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ABSTRACT

In this paper, an analytical model is proposed to describe
the nonlinear vibration of blades on floating offshore wind
turbine (FOWT). The bending-torsion coupling equations are
derived based on Hamilton's principle. Comparing with the
classical Newtonian method, this approach is more
mathematically rigorous and systematic. The flapwise and
edgewise deformation, the torsion as well as axial extension of
the blades are all included in the model. A set of partial
differential equations governing the coupled nonlinear
vibration is established, and the results are compared with the
multi-body model. Some details about the solution of equations
are discussed. The eigen values of a rotating blade is also
calculated. The structural model proposed in this paper can be
widely used in the future study. For example, it can be coupled
with an aerodynamic model to study the aeroelastic properties
of the wind turbine blades. The effect of platform motion on
blade dynamic response can also be obtained based on this
analytical model.
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INTRODUCTION

Wind energy development has been paid more and more
attention these years because of its contribution of relief the
global warming and energy problem. With the technical
advance and increasing demand for electricity, wind turbine has
been developed from land to deep water with a larger capacity
and structural scale. The length of wind turbine rotor blades is
also enlarged for capturing more wind energy (see Fig.1). As
the blade becoming longer, the flexibility of blade structure is
also increased, and the blade deformation seems to be more
complex.

In the process of operation, the blade is subjected to
gravity, centrifugal force, and aerodynamic force. These forces
cause the blade deformed at four different directions including
longitudinal vibration (named axial extension), out of-plane
bend (named flap), in-plane/edgewise bend (hamed lead/lag)
and torsion [1]. The aeroelastic response of wind turbine blades
is influenced by the structural coupling between bending and
torsion of the blade. Bending-torsion coupling creates a
feedback between the aerodynamic forces, which induce
bending moments in the blade, and the blade torsion, which is
directly related to the angle of attack and thus the aerodynamic
forces [2]. Usually there are two kinds of models of blade to
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study the aeroelastic problem. One of the models is to
concentrate the elasticity of the blade to the root, and the whole
blade is taken as a rigid body. It seems that the rigid blade is
installed on a spring. Chopra and Dugundji [3] studied the
nonlinear dynamic behavior and stability problem of the blade
by the rigid body model considering the flap-motion, lead-lag
motion and feathering motion. But the other parts of the wind
turbine such as nacelle and tower were all neglected. Bir and
Stol [4][5] examined the operating modes of a two-bladed
teetered wind turbine which is modeled with seven degrees of
freedom. The modal parameters were extracted by the Flogquet
approach. However, the rigid body model is only suitable for
small wind turbine blades. As for large wind turbine blades, the
airfoil of blade section and pre-twist angle vary greatly along
the spanwise direction. The deformation of the blade is also
increased. The modal shape, geometry, and airfoil distribution
of the blade cannot be accurately described by the rigid body
model. It is more reasonable to use the flexible body model to
study the vibration of large wind turbine blades. Larsen et al[6]
derived the non-linear partial differential equations of mation
by considering the blade as a Bernoulli-Beam. Kallesege [7]
establish the nonlinear equations of bending and torsion motion
of a rotor blade including the effects from gravity, pitch action
and varying rotor speed. Li et al [1] put forward a mathematical
model describing the nonlinear vibration of horizontal axis
wind turbine blades, and the structural damping of the blade
was considered.
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Figurel Rotor radius of floating offshore wind turbine

Although a lot of research work has been done on the
blade modeling of onshore wind turbines. There is little study
about the offshore wind turbine blade modeling and the effect
of platform motion on the blade deflection. In this paper,
Hodges-Dowell’s [8] partial differential equations of blade
motion are extended by considering the whole wind turbine
system including the platform motion, the nacelle yaw and the
rotor rotation, except for the deflection of tower. The nonlinear
equations of motion for the elastic bending and torsion of wind
turbine blades is derived to study the natural properties. The
natural frequencies and mode shapes of a rotating blade at
different rotor speed are calculated. The analytical model
proposed in this paper can provide a basis for the analysis of
blade vibration and aeroelastic stability for floating offshore
wind turbines in the future work.

