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Abstract— In this paper we propose an efficient method
for calculating the forces of constraints in an open-chain
multibody system, like a robot mounted on a vehicle with 6
degrees of freedom. The dynamical model is based on Kane’s
equation of motion, where screw theory is used to calculate
the projection matrices from the link twists of the multibody
system. This leads to a general modeling procedure relying
on screw transformations that is presented in the paper. The
procedure for determination of the constraint forces is given as
an extension of the dynamical model and can be implemented
after the equations of motion have been formulated and solved.
We implement the described method for the specific case of a
vessel with a heavy crane, and provide the simulation results.
The method provides a basis for future work on the detailed
modeling of friction in the joints of serial link mechanisms, and
on the evaluation of potential fatigue consequences of different
control solutions.

I. INTRODUCTION

Cranes are often installed on different types of offshore
vessels. When cranes were first installed on the facilities
in the North Sea in the 1970’s, they were based on the
design of land cranes. This led to the number of structural
accidents, as they were under-designed for offshore-related
loads [1]. Now the vessel acceleration and other relative
dynamic effects are considered during the design of cranes.
However, there is an increasing demand for heavy offshore
installations [2] and the requirements for the crane lifting
capacity are rather high. The cranes become heavier and the
total mass of the crane/payload assembly becomes significant
relative to the vessel mass and dynamic coupling between
both bodies becomes important. In this paper we derive a
combined crane/vessel dynamical model and determine the
constraint forces on the interface between the crane and
the vessel. We model the restoring forces of the vessel by
means of nonlinear springs. In this work we are looking
at open-chain holonomic multibody systems with geometric
constraints.

The importance of dynamic coupling between a crane
and a vessel is discussed in [3], where the model of in-
terconnected dynamics of a crane/vessel system based on
Lagrange’s method is derived. The authors highlight that
relatively little research exist on the coupled behavior of
crane/vessel systems. The research within the rigid multi-
body dynamics provides several methods for modeling such
coupled behavior of the systems, as well as several methods
for determination of constraint forces exist. Similarly, in
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[4] Lagrangian mechanics is used to derive the equation
of motion and the controller for a 3-DOF link manipulator
on a 6-DOF vessel. A comparative overview on nonlinear
behavior of different floating cranes is given in [5]. An
example of more involved analysis with coupled dynamics
of a vessel, a crane and a flexible cable is presented in [6].

Kane’s method for modeling multibody dynamics is based
on the Newton-Euler formulation, where the principle of
virtual work is used to eliminate the forces and moments
of constraints by projecting the equations of motion to
the directions defined by the generalized speeds [7]. This
leads to a minimal set of ODEs, which are formulated in
terms of the generalized speeds. The procedure for deriving
these equations of motion in vector form can be formulated
efficiently using projection matrices, as it was done in [8]
for a spacecraft/manipulator system.

In [7] the authors describe the method of auxiliary gen-
eralized speeds for the determination of constraint forces
(i.e. noncontributing forces) in holonomic systems. Auxiliary
generalized speeds are the magnitudes of velocities which
the body joint would have if, affected by the constraint
forces, it lost the contact with the neighboring body. The
advantage of this method is that the algebraic equations for
constraint forces can be formulated and solved separately
from the equations of motion, given as a minimal set of
motion ODEs. The constraint forces are related to structural
forces in the joints and can be used in the mechanism
design process. A discussion on the application of the method
of auxiliary generalized speeds for simple nonholonomic
systems is presented in [9]. Another closely related method
for determination of constraint forces is given in [10],
where DOFs specifying prohibited motion in the joints are
introduced. In [11] the author uses the concept of DOFs for
prohibited motion and derives the closed-form expressions
for prismatic and revolute joints. Alternatively, a classical
method of undetermined Langrange multipliers can be also
used for determination of constraint forces in holonomic
systems [12], [13]. However, then the constraint forces are
related to generalized coordinates and sometimes are also
referred as generalized constraint forces [14]. Generalized
constraint forces can be converted into actual constraint
forces in the joints, however that might be impractical [15].
The method is very general and easy to implement computa-
tionally, however constraints are imposed on the acceleration
(i.e. force) level, which might lead to the position drift during
the simulation. A number of less conventional methods exist,
the reader can refer to [9] for more details.

