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Abstract. The KP-I equation

(ut — 2uug + %(,8 - %)ulxx)x —Uyy =0
arises as a weakly nonlinear model equation for gravity-capillary waves with strong
surface tension (Bond number 8 > 1/3). This equation admits — as an explicit
solution — a ‘fully localised’ or ‘lump’ solitary wave which decays to zero in all
spatial directions. Recently there has been interest in the full-dispersion KP-1
equation

ut + m(D)ug + 2uug = 0,
where m(D) is the Fourier multiplier with symbol

1 3 2\ %
i) = (4 skt ()T (1422
] R

which is obtained by retaining the exact dispersion relation from the water-
wave problem. In this paper we show that the FDKP-I equation also has a
fully localised solitary-wave solution. The existence theory is variational and
perturbative in nature. A variational principle for fully localised solitary waves
is reduced to a locally equivalent variational principle featuring a perturbation of
the variational functional associated with fully localised solitary-wave solutions of
the KP-I equation. A nontrivial critical point of the reduced functional is found
by minimising it over its natural constraint set.
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1. Introduction

There has recently been considerable interest in ‘full dispersion’ versions of model
equations obtained by modifying their dispersive terms so that their dispersion
relation coincides with that of the original physical problem. The method has
been used for some time in engineering and oceanography, but has become more
attractive to mathematicians interested in nonlocal equations in view of improved
use of harmonic analysis in partial differential equations. The prototypical example
is the full-dispersion equation derived by Whitham [22] as an alternative to the
celebrated Korteweg—de Vries equation for water waves by incorporating the same
linear dispersion relation as the full two-dimensional water-wave problem. It was
shown by Ehrnstrom, Groves & Wahlén [10] that the Whitham equation admits
small-amplitude solitary-wave solutions which are approximated by scalings of the
Korteweg—de Vries solitary wave; these waves are symmetric and of exponential
decay rate (Bruell, Ehrnstrom & Pei [2]). Other examples of current interest in
fully dispersive equations include analytical investigations of bidirectional models in
the spirit of Whitham (Ehrnstrém, Johnson & Claassen [11], Hur & Tao [13]) and
Green-Naghdi (Duchene, Nilsson & Wahlén [9]), as well as studies of the numerical,
laboratory and modelling properties of these equations (see respectively Claassen
& Johnson [6], Carter [4] and Klein et al. [14]). The monograph by Lannes [15]
has a separate section on the subject of improved frequency dispersion. From a
mathematical point of view, such equations often pose extra challenges arising from
their more complicated symbols (which are typically inhomogeneous).

A higher-dimensional example is given by the full-dispersion Kadomtsev—
Petviashvili (FDKP) equation

up + m(D)uy + 2uu, =0, (1)

where the Fourier multiplier m is given by

1 /tanh|D|\ D3\ 2
m(o) = (1 8o (M=) (14 )
1

with D = —i(0;,0,), which was introduced by Lannes [15] (see also Lannes & Saut
[16]) as an alternative to the classical KP equation

(ue — 2utg + 3(8 — 3)Uaaa)a — Uyy = 0. (2)
Equation (2) arises as a weakly nonlinear approximation for three-dimensional gravity-
capillary water waves, the parameter 5 > 0 measuring the relative strength of surface
tension; the cases 8 > % (‘strong surface tension’) and 8 < % (‘weak surface tension’)
are termed respectively KP-1 and KP-II.
A (fully localised) FDKP solitary wave is a nontrivial, evanescent solution of (1)
of the form w(z,y,t) = u(x — ct,y) with wave speed ¢ > 0, that is, a homoclinic
solution of the equation

—cu+m(D)u +u? = 0. (3)

Similarly, a (fully localised) KP solitary wave is a nontrivial, evanescent solution of
(2) of the form u(z,y,t) = u(x — ¢&t,y) with wave speed é > 0, that is, a homoclinic
solution of the equation

(& — Du+ m(D)u +u? =0, (4)
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Figure 1. Sketch of the KP-I solitary wave given by (6)

where
(D) = 1 23 Lig_— \p2
m( )_ +D2+2(6 3) 1
1

Note that the KP wave speed ¢ can be normalised to unity by the transformation
u(x,y) — éu(é2x, éy), which converts (4) into the equation

m(D)u +u? = 0. (5)
It is known that the KP-II equation does not admit any solitary waves (de Bouard &
Saut [7]), while the explicit solutions

_ Y2 2 1
e = (6 ) e ©)

of (5) define KP-I solitary waves (see Figure 1). In this paper we demonstrate the
existence of solitary-wave solutions to the FDKP-I equation and show how they are
approximated by scalings of KP-I solitary waves. (It is not known whether the latter
are given by the explicit formula (6), but recent evidence points in this direction (see
Chiron & Scheid [5] and Liu & Wei [18]).)

u(z,y) = —12

Theorem 1.1 There exists a solitary-wave solution of the FDKP-I equation with
speed ¢ = 1 — &2 for each sufficiently small value of € > 0. This solution belongs
to H*°(R?).

An FDKP solitary wave is characterised as a critical point of the Hamiltonian

1 1
g =y [ 1mO)hutdedy+ g [ utdedy (7)
2 R2 3 R2
subject to the constraint that the momentum
1
M(u) = 7/ u? dr dy (8)
2 Joe

is fixed; the Lagrange multiplier is the wave speed c. Using this observation we
may reformulate the existence statement in Theorem 1.1 in terms of the calculus of
variations. Let X denote the completion of 9,S(R?) with respect to the norm

= [ (1R B ) g ar
R2 1 1

where s > 3 and S(R?) is the two-dimensional Schwartz space.

Theorem 1.2 Suppose that § > % The formula I, = €& — cM with ¢ = 1 — &2

defines a smooth functional Z. : X — R which has a nontrivial critical point for each
sufficiently small value of € > 0.
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Figure 2. FKDP-I dispersion relation for two-dimensional wave trains

To motivate our main result it is instructive to review the formal derivation of
the (normalised) steady KP equation (5) from the steady FDKP equation (3). We
begin with the linear dispersion relation for a two-dimensional sinusoidal travelling
wave train with wave number k; and speed ¢, namely

1 [ tanh [k |\ ?
c:(1—|—,5|kl\2)2 kol d] L2l
K|

The function k; — ¢(k1), k1 > 0 has a unique global minimum at k; = 0 with ¢(0) =1
(see Figure 2). Bifurcations of nonlinear solitary waves are expected whenever the
linear group and phase speeds are equal, so that ¢/(k1) = 0 (see Dias & Kharif [8, §3]);
one therefore expects bifurcation of small-amplitude solitary waves from uniform flow
with unit speed. Furthermore, observing that m is an analytic function of k; and ’Z—f

(note that |k|? = k? + ’;—%k%) one finds that
m(k) = (k) + O(|(k1, 2)I") (9)

as (ki, ﬁ—f) — 0. We therefore make the steady-wave Ansatz u(z,y,t) = a(x — ct,y)
and substitute ¢ = 1 — ¢? and

(x,y) = *((ex, %) (10)
into equation (3). This calculation shows that to leading order ¢ satisfies
m(D)¢ +¢* =0, (11)

which is the Euler-Lagrange equation for the (smooth) functional Ty : Y — R given
by
1

70) = 5 [ 16D dady+ 5 [ ¢*daay,

where Y is the completion of 9,S(R?) with respect to the norm

2 _ By 12) |42
'dY_/Rz (145 + 1) 142 ak.

We proceed by performing a rigorous local variational reduction which converts Z. to
a perturbation 7¢ of Ty (Section 3).

The estimate (9) suggests that the spectrum of a solitary wave u(zx,y) is
concentrated in the region |k;|, |%\ < 1. We therefore decompose u into the sum
of functions u; and us whose spectra are supported in the region

C= {(kl,kz)5 k| <6, 2| < 5}

1
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Figure 3. The cone C = {k € R2: |k| < g, % < 6} cut out of the closed ball
{k € R?: |k| < §} in R2.

and its complement, where 0 is a small positive number (see Figure 3), so that
u; = x(D)u, us = (1 —x(D))u,

in which x is the characteristic function of C'. In Section 3 we employ a method akin
to the variational Lyapunov-Schmidt reduction to determine us as a function of wuy
and thus obtain the reduced functional J. : U — R given by

Te(ur) = Lo (ur + uz(u1));

here U = {u; € X; : |u|e < 1} is the unit ball in the space (X1,| - |c), in which
X1 =x(D)X and |- | is the scaled norm

k2
lup | = / <1 +e 22+ s%f) |G ()| dk.
- B2
Applying the KP scaling (10) to u1, one finds that J.(u1) = £37-(¢), where
T =To(Q) +e3Re(0),  Re(O) ST

(with corresponding estimates for the derivatives of the remainder term). Each critical
point (s of 7. with € > 0 corresponds to a critical point uj  of Jz, which in turn
defines a critical point w1 o + u2(U1,00) Of Ze.

