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Problem description

The application of continued fractions to various parts of mathematics has been viewed with
renewed interest in recent years. These applications are often rooted in the classical theory. We
analyze properties of the continued fractions that are helpful in various settings.






Abstract

We give a brief account of the general analytic theory of continued fractions and state
and prove the Lorentzen bestness theorem. We investigate the possibility of a new proof
of the Lorentzen bestness theorem and we give a related convergence theorem together
with a conjecture. We explore some connections between the limit periodic continued
fractions and other parts of mathematics and we give a suggestion of a topic suitable for
further research.
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Chapter 1

Introduction

To do mathematics can be compared with tourism. When we study for exams we travel through
an unknown land by giudebook and we are shown the proper landmarks of the region in turn,
perhaps with the time for a picture or two. More advanced study is usually done under the
guidance of an advisor, not unlike the local guide that shows us that really spectacular view or
hidden museum. But to really know a place, one has to go alone and explore. The thesis here
presented is an attempt to leave the beaten path and explore the world of continued fractions.
While this exploration is an extremely interesting activity, it is also rather dangerous since one
runs the risk of finding little of note, or spending a lot of time chasing a proof that skillfully
eludes capture. Both problems are illustrated in this thesis; we did find some new results, but
not as many as we hoped for, and the really nice result that we glimpsed skulking around in the
bushes avoided capture.

The main goal of this thesis was to do research and consequently we wanted to minimize the
time spent on writing. Hence, the thesis differs from the norm in that it is rather short and that
the presentation of the basic material contains very few proofs. However, a few proofs of the
more important theorems are included for completeness and to give an illustration of the theory
at work.

As for the contents of this thesis, the natural center gradually became the Lorentzen bestness
theorem originally given in [Lor92] and reproduced with a slightly more polished proof in chapter
3. Consequently, chapter 2 contains all the material we need to state and prove the Lorentzen
bestness theorem and also the few additional facts from the theory that we needed to prove our
few original results that we stated in chapter 4. The article containing our most interesting result
is given in appendix A. The pictures that was generated to get a grip on the subject and the
MATLAB code made to produce them are given in appendix B. As for chapter 4 we present the
results in the order that they were found. This is done to illustrate our chain of thought that
lead us from the Lorentzen bestness theorem to the Jacobsthal polynomials. We also give an
idea for further work and a concluding remark in chapter 5.
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Chapter 2

Definitions and basic notions

The aim of this chapter is to give a short presentation of the basics that we use to study infinite
continued fractions with complex coefficients. The material presented is taken more or less
directly from [LWO08], [LW92] and [JT80] and we will in general skip the proofs when we state
results that are given here. However, results that are used but not stated in the sources will be
proven.

2.1 The class M

We define the class M of Mébius transformations or linear fractional transformations by the set
of functions
aw +b

2.1
cw +d (2.1)

T(w) =
where ad — bc # 0 and a,b,c,d € C. As we know from complex analysis, functions 7 from this
class M has several nice propertles In particular we have that T(C) C, that 7 is one to one
and that any 7 is analytic in @ except for one pole. Here we let C denote the extended complex
plane, given by C U {oc0}. For easy reference we make a list of some basic properties of M as
found in [LWO0S8], [Ahl79] and [GamO00]:

o The cross ratio
U—2z V—w

u—w v—=z2

where u, v,w, z € C and u # v # w # z is invariant under linear fractional transformations,

that is w T »
T(U)—T(w).T(v)—T(z):u—w'v_z' (2.2)

e It follows that if wq,ws,ws are distinct in C and u1, Uz, uz are distinct in @, then there
exists a unique 7 € M such that

T(U}l) = Uy, T('lUQ) = U2 and T(’u}3) = us

e Hence if a sequence {7,} from M converges pointwise at three distinct points to distinct
values, then it converges to some 7 € M in all of C.

3



4 CHAPTER 2. DEFINITIONS AND BASIC NOTIONS

o If {7,,} converges at three or more distinct points but not to a 7 € M, then the limit is the
same at all these points, except possibly at one.

e The functions 7 maps circles to circles in C.
e Every map 7 is a composition of translations, dilations and inversions.

Since infinity is not a special point in our setting, we choose the Riemann-sphere as our represen-
tation of the extended complex plane C. We also need a suitable metric on the Riemann-sphere
in order to define convergence. The metric we use is the chordal metric inroduced by L. Ahlfors,
see for instance [Ahl79]. The metric is given by

2\w17w2|
\/1+|wl \2\/1+|wg|2
2

if wp € C, wy = 0.
/—1+|w1‘2 1 ) 2
0

for w1 = we = 0.

for wy,wy € C.

d(wl, U}Q) =

This metric has the following nice properties: it is compact, bounded by 2 and w,, — @ € C if
and only if d(w,,w) — 0. With the chordal metric we can define an equivalence relation on the

sequences from C:

Definition 2.1. Let two sequences {w,} and {v,} from C be given where C is equipped with the
chordal metric. We say that the sequences are equivalent if and only if

lim d(wy,v,) = 0.
n—o0

If two sequences {wy} and {v,} are equivalent we write {w,} ~ {v,}.
We now define convergence of a sequence of transformations from M.

Definition 2.2. A sequence {1,} from M converges to some 7 € M if and only if

lim o(7,,7) =0

where o(7;,7;) = sup,, ¢ d(1i(w), 7 (w)).

In other words, we demand that the sequence of linear fractional transformations {7, } con-
verges uniformly on C with respect to the chordal metric. However, a different notion of conver-
gence as introduced by L. Lorentzen in [Jac86] will be of more use to us:

Definition 2.3. A sequence {m,} from M converges generally to a constant v € C if and only
if there exists a sequence {w],} from C such that

lim 7,(w,) =~ whenever liminfd(w,,w]) >0 (2.3)

n—oo n—oo
Informally we may say that we have general convergence if we stay away from a certain
sequence of points {w] } as n goes to infinity. We write 7,, — 7 to denote that {7,,} converges

generally to the constant v € C. The sequence {w] } is called an exceptional sequence for the
sequence {7, } in this case. Following [LWO08] we make the following observations:

e The exceptional sequence is not unique. To see this, let {w]} be a exceptional sequence.
Then any sequence {w?} that satisfies lim d(w], w) = 0 is exceptional.
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e All exceptional sequences are equivalent by Definition 2.1.

e We cannot have uniform convergence to a constant y of a sequence {7,} in @ One always
has to accept the existence of exceptional sequences. To see this, assume that 7, (w,) — 7
for all w,,. Let then w,, =7, 1(,u) for all n and observe the contradiction.

The definition of general convergence given in Definition 2.2 is unfortunately rather cumbersome
to work with since it requires that we know the exceptional sequence in advance. Luckily we
have a definition that is equivalent and easier to use:

Definition 2.4. A sequence {1,} from M converges generally to a constant v € C if and only
if there exists two sequences {vy,} and {w,} from C such that

lim inf d(v,,, w,) > 0

n—oo

and
lim 7,(v,) = lim 7, (wy,) =7

n—oo n—o0

For the proof of equivalence of Definition 2.3 and 2.4 we refer to [LWO08]. Informally, this
definition simply requires that the sequence {7,} converges to the same value ~ for sufficiently
different sequences {v,} and {w,}. Related to general convergence is the notion of restrained
sequences:

Definition 2.5. A sequence {1,} from M is restrained if and only if there exists a sequence
{w]} from C such that whenever

lim inf d(v,, w)) >0 and liminf d(w,,w]) > 0

nan;O d(7n(vn), Tn(wy)) = 0. (2.4)

Definition 2.6. A sequence {7,} from M is restrained if and only if there exists two sequences
{vn} and {wy} from C with liminf d(v,,w,) > 0 such that (2.4) holds.

Definition 2.7. A sequence {1,} from M is restrained if and only if no subsequence of {1}
converges to some T € M.

The Definitions 2.5, 2.6 and 2.7 are all equivalent. A restrained sequence {7,,} can informally
be understood as a sequence whose asymptotic behaviour is independent of the sequence {w,, } as
long as the sequence {w,, } stay far enough away from {w] }. We observe that if {7, } is restrained,
all sequences {7, (wy,)} with liminf d(w,,,w]) > 0 are equivalent, and we say that a sequence
from this equivalence class is a generic sequence for {7, }. For later reference have

Theorem 2.1. If {7,} converges generally, then {7} is restrained.

Proof. Assume that {7,} converges generally. We know then by Definition 2.4 that there ex-
ists two sequences {v,} and {w,} from C such that liminf d(v,,w,) > 0 and lim7,(v,) =
lim 7, (wy,) = 7. To show that {7,} is restrained we must show that lim d(7, (v,), 7 (wy)) = 0.
But this is obvious by property of the metric d since we have that lim 7, (v,) = lim 7, (ws, )
.

o

A sequence {7,} from M is either restrained or has a subsequence {7, } which converges
to a non-singular transformation, and these are the only possibilities. If {7,,} has no restrained
subsequence, i.e every subequence {7,,} has a subsequence {7, } that converges to a non-
singular transformation, we say that {7,,} is totally non-restrained.
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2.1.1 Mapping properties of linear fractional transformations

The mappings 7 from the class M has some very nice geometrical properties. A circle C' on the
Riemann sphere C is also a circle in the complex plane C if oo ¢ C. If co € C then C'\ 0o is a
straight line in C and therefore circles and lines in C are refered to as generalized circles. Before
we proceed, we need some aditional notation. We shall consider the family U of closed sets V'
on C where the boundary 0V of V is a circle on C. If now oo ¢ V, we say that V is a closed
(circular) disk, and we write V.= B([,p) = {w € C: |[w —T'| < p} where I € C is the center
and p > 0 is the (euclidian) radius of V. If co € V we say that V is a closed half plane, and we
write V = ¢ + ¢H where ¢ € C,a € R,H = {w € C: R(w) > 0} and where H is the closure of
H in C. Let now 7 € M be given by

aw +b .
T= T d with A = ad — be # 0. (2.5)

We then obtain

Lemma 2.1. If V € U and 7 is given by (2.5) and ¢ = 0, we have that
r(B(r.p) =8 (04 |4
P==a Talal?
(& + e H) = 7(€) + ' H; = arg %.
Ifc#0, -2 ¢ 0V, V=3(,p) withT €C and p € R\ {0}, then 7(V) = B(I'1, p1) where

1A +d)
¢ | +d|? —|ep|?

p|A

Iy = A=
' [T + dJ? — [cp]?

and p1 =

If ¢ #0, —% ¢V, V =¢+ e H with £ € C and a € R, then 7(V) = B('1, p1) where

g Aot ez |
Flzﬂ_ 2c : : and p1 = 2||d| | .
¢ R[EH S)eiv] R[(E+ e

For a proof see [LWO08]. The next result is taken from [Lor07].

Lemma 2.2. Let T, =1 0m0---07, for alln € N where all 7, € M map the unit disk D into
itself with radii such that
limsuprad 7,(D) < 1

n—oo

and assume that there exists a sequence {wy} C C such that
liminf ||w,| — 1| >0 and liminf ||, (w,)| — 1| > 0.
Then {T,,} converges generally to some constant v € D with an exceptional sequence {wl} with
wf € C\D. If also limrad 7,,(D) > 0, then
> Tra(wngr) = T(wy)| < oo
n=no

i.e. {To(wn)}e converges absolutely to ~ for some ng € N.
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2.2 Continued fractions

2.2.1 Initial definitions

Definition 2.8. A continued fraction by + K(a, /b,) is an ordered pair (({an}, {bn}), {Sn})
where {an} and {b,} are sequences of complex numbers with all a, # 0 and {S,} is a sequence
from M given by

So = by + w Sp = an
0o —"00 9 n — bn + w
and
a
Sp(w) =s9081 008, (w) =by+ : (2.6)
a
by + 2
a
by + ———
. an
4 .
where
e a, and b, are called the elements of by + K(a,/by,)
° Z—: is called a fraction term for by + K(ay,/by)
o cvaluations Sy (w) of {Sn} are called the n-th approximants
o cvaluations of the form fn, = S,(0) of {Sn} are called the classical approximants.
We shall also make use of an alternative notation for Sy, (w) in (2.6), namely
a1 as (079
Sh =by+— — )
W) = bt Bt Bt w
We now have
Lemma 2.3. Let S, be given as in (2.6). Then
An—lw + An
() = =t T -1,2,3,... 2.
Sn(w) B. 1w B. for n 3 (2.7)
where
An = bnAn—l + anAn—27 Bn = ann—l + aan—Q (28)

with initial values A_1 =1, Ag =by, B_1 =0 and By = 1.

The proof is by simple induction and will be omitted. We say that A, and B, are the
n-th canonical numerator and denominator of by + K(a,, /b,). By induction we also have the
determinant formula which is given by

n

Ap =An_ 1By — ApB,y = [ (—ax). (2.9)
k=1

The classical approximant f, is made by truncating the continued fraction after n terms. The
part cut off is also a continued fraction,

Ap+1 Ap+2 Ap+3
bn—i—l + bn,+2 + bn+3 +

(2.10)
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The continued fraction in (2.10) is called the n-th tail of the continued fraction by + K(an/by)
and its m-th approximant is denoted by 5’7(7? ) (w). As in Lemma 2.3 we have that

AR AR

ng)(w) ——— for m=1,2,3,... (211)
where
Aﬁ,’f) = bm+nA£:l)_1 + am+nA£rTLL)_2a Bﬁ,?) = ber”Bi:lzl + aer"BT(:lQ (2.12)

with initial values A™) =1, A" =0, B"™ =0 and B{™ = 1. With the notation we have now
introduced we have the following lemma

Lemma 2.4. The following equalities hold:

AM = g, B"TY for n>0, m>0, (2.13)

BT(,’LL) = bn+1B£:'j11) + an+gB£:'j22) for n>0, m>0, (2.14)
m-+n

AW B — AW B =B ] (—ay). (2.15)
j=n+1

The proof is by induction and we will omit it but the interested reader can see [LW92]. As
we can see from Lemma 2.4, we have a determinant-like formula for the tail if £ = 0.