In [3] the authors propose that models with coupled



crane/vessel dynamics can be used for determination of safe
operation limits under the given weather conditions and for
the risk analysis of offshore hoisting operations. At this point
it is important to add that structural integrity is also an
important safety issue. In the case when dynamic coupling
between a crane and a vessel is significant, the exact internal
structural forces in a crane or a vessel can only be calculated
from the model with coupled dynamics of both bodies.
This is especially important when a force time history is
of interest. In the field of structural mechanics, these forces
are used for strength verification of the supporting structure
or for evaluation of the deflection in mechanism joints. The
structural strength of a mechanism can also be used as an
optimization criteria for the control inputs. Alternatively,
impact of different control solutions on the structural strength
of a mechanism can be studied. The collected dynamic force
data can also be used to get a better estimation of the fatigue
lifetime of mechanisms. Fatigue is a form of structural failure
when a crack develops in the steel parts under cyclic loading
over time. It is a typical problem for mechanisms installed on
moving bases, for example vessels. Constraint forces are also
relevant if a detailed model of frictional behavior in the joints
is of interest for the control purposes. Note that in the field
of structural mechanics internal structural forces in the joints
are the same as constraint forces in the field of multibody
dynamics. In this work we will refer to both constraint forces
and moments by just writing constraint forces.

The first contribution of this work is an extension of
Kane’s method formulation presented in [8] using Screw
Theory, in particular twists and screw transformations. The
second contribution is that we present a computational
scheme for determination of constraint forces. The scheme
is an extension of the dynamical model and is based on the
method of auxiliary generalized speeds [7], [9]. In contrast
to the original basis-independent formulation, we derive the
equations using twists and screw transformations represented
by column vectors and matrices. This leads to an elegant and
simplified computational implementation. We first formulate
and solve the minimal set of ODE for the dynamics in terms
of the generalized speeds, and then determine the constraint
forces related to the actual structural forces in the joints.

The paper is organized as follows. In Sect. II we introduce
the twist notation and present derivation of the equation of
motion using twists and screw transformations. Additionally,
we present the method of auxiliary generalized speeds for
determination of constraint forces. In Sect. III we apply the
method for a crane on a moving base system and present the
simulation results. The conclusions are given in Sect. IV.

II. PRELIMINARIES

A. Introduction of a twist

Consider the homogeneous transformation matrix

Ta
b =

[
Ra

b pa
ab

0T 1

]
(1)

from Frame a to Frame b. The time derivative of the
homogeneous transformation matrix is

Ṫa
b =

[
ω̂ωω

a
abRa

b va
ab

0T 0

]
, (2)

where ω̂ωω is the skew-symmetric form of the vector ωωω . Here
ω̂ωω

a
ab = Ṙa

b(R
a
b)

T is the skew-symmetric form of the angular
velocity of Frame b relative to Frame a in the coordinates
of Frame a, and va

ab = ṗa
ab is the velocity of the origin of

Frame b relative to the origin of Frame a in the coordinates
of Frame a. This can be written

Ṫa
b = Ta

bt̂
b
ab/b, (3)

where

t̂b
ab/b = (Ta

b)
−1Ṫa

b =

[
ω̂ωω

b
ab vb

ab
0T 0

]
(4)

is the matrix form of the twist

tb
ab/b =

[
ωωωb

ab
vb

ab

]
(5)

of Frame b relative to Frame a referenced to b. A twist is a
screw which satisfies the screw transformation [16]

ta
ab/a =

[
Ra

b 0
p̂a

abRa
b Ra

b

]
tb
ab/b. (6)

The resulting twist is

ta
ab/a =

[
ωωωa

ab
p̂a

abωωωa
ab +va

ab

]
, (7)

where the velocity term p̂a
abωωωa

ab + va
ab is the velocity of a

point fixed in Frame b that passes through the origin of Frame
a. The twist tb

ab/b is called the body velocity of Frame b and
ta
ab/a is called the spatial velocity of Frame b in [17].

