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Abstract. Surface plasmon-polariton waves with low-phase speed in carbon nanostructures can
be utilized for the generation of coherent terahertz radiation through the Cerenkov mechanism,
the effect being especially pronounced in bilayer and multilayer graphene. Using the many-body
formalism and the tight-binding approach, we derived the dispersion equations of the surface
plasmon-polariton waves in graphene. In single-layer graphene, the phase speed is about three to
five times smaller than the speed of light in a vacuum. In bilayer graphene, inter-layer electron
tunneling suppresses the reduction of the phase speed. Reduction of the phase speed by as much
as 300 times is possible in a graphene structure with two spatially expanded monolayers, because
inter-layer tunneling is suppressed, and the interlayer distance can be used to tune the plasmon
frequency and the phase speed. © 2012 Society of Photo-Optical Instrumentation Engineers (SPIE).
[DOL: 10.1117/1.JNP.6.061719]
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1 Introduction

Graphene, graphene bilayer, and other graphene structures are very interesting objects with many
applications in different science and practical areas. The plasmon-polariton waves in graphene are
generating significant interest. As graphene is a two-dimensional (2-D) structure, the plasmon-
polariton waves essentially have surface character. Surface plasmon-polariton (SPP) waves can
give rise to the field of nanophotonics and subwavelength wave localization. A very important
and interesting application is the generation in graphene of terahertz (THz) radiation. This can
be utilized for the design of compact sources of THz radiation, a problem of great scientific
and practical interest. There are very few commercially available instruments for the THz fre-
quency region and very often they lack the precision required for performing accurate measure-
ments. One of the latest trends is the use of single-wall carbon nanotubes (SWNTSs), cylindrical
molecules with nanometer diameter and micrometer length,' as building blocks of novel THz
devices.* Proposals to realize a THz plasmon oscillator on the basis of graphene were also
recently made in Ref. 10. The Cerenkov and channeling radiation mechanisms in nanotubes
were proposed in Refs. 11-15 for the electromagnetic wave generation. The idea has been
extended to multiwall nanotubes and multilayer graphene in Ref. 16 without accounting for
the inter-layer tunneling. Here we show the important role of the latter mechanism.

The slowing of the electromagnetic wave is required for the realization of Cerenkov-type
synchronism. As was shown earlier,'” the single-wall nanotube can slow the surface electromag-
netic wave up to 100 times. Nevertheless, to provide the effective synchronization between elec-
tromagnetic wave and electron current in nanotubes or graphene structures, a stronger slowing is
required. The use of two-wall nanotubes has been proposed as a way to overcome the problem. '°
However, the difference of the radii in a two-wall nanotube prevent significant deceleration. This
paper discusses plane graphene structures. It is shown that the ability to slow the wave in such
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structures can essentially exceed the slowing in nanotubes. The dielectric function and plasmon
modes in graphene and graphene bilayer were considered in Refs. 18-20. However, in these
works the graphene bilayer was considered as an infinitely thin sheet of material with the con-
ductivity o(q, ®). As different from that, we use a three-dimensional (3-D) approach for SPP
wave calculations.

The paper is organized in the following way. After a brief introduction in Sec. 1, the basic
equations describing SPP wave dynamics based on Maxwell equations for fields and operator
Heisenberg equations for many-body electron system are derived in Sec. 2 in the tight binding
approach for wave functions in multilayer graphene. Resulting calculations and discussions for
the slowing in single, bilayer, and spatially separated double-layer graphene are presented in
Secs. 3 and 4, followed by the concluding Sec. 5.

2 Basic Equations

In this paper, we consider the interaction between electromagnetic field and electron system in
graphene structure (single, bilayer, multilayer graphene). A self-consistent system describing
this system includes the electromagnetic field equations with charge and charge current densities
in the right-hand parts as a source, and the electron motion equation with electromagnetic field in
the right-hand part of equation as a force. The equations for scalar and vector potentials have the

form:
via_ LA 4 i), V- re_ (r.1) )
- =——j(r, 1), ——— = —4np(r,t).
c? ot ¢ c? or? ’

The Lorentz gauge is used when Eq. (1) is written:
100
-—+ VA =0. 2
o T @)

In this paper, we consider the situation when the electromagnetic field is rather large, i.e., the
condition:

Es Vic <§) ’ 3)

is fulfilled,”' where E is the electromagnetic field strength, o is its angular frequency, and c is the
speed of light in vacuum. In this case, the electromagnetic wave has a classical character and is
described by the classical wave equations [Eq. (1)]. The electron motion is governed by the
Schridinger equation, therefore the quantities j(r,t) p(r,?) in the right-hand part of the field
[Eq. (1)] are the operators of the current density and the charge density averaged over the quan-
tum states of the electron system. Dynamics of the electron system in the electromagnetic field
are described by the Hamiltonian:

