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Abstract: Wet precipitation (WP) is a diffusion-controlled 
synthesis method, which is often used for synthesizing 
such compounds as hydroxyapatite (HAp). Since the 
process is limited by diffusion, the choice of a diffusion 
model becomes a critical aspect. In this simplistic 
assessment for a preliminary evaluation of the diffusion 
model applicability, the Ginstling-Brounstein (GB) 
equation is chosen and analyzed for the case of spherical 
particles. The nominal kinetic constant K is a parameter 
in GB model which describes diffusion and is related to 
the effective molecular diffusivity. When the value of K is 
known, it becomes possible to predict the required time 
to achieve desired conversion and design the synthesis 
accordingly. The GB model is assessed mathematically 
using simulations, a parametric study and Yates analysis 
(2n factorial design). Parameters chosen for a preliminary 
study are in the range of characteristic values for a 
laboratory-scale WP synthesis of HAp and are thus 
representative for the application of the model to practice. 
It should be noted that the analysis is simplistic and is 
meant to provide only preliminary information for future 
research, requiring experimental validation.
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Introduction1  
The Ginstling-Brounstein (GB) model is applicable 
for describing diffusion-controlled processes, and its 
practical use has been investigated and reported for a 
wide range of applications [1-18]. Known applications that 
mention the GB model for describing the kinetics include 
the hydration of the portland cement particles [1], solid-
state synthesis of lanthanum manganite controlled by 
the three-dimensional solid-ionic diffusion [2], solid-state 
synthesis of the compound Zn2.5VMoO8 [3], formation 
of magnesium ferrites [4], dehydration of the iron(III) 
phosphate dihydrate [5,6], thermal degradation of 
carbohydrate polymers [7], oxidation and decomposition 
of three-dimensional braided carbon fibers [8], alkaline 
hydrolytic decomposition of the uncolored chromium 
leather wastes [9], thermal stability evaluation of silver 
sulfathiazole-epoxy resin networks [10], oxidation of 
boron powder [11], wollastonite fibre dissolution in acetic 
acid aqueous solution [12], xylan pyrolysis [13], thermal 
degradation of DGEBA epoxy crosslinked with natural 
hydroxy acids [14], and pyrolysis mechanisms of lignin-
PVA blends [15]. The model has also been applied to some 
extent in the study of thermal modes of heterogeneous 
exothermic reactions [16] and the study of inclusion 
complexes in supramolecular host-guest architectures 
[17], as well as a methodological study on determination 
of kinetics from DTA and TG curves [18].

Wet precipitation (WP) is one of the most widely used 
hydroxyapatite (HAp) synthesis methods and is based on 
the reaction of calcium hydroxide with the orthophosphoric 
acid diffusing into the particle. Hydroxyapatite is the 
main mineral constituent of bones and teeth, and has 
found its application in various fields such as tissue 
engineering, orthopedics, prosthetics, drug transport and 
environmental remediation [19-23]. The orthophosphoric 
acid is added dropwise into the suspension. The reaction 
can be written as in the reaction Equation 1.

10Ca(OH)2 + 6H3PO4 → Ca10(PO4)6(OH)2 + 18H2O     (1)
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In this work, the diffusion model is analyzed in the context 
of diffusion of orthophosphoric acid into the calcium 
hydroxide particle in a water suspension. However, it has to 
be noted, that in the studied case, the chemical reaction is 
much faster than the diffusion, thus, the orthophosphoric 
acid is diffusing into the reaction product (hydroxyapatite) 
[24] in reality. The model is somewhat simplified, since it 
does not account for the presence of byproducts which are 
normally created in the case of hydroxyapatite synthesis 
[25].

Another important assumption is that particles 
can be considered as spherical, which is often only an 
approximation. The coefficient D is the effective diffusivity. 
It describes the diffusion in the porous material, and is 
macroscopic in its nature, e.g., describes not the individual 
pores, but all the available pores in total [26].

It is related to the molecular diffusivity DAB as shown 
in Equation 2 [27].

