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Abstract

As the increasing the e�ciency of the combustion processes is crucial
nowadays, a fundamental understanding of this process is required. This
thesis is focusing on the e�ect of turbulence on the conversion rate of solid
reacting particles in non-premixed mode. The DNS tool, the Pencil-Code
is used to simulate a double shear jet with reacting particles, in order to
resolve the smallest scales of the �uid �ow. In this study, the reaction rate
turned out to not to change linearly with increasing number of particles. The
results showed that for Stokes number equal to 0.35 the particles created the
sharpest clusters a�ecting the reaction rate. The necessity of future work on
the subject is underlined, i.e. implementation of the realistic chemistry of
the combustion process, further analysis for increasing number of particles
and performing presented simulations with a di�erent method such as LES,
in order to compare the results and computational cost to the accuracy of
the results ratio.
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1 Introduction

1.1 Aim of the thesis

Despite the fact that fossil-fueled power plants are criticized by environ-
mentalists, it cannot be disregarded that the technology of energy production
from renewable sources (RES) is still not living up to societies expectations
and needs, as it is not stable. Stability and constancy are the biggest advan-
tages of the fossil fuels, and until the renewable sources will be able to satisfy
this need, the majority of the energy system will still be based on gas and coal.

Simultaneously with the development of RES technologies, the fossil fu-
els combustion process is improved, in order to satisfy the standards regard-
ing the conditions of pollutant emission. One of the ways to achieve it is
to increase the e�ciency of the whole thermodynamic cycle, in which the
combustion process remains the most unknown and complicated. In order
to improve it, it is essential to understand how the process works at small
scales. So far in terms of numerical simulations of the coal combustion, anal-
yses were focusing on emissions of harmful substances and NO formation
[1]. As stated in Hawkes et. al [2], for non-premixed combustion, e�cient
mixing is essential. The article though is focused on molecular mixing in
gas combustion, which is well analyzed in the variety of cases, i.e. in Dinesh
et. al [3]. The point of this thesis is to analyze the e�ects of turbulence
on the non-premixed char combustion process. The results may be relevant
for power plants with pulverized coal burners, as there are plenty of applica-
tions where particles and oxidizer are not mixed perfectly before the reaction
occurs. This case has not been previously studied, as more attention was
devoted to the situation where fuel and reactant were premixed, although
the necessity of it was already highlighted and began in Kruger et. al [4].

1.2 Objectives

Numerical methods were well known as soon as analytics were applied in
order to describe and solve physical phenomena. With the �rst computers,
the �rst numerical analyzes were performed and they have turned out to be
extremely useful tools. Within years, the optimization analyzes of the pro-
cesses were going further and further, and as a result, increasingly detailed
analyzes have to be done.
In order to �nd numerical solutions, di�erent approaches may be applied.
The Reynolds-averaged Navier�Stokes (RANS) models are time-averaged.

1



This method requires modelling nearly all scales of the solution - only mean
quantities are computed directly. The results are describing the statistics,
not the physics of the �ow. RANS approach faces di�culties predicting im-
portant aspects of reactive �ows [5].
Large Eddy Simulations (LES) method is more exact but is spatial �ltering,
so only the turbulent �uctuations above a particular size are solved directly
with the Navier-Stokes equations - the small scale eddies are modelled. The
explanation for this is the assumption that the smaller turbulent eddies are
isotropic, so they always behave in predictable and similar ways, irrespective
of the turbulent �ow �eld.

In the Direct Numerical Simulation (DNS) the N-S system of equations
is solved directly [6] with re�ned meshes capable of resolving all turbulence
length scales, including the Kolmogorov microscale [7]. It leads to a large
number of computational unknowns. It requires fully three-dimensional grids
and an enormous amount of CPU time - this is why the calculations had to be
performed on the supercomputer (Stallo) located at the University of Tromsø.