2.2.2 Convergence

We may now define various types of convergence for continued fractions.

Definition 2.9. A continued fraction K(a,/b,) converges classically to a value f € C if and
only if im f,, = f, that is

n—oo
Definition 2.10. A continued fraction K(a,/by,) converges generally to a value f € C with
exceptional sequence {wl} if and only if the sequence {S,} of linear fractional transformations
converges generally to f with exceptional sequence {w]}.

Definition 2.11. A continued fraction K(a,/b,) converges absolutely if its classical approxi-
mants f satisfy

Z |fnr1 — fn| < 00 (2.16)
n=1

If K(a,/b,) converges neither in the general or classical way, we say that K(a,,/b,) diverges
generally. We note that if the sequence {S,} is totally non-restrained the continued fraction
K(a,/by,) diverges generally. If the limit in Definition 2.9 fails to exist, we say that the continued
fraction K(a,/b,) diverges classically. It is here worth noting that classical convergence implies
general convergence. To see this, observe that S,41(c0) = S,(0), and hence if now K(ay,/by)
converges classically this implies by Definition 2.4 that we have general convergence as well. We
also see that classical divergence does not imply general divergence. This follows from the fact
that the classical divergence of K(a, /b,) may be caused by a zero in the exceptional sequence
of S, (w). We also point out that we allow convergence to infinity.
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2.2.3 Equivalence transformations

Definition 2.12. The continued fractions by + K(an/by) and b§ + K(ay /b)) with classical ap-
proximants fn and f} respectively are said to be equivalent if

fo=1f) foraln=0,1,2,...

We introduce the notation by + K(a,/by,) =~ b§ + K(ay/b}) for this equivalence. We im-
mideately obtain

Theorem 2.2. The continued fractions by + K(a,/byn) and b + K(a} /b}) are equivalent if and
only if there exists a sequence of non-zero constants {r,} with ro = 1 such that

al =rpra_1an where n=1,2,3,... (2.17)

b = rpby where n=20,1,2,... (2.18)

The proof will be omitted. There are at least two different proofs of this in the literature;
one in [JT80] and one in [LWO08]. Thus we have that by + K(ay /by) =~ by + K(1/cy,) whenever
b, # 0 for all n and

en=by [[al"" " forn=1,2,3,... (2.19)
k=1
and that by + K(an/b,) =~ bo + K(d,, /1) whenever

dy = — d d,=
! 1 an bnbnfl

forn=1,2,3,... (2.20)

We note that equivalence transformations preserves classical and absolute convergence since the
classical approximants are the same. For general convergence the picture is more complicated.
In general, general convergence is not preserved by equivalence transformations and there exist
examples of equivalence transformations that turn a generally convergent continued fraction into
a generally divergent continued fraction. The following theorem is quite helpful when considering
generally convergent continued fractions

Theorem 2.3. Let K(a,/b,) converge generally to f. If the sequence {r,} of complex numbers
is bounded and bounded away from 0, then also K(r,_17rna,/rmby) converges generally to f.

Proof. The two equivalent continued fractions are given by

a a2 20
—  — — 2.21
by + by 4o by 4o (221
and ra r1r2Q T TnQ
101 17202 n—1"nln (222)

riby 4 raby A Taby Ao

By the recursion formulas we have, if A,, and B,, are canonical numerators and denominators
for (2.21) and C,, and D,, are canonical numerators and denominators for (2.22), that

Cl zrlblco—i—rlroalc,l =Triroai :7"17"0141
Dy =rbiDo+rirpai Dy =71b =115
Cy =100 + 1rar1a2Cy = 127170b2b1 = 1o A2

Dy =1r1b2Dy 4 raria2Dg =1or1boby + rarias = rori Bo.
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Since rg = 1 we have by induction that

Cn=An [[rr and D, =B, [] rs (2.23)
k=1 k=1

For the approximants S, (w) we by (2.23) have that

Cn—lw Cn
n—1 + n
S ( ) Ap_1w+ A, k=1 Tk Hk:l Tk Cpoirpw + Gy,
n\W) = = - =
Bp_1w + B, D, _qw D, D,,_irpw + D,

n—1 n
k=1 Tk [Tezi 7k

Hence this implies that S, (w) = Ty, (rpw) where S, (w) is the approximants for K(a,/b,) and
T (w) is the approximants for K(r,_17r,a,/rnb,). Let now S, converge generally. We then have
by Definition 2.4 that this happens if and only if there exists two sequences {v,} and {w,} such
that

lim inf d(vy,, w,) > 0

n—oo

and
lim S, (v,) = lim S,(w,) ="

n—oo n—o0

Since we now have that

liminf d(vy,, wy,) > 0 < liminf d(ryv,, row,) > 0

n—oo n—oo

under our assumptions for r,,, we see that we may now substitute T, (r,w) for S, (w) and obtain

lim T, (rpv,) = lim T,(rpw,) = 7.

n—oo n—o0

Thus T;, also converges generally, and that proves our theorem. O

2.2.4 Value- and element sets

Definition 2.13. A sequence {V,}52 of sets V,, C C is a sequence of value sets for K(ay,/by)
if and only if both V,, and C\'V,, contain at least two points and

Sn(Vn) -

» :‘L”Vn CVp1 for n=1,2,3,... (2.24)

If {V,}22, is l-perodic, that is V,, = V for all n, we say that V is a simple value set for
K(an/by). A useful observation here is that

Kn - Sn(Vn) - Sn—l(sn(vn)) g Sn—l(Vn—l) - Kn—l (225)
and hence we have that
Sp(w,) € Ky, C K1 CVy for w, € V,.

If we assume that the sets V,, are closed, then the sets K, are closed and by (2.25) we have that
the limit set

K= lim K, = ﬁKn
n=1

n—oo
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exists and is closed and non-empty. If diam(K) = 0 we say that we have the limit point case.
We then have that K consists of only one point f where f € @, and that S, (w,) — f whenever
wy, € V,, for all n. Also, if 0 € V,, we have that K(a,,/b,) converges classically to f. Furthermore,
if lim inf diamy(V},) > 0 for the chordal diameter

diamg(V;,) = sup{d(v,w) : v,w € V,,}

of V,,, then K(a,,/b,) converges generally to f. A notion related to the notion of value sets is
given in the following definition.

Definition 2.14. For a given sequence {V,,}22 o where V,, € C and both V,, and C \ Vi, contain
at least two points, the sequence {Qy} given by

~ a
= : C Vo
Q. {(a,b)é(c T cV 1}

is called the element sets for continued fractions K(ay,/by) corresponding to {V,}.

2.3 Periodic and limit periodic continued fractions

2.3.1 Initial definitions

Definition 2.15. A continued fraction K(a,/by,) is called p-periodic or simply periodic if the
sequences {an 521 and {b,}52, are p-periodic; i.e if

Uptp = Apn, bppp =0, forallneN, (2.26)
and p 1is the smallest interger such that (2.26) holds.

Definition 2.16. A continued fraction K(a,/by) is called limit p-periodic or just limit periodic
if the limits ~
m appim = Qm, LM bppim =by, form=1,2,...p (2.27)

exist in @, and p is the smallest positive integer for which (2.27) holds.

We shall in this master thesis only consider limit periodic continued fractions where the limits
in (2.27) are finite and where a,, # 0. For a periodic continued fraction K(a, /b,) we may write

Suptm(w) = SI 0 S (w) = S 0 (S5)1" (w)

where we by FI[™ mean the n-th iterate of F, i.e F iterated n times. Moreover,

(m) () — o1 _ m+1  Gmi2 Am+p
Sp (w)_Sm Osposm(w)_bm—i-l +bm+2++bm+p+w

and hence the convergence properties of K(a,/b,) depends only on how S,(w) behaves asymp-
totically. The approximant S, (w) we shall call the period approximant of the periodic continued
fraction K(a,/b,). For simplicity we shall make use of the notation S (w) = Sy (w). Since
we are only considering limit periodic continued fractions whose limits are finite, we have that
the np-th tails of the limit p-periodic continued fraction K(a,,/b,) look more and more like the
continued fraction

o = - - - -

K(%)-2.% G & I

k=1 \ by by +bg +-.-.+0b
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as n increases. Following what we did for periodic continued fractions, we shall call

Swy=u & _
P b1+b2+"'+bp+w

the period limit approzimant of the limit periodic continued fraction K(ay/by,).

2.3.2 Classification of linear fractional transformations
A linear fractional transformation 7 € M, i.e

aw +b
= here A = ad —
T e where ad — be #£ 0,

that is not equal to the identity transformation has two (possibly coinciding) fixed points z and
y. The fixed points are taken care of in the following teorem.

Theorem 2.4. The fixed points of the linear fractional transformation

_aw+b
cw+d
where A = ad — bc # 0 are given by
a—dt(atdyu ife#0,a+d#0,
a 1i,/—é) ife0,a+d=0,a0,
T,y = ( @) de? # (2.28)
:I:\/g ifc#0,a+d=0,a=0,
ﬁ, 00 if c=0 and T is not the identity transformation
where u = /1 — ﬁ,

For the proof of this see [LW08]. Whenever applicable we will choose z and y from the
formulas (2.28) above such that |cy + d| < |cz + d|.

Definition 2.17. For 7 € M with fized points x and y (possibly coinciding) the ratio R is a
complex number 0 < |R| < 1 given by

arq o,
R=94 ifc=0, |a <|d|, (2.29)
< if =0, |a|] > |d].

The ratio R is used to classify linear fractional transformations in the following way:

Definition 2.18. Let 7 € M be a linear fractional transformation. If |R| < 1, 7 is called
loxodromic. If |[R| =1 and R # 1, 7 is called elliptic. If R =1 and 7 is not equal to the identity
transformation, T is called parabolic.

The value R might seem a bit cumbersome to use since it requires us to know the fixed points
of 7, but this is simplified by the observation that

1-u ifc£0and a+d#0
— 14+u 1
R { -1 ifc#0anda+d=0 (2.30)

where u = /1 — ﬁ. However, from [Bea83] we have the following equivalent classification
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Definition 2.19. For the linear fractional transformation

(w) aw+b
T =
cw+d
where A = ad — bc # 0, we let t be given by
~(a+ d)?
t= A (2.31)

Ift = 1, 7(w) is parabolic. If t € [0,1), 7(w) is elliptic and for any other vaule of t, T(w) is
loxodromic.

To see that Definition 2.18 and 2.19 are equivalent, we observe that we have that

P (2.32)

1-r >
1- (1+R)
by equation (2.30). By using properties of basic mappings from complex analysis we see that the
mapping in (2.32) maps the punctured disk in Definition 2.18 to the entire plane. But we need
to show that the boundary of the disk in Definition 2.18 is mapped to the interval [0,1] and in

the right order. Clearly, for R = 1 we have that ¢ = 1. For the other points on the boundary,
we let R = e? where 6 € (0,27). We have that

£y
.
£y

i

1-R e 2 —e2 isin 5 ”
= — - - = —itan —
1+R % +e% cos g 2
which gives that
1
1+ tan? g

and hence we have that ¢ € [0,1) for R in the circle, as we wanted. The classifications given in
the Definitions 2.18 and 2.19 both have advantages and disadvantages. We will try to use the
one most suitable to us in any given situation. Finally, we note that if 7 € M is loxodromic,
then 7 has exactly two distinct fixed points. Furthermore, {T["]} converges generally to x with
exceptional sequence {y}2° ;. We call x the attracting fized point of T and y the repelling fized
point of T.

2.3.3 Convergence of periodic- and limit periodic continued fractions

We classify periodic and limit-periodic continued fractions according to the classification of the
period approximant or period limit approximant as done in Definitions 2.18 or 2.19. For p-
periodic continued fractions we then have the following result

Theorem 2.5. Let K(ay,/by) be a p-periodic continued fraction with period approzimant Sy. If
Sy is classfied as parabolic or lozodromic by Definition 2.18 or 2.19 then K(ay/by) converges
generally. If S, is classified as elliptic or is the identity transformation then {Sy} is totally
non-restrained and K(a,/by,) diverges generally.

The possible cases of classical convergence in Theorem 2.5 are taken care of in the following
theorems

Theorem 2.6. A periodic continued fraction of parabolic type converges classically.
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Theorem 2.7. Let K(a,,/by) be a p-periodic continued fraction of loxodromic type. If Spn(0) =y
for some m € {1,2,...,p}, then K(a,/by,) diverges in the classical sense. Otherwise K(ay/by)
converges in the classical sense.

The type of divergence described in Theorem 2.7 is called Thiele oscillation after the danish
mathematichian Thorvald Nicolai Thiele who was the first to point out that this might happen.
For limit periodic contiuned fractions the picture is more complicated, as expected. However,
for limit periodic continued fractions with finite limits most of the nice structure is preserved:

Theorem 2.8. Let K(a,/b,) be a limit p-periodic continued fraction of lozodromic type with
finite limits. Then K(a,/b,) converges generally. Also, K(an/b,) converges classically if all

Sm(0) £y forme {1,2,...,p}.

Unfortunately some nice structure is lost as well. In particular there exists parabolic limit
periodic continued fractions that diverges and elliptic limit periodic continued fractions that
converges but we will not concern ourselves with this. For our purposes, the result presented in
Theorem 2.8 is sufficient.



Chapter 3

Core theorems

The goal of this chapter is to give the original proof of the Lorentzen bestness theorem and to
give a proof of the Parabola theorem. Since both theorems are strongly connected to all the
work done in this thesis and the results in themselves are interesting, both theorems are stated
properly and proven. In addition, we state and prove a few results that are needed when proving
the Parabola theorem.