COORDINATE SYSTEMS AND TRANSFORMATION
Several coordinate systems will be used to describe the
configuration and motion of the wind turbine system (see Fig.
2). The orthogonal axes system X,Y,,Z,and associated unit
vectors lo,Jo, Ko are fixed in the inertial frame. The origin of
the system is pointQ, . The orthogonal axes system x v, z, is

rigidly attached to the support platform which is used to define
the translational (surge and heave) and rotational (pitch)
motions of the platform. Its originO, located at the mean sea

level. The transformation matrix from X.Y,Z, 10 X\YzZ is
given in the equation (1).

I SOy, 0 —sind, | 1,
Il=l o 1 0o |3 @
K| (sinf,, 0 cosbq, || K,
Xs
zZ
Z
/ TowerHt @
Xy(X)4 heave
‘-\Pitch
= 00 surge Zo(Z)
PmICM

| -
HubRad

Figure 2 Description of the coordinate systems for FOWT
Transfer the coordinate system x y,z, along with the

X, -axis. Then the orthogonal axes system X,,Y,,Z, is obtained

Copyright © 2018 ASME

Downloaded From: https://proceedings.asmedigitalcollection.asme.org on 03/01/2019 Terms of Use: http://www.asme.org/about-asme/terms-of-use



with origin O, at the tower top. The tower deflection can be
expressed by X,,Y,,Z,. However, the flexibility of tower is
negligible here now, the coordinate system X y,z, and
X,Y,Z, are identical except for the position of the origin. The
coordinate system X.Y,Z,is used to describe the motion of
nacelle, which is first rotated about the X, -axis with the

angle 6, . Hereafter system X,y,z, is rotated 6, about

the Y, -axis, yielding a transformation matrix between
coordinate system X,Y,Z, and X,Y,Z,. The origin of the two
systems are both point O,. Three blade wind turbines usually
don’t have tilt motion. @, is the tilt angle of the rotor shaft
from the nominally horizontal plane and it is constant.
I, | (cosb, 0O -sind, \(1 0 0 I,
Jl=| 0 1 0 |0 cosf, sing, |J,| @
Ky | \sing; 0 cosgy |0 -sind,, cosd,, || K,
Since the shaft in this model is assumed to be stiff, the
only transformation between system X,Y,Z, and system

X,Y,Z, is a rotation about the Z, (orZ,) -axis at constant

angular velocity Q. The transformation matrix of these two
systems is showed in equation (3). The plane

containing X, andY, is called the reference plane, or plane of
rotation. The origin O, of system X,Y,Z, is located at the

intersection of the rotor axis and the plane of rotation (non-
coned rotors) or the apex of the cone of rotation (coned rotors).

l, cosy siny 0) I,
J, |=| —siny cosy O] J, ®)
K, 0 0 1)K,

t
where the rotation angle 1//=J-th for t second.
0

The X, -axis, which lies along the elastic axis of the
undeformed beam, is inclined to the plane of rotation (and to
the X, axis) at the pre-cone angle ,Bp (negative as shown in Fig.
2). So the relationship
systems X,Y,Z,and XY, Zis:

I cosfB, 0 —sing | I,
=l o 1 o |3 “)
K, sing, 0 cosp, )| K,

Translating the X,Y,Z, system from the apex of the cone of
rotation to the centroid of the blade root (point 0), a new
system Xyz and the corresponding unit vectors T,],R are
established. The Xyz system coincides with the X.Y,Z, system

between the two

except for the location of origin. Here the radius of the rigid
hub, HubRad, is considered.

The elastic deformation of a FOWT blade is shown in
Figure 3. There are four components of deformation including
axial extension, flap, lead/lag (in-plane/edgewise bending) and
torsion. These deformations are described by the displacements

of the elastic axis u, v, w, parallel to i, J, K respectively, and the

torsion angle ¢ with respect to i ' axis. A point on the elastic
axis that is located at x, 0, 0 in the x, y, z coordinate system
before deformation is located at x+u, v, w after deformation.
The blade cross section is assumed to be symmetric with
respect to the chord. Thus the center of mass, shear center and
aerodynamic center of the blade section all locate on the chord
line. The 77 and ¢ axes shown in Figure 4 are the local
coordinate system of the cross section. The origin of this
system locates at the shear center. The 77 and ¢ axes are

inclined relative to the y and z axes at a twist angle &
(0=0,+6,, 0,is the setting angle and &, is the pre-twist

angle). The angle of twist of the cross-section changes from
@ about the x axisto G+¢ about the X' axis.
z.k

2k ¥

m x (or r);
w

Figure 4 Cross-section coordinates before and after
deformation

The complicated transformation from coordinate xyz
undeformed system to x'y'z' deformed system is given by

