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ABSTRACT

This thesis studies variational problems invariant under a Lie group transforma-
tion, and invariant discretizations of these. In chapters two and three, a general
method for creating symplectic integrators preserving certain classes of variational
symmetries of first order Lagrangians is developed and demonstrated. In chapters
four and five, it is assumed that the discrete Lagrangian is invariant under a cer-
tain group action, and the Euler—Lagrange equations for the variational problem
are expressed in the invariants of the group action.
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CHAPTER 1
INTRODUCTION

When studying an object in mathematics or other fields, symmetries, transforma-
tions which do not change the object, are often useful for simplifying or reducing
a problem. The symmetries of our concern are Lie group actions acting on a man-
ifold. The machinery of moving frames provides tools for calculating and studying
objects with such symmetries. We use the moving frame formalism as developed by
Fels and Olver [4, 3, 14]. An elementary introduction, which also provides material
on the variational problems studied in this thesis is the book by Mansfield [8].

Our main goal is to study variational problems and discretizations of these.
The objects to be studied are functions f : X — U, where X and U are smooth
manifolds. While the theory in this thesis makes no further assumptions on X and
U, the numerical examples will have X =R, U = R™.

The thesis assumes the reader to be familiar with basic differential topology
concepts including the concept of manifolds, tangent bundles and tangent maps.
It also assumes the reader is familiar with the basic concepts of Lie groups and Lie
algebras.

A few notes on assumptions and notations

e The Einstein summation convention is used. If an index appears twice in a
term it is an indication that this index should be summed over.

e Function and manifolds are assumed to be C'°° smooth, unless otherwise
noted.

e We use the two-argument atan2 in some formulas, to avoid the usual quadrant
issues of arctan. Mathematically, atan2(y, =) is the principal argument of the
complex number x + iy.

e Mostly, low indices are used for elements of a sequence, typically a numerical
solution, while high indices are used for coordinates, though his convention
has not been followed completely.
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CHAPTER 2

GROUP ACTIONS AND
MOVING FRAMES

2.1 Basic Definitions and Results

Definition 1. Let G be a Lie group with identity e and M a smooth manifold.
Furthermore, let U C G x M be an open set with {e} x M C U. A smooth local
left group action is a smooth function ¥ : U — M satisfying

(a) If (h,2) € U, (9,Y(h,z)) € U and (gh, z) € U, then
U(g,U(h,z)) = V(gh,z).

(b) For all z € M,
U(e,z) =z

(c) If (g,2) € U, then also (g~*,¥(g,2)) € U and

(g U(g,2) =2

IfU =G x M, we say VU is a global left group action. In this case, part (¢) above
follows from parts (a) and (b).
A local right group action satisfies part (b) and (c) above and

(") If (h,2) €U, (g,Y(h,z)) € U and (hg,z) € U, then
\P(gv \Ij(hv Z)) = \I’(h’ga Z)

We will restrict the study to connected group actions, which means that in
addition to (a), (b) and (c),
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(d) G and M are connected as manifolds,
(e) U is connected,
(f) G, ={9€ G| (g,2) € U} is connected for every z € M.

We will make use of the alternative notations

g-z=¥(g,2)
if the action is left, and
z-9="Y(g,2)
if the action is right. In local coordinates z = (2!,...,2™) on the manifold, we will

sometimes abuse this notation and write e.g. g - 2* for the ith coordinate of g - z.
Additionally we will use the notations

for the group action with either argument fixed.

The difference between local and global group actions is somewhat technical. In
this thesis definitions are mostly stated just for the global case. The definitions for
local group actions are analogous, but with additional restrictions. Additionally,
most group actions of our concern are left.

For theoretical purposes it is sometimes useful to restrict the action to a con-
nected open set V' € M, which requires that the domain of U is restricted such
that all the axioms above hold.

We will be interested in functions that are invariant or equivariant under a left
group action.

Definition 2.

(a) A function f: M — R is invariant under the group action if

flg-z) = f(z)
for all (g,z) € G x M.
(b) Given two manifolds M and N, and group actions
vM G x M — M
N :GxN—N

with common Lie group G, a function F' : M — N is equivariant if for all
geqG
FoUll =U)oF

as functions M — N
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The right-equivariant moving frames are equivariant maps from M to G, with
the left action of G on itself defined by ¥, (h) = hg~?.

Definition 3. A right-equivariant moving frame for a group action is a smooth
function p : M — G satisfying the right-equivariance

plg-2)=p(z)-g7" (2.1)
forallg € G, z € M.

Remark: If z — p(z) is a right-equivariant moving frame, z — p(z) = p(z) tisa
left-equivariant moving frame, satisfying p(g-z) = ¢g-p(z). While the classic moving
frames pioneered by Cartan [1] and others, are left-equivariant, Fels and Olver [4]
introduced the right-equivariant version as more practical for computations, and
in this thesis, all moving frames are right-equivariant.

Under some assumptions on the group action, a local moving frame, defined in
a neighbourhood of an arbitrary point z € M, exists, and can be constructed. To
state these assumptions, we need some terminology.

Definition 4.

(a) For a point z € M the (group) orbit is the submanifold O(z) ={g-z | g € G}
(b) The isotropy subgroup of a point z€ M is G, ={g€ G|g-z==z}.

(¢) A group action is:

e Locally free if G, is a discrete subgroup for all z € M.
o Freeif G, = e for all z € M.

e Regular if all orbits are of the same dimension, and for each point x € M,
there exists a neighbourhood U of x such that the intersection between
an orbit and U is either empty or connected.

e Locally effective if the global isotropy subgroup Gy = (), G- is discrete.
o [ffective if G}, = e.

(d) A submanifold which intersects each group orbit transversally and exactly once,
is a cross-section.

We note that the adjective “locally” is natural in the sense that if ¥ is locally
free, (resp. effective), then by suitably restricting the domain of ¥, the resulting
local group action is free (resp. effective). If the group action is free and regular,
then for any point z € M there is a neighbourhood U C M, such that there exists
a cross-section I C U for the group action restricted to U.

Theorem 1. Let G act freely and regularly on M, and let K be a cross-section.
Given z € M, let p(z) € G be the unique group element such that p(z) - z € K.
Then p: M — G is a (right-equivariant) moving frame.
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Proof. Let z € U, and h € G such that h-z € U. Since each group orbit intersects
K exactly once, p(h-z)-h-z = p(z)-z. Since the action is free, p(h-2)-h-p(z) "t =e
and the equivariance follows. O

Usually, the cross-section is defined in local coordinates z = (21,...,2™) as the
locus of a set of equations

Z'(z) =0, i=1,...,m
and the moving frame can be obtained by solving the equations

ZH(p(2) - 2), i=1,...,7

with respect to the group element p(z).

The choice of cross-section K and moving frame induces an invariantization
operator on the space of functions on M. If F' is any function on M, its invarianti-
zation ¢(F') is invariant under the group action and is defined by

UF)(z) = F(p(2) - 2).

Of special importance are the invariantizations of the coordinate functions z + z*.
These are the fundamental invariants I'* = 1(z"). In coordinates, the invariantiza-
tion of a function is

F(ZY, ..., 2™)] = F(IY(2),...,I™(2)).

Since the invariantization of an invariant function is the function itself, it follows
that any invariant function can be written in terms of the fundamental invariants.
This result, known as the replacement theorem, is often useful.

Theorem 2 (Replacement theorem). If F' is an invariant function, then
F(z', ..., 2™) = u[F (2., 2™ = F(I'(2),...,1™(2)).

In particular, the invariantizations of the cross-section equations ¢ (Z i) are con-
stant. These are the phantom invariants.

2.2 Infinitesimals

Let g = T.G be the Lie algebra of the Lie group G. The tangent map at the
identity
T.0,:9g—>T.M

defines the infinitesimal action
v:gx M —TM.
If v1,...,v, form a basis for the Lie algebra, the corresponding vector fields
v;(z) =1Y(v;, 2) = 1/)3 (2)0,:

are the generators of the group action. The basis will typically be defined by local
coordinates (g',...,g") on G near the identity such that v;(z) = %\I/(g, z)| .
e
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2.3 Prolongation

For any action ¥ on a manifold M, there are induced actions on M’s tangent bundle
and more generally, the jet bundles J"(M,p) over M. J"(M,p) is defined as the set
of equivalence classes of p-dimensional submanifolds under the equivalence relation
of nth order contact at a single point. The induced action on a jet bundle is known
as the prolongation of the action. For the tangent bundle, the prolonged action

U™ . G x TM — TM

is defined by
vIM =Ty,

that is, differentiation with respect to the manifold variable. The actions on higher
order jet bundles are defined in a similar manner.

Prolongation has a regularizing effect, if ¥ acts effectively on open subsets,
meaning that the only group element fixing every point in an open subset is e, then
for a sufficiently large n, the prolongation of ¥ acts locally freely and regularly on
an open dense subset of J™(M,p) [13], so that even if ¥ does not admit a moving
frame, U/ (M:P) for n sufficiently large does.

Locally on J™(M, p), we can split M into X x U, where X is p-dimensional and
consider p-dimensional submanifolds as smooth functions f : X — U. For indexing
variables and invariants, it is convenient to use multi-indices. With (z',...,zP) lo-
cal coordinates on X, (u',. .., u™P) local coordinates on U we use K = (k1,...,k;)
to index the partial derivatives

l, o
ue 0'u
T

and use the (2%, u$) as local coordinates on J" (M, p) = X x U™. The correspond-
ing fundamental invariants are & = (u$).
We also define the differential operator

al

DK:axkl...axkz'

Due to the replacement theorem, any invariant expressed in u® and derivatives
of these can be written in terms of the fundamental invariants. For simpler notation
we will often write simply ¥ also for the prolonged action of ¥, and use the multi-
indices to index the elements of ¥(g, z), where z is an element of the jet bundle.

The generating vector fields on J"(M,p) are given in terms of the original
generators by the prolongation formula. In local coordinates, if the original vector
field is

VvV = 518357 + ¢a(9ua

the prolonged vector field is

Prv=v+ ) 0fdu

a,K
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where ¢% = Dy (¢O‘ — §iuf‘) + §iu‘}‘<’i.
A group action on M also induces naturally an action on M" =M x --- x M

UM (21, z) = (Wg(21), ., Wg(zn)).

which we will call the prolongation to M™. If v(z) is a generator of the original
group action U, the corresponding generator for UM" is

n
n
VM = Z VZ(ZI)
i=1

where v;(z;) € T, M;.

