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(a) Simulated states

(b) Optimal control inputs

Figure 6.5: RK4 MPC with noise and terminal constraint.
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Figure 6.6: The 17 first control inputs from Figure6.7b with RK4 as integrator are replayed with
both RK4 and an exact implicit integrator. The exact simulation behaves as expected while the RK4
is unstable. This is also not unexpected as the eigenvalues of the model, as seen in Figure 6.2, is
outside of the stability region of the RK4 method.
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80 meters. In Figure 6.7b we see that the car is able to avoid all obstacles, and is able to
drive longer than the hybrid-GP simulations due to the aggressive driving, which results
in a small constraint violation in the second obstacle. Both hybrid-GP simulations with
and without terminal constraints are qualitatively identical, where the terminal constraint
doesn’t seem to have an effect. The car is able to avoid all the obstacles without violating
any constraints.

We were not able to get a GP model that returned a feasable solution in the MPC prob-
lem, due to the high variance, even with the use of feedback. Instead we use a deterministic
hybrid-GP model, where the covariance is defined as zero. This enables us to solve the
MPC problem without terminal constraints in Figure 6.8, and with terminal constraints in
Figure 6.9. As shown in the car path in Figure 6.7, both of these problems give qualita-
tively similar control input solutions, with practically identical resulting state simulations.
The car is able to avoid all the obstacles, and follow the road path, without violating any
constraint. Compared to the RK4 solutions, the d-hybrid-GP solution give more smooth
transitions in the control inputs, avoiding saturation of the control inputs.

Computational cost

For the RK4 with terminal constraints the computation time is around 500ms when avoid-
ing obstacles, and down to around 50ms when driving on a straight line. The deterministic
hybrid-GP use around one second or more to avoid obstacles, and runs within 100ms when
driving a straight line, and 38 seconds in the first iteration without warm-start. Both use
more than one second if the solver is unable to find a feasable solution.

6.7 Discussion
Vehicle Model

It is not really necessary to simplify the nonlinear model, which was only done in this
thesis to use the same parameters as in Gao et al. (2014), where the simplification where
done to reduce computational cost in the optimal control problem. This simplification
only makes sense if the goal was to use the approximated system in the MPC controller,
not so much if we want an accurate model to learn the car dynamics from. However since
the goal was never to use this model on an actual car, using the approximated model give
a simpler implementation. An interesting continuation would be to comparison the GP
model trained on the full nonlinear model with the simplified mechanical model presented
in this thesis, where the goal would be to control the full nonlinear model with the presence
of noise. In theory, the GP model would be more robust and the computational cost would
be about the same as when trained on the simplified model. The question to investigate
would then be to see if the added non-linearity to the model would require more training
data, and how much more data are needed.

One other point is that the obstacle constraints used in this thesis is far from optimal,
and chosen by their easy implementation. The dimensions of the car is indirectly taken
into account by incorporating them in the elliptic constraint. An alternative way is to use
the parallax information from the vehicle about the detected obstacles, as done in Yoon
et al. (2009).
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(a) RK4 simulation with no terminal constraints used.

(b) RK4 simulation with terminal constraints.

(c) Hybrid-GP without terminal constraints.

(d) Hybrid-GP with terminal constraints.

Figure 6.7: Comparison of RK4 and deterministic hybrid-GP with and without terminal constraints.
The vehicle drive along the road path, constrained within the road path, and try to avoid three obsta-
cles along the way. The simulated feedback measurements are added Gaussian noise.
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(a) Simulation of states.

(b) Optimal control inputs

Figure 6.8: Deterministic hybrid-GP MPC without terminal constraint.
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(a) Simulation of states.

(b) Optimal control inputs

Figure 6.9: Deterministic hybrid-GP MPC with terminal constraint.
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Model Learning

Using 200 samples gave a very good validation score, where all the estimated states have
quite good validation with both SMSE and MNLP compared to the tank model. But as this
chapter has presented, a good validation score is not enough to have a robust prediction.
If the system we try to estimate is unstable, or borderline unstable, a slight deviation from
the real model could lead to divergence in the predictions.

One of the major issues in this project was getting the GP model of the car accurate
enough to be able to run the MPC solver. With the hybrid-GP model we were able to get
a very good validation score, but due to the exponential growth of the variance, using the
model in a MPC problem was infeasable. Adding a LQR feedback controller reduced the
uncertainty substantially when the prediction was close to the operating point, but was not
enough to be able to find a feasable solution in the MPC problem. To be able to use a GP
model we had to define the covariance as zero, giving deterministic hybrid-GP instead.
Using this we were able to get good results, except for the fact that we unable to utilize the
covariance.

In Hewing et al. (2017) they used 300 samples to estimate just the modelling error
from the simplified vehicle equations. Pointing to that using 200 samples like we do is
not enough. The relatively low number is because of hardware constraints, as a larger
number is more difficult to optimize and especially to use with the MPC problem. The
other difference from Hewing et al. (2017) is that we use an optimal data spread with Latin
Hypercube, while they only used random measurement data, resulting in the need for more
data to be able to represent to whole state space. If we would use a larger model, we need
to use sparse approximation with a small set of inducing points in the MPC problem. In
the case of Hewing et al. (2017), they use a set of 10 inducing points instead of the full
model with 300 samples, picked from the previous optimal MPC trajectory. Using the full
GP model would be intractable for larger models due to the computational cost.