Theorem 3.1 (The Stern-Stolz divergence theorem). If

oo

Z|cn| < 0

n=1

then the continued fraction K(1/c,) diverges generally. Furthermore, the sequences {Aapim fn
and { Bantm }n converge absolutely to finite values and the relation A1By— AoBB1 = 1 holds where

Am = lim A2n+m

Bm = lim Bgn+m
Proof. This proof is based on the slightly different versions found in [Kho63], [JT80] and [LW08]
and contains some elements from all. Although the proof is based on exactly the same idea in all

the cases, they differ in terms of method and ease of understanding. We aim at giving a proof
that is both easy and up to date but a bit long.

For the continued fraction K(1/¢,) with convergents A, /B, we have the recurrence relations
given in Lemma 2.3 hold, and thus we estimate that

|A1] < er]|Aol + A1 =1 < 14 e
|Az| < leaf|Ar| + [Ao| = |ea|(1 + fer]) + 1 < (L +[ea (1 + [ez])

and we may prove by induction that

|An| < T+ JexD

k=1

15
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Since In(1 + |c,]) < |ey| for all ¢, # 0 we have that
[An| < T+ fexl) < Xz leel
k=1

and if we let n — oo and recall that the series Y -, |cx| converges, then we find that A, is
bounded. In a similar manner the boundedness of B,, follows. Hence the sequences {A,} and
{B,} are bounded. Also, the sum E,:il |k Ax| < oo since

oo oo
D lerAr] <Y lerM < oo
k=1 k=1

where M is the upper bound for |4,|. By a similar argument one may show that > ., |cxBk| <
0o. The recursion formula A, = ¢, Ap—1 + Ap_o from Lemma 2.3 gives that

| Aok, — Aop—2| = |canAok—1]

and by summation over k we obtain
n n o0
D Ak — Agka| =D [eakAska] <Y lear Aok 1| < oo (3.1)
k=1 k=1 k=1

and hence the sequence {Az,} converges absolutely to a finite value. By similar arguments the
sequences {Aan+1}, {Ba2n} and {Ba,41} also converges absolutely to finite values. We also see
that since

n

> (Ag — Agp_o)

k=1

n
< Z |car Agk—1] < 00
k=1

n
E cokAok—1

k=1

| A2, — Ag| =

by the recursion A,, = ¢, An—1 + Ap—2 and (3.1), it follows that the limit

lim Ao, = Ao + Z cokAok—1

n—oo
k=1

exists. This can be done in a similar manner for the sequences {Azn41}, {B2n} and {Bapy1}.
In addition, by the determinant formula we have that As,1Ba, — A2pBan+1 = 1 for all n, so
A1By — AgB; = 1 holds where

.Am = hm A2n+m
n—oo

Bm = lim Bgn+m.
n—oo

To prove divergence of the continued fraction we observe that for the sequence {S,} we obtain
two non-singular transformations

. Aijw + Ag . Aow + Aq
1 n(w) = —>———, 1 n =
Jim Son(w) Brw+ By Jim Sony1(w) Bow + B

as limits. Since now any subsequence of {Ss,} and {Sa,4+1} now converges to a non-singular
linear fractional transformation, the sequence is totally non-restrained and by negation of Lemma
2.1 we have general divergence. O
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For a continued fraction K(a, /by,) we call the series
S=)_b
n=1

the Stern-Stolz series of the continued fraction K(a,,/b,). The Stern-Stolz series S; and Sy of
two equivalent continued fractions K(ay,/b,) and K(a} /b)) are identical. This is easy to see if
we rewrite 81 as

n

H 1)n+k 1

[ee]

Si=Y

n=1

a1as...azn—1
asay .

a4 . ..0a2n

ban bon+1

i

ajas...azn+1

and substitute r,r,_1a, for a) and r,b, for b}.

Corollary 3.1. Let b, be finite and nonzero for all n. If the Stern-Stolz series

9] n
> o [
n=1 k=1

then the continued fraction K(a,/by,) diverges classically. If in addition

n

H )n+k 1

>0

1nf

then K(ay, /by,) diverges generally.

Proof. Classical divergence follows immideately since equivalence transformations preserves both
the expressions for S and the classical approximants as we saw in Theorem 2.2 and the remarks
following that statement. As for the general divergence, this is by Theorem 2.3 preserved by
equivalence transformations if

n
(—1)n+k—1 1)nth-t
H H a

Since b,, is assumed to be finite and nonzero we are done. O

mf >0 and sup

Corollary 3.2. Let the continued fraction K(a,/1) be given. If the Stern-Stolz series S of
K(an /1) converges, then the continued fraction K(a,/1) diverges generally.

Proof. We observe that for a continued fraction K(a, /1), the approximant

S o ai az Gp—2 Qp—1 Qp
=T T T 4+ T +1tw

has the property that S, (—1) = S,—2(0). Thus we have by Definition 2.4 that we have general
convergence for the sequences of linear fractional transformations {S2,} and {S2,-1}. But we
know from the proof of the Stern-Stolz theorem and the convergence of S that {S2,} and {Sa,—1}
converges to distinct values. Hence {9, }, with two subsequences that converges to distinct values,
diverges generally. O

The convergence of the series S for a given continued fraction K(a,/b,) can sometimes be
rather difficult to determine, and to ease our use of the Stern-Stolz theorem we have the following
useful result:



18 CHAPTER 3. CORE THEOREMS

Theorem 3.2. The Stern-Stolz series S of K(ay, /b,) has sum oo if at least one of the following
conditions hold:

bnbn—l
I =
2o
n=2
II lim inf | —2" < 00
n—oo | bpby_1
= bnbn—l
111 =] =

For a proof see [LWO08].

Theorem 3.3 (The Lane-Wall characterization theorem). Let the continued fraction K(ay,/by)
with classical approzimant f, = S,(0) satisfy

Z | frt1 — fr-1] < o0 (3.2)

n=m

for some fired m € N. Then K(ay,/by,) converges classically if and only if the corresponding

Stern-Stolz series
o n ntk—1
-1
S = E bn | | a,g )
n=1 k=1

of K(an/by) diverges.

Proof. We need to prove both directions of the implication in the theorem. If we assume that
K(an/by,) converges classically then we have by the Stern-Stolz theorem that the series S of
K(a,/by,) diverges and this establishes one direction of the implication. Hence we must prove
that if the series S of K(a,/b,) diverges, then we have convergence of the continued fraction
K(an/by). We observe that by Theorem 2.2 the continued fraction K(a,/by,) may by an equiv-
alence transformation be transformed into a continued fraction K(1/¢,) where the Stern-Stolz
series S is unchanged. Also, since it is the tails of a continued fraction that determines its con-
vergence properties, we may without loss of generality set m = 1. By the assumption that m = 1
we have by (3.2) that f, < oo and it follows that B,, # 0. From the Stern-Stolz theorem we have
that K(1/cy,) diverges if > |¢,| < 0o and consequently we assume that > |¢,| = co. By equation
(3.2) we have absolute convergence of the sequences {fa,} and {fan4+1} and the limits Ly of
{fen} and Ly of {fon11} exist and are finite. To prove the convergence of K(a,/b,), we must
show that the limits Ly and Ly coincide under the assumptions given. To do this we will assume
that Lo # Ly and derive a contradiction. If Ly # L; we have that |fn,+1 — fu| — |Lo — L1| > 0.
We now define
o fn+1 - fnfl

fn+1 - fn
and we see by Abel’s test that the series > |9,,| and > | fr+1— fn—1| converge and diverge together
and hence Y |0,| converges. We have from the recurrence relations and determinant formula in
Lemma (2.3) and equation (2.9) that

An+1 _ Anfl

Op =

S — Bni1 Bn_1 _ _An-l—an—l - An—an—i-l ) B,
g%:j — é—: An+1Bn - Aan,1 anl
Aan,1 - Anlen Bn Bn

= —Cp+1 : = Cn+1
AnJran - Aan+1 anl anl
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Hence we have that
5n,Bn—1 = cn-{—an (33)

for all n € N. We want to show, by using(3.3), that Y |d,| < co implies that > |¢,| < oo and
thus obtain a contradiction. We solve for ¢, 11 to obtain

Bn—l 5n,Bn -1 5n,Bn -1
Cpn+1 = 517, - -
Bn Can,1 + Bn72 6nlen72 + Bn72
_ 5n Cnlen72 + Bn73 _ 5n 5n72Bn73 + Bn73
577,—1 + 1 Bn—2 B 577,—1 + 1 Bn—2

6n(5n72 + ]-) Bn73
_ , 4
6n—1 + 1 Bn—2 (3 )

We see from (3.4) that a pattern is emerging. When we continue in this way we obtain

Comir = 52n(52n72 =+ 1)(52n74 + ].) cee (52 + 1) ' &

(b2n—1+1)(02n—3+1)---(03+1) Ba
02n+41(02n—1 + 1)(02p—g +1)--- (61 + 1) ' &
(02 +1)(02n—2+1)--- (62 + 1) By

We observe that since f,,+1 # fn we have that §,, # oo, —1. We also recall that B,, # 0 for all
n € N. Hence we have that if )" |d,| < oo this implies that > |¢,| < co. But this contradicts
our assumption that Y |c,| = co. Hence our assumption that the limits Lo and Ly are distinct
is false, and we have convergence of K(ay,/b,). O

Con+4+2 =

Theorem 3.4 (The parabola theorem). Let V, and E, be given by

Vv, = —% + e’ = {w € C: R(we ™ > —% COSOé} U {oo} (3-5)
E, = {a € C: |a] — R(ae ) < %cos2 a} (3.6)

Then, for fived o € R where |a| < F, the set E, is the element set for continued fractions
K(an/1) corresponding to the value set V,,. Let K(ay/1) be a continued fraction from E,. If
S = oo, then K(a,/1) converges to a finite value. If S < oo, then {fon} and {fant1} converge

absoultely to distinct finite values, and {S2,} and {Sant1} converge generally to these vaules.

Proof. The proof consists of two seperate parts. First we prove that s(V,,) = v € Vo if and
only if @ € E,. Then we prove that if we are given a continued fraction K(a,/1) with E, as
element set, then it converges if and only if § = oc.

We see from Definition 2.13 of value sets that if @ = 0, then the inclusion is clear. Let us
then set a # 0. We have that by Lemma 2.1 the transformation s maps the half plane V,, to a

finite disk B(Va, pa) Where v, = ‘ff);: and p, = lal_ . Now B (Yo, pa) is inside the half-plane

V, if and only if the distance from the center -, o%ozﬁe disk B(Va, pa) to the boundary 0V, of
the half plane V,, is greater than or equal to the radius po of the disk. The distance from the
center v, to the boundary 9V,,, denoted by d,, is given by <% + R(yae ™). An illustration of

the situation is given in figure 1
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Figure 1
S 3 B ('Ya ) /)a)
s(Va)
—_—
/va
Q@ @
—1 R -1 R
Va OV

Hence s(V,,) C V, if and only if

cos _ |al
§R o k0%
2 T R(ae™) 2 cos o
)
cosa §R(ae eia> > |a]
2 cos cos o
)
cos? a by
5 > a| — R(ae™")

Which is clearly equal to our set E,,.

We now let K(a,/1) be a continued fraction from E,. We observe that co ¢ S;(V,) since
oo ¢ E,. From this it follows that the nested sets K,, = S, (V,) are bounded and finite disks.
If the size of these disks goes to zero, that is diam(K,,) — 0 where diam(K,,) is the diameter of
K, then the convergence is clear since we end up in only one point, see (2.25). Since we have
convergence, it follows by logical negation of Lemma 3.2 that the series S = oc.

What remains is the case where diam(K,,) — K where diam(K’) > 0. To establish the proof, we
make use of the following linear fractional transformation:

—1+e“cosa —w
14+ w

p(w) =
whose inverse is exactly the same:

—14+€e“cosa— z

-1 o
0 () = T2
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The function ¢ has the useful property that p(co) = —1 and ¢(—1) = co. Furthermore, it maps
the closed unit disk D onto V,, and hence the inverse image of every point in V, is in the closed
unit disk D. Since we want to use Lemma 2.2, we want to find a linear fractional transformation
T,, that maps the closed unit disk into itself and also maps infinity inside the unit disk. We define

—1
Tn = @ O 82p—1 082, 0@

for n € N. We now observe that

(D) = ¢ ! os_1052,00(D)
50_1 0 8271 © S2n(Va)
' o 82, 1(Va)
‘P_l(Va)

D

NN

and hence that 7, maps the closed unit disk into itself. Furthermore we have that

Tn(00) = ¢ ! osan 1 082, 0 p(00)
@' o sgn_10s2n(—1)
¢! 0 52,_1(0)
= ¢ (0

—1+¢e"“cosa.

We observe that if we multiply 7, (c0) by e~ we get that 7, (c0)e™® = —e~*“ 4 cos a and thus,

by a simple trigronometric identity for complex values we have that
|70 (00)| = |Tn(c0)e™ | = |isina| < 1
Hence, by setting w, = oo, it follows from Lemma 2.2 that the sequence of linear fractional

transformations {7,} given by {7} = 71 0o Tz 0 73 0 --- 0 7, converges generally to some value
~v € D and also that the sum > |7, (00) — Tp—1(00)| < 00. Moreover

T, = TiI0TR0T30:--:-0T,
—1 -1 -1
(p7 os10830p)o(p  0830830@p)0---0(p " 08,1082, 0)
—1
= ¢ o0Sy0¢p

which means that 7,,(00) = ¢~ 1(S2,(—1)) = 0~ 1(S2,_2(0)) = ©~1(f2n_1) where ¢! has a pole
at —1. Since all f,, € s1(V,) and thus {f,} is bounded away from co and —1 it follows that
S| fon— fan—2| < co. Similarly it follows by using ¢~ 'o0s2,082,1100 that > | font1— fan—1| < 0o.
Thus, since we have absolute convergence of the even and odd classical convergents, we have by
the Lane-Wall characterization theorem that K(a, /1) converges if and only if S = co. O
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Figure 2 A useful observation here is that
the set E, can be written as

. 1
/ E, = {02 eC:|S(ce™) < §cosa}

(3.7)
where o € (—g, g) We see that
the set from which ¢ is taken from
in (3.7) is a strip in the complex
plane. The strip is illustrated in fig-

ure 2. We observe that the strip

/ always has vertical width equal to

/ 1, and that the points %, —% always
are points on its boundary.