2.4 Differentiation of Invariants

We mainly consider cases where the manifold can be split into X x U where x € X
represent the independent variables and u € U the dependent variables. Further-
more, we assume that x is invariant under the group action. It is important to note
that invariantization and differentiation do not commute, even if the differentiation
is with respect to an invariant variable. However, it is possible to calculate deriva-
tives of the fundamental invariants I in terms of other fundamental invariants.
Combined with the replacement theorem, this can be used to differentiate any in-
variant function. Fels and Olver [3, Section 13] showed that these expressions can
in fact be calculated from the prolonged vector fields and the equations for the
cross-section. What follows is a proof of these relations for the case of invariant
independent variables.

Lemma 1. Define Ry : G — G by Ry(h) = hg. Then

T.V,..=T,V,0T.R,
=T,W, o (TyR,~1)""

Proof. The first equality follows from the identity
V,oR; =¥,
and the chain rule. The second equality follows from T (R, o Ry—1) = d. O

Lemma 2.
T.p=TygRgoTy.poT. ¥V,

for all g € G, and specifically, for g = p(z)

Top=TeRp(z) 0 Tp(z)-zp © ToW ()
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Proof. p(z) = p(g - z) - g for all z, thus p = Ry 0 po ¥,. The lemma follows from
the chain rule. O

Theorem 3. Assume that ¥ : G x M — M has a cross-section K with correspond-
ing moving frame p: M — G. Let z = (2%, ...,2™) be local coordinates near some
point x € KC and assume that in these coordinates K is defined as the kernel of the

function
Z(2) = (Z'(2),...,Z"(2)) € R".

Furthermore let v1, ..., vy, where the v; = 1/){ (2)0% be the generators of the action.

Define the matrices
J(2) =Ty 2,

’l,b(Z) = Te\Ilp(z)z
with entries o7
ZZ
J(z i — -
U Oy ly=p(2)-
¥(2)ij =¥l (p(2) - 2),

The tangent map of the invariantization map

Lz P(p(2),2)
1s in local coordinates given by

Too =TV ) — Y(JP) ' TT. 0 ().

Proof. By the product rule and lemmas 1 and 2

Too=Ty )V, oT.p+ TV,
= TeWy(e)z © (TeRp(z) T 0 TeRp(z) 0 Tpa)sp 0 TeWpio) + ToWpzy - (22)
=TeWp(2)2 © Tp(z)2p 0 T Wp(a) + T2 Wz
Assume that Z1,... ZF Zk+1 .. 2™ are functionally independent near x (if not,

rearrange the 2%), so that n(z) = (Z%,..., ZF, 21 ... 2™) form local coordinates.
The Jacobian of the transformation map 7, at p(z) -z € K is

J
Tp(z)<z77 = |:A:| )

where J is as defined above, and A plays no further role.
By construction, Z = 7 o n, where 7 is projection onto the first k£ coordinates.
By p(z) - z € K, we have
Zor=monor=0

Taking the tangent map of mon o at the cross-section gives

Tato(y2)m © Tp(z)-2m © Tp(z)-2t = 0-
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Since

Tr = [id 0] ,
we deduce that
0
Tp(z)‘zn © Tp(z)-zL = |:A:| ) (23)

for some A (different from the previous A). The top k rows of the matrix equation
(2.3) are
J e} Tp(z)‘zl, =0.

Inserting from equation (2.2), we get
J(Telpp(z)z O Lp(z)-2zP° Tz\Ile + Tz\pe) =0

Jpo p(2)zP = =J,
where the last line is due to T, ¥, = 4d. Since the cross-section is assumed to
intersect the orbits of the group action transversally, J is of full rank r, so this
implies
Tp(z)zp = _<J¢)_1J'
Inserting this into equation (2.2) completes the proof. O

In our applications, the Z* depend on only a few of the 2, say ¢',..., ¢! Let
J’ be the non-zero columns of J

, 0zt
i, %

We apply the theorem to fundamental invariants of a prolonged action. We
let the manifold be J™(M,p), which we split as before and use local coordinates
z=(ul,...,ul,...,u%,...). Where the indices on matrices in theorem 3 refers to
coordinate 2, we instead index with (o, K).

For a fundamental invariant 1% = ¢ (u$) = ¢(2)q, i, which we differentiate with
respect to the invariant variable x’, we have by the theorem

0 0
opi K = Dt (t(2)a,x)

- (ai”(z))a,K
- (e (5)).

9z B 0z
= (TZ\I/P(Z)axz) K— <¢<J'¢') 1JTZ‘I’p(z)3Ii> X

0z _ 0z
= (B ), e I

where the subscripts on matrices refers to rows. The first term of the final right
hand side is equal to ¢(u%,;) = I%, by the definition of prolongation. The second
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term can be simplified by deleting the zero columns of J and the corresponding rows
of ¢ and elements of T,V )57+ a -z. The remaining rows of 1 are the coefficients of
O¢i in the generators evaluated at the cross-section, and the remaining elements

in T, 8 -z are the fundamental invariants ¢ (BCZ ), again by the definition of

prolongation.
Let ¢ be the remaining rows of 4, and let

act
T,'J' =1 <8$J) .

and define the correction matriz

C =—(J¢¥LJT.

The correction matrix, which only depends on the ¢? appearing in the cross-
section equations and their first derivatives, provide the correction terms relating
invariantization and derivation. We sum up the discussion above in a theorem.

Theorem 4. The derivatives of the fundamental invariants are
Opilfe = Ift; + Cj.00, ., (2.4)

o
Oufe

where '(/Ji’K = B9, and C' is as described above.

g=e

The symbolic differential formulas above gives a way to express certain I as
functions of lower-order invariants and derivatives of these. We will call a finite set
of invariants Zye, such that all invariants can be written as a function of invariants
in Zgen and a finite number of their derivatives for a set of generators. It is a classic
result that a finite set of generators always exists. A more recent result is that if
the frame is minimal, then the set

(et (55))

is a set of generators. [7]
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CHAPTER 3
MECHANICAL SYSTEMS

We approach classical mechanics as formulated by Lagrange and Hamilton from a
geometric point of view. Important sources for the theoretical background in this
chapter are a book by Marsden and Ratiu [9], and an article by Marsden and West
[10]. We follow these sources and consider Hamiltonian mechanics as vector fields
on symplectic manifolds.

3.1 Symplectic Manifolds and Symplectic Maps
We first recall some concepts from differential topology.
Definition 5. Let M be a smooth manifold.

o A differential k-form w over M assigns to any point ¢ € M a k-linear, alter-
nating map
wg :TyM x - x Ty M — R,

in a smooth manner. We identify differential zero-forms with smooth func-
tions M — R.

e The cotangent bundle over M, T*M is the set of elements of the form (g, p),
where ¢ € M and

p:TeM — R
is linear. Differential one-forms over M are sections of T* M.

e The wedge product of a k-form w and an [-form &, is the k + [ form defined

13



14

CHAPTER 3. MECHANICAL SYSTEMS

by

(w A f)q(vl, c. Uk+l)

k+1)!
= ( k! l') Z(Sgn ﬂ—)wq (UW(1)7 s 7’07‘r(k)) gq (vw(k+1)7 s 7v7r(k+l))

T

where all the v; lie in T, M and the sum is over all permutations of k + {
elements. sgn is the sign of the permutation,

1 if 7 is even
sgnmw = ] ]
—1 if 7 is odd.

If v is a vector field on M, the interior derivative iy is a map from k+ 1-forms
to k-forms defined by

(ivw), (w1, ..., wg) = wg(Vlg, w1, ..., w)
where all the w; lie in T, M and v|, is the vector field evaluated at g.
The exterior derivative d is a map from k-forms to (k 4 1)-forms satisfying

(a) If f is a O-form, i.e. a function. df is the normal tangent map.
(b) d is linear.
(c) d satisfies the product rule. If w is a k-form and £ an I-form then

dwAE) =dwAé+ (—D)Fwnde
(d) d(dw) = 0 for all w.

If F: M — N is a smooth function between manifolds, its pull-back F* maps
differential forms over N to differential forms over M. Let w be a differential
k-form over N, and ¢ € M, and vy,...,v; € TgM.

(F*w)q(v1, ..., 05) = w(TyFvr, ..., TyFug).

Pull-backs of functions commute with the wedge product and the exterior
derivative [9, Section 4.2].

If v a vector field on M and ¢, its flow, then the Lie derivative of a k-form is

9 .
Low = agbtw

t=0
If F: M — N is a diffeomorphism, its cotangent lift T*F is a map
T'F:T*N - T"M
such that
T*F(q.p) = (F~'().p)
where p is the linear function on Tr-1(4) M defined by

]3(’1)) = p(Tpf 1(q) U)
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We will also need Cartan’s magic formula [9, Theorem 4.3.3].
Lyw =d(iyw) + iy (dw).

A symplectic manifold is a smooth manifold M, equipped with a nowhere van-
ishing two-form . The two-form relates a smooth Hamiltonian H : M — R to the
Hamiltonian vector field vy defined by the relation

iy, Q=dH (3.1)

The integral curves of vy generate the flow of the Hamiltonian ¢;. The flow satisfies
the two properties

« GiH=H
. 6i0=0
Proof. Indeed,
0
—¢ H =Ly, H
ot li=o Evi
ZQ(VH,VH)
=0

0
L0 =r,,0
8t¢t ‘t:o Evu
=iy, dQ + d(iv, Q)
=0+d’H
=0
O

The last property above implies that the symplectic form is preserved under the
pull-back of ¢; for all ¢. Maps with this property are called symplectic maps. As
this is an important property of Hamiltonian flows, it seems natural to search
for numerical schemes which also have this property. Such numerical schemes are
known as symplectic integrators, and have been widely studied.

In most practical applications, the symplectic manifold M arises as the cotan-
gent bundle over some configuration manifold Q. We write points in 7*Q as (g, p)
and write (p, v) for pairing of covectors and vectors over @, and w - u to denote the
pairing of covectors and vectors over M = T*Q. In both cases, the base point of
the covector and vector is assumed to be the same. Additionally, we will sometimes
abuse notation and write ((g,p),v) for (p,v) with base point q.