For all the simulations presented in this work, the Pencil Code (PC) [8]
tool, written in Fortran 95, is used. The PC development was started in 2001
by Axel Brandenburg and Wolfgang Dobler [9], and primarily was designed
to deal with weakly compressible turbulent �ows. It is designed for e�cient
computation with massive parallelization and to achieve it, explicit �nite
di�erences are used. Its modular structure enables users to apply a large
variety of physical setups, therefore users and developers are from various
branches of science.

2 Modeling

2.1 Initial conditions

A double shear layer test case is commonly used for non-premixed com-
bustion of gas. An example can be found in Ansys page [10]. The presented
analyzes are made for a particular domain taken from the L case in the article
by Hawkes et al. [2] which can be seen in Figure 1a. Its size is 12H in the
stream-wise direction (x−axis), 14H in the transverse direction (y−axis) and
8H in the span-wise direction (z − axis). The H parameter equals 0.72mm.

The middle layer (jet), which height is given by H, is �lled with reacting
particles embedded in an inert gas (B). The other layers of the domain consist
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of reactant (A). The characteristic jet velocity is U, equal to 72m/s. The
characteristic Mach number equals 0.16 and is given by the equation

M =
U

ca
(1)

where ca is the sound speed in the air stream. The cold �ow Reynolds number
of the jet can be calculated by:

Rejet =
UH

va
(2)

va is kinematic viscosity of the air. The initial width of the air jet is de�ned
by:

Hz = H − δu + δz (3)

where δz is 0.74mm and is the initial thickness of the mixture fraction varia-
tion, and δu is the initial velocity shear layer thickness and can be calculated
as:

δu =
H

5
(4)

In order to initialize the shear-generated turbulence, a weak white noise
is superimposed on the mean velocity �eld.

The case does not include gravity, and all the boundaries in the domain
are periodic.

H δ uH
z

δ z

X

Y

Z

(a) Sketch presenting whole domain

H δ uH
z

δ z

(b) Enlargement of the domain

Figure 1: The domain
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2.2 Equations

The Pencil Code solves the �uid equations [11] using a sixth-order �nite
di�erence scheme for spatial discretization and a third-order Runge�Kutta
scheme for temporal discretization. The code treats the particles as La-
grangian point particles, which interact with the gas phase through the drag
force. The particles are spherical and are treated as point particles, as their
size (diameter equal to 5 · 10−7m) is signi�cantly smaller than the grid. The
friction force with which particles a�ect the gas is ignored. The density of
the gas phase is equal to 1.
The equation solved are analogical to Haugen et al. [13]. The continuity
equation is solved as

Dρ

Dt
= −ρ∇ · u, (5)

where ρ is density, u is the �uid velocity, t is time and D/Dt = δ/δt+ u · ∇
is the convective derivative. The momentum equation is given by

ρ
Du

Dt
= ∇τ + ρf+ F, (6)

where f is the tension force, F is the drag force and τ is the viscous stress
which is de�ned as

τ = 2ρS (7)

where S = (1/2)(δui/δxj + δuj/δxi) − (1/3)σij∇ · u is the traceless rate
of strain tensor.
The equation of motion of the reactant is described as

δX

δt
+ u · ∇X = D∇2X + R̃, (8)

where X is the mole fraction of reactant and R̃ is the sink term representing
the reaction of reactant on the surface of the particles.
The motion of the ith particle is given by

dri

dt
= Vi (9)

and the velocity is given by
dVi

dt
= ai (10)

where the particle acceleration caused by �uid drag force is calculated as

ai =
uirel
τt
. (11)
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The particle response time τt is equal to

τt =
τp

1 + f i
c

(12)

where τp is given by equation 15, and the Reynolds number correction is
f i
c = 0.15(Reip)

0.687. Rep is the particle Reynolds number, calculated for the
relative velocity between the particles and the �uid uirel, and for characteristic
linear dimension equal to particle diameter, just as given in 2.
The Stokes numbers were calculated as following

St =
τl
τp

(13)

where

τl =
H

U
(14)

and

τp =
ρpd

2
p

18va
. (15)