Ref 8.
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1 1
1-=v?-Zw? v W

it ) o Il
i [=| {v'cos(0-+ ) + w'sin(0+ ¢)] cos(0+¢+v'w')(l—v7) sin(0+¢)(1—w7) j
K ) . |[k|(3)

V'sin(0+ ¢)-w'cos(0+ ¢) —sin(9+¢+v‘w')(1—v7) cos(0+ ) _WT)
where v'=@ and W-:@.
OX OX

DERIVATION OF GOVERNING EQUATIONS

The equations of motion for a FOWT blade rotating at
constant speed are obtained from Hamilton's principle. The
rotor blade can be regard as a long, slender, homogeneous,
isotropic beam. The external forces acting on the beam are
characterized by a set of generalized distributed loads.

The expression of generalized Hamilton principle is:

t2

6@ -T)—owidt=0 (6)
t1
where U is the strain energy, T is the Kinetic energy, and sw is
the virtual work of the external forces. Suitable expressions

foroU , oV , and SW are now determined and then combined
to give the desired equations.

Strain energy contributions

The blade is regard as a long slender beam. According to
Ref. 8, the nonlinear strain—displacement relation of the normal

strain &,, as well as the shear strain component ¢, and

&, are obtained as:

£,=U '+V7+W7+(772 +§2)(0'¢'+¢7)
~Vv"[ncos(6+¢) - ¢ sin(6 +¢)] @)
—W"[7sin(@+¢)+¢ cos(6+¢)]

£y =—CO'

&y =n¢'

The variation of the strain energy U is:
R

oU = I” (B¢, +Ge,, ¢, +Geg, 0¢,. )dnd s dx ®)
0 A

where E is the Young’s modulus of elasticity, G is the shear
modulus.

Kinetic energy contributions

The derivation of kinetic energy of a blade is something
different from the previous work. Because the effect of
platform motion (surge, heave, pitch) for FOWT is considered
in this part.

Kinematics

The whole analytical system consists of six rigid body
(earth, support platform, tower, nacelle, shaft and hub) and
three flexible blades. The hub is rigidly connected with the

shaft. Thus they can be regard as one rigid body. Applying the
addition theorem for angular velocities [9] yields the following
form of the angular velocity of hub in the inertial frame

BN =P +Pa T+ TN+ Nt (9)
where " is the angular velocity of the platform in the
inertial frame. Because the tower is rigidly attached with
platform and the flexibility of tower is also ignored. The
angular velocity of tower top relative to the platform equals

zero. In other words, @' =0. The angular velocity of the

nacelle relative to the tower-top base plate, "o, has a

component associated with the rate of yaw. "@" is the

angular velocity of the shaft (or hub) to nacelle which is related
to the time derivative of the azimuth angle. The previous four
terms can be combined to give the following form of the
angular velocity of the hub in the inertial reference frame:

Ea)Hzépitch 'JO +éyaw |2 +QK4 (10)

To simply the analysis, “@"

following form:

can be written as the

i
k

The explicit expression of A, A, and A;can be obtained
by substituting equations (1) ~ (4) into equation (10).

The velocity of the platform (PointQ,) in the inertial
frame is:

EVO1 = X heave IO +Z surge KO (12)

where X heave and  Z surge represent the velocity of platform
heave and surge respectively.
The velocity of the tower top (pointO,) in the inertial

frame is:

E,,O.

VO = By 4 Bl xr®©:

E E_P P_T 0,0 (13)
=V 4 (Fo” + P" ) xro®
where the position victor r®° =TowerHt 1,. TowerHtis the
distance from mean sea level to the top of the tower.
The velocity of the apex of the cone of rotation (pointO,)

in the inertial frame is:

EyO: _ E

where the position victorr

v + Bt x 0 (14)
%0 = OverHangK,. OverHang is
the distance along the rotor shaft from the X,Y,plane to the

rotor apex.
The velocity of the centroid of the blade root (point 0) in

the inertial frame is:

Evo — EVO4 + ECOH % I_040 (15)
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where the position victor r°° = HubRad i . HubRad is the
distance from the apex of the cone of rotation to the centroid of
blade root along the pitch axis. To make it easier to understand,
the expression of some parameters here is the same as that in
FAST Code.

