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Abstract

The well-posedness of classical solutions with finite energy to the compressible
Navier-Stokes equations (CNS) subject to arbitrarily large and smooth initial data
is a challenging problem. In the case when the fluid density is away from vacuum
(strictly positive), this problem was first solved for the CNS in either one-dimension
for general smooth initial data or multi-dimension for smooth initial data near some
equilibrium state (i.e., small perturbation) [1,24,25,30-32]. In the case that the flow
density may contain vacuum (the density can be zero at some space-time point),
it seems to be a rather subtle problem to deal with the well-posedness problem for
CNS. The local well-posedness of classical solutions containing vacuum was shown
in homogeneous Sobolev space (without the information of velocity in L2-norm)
for general regular initial data with some compatibility conditions being satisfied
initially [2,4-6], and the global existence of classical solution in the same space
is established under additional assumption of small total initial energy but possi-
ble large oscillations [19]. However, it was shown that any classical solutions to
the compressible Navier-Stokes equations in finite energy (inhomogeneous Sobolev)
space can not exist globally in time since it may blow up in finite time provided
that the density was compactly supported [38]. In this paper, we investigate the
well-posedess of classical solutions to the Cauchy problem of Navier-Stokes equa-
tions, and prove that the classical solution with finite energy does not exist in the
inhomogeneous Sobolev space for any short time under some natural assumptions
on initial data near the vacuum. This implies in particular that the homogeneous
Sobolev space is crucial as studying the well-posedness for the Cauchy problem of
compressible Navier-Stokes equations in the presence of vacuum at far fields even

locally in time.



1 Introduction and Main Results

The motion of a n-dimensional compressible viscous, heat-conductive, Newtonian poly-

tropic fluid is governed by the following full compressible Navier-Stokes system:

Orp + div(pu) = 0,
Oy (pu) + div(pu @ u) + Vp = pAu + (p + X\)Vdivu, (1.1)

Ky —1)
A

€,

O¢(pe) + div(peu) + pdivu = g|Vu + (Vu)*]* + A(divu)? +

where (z,t) € R" x Ry, p,u,p and e denote the density, velocity, pressure and internal
energy, respectively. p and A are the coefficient of viscosity and the second coefficient of

viscosity respectively and k denotes the coefficient of heat conduction, which satisfy
w>0, 2u+nA>0, k2>0.

The equation of state for polytropic gases satisfies

p=(y—1)pe, p=Aexp (%)pﬁ (1.2)

where A > 0 and R > 0 are positive constants, v > 1 is the specific heat ratio, S is the
entropy, and we set A = 1 in this paper for simplicity. The initial data is given by

(p,u,e)(x,0) = (po, ug, e0)(x), xe€R" (1.3)

and is assumed to be continuous. In particular, the initial density is compactly supported

on an open bounded set 2 C R™ with smooth boundary, i.e.,

supp, po = 2, po(x) >0, x€Q (1.4)

and the initial internal energy eq is assumed to be nonnegative but not identical to zero
in  to avoid the trivial case.

When the heat conduction can be neglected and the compressible viscous fluids are
isentropic, the compressible Navier-Stokes equations (1.1) can be reduced to the following

system

{ Op + div(pu) =0, (L5)

Or(pu) + div(pu @ u) + Vp = pAu + (p + A)Vdivu,
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for (z,t) € R" x Ry, where the equation of state satisfies
p=Ap" (1.6)
and the initial data are given by

(p,u)(,0) = (po, uo)(x), = e€R" (1.7)

with the initial density being compactly supported, i.e., the assumption (1.4) holds.

It is an important issue to study the global existence (well-posedness) of classical /strong
solution to CNS (1.1) and (1.5), and many significant progress have been made recently
on this and related topics, such as the global existence and asymptotic behaviors of solu-
tions to (1.1) and (1.5). For instance, in the case when the flow density is strictly away
from the vacuum (infg p > 0), the short time existence of classical solution was shown for
general regular initial data [23], the global existence of solutions problems were proved in
spatial one-dimension by Kazhikhov et al. [1,24,25] for sufficiently smooth data and by
Serre [35,36] and Hoff [14] for discontinuous initial data. The key point here behind the
strategies to establish the global existence of strong solutions lies in the fact that if the
flow density is strictly positive at the initial time, so does for any later-on time. This is
also proved to be true for weak solutions to the compressible Navier-Stokes equations (1.1)
in one space dimension, namely, weak solution does not exhibit vacuum states in any finite
time provided that no vacuum is present initially [17]. The corresponding multidimen-
sional problems were also investigated as the flow density is away from the vacuum, for
instance, the short time well-posedness of classical solution was shown by Nash and Serrin
for general smooth initial data [33,37], and the global existence of unique strong solution
was first proved by Matsumura and Nishida [30-32] in the energy space (inhomogeneous

Sobolev space)
p—p€C(0,T; HXR?)) () C(0,T; H*(R?)),

u,e—eeC(0,T; H(R?)) ﬂCl(O,T; H'(R%), (1.8)

with p > 0 and e > 0 for any 7" € (0, 00|, where the additional assumption of small os-
cillation is required on the perturbation of initial data near the non-vacuum equilibrium
state (p,0,€). The global existence of non-vacuum solution was also solved by Hoff for
discontinuous initial data [15], and by Danchin [9] who set up the framework based on
the Besov type space (a functional space invariant by the natural scaling of the associated
equations) to obtain existence and uniqueness of global solutions, where the small oscilla-

tions on the perturbation of initial data near some non-vacuum equilibrium state is also



required. It should be mentioned here that above smallness of the initial oscillation on
the perturbation of initial data near the non-vacuum equilibrium state and the uniformly
a-priori estimates established on the classical solutions to CNS (1.1) or (1.5) are sufficient
to establish the strict positivity and uniform bounds of flow density, which is essential
to prove the global existence of solutions with the flow density away from vacuum in the
inhomogeneous Sobolev space (1.8) or other function spaces [9, 15]. However, recently,
this assumption on the small oscillations on the initial perturbation of a non-vacuum
state can be removed at least for the isentropic case by Huang-Li-Xin in [19] provided
that the initial total mechanical energy is suitable small which is equivalent to that the
mean square norm of the initial difference from the non-vacuum state is small so that the

perturbation may contain large oscillations and vacuum state (see also [10]).

In the case when the flow density may contain vacuum (the flow density is non-
negative), it is rather difficult and challenging to investigate the global existence (well-
posedness) of classical/strong solutions to CNS (1.1) and CNS (1.5), corresponding to
the well-posedness theory of classical solutions [30-32], and the possible appearance of
vacuum in the flow density (i.e., the flow density is zero) is one of the essential difficul-
ties in the analysis of the well-posedness and related problems [2,4-6,10,14,16,17,34, 35,
38-40]. Indeed, as it is well-known that (1.1) and (1.5) are strongly coupled systems of
hyperbolic-parabolic type, the density p(x,t) can be determined by its initial value po(x¢)
by Eq. (1.5), along the particle path z(t) satisfying = z(t) and x(0) = z, provided
that the flow velocity w(z,t) is a-priorily regular enough. Yet, the flow velocity can only
be solved by Eq. (1.5), which is uniformly parabolic so long as the density is a-priorily
strictly positive and uniformly bounded function. However, the appearance of vacuum
leads to the strong degeneracy of the hyperbolic-parabolic system and the behaviors of
the solution may become singular, such as the ill-posedness and finite blow-up of classical
solutions [3,16,35,38,39]. Recently, the global existence of weak solutions with finite en-
ergy to the isentropic system (1.5) subject to general initial data with finite initial energy
(initial data may include vacuum states) by Lions [26-28], Jiang-Zhang [22] and Feireisl
et al. [11], where the exponent v may be required to be large and the flow density is
allowed to vanish. Despite the important progress, the regularity, uniqueness and behav-
ior of these weak solutions remain largely open. As emphasized before [3, 16,35, 38, 39],
the possible appearance of vacuum is one of the major difficulties when trying to prove
global existence and strong regularity results. Indeed, Xin [38] first shows that it is im-
possible to obtain the global existence of finite energy classical solution to the Cauchy
problem for (1.1) in the inhomogeneous Sobolev space (1.8) for any smooth initial data

with initial flow density compactly supported and similar phenomena happens for the