It is noted that the screw transformation can be performed
in matrix form according to

t̂a
ab/a = Ta

bt̂
b
ab/b(T

a
b)

−1. (8)

Consider the composite displacement Ta
c = Ta

bTb
c . Then

the twist of the composite displacement is given in matrix
form by t̂c

ac/c = (Ta
c)

−1Ṫa
c , which gives

t̂c
ac/c = (Tb

c)
−1(Ta

b)
−1Ṫa

bTb
c +(Tb

c)
−1Ṫb

c . (9)

It follows that
t̂c
ac/c = t̂c

ab/c + t̂c
bc/c. (10)

It is seen that the twist of a composite displacement is the
sum of the twists of the individual displacements, where
all twists are referenced to the origin of the same reference
frame. Obviously, this also applies for the vector formulation,
which is tc

ac/c = tc
ab/c + tc

bc/c.
A relevant example of a twist is shown in Fig. 1, where

Frame a is fixed in Body A. The couple of vectors ωωωa
0a and

va
0a/ma

constitute the twist ta
0a/ma

of Frame a relative to Frame
0 and referenced to the point ma, which is the COG (center



of gravity) of Body A. Both vectors of the twist are given in
the coordinates of Frame a. The twist is written

ta
0a/ma

=

[
ωωωa

0a
va

0a/ma

]
. (11)

Body A is connected to Body B with a rotary joint of one
degree of freedom, so that the joint axis is through the origin
of Frame b, which is fixed in B. The point mb is the COG
of Body B. Let tb

ab/mb
be the twist of of Frame b relative to

Frame a with reference to point mb. Then the twists ta
0a/ma

and tb
ab/mb

can be added if they are transformed so that they
have the same reference point, and are given in the same
coordinate frame. This can be done by transforming ta

0a/ma
with the screw transformation

tb
0a/mb

=

[
Rb

a 0
p̂b

mb,maRb
a Rb

a

]
ta
0a/ma

(12)

where pmb,ma is the position vector from mb to ma. Then the
twists can be added as

tb
0b/mb

= tb
0a/mb

+ tb
ab/mb

. (13)

which gives

tb
0b/mb

=

[
ωωωb

0b
vb

0b/mb

]
=

[
ωωωb

0a +ωωωb
ab

vb
0a/mb

+vb
ab/mb

]
, (14)

which is also shown graphically in Fig. 1. We will demon-
strate later in this paper, that twists are useful and handy
mathematical objects for defining the equation of motion of
a multibody system, as they satisfy screw transformations.
For more information about twists, the reader can refer to
any book on Screw Theory, for example [18].

B. System configuration and equation of motion

A crane is a system mechanically similar to a robotic
manipulator arm. Therefore, in this section we present the
preliminaries in general form, referring to manipulator links.
In the following sections the theory will be applied for
modeling of a crane on a moving base.

The configuration space of the system is defined by the
set of degrees of freedom

q =
[
q1 .. qk .. qn

]T
, (15)

then the vector of generalized speeds [7] is given by

u =
[
u1 .. uk .. un

]T
, (16)

where uk = q̇k are the speeds of the link joints and n is a
number of links.

The equation of motion of each link is derived using
the Newton-Euler approach. We describe dynamics about
the center of gravity (COG) and formulate equations in a
convenient matrix form as in [8][

Mk
mk

ω̇ωω
k
0k + ω̂ωω

k
0kMk

mk
ωωωk

0k −nk
mk

−nk(c)
k

mk(v̇k
0k/mk

+ ω̂ωω
k
0kvk

0k/mk
)− fk

mk
− fk(c)

k

]
= 0, (17)

where vk
0k/mk

is the linear velocity of the COG of Body k
relative to the inertial frame, ωωωk

0k is the angular velocity of

Body A

Body B
pa,ma

pa,mb
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v0a/ma

v0a/mb
vab/mb

v0b/mb
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Fig. 1. An ordered couple of vectors of angular velocity and linear velocity
constitute a twist. The hatched area spanned by the angular velocity and the
distance vector is the magnitude of the linear velocity. Twists referenced to
the same point and expressed in the coordinates of the same frame can be
summed up.

Body k relative to the inertial frame, ω̂ωω
k
0k denotes a skew-

symmetric form of ωωωk
0k, and Mk

mk
is the inertia matrix of

Body k about its COG. The terms fk
mk

and nk
mk

are the
equivalent force and moment with a line of action through
the body COG, fk(c)

k and nk(c)
k are the forces and moments of

constraints. All terms are given in the coordinates of Frame
k which is fixed in Body k.