Like the angular velocity, the term EV° can be simplified
as:
i
B,1| i (16)
k
The explicit expression of B, , B, and B, can also be

obtained by substituting equations (1) ~ (4) and (10) into
equation (16). Here the effect of platform motion and other
parts of the wind turbine system on blade dynamic response are
all considered.

Kinetic energy

The vector position of a generic point S on the
undeformed beam is given by (X, y, z) with respect to the unit
vectors 1, j,K where (x, 0, 0) is the elastic axis. After the
blade deformed, the position of point S can be given by
(X, Y, Z;)- The high order terms have been ignored. Only the

first and second order terms are retained.
X, = X+Uu—V'lcos(d + @) - sin(6+¢)]
—w'[77sin(6 + @) + & cos(6 + ¢)] 7)
Yy, =V+ncos(d+¢)—¢ sin(@+¢)
Z, =W+nsin(@+ @)+ ¢ cos(6 + @)
The velocity of point S in the inertial frame is:
EVS — HVS + EVo + E(()H ><roS (18)
where "'v* is the velocity of the point S relative to the reference
frame xyz, which can be written as:

VS = Xi+y,j+ 2k (19)

fv°=[B, B,

The axial motion:

By substituting equations (11), (16) and (19) into equation
(18), one can obtain the expression of “v®:
V= (X1 +B+AZ - %ym + (yl +B, + Ax - Alzl)j
+ (21 + Ba + Aiyl - Azxi)k

The variation of the kinetic energy T of the rotating blade

(20)

ST =mp EvS SEVS dnd¢ dx (21)
0 A

where L is the length of flexible blade, measured from the
centroid of blade root to blade tip. The variation of the velocity
of point S is:

G5 = (B4 + A0z~ AOY)i+(0%, + AGX ~AGL)] s
+(02,+ Aoy, - Aox )k

It is assumed thatd “V°and @™ are both zero for a
qusi-static method.

Nonlinear equations of motion

The virtual work SW of the nonconservative forces can
be expressed as:
L
oW = jo (Fou+Fov+Fow+Mp+M ow'+M ov)dx (23)
where F , F, , F,and M, , M, , M, represent the resultant
distributed forces and moments (including gravitational,
aerodynamic and other external loading) in x-, y- and z-
directions respectively.
By substituting equations (8), (21) and (23) into equation
(6), the total variational equation in terms of u, v, w, and ¢ can

be obtained. For arbitrary, admissible variations ou, ov,
oW and sy, the coefficients of the variations must vanish in
the integrand for all x from 0 to L. This condition will yield
four nonlinear partial differential equations. After linearization,
the four governing equations of the axial motion, flap, lead/lag
and torsion are as follows:

T —-CYW (K, &K, &)—DY(x, k) =F, (24)

The flap motion:

{(El,sin*6+ El, cos” @)w"+ (El, —El ,)(v'sin@cosd +Vv"gcos20 +w"gsin 20) —Te, (sin & + gcos o)
+EAe,k:0'¢'sin @ — EAe; (v"sin @cos 6 +w"sin® @+ V" ¢cos 20 +w" ¢sin 26) — EB,0'¢'sin G}"— (Tw")" (25)

+CW (&, &, &', £)+ D" (k,c)=F, - M’

The lead/lag motion:

{(El, cos® 8+ Elsin* O)v"+ (El, — El ))[sin §cos Ow"— 2¢v"sin O cos & + (cos’ § —sin* ) gw"]
—EB,0'¢'cos @ —[Te,(cos & — ¢sin ) — EAK:e,0'¢'cos O + EAe: (v"cos @ — V" ¢sin 20 (26)
+W"sin @cos @ +w"pcos 201}~ (Tv) '+ C (&, &, £, £)+ DV (x,x) = F, - M,
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The torsion motion:

—H{K2(6+¢)'[T —EAK20'p'+ EAe, (v"cos @ +W"sin §)]+ EB; 6" ¢'— EB,A'(v"cos 8 +w"sin ) }'— (Gl ¢")"
A A A 1 2

—e,(W"cos @ —v"sin O)[T — EAK;0' 4"+ EAe, (v"cos 8 +w"sin 6)]+(EIl, — El )[(W"*—v"*) cos sin & +V"w"cos 26] (@7)
+CO(K & K" E)+CO (i, k") = M,
where
V|2 WIZ
T= EA{u '+7+7+ k,20'p'—e,[v"cos(6+ @) + w"sin(9+¢)]} (28)
The associated boundary conditions are:
u|><=0 = V|x=0 = W|x=0 = ¢|x=0 = O U I|><=0 = V||x=0 = W||x=0 = ¢I|><=L = 0' V"|><=L = W"|><=L = 0' T|x=L = O ! T|x=0 :Tmax ’

In equations (24) ~ (27), the symbol x represents taking
all four variables u, w, v and ¢ . The expression of C)and
D™ are presented in the Appendix A.