isentropic system (1.5) for a large class of smooth initial data with compactly supported
density. To be more precise, if there exists any solution (p,u,e) € C1(0,T; H*(R?)) for
some time 7" > 0, then it must hold 7" < 400, which also implies the finite time blow-up
of solution (p,u,e) € C1(0,T; H*(R?)) if existing in the presence of the vacuum. Yet, Cho
et al. [2,4-6] proved the local well-posedness of classical solutions to the Cauchy problem
for isentropic compressible Navier-Stokes equations (1.5) and full Navier-Stokes equa-
tions (1.1) with the initial density containing vacuum for some 7' > 0 in the homogeneous
energy space

pe C(0,T; H3(R) () C'(0,T; H*(R?)),

(1.9)
u, e € C(0,T; D*(R®)) () L*(0,T; D*(R?)),

where DF(R?) = {f € L. (R3) : Vf € H*(R?) }, under some additional compatibil-
ity conditions as (1.14) on u and similar compatibility condition on e. Moreover, under
additional smallness assumption on initial energy, the global existence and uniqueness of
classical solutions to the isentropic system (1.5) established by Huang-Li-Xin in homo-
geneous Sobolev space [19]. Interestingly, such a theory of global in time existence of
classical solutions to the full CNS (1.1) fails to be true due to the blow-up results Xin-
Yan [39] where they show that any classical solutions to (1.1) will blow-up in finite time
as long as the initial density has an isolated mass group. Note that the blow-up results
in [39] is independent of the spaces the solutions may be and whether they have small
or large data. It should be noted that the main difference of the homogeneous Sobolev
space (1.9) from the inhomogeneous Sobolev space (1.8) lies that there is no any estimates
on the term ||u||z2 for the velocity. Thus, it is natural and important to show whether or
not the classical solution to the Cauchy problem for the CNS (1.1) and CNS (1.5) exits

in the inhomogeneous Sobolev space (1.8) for some small time.

We study the well-posedess of classical solutions to the Cauchy problem for the
full compressible Navier-Stokes equations (1.1) and the isentropic Navier-Stokes equa-
tions (1.5) in the inhomogeneous Sobolev space (1.8) in the present paper, and we prove
that there does not exist any classical solution in the inhomogeneous Sobolev space (1.8)
for any small time (refer to Theorems 1.1-1.3 for details). These imply that the homoge-
neous Sobolev spaces such as (1.8), are crucial in the study of the well-posedness theory
of classical solutions to the Cauchy problem of compressible Navier-Stokes equations in

the presence of vacuum at far fields.
The main results in this paper can be stated as follows:

Theorem 1.1 The one-dimensional isentropic Navier-Stokes equations (1.5)-(1.7) with
the initial density satisfying (1.4) with Q@ = I = (0,1) has no solution (p,u) in the



inhomogeneous Sobolev space C’l([O,T]; HW(R)), m > 2 for any positive time T, if the

initial data (po,wg) satisfy one of the following two conditions in the interval I: there exist

positive numbers A\;, 1 =1,2,3,4 with 0 < A3, \y < 1 such that

(

~~

p(]):r
Po
\ Uo()\g) < O, Up < 0, n (0, )\3),

2 )\1, n (0, )\3),

or

\ UO()\4) >0, up >0, 1in ()\4, 1)

(1.10)

(1.11)

The following remark is helpful for understanding the conditions (1.10)-(1.11) and Theo-

rem 1.1.

Remark 1.1 The set of initial data (po,wo) satisfying the condition (1.10) or (1.11) is

non-empty. For example, for any given positive integers k and l. Set

(z) = (1 —2)k,  forz € [0,1],
PR 0, for z € R\ [0, 1]

and . 1
— ! fi e [0, -

2, orr € | ,4],
) 13

smooth connection, for z € (-, -),
uo(z) = § 1

(1—a), for x € [1,1],

0, for z € R\ [0, 1],

\

then (po, uo) satisfies both (1.10) and (1.11).

(1.12)

(1.13)

It is known that the system (1.5)-(1.7) is well-posed in the homogeneous Sobolev space

in classical sense if and only if po and uy satisfy the following compatibility condition

(see [5])

— pAug — (p+ X\)Vdivug + Vpo = pog,
ge D', /pog € L*

(1.14)



In one-dimensional case, for (po,ug) given by (1.12) and (1.13), we have

( 1
O ) + 01 + O@F0-D-Y, forz e [0, Z]’
13
smooth connection, for z € (é_l’ Z),

I=10(Q-2)"")+0(1—2)"1)

+0((1- :c)k('yfl)*l), for z € [%, 1],

L 0, for x € R\ [0, 1].
Direct calculations show (po,ug) satisfy (1.14) if and only if
3
k> ——,
2(y=1) (1.15)
l>k+§
5

For the initial data (po,ug) given by (1.12) and (1.13) with (1.15), the system (1.5)-
(1.7) is well-posed in homogeneous Sobolev space but has no solution in C* ([0, T); H™(R)),
m > 2 for any positive time T. Therefore, the solution constructed in [5] doesn’t have
finite enerqy in Cl([(), T} Hm(R)), m > 2 for any positive time T even if the initial data
has finite energy in H™(R). Precisely, even if

/ug(a:) dz < oo,
R
but it holds that

/u2(x,t) dr = oo, for any ¢ > 0.
R

Theorem 1.2 The one-dimensional full Navier-Stokes equations (1.1)-(1.3) with zero
heat conduction and the initial density satisfying (1.4) with Q 2 I = (0,1) has no solution
(p,u,e) in the inhomogeneous Sobolev space Cl([O,T];Hm(R)), m > 2 for any positive
time T, if the initial data (po,uo,€9) satisfy one of the following two conditions in the

interval 1: there exist positive numbers \;, 1 =5,6,7,8 with 0 < A7, \g < 1 such that

(pO)x + (60>1‘ Z )\57 in (07)\7),
" (1.16)

U()()\7) < 0, Up S O, n (0, )\7),

or

(po)x (60)43 < —=Xg, in ()\87 1)7
“ > (1.17)

up(As) >0, ug >0,  in (s, 1).
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Huang and Li [18] proved the well-posedness to the Cauchy problem of the n-dimensional
full compressible Navier-Stokes equations (1.1)-(1.3) with positive heat conduction in
Sobolev space, but the entropy function S(¢, z) is infinite in vacuum domain (see Remark
4.2 in [39]). If the entropy function S(¢,x) is required to be finite in vacuum domains,

then we have the following non-existence result:

Theorem 1.3 The n-dimensional full compressible Navier-Stokes equations (1.1)-(1.3)
with positive heat conduction and the initial density satisfying (1.4) has no solution (p,u, e)
in the inhomogeneous Sobolev space Cl([O,T]; Hm(]R”)), m > [§] + 2 with finite entropy
S(t,x) for any positive time T .

To prove Theorem 1.1-Theorem 1.3, we will carry out the following steps. First we
reduce the original Cauchy problem to an initial-boundary value problem, which then
can be reduced further to an integro-differential system with degeneracy for t-derivative
by the Lagrangian coordinates transformation, and one can then define a linear parabolic
operator from the integro-differential system and establish the Hopf’s lemma and a strong
maximum principle for the resulting operator, and finally we prove that the resulting
system is over-determined by contradiction. Because the linear parabolic operator here
degenerates for t-derivative due to that the initial density vanishes on boundary, one needs
careful analysis to deduce a localized version strong maximum principle on some rectangle

away from boundaries.

We should stress that our method is based on maximum principle for parabolic op-
erator, therefore we shall deal with one-dimensional isentropic case in Section 2, one-
dimensional zero heat conduction case in Section 3 and n-dimensional positive heat con-
duction case in Section 4 separately, we define parabolic operators from momentum equa-
tion near the degenerate boundary in the Lagrangian coordinates by adding some condi-
tions on initial data for the first two cases and the energy equation in the whole domain

for the last case, respectively.

2 Proof of Theorem 1.1

2.1 Reformulation of Theorem 1.1

Suppose that n = 1. Let (p, u) € C*([0,T]; H™(R)), m > 2 be a solution to the system
(1.5)-(1.7) with the initial density satisfying (1.4). Let a(t) and b(t) be the particle paths



stating from 0 and 1, respectively. The following argument is due to Xin [38]. Following
from the first equation of (1.5), we see supp, p = [a(t),b(t)]. It follows from the second
equation of (1.5) that

Uz (2, t) =0, YV aeR\a(t),b(t),
which gives
w(,) = {u(b(t),t) + (2 = b(t)us (b(t), 1), if = > b(¢),
’ u(a(t),t) + (x — a(t))ug(a(t),t), if z <a(t).
Since u(-,t) € H™(R), m > 2, then one has
u(z,t) = ug(x,t) =0, VaxeR\]a(t),bt)], (2.1)

which implies [a(t),b(t)] = [0, 1], i.e., supp, p(z,t) = [0,1]. We should remark that the
above argument doesn’t apply to homogeneous Sobolev spaces since we have no control
on L?norm of the velocity.