We define a link twist relative to the inertial frame (see
Fig. 2), referenced to the origin of Frame k and expressed
in the coordinates of Frame k as

tk
0k/k =

[
ωωωk

0k
vk

0k/k

]
. (18)

The twist (18) can be transformed to be referenced to the
COG point mk by the screw transformation

tk
0k/mk

= Uk
k,mk

tk
0k/k. (19)

The term Uk
k,mk

is a screw transformation matrix which
transforms the reference point of the twist. The matrix is
defined by

Uk
k,mk

=

[
I 0

p̂k
mk,k

I

]
, (20)

where p̂k
mk,k

is a skew-symmetric form of the position vector
pk

mk,k
from the point mk to the origin of Frame k. The twist

in (18) can also be referenced to the origin of Frame k+1 by
a screw transformation in the form of (19) using the pk

k+1,k
distance. It is initially expressed in the coordinates of Frame
k and can be expressed in the coordinates of Frame k+1 by
the coordinate transformation

tk+1
0k/k+1 =

[
Rk+1

k 0
0 Rk+1

k

]
tk
0k/k+1, (21)

A simultaneous transformation of the reference and coordi-
nates can be obtained by

tk+1
0k/k+1 =

[
Rk+1

k 0
0 Rk+1

k

][
I 0

p̂k
k+1,k I

]
tk
0k/k, (22)
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Fig. 2. A crane can be generalized as a robotic manipulator arm, where
the links are connected by pivot joints with one actuated rotational degree
of freedom in each joint.

which leads to the expression

tk+1
0k/k+1 =

[
Rk+1

k 0
Rk+1

k p̂k
k+1,k Rk+1

k

]
tk
0k/k. (23)

The twist (23) can additionally be referenced to the COG
of Link k+1 by the screw transformation

tk+1
0k/mk+1

=

[
I 0

p̂k+1
mk+1,k+1 I

][
Rk+1

k 0
Rk+1

k p̂k
k+1,k Rk+1

k

]
tk
0k/k, (24)

which gives

tk+1
0k/mk+1

=

[
Rk+1

k 0
p̂k+1

mk+1,k+1Rk+1
k +Rk+1

k p̂k
k+1,k Rk+1

k

]
tk
0k/k.

(25)
By introducing the transformation matrix

Vk,k+1
k,mk+1

=

[
Rk+1

k 0
p̂k+1

mk+1,k+1Rk+1
k +Rk+1

k p̂k
k+1,k Rk+1

k

]
, (26)

the transformation (25) can be written

tk+1
0k/mk+1

= Vk,k+1
k,mk+1

tk
0k/k, (27)

Twists expressed in the coordinates of the same frame and
references to the same point can be summed up as in (13)

tk+1
0,k+1/mk+1

= tk+1
0k/mk+1

+ tk+1
k,k+1/mk+1

. (28)

A twist referenced to the COG of Link k can be expressed
in term of generalized speeds as

tk
0k/mk

= Pku, (29)

where Pk is the projection matrix defined by

Pk =
∂ tk

0k/mk

∂u
. (30)

In the point of contact of two rigid bodies, there is always
the same set of constraint forces and moments acting on each
body, but with the opposite sign. Therefore, the virtual work
of the sum of constraint forces and moments is equal to zero.

This is the principle of virtual work [8], which, in our case,
can conveniently be formulated as

∑
k

PT
k

[
nk(c)

k

fk(c)
k

]
= 0. (31)

The vector of generalized external forces (see [8]) is given
by

τττ = ∑
k

PT
k

[
nk

mk
fk
mk

]
, (32)

where the ordered couple of torque and force vectors is a
wrench, which we flip for the convenience of the further
development. It is notable that both wrenches and twists are
screws and they satisfy the the screw transformation rules.

We formulate the equation of motion for the whole system
by premultiplication of (17) with PT

k , summing over all
bodies k, and by utilizing the results (31), (32). This gives
the result equivalent to the equation of motion given in [7]

∑
k

PT
k

[
Mk

mk
ω̇ωω

k
0k + ω̂ωω

k
0kMk

mk
ωωωk

0k
mk(v̇k

0k/mk
+ ω̂ωω

k
0kvk

0k/mk
)

]
= τττ. (33)

Equation (33) can be written in the form

∑
k

PT
k
[
Dk ṫ

k
0k/mk

+WkDkt
k
0k/mk

]
= τττ, (34)

where the matrices Dk and Wk are defined as

Dk =

[
Mk

mk
0

0 mkI

]
, Wk =

[
ω̂ωω

k
0k 0

0 ω̂ωω
k
0k

]
(35)

and ωωωk
0k is the first three rows of tk

0k/mk
. By substitution of

ṫk
0k/mk

= Pku̇+ Ṗku (36)

and (29) into (34) we get

Mu̇+Cu = τττ, (37)

where
M =∑

k
PT

k DkPk,

C =∑
k

[
PT

k DkṖk +PT
k WkDkPk

]
.

