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Problem Description

In the article "Product of Hyperfunctions on the Circle” in Israel Journal of Mathematics, 2000, J.
Esterle and R. Gay discuss the definition of the product of hyperfunctions on the circle; in
particular they show that for two hyperfunctions with disjoint support the product is defined and
equals zero. Their approach uses the structure of the sheaf of hyperfunctions. They mention in the
introduction that the problem comes from the article by Y. Domar of 1997 and the later comments
to this article. J. Esterle and R. Gay also claim that their first approach to the problem was based
on the theory of entire functions.

The first aim of this project is to study the original article by Y. Domar, fill in the details of his
construction of an invariant subspace of the weighted |“p-space and see how this result is
connected to the product of hyperfunctions. Then we want to see how the technique based on the
theory of entire functions can be adjusted to show that the product of two hyperfunctions with
support in two disjoint arcs is zero in the sense of Esterle and Gay.

Further aims of this project are to give a new proof of the result by Esterlie and Gay about
hyperfunctions on the circle with disjoint support and consider the corresponding problem for
hyperfunctions on the real line.
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Abstract

We prove that if two hyperfunctions 77 and 75 on the unit circle have disjoint
support, then

lim Z r™en (T1) em—n(Ty) = 0 (m e Z)

r—1T nez

where ¢, are the Fourier coeflicients of the hyperfunctions. We prove this by
using the Fourier-Borel transform and the G-transform of analytic function-
als. The proof is inspired by an article by Yngve Domar. In the end of his
article he proves the existence of a translation-invariant subspace of a certain
weighted [P-space. This proof has similarities to our proof, so we compare
them. We also look at other topics related to Domar’s article, for example
the existence of entire functions of order < 1 under certain restrictions on
the axes. We will see how the Beurling-Malliavin theorem gives some an-
swers to this question. Finally, we prove that if 7' and S are hyperfunctions
on R with compact and disjoint support, then

oo

lim FT(2)FS(w — z)e” % dz = 0.

a—0 J_
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Chapter 1

Introduction

In my project in the fall of 2007 I gave an introduction to hyperfunctions
and analytic functionals on the unit circle, and showed that there exists
a bijection between these sets. I also showed that the product of an ana-
lytic function h and a hyperfunction f is well defined and that we have the
following formula for the Fourier coefficients of the product:

Rf(m) =" h(n) f(m —n).

In an article by Esterle and Gay [5] it is shown that if two hyperfunctions
Ty and T, have disjoint support, then

lim > ey (Th)em n(T2) =0 (m € Z) (1.1)

1=
TH ne”Z

where ¢, are the Fourier coefficients of the hyperfunctions. They proved
this by first showing that it is possible to take the product of two hyper-
functions with disjoint support and then they drew conclusions about the
Fourier coefficients. One of the aims of this project is to prove this formula
directly using the Fourier-Borel transform and the G-transform of analytic
functionals. That was what Esterle and Gay did first, but they did not write
about it in the article. Their first proof was inspired by a paper by Yngve
Domar [4] and a preprint by Atzmon. We will go through the details of the
proof by Domar that inspired Esterle and Gay.

Before we do that, we will look at some other topics related to Domar’s
article. The article proves the existence of entire functions of order < 1 under
certain restrictions on the axes. We will see how the Beurling-Malliavin
theorem given in [3] gives some answers to this question. Domar proves two
theorems, and one of them is used to show that there exists a translation-
invariant subspace of a weighted [P-space. It is this part that has similarities



to the proof of formula (1.1). When we have proved (1.1), we will compare
Domar’s proof to our proof of formula (1.1).

Finally, we will give an introduction to hyperfunctions on R and see if it is
possible to find a formula similar to (1.1) here.



Chapter 2

Hyperfunctions and analytic
functionals

2.1 Hyperfunctions on T

We will let 22 (W) be the space of holomorphic functions on an open subset
W of C. If Vi and V5 are open subsets of C and Vi C V3, we let Ry, v, :
H (Vo) — (V1) be the restriction map. Let L be a nonempty open subset
of T, then we denote by U, the set of all open subsets W of C such that
WNT=L. If W € U}, we define the quotient space

Bw (L) :== A (W \ L)/ Ryy\pw (' (W)).
It can be shown that this definition is independent of W, so we may define
B(L) := Bw (L) [5, page 273].
Definition 2.1.1. The space of hyperfunctions on L is the complex vector
space defined as the quotient

B(L) := A (W \ L)/ Ryn 1w (A (W)).
A hyperfunction on L is an element of B(L).

This means that the elements of B(L) are represented by pairs of holomor-
phic functions (f, f7) in W+ = WND and W~ = WN(C\ D), respectively.
Two pairs of functions (f, f7) and (g, ¢g~) are equivalent if there exists a
U e # (W) such that ft —gt =U|W+ and f~ —g~ =U|W".

Let #(C\ D) = {g € #(C\ D)|lim|,|_ g(z) = 0}. We will need the
following fact a few times: If T' € B(T) there exists a unique f* € (D)
and a unique f~ € J4(C \ D) such that T is represented by (f*, f~) [5,
page 273].



Definition 2.1.2. Let L1 C Ly be two nonempty subsets of T. Let T €
B(L2) be represented by f € 7 (Vo \ La2), where Vo € Ur,. The restriction
of T to Ly, denoted T|Lq, is the hyperfunction in B(L1) which is associated
to fl(VinVa)\ Ly), for any open Vi € Uy, .

Definition 2.1.3. Let T € B(T). The support of T on T, suppT, is the
complement on T of the largest open set U C T such that T|U = 0.

This means that supp T is the complement on T of the largest open set
U C T such that fT and f~ extend each other analytically across U.

2.2 Analytic functionals

We now define the restriction map Ry, v, : 5€(Va) — C(V1) where C(V})
is the set of continuous functions on Vi, and we no longer require Vi to be
open. The space of holomorhic functions on a compact set K is then

H(K) = | Rial#(Q)
KCQ

where the union is taken over all open sets containing K.

Definition 2.2.1. Let K C C be compact. We define 7' (K), the space of
analytical functionals carried by K, to be the space of linear functionals T’
on A (K) such that for all open w containing K there exists C,, for which

(T, p)| < Cysup ||
w

holds for each ¢ € ' (K) analytic in w.

2.3 Fourier coefficients
The Fourier coefficients of a function f € L'(T) are given by

1 2m ) )
enlf) =5 [ Fe?)e ™ ap.