Therefore, by the above argument, to study the well-posedness of the system (1.5)-
(1.7) with the initial density satisfying (1.4), we need only to study the well-posedness of

the following initial-boundary value problem

( pr+ (pu)y =0, in I x (0,77,
(pu); + (pu? +p)y = VUge, in I x (0,7T], 22)
(p,u) = (po,uo), on I x {t =0},
p=u=u, =0, on 0 x (0,71,

\
where v = 2u + \.
To prove the non-existence of Cauchy problem (1.5)-(1.7) in C*([0, T]; H™(R)), m >

2, it suffices to show the non-existence of the initial-boundary value problem (2.2) in
C%*1(I x [0,T]), which denotes the set of functions that are C? in space and C! in time
in the space-time domain I x [0, 7] hereafter. Thus, in order to prove Theorem 1.1, one

needs only to show the following:

Theorem 2.1 The initial-boundary value problem (2.2) has no solution (p,u) in C**(I x
[0,T]) for any positive time T, if the initial data (po,uo) satisfy the condition (1.10) or
(1.11).



Let n(z,t) denote the position of the gas particle starting from z at time ¢ = 0

satisfying

{Ut(%t) = u(n<x7t)vt)7

n(x,0) = x.

(2.3)

o and v are the Lagrangian density and velocity given by

{ Q(xvt) = P(U($7t)at)7

v(x,t)

(n(z,1),1).

Then the system (2.2) can be rewritten in the Lagrangian coordinates as

( v,
Qt—i_gxzoa

T

Vg
N0 + (07)e = I/(n—)x,
ne(x,t) = v(z,t),
(Q) v, /’7) = (va Uy, ZE),

0=v=1v, =0,

\

The first equation of (2.4) implies that

o(z,t) =

po(z)
Ne(, 1)

in I x (0,7,

in I x (0,77,

(2.4)

on I x {t =0},
on 81 % (0,T].

Regarding pg as a parameter, then one can reduce the system (2.4) further to

(

);r - V(%)l‘u

povr + (
Ny

=l

n(x,t) = v(x,t),
(0777) = (UO,JJ),

LV =1, =0,

in I x (0,7,

(2.5)

on I x {t =0},
on 01 x (0,T7.

The condition (1.10) or (1.11) on the initial data (pg,uo) takes the following form in

the Lagrangian coordinates

( (P0)z
Po
’U()()\g) < 0, Vo S O,

2 >\17

\

or )
(p0>z

Po
[ vo(A1) >0, vo 20,

S _>\27

10
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il’l (0, )\3),
n ()\4, 1), (27>
in ()\4, 1)



The non-existence of the initial-boundary value problem (2.2) follows from the non-
existence of the initial-boundary value problem (2.5) in C%!(I x [0,T]). Thus, Theorem

2.1 is a consequence of the following:

Theorem 2.2 The problem (2.5) has no solution (v,n) in C*1(I x [0,T]) for any positive
time T, if the initial data (po,wo) satisfy the condition (2.6) or (2.7).

2.2 Proof of Theorem 2.2

Given a sufficiently small positive time 7%, we let (v, 1) € C%'(I x [0, T*]) be a solution
of the system (2.5) with (2.6) or (2.7). Define the linear parabolic operator pyd; + L by

v UNzx
P00+ Li= poly = O+ = 00,

where

t t
Ny =1 +/ vy ds and 1, = / Vg dS.
0 0

Then, it follows from the first equation of (2.5) that

Tl

pov + Lv = —(

)z. (2.8)
Let M be a positive constant such that

po + [vo| + [(vo)a| + [(v0)aa| < M.
It follows from the continuity on time that for short time, it holds that

[v] + |ve] + |vee| < M, in I x (0,T].

L

537> then one has

Taking a positive time T' < T™ sufficiently small such that T" <

t
/ v, ds
0

<y <

1
SMT <z, inlx(0.T)

This implies

NN GV]

and , in I x (0,77. (2.9)

DO | —

Thus, (2.5) is a well-defined integro-differential system with degeneracy for t-derivative

due to that the initial density py vanishes on the boundary 01.
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Restrict 7' further such that 7' < 2. Then, (2.9) together with (2.6) implies

2 n: - po N na 2

Thus, under the assumption (2.6), it follows from (2.8) and (2.10) that v satisfies the

following differential inequality

_(p_g)x:_wa[@o)z _ ey S_W)S(Al_ﬁ) <0, in(0,\)x (0,7].  (2.10)

PoUt + Lv < 0, in (O, /\3) X (O,T] (211)
Similarly, under the condition (2.7), v instead satisfies
povy + Lo >0, in (Mg, 1) x (0,7]. (2.12)

In the rest of this section, we will establish the Hopf’s lemma and strong maximum
principle for a general function w satisfying the differential inequality (2.11) or (2.12).
First recall the definition of the parabolic boundary (see [13]) of a bounded domain D of
R"™ x R*. The parabolic boundary 9,D of D consists of points (zg,to) € 0D such that
B, (z0) X (to — 1%, to] contains points not in D, for any r > 0. Suppose that @ is a bounded
domain of R", we use the notation Q7 := @ x (0, 7] to denote a cylinder in (0, A3) x (0, 7.
We first state the weak maximum principle in Q7.

Lemma 2.1 Suppose that w € C*Y(Qr) (N C(Qr) satisfies (2.11) in Qr. Then w attains

its maximum on the parabolic boundary of Qr.

Proof. We first prove the statement under a stronger hypothesis instead of (2.11) that
powr + Lw < 0, in Q. (2.13)
Assume w attains its maximum at an interior point (xg,to) of the domain Q7. Therefore
wi(wo,t0) > 0,  we(wo,t0) =0,  wWae(z0,t0) <0,
which implies pow; + Lw > 0, this contradicts (2.13). Next, define the auxiliary function
©F =w — et,
for a positive number . Then
pop; + Ly® = powy + Lw —epy <0, in Qr.

Thus ¢° attains its maximum on the parabolic boundary of ()7, which proves the assertion

of Lemma 2.1 by letting € go to zero. a

The result in Lemma 2.1 can be extended to a general domain D contained in (0, A3) X
(0,77 (see [12]).

12



Lemma 2.2 Suppose that w € C%>Y(D)(C(D) satisfies (2.11) in D. Then w attains its

maximum on the parabolic boundary of D.

We next present the Hopf’s lemma that is crucial to prove Theorem 2.2.

Proposition 2.1 Suppose that w € C*'((0,)3) x (0,T]) N C([0,As] x [0,T]) satisfies
(2.11) and there exits a point (0,tq) € {0} x (0,T] such that w(z,t) < w(0,ty) for any
point (z,t) in a neighborhood D of the point (0,ty), where

D= {(z,t): (w—r)?+(to—1)<r?, 0<az <%, 0<t<tp},

O<T’<)\3, to—%>0.

Then it holds that

aw((), t())
on

where 1 := (—1,0) is the outer unit normal vector at the point (0,t).

> 0,

Proof. For positive constants a and € to be determined, set
glo, z,t) = e~olE=r+lto—t)] _ g—or?
and

()0(57 a, T, t) = ’lU((L’, t) - U}(O, tO) + 5(](05, Z, t)

First, we determine €. The parabolic boundary 0,D consists of two parts X; and ¥,

given by
Si={(z,t): (x—1)+(to—t) <1’ x:g, 0<t<ty}
and

So={(z,t): (x—r)+{to—t)=1 0<z <<, 0<t<lp}.

N3

On Xy, w(z,t) — w(0,ty) < 0, and hence w(z,t) — w(0,ty) < —&y for some g5 > 0. Note
that ¢ < 1 on ;. Then for such an €y, p(eg,a, z,t) < 0 on 3. For (z,t) € X9, ¢ =0
and w(x,t) < w(0,ty). Thus, ¢(eg, o, x,t) < 0 for any (z,t) € ¥y and ¢(eg, @, 0,%y) = 0.

One concludes that

g, a,x,t) <0, on 9,D,
{(p( ° ) g (2.14)

90(507 «, Oa Z50) = 0.