                               , (2)
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Solving Equation 3 for the standard boundary 
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, where Φ(y) is the error integral defined as in Equation 13. 
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Equation 12 can be solved numerically and the value of D can be obtained. However, in this work, 

from the practical standpoint, it is more efficient to look into the ways of experimentally evaluating 
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 is the proportionality coefficient when 
concentration is in the molar units; n is the stoichiometric 
reaction coefficient which represents compound’s 
A quantity in moles reacting with a single mole of 
compound’s B; μ is compound’s A molecular mass.

As one of the solutions intermediate forms to this 
model the Equation 10 is obtained.

 

5 

, where the 𝜀 =  ���  is the proportionality coefficient when concentration is in the molar units; n is the 

stoichiometric reaction coefficient which represents compound’s A quantity in moles reacting with a 

single mole of compound’s B; μ is compound’s A molecular mass. 

As one of the solutions intermediate forms to this model the Equation 10 is obtained. 

𝑥2 �1 −  2
3
𝑥
𝑅� = 𝐾𝜏                                                        (10) 

Equation 10 describes the relationship between the thickness of the reacted layer x and the elapsed 

time τ. It can be deduced that the rate of the change in layer thickness of compound’s AB 

continuously decreases in time at 
𝑥
𝑅 values from 0 up to 0.5, but then symmetrically increases at 

𝑥
𝑅 

values from 0.5 up to 1. 

Since it is extremely challenging or even close to impossible to experimentally determine the 

thickness of the reacted layer in time, Brounstein and Ginstling proposed to use the conversion G in 

place of x, where G varies from 0 to 1. 

In the G – τ coordinates, model can be represented by the Equation 11. 

1 −  23𝐺 −  (1 − 𝐺)
2
3 =  𝐾𝜏𝑅2                                                  (11) 

, where K is the nominal kinetic constant, and is related to the effective diffusivity as represented by 

Equation 12. 

√𝜋𝜀𝐾
2𝐶0√𝐷

=  
𝑒𝑥𝑝 �− 𝐾

4𝐷�

𝛷 � 𝐾
√4𝐷�

                                                    (12) 

, where Φ(y) is the error integral defined as in Equation 13. 

𝛷(𝑦) =  2
√𝜋

� 𝑒−�2𝑑𝑢
𝑦

0
                                                  (13) 

Equation 12 can be solved numerically and the value of D can be obtained. However, in this work, 

from the practical standpoint, it is more efficient to look into the ways of experimentally evaluating 

the nominal kinetic constant, since effective diffusivity includes both the diffusivity and reaction 

 (10)

Unauthenticated
Download Date | 2/28/18 9:35 PM



66    Andrey E. Krauklis, Ilo Dreyer

Equation 10 describes the relationship between the 
thickness of the reacted layer x and the elapsed time 
τ. It can be deduced that the rate of the change in layer 
thickness of compound’s AB continuously decreases in 
time at 
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The nominal kinetic constant K is a parameter in GB model which describes diffusion and is 
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where G is conversion (-); K is nominal kinetic constant 
(m2/s); τ is time (s); R is particle radius (m).

The nominal kinetic constant K is a parameter in GB 
model which describes diffusion and is related to the 
effective molecular diffusivity. When the value of K is 
known, it becomes possible to predict the required time to 
achieve the desired conversion and design the synthesis 
accordingly.

Experimental2  

Methods2.1  

Experiment simulations and analysis methods. The 
heterogenous reaction occurs at the Ca(OH)2 particle 
surface. The diffusion model is assessed using the 
aforementioned GB model. The mathematical model is 
assessed using experiment simulations. The full output 
generated during the simulations is available in the 
Appendix of this work. The particle radius is assumed to 
be in the range of 0.5 – 1.5 μm. It is known, that in practice 
it is common for the wet precipitation (WP) synthesis 
of hydroxyapatite to long for about 5 to 7 hours. It is 
then reasonable to assume that at this elapsed time the 
reaction is close to a completion and the conversion can 
be assumed to be in the range of 0.90 – 0.95. Using the GB 
model, it is then possible to estimate the value of K. 