:27['0

We may also define the Fourier coefficients of an analytic functional.

Definition 2.3.1. Let T € '(T). The nth Fourier coefficient of T is given
by
cn(T) = <Ta C_n_1>

4



for alln € Z.

There is a definition in [5] which we will also use.

Definition 2.3.2. The Fourier coefficients f(n) of a hyperfunction T €
B(T) represented by (f*, f~) where f+ € (D) and f~ € 74(C\ D), are
defined by the formulae

) =Y <1

n>0

and

O SF (DEEESY

n<0

2.4 Bijection between B(T) and 57'(T)

I showed in my project that there exists a bijection between B(T) and
A (T). Here we will use a slightly different bijection which has the ad-
vantage of preserving the Fourier coefficients.

We let
H: 7' (T) — B(T)
be given by . .
F — [Fl, —FQ]

where [fl, —fﬂ is the equivalence class of (f’l, —f‘g) and

D) =(0pmy) <1
~ 1

Iy (z) = (T, 27—C> |z| > 1.

It follows from Proposition 2.4.1, which is part of Proposition 1.6.10 in 2],
that Ty € (D) and I's € 54(C \ D).

Proposition 2.4.1. LetT' € s/ (T). ThenT € A (D) and Ty € HH(C\D)
and

f‘l(z) = <FC7<12’> = ch(r‘>zn (‘Z| < 1),

n>0

Fo(z) = <F<,21C>:Zc_n(I’)z” (2] < 1).



By comparing this proposition with definition 2.3.2 we see that H preserves
the Fourier coefficients.

We also define the inverse of H. Let T = [fT,f7] € B(
exists a unique g* € (D) and a unique g~ € 4 (C \ D
represented by (g7, 97) [5, page 273]. We then define

T). Then there
) such that 7" is

F:B(T) — '(T)

by
[f+’f7] = FT

where
[r,h) = —— h(O)d( + — h(¢)d
(T'p, h) [ﬂg (Q)h(¢)d¢ /wg (¢)h(¢)d¢

and ; and 79 are cycles outside and inside the unit circle, respectively, and
h € #(T). The cycles are contained in the domain where h is analytic. T'r
is in Z'(T) since

1 - 1
(Cp,h)| < %[ﬂ lg (C)HdCljgflIh(C)IJr%/72 Ig+(C)|\dC|§gg|h(C)|
< Cwsgplh(é)\

where w is the annulus between ~; and ~s.



Chapter 3

Domar’s article

We need some definitions before we can formulate the problem in [4], which
is Domar’s article.

3.1 Entire functions

We will now define the order and the type of an entire function. This is
taken from [8].

Definition 3.1.1. The entire function f is of order p if

loglog M
lim sup 2218 M) _ < )< o)
r—o0 ].OgT

where M (r) = max,|—, |f(2)].
Definition 3.1.2. The entire function f of positive order p is of type T if

log M
limsupM:T (0<p <o)

r—00 rP

An entire function is said to be of exponential type if its order is < 1 and
its type is finite.

3.1.1 Example

The function %" is of order 2 and type |al.

7



3.2 The problem

Domar’s article gives some answers to the following question:

Question 3.2.1. Is there a not identically vanishing entire function f, of
order <1, such that

log |f(x)] < k(x), r € R,
log | f(iy)| < alyl, y €R,

where a is a positive number and k is a continuous real-valued function on

R.

We will study this problem, both for its own interest, and for its links to
hyperfunctions. One of Domar’s theorems leads to results about translation-
invariant subspaces of weighted [P-spaces, so we will study this topic too. It is
through this topic we will find similarities to the product of hyperfunctions.

First we will take a look at a famous theorem by Beurling and Malliavin,
and see how this theorem gives us some answers to question 3.2.1. Then we
will state Domar’s generalisation. We will define what we mean by weighted
[P-spaces and see how Domar’s theorem leads to results about translation-
invariant subspaces of these spaces.

3.3 The Beurling-Malliavin theorem

We will now see how the original theorem by Beurling and Malliavin in [3]
leads to the one in Domar’s article. We will need some new definitions.

Let 9T be the set of measures with compact support on the real line. For
a > 0 we denote by M, the set of measures with support contained in
[—a,a]. We do not include the identically vanishing measure in these sets.
The Fourier transform of a measure with support in K is

i) = [ e au(0),

M and M, are the sets of Fourier transforms of the measures belonging to
M and M, respectively. For p € M, we have

sup e ¥#¢| < Cevl

CE[*(Z,(I}

il =| [ a0 <| [ auo

so we see that [i is an entire function of order 1 and type < a.

8



Let w(z) > 1 be a measurable function on R. We let f be a measurable
function and define the norm

st = ([ ratras) "

for 1 < p < oo and

[|flloo = esssup |f(z)|lw(x) =inf{a € R:|f(z)|w(z) < afora.e.x}

—oo<xr<oo

for p = co. We let LL, be the space of measurable functions that are finite
in this norm.

Let W), be the set of all weight functions w(x) > 1 that fulfil the following
requirements:
e The translation operators f(z) — f(x + t) are bounded in L.

e For each a > 0, L%, contains elements of SﬁTa.

Then we have the following result:

Theorem 3.3.1. Beurling-Malliavin The sets W), where 1 < p < oo, are
independent of p and consists of all weight functions w(x) > 1 satisfying

esssup |logw(z +t) —logw(z)| < oo

—oo<xr<o0

1
/ 7ogw(a:) dz < oo.
oo 122

and

The next theorem is stated in Domar’s article.

Theorem 3.3.2. The answer to question 3.2.1 is yes for every a if k, outside
some compact interval, is absolutely continuous with bounded derivative, and

* min(0, k(z))

dx > —o0.
P R

We want to show that this theorem follows from Theorem 3.3.1. We define

the weight
k@) E(z) <0
w(zr) = ¢ (z) <
1 k(x) >0
where k is defined like in theorem 3.3.2. If we assume that
° min(0, k(x))

dz > —oo,
oo 122

9



we also have

* max(0, —k(x))
o 14 a2
and since log w(z) = max(0, —k(x)), we have

[ee]
I
/ logw(@)
—00 1—|—5L‘2

dz < oo,

Now we need to show that the first assumption in Theorem 3.3.1 is fulfilled.
Let K be the interval from the assumption of Theorem 3.3.2 and fix ¢t > 0.
Let I = K + [—t,t]. Then
esssup|logw(x + t) — logw(x)| < oo
zel
since k is assumed to be continuous in question 3.2.1. Since k is continuous
and has bounded derivative outside K, we have

|k(x +1t) — k(z)| < Ct
for x € R\ K where C' = supp, k |¥'(z)|. Then we have
esssup |logw(z +t) —logw(x)| < oo.