13



Next, we choose «. Since w satisfies (2.11), it follows that

popi(g0, o, x,t) + Lip(go, v, x, t)
= powt(xa t) + LQU(ZL‘7 t) + <o [p()qt(aa L, t) + Lq(O{, L, t)] (215)
S €0 [POQt(aa x, t) + LQ(OC, z, t)} .

A direct calculation yields

ea[(:c—r)2+(to—t)] [ngt(aa x, t) + Lq(Oé, x, t)]

dv(x —7r)? 2 2UMp(r —x
:—goﬂ—% [/)o—f——‘i‘#]
2ur?

< —

o + (M + 4v + SvMr)a.

Therefore, there exists a positive number ag = (v, 7, M) such that
poqi(ao, z,t) + Lg(ap, z,t) <0, in D. (2.16)
Thus, it follows from (2.15) and (2.16) that
popi(g0, o, x,t) + Lip(go, g, x,t) <0, in D. (2.17)
In conclusion, in view of (2.14) and (2.17), one has

/)0%(507040755715) + L(,O(éfo,&o,&},t) S 07 in D7
90(60704071"725) S O, on 8pD,
@(507010,0,t0) = 0.

This, together with Lemma 2.2 yields
(g, g, x,t) <0, in D.

Therefore, the function ¢(eg, ap, -, ) attains its maximum at the point (0,%) in D. In

particular, it holds that

©(eo, g, x, to) < (0, g, 0,tg), for all z € (0, g)

This implies

&P(goy Qp, 07 tO)

> 0.
on -
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Finally, we get

ow(0,t 0 0,t 2
’lU( _7’ 0) Z — &0 Q(aol) ) 0) _ 2800&07”670[07" > 0.
on on

O

In order to establish the strong maximum principle, we need to study the t-derivative

of interior maximum point. The main ideas in the following lemmas come from [12].

Lemma 2.3 Let w € C*1((0,A3) x (0,T]) N C([0, As] x [0, T)) satisfy (2.11) and have a
mazximum My in the domain (0, A3) X (0, T]. Suppose that (0, \3) x (0,T] contains a closed
solid ellipsoid

Q7= {(z,t): (z—a.)+o(t—t) <r*}, o>0

and w(zx,t) < My for any interior point (x,t) of Q° and w(z,t) = My at some point (T,1)
on the boundary of Q°. Then T = x,.

Proof. It is easy to see that one may choose a smaller closed ellipsoid Q° with the center
of the form (x,,,) such that it lies in the domain 7 and has only two isolated boundary
points in common. By the assumption of the Lemma 2.3, in Q% w attains the maximum
My at no more than two isolated boundary points on dQ°. Therefore, without loss of
generality, we may replace 27 by Q‘S, namely assuming that w attains the maximum M,
in Q7 at no more than two isolated points (Z,%) and (Z,) on 9Q°. We prove the desired
result by contradiction. Suppose that = # x,. Applying Lemma 2.2 on the domain
[0, A3] x [0, T], one shows that ¢ < T. Choose a closed ball D with center (Z,¢) and radius
7 < min{|Z — z.|,|Z — Z|} contained in (0, A3) x (0,7]. Then |x —x,| > |Z — .| =T =7
for any point (z,t) € D. The parabolic boundary of D is composed of a part ¥; lying in
Q7 and a part ¥s lying outside €.

For positive constants a and € to be determined, set

) _ 6—04[(x—x*)2+0(t—t*)2] . e—ocr2

q(a, z,t
and
ole,a,x,t) = w(x,t) — My + eq(a, x, t).

We first determine the value of . Note that ¢(«, z,t) > 0 in the interior of Q7, ¢(«, z,t) =
0 on 99° and ¢(a,x,t) < 0 outside Q7. So, it holds that ¢(e, o, Z,) = 0. On Xy,
w(z,t) — My < 0, and hence w(z,t) — My < —¢q for some €5 > 0. Note that ¢(«o, z,t) <1
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on ¥;. Then for such an ey, ¢(go, a, x,t) < 0 on 3. For (z,t) € ¥y, q(a, x,t) < 0 and
w(x,t) — My < 0. Thus, ¢(eo, a,z,t) <0 for any (z,t) € 3y. One concludes that

€9, a,x,t) <0, on 0,D,
{30( ° ) g (2.18)

(e, a, T, 1) = 0.
Next, we estimate poq; (e, ,t)+Lq(a, z,t). One calculates that for the point (z,t) € D,

€a[(x*x*)2+a(tit*)2} [pOQt(a7 T, t) + LQ(CK, Z, t>]

dv(x — x,)? 2 2uNg.(Te — 2
= _goﬂ 4 [20’p0(t* . t) + =+ %}O&

vi?
< _

o + (20M + 4v + SvMr)a.

Therefore, there exists a positive number oy = (v, r, 7, 0, M) such that
poqi(ao, x,t) + Lg(ap, z,t) <0, in D. (2.19)
Thus, it follows from (2.15) and (2.19) that
popi(g0, o, x,t) + Lip(go, ap, x,t) <0, in D. (2.20)
In conclusion, it follows from (2.18) and (2.20) that

PO@t(go,@Oa%t) + LQO(€07O[0,ZE,1§> S 07 in Da
QO(E:0,0C(),QJ,t) < 07 on 8PD,
90(6070407377{) =0.

However, Lemma 2.2 implies that
(o, g, z,t) <0, in D,

which contradicts ¢(eg, ag, Z,t) = 0 due to (Z,t) € D. O

Based on Lemma 2.3, it is standard to prove the following lemma. For details, please
refer to Lemma 3 of Chapter 2 in [12].

Lemma 2.4 Suppose thatw € C*((0,X3)x (0, T]) N C([0, A3] x [0, T) satisfies (2.11). If
w has a mazimum in an interior point Py = (x9,to) of (0, A3) x (0, T, then w(P) = w(P)
for any point of the form P = (z,t) in (0, A3) x (0,7T7.

We first prove a localized version strong maximum principle in a rectangle R of the
domain (0, \3) x (0,7].
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Lemma 2.5 Suppose that w € C*((0,A3) x (0,T]) N C([0, 3] x [0,T7]) satisfies (2.11).
If w has a mazimum in the interior point Py = (x¢,t0) of (0,A3) x (0, T}, then there exists

a rectangle
R(Py) = {(a:,t) crg—ap <z <x9tap, tog—ag<t< to}
in (0, A3) x (0,T] such that w(P) = w(Py) for any point P of R(Fy).

Proof. We prove the desired result by contradiction. Suppose that there exists an interior
point P, = (z1,t1) of (0,A3) x (0,7] with ¢; < ¢y such that w(P;) < w(F). Connect P
to Py by a simple smooth curve 7. Then there exists a point P, = (z.,t,) on 7 such
that w(P,) = w(Py) and w(P) < w(P,) for all any point P of v between P, and P,. We
may assume that P, = Py and P, is very near to Py. There exist a rectangle R(FP,) in
(0, A3) x (0, 7] with small positive numbers ay and a; (will be determined) such that P,
lies on t = ty—ag. Since R(Py)\{t = to} ({t = f} contains some point P = (z,) of v and
w(P) < w(Py), we deduce w(P) < w(P,) for each point P in R(Py) \ {t = to} N{t = t}
due to Lemma 2.4. Therefore, w(P) < w(F,) for each point P in R(F) \ {t = to}-

For positive constants a and € to be determined, set
qla,z,t) =ty —t — a(r — x0)*
and
ole,a,x,t) = w(x,t) —w(R) + eqa, z,t).

Assume further that P = (xy — a1, to — ap) is on the parabola ¢(«, z,t) = 0, then one has

Qo
= —. 2.21
=2 (2:21)

To choose «, one calculates that

2v 2V77xx<x - .1'0)
poqi(c, 2, t) + La(a, 2, t) = —po + [— — 2 wni — 207,
t o T (2.22)

< —po + (4v + 8vMay )«

Since pp has a positive lower bound depending on xy — a; in R(P,), one may choose oy
such that

£o
< — 2.23
ao 4v + 8vMay ( )
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Thus (2.22) and (2.23) yield
popi(ao, x,t) + Lo(ag, z,t) <0, in R(F). (2.24)
One next fixes a; such that
a; < min{zg, A3 — 2o},

and then chooses ag by (2.21) and (2.23) as

agp < minqt aipo
0 O 2(4v +8vMay) |

Denote S = {(z,t) € R(F) : q(aop,z,t) > 0}. The parabolic boundary 9,S of S is
composed of a part ¥ lying in R(F,) and a part X lying on R(Fy) ({t = to — ao}-
We now determine . Note that on ¥y, w(z,t) — My < 0, and ¢(a, z,t) is bounded,

one can choose sufficiently small number gy such that (g9, g, z,t) < 0 on 5. On
Y\ {FR}, ¢, x,t) = 0 and w(x,t) — My < 0. Thus, ¢(ep, o, x,t) < 0on Xy \ {F} and

©(eo, g, To, tg) = 0. One concludes that

{ ©(e0, ap, x,t) <0, on 9,5\ { P},

(2.25)
30(50, Qp, T, tQ) =0.