Before solving for the motion equations, it is more
convenient to eliminate u from the equation (24) ~ (27).
According to equations (24) and (28), u can be expressed by
terms T, v, w, and ¢ . The expression of T can be written as:

T=["(F, +C¥ (&, &, &', &)+ DY (s, )dx  (29)

Thus u'can be solved. The expression of U can be
obtained by integrating u' over x and then differentiating
with respect to t.

VERIFICATION OF THE ANALYTICAL MODEL

Method of solution

Based on the normal mode summation method, the blade
deformation can be expressed as a linear sum of known shapes
of the dominant normal vibration modes [9].

V= i Ve (X) Ay (D
2 (30)
W = Z ywk (X)qwk (t)

=3 7 ()0 ©
where d, (t) , d,(t) and g, (t) are the generalized

coordinates associated with the modal function y,, (X), 7, (X)

and y, (X) respectively. N,, N, andN,are the number of

modal functions used to describe edgewise, flapwise and
torsion motion respectively.
Alternatively, the deflection of the blade can also be

expressed using N other functions 7_/(X), which satisfy the
boundary conditions and not unique to each normal mode,
according to the assumed-modes method. The modal function
can be written as linear combination of the shape function

N, N, Ny
Yk zzajyvj! Yk =zbj7wj' Y =ch7¢j (31)
j=1 j=1 j=1
The shape functions of different motion are:

74 () =(x/L)"(j+NP-1)

7 () = (XI L)~ (j+NP-1) (32)
- . (2)-1
7¢j(x)=5|n%x

where the lateral deflection (edgewise and flapwise) of blade is
assumed to be expressible as a polynomial and NP is the order
of the first coefficient. To satisfy the geometric boundary
conditions, NP must be no smaller than two.

Substitute equations (30) (31) and (32) into equations (25)
~ (27). Based on Galerkin’s method, the modal motion
equations can be obtained through weighted integral by the
shape function with respect to x.

IOL El(v’ W, ¢)7/vi (X)dX =0
J.OL E, (v, w, ¢)7/Wi (x)dx =0

[, (v W, 97, (X)X =0

where  E (v,w,¢) , E,(v,w,¢) and E (v,w,¢) are the

expression of equations (25), (26) and (27) after moving the
right side terms to the left. The velocity terms and static
deformation is neglected to analysis the natural properties of
the blade. The modal motion equations can be written as:

) T
[-o'M+K]: [al,...,an,bl,...bNW,cl,...cNJ =0 g 39)
The coefficients a,,..,a, ,b,..b, ,c,..c, cannot equal to

(33)

zero at the same time, thus |—a)2M+K|:O .The natural

frequencies and the associated undamped modal function can
be obtained by solving the equation.
Verification of the model
The NREL 5MW wind turbine blade was chosen as an
example to validate the analytical model in this paper. The
geometric and material properties of the blade can be found in
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Ref. [10]. FAST uses a program called Modes to generate mode
shapes of blades. Here the program Modes was also used to
validate the model. The number of modal functions in Modes
and current model are set the same, which is N =N =5, N, =3.

Reference [11] did an eigen analysis by ADAMS, based on a
multi-body model. The comparison of the results for a static
blade are shown in tablel. And the comparison of mode shapes
can be found in Figure 5.

The results in tablel showed that the flapwise and
edgewise frequencies calculated by the current model are in
good agreement with the associated results of Modes and Ref.
[11]. The mode shapes also agree well. The natural frequency
and mode shape of torsion motion was also calculated which is
not included in Modes. Usually the torsional mode does not
occur alone. It is coupled with other modes. The coupling of all
kinds of deformation has an important influence on the
aerodynamic stability of the blade.