When M = T*Q, the symplectic form is the canonical two-form, defined as
follows. Let © be the canonical one-form on T*Q. If u is a vector in T, ,)(T*Q)
then

O(q,p) - u = (p, Tigmm u)
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where m : T*Q — (@ is the natural projection. The canonical two-form is then
Q= —doe.
Maps F : T*Q — T*S such that

F*05 = 0,

where ©¢g and Og are the canonical one-forms on their respective cotangent bun-

dles, are special symplectic maps. The special symplectic maps F' : T*Q — T*S

are exactly the cotangent lifts of diffeomorphisms f : S — @ [9, Proposition 6.3.2].
If

q=(¢" .., q")

are local coordinates on ), we can expand with
_ 1 n
p=(@,...,p")

to get local coordinates on T*Q. We will choose the p’ to correspond with the
natural basis on T'Q, i.e. if v = v'0, € T,Q, then

(p,v) = p'v".
In such coordinates o

0 = p'dq¢’

Q = dq¢* A dpt,

where dg’ and dp® are the exterior derivatives of the coordinate functions ¢* and p*
The following theorem, whose proof can be found in [10, Sections 1.4.4-5], shows
that the canonical one-form © determines symplectic maps.

Theorem 5. Let
F:T°Q - T*Q

be a smooth map and let T'(F) C T*Q x T*Q be its graph. Furthermore let
T2 T"Q X T"Q = T*Q
be the projections onto each of the components,
i:T(F)=TQxT"Q

the inclusion map, and

6 =70 —7te.
Then F is symplectic if and only if there exists, at least locally, a smooth function
S :T(F) — R such that i*© = dS. The function S is called the generating function
of F', and we say that F' is generated by S

A special case occurs if (m1 X m2) 0 : ['(F) — Q X Q is a diffeomorphism. In this
case, S can be written as a function S : @ x @ — R and is a generating function
of the first kind. In coordinates, the relation between F' and S becomes

F:(q1,p1) = (q2,p2)
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where

p1=—-D1S(q1,q2)

p2 = D25(q1, q2)
and D; and D5 are the partial differential operators with respect to g; and g2,
respectively.

Generating functions of the first kind have a nice interpretation when combined

with Hamilton’s principle. To arrive at this interpretation and its consequences for
symmetries and discrete mechanics, we first need to recall some classical mechanics.

3.2 Lagrangian and Hamiltonian Systems

In Lagrangian mechanics, one considers mechanical systems on some configuration
space @, for which one can define kinetic energy T'(¢, ¢) and potential energy U(q).
The mechanical system follows a path in () which minimizes the integral of the
Lagrangian Ldt = (T —U)d¢t. This is Hamilton’s principle. By variational calculus,
it can be shown that such paths satisfy the Fuler—Lagrange equations, which in
local coordinates (¢!, ..., ¢") are
i _d (oL oL
w0 = (55 ) 5 =

In most of the interesting cases, the Lagrangian formalism is equivalent to the
Hamiltonian formalism. In Hamiltonian mechanics, systems are defined by their
Hamiltonian function defined on the cotangent bundle of the configuration space.

The system follows integral curves of the Hamiltonian vector field, which is defined
by (3.1), or in coordinates

v — OH 0 0H 0
A= Opt Oqt  Oqt Opt )~

The relation between the Lagrangian and Hamiltonian formulation is the Leg-
endre transformation FIL : TQ — T*Q, defined by

FL(q,v) = (¢,p)

such that

0
<p,’lU> = aL(q,v—&—ew) e:O. (32)
Or in coordinates p’ = qui.

The Hamiltonian corresponding to the variational problem is then

H(q,p) = (p,v) — L(g,v) (3-3)

We assume that the Lagrangian is hyperregular, which means that the Legendre
transform is a diffeomorphism with inverse FH : T*Q — TQ given by

FH(q,p) = (q,v)

such that 5
(o, v) = &H(q,p + ea)) (3.4)

e=0.
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3.3 Symmetries

We first explore how invariance under a group action relates to the Lagrangian and
Hamiltonian formulations. The cotangent lift enables us to prolong a left Lie group
action ¥ : G x Q — Q to a right action on T @ : G x T*Q — T*Q, by

T* *
e =1y,

The generating vector fields on the cotangent bundle are defined by cotangent
lift. For a generating vector field v on @, let v € g be the corresponding element
in the Lie algebra. Then its cotangent lift

« 0
M Oe ge

)

e=0

where g, is a path in in G with gg = e and %g;

= .
. e=0
In coordinates, if v = 4"0,:, then the cotangent lift is

: i O
vITe = — 6qi +pja—qi8pi.

This formula is equivalent to the formula in [10, Section 1.4.2], but with terms
simplified. We include a proof.

Proof. Let F. = ¥, and T*F.(q,p) = (¢,p), and use coordinates (¢*,p’), (¢*, p)
from the same coordinate chart. From the definition of cotangent lift of the action,
4= F1(q). So for the coefficients of the vector field corresponding to the ¢,

ik
Oe

0 1, i
e=0 - & (FE_ (q))

For the remaining terms, we let w = wiaqi be an arbitrary vector with base point
4. We write (p, w) = pw*, and similar for p and use the definition of cotangent lift
to get

<137 U)> = <p> Tq”Few>

o O (F.(q)) .

Differentiating the individual #° with respect to € gives the coefficients correspond-
ing to the p* in the lifted vector field.

aﬁl — ‘62 (FE ((j))J

e le=0 8(? e=0
_ i
4 6(}7’ e=0

Where the ¢ in the last line can be replaced by ¢ since Fy = W, is the identity
map. O
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A Lagrangian L is invariant under the prolongation of a group action W if

L(g,v) = L(¥y(q), Ty¥4(v)) (3.5)
for all g € G and (q,v) € TQ.

Theorem 6. Let the Legendre transform FL be defined as in (3.2) and assume
that L is invariant under the prolongation of the group action ¥ : G X Q — Q.
Then the following diagram commutes.

TQ 5 17Q

Tq/gi TT*xpg

TQ —T1"Q

Proof. Let (q,v) € TQ and g € G be arbitrary. We calculate

(T*W, 0 FLoT,(q,v) , w) = (FLoTW,(q,v)), TW,(q,w))
B

= 5o LW (). TyWy(v) + €1,y (w))

0
= = Llg,v+ew)

where the last equality is due to the linearity of T, ¥, and the invariance of L. [

Theorem 7. Let H be defined as in (5.3). H is invariant under the pull-back of
the action V if and only if L is invariant under the prolongation of the action.

Proof. For the first direction, assume that L satisfies (3.5). The Hamiltonian is
H(q7p) = <FL(Q7U)7U> - L(Qav)a where (qvp) = FL((LU)

H(T*W,(q,p) = H(T*¥, o FL(g,v))
=H(FLoT%¥,-1(q,v))
= (FLoTV, 1(q,v), Tq¥,-1v) — L(TW4-1(q,v))
= (I"V40FL(q,v) , T,V -1v) — L(q,v)
= (FL(q,v) , Tg.qVgo0T,¥,—1v) — L(q,v)
= H(q,p).

For the converse statement, assume that H(T*V -1(q,p)) = H(q,p).
L(T\IIQ(Q7U)) =LoTVo FH(Q7p)

By FH = FL™', and T*¥ -, = (T*¥,)~', and that the diagram commutes, it
follows that this equals
LoFHoT*V,1(q,p)
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and by (3.3) and (3.4)

LOFHOT*\I/971 (qap) = <T*\Ijg’1(Q7p) ) FHOT*\I/gfl(Qap)> - H(T*\I/gfl((Lp))

9 «
= S H((T" ¥, (q, 0+ 0p))|_ — H(a.p)
0
= o H(g,(1+0p)|_ ~H(gp)
€ =0
= (p,v) — H(q,p)
Where (q,v) = FH(q,p). The invariance of L follows. O

3.4 Discrete Mechanics

The Lagrangian and Hamiltonian formulations of mechanics have corresponding
formulations in a discrete setting. While the Hamiltonian H has no direct equiv-
alent in a discrete setting, one can define a discrete Lagrangian Ly : @ X @ — R.
Specifically, in discrete Lagrangian mechanics one searches for a sequence of points
(¢1,92, - - -,qn) which minimizes the discrete action

n—1

Algr, ..o qn) = Z La(qi: gi+1)
i=1

typically subject to constraints on the endpoints. Differentiating with respect to
q; leads to the Discrete Fuler—Lagrange equations

DoLa(qi-1,6i) + D1La(gi, qiv1) = 0, (3.6)

We define the two discrete Legendre transforms F¥L;: Q x Q — T*Q by
F*La(¢i, qi+1) = D2La(¢, gi11) (3.7)
F~Lq(gi,qiv1) = —D1La(qis Giv1)-

The discrete Euler-Lagrange equations can be stated in terms of the Legendre
transforms as

FtLa(gi-1,4) = F~ La(¢i, qi+1) = pi-

Where the above equation defines the discrete momentum p;.
Under the assumption that the Legendre transforms are bijective, Lg is the
generating function of the first kind of a symplectic map Fr,, : T*Q — T7Q

Fr,=F"Lyo(F Ly)™!
alternatively Fp, : (¢;,pi) — (¢is1,pit1) where

i = —D1(qi, ¢iv1)
Pit1 = Da(qi, ¢iv1)
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L4 also defines an advancement map Fr, : Q X Q = Q X Q by
FLd = (FiLd)il o F+Ld.
From the definitions of F*L, it follows that

Fr,(gi,qi+1) = (¢i+1,Gi+2)
where (¢;, Gi+1, qi+2) satisfy the Discrete Euler-Lagrange equations (3.6).

Theorem 8. Let Ly : QX Q — R, be invariant under the prolongation of the group
action ¥V : G x Q — Q,

La(g0,91) = La(¥y(q0), ¥g(q1))- (3.9)

The group action commutes with the discrete Legendre transforms in the sense
that the following diagram commutes

F¥L,

QxQ——=T"Q

q;g?XQJ/ TT*%

QxQ >T"Q

Proof. For simpler notation, we write ¥ instead of W¥*?. For the map F*Lg,

(T"Wg 0 F Ly o Wy(qi,qit1) 5 Vasyr) = (FTLa(Wy(ai), g(gi+1)) » Taiyr PgVgirn)
= (D2La(Yg(4i), Yg(qi+1)) 5 Tgipr VgVgiss)
= (FTLa(¢i, qi+1) , Vgs\s)-

where the last line follows from applying the partial differential Dy to the identity

L=1Lo \Ilgng and using that ¥(g;) does not depend on go. The proof for the map
F~ L4 is completely analogous. O

The following theorem gives a sufficient condition for when maps generated
from generating functions of the first kind are equivariant under a group action.