We study 7: in a fixed ball

B (0) = {¢: [y < M},

in the space (1757\ - |y), where Y. = XE(D)Y/ and xe(k1, ko) = x(ek1,€%ks). The
parameters M and e are related in the following manner: for any M > 1 there
exists ey < M~2 such that all estimates hold uniformly over e € [0,e5]. We do
not make these threshold values of € explicit; it is simply assumed that ¢j, is taken
sufficiently small. In the limit e = 0 we can set M = oo and recover the KP variational
functional 75 : ¥ — R (note that Y, = f/) In fact 7. : By (0) — R may be
considered as a perturbation of the ‘limiting’ functional 75 : Y — R. More precisely
£2R. o x<(D) (which coincides with €2R. on Bj(0) C Y.) converges uniformly to
zero over By (0) C Y (with corresponding uniform convergence for its derivatives),
and we study 7. by perturbative arguments in this spirit.

In Section 4 we seek critical points of 7. by minimising it on its natural constraint
set

Ne ={¢ € By (0) : ¢ #0,d7c[¢](¢) = 0},
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Figure 4. Any ray intersects the natural constraint set N in at most one point
and the value of 7; along such a ray attains a strict maximum at this point

our motivation being the observation that the critical points of 7¢ coincide with those
of Tz|n.. The natural constraint set has a geometrical interpretation (see Figure 4),
namely that any ray in Bjs(0) intersects the natural constraint manifold N. in at
most one point and the value of 7; along such a ray attains a strict maximum at this
point. This fact is readily established by a direct calculation for ¢ = 0 and deduced
by a perturbation argument for £ > 0, and similar perturbative methods yield the
existence of a a sequence {(,} C Bp/—1(0) with

Teln. = inf Te|n. >0, |dT[Cnlly, sm = O

as n — oo. The following theorem is established by applying weak continuity
arguments to minimising sequences of the above kind.

Theorem 1.3 Let {(,} C Bun-1(0) be a minimising sequence for Tc|n. with
[ATz[¢ally. r — 0 as n — oo. There exists {wn} C Z* with the property that a

subsequence of {Cn(-+wy)} converges weakly in Y. to a nontrivial critical point (s of

Te.

The short proof of Theorem 1.3 does not show that the critical point (. is a
ground state, that is, a minimiser of 7. over N.. This deficiency is removed in Section
5 with the help of an abstract version of the concentration-compactness principle
due to Buffoni, Groves & Wahlén [3, Appendix A]. (That paper treats fully localised
solitary waves in the Euler equations with weak surface tension using theory closely
connected to ours.)

Theorem 1.4 Let {¢,} C Bua-1(0) be a minimising sequence for Tc|n. with
ATz [¢ally. g — 0 as n — oo. There exists {w,} C Z* with the property that a
subsequence of {C, (- +wy)} converges weakly, and strongly if e =0, in Y. toa ground
state (so-

We prove Theorems 1.3 and 1.4 for ¢ = 0 and € > 0 separately, in the latter case
taking advantage of the relationship Z. (u) = e372(¢), where u = u1 (¢)+u2(u1(¢)), and
the fact that Y. coincides with H?(R?) := y.(D)H?*(R?) for any s > 3. The function
Uoo = U1(Coo) + u2(u1(Cs0)) given by these theorems is then a nontrivial critical point
of Z., which concludes the proof of Theorem 1.2. The discussion of the case ¢ = 0
does not contribute to this existence proof but shows that the KP ground states (that
is, the ground states of 7g) are characterised in the same way as the ground states of
Te for € > 0. Using this information, we show that the ground states of 7 converge
to those of Ty as € — 0 in the following sense.
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Theorem 1.5 Let ¢, = infy_7:.
(i) One has that lim._,o c. = ¢p.
(i) Let {e,} be a sequence with lim, o€, = 0 and (°* be a ground state of T, .

There exists {w,} C Z* such that a subsequence of {¢*"(- + wy)} converges
strongly in'Y to a ground state (* of To.

Our final result concerns convergence of FDKP-I solitary waves to KP-I solitary
waves and is obtained as a corollary of Theorem 1.5.

Theorem 1.6 Let {,} be a sequence with lim, ,oce, = 0 and u®" be a critical
point of I, with I., (u*) = e3¢, , so that the formula u®» = uy(C5") + uz(u1(¢5))
defines a ground state (** of T.. There exists {w,} C Z* such that a subsequence of
{¢on (- +wy)} converges strongly in Y to a ground state C* of To.

Defining u*(z, y) = £2¢* (ex, €2y), so that u* is a KP solitary wave with wave speed
2, we find that the difference u*» —u} converges to zero in (Y,|-|-.) and in Hz (R?)
(see Remark 5.10). Although these functions are small, their difference converges to
zero faster than the functions themselves), so that we also have convergence with

respect to the original variables.

Remark 1.7 The results presented in this paper apply with straightforward
modifications to the generalised FDKP-I and KP-I equations obtained by replacing
the nonlinear term (u?), by (uP), with 2 < p <5 (see Proposition 2.2). The proof of
the counterpart to Theorem 1.8 with € = 0 also yields a concise variational existence
theory for gKP-I solitary waves as an alternative to those already available in the
literature (de Bouard & Saut [7], Pankov & Pfliger [19, 20], Willem [23, Ch 7],
Wang, Ablowitz & Segur [21] and Liuv & Wang [17]).

2. Function spaces

In this section we introduce the function spaces (and basic properties thereof) which
are used in the variational reduction and existence theory in Sections 3 and 4 below.
For notational simplicity we generally omit the exact value of %(ﬁ — %) and treat it
as being of unit size (without this simplification the term k? in the norm for Y is
multiplied by (3 — %), which does not affect the proof in any way.) Examining the

quadratic parts of the variational functionals

Z(u) = E(u) — eM(u)
= %/Rz ((m(D)%u)2 —cu2> d:z:der%/R2 uw? da dy

and
70) = 5 [ Im)AP dedy+ 5 [ ¢ aray

for the steady FDKP-I and KP-I equations (3) and (11) shows that their natural
energy spaces are the completions Y and Y of

9.S(R?) = {9, f: f € S(R?)},

where S(IR?) is the Schwartz space of rapidly decaying smooth functions, with respect
to the norms
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= | <1+
R2

u2 = /R (1 + % + k2) [a(k)|* dk. (13)

Here F : u + 4 denotes the unitary Fourier transform on S(R?). (In defining |- |y we
have used the fact that

ka

K2 e
1) >|u(k:)| dk, (12)

and

k
mk) ~ 1+ F2l k| <6,
k1|’
3
m(k) = ki) + 212 B
K|

for any § > 0.) We study 7o in the smaller space X defined as the completion of
0,S(R?) with respect to the norm

2 = 1112]“;1 k1% ) |a(k)|? dk 14
|’UJ‘X*R +k2+k2+|| [a (k)| dk, (14)

where the Sobolev index s > % is fixed. Finally, we introduce the completion Z of

0,S(R?) with respect to the norm
uly = [ (U bl R ) ) P (15)
R2
it follows from Lemma 2.1 and Remark 2.7 that Z = m(D)X.

Lemma 2.1

(i) One has the continuous embeddings
X VoY LAR?), HTI(RY) < Z< LA(R?), X < HY(R?),
and in particular X < BC(R?), the space of bounded, continuous functions on
R2.
(i) The Fourier multiplier m(D) maps X continuously into Z.

