mesh results viewed as
reference results. In the subsections following after, the application of linear extrapolation
will be explored to reach a higher accuracy for all the methods.
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FIG. 2. Benchmark test case, a cube of 1x1x1 m? and 629 receivers located along a circumference
of 1 m radius. Collocation points on the cube surface are depicted with black crosses. The same
mesh with triangular elements is used both for the BEM and ESIEBEM, and the figure shows a

coarse mesh for visualization purposes with 200 nodes and 396 collocation points.

A. Overcoming problematic positions for the ESIE by using the ESIEBEM

As explained in Section I B, the ESIE method has singularities for some receiver po-
sitions. To demonstrate this effect, the sound pressure has been computed for the two
frequencies, 100 Hz and 500 Hz, and all 629 receivers indicated in Fig. 2 using a BEM mesh
with 50872 elements and collocation points, and an ESIE discretization with 96 edge sources
per edge, that is, 96 - 12 = 1152 edge sources and 96 - 12 - 96 - 6 = 663552 unknowns in the
g-vector (eq. 9). ESIEBEM then used the same numbers of surface mesh elements and edge

sources.

Fig. 3 shows the sound pressure level difference for the methods ESIEBEM and ESIE,
relative to the reference results given by the BEM for 100 Hz and for 500 Hz. It can be

20



336

337

338

339

340

341

342

343

344

345

346

347

348

349

350

351

352

353

354

355

quite clearly seen that the ESIE has problems for some of the eight expected receiver angles,
namely those that are very close to one of the infinite planes that contain the cube surfaces
as mentioned in Section II B. Confirming one of the goals of developing the hybrid method,
the ESIEBEM seems to give accurate results for those positions and therefore overcomes
the singularities of the problematic receiver positions of the ESIE.

Comparing Fig. [V A and Fig. IV A, it can be observed that the sound pressure level
difference between the two methods, ESIE and ESIEBEM, and the reference result given by
BEM, is in much better agreement for 100 Hz than for 500 Hz. The mesh sizes are the same
for both calculations so the number of elements per wavelength is five times higher in case
(a) than in case (b).

Two receivers have been chosen and depicted in Fig. 3 for further study in the next
sections: R at 142.6° is a non-problematic receiver for ESIE and R, at 239.5° is a receiver

close to a singularity of the ESIE propagation integral in Eq. 6.

B. Convergence for the three methods

Each method has been run for different discretizations and here, the convergence of each
method towards their respective final value is analyzed further.

The potential for using extrapolation to find an estimate of the ultimate/final result, for
an infinitely large number of elements, is explored below. This is the same technique as is
used in Richardson extrapolation, where it is assumed that each computed value, p,,, based

on a discretization step, Ah,, is governed by a Taylor expansion around the final value,

DPn = Dfinal T+ OOAhI:LO + ... (14)
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FIG. 3. Sound pressure level difference as function of the receiver angle for the 629 receivers in
Fig. 2. Reference method is the BEM with 50872 elements. Two receiver positions are marked,

R; and Rp, that will be studied further. The frequency is: a) 100 Hz and b) 500 Hz.
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where kg is a known or unknown exponent of the error convergence for the method at hand,
and only the first polynomial term is kept. For the methods employed here, the sought value
Prinal can be found via a straight line fit to the data points p, against 1/BEM-mesh-size, for
the BEM and ESIEBEM results and 1/ESIE-edgesource-number? for the ESIE results. The
final value would then be the intersection of the straight line with the y-axis representing a

potential value for an infinite mesh of each method respectively.

Fig. 4 shows one example for the real part of the sound pressure amplitude at 100 Hz
for all three methods, for receiver Ry at 142.6° chosen in the previous section. The results
are plotted versus 1/BEM-mesh-size for the BEM and ESIEBEM, and 1/ESIE-edgesource-
number? multiplied by 10? for visual purposes, respectively. The four finest discretizations
for each method have been used for a straight line-fit, and the subsequent extrapolation to

the y-axis crossing will be an estimate of the pg,. values for each method.

It can be seen that the results for all three methods follow a trend that becomes rather
linear for the finer discretizations, which supports the expected error convergence exponent:
BEM and ESIEBEM converge as O(1/N) and ESIE as O(1/N?). As a sidenote, it can
be pointed out that a uniform discretization of the edges in the ESIE gives a O(1/N)-
convergence, so the Gauss-Legendre quadrature used in the implementation gives a much

better accuracy for practically the same computational cost.