Theorem 9. If Ly : Q x QQ — R is invariant under the prolongation of the group
action ¥ : GXQ — Q, then the maps Fr, : @xQ — Q@xQ and Fr,, : T*QxT*Q are
equivariant under the prolongation and the cotangent lift of the action, respectively.

Proof. The statement follows from combining the commuting diagrams for F* Ly
and F'~ Lgy. O

To relate the discrete and continuous formulations, one introduces the step-
length parameter h in the discrete Lagrangian. The discretization of a continuous
Lagrangian is a discrete Lagrangian

h
Lq(qi, qiv1,h) %/ L(q, ¢)dt, (3.10)
0
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where (g, ¢) in the integral are the solution to the Euler-Lagrange equations with
q(0) = qi,q(h) = Git1-

The discrete Lagrangian for which equality holds in (3.10), while usually un-
obtainable, is of some theoretical interest and is known as the exact discrete La-
grangian L(If . The correspondence between the continuous and discrete Legendre
transforms is shown in local coordinates

_ o [ .
F Lf(Qi,Qile)a:_@A L(q,¢)dt

" OL 04°(t) | OL 94°(1)
o 047 OqF  0¢F 0Oqf

z—/oh {aL D (8L>} 9¢°(t) ;. OL 9"\ T (3.11)

97 T'\0¢% )| 0qz T 94° Bggtlo

dt

_oL
=50

~FL(q.4)|
t=0

t=0

Similarly F*LE (¢;,¢i+1) = FL(q, q)‘ . We see that LY is the generating function
t=h

of the first kind for the flow of the Hamiltonian vector field.

3.5 Noether’s First Theorem

Noether’s “Satz I” [11] relates symmetries of a Lagrangian to first integrals of the
solutions of the variational problem. A similar theorem holds for discrete systems,
and we state and prove the simplest case here.

Theorem 10. Assume that Ly is invariant under an action with generator v .
Then the expression
Qi>

1s constant along solutions of the discrete Euler—Lagrange equations.

Ni = <pi7v

Proof.

Qi+1>

@)+ (D2La(¢i, 1), v
Qi+1> =0

v 9 (La)gi, qit1) = (D1La(gis git1), v
- <p¢,V Qi> + <pi+17V

O

The most basic case of the continuous Noether’s theorem follows by applying
the above theorem to the exact discrete Lagrangian LY combined with equation
(3.11), namely that if prv(L) = 0 then the quantity (p,v|,) is preserved along
solutions of the variational problems.

Noether’s theorem has an analogue for Hamiltonian systems, which is related
to the Poisson structure of a symplectic manifold. We will not need the full power
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of Poisson manifolds and instead state this theorem in the language of Hamiltonian
vector fields.

Theorem 11. Assume (M,Q) is a symplectic manifold, and H, f Hamiltonian
functions on M. Assume further that vy(H) = 0. Then f is constant along
integral curves of vy.

Proof. Indeed
va(f)=df -va =Q(vy,vg) =—dH -vy = —v;(H) =0

O

There is a natural correspondence between the two theorems above when vy
is the cotangent lift of some vector field on Q). Let v be a vector field on @) with
prv(L) = 0. Then the cotangent lift vT"M g the vector field of the Hamiltonian
H(q,p) = (p, v|q), which is identical to the first integral from Noether’s theorem.

3.6 Invariant Discrete Lagrangians

For first order Lagrangian, the problem of finding equivariant integrators is reduced
to finding invariant discrete Lagrangians. The invariantization operator defined in
Chapter 2 provides a method for creating invariant discrete Lagrangians. Assume
that the Lagrangian L(q, ¢) is invariant under the prolongation of a group action
U:GxQ — Q,and let LY(q1, g2, h) be a discrete approximation. If p: Q xQ — G
is a moving frame for the group action prolonged to @ x @), the invariantization of
LY,

def
La(gi, qit1,7) = LY(p(qi Gis1) - @is p(Gis Qi) * Gi1)

is invariant under the group action, and it is still an approximation to the contin-
uous Lagrangian. If LY(q;, ¢iv1,h) = LE (qi, qiv1, h) + E(qi, ¢i+1, h), then

La(¢i» qiv1,h) = LY(p - @i, p - dis1. h)
=Li(p-Gi,p- Gi+1,h) + E(p-qi,p- Gis1, )
= LY (qi,qiv1,h) + E(p- qi, p+ qiz1, b)

where p = p(i, ¢i+1).
The Legendre maps can be calculated by setting z = (g;, ¢;+1), then

T.Lqg="T,.LYoT. (3.12)

where ¢ is the invariantization map, and T,¢ is as calculated in (3).
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3.7 Reparametrization

We have so far only considered group actions which do not transform the invariant
variable. It is often useful to also consider variational symmetries transforming the
independent variable t as well. In which case the invariance equation is

prv;(L) + LD, =0,

where v; = 790, + gbf 0Oy are the generators of the group action. However, under
a reparametrization ¢ = t(s), where s is invariant, the case of non-invariant inde-
pendent variables transforms into the case of invariant independent variables, and
the reparametrized Lagrangian L(t,q,t,,qs) = L(t,q, #)ts, satisfies the equation
(3.5). Letting E*(L) be the Euler-Lagrange equations of the original Lagrangian
L(t,q,q), the Euler-Lagrange equations of L are

EYL) =t E(L)
EYL) = —q¢,E'(L)

These equations are underdetermined, and to get a well-determined equation, one
usually adds an equation t5 = f(t, ¢, ¢qs), fixing the parametrization. This equation
is then added to the Lagrangian as a constraint. To maintain the symmetry, the
vector field corresponding to the differential equation ¢, = f(¢,q,¢gs) should be
invariant under the group action. See [8, Chapter 7] for details on this construction.

There are several possible approaches to the discretization of Lagrangian sys-
tems invariant under a group action with a symmetry which transforms the in-
dependent variable. One is to make the reparametrization, and then discretion.
Another is to let the group action work on the discretized Lagrangian

La(ti, iy tiy1, Giv1)ha,

where h; = t;11 — t; = h(ti, ¢y gi+1,ti—1,¢i—1). This approach is studied in [2].

A third approach, which we will study in the treatment of the Kepler problem,
is to work with an perturbed problem. The motivation for this is that the symme-
try in the Kepler problem, which originally is a generalized symmetry depending
on derivatives of ¢, can also be stated as a symmetry of the Hamiltonian of an
equivalent system with reparametrized time. The idea generalizes to other systems
with this property, and is stated here.

Assume that we have a Hamiltonian H(g,p) and a perturbed Hamiltonian
K(q,p) = o(q)(H(q,p) — Hy) where ¢ is a real function on @ with o(¢) > 0
for all g. Since

dK = (H(q,p) — Ho)do(q) + o(q)dH (g, p),

it follows that on the submanifold H = Hy, the Hamiltonian vector fields of H and
K are related by

VK = U(Q)VH-

Thus, their flows are reparametrizations of each other.
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Assume further that the vector field w on @ is such that w” @(K) = 0. Then
(p, w) is preserved along the Hamiltonian flows generated by v, and along those
flows generated by vy which lie on the submanifold H = Hy. Let L and L be the
Lagrangians corresponding to H and K, respectively. Then a quick calculations
shows that

L(g, ) = (L (g, @) + Ho) o(q)

where ¢; = U(q) and pr,w(L) = 0. ! The exact discrete Lagrangian is
L QZv QL+17 / dS
h
- / ) + H()O'( )d
= L§<qi7(h’+i7 h) + Hoh
where h = fo s)ds. The Hy term is constant and does not affect the flow of vy,

so it can be dropped. We propose the following discrete Lagrangian approximating
L. Let

R
h(%‘ﬂiﬂﬁ)“/ q(s)ds
0

Lg(qw Qi+, h) ~ Lg(qla Qi+i, h)
LY(ai, qitir ) = Lg(¢s, Givir B(qis qitis ).

Finally we invariantize L9(q;, giys, h) as
Lq= ES(P Qi P - qz‘+i,l~1)

where p = p(gi, ¢i+1).

Now, applying the discrete Noether’s theorem, we see that (p, w) is preserved
along solutions of the discrete Euler—Lagrange equations (3.6). Since the flows of
K and H only coincide on a submanifold of 7*Q), the first integral of the discrete
system, (p, w), is generally not equal to the first integral of the continuous system,
but only coincides with it on the submanifold. However, the method is symplectic,
and for small step sizes, it can be expected that the numerical solution will lie
close to this submanifold. Thus, it should be expected that the first integral of the
continuous system is at least approximately preserved, although we have not done
any rigorous analysis on this.

Ipr, w is the prolongation of w with s taken as the independent variable.
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CHAPTER 4
THE RUNGE-LENZ VECTOR

This chapter started out of the wish to demonstrate the technique described in
chapter 3. However, most immediate examples are rather trivial. Lagrangians of
the form L(q,¢) = %q'TMq — U(q) can only have affine symmetries. Furthermore,
affine symmetries are preserved for all variational integrators which are based on
discrete Lagrangians of the form

La(q1, q2) Zb L(Qi, Qs)-

The focus then turned to symmetries for more exotic Lagrangians, and specifi-
cally symmetries of the Kepler problem in momentum space. These symmetries
correspond to components of the Runge—Lenz vector which is preserved along tra-
jectories of the Kepler problem. Guillemin and Sternberg has written an excellent
book on the Runge—Lenz vector and consequences of the corresponding symmetry
for both the classical and quantum Kepler problem [5]. We reproduce the results
most relevant to us here.

4.1 The Kepler Problem

We consider the Kepler problem in two dimensions, which is a mechanical problem
with Lagrangian

where ||| is the standard 2-norm on RQ. The corresponding Hamiltonian is

with p = q.

27
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We write Lo
q=(q",9°)
p=(»",p%).