Proof (i) The first and second chain of embeddings follow from the estimates

ko 2

k .
1< 1+ —2 + Ak
|K1]
k3 ksl
< 2 kQ
SR

k3
< 1+k—§+k%

k3 k3 2
<1+k2+k2+|k|s

(in the third step we multiply and divide the last term by |k1|% and apply Young’s
inequality with § 4+ 3 = 1), and

1< 14 k| + B2 k>3 <1+ k[0
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while the third follows from the estimate

K2k
1+|k|2831+k—§+k—§+|k|25.
1 1

The embedding of X into BC(R?) follows from H*(R?) < BC(R?) (because s > 3).
(i) Observe that

k2
(14 [] + K |R[>2)m(k)? S 1+ k—%
for |k] < ¢ and
. k2
(1 + k] + KT [KI***)m(k)* S (1+ k] + K7 |K[>*72) || (1 + é)
|k[* 2
= — + |k~
ki
< kg k.2 k 2s
1
]C4
5 2 + |]€|25
ki
for [k| > 6 (because (1 + Bk|2)|k| " tanh|k| > || for |k| > §), so that
ImD))Z <1 % O

The space Y admits a local representation: the map w — u := w, is an isometric
isomorphism A — Y, where A is the completion of 9,S(R?) with respect to the norm

|w|124 = /2 (wg + wi + wfm) dx dy.
R
In this spirit we can also define the localised space A(Q;), where
Qj = {(‘T7y) € RQ : |.’17—j1| < %7‘3/_.]'2' < %}

is the unit cube centered at the point j = (j1, jo) € Z?2, as the completion of 9,C> (Qj)
with respect to the norm

|w|§1(Qj) = /Q (w? + wz +w? ) dz dy,

and Y (Q;) = 9, A(Q;) with luly(q,) = lwla(q,)- Note that u|q; belongs to Y (Q,) for
each u € Y and

2 _ 2
July = EZ: [l o,
Jje

Proposition 2.2 The space Y is
(i) continuously embedded in LP(R?) for 2 < p <6,
(ii) compactly embedded in LY (R?) for 2 < p < 6.

loc

Furthermore, the space ?(Qj) is continuously embedded in LP(Q;) for 2 <p <6.

Proof Part (i) and the assertion concerning Y (Q;) follow from Besov, Ilin & Nikolskii
[1, Thm 15.7] (applied to the local representations). Part (ii) is an interpolation result
between L2 _(R?) and L (R?); de Bouard & Saut [7, Lemma 3.3] show that the

loc

inclusion Y C L2 _(R?) is compact, and the inclusion Y C LY (R?) is continuous by

(i). 0
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Our next results concern the functional Z and its Euler-Lagrange equation.

Corollary 2.3

(i) The formula u +— —cu + m(D)u+u? maps X smoothly into Z.
(i) The functional T maps X smoothly into R and its critical points are precisely the
homoclinic solutions (in X ) of equation (3).

Proposition 2.4 The formula u — —cu + m(D)u+u? defines a weakly continuous
mapping X — Z.

Proof Suppose that {u,} converges weakly to u in X and hence weakly in H*(R?)
and strongly in L{ _(R?). Tt follows that (u2,¢);2 converges to (u2,¢)r for each

loc
¢ € C5°(R?), so that {u2} converges weakly to u? in H*(R?) for each integer k < s
and hence weakly in Z. a

We decompose u € L?(R?) into the sum of functions u; and us whose spectra are
supported in the region

_ 2, 2|
C_{keR.|k|§6,ﬁ§6} (16)
and its complement (see Figure 3) by writing
ur = x(D)u, uz = (1 —x(D))u,

where y is the characteristic function of C. Since X is a subspace of L?(R?), the
Fourier multiplier x(D) induces an orthogonal decomposition

X=X18X,,
where
X1=x(D)X, Xo=(1-x(D))X,

with analogous decompositions for the spaces Y, Y and Z ; we henceforth use the
subscripts 1 and 2 to denote the corresponding orthogonal projections.

Lemma 2.5 The spaces X1, Y1, Y1 and Z; all coincide with x(D)L%(R?), and the
norms |- |2, |- |x, |- |y, |- |y and |- |z are all equivalent norms for these spaces.

Proof Observe that
x(D)L*(R?) = {u € L*(R?) : supp @ C C},
x(D)X ={u € X : suppt C C},

so that X C L?(R?) implies that x(D)X C x(D)L?(R?). Conversely, suppose that
u € L*(R?) with supp @ C C, so that |u|% < (14262)|ul3. and hence u € X it follows
that x(D)L?(R?) C x(D)X. The other equalities are established in the same way. O

Let us now consider the Fourier multipliers
n=m—1, n=m-—1 (17)
which arise in our study of solitary waves with near unit speed.
Lemma 2.6 The mapping n(D) is an isomorphism Xo — Zs.

Proof It follows from Lemma 2.1(ii) that n(D) = m(D) — 1 maps X continuously into
Z and hence X5 continuously into Zs.
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Writing

n(k) = ((Hmkﬁﬁ(t‘““;};"’“')é _ 1>(1+ "‘:) <1+ 2;) 4

and noting that (1 + B|k|?)|k|~! tanh |k| — 1 > |k| for |k| > J, one finds that

1 1 1
2k2 2 2%2\ 2 K2\ 2 k§
nk) 2 (k)2 -1+ 22 ) +(1+22) -1k (1+-2 LI
% k2 k2 k1

and therefore

K2k k2 k2 kb
(1+k§+ 2+|k|2“3> n(k)™2 < - 4 22 4 22 223

ki [E[2 R k[P
< |k| +k2|k|28 3

for |k| > §. On the other hand, in the regime

k2 kA . 2 2 -2
<1+k2 k2+k|2> ( ) <1+k2><<1+k2) _1> 51;

altogether we have established that [n(D)~!()[% < |- 1%. O

Remark 2.7 A straightforward modification of the above proof shows that m~—1(D)
maps Z continuously into X, so that m is an isomorphism X — Z. It is however
rather the multiplier n that appears in our analysis.

In view of the KP-scaling (ky, ko) — (gk1,€2kz) it is convenient to work with the
scaled norm

ug |2 :/ <1 +e” 22—3 +52k‘f> @y (k)|* dk (18)
R2
for Y7 (or, equivalently, for x(D)L?(R?), X1, Y1, Z1).

Lemma 2.8 The estimates
|t [wm.oo m2) S €luile, m =0,
and
lurv|z < eluile|v|x,
hold for allu; € X7 and v € X.
Proof Note that
s |wrmoe 2y S 1L (K™t |2 S Jin |0 < fualeT,
where

dk

1
I:/
c 1—|—6_2 +€_2k‘2

<4 dty dt
//1+s—2t2 -2 2

6/e pd/e
—4 dt, dt
5/ / 1+t2+t2 2o

(because C' C {(kzl, kg) s |k, \k2| < 6}). Choosing m > s, one therefore finds that

|U,1?J|Z g \u1v|X |U1|Wm oo(]R2)|'U|X E|U1| |’U|X O
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XxDL*R*) = Y, = Y = Xy = Z; C C®
Tx(@)
Y
. Oj\ X9 % Zo x(D)
Y. €Y
1-x(D) 1-x(D)

X < H'(R%) s 7 —

T refs—3%,9 T

m

Figure 5. An overview of the spaces used in this paper. The spaces Y and
Y are the energy spaces for respectively the FDKP-I and KP-I equations.
The operator x(D) induces orthogonal decompositions X = X1 @ Xo,
Z = Z1® Zs, while m(D), n(D) define isomorphisms X — Z and X2 — Z».
Finally, Y = x(eD)Y.

Finally, we introduce the space Yz := x.(D)Y, where x.(ki, ko) = x(cki,e2ks)

(with norm | - | ), noting the relationship
Jul? = €lC13, u(z,y) = e*((ex, e%y)

for ¢ € Y. Observe that Y. coincides with x. (D)X, x-(D)Y’, x.(D)Z and x.(D)L?(R?)
for € > 0, while in the limit ¢ — 0 we find that Yo =Y. We work in particular with
the distinguished subsets {¢ : |[(|y < M} and {¢ : |[(|y < M —1} of Y, denoting them
by respectively By (0) and Bps—1(0).

We conclude this section with a result which is used in our analysis of the KP-I
functional 7.

Corollary 2.9 The functional To maps Y smoothly into R and its critical points are
precisely the homoclinic solutions of equation (11).

Figure 5 summarises the various spaces and their relationships to each other.