(38)

The matrices M and C have the property that (Ṁ− 2C) is
a skew-symmetric matrix [8].

C. Constraint forces

After the dynamics have been formulated, all constraint
forces have been eliminated from the equation of motion,
which is a consequence of the application of the principle
of virtual work (31). However, in certain cases it can be
necessary to bring those forces to evidence, see Sect. I. First,
we decide on which constraint forces and moments (later
referred just as constraint forces) we want to determine.
Magnitudes of the constraint forces are collected in a vector
as following

ρρρc =
[
ρ1 ... ρ j

]T
. (39)
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Fig. 3. For bringing noncontributing constraint forces to evidence, we
imagine that Link k can lose the contact with Link k − 1 and start
moving with some additional velocities in the direction of the unknown
constraint forces. Note that the gap between the links is only drawn for the
demonstration purposes.

Then we define auxiliary generalized speeds associated with
the unknown constraint forces

uc =
[
uc1 ... uc j

]T
, (40)

where each uci gives rise to an auxiliary velocity in the
direction of each unknown constraint force ρi. Note that the
relevant link, in fact, cannot posses those auxiliary velocities
due to the constraints. Let us refer to the example given in
Fig. 3. We imagine that Link k affected by the auxiliary
velocities will lose the contact with Link k − 1. In this
way we can define the updated link velocities based on
the contribution from the auxiliary velocities and the actual
link velocities. The updated link twist based on the updated
velocities is then defined by

tk
c0k/mk

=

[
ωωωk

c0k
vk

c0k/mk

]
. (41)

It is worth noting that the updated link twist tc0,k−1/mk−1
of

Link k − 1 is not affected by the auxiliary velocities. The
updated projection matrix is

Pck =
∂ tk

c0k/mk

∂uc
. (42)

The updated vector of generalized external forces is given
by

τττ f t = τττ f + τττc, (43)

where τττ f is the contribution from the actual external forces
as in (32), and it is given by

τττ f = ∑
k

PT
ck

[
nk

mk
fk
mk

]
, (44)

while τττc is the contribution from the constraint forces, and
it is given by

τττc =
[
∑
k

PT
ck ∑

p
Ūk

p,mk
Npk
]
ρρρc, (45)

where p is a number of points on Body k where the constraint
forces are applied. The matrix Npk is a 6×n selection matrix.

It is used to select the specific constraint forces acting at the
point p from the vector of all unknown forces ρρρc and form
a six-dimensional vector of constraint forces and moments
[nk(c)T

p fk(c)T
p ]T as in (44). Note that the sign and direction

are important. In the special case shown in Fig. 3, p = 1 for
Links k−1, k and p = 0 (i.e. Np,k+1 = 0) for Link k+1.

The transformation matrix Ūk
p,mk

is introduced because
the constraint forces will have a line of action through
some point p, which, in general, will be different from the
COG. It is convenient to substitute such a set of constraint
forces by an equivalent set with a line of action through the
COG, because the dynamics are formulated about it. The
transformation matrix is given by

Ūk
p,mk

=

[
I p̂k

mk,p
0 I

]
, (46)

where pmk,p is the distance vector from the COG to the
point p where the constraint forces are initially applied. The
transformation matrix Ūk

p,mk
has a similar structure as (20),

as we are using a flipped form of a wrench to define forces.
It would be exactly the same if we have used a wrench in
its correct form, where the force vector goes first and then
followed by the torque vector.

To maintain the state of equilibrium, the external forces
should always be equal to the inertial forces from the actual
body dynamics. Premultiplication with PT

ck can be interpreted
as projection of the dynamics onto the direction of the
unknown constraint forces. The final dynamic equilibrium
can be written as

∑
k

PT
ck
[
Dk ṫ

k
0k/mk

+WkDkt
k
0k/mk

]
= τττ f + τττc (47)

or, alternatively, as

Mfu̇+Cfu = τττ f + τττc, (48)

where u are taken from the actual system dynamics. The new
matrix notations are defined by

Mf =∑
k

PT
ckDkPk,

Cf =∑
k

[
PT

ckDkṖk +PT
ckWkDkPk

]
.