The Euler-Lagrange equations of L are the well known equations of motion

§'+

qHS -0, =12 (4.1)

la
The first integrals of the Kepler problem

1, 1
E=H(q,p)=5IplI" — 75
2 llall
S =q'p® - ¢*p,

which are the energy and the angular momentum, are well known, and corresponds
to the variational symmetries generated by

VE = 8t7

vs = 20y — YOs,

respectively.
Additionally, the components of the Runge—Lenz vector R = (R, R?)

1

q
R = (p?)%¢" — plp?g® —
lal w2
9 .
q
R? = ()24 — plpq! — i

are first integrals. We note that the first integrals are not functionally independent,
as (RY)? + (R%)? =1+ 2ES5%

A comparison with the formula for first integral arising under Noether’s the-
orem shows that the components of the Runge—Lenz vector cannot arise from a
normal variational symmetry. They do arise from the generalized symmetries with
generators [12, Example 5.59]

Vi = =@ 0 + (2¢'¢* — ")y
vre = (2¢°¢" — ¢'¢*)0p — ¢' 4" 0,2,

but these cannot directly be used for invariantizing a discrete Lagrangian L(q1, ¢2),
as the action can not be calculated without knowledge of the derivatives.
The Euler-Lagrange equations (4.1) have one more symmetry, the scaling sym-
metry generated by
V3 = 3t8t + 2(]18(11 + 2q23q2

and it is in fact possible to derive the preservation of the Runge—Lenz vector from
this symmetry [15]. However, it is not a variational symmetry, and cannot be used
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for invariantizing discrete Lagrangians. Instead, we note that the prolonged action
of this symmetry is

t exp(3e)t A3t
U, lqg] =1 expe)g | = N\¢q (4.3)
p exp(—e€)p Ap

where A = exp(e), and we have identified p = ¢. We note that
HoW =)\?H.

This symmetry means that we can map between solutions with different energy
H. Considering only bound states with H < 0, we can concentrate on the Kepler
problem restricted to the submanifold defined by H = —% without loss of generality.

We change coordinates on the phase space T*R? to w = p, & = —¢, and consider
w to be the position and £ to be the momentum. The symplectic form in the new
coordinates space is ) = > dw® A d€'. The coordinate change is easily seen to be
a symplectic transformation. In the new coordinates,

|
H(w,&) = 5 wl” — 7= (4.4)
2 €]
and the corresponding Lagrangian is
. - 1 2
L(w, w) = 2/l = 5 [Jwll (4.5)

with w = ﬁ

We will show that the Hamiltonian vector field on the submanifold with H = —%
is related to geodesic flow on the two-sphere. The integral curves of the vec-
tor field and the stereographic projections of geodesic curves on the sphere are
reparametrizations of each other.

4.2 Stereographic Projection of S?
Consider the unit two-sphere, which we embed in R? as
S?={y="%y" ") R’ | |lyl =1}.

Let N = (1,0,0) € S? be the "north pole” and S3 = S? \ N The stereographic
projection away from N is

P:S3% — R?
P:y—w
with coordinate expression
wi= Y i=1,2. (4.6)
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The inverse P~! : w + y has the expression

2
o _ llwl” =1
- 2
ol + 1 )
i 2w’ .
Yo eEer T
w

We can identify T*S? with the (y,n) € T*R? ~ R3 & R? which satisfies ||y = 1
and y'n® = 0. With these coordinates the canonical one-form on T*S? is the restric-
tion of the canonical one-form n’dy’ on T*R3. Cotangent lifts of diffeomorphisms
between the configuration manifolds are special symplectic. [9, Proposition 6.3.2].
Therefore, the cotangent lift of P carries canonical one-forms to canonical one-forms
and we can calculate T*P(£) = n and its inverse through the identity

4(w!'dw! +w?dw?)
(lw[?+1)2

(4.6) to replace the resulting expressions in w, and simplifying by y'n® = 0, we
arrive at the formula

By inserting dy°® = etc. into the identity above, and then using

=y’ +01—y)', i=12

And, inverted

= wgf

] . o

p=5 (1 lel?) & - wiet,  i=12
421 H=-}
Geodesic flow on the sphere is defined by the Hamiltonian

L2
Gly.m) = 5 Il
which is mapped to the Hamiltonian
1 2 2
K(w,€) = S(1+ [lw]) €]

If w is a real function of one variable, the Hamiltonian vector fields corresponding

to by K and u(K) are related through v, k) = u'(K)v, i.e., their integral curves

are reparametrizations of each other. With the Hamiltonian J = u(K) = v2K —1,
the Hamiltonian vector field
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On the submanifold K = 1, which corresponds to geodesic flow with ||| = 1,
the vector fields vy and vg coincide. Now

(lwl® + D) llél
2

~ el (. + 3 )

J(w, &) = 1

And on the submanifold defined by H = —% or, equivalently J = 0 we have

dJ = [lgl dH

so on this submanifold
2

vy = Ellve = ——5vn.
1 [u]]

The integral curves of J, which are projections of geodesic curves on S?, are

reparametrizations of solutions to the Kepler problem with H = f%.
We can write solutions to the Kepler problem with H = —1 as (t(s), w(s)),
where w(s) = P o y(s) and y(s) is a geodesic curve on S? with [|y/(s)|| = 1, and

t(s) satisfies the differential equation

2
L+ [lw(s)]

ts

Rotations of the sphere clearly leaves G invariant. The vector fields corre-
sponding to rotations about each of the three axis ", y',%? have corresponding
Hamiltonians

o0 = yln? — y2p!

ol = 210 — 02

02 = Ot — 0.
These quantities are preserved along the integral curves of G. Their projection
onto R? are thus preserved along the integral curves of K, and also those of J and
H on the submanifold J =0, H = —%. The projections are, respectively

7_0 — w1€2 _ w2§1

v = 20 ) + (Eut
= 21— @'+ ()€ + whue! (4.9)

= (1 e~ (gt
1

= =51+ (1) - @)l - w'e?e,
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79 is simply angular momentum, while 7 and 72 are, modulo a constant rotation,

equal to the Runge-Lenz vector when H = 3 [|wl|® — HTll\ = —2. In the coordinates

(w, &), we have for R as defined in (4.2),

Rl _ (|é|| o (’LU2)2> é-l +w1w2§-2
=2 (1l —20?)?) € 4 wlue?

= —T2’

and similarly R? = 71.

4.2.2 H <0

For general H < 0, assume that (¢(t), p(t)) is a solution to the Kepler problem with
H < 0. Using the symmetry (4.3) with A = v/—2H transforms this to a solution

(G(t), p(t)), where 2

qd=Xq
p=A""p
=X\

The transformed solution has H = —%. Setting w = p, & = —@, the 7 from (4.9)
are preserved. Their expression in terms of the original solution is

1 - 1,0
=5 (VI - 1) A2 - (g
1 o
= 5 (IplP +20) ¢ = (a'" )
2 1 i
= (Wbl = ) = s,

which is equal to R? as defined in (4.2). Similarly 72 = —R".

4.3 Numerical Approximation

We will show how to define a variational integrator of the Kepler problem which
preserves the symmetry corresponding to rotating the sphere around the y' axis,

and preserving an approximation to R? = (HTll\ — (w1)2> €2 + wlw?¢!. Through

the scaling (4.3), we assume that the initial data wy = pg, £ = —qo are such that
H(wOago) = _%
The rotation of the sphere
y° cos 940 + sin y?
LAV y'

Y — sin 0y° + cos Oy?
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has stereographic projection in R?

\Ilgzpolllgop_l

1
w! 14 ||w]|® —cos 8 25 2_1)—2sin fw?
\Z (w2 = ”—‘singa\wﬁu—‘ll)+2)cosw2 (410)

1+ ||w||? =cos O(JJw||?—1)—2 sin fw? *

The generating vector field is
1
v =w'w? 0y + 3 (14 (w?)* = (w")?) Bye. (4.11)

This is not a variational symmetry of the Lagrangian defined in (4.5). It is
however a symmetry in the Hamiltonian sense of J and of

: _ 2 1
J@m9—1+HwQ(H+2>.

which means we are in the setting described in the last part of section 3.7 with

_ 2
o(w) = Tyape

We prolong the group action to act on R? x R?, and denote an element thereof
as (w1, wsz). We define the moving frame by the cross-section

Z=wi)*+ (w?)?-1=0 (4.12)

(corresponding to y° = 0) with the additional requirement w? > 0. The formula
for the moving frame is

p(wy, wy) = — atan2(||lwy ||* — 1, 2w?). (4.13)

This is not a global frame, as it is not defined when w; = (+1,0). The unprolonged
action has (£1,0) as fixed points, so it is impossible to define a moving frame on R?
near these points. It might be possible to define a global frame for the prolonged
action by using equations depending on the ws for the cross-section, though this
has not been done.

Discretize the Lagrangian of J' by setting

h(wl, wa, h) = h(o(wl)
2h
2

1 [Jwn |

h wy — W Wy — W
L?{(wlaw27h) = 5 <L (wla 2]11) + L <U)2, 2hl>>
h
4

2 2
(w1 + e
Eg(wl,wg,ﬁ) = Lg (wl,wg,h(wl,wQ, }Nl)) .

and

Ld(wlaw27h) = Lg (P c Wy, P - W2, h)
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The first order approximation to h is to ensure that h = h on the cross section.
We note that L, should not be calculated explicitly, as the needed tangent maps
are given by (3.12).

Setting z = (wi,w?, wl, w3), we calculate the matrices referred to in (2.4) and

(3.12).
I
)= 3 (1+ (1121)22— (11)?)
115
3 (L+I3)° = (13)?)
where I; = p(wy,ws) - wj-, is obtained by evaluating (4.11) at the cross-section.
J= (21} 21§ 0 0)

is the invariantization of the Jacobian of Z (4.12).