&L

S

[SIEH

Theorem 3.5 (The Lorentzen bestness-theorem). Let b be a complex number such that b ¢ E,,
for a fized o where |a| < T . Then there exists a point a on the boundary OE, of E, such that
the linear fractional transformation

a _a(l+w)

b 1+b+w
14+ —
1+w

SQ(U}) =

1s elliptic.

Proof. The proof is split into three parts. The first part deals with the setup of the problem,
where we obtain a system of two equations that we must prove has a solution in a desired range.
In the second part we prove that this sytem has a solution in all but a special case, and finally
in the third part we obtain a solution in the special case.

Part 1

We see from equation (3.7) that an element w lies on the boundary or inside a parabola 0F,, if
and only if we can write w = ¢? where ( lies on the strip |J(Ce )| < %cos a. Our goal is to
prove the existence of a point a = ¢? € JF, such that the linear fractional transformation

Ca(l+w) A1+ w)

Sa(w) = 1+b+w 14+d2+w

is elliptic for a given b outside the parabola. We have that b can be written as b = d? € C \ E,.
Since ¢ lies on the boundary of the strip it can be written as (z + iy)e’™ where y = %cos Q.
Furthermore, it is sufficient to use only this part of the boundary since both parts coincide when
we square. Similarly we can write d as (u + iv)e!® where v > y or v < —y since d? is placed
outside the parabola and hence lies outside the strip. It is also worth noting that neither point

is zero since zero is an interior point of the parabola.

By Definition 2.19 we have that Sa(w) is elliptic if and only if § € [0,1) where

(14 +d)?

0= 4c2d?
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We take the square root of (3.8) and have that Sy(w) is elliptic if and only if ¢ € (—1,1) where

14 d? +c?

Hence we must show that a solution of equation (3.9) exists for ¢ in the interval (—1,1). We
multiply to get rid of the fraction and insert the expressions for ¢ and d to obtain

(z +iy)%e®™ + 1+ (u+v)2e?® = 2t(x + iy)(u + iv)e?e.

Dividing by €%® and using some trigonometric identities yield the expression

2?2 — 9% + 2izy + cos 2o — i sin 2a + u? — v? + Ziuw = 2t(zu — yv + vz + iuy).

If we collect the real and imaginary parts of equation we obtain the two equations

22 — 9% + cos 20 + u? — v? = 2t(xu — vy) (3.10)

and

2xy — sin 2a + 2uv = 2t(ve — uy). (3.11)
Hence the goal of our proof is to show that this system of equations (3.10), (3.11) has a solution
(x,t) where x € R and ¢t € (—1,1) for all w € R and v € R with |v| > y.
Part 2

Without further ado, it seems natural to try to solve (3.11) for z to obtain

tuy + sin acos o — uv
Tr =

12
p— (3.12)

But now we have a rather serious problem. If ¢ is set to the value ¥ and inserted into (3.12)
we divide by zero, which we usually try to avoid. This is the special case that we will deal with
in part 3. For now we simply ignore the whole problem and assume that ¢t # £. We continue
to solve our system of equations, and insert the value for x obtained in (3.12) into (3.10) and
rearrange everyting neatly to obtain

(sin avcos a — uv + tuy)? + (cos 2o + u? — v* — y* 4 2twy) (y — tv)?
—2tu(y — tv)(sin a cos @ — uv + tuy) = 0.

This we define as a function with ¢ as variable:

F(t) = (sinacosa—uv+ tuy)? + (cos2a + u? — v? — y? + 2toy)(y — tv)?
—2tu(y — tv)(sin a cos @ — uv + tuy) = 0.

Hence we need to prove that a solution F'(t) = 0 exists in our interval (—1,1). As a polynomial
of ¢, F'(t) is obviously a continuous function and furthermore we observe that if we let ¢t = £,
most of our functional equation disappears and we are left with the function

9\ 2
F(g) = (sinacosa—uv—i— ﬂ)
v v

This is obviously positive and nonzero since it is a square of real numbers with positive and
nonzero absolute values. Hence we have obtained a positive value for our function F(t) in our
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interval. If we can create a negative one in the same interval, we are done. The first candidates
for these negative values are the end-points of the interval. We simply insert to obtain
F(£1) = (sinacosa —uv=+uy)? + (cos2a +u? — v? — y? + 2uy)(y F v)?
F 2u(y Fo)(sinacosa — uv £ uy).

If we write G = % then F(+1) can be written as

F(£1) = (y Fv)2((G £ u)?® + cos 2a + u? — v* — y? 4+ 2vy F 2u(G £ u)).

We now have two cases to consider: v > y = %cosa and v < —y = % — cosa. We will only give
details in one case, since the other is analogus. If v > y we have by simplification of the above
equation that

F(—1) = (y +v)*(G? — (y +v)? + cos 2a). (3.13)
If we estimate the size of this G we obtain

sin a cos o

2y

sin a cos a

G| =
y+v

. . 1
= |sina| since v >y and y = 5 cosa.

Hence if we insert this into (3.13) we get that
F(—1) = (y + v)*(G? — (y +v)? + cos2a) < (y +v)2(sin® a — (y + v)* + cos 2a). (3.14)
Now we observe that cos2a = 1 — 2sin® a and we then get by equation (3.14) that
F(=1) < (y +v)*(cos® a — (y + v)?)

which is clearly negative since (y + v)? > (2y)? = cos? a. Thus we have proven that a negative
value exists and we are done. If v < —y we obtain the same conclusion by a similar argument and
by using the other end-point of our interval, namely we show that F(1) < 0 and the conclusion
follows.

Part 3

We now remedy the problem that became apparant when expressing x as in (3.12). This is
done by first finding under what conditions it is possible that ¢ = ¥ and then we examine the
behaviour of x as expressed by our equations. We then solve the equations for ¢t and prove that
the solutions are on the desired form.

Under what conditions is ¢ = ¥ possible? To find out this, we insert ¢ = ¥ into (3.11) and
solve for u to obtain

_ vusin2a
20—y
We insert this value for u into (3.10) and (3.11) to obtain
2 .. 92 .
9 9 v?sin” 2a 2 vz sin 2«
r —y +COS20&+W—U —2t(m—'[}y> (315)

and

) vsin 2a vy sin 2a
2$y — Sin 20[ —+ m?} = 2t (vx + W) . (316)
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We further simplify (3.16) and get

ysin 2«

Now we see that in (3.17) we managed to factor out our troublesome denominator and hence we
may freely insert t = £ and see what happens to (3.15). We have that

2 .2 .
9 9 v*sin” 2c 9 y [ vxsina

— 2 _— - = — _— .
o gt ot =2 (G - )

which we can simplify to
v?sin” 20
402 — y2)?

sin 2«
z? —x(zz_iyz) +y? + cos 2a +

Now the square formula yields:

-0 =0.

. . 2 .
s ()" -4 (1 cos2a+ g )
2

Tr =

which by simplification is equivalent to

. <2
Y sin 2a sin” 2«
v = Wi\/”2—yz—c‘352a— 00— 7

Some rearrangement of the expression under the root-sign yields

. . 2
y sin 2« sin” «
xr = Wi\/<1+ UQ_y2>('U2—y2—COS2OZ).

2

and hence z is real whenever v2 — y? — cos? « is positive, that is when v2 > 32 + cos? a. Hence
we have a solution (x,t) of our system (3.10), (3.11) when v? > y? + cos? a. What remains is to
consider the possibility that y? < v? < y? + cos? a.. To deal with this, we let z be a real number
and we note that we do nothing wrong if we express x as —23(’5?_2;;), since this can express any
real number. If we insert this into (3.15) we have the expression

. 2 2 2 _ wysin2a _: 20
ysin 2« 9 v*sin” 2a 9 2z —y?) S
— — 2 — =yt === )
2=y VT A ey ( 2=y Y

Expanding the parantheses and moving everyting over to one side, we obtain

2 gin2 2 (12 )
y~sin” 2o 2 v®sin” 2« 5 2tvysin® 2« B
AT g Y teostet ey TV T ey T A =0 (B19)

Solving (3.18) with respect to t yields

(0% 4+ 3?)(4(v? — y?)? — sin® 2a) — 4 cos 2a(v? — y?)?

t =
2uy(sin? 2 + 4(v2 — y2)2)
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We immideatly see that ¢ is a real number, and the only thing we need to show is that |¢t| < 1.
This is clearly the case if our denominator is greater in absoulte value than the numerator in the
expression above and hence we have that [t| < 1 if and only if

— 2|v|y(sin? 2a + 4(v? — y?)?)
< 4% — )2 (1% +v?) — (y* + v?) sin? 20 — 4(v? — y?)? cos 2a (3.19)
< 2Jvly(sin? 2o + 4(v? — y?)?).
From equation (3.19) we easily see that we have the inequality
0> 4(v2 =) (y? +v?) — (y2 +v?) sin”® 20— 4(v? —?)? cos 20— 2|v|y(sin? 2a+4(v? —32)?) (3.20)
by substracting one side from the other. The equation in (3.20) can be simplified to
0> 4(v +y)*(v = y)*(Jv] = ) = (y + [v])” sin® 20 — 4(v + )*(v — y)” cos 20
which we can divide by (Jv| 4+ y)? to obtain the inequality
4(Jv| — y)* — sin® 20 — 4(|v| — y)? cos 2a < 0. (3.21)
By the same procedure but with the other inequality in (3.19) we can obtain
4(y + |v)* — sin® 2a — 4(Jv] + y)? cos 2a > 0. (3.22)
Thus [¢| < 1 if and only if (3.21) and (3.22) hold for y = 1 cosa < |v| < 3 cosa =y + 3 cosa.
Now the inequalities (3.21) and (3.22) can be written as
45 —sin? 2a — 45% < 0 where s € (0,cosa) (3.23)
4r* —sin? 20 — 4r% > 0 where 7 € (cosa, 2 cosa). (3.24)
This can be rewritten as

s* —sin®acos? a — 52 < 0 where s € (0,cos ) (3.25)
r* —sin? acos® @ —r?* > 0 where r € (cosa,2cosa). (3.26)
Let us take a closer look at (3.25). At s = 0 it is obviously negative. If we treat it as a function
of s it is also obviously increasing in the interval, and hence our only concern is what happens

very close to the end-point where s = 256 cos . We calculate:

s* —sin? v cos? o — 2

)

2—¢€ 4 . 9 9 2—¢€ 2
COS ¥ — SN~ @ COoS™ & — COS &
2 2
(;
2—¢\* 2—¢\* 2—¢€\>
( 26) + [( 26) —1]sin2a—( 26> . (3.27)

2—¢

We now observe that [( S )4 — 1} sin? & can be made as small as we please, and it can hence be

ignored when we decide whether the equation in (3.27) is negative, zero or positive. Hence we

look at NN Y\
(5 (5 20
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The equation (3.28) is clearly negative, since the lower power dominates the higher one when
inside the interval (0,1). Hence inequality (3.21) hold in our interval. By a similar argument
inequality (3.22) also holds. Hence we have a desired solution (x,t) and that concludes the
proof. O

We notice however, that the converse does not hold.

Theorem 3.6. Let a be a complex number such that a € OF,, where a is fixed and o € (—%, %)
Then there exists a b ¢ E, such that

a _a(l+w)

b 1+b+w
14+ —
1+w

SQ(U}) =

s parabolic.

Proof. This is obvious since we have two distinct parabolas through any point a that also goes
through —%. O
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Chapter 4

Results

The following material is a consequence of efforts made by the author to give a new and simple,
i.e short, proof of the Lorentzen bestness theorem presented in chapter 3. When searching for
such a proof, several nice facts was found. Among the most interesting of these facts is a nice
connection to the Fibonacci polynomials in number theory and a conjecture concerning the con-
vergence properties of periodic continued fractions with a particular type of period.

The results that we present in this chapter are presented in the order that they were found.
The initial object of study is the 2-periodic continued fraction that we used in the proof of The-
orem 3.5.

We will approach the Lorentzen bestness theorem in a different manner than in the proof of
Theorem 3.5. Our method will be to choose an a on the parabola, and then find the set of all b-s
that together with a gives that So(w) is classified as elliptic. The Lorentzen bestness theorem is
then equivalent to that every point outside the parabolic region E, is in at least one of the sets
consisting of b-s for some a. We will state this idea in a more precise manner below.

4.1 Direct generaliztion

In the proof of the Lorentzen bestness theorem we made use of the 2-periodic continued fraction

a u a u a u

- - - = = - 4.1

1+14+14+14+14+1+4--- (4.1)
where u was allowed to be choosen freely outside the parabolic region F,. The Lorentzen bestness
theorem established that for any u € C\ E,, there exists an a € JF, such that (4.1) diverges and
from this one may ask the following question: If we increase the length of the period by adding
u-s, for what choice of u does such an a € OF, that gives divergence still exist?

4.1.1 A useful definition

Our object of study is the class of continued fractions

a uou uoau (42)
1+14+14+...+14+14+1+4...
—_——

(p—1) terms

29
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where p € N and where a € dF, and u € C. We want to study the convergence properties of the
continued fractions defined in (4.2) for various fixed p, and in particular we want to see where
the corresponding approximant S,(w) is classified as elliptic. To do this, we make use of the

Definitions 2.18 and 2.19 and see that in this case Sp(w) = 722:151‘22 is elliptic if and only if
(Ap—1+ Bp)?
t= —7-———" 1 4.
X5 o) (4.3)

where A = (—1)PuP~'a. The set of roots we obtain when we solve (4.3) for u for fixed a € OE,
and ¢ € [0,1) we denote by D, (a,t) and the union

D(a,t) = U D,(a,t)
ac€dE,
te[0,1)

we call the elliptic set of S,(w) with regard to a and t, or just the elliptic set whenever there is
no risk of confusion. Similarly, the parabolic set of S,(w) with regard to a and t is given by the

union
U Dulat)
acdE,
=1

and denoted by 9B, (a,t). The notion of the elliptic and parabolic sets is introduced simply to
save time when we examine properties of convergence for a few low values for p.