H= Z Exbi by, + ¢ / O(r, )" (r, 1)y (r, t)dr

_ ﬁ gt (. ) [A(r, )P + PA(r, 1)]ir(r, )dr. @

The term proportional to the vector-potential squared has been neglected in Eq. (4). Here, Ey is
the electron energy characterized by the the quasi-momentum k and the electron subsystem band
number s. The electron quantum field operator is given by:

p(r.t) = ZWkS(r)Bks(t)s )

where yy, is the electron Bloch wave function in the multilayer graphene structure, IA)kS, IA)ILT are
the annihilation and creation operators for the electron with the quasi-momentum Kk in the s band,
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p is the quantum momentum operator. The Heisenberg equations for the annihilation/creation
operators corresponding to the Hamiltonian [Eq. (4)] have the form as follows:

'éks(t> = _EEksbkv —€Z<ks

75— [A(r.®)p + PA(r. »)]

nic

1‘1151>Z7k1sl (1),
(6)

(r.) = 5—[A(r,©)p + PA(r, )]

i L; Eksbks ez<klsl

Hereafter, symbols 1 and 2 in summation denote summation over the sets k;s; and kjs,,
respectively. Considering electromagnetic field in Eqgs. (6) and (7) as a perturbation, in the
linear approximation we come to the following self-consistent equations for the electromagnetic
potentials:

d? 2me?
<d 2 q )A— me Z/dr e lqri V/kzszpl//k]sl pl//kzgzl//kls])

<k151 k252>
(
o+ Ek7v7 - Eklvl

47re
Z / drye iy y A )06 bY) 10), 8)

ks>13§]$l (1). (7)

®(r,w) — 5 [A(r,w)p + PA(r, ®)]

2mc

X

Ni,s, = Nk, )

d2 i
(d_zz_q +—> = —47rezz:/drle"q”l//iimllllqsl

<k1 S1

Here ny,;, — ng 5, = <0|bk2€2 kzlz - bfml ks, |0), b kg , B,‘(‘?T are unperturbed operators, |0) is the
many-body state of the electron subsystem, and ny ,, are quantum occupation numbers. When
deriving Eqgs. (8) and (9), the Fourier transforms of the potentials over two space coordinates
parallel to the graphene layers and over time have been performed. The axis z is normal to the
graphene surface. In the left-hand parts of the above equations, the potentials A and @ denote the
Fourier-transformed potentials: A =A(z,q,w) and ® = ®(z,q, w).

Equations (8) and (9) with Eqs. (6) and (7) describe a graphene structure with an arbitrary
number of layers. For deriving of graphene dispersion properties, a ground quantum state |0) that
is described by Fermi distribution function is usually used. However, the same equations can be
applied in the case of an excited electron system, for example in the case when the electron
current moves over the ground state. Then the state ) can be used in the matrix elements
of Egs. (8) and (9) right hand parts instead of |0). The numbers n, denote the electron excited
part of the electron system, directed electron flow for example. The right side of Egs. (8) and (9)
contains expressions of wave functions |ks) =y, which should be defined. In the tight-
binding approximation, the electron wave-function in a multilayer graphene is given by
Ref. 22:

D(r,w) = 5, [A(r. )P + PA(r. )] ks

2mc

X

- .9
a)+Ek2s2 _ Ek s (nkzsz nklsl) ( )

191

Ve = D[k (1) + cory (r)]. (10)

where y/ﬁ" (r) and l//ﬁi (r) are the tight-binding Bloch functions of i’th layer corresponding to

carbon atoms in two graphene sublattices denoted by indexes A and B. These functions are
represented as:
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V/ﬁi (r)= ﬁ ;QM (r—ry,)exp(ikry,)

WP () = —= 3 "y (r 5, explikey,). an

Here, ¢, and ¢ are the atomic wave functions of carbon atoms in sublattices A and B, respec-
tively, and r4, and rp, are the positions of atoms in i’th layer; and N is the number of unit cells.
Coefficients c’;:; and cﬁ;ﬁ in Eq. (11) are derived by the tight-binding method.?> The method is
fully applied to graphene with any layer quantity (i = 1, ..., n). For the graphene bilayer (i = 1,
2) shown schematically in Fig. 1, the tight-binding method leads to four solutions derived from
the Schrodinger equation using Eq. (11). In that case we arrive at a four-dimensional matrix
equation:

Ac =0, (12)
where

Eg+A-E (ro — snE)f /7’/1 —si3E (7%—S14E>f*
A= (7’0,— snE)f* /Eo -E (r4 — snE)f* (7,3 —suE)f (13)
n sk (Z4 —snE)f Eg+A-E (ro —suE)f* |
(ra=suE)f  (rs—suE)f" (ro—suE)f Ey-E

and c is the column vector given as the transposition of the row vector

(ca ki Ca o) (14)
The overlap integrals s;; are usually neglected in this system.”?* The values of parameters y;, E,
are given in article devoted to analysis of graphene electron eigenstates and eigenvalues®* (for
graphene bilayer E, = —0.0206 eV, y, = 3.12 eV, 7, =0.377 eV, y; =0.29.12 eV, y, =
—0.120 eV), and function f= f(k,.k,) = exp(ik.a/\/3)+ 2 exp(—ik,a/2v/3)cos(k,a/2)
(a is the in-plane lattice parameter). Following Ref. 22, further we neglect overlap integrals
s;;- The functions ¢, and ¢ were chosen as

b = by = ﬁ (2/ag)X(Zr ] ag) exp(~Zr/ag) cos . (15)

Here Z is atom charge (Z = 6 for carbon), and ap is Bohr radius. Equation (12) for graphene
bilayer gives four different solutions and four eigenstates. The substitution of the tight-binding
form of the electron wave functions for multilayer graphene into Eqgs. (8) and (9) gives:

Fig. 1 The crystal structure of graphene bilayer. a,, &, are the translational vectors, and d is the
distance between graphene layers.
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d? o’ 2re?
(a_q + >A(Z»q’ _m ;6k2+qk Ny, s, — nklal)

—k(S Aix  B; ik, 5,)3AiBi S18
XZ ckqszcklsl Hode — ey 10 ol eM1%)ja" (z,4) By i (g @), (16)

d2 @? 477,'6
<— -q*+ ?) ®(z,q,0) = Z5kz+qk Riys, = Mig,s,)
1,2,i

X [Cﬁzjzck]leA (z,—q) + Ck,szck]leB (z, Q)]Bffk”z (q,w), (17)

dA,(z,q, @)

o =0 (18)

_—éwd)(z, q, ) +iqA(z,q, @) +
The system [Eqs. (12)—(18)] is closed and self-consistently describes the dynamics of the SPP
waves in graphene (single layer, bilayer, multilayer) S is the area of graphene layer,

Fs(z.q) = [exp(—igry)|¢a (r)[*dr,, and Fj (z,q) = [exp(—iqr,)|¢p (r)[*dr, are carbon
atom form factors;

ja"(z.q) = / exp(—iqr)[fa, (r)Pdp, (r = 8,) — by, (r = 6,)Pa, (r)]dr ., (19)

are hopping currents between nearest graphene neighbor atoms, d, are distances to near
neighbors in graphene,

Aix A; B.x B;
B2 (q.0) = YL 420l o, Fa (& 20) T iy o, (2, 20)
kiky '  + Ekzsz - Ek s

j 151

(20)

A B . Bjx Aj ] AB;
Z(x(ck{; Ckz/Szelk’,éa B Ckl :1 Ckz kY lkléll) deA(Z’ q, w)-]a/ ! (Z’ _q)}
2mc(w + Ey,s, — Ex,s,)

3 Boundary Conditions and Dispersion Equations

The system [Egs. (12)—(18)] has integro-differential form. They can be reduced to the system of
homogeneous integral Fredholm equations. It was shown in Ref. 23 that for long-wave case
when ga < 1 (a is graphene constant), the effective boundary conditions'” give the same results.
Using this approach, the potentials are continuous when crossing the graphene layers and deri-
vative of potentials are discontinuous. The step of discontinuity is defined by integration of
Egs. (16) and (17) over thin region near the graphene layers z; — 0 < z < z; + O:

q)|z:z,-+0 = q>|z:z,—0’ (21)
do do DA
bl il =-) (Z%®+Z.,"A,) , (22)
dZ z=7;+0 dZ z=z,—0 Zl ! 7=z
Al]|z:zl+0 = A‘1|z:z;—0 ’ (23)
dA dA
4 _% =->_ (Zi 0+ ZiA,) (24)
dz z=z,+0 dz z=2;—0 ! z=z;1
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Here