T 0
TZ\PG - ( 0 TQ) )
where T are the Jacobians of the map (4.10) applied to w;, with fixed theta. These

expressions are rather lengthy, but trivial to compute, and are not written out here.
According to (2.4), we then have

T..= Tz\Ilp(z) - 17[) (J¢)71 T,V
with p(z) given by (4.13).

p(z)

oLy
Oh |h=h
_ Vi Vi

SR DSV SYS A AN % AL VA ) A A Y
{mm%“ V-eh g -h)-sh

70 0
T,.LY="T,.LY+ T,.h

~_1 1 1 ~
(-0l - 0 ) i o

where I; are the row vectors (I}, I?). Finally, the symplectic map is defined by

(—{1 52) = T,,.ZES, oT,ut.

where £ are the row vectors (&%, €3).
By the discrete Noether’s theorem,

(6v) = wiuny + 5 (14 (@) — @) &

is preserved along the solutions. By replacing HTlH = % ||wH2 — H in the expression

for R?, we see that
1
(&, v)=R?+ (H 1 2) .
So R? is “as preserved as” H. The method is a symplectic method applied to the
Hamiltonian problem with Hamiltonian J’, so one would expect near preservation
of J’, which with the initial data specified corresponds to near preservation of H.
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4.4 Numerical Tests

The algorithm described above was tested for initial data ¢(0) = —£(0) = (0.8, 0.6),
p(0) = w(0) = (0.96,0.28), which has for the four first integrals

H(0) =05
S(0) = 0.3520

RY(0) = —0.26208

R%(0) = —0.89856

and is on a highly eccentric orbit. The algorithm was tested against a simple
Stérmer—Verlet scheme, and with a Stérmer—Verlet scheme with variable step size
as described in [6, Chapter VIII] This step size was set to ||g|| h to correspond to

the step size h = ﬁ used in the invariant variational (IV) scheme. The other

parameters used was h = 2%, corresponding to approximately 200 steps per orbit,

and the number of steps taken was 4000, or approximately 20 orbits. For this
step-size, the simple Stérmer—Verlet fails, and the solution of this scheme quickly
falls into a hyperbolic trajectory escaping the central force.

Figure 4.1 shows the error in the first integrals H, S, R', R? for the IV integra-
tor and Stormer—Verlet with varying step size (SV). As can be seen in the plots,
the IV scheme is superior in preserving R?, as it is designed to. It also compares
favourably to Stormer—Verlet with variable step size for preservation of H. On
the other hand, while both Stérmer—Verlet schemes preserve the angular momen-
tum S up to machine precision, the IV scheme does not preserve this integral, as
the invariantization with respect to the group action (4.10) breaks the rotational
symmetry.
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Figure 4.1: Error in the first integrals H, S, R, R? for the SV and IV schemes



CHAPTER 5

INVARIANT DISCRETE
EULER LACRANCE
EQUATIONS

The theory of Chapters 3 and 4 was aimed at creating numerical integrators for
invariant variational problems in the original coordinates. Furthermore, it was
limited to first order Lagrangians. While mechanical Lagrangians are usually of
this form, Lagrangians of higher order, i.e. depending on higher order derivatives
may arise in other settings.

Inspired by [8, Chapter 7], we will try and express the Euler-Lagrange equations
for invariant variational problems in the invariant coordinates.

5.1 Discrete Euler-Lagrange equations

We consider sequences of points {u;} = ..., u_1,up,u1... in U. A discrete La-
grangian of order n is a smooth, real function depending on n+ 1 successive points
of the sequence {u;}, that is

L(wi, ity Uign)-
Define the shifting operator S as
S: Ui > Uit1,

and the discrete prolongation pr™ as such: If {u;} is a sequence of points in U, its
n’th prolongation {pr"u;} is a sequence in U™*! defined by

pr" U; = (’U,,j, Uiglyee ey UH_”)
= (ui, Sui, ceey S"ui)

37
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We write the discrete Lagrangian
L(u,Su,...,S"u) = L(pr" u).

To simplify notation, we will usually let the order of prolongation be arbitrary and
write simply pr.

The discrete variational problem is to find sequences of points {u;} which locally
extremize the action sum

A({u;}) = ZL(prui). (5.1)

Equations for the solution of the discrete variational problem (5.1) can be found
by introducing the variation variable 7 and the arbitrary variation (u.); = (9su);.
A sequence extremizing the sum should satisfy

0=0;A
= Z@TL(pr u;)

oL oL
=2 g, ()i gy, St

We view {L;} = {L(pru;)}, and its partial derivatives as a sequence indexed by
i. Collecting in terms of (u,);, and using that these are arbitrary yields the dis-
crete Buler-Lagrange equations. In local coordinates u = (u!,...,u™), the discrete
Euler—Lagrange equation corresponding to u® is

E°L=2" 18 —
+ OSu® +

oL [ oL
ou®

We take the equation above to define the Fuler—Lagrange operator with respect to

u®.

5.2 Correction Terms and Correction Elements

For discrete Lagrangians depending on N points u;, the Euler-Lagrange equations
will typically depend on 2N —1 points. We will show that if the discrete Lagrangian
L is invariant, then one can express the Euler—Lagrange equations invariants of the
action, such that they depend on fewer arguments. The derivation is reminiscent
of Mansfield treatment of the continuous case in [8, Chapter 7], but as the points
are discrete, the shifting operator S takes the place of the differential operator
D, = 0,.

Assume that the group action ¥ : G x U — U is such that the discrete La-
grangian

L(pru) = L(u,Su...,)
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is invariant under the prolonged action, and that the action allows a moving frame
p: U — G for some [. By the replacement theorem, L can be written as a function
of the fundamental invariants of the prolonged action.
For simplicity, we assume that the moving frame is defined by the cross-section
equations
Zia=Su=k, (ja)€f,

where £ is such that (j > 0A (a,j) € E) = VB, (B,7—1) € &. Or in layman’s
terms, the cross-section is defined by using as few shift operators as possible.
We prolong the action to TU* in the normal way, and use coordinates

ug = (9,)2 S u”
where
J=(1,...,1,2,...,2),

—— —
J J2

and the fundamental invariants
15 = v (uj)
We define the right group action on functions F': U™ — R by
(F'-g)(pru) = F(g - pru)
which is a right action, and invariantization of functions

UF)(pru) = (F - p(pru))(pru).

The operators S and J; are invariant and commute, but do not commute with
the invariantization operator ¢. In order to calculate the invariant discrete Euler—
Lagrange-equations, we will need the commutator relations between ¢ and S, and
between ¢ and 0O,.

5.2.1 Correction Terms for Differentiation

For the differential operator J;, this is exactly the correction terms calculated in
Chapter 2.

As examples, and for use later, we calculate the correction terms for two group
actions ¥ : SL(2) x R — R, and ¥ : SE(2) x R? — R2.

SL(2)

We represent SL(2) as 2 X 2 real matrices A = (2Y) with determinant 1 and
consider the SL(2) action on R defined by

au+b
cu+d’

U (A,u) = (5.2)



40CHAPTER 5. INVARIANT DISCRETE EULER-LAGRANGE EQUATIONS

which we prolong to TR in the usual way.

au +b Uy
W(A,U’U/T) - (Cu+d7 (Cu+d)2>

Using (a, b, ¢) to parametrise SL(2) near the identity, the infinitesimal generators

for the prolonged action
Vo = 2U0y + 2Ur Oy
Vy = 8u
Ve = —u20, — 22Ut Oy, -

And prolonged to TM™,
Vg = Z QUJauJ + QUJgaqu

J
w=30,
J

Ve = Z - (UJ)Q 8UJ - ZUJuJQaUsz
J

where the sums go over J consisting of only 1’s.
Using the cross-section defined by

Zi(g-pru)=g-u=-1
Za(g-pru)=g-Su=0
Z3(g-pru) =g-S*u =1,

and the notations defined in section 2.4, J’ = I and

a b c a b ¢
Iy (2, 1 -I? Iy /(-2 1 -1
=1 |2, 1 - |=0L [0 1 o0
I \2I,; 1 -1} I\ 2 1 -1

T

I I

T:SIl 112

S2I1 \ L1z

The correction matrix is

(T2 — 212 + )
And the general formula for fundamental invariants is
O:1; = Iz + Citby(p(pru) - pru)

And for integral invariants ¢(S*u), where J consists of only 1’s,

1 1
0-1; = IJ2§(1112 —I)I; —Is — 5(1112 — 2015 + Ip)I2.
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SE(2)

We consider an SE(2) action on U = R2. We write u = () for elements of R2.
The action is defined by

v z\ [ cosf sind rT—a
(6,a,b) y)  \—sin® cosf) \y—>b/"

The infinitesimal generators for the prolonged action on TU* are

Vo = Z (_8951)

J
vi=) (=0,
J
Vo = Y0z, — 10y, + Y720z, — T 120y,
where the sums go over J consisting of only 1’s. We use the cross-section defined
by
Zi(g-pru)=g-z=0
Za(g-pru)=g-y=0
Z3(g-pru)=g-Sy =0,
with the additional requirement g - Sz > 0.
Once more J’ is the identity, and

a b 0 a b 0
I* (-1 0 IV I* (-1 0 0
=1l 0 -1 —-1*|=1|0 -1 0
r\o o - r\o -1 -y

Iw [ IF

T=1v|IJ

A\ 1h,

The correction matrix is therefore

and the general formula for integral invariants is

0-15 = I, + Ciy, s (p(pru) - pru)

v — 1Y
=I5, - I3+ 2219
i (5.4)
0-14 = 1Y, + Ciiy, ;(p(pru) - pru)
Iy 7Iy
=14, -1 - 2217

Iy
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5.2.2 Correction Element for Shifting

The correction terms described in the section above have an analogue for the dis-
crete operator S. The analogue, the correction group element, require somewhat
more calculation than the correction terms. Specifically, one has to calculate the
group action (not only its infinitesimal generators) and one has to solve the frame
equations, though only for special cases.

The expressions for shifting, then invariantizing of a coordinate u§ and vice

versa are, respectively
u(S(u3)) = v(ujy)

where Spru = (Su, S?u,...). Thus

S(¢(ug)) = p(Spru)p(pru)~" - u(uF,)

S(I%) = P(pru) - I%,. (5:5)

Where P(pru) = p(Spru)p(pru)~! is the correction group element.

We will now show how P(pr u) can be expressed in the fundamental invariants.
Furthermore, only the invariantizations of the coordinates appearing in the equa-
tions of the cross-sections and the shifts of these are needed. (Contrast with the
continuous case, where the invariantizations of those coordinates and the deriva-
tives of these were needed).

Theorem 12.
P(pru) = p(Spru)p(pru) " = p(u(Spru)) (5.6)
Where p(u(S pru)) means p evaluated with 1§, set in for the arguments u5.
Proof. By the moving frame identity
plu(Spru)] = pp(pru)-Sprul
p

(Spru)p(pru)”
= P(pru)

1

O

Again, we calculate the correction expressions in the case of the SL(2) and
SE(2) actions described above.