(49)

Finally the vector of the unknown magnitudes of constraint
forces can be found from

ρρρc =
[
∑
k

PT
ck ∑

p
Ūk

p,mk
Npk
]−1[Mfu̇+Cfu− τττ f

]
. (50)

It is seen that if the equations of motion have been developed
in the form of (37), then the additional work to determine the
certain forces of constraints as given by (50) is systematic
and efficient, and where the steps of the procedure have a
clear geometric interpretation.

III. A CRANE/VESSEL SYSTEM

A. Equation of motion

We consider a crane/vessel system, which consists of four
bodies as shown in Fig. 4. Body 1 is a vessel, which is
a moving base for the rest of the system. Body 2 is the
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Fig. 4. A crane/vessel system consists of four bodies: a vessel, a crane
king, an inner boom and an outer boom.

first link of the crane, which is often also referred as a
king. Body 3 is an inner boom of the crane and Body 4
is an outer boom. In this work we do not aim to simulate
the true motion of the vessel, but rather show the way of
determination of the constraint forces between the crane and
the vessel. Therefore, we model the vessel as a 3D body
supported by three nonlinear springs in roll, pitch and yaw
directions. This modeling technique provides simplified, yet
realistic, model of restoring forces of the vessel.

We assume that the rotation center of the vessel is posi-
tioned in the origin of the inertial frame. Then the orientation
of the vessel is described by three variables q1,q2,q3: roll,
pitch and yaw. The configuration of the crane is defined
by the rotation angles q4,q5,q6 in three active joints. The
configuration of the whole system is defined by

q =
[
q1 q2 q3 q4 q5 q6

]T
. (51)

The vector of generalized speeds is given by

u =
[
u1 u2 u3 u4 u5 u6

]T
. (52)

The inertial frame is given as Frame 0, the vessel body-
fixed frame is Frame 1, the king body-fixed frame is Frame
2, the inner boom body-fixed frame is Frame 3 and the outer
boom body-fixed frame is Frame 4.

The rotation matrix from Frame 0 to Frame 1 is given by

R0
1 = Rz(q3)Ry(q2)Rx(q1), (53)

where the matrices Rx(·), Ry(·) and Rz(·) are the rotation
matrices about the x, y and z axes, respectively. The rotation
matrix from Frame 1 to Frame 2 is given by

R1
2 = Rz(q4). (54)

The rotation matrix from Frame 2 to Frame 3 is given by

R2
3 = Rz(π/2)Rx(π/2)Rz(q5). (55)

The rotation matrix from Frame 3 to Frame 4 is given by

R3
4 = Rz(q6). (56)

The relative body twists of the system bodies are

t1
01/1 =

[
ωωω1

01
0

]
, t2

12/2 =

[
ωωω2

12
0

]
,

t3
23/3 =

[
ωωω3

23
0

]
, t4

34/4 =

[
ωωω4

34
0

]
.

(57)

The relative body twists are used to calculate the body twists
relative to the inertial frame and referenced to the COG of
each body using the screw transformation rules (19), (27)
and (28).

The twist t1
01/1 is referenced to the COG of Body 1 and

expressed in the coordinates of Frame 1 as in (19)

t1
01/m1

= U1
1,m1

t1
01/1. (58)

The twist t2
02/m2

referenced to the COG of Body 2 and
expressed in the coordinates of Frame 2 is calculated as

t2
01/m2

= V12
1,m2

t1
01/1,

t2
12/m2

= U2
2,m2

t2
12/2,

t2
02/m2

= t2
01/m2

+ t2
12/m2

.

(59)

An explicit definition of the transformation matrix V12
1,m2

is

V12
1,m2

=

[
R2

1 0
p̂2

m2,2R2
1 +R2

1p̂1
21 R2

1

]
, (60)

where R2
1 = (R1

2)
T, p1

21 =
[
0 0 −l1

]T and p2
m2,2 =[

0 0 −d2
]T. The twist t3

03/m3
referenced to the COG of

Body 3 and expressed in the coordinates of Frame 3 is
calculated as

t2
02/2 = U2

m2,2t
2
02/m2

,

t3
02/m3

= V23
2,m3

t2
02/2,

t3
23/m3

= U3
3,m3

t3
23/3,

t3
03/m3

= t3
02/m3

+ t3
23/m3

.