The dimensionless Damköhler number, which relates the chemical reaction
timescale to the transport phenomena rate, and is given by:

Da =
τl
τc

(16)

where τl was given in equation 14, and the chemical reaction timescale τc is
calculated as

τc =
1

α
(17)

and the reactant consumption rate [12] is de�ned as

α = npApκ (18)

where np is the particle number density, Ap is the particles surface area, and
κ is the mass transfer coe�cient, which is calculated as

κ =
ShD

dp
(19)

where di�usivity D equals 10−4m2s−1 and Sh is the Sherwood number, given
by the Ranz-Marshall Correlation

Sh = 2 + 0.69Re
1
2
p Sc

1
3 (20)
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and Sc is the Schmidt number

Sc =
v

D
. (21)

The heterogeneous reaction is assumed to be immediate, and neither en-
dothermic nor exothermic. Calculations are made for simple reaction, where
the reactant is consumed at the surface of particles, though it does not af-
fect the particle mass and diameter. Hence, there is no direct correlation
between the density of the particles and the reaction rate. The reaction can
be written as

A→ B (22)

such that the reactive term from equation 8 is described as

R̃ =
1

Vcell

∑
i

Ai
pκX

i
∞. (23)

The X i
∞ = X(ri) gives information about the far �eld reactant mole fraction,

which is set equal to the reactant mole fraction of the �uid cell where the
particle is.

2.3 2D case

In order to reduce the required computational costs, the �rst simulations
were performed in a 2D domain. The span-wise direction (z − axis) was
established as non-existing, except so-called ghost points. This allowed the
calculations to be done with the P.C., and to calculate i.e. cells volume. The
initial pro�le of the jet is shown in Figure 2. The grid is dependent on the
dimensions of the domain. The number of grid points across H is 24, and its
resolution is equal in each direction.
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Figure 2: Plot presenting initial pro�le

The amount of particles is 103 and is kept like this for all the 2D simula-
tions. Their initial velocity is equal to the velocity of the �uid. The kinematic
viscosity of the �uid is equal to 2·10−5m2s−1, which gives a Reynolds number
of 2592. The in�uence of their density is visible when it comes to clustering
and following the eddies. This relation is presented in the Fig. 3.

What is clearly visible from the Fig. 3 is that for smaller particles (diam-
eter equal to 10−7) the di�erence in reactant decay (equation 23) for various
particles densities is insigni�cant. In order to increase the reactant consump-
tion, bigger particles were required, as the reaction depends on the size of
a particle. Also, between the Stokes number and the diameter of the parti-
cles is a quadratic dependence, while linear with their density. Firstly, for
increasing density, it can be seen that the decay is increasing. This occurs
until a certain point, for density 105kg/m3, then the tendency is reversed.
The particle �ow is shown in Fig. 4. For the smallest densities, particles
follow the �uid, while creating small and not dense clusters. For the biggest
density particles are thrown away from the jet, and the �uid is not able to
carry them. As in this case, the mixing is weak, the decay of the reactant is
slowing down. In Fig. 5 snapshots of the reactant �ow are shown. For the
biggest density, the reactant is consumed mostly in the closest surrounding
of jet and in later timesteps, it is shown that inside of the eddies there is no
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reactant (the colour is dark blue). This is caused by weak mixing.

The case with particle density equal to 104 kg
m3 has the Stokes number

which is closest to unity. The vorticity and reactant consumption for this
case are presented in Fig. 6. The eddies tend to merge and create bigger
ones, which is caused by the two-dimensionality. The reactant is marked with
colours, where the fraction equal to zero is black, and equal to one is white.
This is crucial to recognize it, as the lack of the reactant in the surrounding
of clusters in the combustion process can lead to incomplete combustion.