Table 1 Comparison of the natural properties for a static blade

Natural Current
Frequency(Hz) Modes(FAST) | ADAMS [11] model
First flapwise 0.6830 0.6745 0.6824
Firsr edgewise 1.0968 1.1033 1.0925
Second flapwise 1.9909 1.8394 1.9921
Second 40714 3.8997 4.0464
edgewise
First torsion - - 5.7446
o Modes
1.0 New Model
% 0.4 4
é
é’ 0.24
0.0
0.0
x/L
(a) First flapwise mode shape
o Modes
104 New Model
g
|5
5
k]
)
2z

0.0 0.2 0.4 0.6 0.8 1.0
x/L

(b) First edgewise mode shape

o Modes
1.2 New Model
1.0
c
g 0.8
(8]
Q
5 0.6
N
£ 044
€
g 0.2
(0]
& 00 :
o 0j0 1.0
(2]
'5 -0.2
0.4 4
(c) Second flapwise mode shape
o Modes
1.2 New Model
1.0+
c
2 o8
o
5 06
>
£ 04+
£
g 0.2
8
© 0.0 T T T T T
o 0jo B 0.4 0.6 0.8 1.0
“5” 024 M/
0.4
(d) Second edgewise mode shape
1.0+
0.84
Q
[=2
g 0.6
c
Ke]
g 0.4
8
0.24
0.0 T T T T T
0.0 0.2 0.4 0.6 0.8 1.0

x/L

(e) First torsion mode shape
Figure 5 Comparison of mode shapes with FAST-Modes

Eigen analysis of the blade at different rotational speed

The rotating blade is deformed by the effect of the
centrifugal force. Because of the coupling between rigid
motion and elastic deflection, the stiffness of the blades is
increased. This phenomenon is called dynamic stiffening. The
natural frequency of a rotating blade at different rotational
speed was calculated. The geometric and material properties of
the blade have been given previously. For different rotational

speed, the value of coefficient A and B, (i=1,2,3) will be
changed. The natural frequencies can be obtained by solving

equation (34). The results are shown in Table2 and the natural
mode shapes can be found in Figure 6.
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Table 2 Natural frequency of rotated blade(Hz) < a=mn
Rotor _ Mode Shap(.e N o
Speed First Secor]d First Secon_d g
Flapwise Flapwise Edgewise Edgewise g o
0 0.6824 1.9921 1.0925 4.0464 B ol
3r/min 0.7005 2.0304 1.0967 4.0584 é
6r/min 0.7442 2.1328 1.1088 4.0933 £ ™
9r/min 0.7965 2.2732 1.1273 4.1484 5 oz
12r/min 0.8486 2.4300 1.1504 4.2207 §
15r/min_| 0.8983 | 2.5923 1.1763 4.3072 2 \/ % 1o
0O 024
—=— Q=3r/min
104 —+—Q=6r/min 044
Y/ | —— Q=9r/min
s ; (d) Second edgewise mode shape
B o Figure 6 Mode shapes at different rotational speed
N . It can be found that as the rotational speed increased, the
;i natural frequency significantly changed. When the rotor speed
2 o] increased from 0 to 15 r/min, the frequency of fist flapwise and
§ second flapwise mode increased by 0.2159Hz,31.6% and
2 02 0.6002Hz,30.1%, respectively. For the edgewise mode, as the
a rotor speed changed, the first edgewise frequency increased
004 - " - - - 0.0838Hz, 7.7% and the second edgewise frequency increased
' T ' 0.2608Hz, 6.4%. The phenomenon is in accordance with the
(a) First flapwise mode shape Ref. 12. It also can be seen that the change of rotor speed has a
T OSmmin greater effect on the flapwise motion than edgewise.
1ol T Qmsnmin Meanwhile the frequency of low-order mode is easier to be
< —— Q=15r/min changed as the rotor speed increased. In Fig.6, the flapwise
B os mode shapes change more obviously than the edgewise.
‘§ Basically, all the mode shapes don’t change a lot at different
£ 061 rotor speed.
£
§™ CONCLUSION AND FUTURE WORK
A;wlo_z‘ In this paper, an analytical model for floating offshore
wind turbine blades is put forward based on Hamilton's
00 principle. The bending-torsion coupling effect is considered to
°° derive the nonlinear motion equations. The governing
equations of flapwise and edgewise deformation, the torsion as
1ol o gndnmn well as axial extension of the blades are obtained. NREL 5SMW
[ |7 g=srmin. wind turbine blade is taken as an example to validate the
< % —— 0=15¢/min analytical model. The frequencies and shapes of the natural
% . modes of blade vibration are compared to results from FAST-
3 Modes and ADAMS (the multi-body model), showing good
< °4 agreement. The accuracy of the analytical model in this paper is
g ol validated. The natural frequencies of both the flapwise and
% edgewise vibration is getting lager as the rotor speed increased
“5,10"’00 because of the effect of dynamic stiffening. However, the
ol change of mode shapes is not so obviously as that of frequency.
. Usually, the rotor speed has little effect on the mode shapes, but
044 it will have a significant effect on the frequency of vibration.