In conclusion, it follows from (2.24) and (2.25) that there exist €y, ag and a; such that

p0¢t<€07a07'x7t>+Lgp(807a07x7t) S O; in 87
(g0, g, z,t) < 0, on 0,8\ {Fo}, (2.26)

©(g0, g, 0, o) = 0.

In view of Lemma 2.2 and (2.26), the function (&g, g, -, -) only attains its maximum
at Py in S, thus

890<€07 Qq, Zo, tO)

> 0.
ot -
Note that ¢ satisfies at P
aQ<0507 Zo, to) - 1
ot '
Therefore
aUJ(l'(), to)
— 1 7 > . 2.27
o =0 (2.27)
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But, by the assumption, w attains its maximum at F,, it follows that
811}(1‘0, to)
po—r—
ot
which contradicts (2.27). O

S —Lw($0,t0) S 0,

Now we can prove the following strong maximum principle.

Proposition 2.2 Suppose that w € C*'((0,)3) x (0,T]) N C([0,As] x [0,T]) satisfies
(2.11). If w attains its maximum at some interior point Py = (xg,to) of (0,A3) x (0,77,
then w(P) = w(Py) for any point P € (0, A3) x (0, o]

Proof. We prove the desired result by contradiction. Suppose that w # w(F). Then
there exists a point P, = (z1,t1) of (0, A3) x (0,to] such that w(P) < w(F,). By Lemma
2.4, there must be t; < .

Connect P; to Py by a straight line . There exists a point P, on « such that w(P,) =
w(Py) and w(P) < w(P,) for any point P on « lying between P, and P;. Denote by
o the closed sub straight line of + lying P, and P;. Construct a series of rectangles
Rp,n = 1,2,--- N with small a, and b, such that 70 € ), Rn, P. € Ry and P, €
Ry. Applying Lemma 2.5 on Ry, Ra, -+, Ry step by step it follows that w = w(P;)
in U, R,. Hence, one deduces w(P,) = w(P,) due to P, lying on vy, which is a
contradiction. O

Let D be a domain contained in (A4, 1) x (0, 7. Similar to Lemma 2.2, Proposition 2.1
and Proposition 2.2, we have the corresponding weak maximum principle, Hopf’s lemma

and strong minimum principle for w satisfying the differential inequality (2.12).

Lemma 2.6 Suppose that w € C*Y(D)(C(D) satisfies (2.12) in D. Then w attains its

minimum on the parabolic boundary of D.

Proposition 2.3 Suppose that w € C*'((Ag,1) x (0,T]) N C([As, 1] x [0,T]) satisfies
(2.12) and there exits a point (1,tg) € {1} x (0,T] such that w(z,t) > w(1,ty) for any
point (x,t) in a neighborhood D of the point (0,ty), where

D =: {(z,y) : (m—(l—r))2+(t0—t)<r2, l-L<az<l 0<t<to},
1—r> A\ to—¥>0.
Then it holds that
8w(1,t0)
on

where 1 := (1,0) is the outer unit normal vector at the point (1,%).

<0,
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Proposition 2.4 Suppose that w € C*'((Ag,1) x (0,T]) N C([As,1] x [0,T]) satisfies
(2.12). If w attains its minimum at some interior point Py = (xo,to) of (A4, 1) x (0,77,
then w(P) = w(Py) for any point P of (Mg, 1) x (0, to].

We are now ready to prove Theorem 2.2.

Proof of Theorem 2.2. We first consider the case of the domain (0, A3) x (0,7]. We
establish the weak maximum principle, Hopf lemma and strong maximum principle for
the general function w satisfying the differential inequality (2.11), which also apply to the
solution v to (2.5) since v also enjoys (2.11). Since vg(A3) < 0, by continuity of v on time,
then there exists a time ¢y > 0 such that v(A3,-) < 01in (0,%y). By Lemma 2.1, v attains its
maximum on the parabolic boundary {z = 0} x (0, to] U{z = A3} x (0, ¢0] [0, A\3] x{t = 0}.
Since v = 0 on the parabolic boundary {z = 0} x (0, o] and vy < 01in [0, A3], by Proposition
2.2, v only attains its maximum on the set {z = 0} x (0,t] [0, A3] x {t = 0}. Thus,
v(z,t) < v(0,%9)(= 0) for any point (z,t) € (0,A3) x (0,to]. Applying Proposition 2.1
shows that % > 0, which contradicts v,(z,t) = 0 on 9I x (0,7 of the system (2.5).

The other case is similar. O

3 Proof of Theorem 1.2

3.1 Reformulation of Theorem 1.2

Suppose that k = 0 and n = 1. Let (p,u,e) € C’l([O,T]; Hm(]R)), m > 2 be a solution
to the system (1.1)-(1.3) with the initial density satisfying (1.4). Let a(t) and b(t) be the

particle paths stating from 0 and 1, respectively. Similar to (2.1), one can show that

where t € (0,7*) and z € [a(t), b(t)]°.
Therefore, to study the ill-posedness of the system (1.1)-(1.3) with the initial density
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satisfying (1.4), we need only to study that of the following initial-boundary value problem

( pe + (pu)y =0, in I x (0,77,
(pu); + (pu? +p)e = plye,  in I x (0,71,
(pe): + (peu), + puy = puZ, in I x (0,T], (3.1)
(p,u,e) = (po, uo, €o), on I x {t =0},
p=u=1u; =0, on O x (0,T].

\

To prove the non-existence of (1.1)-(1.3) in C*([0,T]; H™(R)), m > 2, it suffices to
show the non-existence of (3.1) in C*1(I x [0,T]). Thus, in order to prove Theorem 1.2,
we need only to show the following:

Theorem 3.1 The initial-boundary value problem (3.1) has no solution (p, u, e) in C**(I x

[0,T]) for any positive time T, if the initial data (po,uo,€9) satisfy the condition (1.16)
or (1.17).

Let n(x,t) be the position of the gas particle starting from x at time ¢ = 0 defined by

(2.3). Let o, v and e be the Lagrangian density, velocity and internal energy respectively,
which are defined by

Q(xvt) = P(U(iﬂat%t)a
v(z,t) = u(n(z,t),t), (3.2)
e(z,t) =e(n(x,t),1).

Then the system (3.1) may be rewritten in the Lagrangian coordinates as

¢ . i
(povi+ (25, = u()ey in I % (0,7],
Nz N
2
e, v
poee + (7 — DI = % i 1 (0,7,
Nz Nz
(3.3)
77t(95>t) = U(xat)a
(v,e,m) = (ug, €9, x), on I x {t =0},
v =1, =0, on 0 x (0,T].

In the Lagrangian coordinates, the condition (1.16) or (1.17) on the initial data
(po, ug, €9) becomes

(P0)x + (0)z > A5, in (0, A7),
ol (20 (3.4)

Uo()\7> < O, vy < O, n (O, )\7),
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or

(pO)x + (QO)x S _)\67 in ()\87 1)7
Po Po (3.5)
Uo()\g) > O,Uo > O, in ()\8: 1),

respectively.

The non-existence of (3.3) in C*'(I x [0,T]) implies the non-existence of (3.1) in
C%*Y(I x [0,T]). Thus, in order to prove Theorem 3.1, we need only to show the following:

Theorem 3.2 The initial-boundary value problem (3.3) has no solution (v, e,n) in C*1(Ix
[0, T]) for any positive time T, if the initial data (po,uo) satisfy the condition (3.4) or
(3.5).