—oo<r<oo

Then, by Theorem 3.3.1, there is an entire function f in M, N Ly such that

esssup |f(z)|lw(x) < C.
—oo<x <00

Since f and k are continuous we have |f(z)|w(z) = |f(z)|e *®) < C for
all z € R. Then |f(z)] < Ce*®). We also know that |f(iy)| < Ce®¥l since
f e M,. If we divide by max{C,C} we get a new function that fulfils
|f(iy)| < el and |f(z)| < €5(®)] so the requirements of question 3.2.1 are
fulfilled.

3.4 Domar’s theorem

Domar proves two theorems in his article. We will need the following one
here. This is Theorem 2’ in his article.

Theorem 3.4.1. Let k be odd on R, absolutely continuous in some interval
[b,00), and with its derivative equivalent to a function of bounded variation.
Then the answer to question 3.2.1 is yes, for every a.

This theorem shows that for an odd weight the conditions of Theorem 3.3.2
can be weakened. We will not give the proof of this result, but we will see
how it is used for a construction of a translation-invariant subspace of a
weighted [P-space. Before we do that we will state some theorems that we
will need later.

10



3.5 Necessary theorems

The first theorem is given as an exercise on page 130 in [11], and is a version
of the Phragmén-Lindel6f theorem.

Theorem 3.5.1. Phragmén-Lindel6f theorem

Let S be a sector whose vertex is the origin, and forming an angle of w/[3.
Let F be a holomorphic function in S that is continuous in the closure of S,
so that |F(2)| <1 on the boundary of S and

|[F(2)] < Cel™”

for all z € S and some ¢,C >0 and 0 < a < 3. Then |F(z)| < 1 for all
zes.

The sector in this theorem can be rotated and the result will remain the
same [11]. If we let @« =1 and 3 = 2 we get the version we will need.

We use the following Fourier transform in the next theorems:

Definition 3.5.2. If f is in L'(R), its Fourier transform is

fw) = /R &2 £ () da.

If f is in L*>(R), we define its Fourier transform to be
n

f(w) = lim e~ 2T £ (1) dz.

—
n—oo J_ .

The Paley-Wiener theorem is taken from page 122 in [11], and the Poisson
summation formula is from page 345 in [7].

Theorem 3.5.3. Paley-Wiener theorem

Suppose [ is continuous and of moderate decrease on R, that is

C
1+ 22

[f(@)] <

for some C > 0. Then f has an extension to the complex plane that is entire
with
()] < AP

for some A > 0 if and only z'ff is supported in the interval [—M, M].

Theorem 3.5.4. Poisson summation formula
Let f be a distribution with compact support. Then

S m =Y fm),

n=—oo n=—oo

11



where we may interpret the left-hand sum as a distribution where the specific
values of the function do not appear:

o0

Z Tnf

n=—oo

Here 1, is the translation operator.

3.6 Weighted [P-spaces

We will now define [P(w, Z), which is the weighted [P-spaces.

Definition 3.6.1. For 1 < p < oo, IP(w,Z) is the Banach space of complex
sequences ¢ = {cp fnez with

[e.9]

el =D leal’wh < co.

n=—oo

The completeness of this space follows from the completeness of C. The
translation operator 7 is defined by {¢,} — {c,—1}. We have

e v oo o\
= s (3 ) = o (3 et
n

{en =1 \ p="00 IHenHI=1 \ =00 -1
1
> wh 3
= sup Z len—1[Pwh_ 1 —
H{en =1 \ n="00 W1
1 1
P p
< Sup Z len—1Pw
Wn,
= sup ,
n Wnp-1

so it is bounded if sup,, =~ is bounded. We also see from this that 7 is a

well-defined operator from [P(w,Z) to itself if sup,, wﬁ‘:’zl is bounded, since
lI7(c)]| < |I7]llle]] < oo. Similarly, its inverse defined by {¢,} — {cnt1} is
well-defined and bounded if sup,, —“2— is bounded.

Wn+41

Definition 3.6.2. Let T : V — V be a linear mapping from some vector
space V' to itself. A subspace W of V' is an invariant subspace if T(W) is
contained in W.

12



Description of invariant subspaces is a famous topic in analysis. In particular
it is interesting if the given translation operator in the Banach space has a
nontrivial closed subspace. In the end of his article Domar uses Theorem
3.4.1 to show that there exists a nontrivial translation-invariant subspace of
IP(w, Z.), where w satisfies some conditions. We will write the details of this
last part and see how this relates to the product of hyperfunctions.

3.7 Translation-invariant subspaces of [*(w,Z)

We will now look at the details of the last page of Domar’s article. What
we will show is the following:

Fact 3.7.1. Let {k(n)}nez be a real odd sequence such that {k(n + 1) —
k(n)}tnez is bounded and

i |k(n+1) —2k(n) + k(n —1)| < oc.

n=—oo

We consider the Banach space IP(w, Z) with w, = e*") and the translation

operator T : P(w,Z) — IP(w,7Z), which is well-defined and bounded since
sup,, w‘;”_ll = sup,, ¥ k=1 < oo, Then there exists a nontrivial closed

translation-invariant subspace of IP(w,Z).

By proving this we come across another fact which is of more interest to
proving formula 1.1:

Fact 3.7.2. If f is an entire function such that

ek(m)
|f(95)|§1+7x27 z € R,
IfGiy)| < e, yeR,

with a < %TI', then

S” Fm)(=1)"F(m —n) =0.

nez

3.7.1 Proof of fact 3.7.1 and fact 3.7.2

We extend k to an odd continuous function on R by letting it be linear in
each interval in R\ Z. Then k satisfies the conditions of Theorem 3.4.1. It is
absolutely continuous since {k(n + 1) — k(n) }nez is bounded. Its derivative
is piecewice constant and has bounded variation since the sum of the jumps

13



is the sum of |k(n + 1) — 2k(n) + k(n — 1)|, which is finite. Let a € (0, 7).
Then by Theorem 3.4.1 there exists an entire function of order < 1, such
that log|f(z)| < k(x) for z € R and log | f(iy)| < aly| for y € R.