Based on the analytical model proposed in this paper, we
can do more research work in the next step. We plan to
combine the structural model in this paper with the
aerodynamic model to study the aeroelastic properties of the
blade and analyze the effect of different structural parameters

(c) Second flapwise mode shape
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on blade dynamic response. At present, the wind turbine is
fixed to study the natural properties of the blades. While, in the
next step, the hydrodynamic load will be included to calculate
the platform motion which can be regard as an input of the
structural model. And then we can further explore the influence
of platform motion on blade nonlinear dynamic response. The
flexibility of tower can also be considered at that time.
According to these research work, the instability mechanisms
of wind turbine blades vibration can be revealed. And some
suggestions about designs and control strategy to avoid
instabilities can also be provided.
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ANNEX A

EXPRESSION OF THE COEFFICIENT TERMS IN MOTION EQUATIONS

CYW (K, &, &' &") = 2AmV -2 A mw (A1)

D™ (i, x") = (A? + A2 )mx— A Amv— A Amw—AAmecos(d+¢) — AAmesin(@+¢) +(AB,—AB,)m (A2

C™(k, &K', K') = MW+ gmecos&—2Amu +2Amv—2Admesin @+ 2AV'mecosd +2Awmesin &

—[(2AN -2A,\v)mesin 6]’

D™ (x, k") =—(A” + AZ)mw— (A + A’)me(sin 6 + ¢ cos §) + A Axm— A Av'mecosd — A Aw'mesin @
+A,Amv+A, Ame(cosd—gsin ) — (A,B, — AB,)m+{-[(AZ + A2)x+ A,B, — A,B,Jme(sin & + ¢ cos ) (Ad)
+AAvmesin @+ AAm(k2, —kZ )(cos dsin § + gcos 20) + A Awmesin &
+AAM[KZ,sin® @+k2, cos® O+ (kZ, —kZ,)psin 201}

CY (&, &, &', &) = mV —gmesin &+ 2 Ami — 2 AmW— 2 A gme cos & — 2 AV mecos @ — 2 A\’ mesin @

(A3)

(A5)
—[(2Av—-2A,Ww)mecos 4]’
DY (x, k") = —(A? + AZ)mv— (A + A7)mecos 8 + (A” + AZ)megsin 0+ A Amx— AAv'mecosd— A AW mesin g
+A,Amw+ A, Amesin @+ A, Amegcos - (AB, — AB,))m+{-(A. + AZ)mex(cos & - gsin ) A5)
+(A,B, — AB,)me(cos @ — ¢sin 8) + A Avmecos &+ AAm(k2, —kZ,)(sin #cos & + ¢ cos 26)
+AAwmecos &+ AAMIK:, sin’ 0+kZ, cos® 0+ (k2 —kZ,)gsin 20]}
CY (k% k', K" = —mesin @+ gmk? + 2 Avimesin @+ 2 Avme cos @ +ime cos 6+ 2AN ' m(k2, cos® @+ k2, sin’ §) A

+2AW'm(k2,sin? @+ k2, cos® ) + 2(Av'+ Awi')m(kZ, —kZ,) cos@sin @
DY (x,x") = A A;xme(cos & — gsin §) — A A, xme(sin @+ ¢ cos §) — (A2+AZ)xv'mesin &+ (A3+A2) xw'mecos &
+(A’ + AZ)vmesin & — (A’ + A2)wmecos 8 — A, Awmesin & + A, Avmecos & + (A,B, — A,B,)w'mecos
—(AB, - AB,)v'mesin 0+ (AAV'+ AAW)M(kZ —k?Z,)cos 20 — (A,B, — AB,)me(cos & — gsin 0) (A8)
— (A2 + A)m(k2, —k?2,)(cos sin 6+ g cos 20) + 2(AAV'- AAWIM(kZ, —kZ ) cosOsin @
—(AB, - AB,)me(sin & + gcos ) + A, Am(k’, —k2,)(cos 20 — 2¢sin 26)
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