3.2 Proof of Theorem 3.2

Given sufficiently small positive time T*. Let (v,e,n) € C*1(I x [0,T%]) be a solution
of the system (3.3) with (3.4) or (3.5). Define the linear parabolic operator py0; + L

similar to Subsection 3.1 by

2
x x

po0y + L := po0; — nﬂ@m il Oy

Then, it follows from the first equation of (3.3) that

povy + Lv = —(%e)x. (3.6)
Let M be a positive constant such that
po + [vol + [(v0)a] + [(v0)az| + leo| + |(e0)s| < M.
It follows from continuity on time that for suitably small 7% that
[v] + |ve] + [vee| + 6] + Jex] < M, in T x (0,77
and
(p;’o)x +% > % in (0, A7) x (0,T"]. (3.7)

L

Taking a positive time 7" < T sufficiently small such that T" < 5,

t
/ v, ds
0

then one gets

1
SMT <z, inlx(0.T)
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This implies

<n, <

[\ RNV

. in I % (0,7]. (3.8)

N | —

Thus, (3.3) is a well-defined integro-differential system with degeneracy for t-derivative

due to that the initial density py vanishes on the boundary 01.
Take T small further such that 7' < 25 Therefore, (3.4), (3.7) and (3.8) imply

- (), - -l b
T T 0 Po Nz 3.9
poe As  As (3:9)
< _77_(3_?) <0, in (0,A7) x (0,7].

Thus, under the assumption (3.4), it follows from (3.6) and (3.9) that v satisfies the
following differential inequality

PoUt + Lv < 0, in (O, /\7) X (O,T]
Similarly, under the condition (3.5), v instead satisfies

povy + Lv >0, in (Ag, 1) x (0,7].

The rest is the same as the proof of Theorem 2.2 in Subsection 2.2 and thus omitted.

4 Proof of Theorem 1.3

4.1 Reformulation of Theorem 1.3

Suppose that k > 0. Let (p,u,e) € C*([0,T]; H™(R™)), m > [%] + 2 be a solution
to the system (1.1)-(1.3) with the initial density satisfying (1.4). Denote by X (zo,t) the
particle trajectory starting at xy when ¢t = 0, that is,

0y X (o, t) = w(X (0,1),1),
X(x0,0) = .

Set

Q=0Q(0) and Q) ={r=X(z,t): zo€ Q20)}.
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It follows from the first equation of (1.1) that supp, p = (). Under the assumption
that the entropy S(t, x) is finite in the vacuum domain €2(¢)¢, then one deduces from the
equation of state (1.2) that

e(x,t) =0, forz e Q(t)"
Due to e(-,t) € H™(R"), m > [§] + 2, one gets
e, (T, 1) = g, (x,1) =0, forx € Q)" 4,7 =1,2,--- ,n.
It follows from the third equation of (1.1) that
g|Vu L VAT £ M\ dive)? =0, for € Q). (4.1)

Following the arguments in [38], one can calculate that

n

(21 + nA) Z(uxz)z + NZ(UL + uzj)Qv if A <0,

i=1 i>j

2003 (g + 1Y (g, + 1)), it A>0,
=1

(>

g|Vu + VuT|? + M(divu)? >

this, together with (4.1) implies
Oiu; + 0ju; =0, forx € Q(t)°, i,7=1,2,--- ,n.
Because of u(-,t) € H™(R™), m > [§] + 2, it holds that
u(z,t) = Uy, (2, 1) = Uga, (x,8) =0, forz € Q1) i, =1,2,--- ,n.

Furthermore, one has Q(t) = €(0).

One concludes that
Q(t) = 20),
{ e(x,t) = ey, (z,t) =0,
where t € (0,7*) and x € Q(¢)¢, i =1,2,--- ,n.
Therefore, to study the ill-posedness of the system (1.1)-(1.3) with the initial density
satisfying (1.4), one needs only to study the ill-posedness of the following initial-boundary
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value problem

((Oip + div(pu) = 0, in Q x (0,77,
O(pu) + div(pu @ u) + Vp = pAu + (pn + A)Vdive, in Q x (0,77,
9 (pe) + div(peu) + pdivu = g|Vu + (Vu)*|?

_ (4.3)
+ A(diva)? + %Ae, in Q x (0,7],
(p,u,e) = (po, uo, €o), on Q x {t =0},
L e(z,t) = ey, (z,t) =0, on 02 x (0,T1.

The non-existence of Cauchy problem (1.1)-(1.3) in C*([0, T]; H™(R™)), m > [2] + 2
will follow from the non-existence of the initial-boundary value problem (4.3) in C%1(2 x

[0, 7). Thus, in order to prove Theorem 1.3, we need only to show the following theorem:

Theorem 4.1 The initial-boundary value problem (4.3) in the case of K > 0 has no
solution (p,u,e) in C*1(Q x [0,T]) for any positive time T.

Let n(z,t) denote the position of the gas particle starting from x at time ¢ = 0
defined by (2.3). Let p, v and ¢ be the Lagrangian density, velocity and internal energy,
respectively, which are defined by (3.2). We will also use the following notations (see
also [7,8,20,21])

J = det Dn, (Jacobian determinant),
B =[Dn]™", (inverse of deformation tensor),
b=JDB, (transpose of cofactor matrix).
We will always use the convention in this section that repeated Latin indices 1, j, k,

etc., are summed from 1 to n. Then the system (4.3) can be rewritten in the Lagrangian
coordinates as

(9,0 + 0Bl o;v" =0, in Q x (0,7,
00’ + (v — 1) Bl0;(0¢) = uBl Ox(B]0jv")
+ (1 + N BFo(B] 9;0h), in Q x (0,7,
0die + (7= V)ge By’ = 5B’ + (Bop')[*

+ A\(B]9;jv")? + TB{“ak(B{aje), in Q x (0,77,
ne(x,t) = v(z,t),
(gvva evﬁ) = (p07u07 607‘1:)7 on Q X {t = 0}7
L e(z,t) = ey, (2,1) =0, on 09 x (0,7.
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It follows from the first equation of (4.4) that

o(z,t) =

Regarding the initial density py as a parameter, one may rewrite (4.4) as

( po0hv’ + (v = DB, (" poe) = pbf k(6] 9;0")

+ (p+ A)bfak(flb{@jvl), in Q x (0,7,
e + (3 = DI et oye’ = B 7oy’ + 0oy’ P
k(y—1)

+ A (1002 + bEOR(J b 05e), in Q x (0,T],

n(x,t) = v(z,t),
(v,e,m) = (uo, €9, x), on Q x {t =0},
L e(z,t) = e, (2,1) =0, on 9Q x (0,T7.

(4.5)

The non-existence of the initial-boundary value problem (4.3) will be a consequence
of the non-existence of the initial-boundary value problem (4.5) in C*(Q x [0, T]). Thus,

in order to prove Theorem 4.1, we need only to show the following:

Theorem 4.2 The problem (4.5) in the case of k > 0 has no solution (v,e,n) in C*1(Q x

[0,T]) for any positive time T

4.2 Proof of Theorem 4.2

Let T* be a given suitably small positive time. Let (v,e,n) € C*1(Q x [0,7*]) be a

solution of the system (4.5). Let M be a positive constant such that

po+ Y [D%o| + ) [D%| < M.

laf<2 o <2

It follows from continuity on time that for short time 7™

> D[+ Y D% < M, inQx(0,T7].
o] <2 o] <2
Due to (2.3), it holds that

t
o' (x,t) = 6 —i—/ 0" (z, 5) ds.
0
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Thus, Dn can be regarded as a small perturbation of the identity matrix, which implies
both Dn and A are positive definite matrices. Thereby, there exist two positive numbers
A; < A, such that

M E)? < BLbLEE < Nol€]?, for all € € R™ and (z,t) € Q x (0,T7]. (4.6)
It follows from the definition of cofactor matrices that
|B!| < (14 MT)""L,
Note that (see [29])
Jy = Jdivu.
The chain rule gives
Jy = JBJOjt = blo;u'.

Taking a positive time T' < T™ sufficiently small such that T < m, then one has

t
J(2,t) — 1] = / bi(x, )00 (x, 8) ds| < JT|BI||,0']
0
< JMT(1+ MT)" ' < %, in Q x (0,7].
This implies
| 3
5 < J(x,t) < 5, in  x <O,T] (47)

Direct calculations show (see also [7])
0;J = boyn"*
and
0jb; = J 10’ (b0 — b3by).
Therefore, one gets that
9,J] < ;(1 + MT)" ' MT (4.8)
and

0;6F] < 9(1 + MT)* *MT. (4.9)
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Thus, (4.5) is a well-defined integro-differential system with a degeneracy for t-derivative

since the initial density py vanishes on the boundary 0f2.