Figure 3: The rate of reactant consumption depending on the particle diam-
eter and density in 2D
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For all three cases, the velocity of the �uid remains the same, as it does not
depend on the particles. The �uid accelerates until approximately 700 m/s
and then slows down, and it is shown in Fig. 7. The domain is symmetric
but the pro�les are not - this is due to the turbulence, as the eddies are
spreading randomly.

Figure 7: Plot presenting average mean square �uid velocity in X direction
for 2D case.

In order to present the jet spreading, the width of particle number density
(Fig. 8) and reactant fraction (Fig. 9) is shown for particular times. Thick
lines are presenting �tted Gaussians, and thin lines are showing spreading
itself. For each time-step, the spreading is de�ned as a sum of beams where
the reactant fraction is below 99% or the particle number density is above
approximately 5% of the maximum value. The reason for that is making the
charts easier to read and to avoid a situation where even a single particle
outside jet would be treated as its enlargement. For particle number density
the averaging was made in order to see smoother plots. The data were
averaged over 10% of the time-step, which is 8.3 · 10−6s. For densities 103

and 104kg/m3 the spreading tendency for particle density is very similar, for
the density of 105kg/m3 it spreads the slowest. It does not a�ect the reactant
fraction signi�cantly, for all three cases it looks similar. Within the time, the
jet spreads more widely, though it is not fully consumed anywhere. In order
to see the general tendency of spreading for chosen time-steps, i.e. for which
time-step the jet has the largest width, the Gaussian function was �tted to
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the plots. The function is given by

f(x) = A0e
−z2

2 (24)

where A0 is the height of the Gaussian, and

z =
x− A1

A2

(25)

and A1 and A2 are centre of the Gaussian and the width (the standard de-
viation), respectively. Those coe�cients are estimated as the best �t for the
given plot.
The di�erences in spreading are presented in Fig. 10 and Fig. 11. For
the Gaussian, the sigma (width) is the ratio of spreading. The cases with
smaller densities seem likewise, and the case for density 105kg/m3 at �rst
is less spread, at one point though it is overreaching the two others. For
Gaussian pro�les, it is clear that they do not follow well the tendency of
reactant to spread. It starts begins with a smaller value, as the Gaussian is
very thin for the �rst time-step. The shape of reactant distribution is more
like an unit step function. It is hard to �t the Gaussian into it, and it is
visible in Fig. 10 that the minimum value of this function is below zero. For
particle distribution, Gaussians are following the trend better, although the
di�erence increases for later time-steps.
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Figure 8: Plots presenting average particle numbers and �tting Gaussian
distribution in X direction for 2D case for densities 103, 104 and105 kg

m3 re-
spectively
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Figure 9: Plot presenting average reactant fraction in X direction for 2D case
for densities 103, 104 and 105 kg

m3 respectively
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Figure 10: Plot presenting width of reactant distribution with time for 2D
case, for all presented densities

Figure 11: Plot presenting width of particle distribution with time for 2D
case, for all presented densities

The tendency of particles to cluster is not obvious to determine. In order
to do that, the domain was divided in the stream-wise direction into small
pieces, which created beams parallel to the transverse direction. The average
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of particle density per beam does not distinguish whether all particles are
located one next to another, or they are spread through the whole length
of the beam. In order to have a better look on this case, the Fig 12. is
presenting the following ratio as a function of time

f =
n2
p

np
2 . (26)

This was calculated for each beam and then averaged over the stream-wise
direction. The graph shows the tendency to cluster when the turbulence
starts, and it decreases with the simulation progress. Two peaks are visible,
and they correspond to third and �fth snapshots from page 11. On those
snapshots, the clusters are the sharpest.