3. Variational reduction

We proceed by making the Ansatz ¢ = 1 — &2 and seeking critical points of the
functional Z. : X — R given by
1 1
T.(u) = - / (€2u2 + (n(D)%u)2) dody + - /
2 R2 3 R
so that the critical points of Z. are precisely the homoclinic solutions of (3) with
c=1-¢2%
Note that u = u; + us € X1 ® Xs is a critical point of Z. if and only if

u® da dy, (19)
2

dZ. [uy + usz](wy) = 0, dZ. [ug + ug](wz) =0
for all wy,wy € X, which equations are equivalent to the system
e2uy + n(D)u+x(D)(ug + uz)? = 0, in 7,
e2ug + n(D)ug+(1 — x(D))(u1 +ug)?* =0, in Z. (20)

The next step is to solve (20) for us as a function of u; using the following result,
which is proved by a straightforward application of the contraction mapping principle.



Solitary waves for the FDKP equation 13

Lemma 3.1 Let W1, Wy be Banacﬁ spaces, By be a cloied ball centred on the origin
in Wi, r be a continuous function By — [0,00) and F: By x Wy — Wy be a smooth
function satisfying

|F(w1,0)|w, < 37(wr), | Ao Flwr, wo]|lwy—w, < %
for all (wy,ws) € By x Er(u,l)(O), The fized-point equation
wy = F(wi,ws)

has for each wy € By a unique solution we = wy(wy) € Er(wl)(O), Moreover ws 1S a
smooth function of wi and satisfies

|dws [w1]|w, sw, S [diFwr, wa]lw, —ws,
and
|d2w2[w1]|WfHW2 S |d%F[w1aw2”W124>W2
+ |dodo Flwr, wallw, xwa—we [di Flwr, waol|lw, - w,

+ [ A3 Flw, wellwz s, [duFlw, wallfy, S, -

Write (20) as
uz = G(uy,uz), (21)
where
G(ur,uz) = —n(D) "' (1 — x(D)) (®u2 + (u1 + u2)?); (22)
the following mapping property of G follows from Corollary 2.3 and Proposition 2.4.

Proposition 3.2 Equation (22) defines a smooth and weakly continuous mapping
G: X1 x Xo — Xs.

Lemma 3.3 Define U = {u; € X1 : |u1|e < 1}. Equation (21) defines a map
U 3wy — uz(ur) € Xo,
which satisfies
| us[un]|xx s x, S eluaf27, k=0,1,2
(where by convention |d*us [wi]|xr_x, is interpreted as [uz(uq)|e for k=0).
Proof We apply Lemma 3.1 to equation (21) with Wy = (X1, |.) Wa = (Xa, |- |x)
and F' = G. Note that
d1Glur, ug)(v1) = = n(D)™H(1 = x(D))(2(ur + uz)v1),
daGluy, us)(ve) = — (D)1 (1 — x(D))(e®vy + 2(uy + ug)vo)
and
[(n(D)) ' (1 = x(D))2x < |2lz
(Lemma 2.6). Using Lemmata 2.1 and 2.8, we therefore find that
|G(u1,0)|x = |uflz S eluilelur|x S elualefua|rz < efus 2
and
|doGur, uz)(va)|x < €%|valz + |urva|z + |ugva|z

S (€2 +eluale + |ua|x) o2 x-
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To satisfy the assumptions of Lemma 3.1, we choose r(u1) = o¢luz|? for a sufficiently
large value of o > 0, so that

luz|x S %T(ul)a |doGlur, uz]|x,5x, S €
for (u1,u2) € U X By(y,)(0). The lemma asserts the existence of a unique solution
uz(u1) € Byuy)(0) of (21) for each u; € U which satisfies

Jug (ur)|x < elua 2.

Observe that
|d1Glur, ug](v1)|x S lurvi]z + |ugvi|z
S elfunlx + |uz|x)lvile
< e(lurle + elur D) i,

and similarly

i Glur, us](vi, wi)|x S lorwiz S elorlefuwnle,

3G [ur, up] (v, w2) xS |vawa|z S [va]x|walx,

|d1deGlu, ug](vi, ve)|x S |viv2|z S elvile|va|x-
Combining these estimates in the fashion indicated in Lemma 3.1, one finds that

Jun |2 Juz (ur) [ x + Jua |2 duzur] [ x, - x, + [Puzfur]|xex, S D

Our next result shows in particular that u = u; + uz(u1) belongs to H*(R?) for
each u, € Uj.
Proposition 3.4 Any function u = uy + us € X1 ® Xo which satisfies (21) belongs
to H*°(R?).
Proof Obviously u; € H*®(R?), and to show that us is also smooth we indicate the
regularity index s in the spaces X3 and Z, explicitly. Since H*®(R?) is an algebra for
1

s> 3 and X5 < (1 - x(D))H*(R?) < Z;Jr? (see Lemma 2.1(i)), the mapping

X1 @ X5 3 (ur,u9) = —(1 — x(D)) (2ug + (u1 +u2)?) € Zy 2

1 1
is continuous. It follows that uy € X;Jrz because n(D) is an isomorphism X25+2 —
1
Z;+2 (see Lemma 2.6). Bootstrapping this argument yields us € X5 C H*(R?) for
any s € R. a
The (smooth) reduced variational functional J; : U — R is defined by

Je(u1) := T (u1 + ua(u)),

1
=3 /2 (521@ + 2ug(ur)? + (n(D)%ul)2 + (n(D)%ug(ul)f) dz dy
R
1
+ f/ (u1 + ua(ug))? do dy

3 Jeo
(recall that (u1,us(uy))r2 = 0)), where dZ.[u; + us(uq)](v2) = 0 for all v2 € X5 by
construction. It follows that

dTe[ur](v1) = dZc[ur + uz(ur)](v1) + dZe [ur + uz(ur)](dus|ui](v1))
= dZ.[uy + ua(u1)](v1)

for all v; € X7, so that each critical point u; of J. defines a critical point u; + ug(uq)

of Z.. Conversely, each critical point u = uj +ug of Z. with uy € U has the properties
that ug = ua(u1) and uy is a critical point of 7.
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Lemma 3.5 The reduced functional J. : U — R satisfies

1 1 1
Fu) =5 [ (ot + @0)pu)) dedy+ 5 [ uldrdy+Rew).

]RQ
where

|A*Re () b ym S €7Jua |27, k=0,1,2.
Proof Observe that
Reo(ur) = 36°K1(w1) + Ko (ur) + Ks(up) + 2 Ka(u1) + 2 Ks(ua),
where
Ki(u1) = lug ()72,  Ko(ur) = (uf,ug(wr)) 2,  Kz(ur) = (urua(ur), ua(u1)) L2,
Ka(ur) = (uz(u1)?, uz(wr)) g2, Ks(ur) = | (n(D))ua(ua) 3.
We investigate each of these quantities using the estimates
| us[w](V)ponr: S [ us[u](v)]x S elur[2[or]e - fujle, j=0,1,2,

| [ur](V)[Be S eluali ™ foi]e - - [oy], j=01,
[urfwn] (V)2 < fualz ™ forle - - fole, j=0.1,
where v = (v1,...,v;) denotes a general element in X f , and of course
d%uy[uy] = 0.

Using Leibniz’s rule, Holder’s inequality and the basic estimate [(w-,-)rz| <
|w|c|{:, ) 2], one finds that

|d¥ Ky [ua]( Z] (@ uglur](v), d*Tug[ur](v)) 2 |

<Z\dju2 ] (V) 24 ur ) (V)

Q
O

Sy w2 ug 2D o | ol

M-

Il
=

J

[ Kofun](v)| £ Y (@ ua[wn](v)dus [ur](v), &7 ugug ] (v)) L2 |
0<j+I<k

Se 3wl ) (v) g2 |5 us (V) e o e - - g e
0<j+I<k

S 52|u1‘§_k|vl|€ o Jogle,

|dkK3[u1](v)’§ Z |<dju1[u1](v)dlu2[u1](v),dk_j_lug[ul](v)>Lz‘

0<jHi<k
Se Y lmlE A usua)(v)[ L2 A5 usfua)(v) L2 foa e - oy
0< )<k

< 27 oo - ol
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and
[ Kafun] (V)| S Y (@ uafwn](v)dua[ur](v), &7 ugug ] (v)) 12 |
0<jH<k
Se D w2 d s (v)|x[d¥ 7 usfun) (v) x foae - - g
0<j+i<k
S 53|u1\g_k|v1|5 o |ugle
for k=0,1,2.

Finally, since us solves (20), one obtains

Ks(u1) = |(n(D)) 2 uz(u)| 7
= (n(D)ug(u1), uz(u1)) >
= —&?fug(w1)|72 — ((u1 + uz(u1))?, uz(us)) L2
= 2Ky (u1) — Ka(up) — 2K3(u1) — Ky(uy),
all of which terms have been estimated. a
The next step is to convert J. into a perturbation of the KP-I functional, the
main issue being the replacement of n(k) by n(k).