The experiments are simulated, and the effect of K 
and R on conversion G is analyzed, as well as the effect 
of parameters G, R, τ on the value of K in calculations, 
with the help of statistical methods. 45 simulations were 
performed in total and are reported in the Appendix of this 
work. The data is analyzed using 2n factorial design using 
Yates Algorithm, also known as Yates Analysis, in order to 
identify the percentile effect of parameters on the value 
of K in the model. The model in the form of Equation 12 
is used.

Ethical approval: The conducted research is not 
related to either human or animals use.

Results and discussion3  

Experimental simulations3.1  

Numerical simulations of 18 experiments were performed, 
that is for the all possible combinations of extreme cases 
and also a few medium cases for particle radius and 
elapsed time within the boundaries of the first assumption 
as represented by the Equation 15. Values chosen for 
a preliminary study are in characteristic range for a 
laboratory-scale WP synthesis of HAp.

R = 0.5, 1.0, 1.5 μm
τ = 5, 6, 7 h                                                     (15)
G = 0.90, 0.95
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The algorithm of the simulations is as follows: the 
input parameters (particle radius, conversion and elapsed 
time) are inserted in the model. The value of K is obtained. 
Knowing the value of K, and setting G to a value from 0 up 
to 1 with a step of 0.05, it is then possible to calculate the 
time required for obtaining the respective conversion.

The results of these 18 simulations (S1 – S18) can be 
found in the Appendix of this work. The example of the 
simulation output with the input parameters being R = 1.0 
μm, G = 0.9, τ = 7 h is shown in Table 1.

Obtained values of the nominal kinetic constant K are 
summarized in Figure 1.

As shown in the Figure 1, it can be deduced that the 
expected value of K is in the range of about 1∙10-19 to 
3∙10-17 m2/s. It should also be noted, that the larger the R, 
the larger the scatter of possible K values. Based on the 
18 simulations, the results are analyzed via descriptive 
statistics and the average value of K in the expected 
range is reported in Table 2. Based on the aforementioned 
assumption (Equation 15), the expected value of K in 
the practical conditions of wet precipitation synthesis 
of hydroxyapatite is 1.14·10-17 ± 4.33·10-18 m2/s (95% 
probability), which results in 37.87% uncertainty.

Influence of the particle size and nominal kinetic 3.1.1  
constant on the conversion

Analyzed particle radius infl uence on the conversion 
change in time, using the obtained average value of K = 
1.14·10-17 m2/s from the aforementioned 18 simulations (S1 
– S18). Additional 6 simulations (R1 – R6) are performed, 
where the value of K is fi xed, and 6 diff erent R values 
are chosen: 0.5, 1.0, 1.5, 2.0, 2.5, 3.0 μm. Note, that radii 
higher than 1.5 μm are also used here, in order to obtain 
more data points and thus a fuller picture of the particle 
radius infl uence. Elapsed time in order to reach a specifi c 
value of conversion for particles of varying size is shown 
in Table 3. 

Simulations R1 – R6 can be found in the Appendix of 
this work. The effect of particle radius on the required time 
to reach the desired conversion is shown in Figure 2. 

Looking at the model (Equation 12) and Figure 2, 
it is obvious that a twofold increase in particle radius 
results in a fourfold increase in the required elapsed time 
to reach the same conversion, if all other conditions are 
unchanged.

The effect of K on the conversion is assessed in the 
additional 3 simulations (K1 – K3) – in each of these, K 
is set to a constant value – respectively, in the expected 
range the minimum, arithmetic mean and the maximum 

Table 1: Example of the numerical simulation output.

S17

R = 0.000001 m

G = 0,9  

τ = 7 h

τ = 25200 s

K = 7.324·10-18 m2/s

1 - (2/3)G - (1-G)^(2/3) = K*τ/R^2

G τ, s τ, h

0 0 0.00

0.05 39 0.01

0.1 159 0.04

0.15 366 0.10

0.2 668 0.19

0.25 1072 0.30

0.3 1588 0.44

0.35 2225 0.62

0.4 2998 0.83

0.45 3921 1.09

0.5 5012 1.39

0.55 6295 1.75

0.6 7799 2.17

0.65 9561 2.66

0.7 11633 3.23

0.75 14084 3.91

0.8 17023 4.73

0.85 20621 5.73

0.9 25200 7.00

0.95 31534 8.76

1 45515 12.64

Figure 1: Simulation output showing the dependence of K on input 
parameters G, R and τ.
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value is used here, based on the results of the S1 – S18 
simulations. In all of these simulations the particle radius 
is fixed and is 1 µm. Simulations K1 – K3 can be found in 
the Appendix of this work.