(61)

The twist t4
04/m4

referenced to the COG of Body 4 and
expressed in the coordinates of Frame 4 is calculated as

t3
03/3 = U3

m3,3t
3
03/m3

,

t4
03/m4

= V34
3,m4

t3
03/3,

t4
34/m4

= U4
4,m4

t4
34/4,

t4
04/m4

= t4
03/m4

+ t4
34/m4

.

(62)

The equation of motion for the crane/vessel system can be
formulated following the rest of the procedure presented in
Sect. II-B.

B. Control

We propose a PD controller to asymptotically regulate
the crane joint positions at the desired values. If τττa is a
three-dimensional vector of the crane input torques, then the
controller is given by

τττa =−kPqc − kDq̇c, (63)

where qc =
[
q4 q5 q6

]T and kP,kD are positive constants.



C. Constraint forces
To obtain the constraint forces and moments (or just

constraint forces) in the joint between Body 1 and Body
2 (i.e. between the crane and the vessel), we follow the
procedure presented in Sect. II-C. The vector of the unknown
magnitudes of constraint forces is

ρρρc =
[
ρ1 ρ2 ρ3 ρ4 ρ5

]T
, (64)

where ρ1,ρ2 are the constraint moments about x2,y2 axes
and ρ3,ρ4,ρ5 are the constraint forces in x2,y2,z2 directions,
see Fig. 4. We define auxiliary generalized speeds associated
with the unknown constraint forces as

uc =
[
uc1 uc2 uc3 uc4 uc5

]T
. (65)

The auxiliary generalized speeds (65) give rise to the auxil-
iary velocity of Body 2, which propagates to all successive
bodies in the system, while it does not affect the velocity
of Body 1, that is, t1

c01/m1
= t1

01/m1
. For all other bodies in

the system we define the updated velocities with contribution
from the actual velocities and the auxiliary velocities (65).
The updated twist referenced to the origin of Frame 2 and
expressed in the coordinates of Frame 2 is

t2
c02/2 = t2

02/2 + t̃2
c2, (66)

where

t̃2
c2 =

[
uc1 uc2 0 uc3 uc4 uc5

]T
. (67)

The updated twist t2
c02/m2

referenced to the COG of Body 2
and expressed in the coordinates of Frame 2 is

t2
c02/m2

= U2
2,m2

t2
c02/2. (68)

In this specific case we are only interested in the constraint
forces in one joint and we have only introduced auxiliary
velocities in one joint.

The updated twist t3
c03/m3

referenced to the COG of Body
3 and expressed in the coordinates of Frame 3 is

t3
c02/m3

= V23
2,m3

t2
c02/2,

t3
c03/m3

= t3
c02/m3

+ t3
23/m3

.
(69)

The updated twist t4
c04/m4

referenced to the COG of Body 4
and expressed in the coordinates of Frame 4 is

t3
c03/3 = U3

m3,3t
3
c03/m3

,

t4
c03/m4

= V34
3,m4

t3
c03/3,

t4
c04/m4

= t4
c03/m4

+ t4
34/m4

.

(70)

The updated projection matrices Pck for k = 1,2,3,4 are
calculated by (42), while the contribution from the external
forces and moments τττ f is obtained as in (44).

As the constraint forces τττc (45) are only applied on Bodies
1 and 2 at one point p = 1, the selection matrices are

N1,1 =


−c4 s4 0 0 0
−s4 −c4 0 0 0

0 0 0 0 0
0 0 −c4 s4 0
0 0 −s4 −c4 0
0 0 0 0 −1

 , (71)

x1 x1 x1
t = 0 s t = 10 s t = 20 s

q4=0 q4=0 q4= π

2

q5=0
q5= π

4 q5= π

4

q6=- 3
4 π

q6=- π

4

q6=- π

4

Fig. 5. Positions of the crane throughout the simulation represent the
sequence of crane positions during a typical hoisting operation.

where c4 = cos(q4) and s4 = sin(q4), and

N1,2 =


1 0 0 0 0
0 1 0 0 0
0 0 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

 , (72)

while Np,3 = Np,4 = 0. It is straightforward to calculate the
rest of the terms in (50) and then determine the magnitudes
of the constraint forces.