Proposition 3.6 The Fourier multiplier (n/ﬁ)% defines an  isomorphism
I : x(D)L3(R?) — x(D)L%(R?) for sufficiently small values of §.

Proof Using the elementary estimates

n(k) = (k) + Ok, )1, k) = [(kr, 12

as (k1, $2) — 0, we find that

n(k) o

-1 <nlk)<é

and hence

w ) ~1

(k)
for k € C, for sufficiently small values of §. 0

We now express the reduced functional in terms of @; = (%)%ul; to this end

define Je(ti) = Jo(uy(@1)) and note that J. is a smooth functional U — R, where
U={u; € X1 :|ui|le <7} and 7 € (0, 1) is chosen so that U C I, [U].

Lemma 3.7 The reduced functional jg : U — R satisfies

~ 1 N N 1. 1 N ~
T (1) = 3 /}R2 (g2u§ + (n(D)§u1)2) dxdy+§ /R2 @3 do dy + R (1),

where
R[]l i op S 2l + e 2F, R =0,1,2.

Proof By construction
[ 0y up deay = [ @0)ian) as,
R? R2

and furthermore

|dkR€[a1]|X{"~>R 5 82|a1|§—k’ k= 07 ]-7 23
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because u; — 4y is an isomorphism X; — X; (here we have abbreviated R.(uq (1))
to Re(41)). It remains to estimate the differences

/ u%dxdy—/ ﬂ%dxdy, / ui’dxdy—/ ﬁ?dxdy
R?2 R? R2 R2

using the formulae

uy(ty) = <ZEB;> : Uy, duq [t1](v1

Observe that

[N
S~—
Il
7N
putl
—~
W)
S~—
"
[N
<
oy
(oW
V]
<
=
=
=,
Il
o

L2

el orle - - Jogle, j=0,1.

It follows that

satisfies
b n(D)|? n(D)|?
k j ~ k ~
|d* Kga](v)] < z:; <‘ (D) dur[tn](v), |1 - (D) d jul[u1]<v)>L2
< el P Flogle - - Jvgle, k=0,1,2.

The term

Kq(@y) ::/2( —@}) dedy = Z/ wy — g )uP a2 ™ de dy
R

is treated in a similar fashion. Using the estimate |vi|pc < €lvi]e (see Lemma 2.8),
we find that

3 n(D)% T [a1(v). dbiin [ia1(v) A5 =1 i [0 1 (v
> <<1 (35)) >d 1) (V) ' i) (v) 4 ) >>L2

JH=k
1
S n(D)) 2 S
5 Z |dlU1[U1](V)|BC (1— <ﬁED§) >dJu1[u1](v) |dk J— lul[U1 )’LQ
=k L2
S > el ela | i [ * T oy |- ok k=0,1,2.
JtHi=k

with similar estimates for the summands with m = 0 and m = 2 in the formula for
Kr(@). Altogether we find that

A" Krlan] (V)] S €®an 2 orle - forle, k=012 O
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Remark 3.8 Using the simple expansion n(k) = n(k)+O(|(k1, Z—f)|4) fork € C leads

to the insufficient estimate
1 2 ~ ~
[ ()~ ptun) dedy = [ Jn(h) ~ a0 dk = O
R2 R2

(at the next step we use the KP scaling for u and scale the functional by e=3).
Finally, we use the KP-scaling
i (z,y) = *((ex, %).
The following proposition is immediate.

Proposition 3.9 The mapping iy +— ¢ defines an isomorphism I : x(D)L?*(R) —
Xe(D)L*(R).

Note that @; € y(D)L2(R2) has supp iy € C, while y.(D)L2(R2) has supp ¢ € C-,
where
< é} .

The formula T2(¢) := e 37 (i1 (¢)) therefore defines a smooth functional By (0) — R,
where By (0) = {¢ t|¢| < M} and M > 1 is chosen so that B (0) C LU,
that is M < e 27 (Recall that Y. = x.(D)Y consists of those functions in ¥ whose
Fourier transforms are supported in C.; for € = 1 it coincides with Y7, and in the limit
e — 0 it “fills out’ all of Y.)

Using Lemma 3.7 and the calculations

_ . § | k2
g — 9 . = 29|k
C. {(kl ka) k| <

k1

et |22 + |A(D) @[22 = £3[¢[2, i = e2[¢ly,
one finds that

To() = QO +S(C) + e R-(Q), (23)
where

1 2 1 3
Q(¢) = §|<\§m S(¢) = 3 ¢?dzdy,
]R2

and

MR lg L = e 2P R AP R [ xo e SICETF, k=0,1,2;

in particular, we note that

R (O] + [dR[C](O)] + [d* R[] (¢, O S I3

Let ( € By(0) and define u = uq(@1(¢)) + u2(u1(41(¢))). By construction one
has that

dZ.[u)(w1) = °dT:[C](0), dZ:[u(wz) = 0 (24)

for each w = w1 + wa = X7 ® Xo, where p = Iy(I1(w;1)) (see Propositions 3.6
and 3.9), so that in particular each critical point (. of 7 defines a critical point
Uoo = Uu1(U1(Coo)) + u2(u1(t1(C))) of Z.. Equation (24) also shows that each
Palais—Smale sequence {(,} for 7. generates a Palais—Smale sequence {u,} with
U = U1 (U1(Cn)) + ua(u1(1(¢n))) for Z., and our next result confirms that weakly
convergent sequences in B (0) C Y. generate sequences which are weakly convergent
in X.



Solitary waves for the FDKP equation 19

Proposition 3.10 Suppose that {¢,} C Ba(0) converges weakly in Y. to (s €
By (0). The corresponding sequence {u,}, where

Un, = u1(1(Gn)) + ua(u(@1(Cn))),
converges weakly in X t0 too = u1(U1(Cso)) + uz(u1(t1(Cs0)))-
Proof Abbreviating u(@1(¢,)) to u1,n, note that {u1,,} C U converges weakly in X;
t0 U100 = u1(%1(C0)) € U. Furthermore, ug ,, = ua(u1,,) is the unique solution in Xs
of equation (21) with uq = uq ,, so that

U2,n = G(ul,nauln)~

Observe that {us,} is bounded in Xs; the following argument shows that any

weakly convergent subsequence of {us ,, } has weak limit us(u1 o), 50 that {us .} itself
converges weakly to us(u1 o) in Xs. Suppose that (a subsequence of) {us } converges
weakly in X to ug oo. Because G : X7 x Xy — X, is weakly continuous (Proposition
3.2), we find that

U2,00 = G(ul,ooaUQ,oo),

so that wg oo = u2(U1,00) (the fixed-point equation us = G(u1,00, u2) has a unique
solution in Xa).

Altogether we conclude that {uq, + us,} converges weakly in X to us, =
U1,00 + U2, 00- g

4. Existence theory

The functional 7: : Bps(0) — R may be considered as a perturbation of the ‘limiting’
functional Tp : Y — R with

To(¢) = QO)+S(Q).

More precisely £2R. o x.(D) (which coincides with e2 R, on By(0) C Y2) converges
uniformly to zero over B (0) C Y, and corresponding statements for its derivatives
also hold. In this section we study 7 by perturbative arguments in this spirit, choosing
M > 1 sufficiently large that inequality (29) below holds for some ¢y € Y\ {0}.

We seek critical points of 7¢ by considering its natural constraint set

Ne ={¢ € Bu(0):¢ # 0,d7:[¢](¢) = 0},
noting the calculation
dTZ[C)(¢) = 2Q(¢)+38(¢) + e 2dR[C)(Q), (25)
which shows that
~8(¢) = 3Q(¢) + 3e2dR-[)(¢)
= 3I¢ + O3 1C13)
> §¢13

and
1

T C) = 2Q(0)+6S(C) + 2 d*R.[C)((, €)*
—20(¢) — 2e2dR.[¢](¢) + 2 d*R.[C](¢. €)
— ¢ + O(e2[¢]2)

- 3lCl3

I
M

IN
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(and in particular S(¢)<0, d®7:[¢](¢,¢) < 0) for points ¢ € N.. Any nontrivial critical
point of 7¢ clearly lies on N, and the following proposition shows that the converse
is also true.

Proposition 4.1 Any critical point of Te|n. is a (necessarily nontrivial) critical point

of Te.