It follows from the proofs of the theorems in Domar’s article that after
dividing away some zeros if necessary, we may assume
k()

[f(z)] <

1
1+ 22 (3.1)

for x € R.

For m € Z we define
gm(z) = f(2)f(m = z).

gm is an entire function and |g,,, (z)| < (1+22) "1 (14 (m—1x)?)
for z € R. We know that f(iy) < e®¥. It can be shown with a method
similar to what we use below for g,,, that f(m — iy) < K,,e™¥ for some
K., > 0. Then we have gy, (iy) < K,,e?*¥ for y € R. We now want to show
that |gm(2)] < Cpe?®¥ for all z € C. We have k(z) + k(m — z) = k(z) +
k(—z)+k(1—z)—k(—2)+k(2—2)—k(1—2)+...4+k(m—2)—k(m—1—2) < B,
for some constant B, since k(x) = —k(—2z) and {k(n + 1) — k(n) }nec is
bounded. We consider the function h(z) = g, (2)e?*** in the first quadrant.
h is analytic and bounded on the real ray by A,, = ePm since |h(z)| =
|gm (2)e2¥%| = |gn(x)| < ePm = A,,. It is also bounded on the imaginary
ray by K,, since |h(iy)| = |gm(iy)|le 2% < Ke**¥l|e=2%| = K,,. h is
of order 1 and bounded type since both g,, and €2%* are of order 1 and
bounded type. Then by the Phragmén-Lindel6f theorem h is bounded by
Cpn = max{K,,, Ay} in the first quadrant. Then [g,(2)| < Cy,le 24| =
C,ne = C,,e2all,

-1 ek(z)—i—k(m—x)

We may use the same h to show that |g,(2)] < Cyne?¥l in the second quad-
rant. In the third and fourth quadrants we use h(z) = gm(2)e 2%*. Then
we get |h(iy)| = |gm(iy)|[e?¥| < K,,e2*¥|e2%¥| = K,, on the imaginary
ray since y is negative. Then [gm ()| < Cp|e®¥| = Crpe 2% = Cppe®elVl
in the lower half-plane as well, and then |g,(z)| < Cye®*¥l for all z € C.
This means that g, is of exponential type < 2a. We also have |g,,(z)| <
Crm(1+ 22711 + (m — 2)?)~! by (3.1). Then by the Paley-Wiener the-
orem the Fourier transform of g, has support in [-%2,2] C (—%, %) since
a € (0, 3m).
We will apply the Poisson summation formula to the function

T g ()™,
The Fourier transform of g,,(x)e™ is

1

/ e 2Ty (x)e™ dr = / e 2mw=3)g (2)dz = Gm(w — =).
R R 2

14



Then by the Poisson summation formula we get
Z gm(n — 5) = Z gm(n)e™",

n=—oo n=—oo

and since the support of g, is in (— %, 2) this sum must be equal to 0. Since
gm(n)e™™ = f(n)(=1)"f(m —n), we get

> f)(=1)"f(m —n) =0.

nez

For every p, {f(m —n)}nez is in IP(w,Z), since by (3.1) we have

D_Fm=m)Pwh = 3 |f(m = n)[rettr

nez nez
1
< E ek(m—n)p k(n)p
= )2
=, (L4 (m—n)?)P
1 B
< e”mP < 0.
é (1+ (m—n)?)p

We also have that {(—1)"f(n)}nez belongs to the dual space of IP(w,Z):
Since |(—=1)"f(n)| < ﬁek(”) we have by Holder’s inequality [6, page 182]

S| < 3 leal (1) ()]

nez neZz

< (Z |cn|pwp) p (Z \<—1>Z)§<n>rq>q
nez neZ
ek(n) a\ g
p,w (é <(1+n2)ekz(n)> )

L\
pw (% (1 + n?)q)

where % + % = 1. Then the norm of {(—1)"f(n)}nez as a functional is

<

wp [ Znez =DM 0] (

cel?(w,Z) ||C||p7w

1 .
ZWI) < o0

neZ

so {(=1)"f(n)}nez belongs to the dual space.
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Let A be the closed linear span of the translates of { f(—n)}. We claim that
this is a nontrivial closed translation-invariant subspace of {P(w,Z). Since
we may choose f such that it does not vanish identically at the integers,
the subspace is not equal to {0}. Since ) . f(n)(=1)"f(m —n) = 0 for
all m € Z, A is contained in the kernel of the functional {(—1)"f(n)}nez.
This is a nonzero functional, so A is properly contained in P(w,Z). The
space is translation-invariant by the way it is defined. Then the closed linear
span of the translates of { f(—n)} is a nontrivial closed translation-invariant
subspace. O
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Chapter 4

Product of hyperfunctions

I showed in my project that it is possible to define the product of an analytic
function and a hyperfunction and that the product of two hyperfunctions is
not well defined in general. We also saw that the Fourier coefficients of the
product of a hyperfunction and a function h € (T) are given by

Ffm) = 3" h(n) fm — ).

We want to show that a similar formula is valid for two hyperfunctions with
disjoint support. We want to prove the following theorem:

Theorem 4.0.3. Let T1,T» € B(T). If supp T Nsupp T = 0, then

li e, (T em—n(Ty) = 0 c 7).
Tg?_g; cn(Th)em—n(T2) (m € Z)

If, further, limy, o0 Cu(Th)Cm—n(T2) + c—n(T1)Cman(T2) = 0, then
lim > en(Th)em-n(T2) = 0.

p—oo
In|<p

This is proved in [5], but here we will use another method. We first need

to define the Fourier-Borel transform and the G-transform. The next two
sections are taken from chapter 1.3 and 4.1 in [2].

4.1 The Fourier-Borel transform

Definition 4.1.1. Let Q) be a subset of C. The Fourier-Borel transform of
an analytic functional T € F#'(QQ) is the function

J(T)(2) = (T, ).

17



We will state two theorems that we will need later.

Proposition 4.1.2. Let Q be a convex set and let S € #'(Q) have as
convez support the set K, then for every e > 0 there is a constant C. > 0
such that

[B(S)(2)] < Cee L (2 € €),

where Hy(2) = supce g Re(2€). In particular, §(S) is an entire function of
exponential type.

Theorem 4.1.3. Let K be a compact convexr subset of a convex open set
Q. Let f be an entire function of exponential type such that for every e > 0
there is a constant C¢ > 0 so that f satisfies everywhere the estimate

f(2)] < CeelTr@re,

Then there is a unique analytic functional S € H'(Q) such that F(S) = f.