The G = f(τ) relationship is shown in Figure 3, and is 
a clear representation of how nominal kinetic constant K 
influences the time required to reach a desired conversion, 
and is a graphic representation of which is also clear from 
the model Equation 12. Looking at the model (Equation 12) 
and Figure 3, it is clear that a twofold increase in nominal 

kinetic constant results in a twofold decrease in the 
required elapsed time to reach the same conversion, if all 
other conditions are unchanged.

In order to evaluate the mathematical model and to 
determine the effect of factors R and K on the conversion, 
the combined analysis is necessary, using descriptive 
statistics and dispersion analysis ANOVA, two-factor 
without replication [32].
The analyzed particle radius R and nominal kinetic 
coefficient K effect on conversion G = 0.90, using results of 
aforementioned simulations S1 – S18 and of the additional 
18 simulations S19 – S36 in order to obtain a fuller picture 
of the influence. Results of these additional simulations 
can also be found in the Appendix. 

Based on the results of the dispersion analysis shown 
in Table 6 it is deduced that the percentile effect of factor 
R is 95.38%, of factor K is only 2.80%, and the error scatter 
(unexplained dispersion) is 1.82%. However, based on the 
Fisher’s criterion at α = 0.05, the effect of both factors is 
significant, since FR = 105.040 > F0.05 = 3.326 and FK = 7.712 
> F0.05 = 4.103. Since the effect of both factors R and K is 
significant and the numbers of residual degrees of freedom 

Table 2: Descriptive statistics results of simulation output K values. 

K, m2/s
Average 1.143·10-17

Median 9.709·10-18

Standard Deviation 8.707·10-18

Excess -0.877
Skewing 0.579
Scatter Range 2.704·10-17

Minimum Value 1.831·10-18

Maximum Value 2.887·10-17

Table 3: Elapsed time in order to reach a specific value of conversion 
(K = 1.143·10-17 m2/s).

R 0.5 μm 1.0 μm 1.5 μm 2.0 μm 2.5 μm 3.0 μm

G τ, s τ, s τ, s τ, s τ, s τ, s

0 0 0 0 0 0 0

0.05 6 25 56 99 155 224

0.1 25 102 229 407 636 916

0.15 59 235 528 938 1466 2112

0.2 107 428 963 1712 2674 3851

0.25 172 687 1545 2747 4291 6180

0.3 254 1017 2288 4067 6355 9151

0.35 356 1425 3207 5701 8907 12826

0.4 480 1920 4320 7680 12000 17280

0.45 628 2511 5650 10044 15694 22599

0.5 803 3210 7223 12840 20063 28890

0.55 1008 4032 9072 16127 25199 36286

0.6 1249 4995 11239 19980 31218 44954

0.65 1531 6124 13778 24494 38272 55112

0.7 1863 7450 16763 29801 46564 67052

0.75 2255 9021 20296 36083 56379 81186

0.8 2726 10903 24531 43611 68142 98125

0.85 3302 13207 29716 52829 82545 118865

0.9 4035 16140 36315 64559 100874 145258

0.95 5049 20197 45442 80787 126229 181770

1 7288 29151 65589 116602 182191 262356

Figure 2: The effect of particle radius on the required time to reach 
the desired conversion (K = 1.143·10-17 m2/s).

Figure 3: The effect of the nominal kinetic constant on conversion 
change in time (R = 1 μm).
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are νe, R = 5 < 10 and νe, K = 2 < 10, the dispersion analysis can 
be stopped here. Based on the analysis it is thus possible to 
conclude that the effect of the particle size on conversion 
is significantly larger than that of the nominal kinetic 
constant. These results indicate that the synthesis time 
during wet precipitation can be significantly decreased by 
decreasing the particle size.