Define the linear parabolic operator py0; + L by

1 o
poOsw + Lw : = podyw — Mj’lbzbi&jw

—1) .. . . .
— %bz@(t]_lbi)@w + ('Y — 1)J_1p0bgajvzw.

Then, it follows from the second equation of (4.5) that
podie + Le = gJ—1|b{ajvi + (B 0,002 4+ AT (bl 0072, (4.10)

In the rest of this section, we will establish the Hopf’s lemma and strong maximum

principle for solutions of the following differential inequality
poOyw + Lw >0, in Q x (0,7]. (4.11)

It follows from (4.10) and (4.2) that e also satisfies (4.11).

We first give the weak maximum principle.

Lemma 4.1 Suppose that w € C*(Qr) N C(Qr) satisfies (4.11). If w > 0 (> 0) on
0,Qr, then w >0 (> 0) in Qr.

Proof. Set
Jy
d=(y—-1 —
(v )le[fgf;] 7
and
¢ = exp(dt)w.

Define a new linear parabolic operator by
podup + Lip := podyp + Lip — dpocp.
Direct calculation shows that
podip + Lp = exp(dt)(podyw + Lw) >0, in Qp.
We first prove the statement under a stronger hypothesis than (4.11) that

00O + L >0, in Qr. (4.12)

28



Assume that ¢ attains its non-negative minimum at an interior point (xg, tg) of the domain
Q7. Therefore

Orp(z0,t9) <0,  Oj(z0,t9) =0, aiai@'jw(%,to) >0,

which implies podyp + Ly < 0, and this contradicts (4.12). Next, choose the auxiliary

function
U=y tet,
for a positive number €. One calculates

P00y + Lp° = popr + Lo +epg > 0, in Qr.

Thus 1° attains its non-negative minimum on 9,Qr, which implies that ¢ also attains its

non-negative minimum on d,Qr by letting ¢ go to zero.

Since w > 0 (> 0) on 9,Qr, so ¢ > 0 (> 0) on J,Q7 by the definition of ¢, furthermore,
©>0(>0)on Qr. Therefore, w >0 (> 0) on Qr. O
The result in Lemma 4.1 may be extended to a general domain D contained in € x

(0, 7).

Lemma 4.2 Suppose that w € C**(D)(C(D) satisfies (4.11). If w >0 (> 0) on 9,D,
then w >0 (> 0) in D.

We next show the Hopf’s lemma which is crucial to prove Theorem 4.2.

Proposition 4.1 Suppose that w € C*1(Q x (0,T]) N C(Q x [0,T)) satisfies (4.11) and
there exits a point (xg,ty) € 0Q x (0,T] such that w(x,t) > w(xg,to) for any point (x,t)
m D, where

D={(z,t): |x—Z*+ (to—1) <r?, 0<|z—xo| <%, 0<t<tp},

2
to—%>07

with |xg — | =1 and (xg — &) L 0Q at xo. Then it holds that

8w(x0, to)

<0
on ’

3
=

I
8

where 1 =

8

S

|
8y
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Proof. For positive constants o and ¢ to be determined, set
q(a,z,t) = _e—ollz=a*+(to—1)] i o—or?
and

90(57 Q, T, t) = U}(I,t) - w(x07t0) + 6(](0[,1‘, t)

First, we determine €. The parabolic boundary d,D consists of two parts ¥; and >

given by

Si={(z,t): [z — 2P+ (to —t) <17, |x—x0|:£, 0<t<to}

and

22:{(95,15): |z — Z|* + (to — t) = 17, O§|x—x0|§£, 0<t§t0}.

On Xy, w(x,t) — w(wg,to) > 0, and hence w(z,t) — w(zo, to) > o for some gy > 0. Note
that ¢ > —1 on 3. Then for such an &g, ¢(g¢, v, z,t) > 0 on 3. For (z,t) € 33, ¢ = 0 and
w(x,t) —w(xg,ty) > 0. Thus, p(eg, o, x,t) > 0 for any (x,t) € 3y and (g, o, T, to) = 0.

One concludes that

o(g0, a,z,t) > 0, on 9,D,
{ (e, a, g, t9) = 0.
Next, we choose a. In view of (4.11), one has
poOip(eo, o, z,t) + Lp(eg, o, x, t)
= podyw(z,t) + Lw(z,t) + eo[podiq(a, z,t) + Lg(er, z,1)]
> g [pgatq(oz, z,t) + Lq(a, z, t)}
A direct calculation yields

elle=i+00=01 [ 509, g(a, 2, 1) + Lq(a, 2, 1))

k(v —=1) 1) 2600 = 1) i
= O ot )y — 200~ oo+ 2 s,
2k(y—1) . j ~ - 5.0
+ 202Dy 0 ) e - ) — (= DT iy

x (1 — eollo=al+to—=r?))

It follows from (4.6) and (4.7) that

k(v =1) 1,5 = =
SO s - 31) - 3)

— DA 2 — 1)r2A
>M(|$o—f|—|x—xo|)22 k(7 )r L

- R R
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(4.14)

(4.15)



The other terms on the right hand side of (4.15) may be estimated as

2 -1 - 4 — DA
—“(7}% ) ibgs,| < 20— DA - Az (4.16)
26(y —1) —17j ~ 81k(y — L)r 3n—3
Tbk&u b)) (z; — z;)| < T(l + MT)">MT
4.17
81 -2~ k(v — 1)r (4.17)
< ?
- R
‘(7 —1)J pobl vt (1 — eaHH‘QHtO*”ﬂ)\ <3(y - 1)M*(1+ MT)" @.15)
4.18
<3-2" My —-1)M?
where we have used (4.6)-(4.9). Finally, one obtains
eollz=al*+0=01 .9, q(cv, 2, t) + Lq(ev, z,t)]
26(y — )r?Ay dk(y —1)Ay = 8122 k(y —1)r
> — (M
=~ ®r ¢ TR T R °
—3- 2"y —1)M>.
Thereby, there exists a positive number g = ag(k, v, 7, R, M, A1, Ay) such that
poOiq(w, z,t) + Lg(ag, z,t) >0, in D. (4.19)
In conclusion, in view of (4.13), (4.14) and (4.19), one has
PO (e, a0, ., t) + Lip(go, a0, 2, t) 2 0, in D,
o(eg, ap, z,t) > 0, on 0,D, (4.20)

(10(80’ Qp, Lo, tO) = 0
Lemma 4.2, together with (4.20), shows that
¢(e0, 0, 2,t) >0, inD.

Therefore, the function ¢(gg, ag, -, -) attains its minimum at the point (zg,ty) in D. In

particular, it holds that
r
(0, g, T, to) > (€0, g, To, to), forall z € {ZB D — x| < 5}
This implies

8(70(5(), g, g, t())

<0.
on -
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Finally, one obtains

Ow(zg, to) < ¢ dq(, 7o, to) — 9egagre < 0.

on — o
O

In order to establish the strong maximum principle, we first study the t-derivative at

an interior minimum point.

Lemma 4.3 Let w € C*1(Qx (0, T]) N C(Q x [0,T]) satisfy (4.11) and have a minimum
My in the domain Q x (0,T]. Suppose that 2 x (0,T] contains a closed solid ellipsoid

Q= {(2,t): o —w] +olt—t.)? <1’} >0

and w(zx,t) > My for any interior point (x,t) of Q7 and w(z,t) = My at some point (T,1)
on the boundary of Q°. Then T = x,.

Proof. It is easy to see that one may choose a smaller closed ellipsoid Q% with the center
of the form (x,,t,) such that it lies in the domain 7 and has only two isolated boundary
points in common. By the assumption of the Lemma 4.3, in Q% w attains the maximum
My at no more than two isolated boundary points on dQ°. Therefore, without loss of
generality, we may replace 27 by Q‘;, namely assuming that w attains the maximum M,
in Q7 at no more than two isolated points (7, %) and (Z,) on 9Q7. We prove the desired
result by contradiction. Suppose that T # x,. Choose a closed ball D with center (Z, )

and radius 7 < min{|Z — z.|,|Z — Z|} contained in © x (0,7]. Then, one has
|t — x| > | — x| —7 =7, for (z,t) € D.

The parabolic boundary 9,D = 0D of D consists of a part 3; lying in {2” and a part >
lying outside €27.

For positive constants a and ¢ to be determined, set

CI(Oé, Z, t) = —€7a[‘xfx*|2+a(t*t*)2] + efar2
and

Sp(ga CY,QT,t) - ’lU(QT,t) - MO + €Q(Ol,l‘,t).