4.1.2 The 2-periodic case

Initially, ®,(a,t) for p = 2 was studied in an effort to give a new and simple proof of the
Lorentzen bestness theorem. The idea was that for p = 2 we may rewrite equation (4.3) as a
quadratic equation in u,

u? +2(a—2at + Nu+a®>+2a+1=0 (4.4)

and hence the roots that we obtain for w in (4.4) for fixed a € OF, and a variable ¢ € [0,1) are
two curves in C denoted by f; and fs; and given by

t) = 2at —a— 1+ 2va?t? — a?t — at
fi(t) (4.5)
f2(t) = 2at — a — 1 — 24/ a?t? — a?t — at.

These curves are drawn for a few different a-s in the figures B.14 - B.16 in appendix B. The
idea was to show that the curves f; and fs fills the set C\ E, when we take all possible values

of a € OF, for some fixed a € (—%, g) At t = 0 the curves fi, fo coincide in the point —a — 1

and if we look at the limit of f1(¢) and fa2(¢) when ¢t — 1, we get that
lim f,(2) = a+2iva—1=(Va+i)?=cl
fim fo(t) = 0~ 20 ~ 1= (Va ~ )" =}

We now recall that for a € OE, we may write a = c? where

|S(ce™ )| = 5 cosa
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Figure 3 and we note that, depending on where we put a,
we see that one of the points cZ,c2 lie on the same
parabola as a, since c¢; or ¢y lies on the same strip as
c. The point that does not lie on the same parabola,
lies on the other possible parabola that goes through
Z a. The situation is illustrated in figure 3. Here we
have placed ¢ such that co lies on the same strip and
c1 lies on the other possible strip. Hence we may see
the curves f1(t) and f2(t) as a single cuve g that goes
from one possible parabola to the other and we need
to show that the collection of all these curves g for all
a fills the set C\ E,. A few of these curves for various a € E, are drawn in the figures B.14 -
B.16 in appendix B. The union of all these curves g obviously gives us set D, (a,t) as we defined
above. As we see, it would not be too surprising if the collection of all these curves fill the plane
and indeed, the Lorentzen bestness theorem implies that ©,(a,t) = C\ E, and that ©,(a,t) is
simply connected. Unfortunately, we have not been able to supply a rigorous proof of this by
using the functions f1(¢) and fa(t).

&

C1

Co §R

4.1.3 The 3-periodic case

Following the idea in the case where p = 2 in (4.2), we tried to solve (4.3) for v when p = 3
and we came across our first surprise. We managed to conjecture and after some work prove the
following nice theorem:

Theorem 4.1. Let the continued fraction K(a,/1) be given where asp = a,asx+1 = u and
asip+2 = u for k € N and where 0 # a € OE, for some fized o € (—%, g) Then the continued
1
1

fraction K(a, /1) converges if u € —1 + e *H = {w € C : R(we™"*) > —1 cosa}.
Theorem 4.1 also holds for limit-periodic continued fractions:

Theorem 4.2. Let the limit periodic continued fraction K(a,/1) be given where limas,, = a

T T

and limagry1 = limasg12 = u # oo and where a € E, for some fived o € (-7, 51) Then the

continued fraction K(a, /1) converges if u € —% + ¢“H = {w € C: R(we™**) > —% cosar}.

For proofs of these theorems, see section A.3.2 in appendix A where the 3-periodic case is
studied in detail. For an illustration of the situation, see appendix A or figure B.3 in appendix
B. Theorem 4.1 clearly implies that D, (a,t) C C\ {—1 + ¢'“H} and hence D, (a, t) is not equal
to the set C\ E, when p = 3.

4.1.4 The 4-periodic case

With our success in the case where p = 3 in mind, we immideatly tried to investigate similar
curves for p = 4. The polynomial we obtain from (4.3) in « whose roots we must find is given by

(W+(B+au+a+ 1)2 — 4dtau®. (4.6)

As we see, (4.6) is a polynomial of fourth degree in w and the general expression for its roots are
quite horrible. Thus, to get a grip on this at all, we instead solve (4.6) when ¢ = 1 which will
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give us the parabolic set P, (a,t). We solve by Maple and obtain

o _§+g+2i\/a+1\/5i\/6—18ia\/6—;\;;i\/5+16a—8a2

2" 2 2
1 [5iy/a—18i 23 /a + 16a — 8a2
3 a 2i\/a_§\/5z\/a Sza\/a—i.—a iv/a+ 16a — 8a

A R iva
3 a ) 1 [5iy/a — 18iav/a + a%iv/a + 16a — 8a?
= — — ——2 —
ug 2—|—2 z\/a+2\/ ia
3 a ) 1 [5iv/a — 18iav/a + a%iv/a + 16a — 8a?
g = ‘5*5‘2“/5‘5\/ iV

We recall that we may write a = ¢? and we simplify under the root-sign to obtain

up = %(c+i)(c+3i)+%(c+i) (c+59)(c+1)
Ug = %(c+i)(c+3i)—%(c+i) (c+59)(c+1)
uz = %(c—i)(c—Si)—i—%(c—H) (c+59)(c+1)
ug = %(c—i)(c—i’)i)—%(cﬁ-i) (c+ 59)(c+1).

A plot of uy,us,us,uy for a € OE, are given in figure B.4 in appendix B. As we see, some of
the u;-s apparantly traces two circles but we have not been able to give an equation for them
based on the equations above. The plot of ,,(a,t) suggests a theorem for p = 4 that resembles
Theorem 4.1. This is however nigh impossible to prove in the same way since the roots are simply
given by too complicated expressions. The reader is encouraged to have a go at the polynomial
in (4.6) in Maple to be convinced of this.

4.1.5 The 5-periodic case

With the apparent faliure in the case where p = 4, we examine the case where p = 5. An
illustration is given in figure B.5. Proceeding as we did for p = 4, we first find 3, (a, t) by setting
t =1in (4.3). The polynomial is given by

(a4 2ua + 1+ 4u + 3u?)? + datu® (4.7)

and for t = 1 we obtain the roots

Uy = —1+i\/5
U = —1—i\/5
2a+3 —iva
Uy = — ————
9+ 4a
2a+3+iva
U= — —————.

9+ 4a
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We once more recall that we may set a = ¢? and we obtain

u = —1+1ic
uy = —1—1c
2c+i)c—%)  c+i
us = — 3i 3y 2 B
e+ 5)(c—3) ¢+ 3i
2(c—1i)(c+ 3 c—1i
Ug = 3i 3y 2 3
(c—!—2 (c— 5) c—3i

We observe that u; and us traces lines as ¢ traces the boundary of the strip and that us and w4
are linear fractional transformations and hence sends the boundary of the strip to generalized
circleb The line where c lies can be seen as the boundary of a rotated half plane which is given
by —= cosoz + e i(3-2)p. We apply Lemma 2.1 to the linear fractional transformations us and

Uy and after some simplification obtain that us maps the boundary of the strip to the circle
0B3(T'3, p3) where

1 e—i(ﬂ'—a)
3 =—5— 1 30\ —i(Z—a)
2 8?)?[(—§cosoz—|—7)e U2 O‘]
) (4.8)
ps = 8K [(—% cos o + %) e—i(%—a)} :
Similary, us maps the strip to the circle 984(T'4, ps) where
r _1 B eioz
T2 8k [(—% cos o — %) e*i(%’o‘)]
1 (4.9)
P4

TSR [(Zema - F)e E ]

We now try to simplify the denominator for I's, 'y, ps and py4. For I's, ps we rewrite to obtain
1 . .
8R| — 3 (cosa — 3i) (cos ¢ + i sin @)

where ¢ = a — w/2. We expand and seperate the real part and we get
—4 (cosacosp + 3sing) . (4.10)

We now insert ¢ = a — m/2 and we see that cos (a - g) = sina and that sin (a — g) = —cosu
and hence we have that (4.10) can be written as

—4 cosa(sina — 3)
In a similar manner we have that the denominator for I'y, p4 that can be written as

—4 cosa(sina + 3)
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Hence we may rewrite the equations in (4.8) and (4.9) and obtain the following formulas for the
center and radius for the circles 9835(T's, p3) and 9B4(T4, p4):

r 1 efi(ﬂ'fa)
D) + 4cosa(sina — 3)
_ 1
ps = 4cosa(sina — 3)
1 el
Ty=—=
: 2 + 4 cosa(sina + 3)
1
pa =

4cosafsina+3)

A figure illustrating the situation is given in figure B.5 in appendix B. Both the lines traced
by w; and ue and the circles 9B3(I's, p3), 0B4(I'4, p4) traced by us and ug are clearly visible.
Unfortunately, despite that the figure suggests a nice result lurking in the background, we have
not been able to supply a theorem in the 5 periodic case in a manner similar to Theorem 4.1.

4.1.6 Two conjectures

The behavior of the set B, (a,t) as demonstrated in the cases where p =3, p =4 and p =5
suggests that as p increases, the set D, (a,t) becomes smaller and smaller. A presice statement
of this is included in the following conjecture

Conjecture 1. Let a € OF, and let « (—g, %) be fixed. Let ©,, ,(a,t) denote the set ©,(a,t) for

the continued fraction in (4.2) for a given p € N. Then

- C ©u72p(a,t) C @u,gp_g(a, t) c---C ’Du,ﬁ(a, t) C 5‘3%4(@, t) C ©u72(a,t)
s C Dyopr1(a,t) CTDyop—1(a,t) C -+ CDyr(a,t) CDysla,t) CDysla,t)

In other words: we claim that as p increases, the sets D, (a,t) form two collections of sets,
one for odd p and one for even p and the elements of either collection are nested and decreases
in size as p increases. The conjecture also suggests that

Conjecture 2. Let a € OF, and let « (—g, %) be fixed. Let ©,, ,(a,t) denote the set ©,,(a,t) for

the continued fraction in (4.2) for a given p € N. Then

lim D, (a,t) = (—o00, —1]

p— 00

Both conjectures are in a way intuitively obvious in the sense that we would expect the
continued fracton in (4.2) as p grows large to depend less and less upon a and behave more
and more like a 1-periodic continued fraction, and we know that the elliptic set of a 1-periodic
continued fraction are given by (—oo, —i]. Unfortunately, we have not managed to prove any of
these conjectures.

4.1.7 Further investigations

When trying to prove conjecture 1, a calculation was performed in which we calculated several
of the classical approximants of the continued fraction in (4.2) for large values of p. We obtained
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the following expressions for B; for 0 <i <8 < p

By=1

B =1

By=u+1

Bs=2u+1

Bi=u?+4+3u+1 (4.11)

Bs = 3u® +4u+1
Bs=u?46u+5u+1
By = 4u® + 10u® + 6u + 1.
We recognize the polynomials given in (4.11) as the Jacobsthal polynomials, as defined in [Kos01]

by the recursion

where J1(z) = 1 = Ja2(z). The first few Jacobsthal polynomials are given by

J3(z)=x+1

Jalz) =2z +1

Js(x) = 2° + 3z + 1 (4.13)
Jo(z) = 322 + 4o + 1

Jr(x) = 2% +62° + 52+ 1

We thus have that B, = J,+1(u), and since A,, = aB,_1 by Lemma 2.4 we have that A4, =
aJn(u). In addition, we have an explicit formula for the Jacobsthal polynomials:

=] s
In(x)= > < Lii A ) e (4.14)
=0 LTJ )

The Jacobsthal polynomials are quite useful when performing calculations that involve continued
fractions of the type given in (4.2) since it allows us to skip some calculations of A,, and B,, for
n < p and instead choose A,, and B,, from a list of Jacobsthal polynomials. We will make use of
this later when we write a computer program to draw various subsets of ©,(a,t).

4.1.8 An application to recursive polynomials

The Jacobsthal polynomials that was encountered in the previous section established a link
between the theory of continued fractions and the recursive polynomials that are studied in
number theory. This link is not really surprising since both the recursive polynomials and the
continued fractions are closely related to the study of three term recurrence relations. Hence the
idea appeared that it might be possible to study these recursive polynomials through the use
of continued fraction theory. A rather thorough investigation of the litterature gave no hint of
any previous attempts in this direction, although a continued fraction was expressed in [Swa99]
without reference to any continued fraction theory. However, this apparent lack of application
may be caused by the limited sources available to the author.

In [KosO1] a lot of attention is given to various identities for Fibonacci and related numbers
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as well as identities for the various recursive polynomials. There are quite a lot of three-term
recurrence relations given in [Kos01] and hence the potential results of an application of con-
tinued fraction theory is quite impressive, but due to various constraints on this thesis we shall
limit ourselves to an example. As a proof of concept we will apply the determinant formula to a
class of recursive polynomials known as the Morgan-Voyce polynomials and obtain a nice identity.