Proof Define G. : U. \ {0} — R by G.(¢) = d7:[¢](¢), so that N. = G-1(0) and dG.[(]
does not vanish on N, (since dG.[¢](¢) = d®*Tz[¢](¢,¢) < 0 for ¢ € N.). There exists a
Lagrange multiplier p such that
dTe[¢*] = pdGe[C*] = 0,
and applying this operator to (* we find that p = 0, whence d7:[¢*] = 0. a
There is a convenient geometrical interpretation of N, (see Figure 4).

Proposition 4.2 Any ray in (B (0) \ {0}) NS~ (—o0,0) C Y. intersects N. in at
most one point and the value of Tz along such a ray attains a strict mazimum at this

point.

Proof Let ¢ € (Bp(0)\ {0}) NS~ (—00,0) C Y. and consider the value of 7; along
the ray in Bs(0) \ {0} through ¢, that is, the set Re = {A\{: 0 < A < M/|(|1} C Y.
The calculation
d
—Te(A¢) = ATe[AC](€) = ATHATACI(AQ)

shows that <L 7:(A() = 0 if and only if A\( € N.; furthermore

d2
e T

2Q(¢) + 6AT2S(AC) + e2d>R.A(¢,€)

= —20(C) — 22" 22dR (X)) + 2 d®R.[AC](¢, <)
= —20(¢) + O(e7[¢)
<0

AQ)

for each ¢ with A\{ € N.. It follows that the critical points of 7:|g, are precisely
the points at which R intersects IN. and they are all strict local maxima; there is
therefore at most one such point and it is a strict global maximum of 7¢|g, . ]

Remark 4.3 Ife = 0 we may take M = oo, and in this case every ray in S~!(—o0,0)
intersects Ny in precisely one point.

In view of the above characterisation of nontrivial critical points of 7. we proceed
by seeking a ‘ground state’, that is, a minimiser (* of 7 over N.. We make frequent
use of the identities

To(O) = 2(¢) + LAT[C)(C) + &2 (R (¢) — 3dR[C1(Q) (26)

T(C) = —38(Q) + 3T [C(Q) + 22 (Re(¢) — 3AR[C)(Q)) , (27)
which are obtained using (25) to eliminate respectively S(¢) and Q(¢) from (23),
beginning with some a priori bounds for 7z|y..

Proposition 4.4 Fach ¢ € N, satisfies T.(¢) > 1—12|C| and |y 2 1. In particular,
each ¢ € N, with T-(¢) < &5 (M — 1)? satisfies [(|y < M — 1.
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Proof Let ¢ € N.. Using (26), one finds that
Te(¢) = 3Q(0) + O(e2[CI3) = §lCIS + O(2[¢3) > 51¢l3

so that in particular 7:(¢) < 75 (M — 1)? implies that [(|y < M — 1. Furthermore

2 _ _ 32 3 1 chiel
<13 =2Q(0) = =35(O) + O [C}) S IS + 7[5
where we have used (25) and the embedding Y < L3(R?); it follows that (|3 > 1. O

Remark 4.5 Let c. :=infy_ Tc. It follows from Proposition 4.4 that liminf. ,gc.2 1
and from equation (27) that —S(¢) > 2¢c. — (’)(5%|C|§~,) for all ¢ € N..

The next result shows how points on Ny may be approximated by points on N,.

Proposition 4.6 Suppose that S(Co)< 0 and Ao € Bar—1(0) is the unique point
on the ray through (o € Y \ {0} which lies on Ny. There exists & € N such that
lime 0 [£&2 — AoColy = 0.
Proof Note that
i7'()\( ) =0 d—zT(AC ) <0 (28)
dx VY o T a2 VY T
Let ¢ = x:(D)(p, so that (. € Y. C Y with lim._, |¢: — Coly = 0, and in particular
|)\0<5‘{/ <M —1.

According to (28) we can find ¥ > 1 such that J|A\o(:|y < M (so that Ao € Us)
and

SROG)| 20 STow| <o
and therefore

i7'()\4) >0 i7'()\4) <0

dX\ VT a1 ’ D U

(the quantities on the left-hand sides of the inequalities on the second line converge
to those on the first as e — 0). It follows that there exists A. € (Y1 A\g, ¥A\o) with

d

57;()(6) A=A 0,
that is, & := A:( € N, and we conclude that this value of A, is unique (see
Proposition 4.2) and that lim._,g A = Ag. O

Corollary 4.7 Any minimising sequence {(,} of Te|n. satisfies

limsup|Cnly < M — 1.
n—oo

Proof In view of Proposition 4.4 it sufficies to show that for each sufficiently large
value of M (chosen independently of ¢) there exists ¢* € N, such that 7.(¢*) <

5 (M —1)%. In fact, choose ¢y € Y \ {0} and M > 1 such that
S(¢)< 0 A)* < 2L(M —1)? (29)
R '

The calculation

dTo[AoCo](AoCo) = 2A5Q(Co)+3A5S (Co)
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then shows that A\g(yp € Ny, where

o = _29(¢o)
38 (o)
It follows that Ag(y is the unique point on its ray which lies on Ny, and
49(6)?
To(XoCo) = $Q(Nolo) = 4Q(60)” < (M —1)? (30)

- 275(¢o)? 12
so that
|)\0C0‘}7 <M —1.

Proposition 4.6 asserts the existence of &, € N, with lim._,¢ |&. — XoGoly = 0. Using
the limit

lim 72 (&) = To(AoCo)
e—=0
and (30), we find that
Te(ée) < 13(M — 1)% O
The next step is to show that there is a minimising sequence for 7¢|n. which is

also a Palais—Smale sequence.

Proposition 4.8 There exists a minimising sequence {C,} C Bp—1(0) of Te|n. such
that

i ATz [l n = 0.

Proof Ekeland’s variational principle for optimisation problems with regular
constraints (Ekeland [12, Thm 3.1]) implies the existence of a minimising sequence
{¢,} for To|n. and a sequence {f,} of real numbers such that

nh_)ngo |d7e[Cn] — pon dGe [Cn”ffaaR =0.

Applying this sequence of operators to (,, we find that u, — 0 as n — oo (since
ATz [Ca)(¢n) = 0 and dG:[Ca](Cn) = A*T2[Ca)(Cns Cn) S —1), whence |dT|5[<”]YE~>R =0

as n — oo. ]
The following lemma examines the convergence properties of more general Palais—
Smale sequences.

Lemma 4.9
(i) Suppose that {C,} C Bp—1(0) satisfies
lim d7:[¢,] =0, sup [Cnlr2(Q,) 2 1-
n— oo j€Z2

There exists {w,} C Z* with the property that a subsequence of {(n(- + wn)}
converges weakly in Ye to a nontrivial critical point (o of Te.

(#i) Suppose that € > 0. The corresponding sequence of FDKP-solutions {u,}, where
U, = (U1 (Gn)) + uz(u1(@1(Gn)))

and we have abbreviated {(,(- + wp)} to {Cn}, converges weakly in X to use =
w1 (01 (Coo)) + u2(u1(01(C0))) (which is a nontrivial critical point of I, ).
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Proof We can select {w,} C Z? so that
lirginf |G (- 4 wn)|L2(00) 2 1-

The sequence {(, (- + wp)} C Bar—1(0) admits a subsequence which converges weakly
in Y. and strongly in L2(Qo) to (s € Bar(0); it follows that |CoolL2(0y) > 0 and
therefore (, # 0. We henceforth abbreviate {¢, (- +wy)} to {¢,} and extract further
subsequences as necessary.

We first treat the case e = 0. For w € C§°(R?) we find that

/R2 (C’?L - Cgo)wdx dy < |<n - Coo‘Ls(|(1-,y)\<R)|Cn + Coo|L3(|(af,y)\<R)‘w|L3 —0

as n — oo, where R is chosen so that suppw C {|(z,y)| < R} ({¢,} converges strongly
to (s in L3(|(z, y)| < R). This result also holds for w € L3(R?) (by density) and hence

for all w € Y (because Y C L3(R?)). Furthermore ((,,,w)y — (Coo, W)y as n — o0
for all w € Y. By taking the limit n — oo in the equation

Ao [Gal (w) = (G w) 5 + / Qudrdy,
R
one therefore finds that

((oo,w>3~,+/ Czowdxdy:(),
[(z,y)|<R

that is, d7[Ceo)(w) = 0 for all w € Y. It follows that d7g[Cec] = 0.
Now suppose that ¢ > 0. According to Proposition 3.10 the sequence {u,}
converges weakly in X to uq, and the remarks below equation (24) show that

lim |dZ.[u,]|x—r = 0.
n— o0

Since u — eu + n(D)u + u? is weakly continuous X — L?(R?) (see Proposition 2.4
and Lemma 2.1(i)), one finds that

dZ, [uso|(w) = /11@2 (e%Uos + (D)t + uZ) wdz dy

= lim (e%upn + n(D)uy, + ul) wdz dy

n—oo R2
= nl;rr;o dZ. [u,](w)
=0
for any w € 9,S(R?), whence u,, is a critical point of Z. (so that (., is a critical point

of T2). O

It remains to show that the minimising sequence for 7. over N, identified in
Proposition 4.8 satisfies the ‘nonvanishing’ criterion in Lemma 4.9. This task is
accomplished in Proposition 4.10 and Corollary 4.11 below.