An interesting way to evaluate the convergence of these results is presented here. Figs. 5
and 6 show the trajectories of the complex sound pressure amplitude, as the discretization
is refined, for all three methods, for the two different receivers R; and R,, for 100 Hz (Fig.
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FIG. 4. Real part of the sound pressure amplitude at 100 Hz and receiver Ry, computed with
a number of different discretizations for the BEM, ESIEBEM, and ESIE method. The results for

the four finest discretizations have been used for the linear regression.

5) and 500 Hz (Fig. 6), respectively. Also the extrapolated values obtained for each method
have been plotted, except for the ESIE method at R, since this receiver is near a singularity

location and its extrapolated value can not be determined.

It can be seen that for receiver R; the ESIE and ESIEBEM converge to its final value

quite quickly and with a smooth and uniform trajectory, while the BEM takes larger steps.

For the ESIE problematic receiver, R», it can be observed that the final value is not at
the end of a smooth trajectory, since the results jump back and forth as the discretisation is
increased. The singularity of the ESIE for those problematic positions might be solved by
simply refining enough the discretization of the integration points. However, the convergence
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is very slow and it is not clear that the refining would ultimately converge to the correct
result.

It is also interesting to notice that the extrapolated estimates of the result with the finest
meshes for each method are much closer to each other than the results for the finest dis-
cretizations themselves. Certainly, the value of pg,. that is found in the way explained above
(see Eq. (14)) is not the ultimate result, but it can be viewed as a more accurate estimate
of the ultimate result than the best computed result, p;, ;. With the finest discretization.

Now, the convergence of each method towards their respective final value, pgna, can be
studied. For each receiver, the relative error is computed with this extrapolated estimate of
the final result used as reference result,

A

Di — Dref
Pref

i

€rel =

, (15)

where p; is the sound pressure at receiver i and p,.¢ the reference sound pressure, in this
case, Pref = Prnal- Lhis relative error will vary among receiver positions, with potentially very
large variations, so here the median value, rather than the mean, across receiver positions
is presented as follows. Figs. IV B and IV B present the median relative error over all the
receivers as function of BEM-mesh elements and number of edge sources, for the frequencies
100 Hz and 500 Hz, respectively. The median has been chosen here rather than the mean
or the maximum absolute error to basically remove the well known inaccurate results given
by ESIE for certain receiver positions as discussed earlier.

All three methods display convergences with the assumed rates. Notably, the use of
the extrapolated result as a reference, rather than the result for the finest discretization,
makes these curves follow the trends very well. It is worth to mention that those rates would
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increase in case polynomials of higher order in BEM or ESIEBEM were used. Apparently, the
ESIE converges to the extrapolated value with the fastest rate and the ESIEBEM converges
to its extrapolated value with smaller error than the BEM. Thus, the hybrid ESTEBEM
method developed in this paper, is performing very well compared to the boundary element
method. It is interesting to note that the ESIE results reach similar accuracies for both
frequencies, 100 Hz and 500 Hz. The error of BEM and ESIEBEM, on the other hand, gets
one order of magnitude higher from the results at 100 Hz to the ones at 500 Hz, which is

not surprising since the discretizations are the same for both frequencies.

It should also be realized that the reference result in Fig. 7 was computed from the
results of each method to demonstrate the method’s convergence. The studied acoustic
scattering problem does not have an analytical solution, but the extrapolation of the BEM
can be considered as a reference result to compare the results of the methods. Fig. 8 shows
different measures of the relative error (over all receivers) using the BEM extrapolation value
as a reference pyer in Eq. 15, in this case, pret = Painar e, for 100 Hz (Fig. IV B) and 500 Hz
(Fig. IV B): the maximum error, the 90% percentile, the mean error and the 50% percentile
(the median) over all 629 receivers for each of the three methods. First, it is interesting to
notice the significant difference between the maximum error and the 90% percentile for the
ESIE which is due to the well known problematic receivers. This effect causes the mean
and the median errors for the ESIE to be quite different too, and as mentioned earlier, that
is the reason to make use of the median rather than the mean in Fig. 7. For ESIEBEM
and BEM, both the maximum error and the 90% percentile are quite close, as well as the

median and the mean errors.
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It can also be observed that the ESIE and ESIEBEM have smaller errors relative to the
BEM extrapolation than the proper BEM up to a certain fine BEM mesh. The relative
errors of the ESIE and ESTEBEM typically (90% quartile) reach 4 - 10~*(ESIE) and 3-107*
(ESIEBEM) at 100 Hz, and 2 - 1072 at 500 Hz, relative to the extrapolated BEM result,

which is considered as the best possible reference result.