SL(2)

To simplify computation, we represent SL(2) by 2 x 2 real matrices with positive
determinant, and consider matrices A and AA to represent the same element of
SL(2) The action is still

au+b

WA = T
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but the prolonged action on u, has to be modified,

au+b (ad— bc)uT)

U(A; =
( ,U,UT) <cu+d’ (cu+d)2

Let the frame be defined as in section 5.2.1 and o = +(S?u) be the lowest order
integral invariant. To find P, we have to calculate the moving frame for

v(Spru) = (1, 111, 1111)
=(0,1,0).

That is, solve the equations
a-0+b
c-0+d
a-1+b
c-1+d
a-o+b
c-o+d

-1

1.

There is a degree of freedom in the scaling of the group parametres, and one solution

is
o —
P_(U—2 O’)

which has positive determinant as long as ¢ > 1. The inverse of P is, when scaling

is ignored,
-1 _ g g
P = <2 -0 0’) ’

So the relations are, for the integral invariants (J consists of only 1’s)

olj1 —o
Sly=————
T o-2)n+o (5.7)
I = oSI;+o '
1 (2—0)SI;+o0o
and for the invariants ¢(9,S"(u)).
2(0’ — O')IJlQ
SIjo
DY 2
((U ) J1+ J) (58)

2(0? — 0)SI s

SE(2)

For the SE(2) action and cross-section defined in section 5.2.1, let the lowest order
invariants be denoted by A = +(Sz) and o = 1(S?y). To find the group element P,
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we have to solve the moving frame equations

cosf sinf\ (A—a) [0
—sinf cosf®) \0O—b/)  \O
—sinf(I{; — X) + cosfo =0
Which has solution
a= A\
b=0
0 = atan2(o, IT] — A).

The relations between shifting and invariantization for integral invariants are

thus " el "
(SI;<> _ 1 <If1 - o > (I;ﬂ - )\> (5.9)
STy o2+ (15 — 22\ —o I —A i

IT, appearing in the equation above is not one of the lowest order invariants and
we wish to replace it with an expression in A and . We set

K=1 I'=X II=0 IY=o0

in the above formula and calculate

SA= /o2 + (I, — \)2.

This relation, which simply is the Pythagorean theorem, cannot immediately be
inverted to give an expression for I{; in terms of the lowest order invariants, since
there is a sign ambiguity in IT; — A\. However, assume that the discretized curve
has no acute corners, such that the inequality

(S?z — Sz)(Sz — ) + (S*y — Sy)(Sy —y) > 0 (5.10)

holds. The left hand side of (5.10) is easily seen to be invariant under the group
action by applying the prolonged vector field. Thus the invariantized inequality
(If; — M)A > 0 also holds, and due to the definition of the frame, A > 0, the sign
ambiguity is resolved and

I = A+ 1/S\2 — g2,

For the invariants of the first prolonged action, the relations are

SI7,\ _ 1 (VSA —o? o I, (5.11)
SI7, SA -0 SN2 —02) \I},)" .

5.3 Invariant Euler—Lagrange Equations

The relations given above can be combined to give the relations o, = HIs, where
‘H is an operator depending on the lowest order invariants and their shifts. This
procedure is straight forward and we illustrate it with our two examples of SE(2)
and SL(2) actions.
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SL(2)

From the relation (5.3) we have

1 1
0r0 = 0:I111 = 12 — 5(1.112 —Io) i — Ii2 — 5(1112 =20+ 12)11211
1

1
= 11112 — 5(0'2 + 0')1112 + (0'2 — 1)]12 — 5(0'2 — O’)IQ.

And from the relations (5.8),

1 o
Iy = =
2= os 1

oc—1
I =2——8I»
o

—1
_Z s{ g ]3212

o oc—1

SI,

0'(0 - 1)81112

o(o —1)8 {”;1] S2 L" J S31,.

T2 =

DN = N =

Combining the equations (5.12) and ( 5.13), yields the promised equation

aTa_Ha(ans {”1}52{ 7 ]53

o oc—1

ag

(e + 1o —1)S {

=HIs.

} S? 4 (0 +1)0S — (0 — 1)] I

c—1

The invariantized Euler—Lagrange equation is thus

HEL :% [s—l {"} 52 {";1] S [o(o — 1)|SPE"L

oc—1

— st [0_‘11} S2[(6>—1)]STE°L
+S ' [(c+1)0]ST'EL

—o(c—1)E°L| =0.

where E7 is the discrete Euler—Lagrange operator, i.e.

E°L=-—"—"+48""
oo +

oL oL n
0So

45

(5.12)

(5.13)
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SE(2)

Combining the equations (5.9) and (5.11), gives, after some algebraic manipulation,

the expression
Ar\ _ (Huo Hig\ (15
(Ur> B <H21 H22> (Ié‘ (5'14)

where
I, — A
H;=-1-"-S-1
S\
o
H ——S
12 SN
1 x T 2 Ifl
1 IH (I = N) I, — A
Hy = —— ((If, = NS(IF, — \) — 0So) 8% — 21711 S+ "1,
22 S)\SZ)\ (( 11 ) ( 11 ) o 0) ASA + A
The invariant discrete Euler—Lagrange equations are thus
H}, E’L + H} E°L =0
- 2 (5.15)
H,E'"L+H,E°L=0
where H7j, etc. are the adjoint operators
Sfl Iz —
H:, = (11 A)S’l—l
A
S~ lo
H, = — S—!
12 b\
1
H;, = — [S_2US_1 (If; = AN + S—2 (If; = N S_la] S—2
AS—1A
1 —1 x —1
- ms (Iho)S
* 1 — T — T - — -
Hi, = 151 [S72[If, — NS~ (I, —\) — S %0S™'o] 872
1 —117x T -1 lel — A

5.4 The Solution in Original Coordinates

The sections above show that the solutions to discrete invariant variational prob-
lems has to satisfy certain difference equations expressed in the invariants of the
symmetry. The remaining question is how these difference equations can be used
to solve the original problem. One option is of course to replace the invariants with
their expressions in the original coordinates, and solve in terms of these. In some
cases, however, a more elegant solution is possible.

Assuming that the boundary conditions are of a such nature that the sequence of
invariants is uniquely defined, it is possible to first find the invariants and thereafter
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recover the original variables. Since u; = p(pru;)~*-(I*);, the original coordinates
can be recovered provided we can find the frame in each step. This can be calculated
from the frame at any point using the relation

p(pru;y1) = P(pru;)p(pru;), (5.16)

where we have already shown that P(pru;) can be expressed in terms of the in-
variants.
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CHAPTER 6

IMPLEMENTATION AND
NUMERICAL TESTS

6.1 SL(2)

We consider the SL(2) action described in (5.2). The lowest order non-phantom
invariant of the prolonged action is the Schwarzian derivative

n=fusa) = tem 2 (“) (6.1)

/de = / n? d. (6.2)

We discretize with constant step size and use the discrete prolongation and moving
frame of section 5.2.1. The lowest order non-phantom invariant of the discrete
prolonged action is

We use the Lagrangian

g = [111 = L(S3u>.

We construct an approximation for the Schwarzian derivative by taking finite
difference approximations of the derivatives in (6.1) and then invariantizing

1 lS3u—3SQU—I—SSu—u 3(SQU—QSU+U>2

et Su—u 2 Su—u 6.3)
1
The discrete Lagrangian becomes
1
Ld:/&h:ﬁ(a—m?
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and

2
EULd = ﬁ(@’ — 2)

So the invariant discrete Euler—-Lagrange equation is

1 oi—1 Oj_2—1
73 <U7L1 R i-3(0i—3 —1)(0i-3 — 2)

;-1 2
— (0 5 —1)(oj_0— 2
+ (0im1 + Doi—1(oim1 — 2)

— O'i(O'i — 1)(Ui — 2)) =0.

Given initial values (09,071, 032), one can successively calculate o3, 04,..., by
solving a third-degree equation at each step in the iteration. The equation may
have multiple real roots, but at most one of these satisfy o; > 1 + ? Since this
corresponds to k; = %(Ui -2) > —3;,;2/5, the other roots can be disregarded for
small enough h. o0g,01,02 can be calculated from wug,...,us by solving for the
moving frame for the first values. The moving frames equations

auo +b
cuOer__
au; +b
cur +d
auerbil
cus +d

0

have solution

po = plug, ur, up) = (“ Z) _ ( Uz = Uo ~(u2 = uo)ua ) (6.5)

c Us — 2U1 + ug  UgUp — 2UsUg + UUQ
and

(ug — ug)(uz — u1)
(us —uo)(uz —u1) — (uz — ug)(u1 — ug)

oo = p(ug, uy, us) - ug = (6.6)

The formulae for p;, o; is obtained by shifting the indices.
From the sequence of ¢;, the solution in the original variables can be calculated
from the initial frame pg by the frame relation

ag; —0; )
pi+1 = Pip; = (Ui _9 4 ) pi (6.7)

and the inverse of the moving frame equation,
up=pi - (lo)i=p; - (—1) (6.8)

or the equivalent expressions relating u;1+1 to (I1); = 0 or w42 to (I11); = 1.
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6.1.1 Numerical Algorithm

We summarize the discussion in the above section into a numerical algorithm for
solving the variational problem. We assume that wy, ..., us are given.

1. Calculate pg, p1, p2 from (6.5) and o, 01,02 (6.6).
2. For i = 3,4,... calculate o; by solving (6.4).

3. From py and (6.7), calculate the sequence ps, py, . . ..
4. Calculate u; from (6.8).

6.1.2 Analysis and Tests

Solutions to the continuous variational problem are curves satisfying

as can be seen by applying the Euler—Lagrange operators directly, or the techniques

in [8, Chapter 7]. Furthermore, u(z) = i;gg where ¢!, $? are linearly independent
solutions of

Gua + %naﬁ =0 (6.10)

Inserting o = 2+ h?k and k;—; = r(—jh) into the left hand side of (6.4) yields
the Taylor series expansion

h? (—2(/%” + 3kkg) + 3(Kpwe + 3KKg)h + O(hZ)) .