4.2 The G-transform

Let K be a convex compact subset of the strip  := {z € C : [Imz| < 7}.
) can also be moved up or down, as long as its width is less than 2w. We
define e X := {¢7% : 2 € K} and Q(K) = C\ e X. Then let J4(Q(K))
denote the space of those holomorphic functions in {2(K) which vanish at
oo. If T is an analytic functional carried by such a compact set K we define
its G-transform to be

GT)(2) = (T =)

The following proposition expresses a relation between the Fourier-Borel
transform and the G-transform.

Proposition 4.2.1. If T is an analytic functional carried by the compact
convex set K C Q, then G(T') belongs to HH(UK)). Moreover, its Taylor
series development about z = 0 is given by

G(T)(z) = Y J(T)(n)2",

n>0

and its Laurent development about z = 00 is

We will also need the following fact.

Proposition 4.2.2. Let K be a compact convexr subset of 2, then the map
G: H'(K)— HQK)), given by T — G(T), is bijective.

18



4.3 A necessary theorem

The following theorem is stated as an example following the Mittag-Leffler
theorem on page 225 in [1].

Theorem 4.3.1. Let €1 and Q9 be two open subsets of C, and let f €
JC(1 N Q2). Then there are fi € () and fo € F(Q2) such that

f=(fil(©Q1 N Q2)) — (fol (21 N Q2)).

4.4 Proof of Theorem 4.0.3, first statement

We will first prove a lemma that we will need in the proof of Theorem 4.0.3.

4.4.1 A lemma

Lemma 4.4.1. Let T be an analytic functional on T with support contained
in an arc U = {€ : 0 € [a1, o]} which is not all of T. Then there exists
an analytic functional S on K = [—iag, —iai] such that F(S)(n) = cn(T)
form € Z and for every € > 0 there is a constant C. > 0 such that

F(9)(2) < CLe2vtelzl Imz >0,

F(9)(2) < Cee®¥tel?l Imz <.

Conversely, if F' is an entire function such that for every ¢ > 0 there is a
constant C. > 0 such that

F(z) < C’eeo‘2y+€|2| Imz >0,

F(z) < Ceervtell Imz <0,

where ag — a1 < 2w, then there exists an analytic functional T on T with
support contained in [e'*t, "2 such that c,(T) = F(n).

Proof. Let T be an analytic functional on T with support contained in an
arc U = {e : § € [a1,0]}. The corresponding hyperfunction under the
bijection H is [T}, —Tb], and since suppT C U we know that 71 and —T5
can be extended across T \ U to a function T in 4% (C \ U). If we let
Q(K) = C\ U, then U = e ¥ and K = [~iag, —iai]. From Proposition
4.2.2 we know that the map G : #'(K) — 5 (Q(K)) given by S — G(S)
is bijective. Since T'is in % (C \ U) there must exist an analytic functional
S on K = [—iag, —ic] such that G(S) =T.
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We then take the Fourier-Borel transform of S. From Proposition 4.2.1 we

see that G(S)(2) = 3,50 §(S)(n)2" for 2] < Land G(S)(2) = — 32,5 S22

for |z] > 1. We also have from Proposition 2.4.1 that T1(2) = 3, o cu(T)2"
and Th(2) = 3", o9 c—n(T)z™™. Since G(S) = T} for |z| < 1 and G(S) = —T»
for |z| > 1, we see by comparing the expressions above that §(5)(n) = ¢, (T)
for n € Z.

Now we will use Proposition 4.1.2. Since K = [—iag, —iay] and Re((z +
iy)ia) = —ya we get

Hi(z) = ayy y=Imz>0
ay y=Imz<0

Then
F(9)(2) < Ce2vtel Imz>0

and
F(9)(2) < Cervtelzl Imz < 0.

Conversely, let F' be an entire function such that for every ¢ > 0 there is a
constant C¢ > 0 such that

F(2) < Ce®2vtell Imz >0,

F(2) < Cee21vtell Imz < 0.

By Proposition 4.1.3 there is a unique analytic functional S such that F(S) =
F, and the support of S is contained in [—iag, —icy]. By using the G-
transform on S we get a function in #(C\ [e'®!, ¢*2]). This function can be
considered as a hyperfunction or analytic functional T"on T. Then supp 1’ C

[e*1,¢%2]. We have Ty = 3,50 ¢a(T)2" and Tz = 3, ea(T)2". We also

have G(S)(2) = 32,50 §(S) (n)2" for 2] < Land G(S)(2) = — 3,50 20U
for |z| > 1. Then ¢,(T') = F(n). O

4.4.2 Support contained in two disjoint arcs

We consider first the case where two analytic functionals 77 and T5 have
support contained in two disjoint arcs {€? : @ € [a1,as]} and {e¥ : 0 €
[B1, B2]} on the unit circle. The angles are chosen so that a; > (2 and
ag < 21 4 [, see figure 4.1.

We define a new functional T by Th(e?) = Tp(e!™9) or equivalently
TQ(C) = TQ(—C). Then

en(To) = (To, "1y = (To, (=0) 7" 1) = (=1) 7" Len(Th).

20
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Figure 4.1: Hyperfunctions with support in disjoint arcs

Using Lemma 4.4.1 we find the analytic functionals S7 and S corresponding
to T, and Tb, respectively. Let F; = §(S1) and Fy = F(S2). By the same
lemma we have

Fi(z) < Cee2vtell Imz>0

and
Fi(2) < Ceetvtel Imz < 0.

Similarly, for Fy we get

Fy(z) < Ce(mHB2)ytelz] Imz>0

and
Fy(z) < CeelmtPytelz| Imz < 0.

Then we define G,,(z) = Fi(z)Fa(m — z) where m € Z. G,, is an entire
function and Gy, (n) = cn(T1)cm—n(T2) = cn(T1)cm_n(T)(—=1)""+7=1 By
combining the above expressions we get

|G (2)] < Beet2y—(mHB1y+elz] Imz >0

and
|G (2)] < Beetv(mB2)y+elz] Imz < 0.