V. CONCLUSIONS

A new hybrid method (ESIEBEM) combining a technique which is an extension of
geometrical-acoustics, the edge source integral equation method (ESIE), and a wave-based
technique, the boundary element method (BEM), has been introduced in this paper. A
benchmark case has been presented to study the performance of the proposed ESIEBEM
method: the study of the scattering by a rigid cube for plane wave incidence; with receivers

around the cube, not very close to the cube surface.

The results obtained by the ESTEBEM have been compared with those given by the
boundary element method (BEM) and the edge diffraction based method (ESIE). Compu-
tations have been carried out with several different discretizations, and linear extrapolation
has been employed to estimate more accurate results than the computed ones. The ES-
IEBEM inherits the property of the ESIE to give accurate results for convex bodies but has
the advantage that it overcomes the singularities of the ESIE for certain receiver positions.
Resonances in the reciprocal interior problem are not related to the ESIEBEM and CHIEF
points are not needed.
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The computational time for the ESIE and ESIEBEM seems advantageous compared to
the BEM for the cube test case. The ESIEBEM also shows good accuracy compared to the
BEM and the ESIE. The convergence for two receivers was investigated in detail and the
ESTEBEM converges to the similar value as the ESIE. The relative errors of the ESIE and
ESIEBEM typically (90% quartile) reach 4-107*(ESIE) and 3-10~* (ESIEBEM) at 100 Hz,
and 2 - 1072 at 500 Hz, relative to the extrapolated BEM result, which is considered as the

best possible reference result.
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ws VII. APPENDIX A: DIRECTIVITY FUNCTION FOR RECEIVERS ON THE

w0 SURFACE

470 The directivity function 5 in Eq. (3), also used in Eq.(4), is defined by

4

sin(v6;)
p— 1
PR,z 5) ZZI cosh(vn) — cos(v6;)’ (16)
an where the angles 6; are
0y =7+ 0s + O, Oy = m — 05 + O, (17)
03 =7+ 05 — O, 0y =7 — 05 — O, (18)

a2 and 7 is an auxiliary function defined by

(19)

COS (pg COS PR + 1)

n = cosh™! ( - _
sin pg sin pr

sz When the receiver R is placed on the surface, so g = 0, then #; = 03 and 6, = 6,. Therefore,

e Eq. (16) is simplified to

B(R.28) =2 ( sin(vm + vfys) N sin(vr — vls) ) @)

cosh(vn) — cos(vm 4+ vbs)  cosh(vn) — cos(vm — vbs)

a5 By using the trigonometric identities

3

sin(vm—vbg) = sin(vr) cos(vlg)—cos(vm) sin(vlys), sin(vm+vbg) = sin(vm) cos(vlg)+cos(vm) sin(vby),
(21)
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cos(vm—rlg) = cos(vm) cos(vls)+sin(vm) sin(vbg), cos(vm+vbg) = cos(vm) cos(vlg)—sin(vm) sin(vfs),
(22)

a6 and the equality

sin(v) cos(vm) = w, (23)

ar Eq. (20) can be rewritten as
sin(2v)

2
(cosh®(vn) — 2 cosh(vn) cos(v) cos(vhs) + cos(v(m — Os)) cos(v(m + b))

B(R,z,S) =4 sin(vm) cos(vlg) cosh(vn) —

(24)

as This expression is used in the ESIEBEM to compute the first order diffraction component
o in Eq. (3) at the collocation points on the scatterer’s surface. Interestingly enough, the
w0 directivity function (R, z1, z2) used to obtain the higher order diffraction term in Eq. (6)
w1 can also be reduced from Eq. (24). Since 2 is on the surface, 05 = 6., = 0 and the simplified

w2 expression for B(R, z1, z2) turns to be

sin(2v)