Effect of conversion, particle size and time on the 3.1.2  
nominal kinetic constant value in the model

In the analysis a 2n factorial design, or Yates Analysis, is 
used. Complete factorial design (CFD) – a set of multiple 

measurements or simulations, which satisfies the 
following conditions: (1) The number of measurements or 
simulations is 2n, where n is the number of factors; (2) Each 
factor has only 2 values, the lowest and the highest; (3) 
During the measurement or simulation the lowest and the 
highest values are combined in all possible combinations. 
The advantage of such a design is the ease of parameter 
evaluation [33].

The influence of G, R and τ on the resulting value of 
K in the model is analyzed. 23=8 simulations are required 
in order to satisfy the aforementioned condition. The 
parameter configuration for the respective simulations is 
reported in Table 7, where „-” and „+” stands for the lowest 
and highest value, respectively.

Based on the earlier described value range the input 
parameter values are the following: Rmin = 0.5 μm, Gmin = 
0.90, τmin = 18000 s, Rmax = 1.5 μm, Gmax = 0.95, τmax = 25200 
s. Additional 8 simulations are performed (FD1 – FD8), 
based on the model equation in the form of Equation 16. 

Results of the simulations can be found in the 
Appendix of this work. The results of the simulations are 
shown in the form of a matrix as represented in Table 7 
according to the Yates analysis condition.

All 8 combinations and simulations are reported 
in the specific order as shown in Table 7. All responses 
are sorted as shown in Table 8. The values of the first 
column are then calculated – first 4 values are obtained 
by summing response pairs. For instance, the first value of 
the first column is the sum of a mean value and the effect’s 
response of R; the second value is obtained by summing 
G and R·G responses. The last 4 values in the first column 
are calculated in an analogous fashion, but with the 
detraction of the responses. For example, the fifth value 
of the first column is found by detracting response mean 
from the effect’s response of R; the sixth value is found by 
detracting the G response value from the R·G response.

The second and third column is calculated in the 
similar manner as the first column, but in the place of 
responses first and second column values are used, 
respectively. This algorithm is then continued until the 
number of numbered columns is the same as the number 
of factors, which in this case is equal to 3. Values of the 

Table 4: Input data for the dispersion analysis.

Gradation 
classes

K, m2/s, 
if τ = 5 h

K, m2/s, 
if τ = 6 h

K, m2/s, 
if τ = 7 h

R = 0.5 μm 2.563·10-18 2.136·10-18 1.831·10-18

R = 1.0 μm 1.025·10-17 8.544·10-18 7.324·10-18

R = 1.5 μm 2.307·10-17 1.923·10-17 1.648·10-17

R = 2.0 μm 4.101·10-17 3.418·10-17 2.930·10-17

R = 2.5 μm 6.408·10-17 5.340·10-17 4.577·10-17

R = 3.0 μm 9.228·10-17 7.690·10-17 6.591·10-17

Table 5: Dispersion analysis.

Number Sum Mean Dispersion

R = 0,5 μm 3 6.53·10-18 2.18·10-18 1.35·10-37

R = 1,0 μm 3 2.61·10-17 8.71·10-18 2.17·10-36

R = 1,5 μm 3 5.88·10-17 1.96·10-17 1.10·10-35

R = 2,0 μm 3 1.04·10-16 3.48·10-17 3.46·10-35

R = 2,5 μm 3 1.63·10-16 5.44·10-17 8.46·10-35

R = 3,0 μm 3 2.35·10-16 7.84·10-17 1.75·10-34

K, m2/s, 
τ = 5 h

6 2.33·10-16 3.89·10-17 1.18·10-33

K, m2/s, 
τ = 6 h

6 1.94·10-16 3.24·10-17 8.17·10-34

K, m2/s, 
τ = 7 h

6 1.67·10-16 2.78·10-17 6.00·10-34

Table 6: The effect of the factors; the results of the dispersion analysis.