Following [Kos01] we define the Morgan-Voyce polynomials b, (z) and By, (z) recursively by
By (z) = (x +2)Bp_1(z) — Bp—2(x) (4.15)
bn(z) = (z + 2)bp—1(x) — bp—2(x) (4.16)

where Bo =1,B; =x+4+2,bp =1 and by = x + 1. Clearly, the n-th canonical denominator B,, of

the continued fraction
-1 -1 -1 -1

r+1l+x+2+2x+24+c+2+ ...
gives the Morgan-Voyce polynomial b, (x) and similarly we have that the n-th canonical denom-
inator D,, of the continued fraction

-1 -1 -1 -1
r+2+rc+24+rc+2+x+2+ ...

gives the Morgan-Voyce polynomial B,,(x). We also observe that the continued fraction in (4.18)
is the 1-st tail of the continued fraction in (4.17). If we set kK = 0 in Lemma 2.4 we have that

(4.17)

(4.18)

N+n
APBE, - AN BN = B T (-ay),
J=N+1

We now set N = 0 and since A}") = aNHB,(ﬁfl) we obtain
n

B B, —a:B{”,B, = - [T(=a- (4.19)

n—2
j=1
Combining equation (4.17) with (4.19) and remembering that a; = —1 for all ¢ and that (4.18) is
the first tail for (4.17), we have after some rearrangement that for the Morgan-Voyce polynomials
bn(z) and By, (x) the following identity hold

B —1(2)bp—1(x) — Bp—2(2)b,(x) = 1. (4.20)

The identity in (4.20) is given in both [Swa66b] and [Swa66a] but there it is deduced by other
means. From our viewpoint the deduction of (4.20) borders to triviality and we may by Lemma
2.4 easily deduce an infinite amount of related results. It is thus the opinion of the author
that the study of the various recursive polynomials and related topics as given in [Kos01] would
greatly benefit from an application of continued fraction theory. This is currently a topic of
further investigation.

4.1.9 Another generalization

The continued fraction in equation 4.1 was in equation 4.2 generalized by adding more variables
u. We will now investigate what happens when we substitute the u-s for a-s and vice verca in
equation 4.2. This leads to the problem of deciding for what u-s the continued fraction

a4 ¢ a % a (4.21)

T4+1+...+1+1+1+...
—_——
(p—1) terms
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is elliptic, where p € N. As before, the corresponding approximant of (4.21) is given by S,(w) =
Ap_1w+A,

T wrn and Sp(w) is classified as elliptic if and only if

(Ap—l + BP)Q

t= AA

€ [0,1). (4.22)

Now only A = (—1)PaP~'u and B, depend on u. Hence we may write (4.22)

(Ap—l + Bp—l + 'U'Bp—Q)Q

t =
40u

(4.23)

where § = (—1)Pa?~! and solve (4.23) as a second degree polynomial in u. The roots of (4.23)
are given by

2t6 — Ap_1By_2 — Bp_1By_o + \/0t(6t — Ap_1By_3 — B,_1B,_3)
32

2t§ — Ap—1Byp—o — By_1Bp_o — \/5t (6t — Ap—1Bp—2 — Bp_1B, 2)
BQ

Uy =

U =

Since A,, = aJm(a) and B,, = Jm+1(a), the roots u; and wuy are also expressible in terms of
Jacobsthal polynomials:

25— a3 (@) - 3y \/& (6t — a32_ (a) — 3p(@)3p_1(a))
Ip-1(a) (4.24)
26— 321 (@) = 3p(@)Fp-1(a) = \/0t(6t — 032y (@) — Ip(@)3p-1(a))
“o REN ) '

We see that for p = 2 we obtain f; and f5 as expressed in 4.5, as expected. Due to constraints
om time we have not been able to exploit the equations in (4.24) to find out more about the set

@(mp) (CL, t).
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Chapter 5

Ideas and conclusion

An idea for further work

During the work on this thesis, a new proof of the Lorentzen bestness theorem gradually became
a goal to strive for. Even though a lot of effort was put into this, the efforts of the author were
ultimately unsuccessful. As unfortunate this might seem, this faliure prompted some careful
reflection on the more general geometric nature of convergence for periodic continued fractions.
We will try to give an account of an idea that we obtained during our work in order to encourage
others to explore this particular corner of the theory.

As we have seen in the preceeding chapter, we found a nice convergence theorem for 3-periodic
continued fractions that resembles the Parabola theorem, were it not for that it works for a
much smaller class of continued fractions. Both theorems are examples of what we might call ge-
ometrical convergence theorems for continued fractions. Such geometrical convergence theorems
may be seen, as a contrast to algebraic convergence theorems such as Theorem 2.5, as theorems
that gives us element sets such that any continued fraction from that element set converges.
Geometrical convergence theorems are in particular connected to the periodic and limit periodic
continued fractions since the classification of these continued fractions determines their conver-
gence properties, at least in terms of general convergence and limit periodic continued fractions
with finite nonzero limits. Since various practical applications of continued fraction theory often
yields periodic or limit periodic continued fractions, the task of determining convergence for such
continued fractions is a rather important one. Also, since Theorem 4.1 demonstrates that there
exists continued fractions that converges in a much larger subset of the plane than the parabola,
there is a distinct possibility that we might find some interesting convergence theorems for vari-
ous special class of periodic continued fractions.

The idea is to generalize further the notion of elliptic set given in section 4.1.1. We know
that a periodic or limit periodic continued fraction is classified as elliptic if and only if for its

period approximant or period limit approximant S,(w) = % we have that ¢ € [0,1)
where
(Ap—l + Bp)Q
B 4A '

The most general case then to consider is the case where we are given the p-periodic continued

fraction
aq a9 ap aiq

by +ba+...+by+b1+ ...
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Then a complete description of where the approximant of this continued fraction is elliptic is
given by the object

W = {(al,bl,...,ap,bp,t) : (Ap_l —|—Bp)2 —4tA}

which is a subset of C?P x [0,1). A case less general and also more closely connected to our work
occurs if we are given the p-periodic continued fraction K(a;/1). Then the object

V= {(al,...,ap,t) : (Ap,1 +Bp)2 —4tA}

as a subset of C? x [0,1) tells us where the approximant of K(a;/1) is elliptic. The study of
objects like W and V are the topic of algebraic geometry, a part of mathematics of which the
author unfortunately knows nothing. It is our belief that the study of the sets W and V for
various p would yield interesting results.

Conclusion

In this thesis we have tried to give an account of the periodic continued fractions and their
interrelationship with the Lorentzen bestness theorem. While we failed to give a new proof of
the Lorentzen bestness theorem based on what we found, we proved a nice and related theorem
for a class of limit-periodic continued fractions. We have also sketched some connections to other
parts of mathematics, in particular number theory and algebraic geometry.



Appendix A

Article

Presented here is the article ” Convergence properties of 3-periodic continued fractions” which is
to be published in the journal Communications in the analytic theory of continued fractions.
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Convergence properties of 3-periodic continued

fractions
by N. G. Voll
Abstract
We prove classical convergence of the 3-periodic continued fraction K(an/1) =
$+1+14+94+1. whenever a € P = {a € C:|a| — R(ae ™) < Lcos’a} and

u € {weC:R(we ™) >—Lcosa} for a fixed a € (—%,%). A conjecture con-
nected to this result is also given.

A.1 Introduction

The following article is a result of questions asked when reading the article [Lor92] by L. Lorentzen
on the bestness of the parabola theorem for continued fractions. The original idea was that since
Lorentzen’s bestness theorem only proved the bestness of the parabola theorem with respect to
2-periodic continued fractions, there might be periodic continued fractions with longer periods
for which the parabola theorem was not the best possible. The 1-periodic continued fractions is
an example of a continued fraction for which the parabola theorem is not the best possible, but
one might argue that the 1-periodic example can be dismissed as a special case. However, as we
will see in the following investigations, the 1-periodic continued fraction is not a special case but
part of a bigger picture.

A.2 Machinery

The basic machinery that we will use is the one presented by L. Lorentzen and H. Waadeland
in [LW92] and more recently in [LWO08]. We will for the sake of completeness clearly state every
notion used, but since we assume some familiarity with the subject, our presentation of the basics
will be quite short and compact. If the reader is unfamilliar with this material, a look at the
sources is highly recommended.

A.2.1 Basic concepts
A continued fraction K(a,/b,) is the object given by

ai _ar  az
ao _b1—|—b2+.”
1+ —
b2+..

K(an/bn) =
b

(A1)

where a; # 0 and b; are complex numbers. The n-th classical approzimant of a continued fraction
is the expression we get when we stop the process in (A.1) after n terms, i.e S, (0) where

a1 as (479
S == = ) A2
) = Tt +htw (A.2)
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We have by induction that
Anflw + An

Sn (w) - Bn_1w+ By,

(A.3)
where A; and B; are recursively defined by

A =bjAi—1+a;Ai—2
B; =b;Bi_1 +a;Bi_»

with starting values A_1 =1, Ag = 0, B_; = 0 and By = 1. The m-th tail of a continued
fraction K(a,/by) is the continued fraction

Am+1 Am+-2 Am+3
. A4
bm+1 + bm+2 + bm+3 + ( )

and the approximants of (A.4) are denoted by

S(m) _ Am+1 Am+2 (7% )
(W) b1 + bmga + ...+ bp+w

A p-periodic continued fraction is a continued fraction K(ay,/b,) where the coefficients repeat,
i.e where a,1p, = a, and b,4, = b, for all n € N and p is the smallest integer such that this
holds. If we denote iteration of the mapping F n times by FW, we may write Spppm(w) =
Sl[j"] 0 Sp(w) = Sy o (Sz(jm))[”] (w) and we call Sz(jm)(w) the corresponding approzimant of the
p-periodic continued fraction K(a,/b,). To prove convergence we may ignore the beginning
Sm(w) of the p-periodic continued fraction K(a,,/b,). We then have m = 0 and we just denote
the corresponding approximant S]E,O) (w) by Sp(w) . In a similar manner we define limit p-
periodic continued fractions to be the continued fraction K(a,/b,) where limy_ o0 Qrptn = Gn
and limy_ o0 bpptn = b, for n = 1,2,...,p and where a,, and b, both are in C and a, # 0. We
denote by Sp(w) the corresponding limit approximant of the limit p-periodic continued fraction
which is given by

a1 ap a,  Apw+ A,

Z~71 +Z~72 ++5p—|—w B ~p_1’LU—|-Bp

where le = 1,210 = O,B,l = 0 and Bo = 1. We define C to denote the extended complex
plane, i.e. the complex plane with a point infinity added. We choose the Riemann-sphere to

reperesent C and on C we will for later reference define the chordal metric, which was introduced
by [Ahl79] and defined in [LWO08] by

Sp (w) =

2| w1 —wa| £
or wy,ws € C.
VTPV 12
d(wla w2) = m if w; € C, wy = 0. (A5)
0 for w1 = wyg = 0

ai a2 Qn

For any approximant S, (w) = e 4 tg, the determinant formula by A, = Ap_1B, —
ApBy—1 = (—1)"Ti_, ax holds by induction. Finally, we define the class M of linear fractional
transformations, or Mobius transformations

T(w) =

aw +b
cw+d

on C where ad — be # 0 and a,b,c,d € C. We observe that S, (w) are elements of this class M.
We also recall that elements of the class M are bijective and meromorphic mappings of C onto

C.
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A.2.2 Convergence

We say we have classical convergence of the continued fraction K(a,,/b,,) if lim, .« fn = f where

fe C. If the limit lim,,_ fn does not exist, we say we have classical divergence. We now define
general convergence, as done in [LW92] and [LWO0§]

Definition A.1. A sequence of linear fractional transformations {T,} converges generally to a
constant v € C if and only if there exists an exceptional sequence {w}} from C such that

lim 7,(w,) =~ whenever liminfd(w,,w}) >0

n—oo n—oo

where our metric is the chordal metric as defined in (A.5).

Hence we say that a continued fraction K(a,/b,) converges generally to a constant f € C
with exceptional sequence {w}} if and only if the sequence of approximants {.S,,(w)} converges
generally as a sequence of linear fractional transformations to f with exceptional sequence {w}}.
If K(a,/b,) does not converge generally, we say that it diverges generally.

A.2.3 Properties of periodic and limit-periodic continued fractions

A corresponding approximant S,(w) to a periodic or limit periodic continued fraction has one
or two fixed points if we discard the case where S,(w) = I and I is the identity transformation.
The fized points will be denoted by z and y if they are distinct and by « if they coincide. For
the corresponding approximant S,(w) the fixed points are given by the equations

Ap—l - Bp + \/(Ap—l + Bp)2 - 4Apo—1
2B, 1

T,y = if B,_1 #0 (A.6)
We choose z and y from this equation such that |B,_1y+ B,| < |Bp_12+ Bp|. As done in [LW08]
we may now classify the periodic continued fractions in the following way:

Definition A.2. Let Sp(w) = % be the corresponding approzimant of the p-periodic
continued fraction K(an/by). The ratio R of Sp(w) is then defined to be a complex number in

the closed unit disk given by

1—wu 4A
R = where u=4/1— ——F .
l+u \/ (Ap-1+ By)?

We set R = =1 if Bp—1 # 0 and Ap_1 + B, = 0. If R = 1 the periodic continued fraction is
called parabolic. If |R| < 1 then the periodic continued fraction is called lozodromic. If |R| =1
with R # 1 then the periodic continued fraction is called elliptic.

This classification is also used on the limit p-periodic continued fractions, we just replace
Sp(w) by Sp(w) in definition A.2. We now have

Theorem A.l. Let K(a,/by,) be a p-periodic continued fraction. If the corresponding approxi-
mant Sp(w) is parabolic or lozodromic, then K(a,/b,) converges generally to the attractive fized
point x. If the corresponding approzimant Sy(w) is elliptic or the identity transformation then
K(ay/by,) diverges generally.

We also have that
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Theorem A.2. Let K(a,/b,) be a p-periodic continued fraction of loxodromic type. If Sp(0) =y
for some m € {1,2,...,p}, then K(a,/b,) diverges classically. Otherwise K(an/by) converges
classically.

The type of divergence of a loxodromic continued fraction described in theorem A.2 is called
Thiele oscillation. We note that if Thiele oscillation occurs for a p-periodic continued fraction
of loxodromic type, then

x whenever S,,(0) #y

y whenever S,,(0) = y. (A7)

n—oo
For parabolic p-periodic continued fractions S,(w) has only one fixed point x = y.