2
(cosh(vn) — cos(v))? ’ (25)

sin(vm) cosh(vn) —
B(Ra 21, 2’2) =4-

w3 where 7 is defined in Eq. (19).
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VIII. APPENDIX B: THE SPARSENESS OF THE H-MATRIX FOR THE ESIE

The sparsity of the H-matrix in Eq. (11) can be understood as follows. For simplicity
a cube is chosen as scattering object such that all the edges have the same length. The
number of discretization points per edge is denoted with Nper cdge- Each edge point can
then see 6 Nper eqge Other edge points, because each edge can see exactly 6 of the 12 edges of
the cube. Other polyhedral shapes than the cube will have other values than 6/12. There
are altogether 12 edges and consequently a total of Nigta1 = 12Nper edge €dge discretization
points. The number of unknowns (edge source amplitudes ¢(z1, 22)) is then Nypknowns =
12Nper edge * 6Nper edge = 0.5N2..;- Thus, the vector q and the transfer matrix H will
have sizes of [0.5N2 ., 1] and [0.5N2, ,,0.5N2 ;] respectively. Each row in this H-matrix

otal? otal? otal

will obviously have 0.5N?

& a1 €lements, but since each edge source can be reached only by

0.5 Niota1 other edge sources, only 0.5Nia entries in each row will be non-zero. Altogether,
the H-matrix has 0.25N2, ., non-zero elements of all its 0.25N2,,, which represents a high

degree of sparseness.

The computational cost for obtaining the edge source amplitudes Qg is given by setting

up the H-matrix and the iterative solution of Eq. (11), so the calculation time, 7', will be

T.

dfinal

3 3
- C’set—up Ntoml + C1ite1r.]\/vtruncation]\/vt

otal

~ (1 + Citer.,rel. Ntruncation) Ntital (26>

where the various C' are constants, and the value of Niuncation 1S typically below 207,
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501 Finally, the higher-order diffraction sound pressure at N,eceivers T€Ce€iver points is obtained
s2 by calculating the double integral in Eq. (6), which is computed for the same discretization

s03 as described above. The time for this stage will be

2
Tprop. ~ Nreceivers Nunknowns ~ Nreceivers Ntotal . (27)

504 As indicated by Egs. (26) and (27), the calculation of the qinq is typically the dominating
sos computational stage, but for the application here, the number of receiver points is high, so

s the propagation stage might be significant.

5

=3

so  REFERENCES

ss  'R. Coifman, V. Rokhlin, and S. Wandzura, “The fast multipole method for the wave
s0  equation: A pedestrian prescription,” IEEE Antennas and Propagation Magazine 35(3),

s0 712 (1993) doi: http://dx.doi.org/10.1109/74.250128.

su 2A. Asheim and U. P. Svensson, “An integral equation formulation for the diffraction from
sz convex plates and polyhedra,” The Journal of the Acoustical Society of America 133(6),

s3 3681-3691 (2013) doi: http://dx.doi.org/10.1121/1.4802654.

su  SU. P. Svensson, H. Brick, and J. Forssén, “Benchmark cases in 3d diffraction with different

sis  methods,” in Proceedings of the 7th Forum Acusticum, Krakow, Poland (2014).

si5  *S. R. Martin, U. P. Svensson, J. Slechta and J. O. Smith, “A hybrid method combining the
si7 edge source integral equation and the boundary element method for scattering problems,”
sis  Proceedings of Meetings on Acoustics 26(1), 015001 (2016), doi: 10.1121/2.0000226.

36


http://dx.doi.org/http://dx.doi.org/10.1109/74.250128
http://dx.doi.org/http://dx.doi.org/10.1121/1.4802654
http://dx.doi.org/10.1121/2.0000226

519

520

521

522

523

524

525

526

527

528

529

530

531

532

533

534

535

536

537

538

539

°A. J. Burton and G. F. Miller, “The application of integral equation methods to the
numerical solution of some exterior boundary-value problems,” Proceedings of the Royal
Society of London A: Mathematical, Physical and Engineering Sciences 323(1553), 201—

210 (1971) doi: 10.1098/rspa.1971.0097.

OH. A. Schenck, “Improved integral formulation for acoustic radiation problems,” The Jour-
nal of the Acoustical Society of America 44(1), 41-58 (1968) doi: http://dx.doi.org/

10.1121/1.1911085.