So the difference scheme is second order accurate for the differential equation in k.
For testing, we considered the equation on the interval 0 < x < 3. A reference

solution of (6.9) was made with MATLAB’s odel5 on a fine mesh hys = m,
then two linearly independent solutions of (6.10) with

P'(0)=1 ¢'(3)=1

S0)=1 ¢(3)=-1
were calculated numerically with a standard difference scheme, and uef(x) = ﬁ;—gg

was taken as the reference solution.

Step sizes which were integer multiples of the step sizes of the reference grid
h = Nhyet were used. uyef(th) fori =0,1,...,5 were taken as input to the algorithm
of section 6.1.1. As shown in Figure 6.1, as the step size approaches zero, the
error first decreases, then increases. There is apparently an instability. Setting
o = 2+h?k into (6.4) and ignoring higher order terms gives the linearized difference
equation

KRij—3 — 3/‘%_2 + 3/431‘_1 — K = 0

which is unstable with general solution

ki = A+ Bi+ Ci?.
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Figure 6.1: Errorplot for the SL(2) invariant Lagrangian

The scheme is unfortunately unstable. The algorithm is accurate for the discrete
variational, so it appears that the problem lies in the discretization (6.3). It is not
yet clear when an invariant discrete Lagrangian leads to stable schemes.

6.2 SE(2)

Setting v = (x,y), we consider curves in the plane minimizing

/nst

_ TtYtt — Yt Tt
(27 +97)2

where

and ds = /7 + y2dt.
Such curves are a special case of elastica curves, known as rectangular elastica.
Their solutions satisfy the differential equation

where
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The lowest order invariants of the SFE(2)-action on discretized curves are

A=1I{ =/(Sz —x)2 + (Sy —y)?

(S*y —y)(Sz —x) — (S*z — x)(Sy — )
)

_ 7y _
oc=1{ =

We use the first-order invariant approximation

, (Sx — x)(S%*y — 2Sy + Sz) — (Sy — y)(S?z — 2Sx + x)

((Sz — x)? + (Sy — 9)?)

We note that the approximation is a second order approximation for Sk when A is
constant.
The invariant discrete Lagrangian is

2 tit1
g
Ly=— =~ / K2ds.
t

i

=5 (611)

We force constant step size A = A by a constraint term to get the constrained

Lagrangian
2

P g
Ld:ﬁ—ﬂ()\—f\)-

To calculate the discrete Euler-Lagrange equations of L§, we introduce the

preliminary terms
2

A _ g
o g

By (5.15) with IT; = A+ A% — 02 inserted, the discrete Euler-Lagrange equa-

tions are thus
2 _ 2
A =iy 7307?_1 R 73(771.2 -
)\ )\4 Mi—1 )\4 i

1 20;_
3 <Ui_2\//\2 — 02 014/ A% — 032) ;3 2 (6.12)
_)‘+\/>\2_O-i271 20.7;71 0

0i—1

A2 A3
2
Oi-1 [o%i-1
1 2 _ 2 2 2 202
3 \/(A —0f ) (W= 0iy) —oia0i | 3 (6.13)

1 2 2 / 2 20’1'_1 \/)\2—0'142 20'i
—F |:)\ —O'i_1+)\ )\2_0i1:| )\3 + )\2 F:O
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The constraints are somewhat troublesome to deal with, as they introduce the
Lagrange multipliers p; as new unknowns. It is possible to solve one of the equations
for u;, then insert this into the other to get equations for the unknowns o;. However,
this makes the method a four-step method in stead of a three-step method. In the
continuous cases, whether the Euler-Lagrange equations are expressed in invariant
or regular coordinates, one of the equations is a total derivative which can be
integrated, and the integration constant included in the Lagrangian multiplier.
The property in the continuous case depends on the fact that the Lagrangians are
invariant under reparametrizations of the curve (z(t),y(t)). A similar result for
discrete curves has not been found. It is possible that other constraints are more
natural choices for the discrete system.

If the equations are solved, however, the solutions in the original variables can
be recovered from formula (5.16) and the original frame.

6.2.1 Numerical Algorithm

The four-step method can be implemented as follows:

1. From five initial points

(x07 y0)7 sy (:E4a y4)
calculate the first invariants
0'0,0'1,0'2,/\0, .. .,)\3.
To fully comply with the formulas (6.12, 6.13) the points should be equidis-
tant. If one keeps track of shift operators on the A’s in (5.15) when calculating
the discrete Euler—Lagrange equations (6.12), (6.13), this is not strictly nec-
essary.
2. Calculate py and po from (6.13), (6.12) with ¢ = 2. respectively.
3. For i =3,4,... calculate o; from solving (6.13) and y; from (6.12).
4. Calculate the sequence p; = p(pr u;) from p;11 = P(pru;) - pi.

5. Use (z;,9:) = p; ' - (0,0) to recover the solution in the original coordinates.

When solving for ¢; in step 3 above, one has to solve an equation of the form

\/ A2 —0lo; = f(0i,0i-1,0i-2, li—1)

This equation will ordinarily have two real solutions. However, it has at most one
solution on the interval [—g)v g)\] Examining (6.11) we expect that o = O(\?)
as A — 0, so the solution lying outside the interval can be discarded for small \.
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6.2.2 Tests

The algorithm described above was tested against a reference solution made as
follows. kgs + %FLS = 0 was solved for the interval 0 < s < 1 with initial val-
ues k(0) = 0,k5(0) = 200 on fine grid (256000 steps) by MATLAB’s ode45 with
low tolerances. Then, x(s) and y(s) were found by successively integrating the
equations

0s =k
Ts = cosl
Ys = sin 6

by Simpson’s method giving a reference curve of 64001 points.

Errorin x

Errorinu

Error
=
S

10° ! !
10 10° 10 107"
Step size

Figure 6.2: Errorplot for the elastica problem

Evenly spaced points on the reference curve were then taken as input to the al-

gorithm described in the previous section with step sizes A ranging from % to 64—100.
As shown by the error plot in Figure 6.2, the algorithm appears to be converging

as O ()\2).
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CHAPTER 7

CONCLUSIONS AND FURTHER
WORK

In this thesis I have studied invariant variational problems and numerical approx-
imations thereof. Two approaches to finding variational methods which inherit
symmetries of the original equation were developed. The first approach, detailed
in chapters 2 and 3, is only valid for first order Lagrangians. It appears to solve
the task it is designed for, but the scope of problems it can be applied to is some-
what narrow. The idea of reparametrizing time used in the example of chapter 3
broadens the scope, though variational problems having known symmetries of this
kind are still not in abundance.

The schemes obtained are also in general implicit, and non-linear equations
have to be solved for each step, which takes a toll on the performance.

The second approach was to express the discrete Euler-Lagrange equations
directly in the invariants. While elegant, at least in the author’s opinion, the
numerical examples show that this approach has some problems with stability
and treating constraints properly. Stability of linear multi step schemes has been
studied thoroughly in literature, but the theory here applies only partially to the
non-linear multistep methods appearing here.

For both approaches, a large amount of algebraic calculation is required before
the schemes for particular ODE’s can be implemented. To make the method more
general, it would have been interesting to program a computer algebra system to
automate some of this calculation.

A question not answered in this thesis is whether the two approaches are equiv-
alent for first order discrete Lagrangians. They should be, as they both solve the
same problem, namely solving discrete variational problems when the discrete La-
grangian is invariant under some group transformation, but there has not been
enough time to study this thoroughly.

o7



58

CHAPTER 7. CONCLUSIONS AND FURTHER WORK



1]

[2]

[5]

[6]

BIBLIOGRAPHY

E. Cartan. Lecons sur la géométrie projective complexe. La théorie des
groupes finis et continus et la géométrie différentielle traitées par la méthode
du repére mobile. Lecons sur la théorie des espaces a connexion projective.
Les Grands Classiques Gauthier-Villars. [Gauthier-Villars Great Classics].
Editions Jacques Gabay, Sceaux, 1992. Reprint of the editions of 1931, 1937
and 1937.

V. Dorodnitsyn, R. Kozlov, and P. Winternitz. Symmetries, Lagrangian for-
malism and integration of second order ordinary difference equations. J. Non-
linear Math. Phys., 10(suppl. 2):41-56, 2003.

M. Fels and P. J. Olver. Moving coframes. I. A practical algorithm. Acta Appl.
Math., 51(2):161-213, 1998.

M. Fels and P. J. Olver. Moving coframes. II. Regularization and theoretical
foundations. Acta Appl. Math., 55(2):127-208, 1999.

V. Guillemin and S. Sternberg. Variations on a theme by Kepler, volume 42
of American Mathematical Society Colloquium Publications. American Math-
ematical Society, Providence, RI, 1990.

E. Hairer, C. Lubich, and G. Wanner. Geometric numerical integration, vol-
ume 31 of Springer Series in Computational Mathematics. Springer-Verlag,
Berlin, second edition, 2006. Structure-preserving algorithms for ordinary dif-
ferential equations.

E. Hubert. Generation properties of Maurer—Cartan invariants. INRIA,
Preprint, 2007.

E. L. Mansfield. A practical guide to the invariant calculus, volume 26 of Cam-
bridge Monographs on Applied and Computational Mathematics. Cambridge
University Press, Cambridge, 2010.

99



60

[9]

[10]

BIBLIOGRAPHY

J. E. Marsden and T. S. Ratiu. Introduction to mechanics and symmetry,
volume 17 of Texts in Applied Mathematics. Springer-Verlag, New York, second
edition, 1999. A basic exposition of classical mechanical systems.

J. E. Marsden and M. West. Discrete mechanics and variational integrators.
Acta Numer., 10:357-514, 2001.

E. Noether. Invariante Variationsprobleme. Gétt. Nachr, 235:235-257, 1918.

P. J. Olver. Applications of Lie groups to differential equations, volume 107 of
Graduate Texts in Mathematics. Springer-Verlag, New York, second edition,
1993.

P. J. Olver. Moving frames and singularities of prolonged group actions. Selecta
Math. (N.S.), 6(1):41-77, 2000.

P. J. Olver. Lectures on moving frames. In Symmetries and Integrability of
Difference Equations, volume 381 of London Math. Soc. Lecture Note Series,
pages 207-246. Cambridge University Press, 2011.

G. E. Prince and C. J. Eliezer. On the Lie symmetries of the classical Kepler
problem. J. Phys. A, 14(3):587-596, 1981.



	Title Page
	masteroppgave.pdf