We want to make
|G (2)] < BeeA\lerE\ZI

with A < 7, then we need ao — 7+ 31 < w and a3 — 7 + B2 > —=w. That
means ag — (1 < 27 and a1 > (2. This is fulfilled because of the way we
chose the angles. Then by Lemma 4.4.1 there exists an analytic functional
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I' with support in [e7*4, ¢4] and ¢, (I") = G (n). Since suppT’ C [e7*4, 4]

we see that the limit as z approach —1 from both sides must be equal.

lim ch(l")x" = lim — Z cn ()™

1+ —1-
=17 030 e==1m 00

Then
lim Y e, (D)r"(=1)" =0

1-
" nez

and since ¢, (I') = ¢, (T1)em—n(T2)(—1) "™ ! we see that

T S ey (T e (T2) (<) ™" (-1 =0 (m € Z),
nez

and then
lim > e, (T)em n(T2) =0 (meZ).

r—1-

nez

4.4.3 The general case

Now we need to prove this without assuming that the support of 77 and
Ty are contained in disjoint arcs. We still let the support of 77 and Tb be
disjoint, but their support can now be anywhere on the circle.

We will show that T7 and 75 can be written as a sum of finitely many
hyperfunctions T1; and Tb;, each with support contained in an arc. Then
we may repeat the above proof for all combinations of 77; and T5;.

Let K1 = suppTi and Ko = supp7s. Since K; and Ks are compact and
disjoint we will show that there exist finite families of intervals {I;} and
{J;} such that K1 C U} ;1; and Ky C UL Jj and I;NJ; = (0 for all 7 and j.
For each point of K7 there is an interval with centre at that point that does
not intersect Ko; take the interval with the same centre and half the length.
These intervals will cover K, and similarly for K>. Let {I;} and {J;} be
these covers. We will see that I; N J; = (0 for all ¢ and j. We assume this is
not true, so I; N J; # () for some ¢ and j. Assume J; is the longest of the
two intervals, and let x be the centre of I;. If we double the length of J;, we
have that x will be in this interval. This is also true if I; and J; have equal
length. Since z € K, we have a contradiction because of the way we chose
I; and J;. Then these covers will be disjoint. There exist finite subcovers
by definition of compactness.

Let f € (C\ T) be a function representing T;. Let Kj; be the part of
supp 71 contained in I; and let U; = C\ K7;. We also let V; = (C\supp 71)U
I;. We have that f is holomorphic in U3 N'Vy = C \ supp7;. By Theorem
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4.3.1 there exist fi € #(Uy) and g1 € (V1) such that f = f1 + g1 in
Uy NVq. Then f; represents a hyperfunction 771 with support in Kj; and
g1 represents a hyperfunction with support contained in T \ ;.

Now we define Uy = C \ Kj3 and V5 = (C \ supp71) U I; U I. Since g1
is holomorphic in Us NV, = (C \ suppTy) U I; we may use Theorem 4.3.1
again, and therefore there exist fo € #(Usz) and gy € 5 (Va) such that
g1 = fa+go. Then f = fi + fo+ go where fo represents a hyperfunction T
with support contained in I5 and g represents a hyperfunction with support
contained in T\ (I; U I3).

In the general case we have U; = C\ Ky;, V; = (C \ suppT1) U};:1 I, and
UinV; = (C\ suppTy) U;;ll I,. We continue like this until we have f =
fi+ fo+ ...+ fo+ gn where g, € S(T). Then we may write Ty = ;- | Ti;,
and similarly Ty = Z;n:l Ts;.

Then we repeat the proof in section 4.4.2 for all combinations of 73; and
T5;, and we are done.

4.5 Proof of Theorem 4.0.3, second statement
To prove the second part of theorem 4.0.3 we need a definition and a theorem
from [10, Vol. I, page 382 and 404].

Definition 4.5.1. Let f(z) be analytic in a disc K with boundary L. The
reqular points of f(z) are the points ¢ € L for which there can be found a
neighbourhood N () and an analytic function ¢¢(z) defined on N(C) such
that pe(z) = f(2) for all z in N(() N K.

Theorem 4.5.2. Let -
f(z) = Z anz"
n=0
be a power series with radius of convergence 1, such that
lim a, = 0.
n—odo

Then the series converges (in fact, uniformly) on every arc
z=e%a<0<p),

if all the points of the arc are regular points of f(z).

We let a, = cp(T1)em—n(T2) + c—n(T1)Cm+n(T2). Since I and Ty ex-
tend eachother across T \ [, ¢?4] we see that —1 is a regular point.
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Then the last part of theorem 4.0.3 follows: If lim, oo ¢n(T1)cm—n(T2) +
C—n(T1)Cmin(T2) = 0, then

Jim > en(Th)em—n(T2) = 0.

In|<p

4.6 Comparison of the proofs

We will compare the proof of Theorem 4.0.3 to the proof of the existence of
a nontrivial translation-invariant subspace of IP(w, Z).

We will see now that fact 3.7.2 can be turned into a statement about hyper-
functions. Let f be an entire function of order < 1 that fulfils

k(x)
‘f((lf) S f-l—xQ’ S ]R7
[flil <e,  yeR,

with a < %7‘(’. Assume also that for every e > 0 there is a constant C¢ > 0
such that

f(z) < C.evrel Imz >0,
f(z) < C.emwtelzl Imz < 0.

Then f corresponds to a hyperfunction T by Lemma 4.4.1 with support
contained in [, %] and we have c,(T) = f(n). If we rotate this hyper-
function by an angle m, like we did in subsection 4.4.2, its Fourier coefficients
will be (—1)7""1f(n), or equivalently —(—1)"f(n). We call this hyperfunc-
tion T. T and T will have disjoint support since a < %ﬂ'. Then we may
interpret the sum

> (=) f(m—n) =0

nez

as the fact that the convolution of the Fourier coefficients of T" with the
Fourier coefficients of T', which is the same hyperfunction rotated by an
angle m, is zero.

The Paley-Wiener theorem in Domar’s proof corresponds to Theorem 4.1.2
and 4.1.3 in our proof. If K is a compact subset of R and we replace z by
—iz in the Fourier-Borel transform it will become the Fourier transform of
an analytic functional on the real line:

FT(z) = §(T)(~iz) = (T, e ).
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If we replace z by —iz in Proposition 4.1.2 it becomes
FT(2)] = [§(T)(~i2)] < Cee T (=IH4el=51 = ¢ eMR izt

and since Hy (—i2) = sup;¢ g Re(—i2() = sup¢ g Re(—i(z+iy)() = supqe i ¥,
we get
|[FT(2)] < C.e®Pcex (Vo) Fel2l,

We can do the same in Theorem 4.1.3. These theorems then give a correspon-
dence between analytic functionals with compact support and entire func-
tions that fulfil |f(z)| < Cee®Peex WOl in the same way that the Paley-
Wiener theorem gives a correspondence between distributions with compact

support and entire functions that fulfil |f(z)| < Ae>™™ 2l and | f(z)| < H%

In both proofs we have entire functions, ¢,, in Domar’s proof and G,, in
our proof. We know that |g,,(z)| < Cpe?¥ and |g(z)| < Cmm. In
our proof we have |G, (2)| < Bee¥H<l?l where A < 7, but we do not have
enough restrictions on the growth on R to be able to use the Paley-Wiener

theorem. We use Lemma 4.4.1 instead.