Theorem A.3. A p-periodic continued fraction K(a,/by) of parabolic type converges to the fized
point x in the classical sense and Sy, (w) — x for every w € C.

For proofs of the theorems A.1, A.2 and A.3 see [LWO08].

A.2.4 Other useful results

We need a result due to L. J. Lange, as presented in [Lan92]:

Theorem A.4. The nonsingular linear fractional transformation

r(w) = aw~+b
Ccw+d
1s elliptic if and only if
(a+d)?
t=———¢€10,1 A8
T € (A8)
We observe that if this is applied to a corresponding approximant Sy,(w) we have that ¢ =
2
%. Another useful result is due to H. S. Wall, given in [Wal57]:

Theorem A.5. If the continued fraction K(ay /1) is such that

lim fsp4r =L, where L, € C forr=20,1,2

and also none of the sequences {asn}, {asn+1}t and {asni2} has limit —1, then K(a, /1) converges
classically.

A.3 Results on convergence

We shall now study p-periodic continued fractions of the form K(a, /1) and some of their con-
vergence properties. In particular we are interested in for what restrictions on the choice of a
two-point set {a,u} C C the p-periodic continued fraction

u u a
1+1+...+1+1
—_——

(p—1) terms

=1

% (A.9)

+ +1+...
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converges. We shall make use of the parabolic region P, for a fixed angle a € (—g, %) , defined
by

~ 1
P, = {a € C: |a| — R(ae™ ) < 5 cosQOc}
. (A.10)
z{CQEC:|%( )|<2cosoz}.
The boundary of this parabolic region P, is a parabola denoted by 0P, and given by
~ 1
0P, = {a € C: |a| — R(ae ™) = 5 COSQOé}
(A.11)

; 1
= {62 e C:[Q(ce™™)| = 5(:0504}.

Then 0 € P, and —i € OP,. Furthermore, for every point a in the cut plane C\ (—o0, ——) there
exist aq, a9 € ( T g) with a1 # ag such that a € 0P,, and that a € 0P,,. Also observe that
ifa € (— ) then a ¢ P, for any choice of « € (—5, 5) The half plane is also needed and
we define 1t by

H={we C: R(w) > 0}.
We shall also make some use of the parabola theorem, which can be stated as follows:

Theorem A.6 (Parabola Theorem). Let K(a, /1) be a continued fraction whose coefficients a,
is contained in P, for some fixed o € ( z %) If

2
then K(an /1) converges classically to a finite value. If S < oo, then {fan} and { font1} converge
absolutely to distinct finite values, and {S2,} and {Sant1} converge generally to these values.

1 ag...a2n—1 CL2042

aza3 .

=0

@143 ...02n+1

This result is assumed to be well known. A sketch of the proof can be found in [LW92] and
a complete proof can be found in [LW08].

A.3.1 The two-periodic case and the Lorentzen bestness theorem.

The simplest of the periodic continued fractions defined in equation (A.9) is the 2-periodic
continued fraction K(a, /1) given by

; - - - (A.12)

2 ra a u a u
K (T)=1
1+14+14+1+

n=1

where a € C\ (o0, —1) and u € C. The continued fraction defined in (A.12) was investigated
by L. Lorentzen in [Lor92] and she used it to obtain the following result:

Theorem A.7 (Lorentzen bestness theorem). For fized o € (—5, 5) let u be a complex number
u ¢ P,. Then there exists a point a on the boundary 0P, of P, such that the linear fractional
transformation

v a(l+w)

+14+w l14u+tw

Stw) =3

is elliptic.
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A.3.2 The three-periodic case and a convergence theorem

A question that comes to mind when we see theorem A.7 is the following: is a similar result
possible when we increase the period in equation (A.9)7 We shall in this section try to partially
answer this question by examining 3- periodic continued fractions K(a, /1) on the form

u U
- = ... A.13

OO(an)_a U U a
n=t\1/ 14141414141+

where a € C\ (=00, —1) and 0 # u € C.

Theorem A.8. Let the continued fraction K(a,/1) be given where asy = a,asg+1 = u and

asry2 = u for k € N and where 0 # a € P, for some fived o € (—%,%). Then the continued

fraction K(an/1) converges if u € —1 + e H = {w € C : R(we™™*) > —1 cosa}.

.

Proof. We have two cases: either a € 9P, or a € P, \ 0F,. Let first a € 9P,. We have that the
corresponding approximant for K(a, /1) is given by

a(l+w+u)
S = . A.14
3(w) 14+ 2u+w(u+1) ( )
Then by theorem A.4 Ss(w) is elliptic if and only if
(a+2u+1)?
t=-———"¢€10,1 A.15
o) (A15)

We solve for u in the quadratic formula the expression in (A.15) and simplify to obtain that
S3(w) is elliptic if and only if w lies on one of the analytic curves

(a+1)(—=14+/—at)
g(t) = 2(at + 1)

(at+ V(-1 - v=ap)
9>(t) = 2(at + 1)

where ¢ € [0,1). We observe that if £ = 0 we have that g1(0) = g2(0) = —1(a + 1). Hence the
two curves g1 (¢) and ga2(t) combines to one continuous curve with end points

hmgl() (1—1\/_)
lim o (1) = —2 (1 + iv/a).

(A.16)

With the notation a = ¢? the end points can be written —1 (1 +14/a) = —3(1 +ic) and —3(1 —
iva) = ——(1 —ic). Hence we see that we have a curve G that goes continuously from a point
given by —3(1 + ic) through —3(c® + 1) to a point given by —3(1 —ic), S3(w) is elliptic if and
only if u lies on this curve. We albo observe that when a traces the parabola OP,, then —= (1 +ic)
and —3(1 — ic) traces straight lines, since c is on a straight line by (A.11). Hence, the posslble
choices for v which makes S3(w) elliptic is bounded by the lines

L(x) = —%(1+ic)
1 ' (A.17)
la(z) = —5(1 —ic)
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where ¢ = (z + %cos a)e’® and x € R. By theorem A.6 we have that none of the lines Iy, 5 in

(A.17) can have more than one point in common with P,, otherwise we would have a contradic-
i

tion. We now see that for z = 5 sina we have

1

1 1,1 ' ; 1 ;
Iy (5 sina) =-5- %(5 sina + %cosa)em =5 ZZ(cosa —isina)e’™ = 1€ OP,.
Hence the line [; is tangent to the parabola 0P, at z = —i. For [; we now have that
() = 56— (x4 £ cosa)
x)e ' =——e " — —(r+ - cos
! 2 27 72
— —ia Z _|_ 1 -
=3¢ 5%+ cosa
1 sina—x
=——-cosa +1——
2
and thus we have that R(l;(z)e~"*) = —1 cosa. Since all curves G has their end points on Iy

which is the boundary of the half plane —i + e"H], we have that any choice of u € —i + e H
unless it is on the line [y gives us a loxodromic S3(w) and by theorem A.2 we have classical
convergence unless we have Thiele oscillation. However, by (A.7) we have that the limits

lim f3,4r
n—oo

exists, and hence we may use theorem A.5 to conclude that we have classical convergence when-
ever u € —i + e'®H since —1 ¢ —i + e'®H. As for the parabolic cases on the line I; we have
that they all give classical convergence by theorem A.3. Let now a € P, \ 0P,. We then know
that there exists two parabolas 0P,, and dP,, such that a € dP,, and a € 0F,,. Obviously,
we have that a < a3 and « > ag, since a is an interior point of P,. By our work above it now
follows that for any u such that u € {—i + emlH} U {—i + eiO‘?H} we have convergence for an
a € 0P,, and a € 0P,,. Since

1 ; 1 , 1 .
eemefioemnto o))

for any a < a3 and « > a3 and this always holds since a is an interior point of P,, we have
convergence for any u € {—% + ew‘H} and a € P, \ OP,. Hence our theorem follows. O

The figure (1) is included to give an illustration of the situation in theorem A.8.
It is possible to expand the result given in theorem A.8 to limit 3-periodic continued fractions:

Theorem A.9. Let the limit continued fraction K(a,/1) be given where limasy = a and
limasgyr = v = limasgre = u # 0o and where a € P, for some fived o € (=5, %). Then
the continued fraction K(an/1) converges if u € —% + *H° = {w € C : R(we™"*) > —1 cosa}
Proof. The theorem follows since what we did for corresponding approximants Ss(w) in the proof
of theorem A.8 also hold for corresponding limit approximants 5’3(10). The classical convergence
in the half plane —% + e"HP° is guaranteed since the limits

lim f3n+r
n—oo

still exists and we may use theorem A.5. O
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Figure A.1: The situation described in theorem A.8 for a = §. The curve is the boundary for

the parabolic region Pz and the line boundary for the half plane —% + efsH.

-1

-2

-3}

A.3.3 The four- and five-periodic cases

For the 4- and 5-periodic continued fractions of the type given in (A.9), similar calculations as
presented in the proof of theorem A.8 are possible but more complicated since we now obtain a
quartic equation from the application of theorem A.4 to S,(w). Rather than presenting several
pages of calculations we will just illustrate the situation with a few pictures. Figure 2 is for the
case where we have a 4-periodic continued fraction of the type given in (A.9). Figure 3 is for the
case where we have a 5-periodic continued fraction of the type given in (A.9).

A.3.4 A Conjecture and its implications

As we see in the sections A.3.1, A.3.2 and A.3.3 there seems to be a general pattern in the size of
the set where the the p-periodic continued fraction K(a, /1) where a1 = a and a3 =ag = -+ =
a, = u converges; The set where we have convergence apparently increases in size when p grows,
but only when we compare the convergence sets for odd and even p’s separately. Hence we state
the following conjecture:

Congecture 3. Let a € (—g, %) be fixed and let C, denote the set of possible choices for u for
which there exists an a € 9P, such that

u
+...+14+w

U
1
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Figure A.2: The collection of end points for the curves of choices for v such that we have that

Sy4(w) elliptic when we have a 4-periodic continued fraction as given in (A.9) and o = §. The

boundary for the parabolic region Pz is the curve in the upper right corner of the figure. The
area enclosed by the parabola Pz, the closest curve to the parabola on the figure and the largest

disk is believed to be free of choices for u such that Sy(w) is elliptic for any a € OPx.

is classified as elliptic. Then

023043063---
C3DCsDCrD ...

One reason why this conjecture seems plausible is that when p grows, the continued fraction
K(ay,/1) looks more and more like the continued fraction K(u/1) which we know converges to
(=14 VT+4u) for all u € C\ (—oo,—1). Hence it is reasonable to assume that the set of
choices for u such that the corresponding approximant of K(a,/1) is classified as loxodromic
must approach C \ (—oo, —%) in some way. Our pictures seem to support this conjecture.

It is the opinion of the author that theorem A.8 can be strengthened so that for any u ¢ —i—i—eio‘H
there exists an a € 0P, such that we have divergence. Unfortunately, the author is unable to
give a proof of this statement.
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Figure A.3: The collection of end points for the curves of choices for v such that we have that
Ss(w) elliptic when we have a 5-periodic continued fraction as given in (A.9) and a = §. The
boundary for the parabolic region Pz is the curve in the upper right corner of the figure. The
area enclosed by the parabola Pz, the line closest to the parabola on the figure and the largest
disk is believed to be free of choices for u such that S5(w) is elliptic for any a € 9Pz .
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Appendix B

Images and source code

In this appendix we will present a few pictures and the source codes of the MATLAB programs
that generated them. The source codes used to generate the pictures in this master thesis is a
result of quite a lot of experimentation and the programs are quite far from being perfect. It
is the opinion of the author that to make use of the Jacobsthal polynomials is at the time of
writing the best way to proceed and this will be demonstrated by the beautiful images below.
For completeness we also include the source code of the program that was written to study the
curves obtained in (4.5).

B.1 Source code program 1

This MATLAB code relies on a matrix containing in essence the 19 first Jacobsthal polynomials.
It is most likely quite easy to generate this matrix in MATLAB, but initial efforts in this direction
failed and to avoid the possibility of spending a lot of time on this problem, the matrix was just
hand-coded. As we have seen in section 4.1.7 the canonical numerators and denominators of the
continued fraction in (4.2) are tied to the Jacobsthal polynomials. In particular, we have from
equation (4.3) and section 4.1.7 that ¢ is given by

(adp—1(u) + Ip41(w))?
a(—1)Pur—1

t:

and its roots for various a-s and t-s gives us a glimpse of the elliptic set for any p. The program
presented here uses this fact, and the program allows us to study the elliptic set of the continued
fractions given in (4.2) up to p = 18. The source code is given by:

function a= rotter(intervall, start, stopp, n, alfa,t)
M=L 000000000 1;

000000O0O0O0T1;
0000000011,
0000000021,
0000000131,
0000000341,
000000165 1;
0000004 106 1;
00000110157 1;
000005 202181;

53
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0115 35 28 9 1;

0 6 35 56 36 10 1;

1 21 70 84 45 11 1;

7 56 126 120 55 12 1;

28 126 210 165 66 13 1;

84 252 330 220 78 14 1;

36 210 462 495 286 91 15 1;

120 462 792 715 364 105 16 1;

1 45 330 924 1287 1001 455 120 17 1;1;

ht=1;

K1=M(n-1,1:10);

K2=M(n+1,1:10);

Ji=conv(K1,K1);

J2=conv(K1,K2);

J3=conv(K2,K2);

size(J1);

size(J2);

size(J3);

H=zeros(size(J2));

H(1,19-n+1)=4;

E=(start:intervall:stopp);

F=zeros(size(E));