D. Simulation results

In this section we have considered a scaled crane/vessel
system given in Fig. 4. The goal of the simulation was to
determine the constraint forces in the interface between the
crane and the vessel. The geometric constants and masses
used in the model are given in Table I.

TABLE I
SYSTEM DIMENSIONS AND MASSES

Constant l1 l2 l3 d1 d2 d3 d4
Value 5.0m 2.0m 2.0m 2.5m 1.0m 1.0m 1.0m

Constant m1 m2 m3 m4
Value 1.2t 30kg 30kg 30kg

The inertia matrices of the system bodies in the coordi-
nates of the body-fixed frames are defined as

M1
m1

= diag(m1l2
1/12, m1l2

1/12, m1l2
1/12),

M2
m2

= diag(m2l2
2/12, m2l2

2/12, 0.1m2l2
2/12),

M3
m3

= diag(0, m3l2
3/12, m3l2

3/12),

M4
m4

= diag(0, m4l2
4/12, m4l2

4/12).

(73)

The nonlinear rotational spring elements were attached to
the origin of Frame 1 to simulate the vessel motion. Torques
in roll, pitch and yaw directions generated by these springs
are formulated as Tsi =−kiq3

i , where i = 1,2,3 and all ki =
8 ·107.

The vessel was initialized at its origin, that is qi = 0 for
i = 1,2,3 at t = 0. The crane variables were changed during
the simulation according to Fig. 5 and 6. Such motion of the



Fig. 6. The crane joint variables are regulated according to the motion
sequence given in Fig. 5. The vessel is initialized at its origin. The motion
of the vessel is excited by the crane motion.

Fig. 7. The constraint forces and moments between the crane and the vessel
are given in the coordinates of Frame 1 (on the top) and in the coordinates
of Frame 2 (in the bottom).

crane can be considered as a typical sequence of the crane
positions during a hoisting operation. The values ρ1,ρ2 are
the constraint moments about x2,y2 axes and ρ3,ρ4,ρ5 are
the constraint forces in x2,y2,z2 directions, see Fig. 4. They
are given in the coordinates of Frame 1 and in the coordinates
of Frame 2 in Fig. 7.

IV. CONCLUSIONS

We have presented the general procedure for modeling of
the dynamics of multibody systems. The procedure is based
on Kane’s method and is relying on twists and screw trans-
formations. Additionally, we have presented the procedure
for determination of constraint forces, which is based on the
method of generalized speeds and is given as an extension
of the dynamical model.

The presented procedure was implemented for the dynam-
ical model of a crane on a moving base system. We have
demonstrated how 5 constraint forces in the interface be-
tween the crane and the vessel can be efficiently determined
and the simulation results were provided. The constraint
forces are related to the structural forces in the joints and can
directly be used in the problems where modeling and control
of friction is of interest. Constraint forces in this form can
also be used in sensitivity studies on how different control

algorithms affect the structural strength of mechanisms. This
gives an opportunity for optimization of the control system
by minimizing the impact on the structural strength and the
fatigue lifetime, which is a relevant practical aspect in the
production and operation of mechanisms.
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[11] S. Šalinić, “Determination of joint reaction forces in a symbolic form
in rigid multibody systems,” Mechanism and Machine Theory, vol. 46,
no. 11, pp. 1796–1810, 2011.

[12] A. A. Shabana, Dynamics of multibody systems. Cambridge university
press, 2013.

[13] R. Huston, “Constraint forces and undetermined multipliers in con-
strained multibody systems,” Multibody System Dynamics, vol. 3,
no. 4, pp. 381–389, 1999.

[14] W. Schiehlen, “Multibody system dynamics: roots and perspectives,”
Multibody system dynamics, vol. 1, no. 2, pp. 149–188, 1997.

[15] C. M. Roithmayr and D. H. Hodges, “Forces associated with non-
linear non-holonomic constraint equations,” International Journal of
Non-Linear Mechanics, vol. 45, no. 4, pp. 357–369, 2010.

[16] J. M. McCarthy and G. S. Soh, Geometric design of linkages. Springer
Verlag, 2011.

[17] R. M. Murray, S. S. Sastry, and L. Zexiang, A Mathematical Introduc-
tion to Robotic Manipulation, 1st ed. Boca Raton, FL, USA: CRC
Press, Inc., 1994.

[18] J. K. Davidson and K. H. Hunt, Robots and screw theory: applications
of kinematics and statics to robotics. Oxford University Press on
Demand, 2004.