Figure 12: Plot presenting f as de�ned in eq. 26 for 2D case for 104kg/m3

2.4 3D case

The simulations in 3D were performed for the domain presented in Fig.1a.
The number of grid points were 288, 336 and 192 for x, y and z direction,
respectively. The kinematic viscosity was equal to 4 · 10−5m2s−1, so the
Reynolds number was 1296. Initial pro�le and all rest of the initial param-
eters were set similarly as for 2D case. First results are given for particle
numbers equal to 106. It can be seen from Fig 13 that the reactant consump-
tion was rather stable and independent of variations in density. Apparently,
the domain was too big, so simulations for more particles were performed.
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Figure 13: The rate of reactant consumption depending on the particle di-
ameter and density in 3D for 106 particles

Based on Fig. 14, the decay rate α was taken from the equation of the
line tangential to the plot (dashed lines). The �rst part of the slope is due
to consumption of the reactant in the closest surrounding of the jet, then
the turbulence begins to in�uence on the particles. The values are not �tted
perfectly, but it gives the general trends. The numbers of particles increased
four and eight times, though the decay rate did not change with the same
ratio.
The decay rates for particular densities and particle numbers are presented
in Fig. 15. For the densities 103 and 104 kg/m3, the steepness of the slopes
decreases with increasing particles amount, while for 105 kg/m3 it seems to
be more linear. For the smallest density, the slope is reaching the plateau
area for a smaller number of particles, thus for the biggest density can be
predicted that also will behave more logarithmic for bigger particles amount.
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Figure 14: Plot presenting comparison of the reactant density decay for dif-
ferent densities and particle numbers, with �tting tangential dashed lines.

For density 104 kg/m3, changing from 1 million to 20 million particles, the
decay rate changes only around 4 times. For other densities, particles number
is changing from 1 million to 8 million particles. The di�erences in the decay
rate for same densities but varies particle amounts may be mostly caused by
mixing. Variations between the same particle numbers for distinct densities
have the main cause in clustering of particles. For density 105 kg/m3, for 4
million particles the decay rate is the lowest. This is due to the fact, that
heavy particles did not follow the eddies, and were longer than in other cases
located in the middle of the jet. Then the particles were thrown away from
the centre of the domain but still did not follow the �uid well. However, for
more particles, this case has the biggest decay rate. Paradoxically, the reason
for this is probably the same. While for smaller densities the particles are
following the �uid and tend to cluster, in this case, the particles are thrown
and do not follow the �uid. As there are more particles, more reactant is
consumed.
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Figure 15: Decay rate for di�erent densities and particles amount

Figure 16: Plot presenting average mean square �uid velocity in X direction
for 3D case

The �uid velocity visible in Fig. 16 is approximately twice lower than for
2D case, due to higher viscosity, but the tendency of increasing and decreasing
is notably similar. The pro�les are more symmetric than in 2D case, as the
�ow is less turbulent.
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Even though the Reynolds number is half of the 2D case, the �ow is
fully turbulent. Looking at Fig. 17 it can be seen that particle clusters
appears at the same density as for 2D case, which is 104 kg/m3. Therefore,
also for 3D simulations, the focus is on the case with the density of 104.
Less dense particles are following the vorticity entirely, and the heavier ones
are independent of the eddies. In Fig. 18, is shown the in�uence of this
occurrence on the reactant. The colours have the same meaning as for 2D
case. The densest particles are consuming most of the reactant in the jet,
and it is represented by the blue area. Smaller blue areas are visible also in
the middle case - that is due to clustering.

The biggest di�erences with the 2D case are seen in Fig. 19, in vorticity
and reactant fraction. The eddies are breaking down into smaller scales, and
the reactant consumption is not as fast as it was for 2D. That proves that in
order to analyze the real case, simulations cannot be substituted with 2D, as
it ignores the turbulence e�ect.

In Fig. 20 it is clear that the clusters are identical for 4 and 8 million
particles. This is due to the fact that particles are not a�ecting the �uid
�ow. The visible di�erence is seen for 20 million particles, signi�cantly bigger
clusters are shown. It may be caused simply by the signi�cantly bigger
amount of particles, as overall tendency looks similar. As it is clear in Fig.
21, for this case the reactant in the middle of the jet is consumed almost
immediately (as the colour is black). The mixing is not e�cient enough to
break the clusters and provide more reactant to particles.