7J. B. Keller, “Geometrical theory of diffraction,” Journal of the Optical Society of America
52(2), 116-130 (1962).
8R. G. Kouyoumjian and P. H. Pathak, “A uniform geometrical theory of diffraction for
an edge in a perfectly conducting surface,” Proceedings of the IEEE 62(11), 1448-1461

(1974).

9R. Ciskowski and C. Brebbia (Eds.), Boundary Element Methods in Acoustics, Computa-
tional engineering (Netherlands, 1991) (1991).

10§, Marburg and S. AMINI “Cats eye radiation with boundary elements: Comparative
study on treatment,” Journal of Computational Acoustics 13(01), 21-45 (2005).

UG, Krishnasamy, F. J. Rizzo, and Y. Lie, “Boundary integral equations for thin bodies,”

International Journal for Numerical Methods in Engineering 37, 107-121 (1994).

12y, Cutanda Henriquez, P. M. Juhl, and F. Jacobsen, “On the modeling of narrow gaps
using the standard boundary element method,” The Journal of the Acoustical Society of

America 109(4), 1296-1303 (2001) doi: http://dx.doi.org/10.1121/1.1350399.

37


http://dx.doi.org/10.1098/rspa.1971.0097
http://dx.doi.org/http://dx.doi.org/10.1121/1.1911085
http://dx.doi.org/http://dx.doi.org/10.1121/1.1911085
http://dx.doi.org/http://dx.doi.org/10.1121/1.1911085
http://dx.doi.org/http://dx.doi.org/10.1121/1.1350399

540

541

542

543

544

545

546

547

548

549

550

551

552

553

554

555

556

557

558

559

560

13Y. Liu and F. J. Rizzo, “Scattering of elastic waves from thin shapes in three dimen-
sions using the composite boundary integral equation formulation,” The Journal of the

Acoustical Society of America 102, 926-932 (1997).

W, Terai, “On calculation of sound fields around three dimensional objects by integral

equation methods,” Journal of Sound and Vibration 69, 71-100 (1980).

150U. P. Svensson, P. T. Calamia, and S. Nakanishi, “Frequency-domain edge diffraction for

finite and infinite edges,” Acta Acustica united with Acustica 95, 568-572 (2009).

16J. J. Bowman, T. B. Senior, and P. L. Uslenghi, Electromagnetic and acoustic scattering by

simple shapes (Revised edition), Vol. 1 (Hemisphere Publishing Corp., New York, 1987).

17A . Asheim and U. P. Svensson, “Efficient evaluation of edge diffraction integrals using the
numerical method of steepest descent,” Journal of Acoustical Society of America 128(4),

1590-1597 (2010).

18V, Cutanda Henriquez and P. M. Juhl, “Openbem ”open source matlab codes for the

boundary element method” [computer program],” (2015) http://www.openbem.dk/.

P, M. Juhl, “The boundary element method for sound field calculations,” Ph.D. thesis,

Technical University of Denmark, The Acoustics Laboratory, Lyngby, 1993.

20V, Cutanda Henriquez and P. M. Juhl, “Openbem - an open source boundary element

Y

method software in acoustics.,” in 39th International Congress on Noise Control Engi-

neering 2010 (INTER-NOISE 2010), Lisbon (2010), pp. 5796-5805.

21U. P. Svensson, “Edge diffraction toolbox for matlab [computer program],” http://www.

iet.ntnu.no/~svensson/software/index.html.

38


http://http://www.openbem.dk/
http://http://www.iet.ntnu.no/~svensson/software/index.html
http://http://www.iet.ntnu.no/~svensson/software/index.html
http://http://www.iet.ntnu.no/~svensson/software/index.html

561

562

563

564

565

22(0. Geuzaine and J.-F. Remacle, “Gmsh: A 3-d finite element mesh generator with built-
in pre- and post-processing facilities,” International Journal for Numerical Methods in

Engineering 79(11), 1309-1331 (2009) doi: 10.1002/nme.2579.

23U. P. Svensson and A. Asheim, “Edge-diffraction based integral equation for the scattering

from convex rigid polyhedra,” in Proceedings of the 6th Forum Acusticum, Aalborg (2011).

39


http://dx.doi.org/10.1002/nme.2579