We first determine the value of . Note that ¢(«, z,t) < 0 in the interior of Q7, ¢(«, z,t) =
0 on 99° and ¢(a,x,t) > 0 outside Q7. So, it holds that ¢(e, o, Z,) = 0. On Xy,
w(z,t) — My > 0, and hence w(z,t) — My > ¢y for some ¢y > 0. Note that ¢(«o, z,t) > —1

32



on ¥;. Then for such an eg, ¢(€g, a, z,t) > 0 on ¥y. For (z,t) € X9, we have ¢(«a, z,t) > 0
and w(z,t) — My > 0. Thus, ¢(ep,a, x,t) > 0 for any (z,t) € 3y. One concludes that
One concludes that

€9, ,x,t) >0, on 9,D,
{90( ’ ) g (4.21)

(10(50a a, T, E) =0.
Next, we choose a. We need only to estimate poq;(a, x,t) + Lg(a, x,t) due to (4.14).

One calculates that

eolle—z*+o(t—t.)?] [po0eq(a, ) + Lg(e, 2, 1))

de(y—1) 1,
= 0D 0 = () s — (22)y)a = [2opolt 1)
(v — 1 k(v —1). -
* KWR )Jflbﬁbi@j $ 20D )biai(flbi)(flfj — Tu5)]a

—(y- l)J_lpobgajvi(l — ea[|m_z*|2+"(t_t*)2_rg]).
Similar to (4.19), there exists oy = (K, 7,0, r, 7, R, M, A1, Ay) > 0 such that
pooiq(, z,t) + Lg(ag, z,t) >0, in D. (4.22)
In conclusion, it follows from (4.14), (4.21) and (4.22) that

po@¢§0(50,(]{0,1’7t)+LQD(€07O[0,ZE,1€> Z Oa n Da
o(eg, g, x,t) > 0, on 0,D, (4.23)
(10(50a Qp, 537 Z) = 0.

Then Lemma 4.2 and (4.23) imply that
©(c0, 0, ,t) >0, in D.

which contradicts ¢(gg, ag, Z,t) = 0 due to (z,t) € D. O

Based on Lemma 4.3, it is standard to prove the following lemma. For details, one
may refer to Lemma 3 of Chapter 2 in [12].

Lemma 4.4 Suppose that w € C**(Q x (0,T]) N C(Q x [0,T)) satisfies (4.11). If w has
a minimum in an interior point Py = (xo,to) of Q x (0,T], then w(P) = w(Py) for any
point of the form P = (x,ty) in Q x (0,T].

Next, we prove a local strong minimum principle in a rectangle R of the domain

Q x (0,77.
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Lemma 4.5 Suppose that w € C**(Q x (0,T]) N C(2 x [0,T)) satisfies (4.11). If w has

a minimum in the interior point Py = (xo,to) of  x (0,T], then there exists a rectangle
R(Py) == {(z,t): (zo)i — i <y < (wo)i+ i, to—co <t <ty, 1 <i<n}
in Q0 x (0,T] such that w(P) = w(Py) for any point P of R(F).

Proof. We prove the desired result by contradiction. Suppose that there exists an interior
point Py = (z1,t1) of Q x (0,7] with t; < ty such that w(P;) > w(F). Connect P; to
Py by a simple smooth curve . Then there exists a point P, = (x,,t.) on v such that
w(P,) = w(Py) and w(P) < w(P,) for all any point P of v between P, and P,. We
may assume that P, = Py and P; is very near to Fy. There exists a rectangle R(F) in
Q2 x (0, 7] with small positive numbers ¢y and ¢; (to be determined) such that P lies on
t =ty — co. Since R(Fy) \ {t = to} (N{t = t} contains some point P = (Z,%) of v and
w(P) > w(Py), we deduce w(P) > w(Py) for each point P in R(Fy) \ {t = to} N{t =t}
due to Lemma 2.4. Therefore, w(P) > w(FP,) for each point P in R(F) \ {t = to}.

For positive constants a and € to be determined, set
qla, ,t) = —tg +t + alr — o)
and
ole,a,z,t) = w(z,t) —w(FRy) + eq(a, z,t).

Assume further that P = (xg— ¢, o — ¢o) is on the parabola ¢(«, z,t) = 0, then one solves

a= ‘(% (4.24)
where [¢| = (Y0, o).
A direct calculation shows that
pooiq(a, z,t) + Lg(a, x,t)
= 2O s+ 250 =Dy (), - (w0),) (4.25)

R R
— (v = D) pebl 0|z — zo|*] 4+ po[1 + (v — 1)J 100" (—to + t)].

The first three terms on the right hand side of (4.25) may be estimated in the same fashion
as (4.16)-(4.18). For the last term, one has

(v — 1) 6] 0,0" (—to + 1) < 6(y — 1)(1 + MT)"'MT < %(7 —1).
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Consequently, one gets
podq(a, z,t) + Lg(a, z,t)

Ky —1
> —a[—WR )(4A2 +81- 27" c|) +3- 2" (y — 1) M?|c]?] (4.26)

3v—1
2

+ Po-

Since pg has a positive lower bound depending on zy+ ¢ in R(F,), one can choose ag such
that

(3v —1)Rpo
< 4.27
@0 k(v —1)(8Ag + 81 -22n=3|¢|) + 3 - 27(y — 1)RM?2|c|?’ ( )
then it follows from (4.25)-(4.27) that
poOrp(ag, x,t) + Lp(ag, z,t) >0, in R(Fp). (4.28)

Next, one first choses ¢ such that
{xER”: (x0);i — ¢ < ay < (mg)i + ¢4, 1 gign} C Q,
and then further determines ¢y by (4.24) and (4.27) as

(37 — Dle[*Rpo
(v — 1)(16Ag + 81 - 227=2|¢|) 4+ 3 - 27+ (y — 1) RM?|c|? |

Co < min {to,
K

Denote § = {(z,t) € R(FR) : q(z,t) > 0}. The parabolic boundary d,S of S consists
of a part ¥ lying in R(F) and a part X9 lying on R(Py) ({t =to — co}-

Finally, one can choose ¢. On Y5, w(z,t) — My > 0. Note ¢(«,z,t) is bounded
on Y, one can choose gy suitably small such that ¢(eg, ag,z,t) > 0 on Xy, On 3 \
{P}, q(a,z,t) = 0 and w(z,t) — My > 0. Thus, p(go, ap,x,t) > 0 on Xy \ {F} and

(€0, i, To,t9) = 0. One concludes that

{ o(0, ag, z,t) > 0, on 3,8 \ { Py},

(4.29)
(€0, a0, o, tg) = 0.
In conclusion, it follows from (4.28) and (4.29) that

PO@tSD(fo, o, T, t) + L@(em Qp, T, t) Z Oa in Sa
90(807 Qp, T, t) > 07 on aPS \ {P0}7 (430>

90(50a O, Lo, tO) = 0.
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In view of Lemma 4.2 and (4.30), the function (g, ap, -, -) attains its minimum at Py in
S, thus

(o, o, To, to)

<0.
ot -
Note that ¢ satisfies at
8(](0&0, o, to) -1
ot '
Therefore
8w(:c0, to)
— < —g. 4.31
ot > —¢o ( )

But, by the assumption, w attains its minimum at Fp, it follows that

aIU(.To, to)
Po—at

which contradicts (4.31). O

Z _Lw(x(htO) Z 07

Now we come to the following global strong maximum principle which may be proved

in a similar fashion as Proposition 2.2.

Proposition 4.2 Suppose that w € C*1(Q2 x (0,T]) N C(Q x [0,T]) satisfies (4.11). If w
attains its minimum at some interior point Py = (o, t0) of 2 x (0,T], then w(P) = w(FPp)
for any point P of Q x (0,t].

We are ready to prove Theorem 4.2.

Proof of Theorem 4.2. We establish the weak maximum principle, Hopf lemma and
strong maximum principle for the general function w satisfying the differential inequality
(4.11), which also apply to the solution ¢ to (4.5) since ¢ also enjoys (4.11). Since ¢g > 0
and ¢g Z 0 in Q, and ¢ = 0 on 9 x (0,tg] due to (4.5), by Proposition 4.2, it holds that
¢ > 01in Q x (0,7]. Taking any point (z, o) of 9Q x (0, T}, applying Proposition 4.1, we
obtain W < 0, which contradicts e, (zg,fr) = 0 on 9Q x (0, 7] due to (4.5). O
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