Fig. 22 represents the averaged particle number densities for various den-
sities and amount of particles. Unlike the 2D case, no averaging was needed.
The sharpest shape of the distribution is in the case of ρ = 104, although this
case still looks similar to the �rst one. For the density 105kg/m3 the distri-
bution in second time-step (1.35 · 10−4s) show how particles concentrate on
edges of the jet. The biggest di�erence is for third time-step (2.35 · 10−4s),
as for density 105kg/m3, majority of particles is still inside the jet, while
for other densities it is already spread among the domain. This is due to
lack of mixing of heavier particles. What is shown in Fig. 23, the reactant
consumption presents more similarities between densities than the previous
�gure. For 1 million particles all cases are almost identical, within the in-
crease of particles, the case for the density 105kg/m3 slightly di�ers, as it is
more smooth for the time-steps. That is due to the fact, that in other cases
particles spread widely faster.
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Figure 24: Plot presenting width of reactant within time for 3D case, for all
presented densities

The spread of the width of the reactant fraction is shown in Fig. 24. It
is independent on the particles, except from one case all slopes are the same.
For the 8 millions particles of density 105kg/m3, dissimilarity is visible. It
can be caused by the fact that huge amount of particles were just thrown
away from the jet, and then did not follow the eddies, so more reactant far
from jet was consumed unrelatedly on the �ow.
With Fig. 25 the slopes varies signi�cantly. The wider jet is reached the
fastest for 4 million particles for the biggest density, though the growing
tendency seems to slow down at the end. This phenomena is probably due
to throwing the particles out of the jet. The spreading is slowing down, as
the particles after being thrown are not carried by the eddies. The slowest
jet spreading is for the same density, but for 1 million particles. For this
amount of particles, the spreading is the weakest. The case with 20 millions
particles after the �rst high speed of spreading slows down and follows the
case for the same density but 4 million particles, which may be resulting from
the clusters which are not breaking.
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Figure 25: Plot presenting width of particles location within time for 3D
case, for all presented densities

Figure 26: Plot presenting particles clustering for 3D case for di�erent den-
sities and particles amount

The analysis of clustering was done using equation 26, and the results
are presented in Fig. 26. Most of the cases seem to be rather shallow. Only
those for density 104 kg/m3 are showing the increase of clusters after 0.0002
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seconds - higher values for respectively more particles. On the snapshots in
Fig. 20 those clusters are visible on third ones. For 20 million particles, the
highest peak is seen around 0.0004s, which is presented in Fig. 20 in the
fourth snapshot, and it can be noticed that clusters are the sharpest there.

3 Summary

Within the scope of the work, the conversion of solid reacting particles
was analyzed in a non-premixed, double shear layer con�guration.
It has been clearly shown that a 3D simulation is needed for the tested con-
ditions. The 2D case does not re�ect reality accurately enough.
The reaction rate does not change linearly with an increasing number of
particles. The reasons for that are clustering and mixing. As the Reynolds
number is low, probably mixing is a bigger issue in presented cases. The jet
spreading seems to be the fastest for the biggest density, though it is not
entirely accurate. The particles are spreading, but are not following the �uid
anymore. A longer simulation would show if the tendency of other densities
would exceed this.
The tendency to cluster the most is shown in the case with Stokes num-
ber equal to 0.35. This can be compared with Graham paper [15], where
Reynolds numbers and particles diameters were signi�cantly bigger, though
the biggest clusters were seen for Stokes number 0.3. In non-shear cases, the
biggest clusters are expected for St≈ 1.
More work is required to fully understand the process. For example, sim-
ulations with a realistic chemistry of the combustion process should be im-
plemented. Another important issue which should be studied in the future
work is the case with more particles. Furthermore, particle size distribution
and shrinking e�ect should be included to better represent pulverized coal
combustion. What also should be done is comparing results from this thesis
with similar simulations done with LES method. That would show if such
detailed analyzes are required, or if the di�erence in results would be small
enough to ignore it and simplify calculations.
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