4 A 1% A ’ B 1% B !
ne?

OO __ Ak Bl-
AR E Oy gk, ( ck2v7ckls1 +ck2v2 iy

) k,ylckzu + Ck]slckzb
o+ Ekzxz - Eklsl

X (nkzsz - nk|s|)

(25)
2
oA, Ame Ak A; B+ B
Zip"t =~ S Zékﬁq’kl (Ckzszckm + Ck;SzCklsl)(nkzsz - nklsl)
1,2
Ak B 'kﬁa Birx A k5 1B
XE (ck] ¢, €Ml — ¢ el e fdij (z,—q) 26)
ZmCQ(w + Ekzs2 - Ek]sl)
ZAqu — 27[62 S A ik 6, Bix A _ik,5, d sA;B;
i’ Z ko +q.k (nkzsz _nklsl)(Lkz Ck e Tk O € ) 2qja"" (2.9)
meqsS
A1k B/zk&, B/*A —k5 A1 B
XZ (¢ cry €% =y e e™%) [dzqj,) " (2. —q) @7
2meq(@ + Ey,s, — Ex,s,)
ZAqCD _ 2re? Z(S (cA’*cB'eik'§<’ _ CB,-*CA,e_,'kz(sa)
i meqs & ko +qk; (Ck, C, K Ck,
CA/* A/ + BI*CB/
ks, k2s7 k]sl ky sy «A;B;
X (A . — Ny s dzqj." ' (z,q). (28)
( ky s, k|51) w+Ek2§2 _Eklsl / qJa ( q)

Using Eqgs. (21)—(24), we obtain the following dispersion equation for single layer graphene:
(2%~ ZPP) 2k~ Z)y™) = 2z = 0, (29)

where k = \/¢* — w*/c?. The n-electrons which contribute to the graphene dielectric function
are nonrelativistic (vx ~ ¢/300). Correspondingly, we further consider the electrons moving in
graphene with nonrelativistic speeds. Besides, a part of the dielectric function corresponding to
the vector potential is proportional to overlap integrals. Neglecting terms which contain these

infinitesimals (Z,, ", ZA g ZA 1), the standard equation for SPP waves in single-layer graphene
is obtained:

Zie
T = 0. (30)
Taking into account the correspondence Z8® = 4z¢I1, the above equation coincides with that
derived in Ref. 24 [see Egs. (1) and (3)]. Under the derivation of Eq. (30), the normalization of
wave function and smallness of the SPP wave number |q / k| < 1 were used, which allowed the
following approximations: cﬁl*sl cf(‘m + Cklsl clw1 ~ cklslck]sl + Ckmckm = 1. Note also that
only intraband transitions have been taken into account.
In the case kra < 1, the doping electrons are in the vicinity of the Dirac point and the SPP
wave dispersion Eq. (30) can be rewritten as

2 1/2

4e? @ — (0* —v3q?)
=—kp
hvp " k(0 — v3g?)'?

€2y

Equation (31) is transformed into expressions derived in Ref. 24 if the SPP wave phase speed
exceeds considerably the Dirac electron speed, i.e., the inequality vy, > vy holds true.
For a graphene bilayer (Fig. 1) the field can be written in the following form:

a, exp(kz), z<0
®(z,q,w) = { byexp(kz) + byexp(—kz), 0<z<d, (32)
a, exp[—«k(z — d)], z>d
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where d is the distance between graphene layers, a; , and b, , are coefficients to be determined
from the boundary conditions [Eqs. (21)—-(24)], which are rewritten as:

by +by=a
kb, — kb, —ka; = -Z8%a; — Z8Pa,
bie* + bye™ = a,
Kay + kb e — kbye ™ = Z9Pa, + Z3%a,. (33)

There is a possibility to provide an additional slowing of the electromagnetic wave in bilayer
structures due to the low-frequency out-of-phase SPP wave mode (the acoustic SPP wave).”
However, the slowing effect is suppressed by interlayer tunneling: In the presence of tunneling,
the out-of-phase SPP wave mode develops a long-wavelength gap (a depolarization shift).”®
Bigraphene has four z bands. In undoped bigraphene two of these zones are fully occupied.
If the Fermi level of doped bigraphene is below 0.4 eV, the doping electrons fill in the third
z-band with the energy:

”
E= \/ |f(kx»k)|2+——71\/762f( bk 4+ (34)

where y( is the hopping between nearest neighbors in graphene plane, y{ is hopping between
planes. In this case boundary conditions [Eq. (33)] for in-phase mode (optical SPP wave) of
bilayer graphene gives the following SPP wave dispersion equation:

Ng,s — Nk, s

2

e

1 =2 g, —— 2R (] 4 i) (35)
kS klzkz 214 w + Ekzx - Ekls

The SPP wave dispersion equation in this case gives optical mode similar to optical mode in
single-layer graphene. Using the approximate energy dependence in the vicinity of the Dirac
point for bigraphene as #*v%k*/y| we reduce Eq. (35) to the form:

2
1 =2 (k)2 TOF. (36)

The spatially separated double-layer graphene in which tunneling is negligible can be used for
achieving a large wave deceleration. In such systems the quantum wave function of electron state
is concentrated near one of the layers. Therefore, the boundary conditions [Eq. (33)] can be

written as:
bl + bz = a;
kb, — kb, — xa; = —Z‘lblq’al
bleKd —+ bze_Kd = day
kay + kb e — kbye™ = Z9%a,. (37
Correspondingly, the dispersion equation is given by:
(2 = ZP2) (2x — Z2P) — Z8PZ9Pe2xd = (), (38)
where
— (0 — v2g?)\

ii _hl}F i ( 2 C])l/z ’ (39)

and k;p are the Fermi momentums for layers i = 1, 2. The dispersion equation [Eq. (38)] with
coefficients [Eq. (39)] is reduced to the dispersion equation obtained in Ref. 26 in the limit
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® > vpq. Because we are interested in a large wave deceleration, accounting for this difference
is very important.

4 Discussion

The slowing of an electromagnetic wave described in previous sections is a crucial effect for the
Cerenkov radiation mechanism. Figure 2 demonstrates the dependence (q) in the THz range,
whereas Fig. 3 presents the ratio of the electromagnetic wave phase speed to the speed of light in
a vacuum. One can see that the deceleration for single layer graphene is not too large and
strongly depends on the density of doping electrons. It is seen that the slowing down in a sin-
gle-layer graphene is 3 to 5 times at the typical electron doping ~10'> cm™2. Such values of the
deceleration allow synchronization with an electron beam with the several tens of kilovolt
energy. It is clear that the synchronization regime is nonreachable in single-layer graphene
at reasonable densities. For the Cerenkov radiation by electrons with smaller energies, and par-
ticulary with nonrelativistic electron energies, corresponding to the electron bands in graphene, a

32

w (THz)

19 T T T T T T T T T T
0 200 400 600 800 1000

q (cm™)
Fig. 2 The electromagnetic wave frequency o (I/s) versus wave number g (I/cm) for single layer

graphene (the red curve). The dash curve shows the light line. Logarithmic scale of vertical axis
was used.

Vo /C

0754 P hl
0.60 - 1

S [ 2
0.45 -
0.30 4
0.15 4

T T T T T T T T T T
0 200 400 600 800 1000

g (cm™)

Fig. 3 The SPP wave phase speed v, /c versus the wave number g (1/cm) in a single-layer
graphene for the densities (1) 10'> cm=2 and (2) 5 x 10'2 cm~2 of the doping electrons.
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Fig. 4 The frequency w versus the wave number q for two spatially expanded graphene mono-
layers: the distance d between layers is (A) 4 nm, (B) 30 nm, (C) 100 nm, and (D) 200 nm for
doping electron densities n; = n, = 10'2 cm=2.

stronger deceleration is required (up to 300 times). Such slowing can be reached in bilayer and
multilayer graphene structures for acoustic-type modes. The tunneling between graphene layers
can suppress the strong slowing effect in multilayer structures, therefore reducing the tunneling
is extremely desirable.

A spatially separated double-layer graphene monolayer with suppressed inter-layer tunneling
is a suitable candidate for this purpose. Figure 4 shows the frequency dependence on the wave
number for different inter-layer distances. The plots are obtained using Eqs. (38) and (39). The
slowing down up to the speed of z-electron can be reached in such structures. The spatially
expanded double-layer graphene has also another useful property: the frequency and the
phase speed appear to be tunable due to independent control of carrier densities n; and n,
in the monolayers and the interlayer separation d.

5 Conclusion

The self-consistent equations describing SPP wave dynamics in multilayer graphene have been
derived and analyzed. The SPP wave dispersion law obtained from these equations has been
investigated to provide synchronization between the electromagnetic wave and the electron
beam, i.e., to achieve proximity of the electromagnetic wave phase speed to the Dirac electron
speed in graphene vg. It has been shown that the multi (double-) layer graphene nanoplatelets,
especially in the spatially separated double-layer graphene, allows such a proximity and thus are
promising candidates for the nano-sized Cerenkov-type THz emitters. The development of such
emitters is a challenging problem of present-day nanoelectronics and nanophotonics.
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