G=[E;F];

j=1;

while G(1,j)<stopp;
G(2,j)= (((G(1,j)-1*(0.5*cos(alfa))))) "2x(exp(i*2*alfa));
J=i*y

end;

j=1;

while G(1,j)<stopp;
R=(-1)"(n)*H*G(2,j)*1xt - G(2,j) 2*%J1 - 2%G(2,j)*J2 - J3;
KK1(j,:)=roots(R);
J=i*y

end

i=1;

while G(1,j)<stopp;
R=(-1) " (n) *H*G(2,j)*.875%t - G(2,]) "2%J1 - 2%G(2,j)*J2 - J3;
KK2(j,:)=roots(R);
J=i*y

end

j=1;

while G(1,j)<stopp;
R=(-1)"(n)*H*G(2,j)*.75xt — G(2,j)"2+J1 - 2xG(2,j)*J2 - J3;
KK3(j,:)=roots(R);
=3+

end

j=1;

while G(1,j)<stopp;
R=(-1) " (n) *H*G(2,)*.625%t - G(2,j) 2%J1 - 2xG(2,j)*J2 - J3;

O O O OO O oo
O O O O O OO
0 = O O O O
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KK4(j,:)=roots(R);
J=j+1;
end
j=1;
while G(1,j)<stopp;
R=(-1)"(n) *H*G(2, j)*0.5%xt — G(2,j) 2*xJ1 - 2xG(2,j)*J2 - J3;
KK5(j, :)=roots(R);
=3+
end
j=1;
while G(1,j)<stopp;
R=(-1)"(n) *H*G(2, j)*.375%t - G(2,j)"2%J1 - 2xG(2,j)*J2 - J3;
KK6(j,:)=roots(R);
=3+
end
j=1;
while G(1,j)<stopp;
R=(-1)"(n)*H*G (2, j)*.25%t - G(2,j)"2xJ1 - 2*G(2,j)*J2 - J3;
KK7(j,:)=roots(R);
=3+
end
j=1;
while G(1,j)<stopp;
R=(-1) " (n)*H*G(2,j)*.125%t - G(2,j)"2%J1 - 2*G(2,j)*J2 - J3;
KK8(j, :)=roots(R);
=3+
end
KK=[KK1 ;KK2;KK3;KK4;KK5 ;KK6 ; KK7 ; KK8] ;
plot (imag(KK) ,real (KK),’.’,imag(G(2,:)),real(G(2,:)),’.’, markersize’,1)

B.2 Source code program 2

The following program simply plots 7 versions of the curve given in (4.5) for a few values of a
and a fixed value for a by use of the strip region that represents E,. The program also draws
the parabola E, and the curves traced by the various limits of the curves in (4.5). The program
is long and written in a horrible way but it gives a useful picture of the behaviour of the curves
involved.

function a= paras(parabelp,stopp, intervall,intervall2,antall, alfa, pardist)
%regner ut punkta pa parabelen

p=(((parabelp* (exp(i*alfa))+i*(0.5*cos(alfa)*(exp(i*alfa)))))) "2;

pl=((((pardist +parabelp)*(exp(i*alfa))+i*(0.5*cos(alfa)*(exp(i*xalfa))))))"2;
p2=((((.5*pardist +parabelp)*(exp(i*alfa))+i*(0.5*cos(alfa)*(exp(i*alfa)))))) 2;
p4=((((1*pardist +parabelp)*(exp(i*alfa))+i*(0.5*cos(alfa)*(exp(i*xalfa))))))"2;
p5=((((1.5*pardist +parabelp)*(exp(i*alfa))+i*(0.5*cos(alfa)*(exp(i*alfa)))))) 2;
p6=((((2*pardist +parabelp)*(exp(i*alfa))+i*(0.5*cos(alfa)*(exp(i*xalfa))))))"2;
p7=((((2.5*pardist +parabelp)*(exp(i*alfa))+i*(0.5*cos(alfa)*(exp(i*alfa))))))"2;
p8=((((3*pardist +parabelp)*(exp(i*alfa))+i*(0.5*cos(alfa)*(exp(i*alfa)))))) 2;
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%tegner parabelen

E=(-stopp:intervall2:stopp);

F=zeros(size(E));

G=[E;F];

j=1;

while G(1,j)<stopp;
G(2,3)= (((G(1,j)*(exp(i*alfa))+i*(0.5*cos(alfa)*(exp(i*alfa))))))"2;
j=3+1;

end;

%tegner de to parablene som endepunktene skal ligge pa

j=1;

%while G(1,j)<stopp;

% G(3,j)= ((-(G(1,j)*(exp(i*alfa))+i*(0.5*cos(alfa)*(exp(i*alfa)))))) 2;

hoo J=itL

%end;

while G(1,j)<stopp;
G(3,3)= ((G(1,j)*(exp(i*alfa))+i*(0.5*cos(alfa)*(exp(i*alfa)))-i))"2;
Jj=j+1;

end;

j=1;

while G(1,j)<stopp;
G(4,j)= ((G(1,j)*(exp(i*alfa))+i*(0.5xcos(alfa)*(exp(i*alfa)))+i))"2;
j=3+1;

end;

j=1;

while G(1,j)<stopp;
G(5,j)= -G(2,j)-1;
j=3+1;

end;

j=1;

%tegner kurvene pa parabelen

P=(1:intervall:antall);

Q=zeros(size(P));

R=[P;Q];

=1

while R(1,j)<antall;
R(2,j)= (2*%p)/R(1,j) - p - 1

+ 2xp*(sqrt (((1/(R(1,3)"2))-(1/R(1,3))-(1/(p*R(1,3))))));
=3+

end;

j=1;

while R(1,j)<antall;
R(3,j)= (2*p)/R(1,j) - p - 1

- 2xpx(sqrt (((1/(R(1,3)7°2))-(1/R(1,3))-(1/(p*R(1,3))))));
=3+

end;

j=1
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while R(1,j)<antall;
R(4,j)= (2*xp1)/R(1,j) - p1 - 1

+ 2*pl*x(sqrt ((1/(R(1,j)"2))-(1/R(1,3))-(1/(p1*R(1,3)))));
j=3+1;

end;

j=1;

while R(1,j)<antall;
R(5,j)= (2*%p1)/R(1,j) - pl

- 1 - 2%plx(sqrt((1/(R(1,3)"2))-(1/R(1,j))-(1/(p1*R(1,3)))));
j=3+1;

end;

j=1

while R(1,j)<antall;
R(6,j)= (2%p2)/R(1,j) - p2

- 1 + 2xp2*(sqrt ((1/(R(1,3)"2))-(1/R(1,3))-(1/(p2*R(1,3)))));
J=i*y

end;

j=1;

while R(1,j)<antall;
R(7,j)= (2%xp2)/R(1,j) - p2 - 1

- 2xp2*(sqrt ((1/(R(1,3)"2))-(1/R(1,3))-(1/(p2*xR(1,3)))));
J=i*ty

end;

j=1

while R(1,j)<antall;
R(8,j)= (2*xp4)/R(1,j) - p4 - 1

+ 2*pd*(sqrt ((1/(R(1,3)"2))-(1/R(1,3))-(1/(p4*R(1,3)))));
j=3+1;

end;

j=1;

while R(1,j)<antall;
R(9,j)= (2*xp4)/R(1,j) - p4 - 1

- 2%pd* (sqrt ((1/(R(1,3)°"2))-(1/R(1,3))-(1/(p4*R(1,3)))));
j=3+1;

end;

j=1

while R(1,j)<antall;
R(10,j)= (2*xp5)/R(1,j) - p5 - 1

+ 2*pb*x(sqrt ((1/(R(1,j)"2))-(1/R(1,3))-(1/(p5*R(1,3)))));
j=3+1;

end;

j=1;

while R(1,j)<antall;
R(11,j)= (2*p5)/R(1,3) - p5 - 1

- 2%pb* (sqrt ((1/(R(1,3)°2))-(1/R(1,3))-(1/(p5*R(1,3)))));
J=ity

end;

o7
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j=1
while R(1,j)<antall;

R(12,j)= (2%p6)/R(1,j) - p6 - 1
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+ 2#p6* (sqrt ((1/(R(1,3)°2))-(1/R(1,3))-(1/(p6*R(1,3)))));

J=i*y
end;
j=1;
while R(1,j)<antall;

R(13,j)= (2*%p6)/R(1,j) - p6 - 1

- 2%p6x (sqrt ((1/(R(1,3)"2))-(1/R(1,3))-(1/(p6*R(1,3)))));

J=i*y
end;
j=1
while R(1,j)<antall;

R(14,j)= (2%p7)/R(1,3) - p7 - 1

+ 2+p7*(sqrt ((1/(R(1,3)72))-(1/R(1,3))-(1/(p7*R(1,3)))));

J=i*y
end;
j=1;
while R(1,j)<antall;

R(15,j)= (2%p7)/R(1,j) - p7 - 1

- 2xp7*(sqrt ((1/(R(1,3)72))-(1/R(1,3))-(1/(p7*R(1,3)))));

J=i*y
end;
j=1
while R(1,j)<antall;

R(16,3j)= (2%p8)/R(1,j) - p8 - 1

+ 2¥p8* (sqrt ((1/(R(1,3)72))-(1/R(1,3))-(1/(p8*R(1,3)))));

j=3+1;
end;
j=1;
while R(1,j)<antall;

R(17,j)= (2*p8)/R(1,j) - p8 - 1

- 2xp8x (sqrt ((1/(R(1,3)72))-(1/R(1,3))-(1/(p8*R(1,3)))));

Jj=j+1;
end;
Y=size(R)
R(2,Y(1,2)) = -p-1;
R(3,Y(1,2)) = -p-1;
R(4,Y(1,2)) = -p1-1;
R(5,Y(1,2)) = -p1-1;
R(6,Y(1,2)) = -p2-1;
R(7,Y(1,2)) = -p2-1;
R(8,Y(1,2)) = -p4-1;
R(9,Y(1,2)) = -p4-1;
R(10,Y(1,2)) = -p5-1;
R(11,Y(1,2)) = -p5-1;
R(12,Y(1,2)) = -p6-1;
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R(13,Y(1,2)) = -p6-1;
R(14,Y(1,2)) = -p7-1;
R(15,Y(1,2)) = -p7-1;
R(16,Y(1,2)) = -p8-1;
R(17,Y(1,2)) = -p8-1;
U=size(G)

plot(real(R(2,:)),imag(R(2,:)) ,real(R(3,:)),imag(R(3,:))
,real(R(4,:)),imag(R(4,:)) ,real(R(5,:)),imag(R(5,:))
,real(R(6,:)),imag(R(6,:)) ,real(R(7,:)),imag(R(7,:))
,real(R(8,:)),imag(R(8,:)) ,real(R(9,:)),imag(R(9,:))
,real (R(10,:)),imag(R(10,:)) ,real (R(11,:)) ,imag(R(11,:))
,real (R(12,:)),imag(R(12,:)),real (R(13,:)),imag(R(13,:))
,real(R(14,:)) ,imag(R(14,:)) ,real (R(15,:)) ,imag(R(15,:))
,real(R(16,:)) ,imag(R(16,:)) ,real (R(17,:)) ,imag(R(17,:))
,real(G(2,1:(U(1,2)-1))) ,imag(G(2,1:(U(1,2)-1)))
,real(G(3,1:(U(1,2)-1))),imag(G(3,1:(U(1,2)-1)))
,real(G(4,1:(U(1,2)-1))),imag(G(4,1:(U(1,2)-1)))
,real(G(5,1:(U(1,2)-1))),imag(G(5,1:(U(1,2)-1)))
,real(p),imag(p), ’MarkerSize’,50)

B.3 Images

The images presented here are generated by the programs given in section B.1 and B.2. The
images (B.1) to (B.13) are generated by the programs given in section B.1 with fixed values for

t where t € {%, %, g, %, %, g, %, 1}. Furthermore, « is chosen such that « = 0 or a = Z and we
let a € E,. The images (B.14) to (B.16) are generated by the programs given in section B.2
where a = 0,a = 7 and a = 7. The figures has been rotated to fit the page better. Program 1

is executed by the command
rotter(.005,-10,10,5,0%pi/7,1)

here with p = 5 as the fourth in-value and with o = 0 as the fifth in-value. Program 2 is executed
by the command

paras(-1,5,.1,.0001,1000,pi/4,1)

where the angle o = 7/4 can be recognized by the sixth variable.
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Figure B.1: A plot of some of the elliptic set for a 2-periodic continued fraction of type given in
4.2 where o = 0.
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Figure B.2: A plot of some of the elliptic set for a 2-periodic continued fraction of type given in

4.2 where o = %
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Figure B.3: A plot of some of the elliptic set for a 3-periodic continued fraction of type given in

4.2 where oo = %
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Figure B.4: A plot of some of the elliptic set for a 4-periodic continued fraction of type given in

4.2 where o = %
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Figure B.5: A plot of some of the elliptic set for a 5-periodic continued fraction of type given in

4.2 where oo = %
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Figure B.6: A plot of some of the elliptic set for a 16-periodic continued fraction of type given

in 4.2 where o = %
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Figure B.7: A slightly zoomed plot of some of the elliptic set for a 16-periodic continued fraction
z.

of type given in 4.2 where o =
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Figure B.8: A zoomed plot of some of the elliptic set for a 16-periodic continued fraction of type

given in 4.2 where o = 7.
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Figure B.9: A plot of some of the elliptic set for a 17-periodic continued fraction of type given
in 4.2 where oo = 0.
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Figure B.10: A slightly zoomed plot of some of the elliptic set for a 17-periodic continued fraction
of type given in 4.2 where a = 0.
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Figure B.11: A plot of some of the elliptic set for a 17-periodic continued fraction of type given

in 4.2 where o = %
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Figure B.12: A slightly zoomed plot of some of the elliptic set for a 17-periodic continued fraction

of type given in 4.2 where a = Z.
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Figure B.13: A zoomed plot of some of the elliptic set for a 17-periodic continued fraction of

type given in 4.2 where a = Z.
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Figure B.14

: A plot of some of the curves in (4.5) where o = 0.
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Figure B.15

: A plot of some of the curves in (4.5) where o = Z.
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Figure B.16: A plot of some of the curves in (4.5) where o =

1
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