The Poisson summation formula is what gives us
> fm)(=1)"f(m—n) =0
nez

in Domar’s article. In our proof we use Lemma 4.4.1 and then consider
the hyperfunction in the point —1. This point is outside the support of the
hyperfunction, so the limit as you approach —1 from both sides must be
equal. Then we get

lim Z rln‘cn(Tl)cm,n(Tg) =0

1-
[ nez

instead. Our proof gives a meaning to the factor r!"!.
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Chapter 5

Hyperfunctions on R

5.1 Introduction

We want to show that a formula similar to the one in Theorem 4.0.3 is valid
for hyperfunctions on R. Instead of a sum over the Fourier coefficients we
will here get a convolution of the Fourier transforms. Our first attempt to
prove this used parts of section 5.2, but it did not succeed. We have kept
the section for its own interest. In section 5.3 we prove a formula for the
convolution of Fourier transforms using similar methods as on T.

First we need to define what we mean by a hyperfunction on R.

Let © be an open subset of R. We let C* = {z € C : Imz > 0} and
C~ ={zeC:Imz < 0}. Wealsolet C! = C\R and Q = C!UQ. We define
Uq to be the family of open sets V in C such that VNR = Q. If V] and
V, are open sets in C and Vi C Vi, then Ry, v, : 5€(Va) — (V1) is the

restriction map.

Definition 5.1.1. The space of hyperfunctions is the complex vector space
defined as the quotient

B(Q) := 5 (C*)/Res ((Q))
A hyperfunction in Q is an element of B(Q).
This means that a hyperfunction is represented by pairs of holomorphic
functions (fT, f7) in the upper and lower halfplanes. The next proposition

shows that a hyperfunction can also be represented by a pair of holomorphic
functions (f*,f7)in VT =V NC*T and V- =V NC, respectively.

Proposition 5.1.2. For every V € Uq, the natural map

B(2) Y AV \ Q)/Ryay (H(V))
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which assigns to the class T € B(Q) of the function f € S (CY), the class
Ty of fl(V N CY in the quotient space 7 (V \ Q)/Riv\qv(H(V)), is an
isomorphism of complex spaces. [2]

The product of a hyperfunction and an analytic function A is defined by
h(f* f7) = (hf hfo).

The restriction and support of a hyperfunction on R is defined similarly as
for T:

Definition 5.1.3. Let Ly C Ly be two nonempty subsets of R. Let T €
B(L2) be represented by f € 7 (Va\ La), where Vo € Ur,. The restriction of
T to L1, denoted T|L1, is the hyperfunction in B(Ly) associated to f|((Vi N
Vo) \ L1), for any open Vi € Uy, .

Definition 5.1.4. Let T € B(2). The support of T on R, suppT, is the
complement on R of the largest open set U C R such that T|U = 0.

This means that supp 7' is the complement on T of the largest open set
U C R such that f* and f~ extend each other analytically across U. A
hyperfunction has compact support if R\ U is compact.

We will now define the integral of a hyperfunction with compact support.

Definition 5.1.5. Let T' € B(2) be a hyperfunction with compact support.
IfV eU(Q) and f € (V \suppT) represents T, we define the integral of

T to be
[)T(m)dx:—lfdz

where 7y is a union of disjoint Jordan curves in V' \ suppT oriented so that
the index of v with respect to every point in supp T is 1.
We need the following proposition from [2].

Proposition 5.1.6. Let Q) be a nonempty open subset of R and let T' € B(£2)
have compact support. The function T defined in C! by

T(z)zl/T(x)dx, zeCH
Q

Tloz—x
is holomorphic in C* and has an analytic continuation to C\suppT. More-

over, T(00) = lim, oo T(2) = 0 and T represents —2iT. It is the only
representative of —2iT with these properties.
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5.2 Fourier transform of a hyperfunction with com-
pact support

Let T be a hyperfunction on R with compact support. We want to find the
Fourier transform of 1. We have

3 1 7 ) 1 N .
/ T(x)e—mw dr = — / _f,T(Z)e_Zzw dz = / fT(Z)e—zzw dz
R v 21

721

where we let v be a rectangle containing supp 7', see figure 5.2. Then

. 1 v .
/ T(x)e "™de == [ T(z)e ¥ dz =
R

2i )y
1 [* L 1 [®o0 o
=5 —T(x + iyo)e WO dy 4 — T(x — iyo)e "= Wo)w 4z
20 J_g, i)
1 [¥% . . 4 1 [vo ' '
too [ Tlao+iy)e oW dy + / ~T(—aq + iy)e (Tt qy
20 J_y, 2i |,

Yo

R
supp T—1 o >~

Figure 5.1: The rectangle of integration

We find an estimate of the integrals in y with w € R. We have

Yo . )
[ e+ et
—Yo
0

Y . y

< [Cemagien s [T i)
—Yo y€[—vo,y0]

< C|T(xo+ iy*)
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where yx* is the point where T attains its maximum. Similarly

T(*.’Eo + Zy~>l<)

Yo L -
‘/ T(—x + iy)e'@oFmv dy‘ <C
—Yo

for some y*. From Proposition 5.1.6 we see that when we let £y — oo these
integrals approach 0.

We now show that 7 € L2(R) for fixed y. We have

o = [ ]| [T
< iLT(C)dC iggzig’:%_lg*r
and then
\T(x—i—iy)\SC'\/($_x*)2l+(y_y*)2:C (x_;)2+K,

so T € L2(R). Then we may write the Fourier transform of T as

oo o zo o
FT(w) = lim —T(m + iyo)ez(mJ”yO)w dz + T(I _ iyo)ez(xflyo)w dz
zo—o0 J_ .o a0
T . zo ]
i [T i)ee o+ [ Pl - igg)eren da.
To—00

—z0 —x0

5.3 Convolution of the Fourier transforms

We will now prove a formula similar to the one in Theorem 4.0.3 for hyper-
functions on R. We will almost follow the scheme of the proof on T. We
need the following theorem from [9].