Scatter Sum of 
Squares

Percentile 
effect

Degree of 
Freedom

Dispersion Fisher’s 
criterion

p–value F0.05,ν,νZ

Effect of R 1.27·10-32 95.38 5 2.54·10-33 105.040 2.61·10-8 3.326

Effect of K 3.74·10-34 2.80 2 1.87·10-34 7.712 0.00941 4.103

Error Scatter 2.42·10-34 1.82 10 2.42·10-35

Total 1.33·10-32 17
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effect are then obtained by diving last column’s values 
with the number of simulation, meaning by 8 in this case. 
If the value is positive or negative, then the correlation 
sign is „+” and „-”, respectively. The values of effect are 
relative, but they allow to evaluate the percentile effect of 
parameters on the value of K. Percentile values are then 

obtained by dividing the modulus of effect values by the 
modulus of the sum of values [33].

Furthermore, it is possible to evaluate the effect sign; 
if a sign is „+” or „-”, then by increasing the parameter, 
the response increases or decreases, respectively. It can be 
concluded that the highest effect on the calculated value 
of the nominal kinetic constant K is the particle radius 
R, and is 59.95% as can be seen in Figure 4 and Table 8. 
The analysis also shows the coupled effect of parameters, 
which is most significant for the particle radius coupled 
with time. Thus, in order to obtain K values with a higher 
precision using the GB model, the highest attention has to 
be given to the measurements of the particle radius R.

Conclusion4  
In this short and simplistic preliminary study, a 
mathematical assessment of the Ginstling-Brounstein 
(GB) model showed that it can be potentially useful in 
describing the diffusion-controlled synthesis as in the case 
of wet precipitation (WP) of hydroxyapatite (HAp) using 
values of the parameters characteristic to the laboratory-
scale synthesis of HAp. Particle size determination has the 
most significant effect (59.95%) on the kinetic coefficient 
value calculations and thus the highest attention has 
to be given to the careful measurements of the particle 
size in order to obtain K values with a high precision. It 
should also be noted, that reducing particle radius can 
significantly reduce diffusion-controlled reaction time in 
order to reach a desired conversion, even operating within 
the characteristic range of WP parameters in practice, 
and thus the overall synthesis time can be significantly 
reduced. An experimental validation of the model will 
follow.

Table 7: Input data for the Yates Analysis method.

Simulation R G τ Response (K)

FD1 - - - 2.563·10-18

FD2 + - - 2.307·10-17

FD3 - + - 3.208·10-18

FD5 + + - 2.887·10-17

FD4 - - + 1.831·10-18

FD7 + - + 1.648·10-17

FD6 - + + 2.291·10-18

FD8 + + + 2.062·10-17

Table 8: Yates Analysis.

Effect Response 1st Column 2nd Column 3rd Column Response 
Squares

Effect Value Percentile 
Effect %

Effect’s 
(correlation) sign

Mean 2.563·10-18 2.563·10-17 5.771·10-17 9.893·10-17 6.570·10-36 1.237·10-17

R 2.307·10-17 3.208·10-17 4.122·10-17 7.914·10-17 5.322·10-34 9.893·10-18 59.95 +

G 3.208·10-18 1.831·10-17 4.617·10-17 1.105·10-17 1.029·10-35 1.381·10-18 8.37 +

R·G 2.887·10-17 2.291·10-17 3.298·10-17 8.836·10-18 8.334·10-34 1.105·10-18 6.69 +

Τ 1.831·10-18 2.051·10-17 6.443·10-18 -1.649·10-17 3.352·10-36 -2.061·10-18 12.49 -

R·τ 1.648·10-17 2.566·10-17 4.602·10-18 -1.319·10-17 2.715·10-34 -1.649·10-18 9.99 -

G·τ 2.291·10-18 1.465·10-17 5.154·10-18 -1.841·10-18 5.249·10-36 -2.301·10-19 1.39 -

R·G·τ 2.062·10-17 1.833·10-17 3.682·10-18 -1.473·10-18 4.252·10-34 -1.841·10-19 1.12 -

Figure 4: The percentile effect of parameters on the value of K in the 
model.
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