Proposition 4.10 The inequality
2dzdy < s S 1el2
S ° <
/RQ\CIIH z yNj;ZQIC\Lz(Qj)ICIYlély

holds for all ¢,£ €Y.
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Proof This result follows from the calculation

[ 1€l ey < Kool

S Z|C|%3(Qj) €13
jez?

3

S Sup <122 @) Z |C|L3(QJ) \§|§}
JEZ?
1
S sup|<|L2QJ)|<|Y(Q > Ko, | €3

jEZ?
< 5 8 1e12
~ sup2 ICle(Qj)‘d{/‘ﬂfm

where we have interpolated between L?*(Q;) and L°(Q;) and used the embeddlngs
Y o L3(R?), Y(Q)) = L8(Q;) and I™(Z2,Y(Qy)) = P(Z%,Y(Qy)) = O

Corollary 4.11 Any sequence {¢,} C N, satisfies

sup ‘Cnle(Qj) Z 1.
JEZ2

Proof Using Proposition 4.10, one finds that
1 17 1
SN < [ | 1Gallea dedy S sup 6o, 617 S sup¢l]
| ( n)| R2| nH n| jeZ2| |L2(QJ)‘ |y jeZ2| ‘L2(Q)

(because [(n|y < M), and the result follows from this estimate and the fact that
=8(¢n) > 2¢. — (’)(5%) with liminf. ,pc.=> 1 (see Remark 4.5). a

Theorem 4.12
(i) Let {¢n} C Bar—1(0) be a minimising sequence for Te|n. with
Tim 472 [Gly, Lz = 0.
There exists {wy,} C Z* such that a subsequence of {(n(-+wn)} converges weakly
i Yz to a nontrivial critical point (s of Te.
(ii) Suppose that € > 0. The corresponding sequence of FDKP-solutions {u,}, where
Un = w1 (1(Gn)) + w2 (w1 (t1(Gn)))

and we have abbreviated {(, (- + wy)} to {(n}, converges weakly in X to ueo =
11 (01 (Coo)) + u2(u1(@1(Cx0))) (which is a nontrivial critical point of I, ).

5. Ground states

In this section we improve the result of Theorem 4.12 by showing that we can choose
the sequence {w, } to ensure convergence to a ground state. For this purpose we use
the following abstract concentration-compactness theorem, which is a straightforward
modification of theory given by Buffoni, Groves & Wahlén [3, Appendix A].



Solitary waves for the FDKP equation 25

Theorem 5.1 Let Hy, Hy be Hilbert spaces and Hy be continuously embedded in Hy.
Consider a sequence {x,} in 1*(Z°, Hy), where s € N. Writing x,, = (¥ ;)jez=, where
ZTn,; € Hy, suppose that

(i) {xn} is bounded in 1*(Z°%, Hy),
(1) S =A{x,; :n €N, jeZ} is relatively compact in Hy,
(iii) limsup,, . |[Tn |1z 1) 1-

For each A > 0 the sequence {x,} admits a subsequence with the following

properties. There exist a finite number m of non-zero vectors x*, ... ™ € I12(Z°, Hy)
and sequences {wk}, ..., {w™} C Z* satisfying
lim |w;””—w?f/\—>oo, 1<m” <m' <m
n—oo
such that
wa;ﬂg’zn -z,
m’—1

m’ T !
| 2™ | 100 (25, o) = nl;rr;o Ty — E Ty ,
1=1

1°°(2Z#,Ho)
m/ m/ 2
: 2 _ 12 . _ l
i |z ze pry) = > 12 Feqze + lim |z, > T
=1 1=1 12(20 1Y)
form' =1,...,m,
m
limsup |z, — T, 2! <A,
n
neo =1 1°°(Z5 ,Hg)
and

. 1 o
I Jon = T e e gy = 0

if m = 1. Here the weak convergence is understood in 12(Z°, Hy) and T,, denotes the
translation operator Ty (Tn, ;) = (Tn j—w)-

We proceed by using Theorem 5.1 to study Palais—Smale sequences for 7.,
extracting subsequences where necessary for the validity of our arguments.

Lemma 5.2 Suppose that {{,} C Bpy—1(0) satisfies

lim d7:[¢,] =0, sup |(n|L2(Qj) > 1.

n— oo jEZQ
There exists {wy,} C Z% and (s such that (,(- + wy,) — (s in Y, S(¢n) = S(x) as
n — oo and

lim sup |¢u(- 4+ wn) — (ool r2(g,) = 0.

n—oo jEZQ

Proof Set H; = Y (Qq), Ho = L*(Qo), define z,, € I*(Z?, H,) for n € N by

Tng =Gl + Dl €Y(Qo),  jEZ,
and apply Theorem 5.1 to the sequence {z,} C [*(Z?, Hy), noting that

|Znli2z2,m5,) = [Calys |Znlioe (22, Hy) = SUP [Cnl22(Q;)
JEZ?
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for n € N. Assumption (ii) is satisfied because Y is compactly embedded in L2(Qy),
while assumptions (i) and (iii) follow from the hypotheses in the lemma.

The theorem asserts the existence of a natural number m, sequences
{fwl, ... {wm™} C Z? with

Jim. lw™" — w™ | =00, 1<m” <m' <m,
and functions ¢!,...,¢™ € Bys(0)\ {0} such that ¢, (- +w™) = ¢™ in Y as n — oo,
m
lim sup sup Cn—ZCl(-—wﬁl) <eb,
n—oo jeZ? - L2(Qy)
m
M I < lim sup |G 3
1=1
and
. 1 1 _
lim sup |Cn*§ (~7wn)|L2(Qj) =0 (31)

n— oo jEZQ

if m = 1. It follows from Lemma 4.9(i) that d7:[¢!] = 0, so that ¢! € N. and

TE(CI) >c2 1l
Define

én: E Cl(_wfq,)v ’I’LEN,
=1
and note that

S(Gn) = > 8(¢H (32)
=1

as n — oo (approximate ¢! € L3(R?) by a sequence of functions in C§°(R?) and use
the fact that |w!! — w!2| — 00). Furthermore, from Proposition 4.10, one finds that

lim sup |S(¢n) — S(Cn)|

n—oo

< limsup/ 1o — Gl (1Ca]? + 16n|?) da dy
]Rz

n— 00

-1 . ~ 5 ~
< limsup sup (¢, — Cn|22(Q7.) limsup |¢, — Cn|357(|4n|%- + |Cn|§>) (33)

n—oo jeZ2 ' n— oo
< elimsup((Gal}. +1Gu[}) 2
n—oo

<e (34)
uniformly in m. Combining (32), (34) and

=S(¢) 2 2e ~ OCECR),  1=1...m,
(see Remark 4.5) yields

—limsup S(¢,) > 2me. — Ofe

n—0o0

N

)

and hence

Nl

2¢e > 2mce — O(e

)
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uniformly in m (because of (27)). It follows that m = 1 (recall that liminf._,qc.> 1).
The advertised result now follows from (31) (with (o = ¢! and w, = w;,) and
(33) (since S(¢1) = S(¢Y)). O
We can now strengthen Theorem 4.12, dealing with the cases ¢ = 0 and € > 0
separately.

Lemma 5.3 Suppose that {¢,} C Ba—1(0) satisfies
lim |d76[<-n”}7—>]R = 07 sup ‘Cn|L2(Qj) Z 1.
JEZ?

There exists {w,} C Z* such that {(,(-+wy)} converges strongly in'Y to a nontrivial
critical point of Ty.