Theorem 5.3.1. Paley-Wiener-Ehrenpreis The Fourier transform of a hy-
perfunction T" with support contained in a compact set K = [b, c| is an entire
function, and for every € > 0 there is a constant C. such that

Cevetelzl Tm 2 >0
Cevorelzl Tmz < 0.

[FT(2)] < {
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We will now prove the following:

Proposition 5.3.2. If T and S are hyperfunctions with compact and dis-
joint support, then

lim FT(x)FS(w — z)e” % dz = 0.

a—0 J_

Proof. Let T and S be two hyperfunctions with support contained in [b, c|
and [d, e], respectively. We assume ¢ < d, so the supports are disjoint. By
Theorem 5.3.1 we have

Crevetelzl Tmz >0
Crevvtelzl ITm 2z < 0.

IFT(Z)IS{

and

[F'S(2)]

IN

C’geye‘“‘z' Imz>0
Coevdtelzl Tmz < 0.

We define a new function G, (2) = FT(z)FS(w — z), and then we have

Cevle=d)telzl [ >0

’Gw(z)| = \FT(z)FS(w — Z)’ < {Cey(b_e)+ez| Imz < 0.

We define
Br(u) = / Guw(2)e® dz
L

where L is a ray starting in 0. If z = x + iy and u = « + i3, we have
Guw(2)et = Gop(2)e!Ftw)oatif) — @ (2)e= V= Brei(—a2=BY)  For simplicity
we let —k =c—d and —] = b — e, and then

Ce Vhtelzlg—ay—PFz  [p 5 >0

izu| _ —ay—Pz <
|Gu(2)e™| = |Gu(2)le —{Ceyl+e|zeay5$ Imz < 0.

If u is given, we see that we need to choose the ray L carefully in order to
make the integral convergent. When u = i3 where § > 0 for example, we
can integrate along the positive part of the real line. We can sum it up as
follows:

e If 5> 0, we can choose z > 0 and y = 0.

e If 3 <0, we can choose z < 0 and y = 0.

e If @« > —k, we can choose x = 0 and y > 0.

o If a < —I, we can choose x =0 and y < 0.
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If we impose more restrictions, we can integrate along other rays as well. If
we for example have both o > —k and g > 0, then we can integrate along
any ray in the first quadrant.

Now we will show that By is independent of which ray we choose. We
assume first that L; and Lo are two rays in the upper half-plane, and let
U consist of the points u € C such that both By, (u) and Bp,(u) are finite.
Let 7, be the loop consisting of the parts of L; and Lo that are contained
in a ball with radius r > 0, together with a line ¢, connecting the endpoints
of these two parts of the rays. Let z; € Ly with |z;] = 7 and 20 € Lo
with |z2] = 7. The points of ¢, are given by z = Az; + (1 — X)z2 where
A € [0,1]. By assumption we know that for v = a + i € U we have that
e vi(bta)=fritela| apq e—ve(kte)—Bratelz| wil] go to 0 when r — oo. If we
put z = Az; 4 (1 — \)zy in e ¥(k+a)=Brtelzl e will see that this expression
also will go to 0 when 7 — oo, and |e~¥(kte)=Batelzl| < =07 for some § > 0.
Then

< Onre ® — Owhenr — 0.

/ Gu(2)e™ dz

Since G,e"™* is entire, we have

lim Guw(2)e™*dz =0
Yr
by Cauchy’s theorem. We then see that Br,(u) = Br,(u). Then we have
shown that Bp, is independent of L if L is in the upper half-plane. In the
same way it can be shown that By, is independent of L in all of C. Then we
define B := By,. We see from the list we made that B will be defined for all
u € C\ [k, —!], and it will be holomorphic there.

Now we let a > 0 and consider
B(ia) :/ Gy(z)e * dx
0
and B 0
B(—ia) = / Gy(x)e® de = —/ Gy(x)e™ dx.
0 —00

We see that these integrals converge by looking at the first two facts in
the list on the previous page. Since B is holomorphic at 0, we must have
lim,_,0 B(ia) = lim, ¢ B(—ia), so

o) 0
lim Gu(z)e”* dz = lim — Gy(x)e* dz,
a—0 0 a—0 oo
and then -
lin%) Gu(z)e %l dz = 0.
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Since Gy (z) = FT(2)FS(w — z), we have

o0

lim FT(z)FS(w — z)e~ %l dz = 0.

a—0 J_

The same result is true even if T' and S are not assumed to have support in
two intervals, but in arbitrary compact disjoint sets. We do as we did on T,
and write the hyperfunctions as a sum of finitely many hyperfunctions T;
and S; with support in disjoint intervals. Then we repeat the above proof
for all combinations of T; and S}, and we are done. O

Remark: The function B can be considered a hyperfunction with support
in [—k,—[], and it is the inverse Fourier transform of G,, up to a constant
multiple, but we did not need that fact in our proof.
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Chapter 6

Conclusion

We have looked at the problem of existence of entire functions under certain
restrictions on the axes. The Beurling-Malliavin theorem gives some answers
to this question. We saw that this theorem leads to one of the theorems in
Domar’s article.

In the end of his article Domar uses one of his theorems to show that there
exists a nontrivial translation-invariant subspace of a certain weighted [P-
space. We have seen how this result can be interpretered as a statement
about hyperfunctions. We showed that the generalization of this fact can
be proved using extensions of Domar’s tehnique. More precisely, we showed
that if two hyperfunctions 77 and 75 on T have support contained in two
disjoint arcs, then

lim Y e, (T)emn(T2) =0  (m e 7).

r—1- ne?.
Our proof was based on the correspondence expressed by Lemma 4.4.1 be-
tween hyperfunctions and entire functions of order < 1. To generalize the
result further to any two hyperfunctions with compact support, we used a
version of the Mittag-Leffler theorem. This gives a new proof to the state-
ment by J. Esterle and R. Gay which uses complex analysis and gives a clear
meaning of the factor 7"/

We also repeated the scheme for the hyperfunctions on the real line. We
showed that if T and S are hyperfunctions on R with compact disjoint
support, then

o0

lim FT(2)FS(w — z)e”* dz = 0.

a—0 J_
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