Proof Lemma 5.2 asserts the existence of {w,} C Z? and (» # 0 such that
-+ wp) = (oo in Y and S(¢,,) = S((eo) as n — oo. Abbreviating {¢, (- + wy)} to
{C¢n}, we find from (25) that

that is, |Cn|§~/ — \COO\%, as n — oo. It follows that ¢, — (s in Y as n — oo and in
particular that d7y[(s] = 0. ]

We obtain the following existence result in the case e = 0 as a direct corollary of
Lemma 5.3.

Theorem 5.4 Let {¢,} C Bap—1(0) be a minimising sequence for To|n, with
lim [dTo[¢ally g = 0

There exists {w,} C Z* such that {C,(- + w,)} converges strongly in Y to a ground
state of Tg.

Let us now turn to the case € > 0. We begin with the following observation.

Proposition 5.5 Suppose that u, — us in H*(R?) as n — oco. The limit

lim |ty — tooloo =0
n—oo

holds if and only if u, (- — j,) — 0 in H*(R?) as n — oo for all unbounded sequences
{in} Cc 2%

Proof Suppose that u, (- —j,) — 0 in H*(R?) for all unbounded sequences {j,} C Z2,
so that

|tn = Uso| Lo (@) < [tn (- = Jn)|Loe(Qo) + [too (- = Jin) Lo (@e) — 0
for all unbounded sequences {j,} (because H*(R?) is compactly embedded in
L>®(Qp)), and this result is also true for bounded sequences (in that case
{Jn : m € N} is a finite set, so that {j,,} has a constant subsequence {j*}; the sequence
{un(- — 7%) — uoo (- — j*)} obviously converges weakly to zero, and hence the same is
true of the weakly convergent sequence {u,(- — jn) — too( — jn)}). By choosing jy,
such that

_ _ _ 1
fin = tee|r=(q,,) 2 50D ftn = Useliz(g,) = w

and letting n — oo in this inequality, we find that

lim |up — Uooloo = 1
n—oo n

520;';12%‘“ Uoo (g, (35)
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Suppose on the other hand that (35) holds. The inequality
|un( - jn)‘LW(Qj) < Sup |un - uoo|L00(Qj) + |Uoo( - jn)|L°°(Qj)
Jjez?

for each j € Z? shows that u,(- — j,) — 0 in H3(R?) for all unbounded sequences
{in} c 22 o

Theorem 5.6 Let ¢ > 0 and {(,} C Bp—1(0) be a minimising sequence for Te|n
with

€

lim [d7:[G] g,z = 0.

n—oo

There exists {w,} C Z* such that {(,(- + w,)} converges weakly in Y. to a ground
state (oo of Te. The corresponding sequence of FDKP-solutions {u, }, where

un = ua (U1 (Cn)) + 2 (u (1(Cn)))
and we have abbreviated {(, (- + wy)} to {¢n}, converges weakly in X and strongly in
L% (R?) t0 too = u1(111(Coo)) + u2(u1(i11(Cso))) (which is a nontrivial critical point of
7).

Proof Lemma 5.2 asserts the existence of {w,} C Z? and (i # 0 such that
Cn(-+wp) = (o in Y as n — oo and
lim sup Cn (- +wn) = CoolHo(00;) = 0,

n—oo JGZ
where we have estimated

|Cn (- + W) — COOGIS(QJ-) S G (- +wp) — COO|L2(Q]')‘C7I(' +wp) — C00|H25(Qj)
S (- +wp) — COO|L2(Q]’)‘CTL(- +wp) — Coo|H28(]R2)
S G (- +wn) — C00|L2(Qj)
because {Cy (- +wn) — (s} is bounded in Y. (which coincides with H2%(R?)). It follows
that

li n — Gool|Loe o= li n*oooo:()y
ninéof’ngﬁg Coolzoe(qy) = Jm[Gr = (oo

where have again abbreviated {(,(- + wy)} to {¢,}, and Proposition 5.5 shows that

Cu(- = jn) — 0 in H2(R?) and hence in Y. as n — oo for all unbounded sequences
{in} C 22

Using Proposition 3.10, one finds that w,(- — j,) — 0 in X and hence in
H?#(R?) for all unbounded sequences {j,} C Z2, so that u, — us in L>®(R?) as
n — oo (Proposition 5.5). It follows that u, — us in L3(R?) and in particular that
S(un) = S(us) as n — oo. Since dZ.[us] = 0 and dZ.[u,](u,) — 0 as n — oo (see
the remarks below equation (24)), one finds from the identity

Te(u) = 3dZ[u](u)—3S(u)

-2
that T¢(¢n) — Te((oo) a8 n — 00, so that To((x) = ce. O

Finally, we show that critical points of 7. converge to critical points of Ty as
€ — 0. The first step is to establish the corresponding convergence result for the
infima of these functionals over their natural constraint sets.

Lemma 5.7 One has that lim._,q c: = cg.
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Proof Let {¢,} be a sequence with lim, , &, = 0 and ¢, ¢° be ground states of
respectively 7z, and 7.

Because €2R. o xo(D) and £2dR. o x-(D) converge uniformly to zero over
Bu-1(0) C Y as e — 0, we find that

T (C) = To(¢™) =o(1), AT, [¢] = dTol¢™] = o(1)
as n — oo and hence that
lim [dTo[¢™ ]|y = 0

Proposition 4.10 implies that
1 17 1
S(¢) < en|¢5n 2 da dy < sup |¢57 |8 |8 < sup [¢°|¢
€y < [ e e S s [ g I S smp 16 g,

(because |(°"|¢ < M), and combining this estimate with S({*") > ¢, — O(e?) and
liminf, ,gc.2 1 yields

sup Ksn‘LQ(Qj) Z 1.
JEZ?

According to Lemma 5.3 there exists {w,} C Z* and ¢* € Ny such that d75[¢*] =0
and ¢°" (- +wy,) = ¢* in Y as n — oo. It follows that
co < To(¢7)
= lim 7o(¢*")
= lim (7o(¢™) = 72, (¢)) + lim (72, (¢7) — ¢z, ) +liminfe,

= liminfec,, . (36)

n—oo

Proposition 4.6 (with A\g = 1 and (o = ¢°) asserts the existence of &, € N., with
& — €Y in Y and hence To(&n) — To(¢%) = ¢o as n — co. Because £2R. o x<(D)
converges uniformly to zero over By;—1(0) C Y as e — 0, one finds that

%(gn) - %(gn) = 0(1)
as n — 0o, whence

limsupec., < limsup 7z, (&)

n—roo n—oo
= nh—>Holo (7;71 (gn) - 76(571)) + nh_{{lc (76(571) - CO) +co
= Cp. (37)
The stated result follows from inequalities (36) and (37). 0

Corollary 5.8 Let {e,} be a sequence with lim, o &, = 0 and (" be a ground state
of T, . There exists {w,} C Z* and a_ground state (* of To such that a subsequence
of {¢°" (- + wp) }n converges to ¢* in'Y asn — oco.

Proof Continuing the arguments in the proof of Lemma 5.7, we find that it remains
only to show that 7o(¢*) = ¢g. This fact follows from the calculations

Te, (¢F) = To(C") = o(1), Te, () =ce,, = o
and ¢ (- +w,) — C* in Y as n — oc. O

Finally, we record the corresponding result for FDKP solutions.
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Theorem 5.9 Let {,} be a sequence with lim,,_,o £, = 0 and u be a critical point
of I., with I., (u°") = e3c., , so that the formula u®" = uy (") +uz(u1(¢°™)) defines

a ground state (°» of T.. There exists {w,} C Z* and a ground state ¢* of To such
that a subsequence of {(°" (- + wy)} converges to ¢* in'Y as n — oo.

Remark 5.10 Define ut(z,y) = €2(*(ex,€2%y), so that u? is a KP solitary wave with
wave speed €2 (see the comments above equation (5)). Abbreviating uy(C5(- + wy,)),
ug(u1(C°(-+wn))) to ui, us, one finds that the convergence |¢* — (" (-4+we, )|y = o(1)
2 <edis

En ~

En

translates to |uf — uj o

1
e, = o(e?), and by Lemma 3.3, |uj o

en S Enlul

5n|
n|5n7 \u €n

1
negligible in comparison. It follows that |uf —u"|., = o(er), while |u}
1
are O(g2), so that the functions themselves are larger than their difference. Young’s

1
. . . . En _ p* _ 2
inequality also implies the convergence |u*" — u} b me) = o(e?).
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