Chance constraints

The observant reader might have noticed that the safety constraints do not utilize the vari-
ance in the predictions. This was mostly just a simplification to neglect this part, but a
naive solution could be to use a three standard deviation distance in the constraints to be
able to be within the 99% confidence interval, similar to the approach in the other chance
state constraints. The same go for some of the state constraints that was not really nec-
essary for stability. These were mostly added to tighten the state-space to confine the
nonlinear solver to a set of states that are within the stability region.

Simulation Stability

Using a RK4 integrator in an open-loop unstable system is not the best idea, where the
the eigenvalues of the system is far outside of the stability region in the explicit Runga-
Kutta method, given by (B.2). We are however still able to use this method instead of
needing to turn to implicit methods because the MPC controller handles all constraints,
even though is struggles more when the integrator diverge from the real system, as it need
to do large changes in teh control inputs at each iteration to compensate for the prediction
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error. The GP-MPC framework also supports using CVODES/IDAS as the discretization
method inside the MPC problem, as an alternative to RK4, but the current implementations
has problems where the gradient of the integrator returns NaN values, and is slower than
the GP model in the cases it is able to run. This thesis then only focus on using the RK4
as a comparison to the GP model, even though it is unstable in this particular case. Due to
the slip angle constrain there is a possibility if a singularity if the longitudinal velocity ẋ is
zero, which is a possibility when using a interior point method. To avoid to much trouble
in the optimization a simple fix in this thesis is to just constrain the velocity to be strictly
positive. This could be handles better if we used the reasonable assumption that the slip
angle to be zero at low velocities, but since the simulation only use high velocities, this fix
was neglected.

System Stability

As a stabilizing condition, the terminal constraints help with making sure that the state
trajectories reach a terminal region in each iteration. For the RK4 method this was clear
where the terminal constraint made sure that the prediction didn’t diverge due to the in-
stability. Since the hybrid-Gp don’t diverge when using LQR feedback, the addition of
a terminal constraint did not add much value since it was already stable. In general this
show that a terminal constraint help with stabilization of a system. The drawback of using
this is that it increase the chance of infeasable solutions, when the MPC solver can not find
a solution that bring the state trajectory to the terminal region within the control horizon.
A longer prediction horizon would ensure better stability with more time to react to obsta-
cles, and more time to reach the terminal region, but the drawback of using long horizons
is the increased computational cost. It doesn’t matter if we find a feasable solution if we
can’t actuate the control within the sampling interval.

Even though we were able to get a stable solution using a GP model, we were not able
to utilize the propagated uncertainty to get cautious control. Vehicle control is the type
of problem that have a need for cautious control, as small deviations due to model error
or noise can lead to instability. Having an estimate of the uncertainty directly from the
predictions would ensure that the states are kept within the stability region. The alternative
is to use methods from robust MPC like tube-based methods that rely on that we know the
bounds of the noise.
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Chapter 7
Discussion

7.1 Prediction Stability

One of the things we have observed in this thesis is that even though the car has smaller
state-input space than the tank, more data points and better validation score, it still has a
substantially worse multi-step predication performance. As discussed in section 4.2 with
the Van der Pol system, the validation score is not enough to give an indication on how
well the prediction will turn out. The validation score is only a regression evaluation,
and can not say anything about the stability of the prediction. If the model is open-loop
stable, there should not be any problems as long as the GP model is also stable. If on the
other hand the open-loop system is unstable, a slight error could lead to divergence in the
prediction. This is a property that the GP model share with other simulation methods. In
appendix B.2 there is a discussion on the numerical stability of explicit integrators like
Runga-Kutta. In the car example we saw that the GP had better prediction stability than
the RK4, given by the fact that the vehicle system has eigenvalues outside of the stability
region of RK4. This then means that we cannot use a standard regression validation alone,
and instead look to the stability analysis of simulation methods to learn more about how
we can find sensitivity analysis methods suitable for Gaussian Process models.

7.2 Computational cost

One point that has not been the focus of this thesis is the computational cost of using a GP
model over a cheaper RK4 model. The focus of this thesis has mainly been to investigate
how effective the GPs are to estimate nonlinear dynamics, and how we can use utilize the
uncertainty. This question can however not be neglected completely. If the solver cannot
find a feasable solution within the sample interval, we would not be able to use the result.
In both cases with the tank system and the car we observed a quite high computation time,
a factor of ten higher or more than RK4 in both cases. It should be noted that RK4 alone
would not be a realistic comparison, as the GP model would not be a direct alternative to

69



Chapter 7. Discussion

first principle models. The real value lay in being able to to adapt the model online, either
using the GP as the full model, or using the GP to estimate model errors and noise. For
direct comparison we would need to compare with state of the art system identification
methods or adaptive controllers. In addition to the fact that more stable implicit solvers
are computationally more expensive than RK4.

It should also be noted that even tough an effort has been made to optimize the code
for speed, using warm start, optimizing the math for numerical stability and speed, and
picked solver options and solvers that are optimal for the problems, the main goal of the
GP-MPC has been to create a flexible framework to ease experimentation. At the cost of
performance.

7.3 Stability

The condition for stability with the use of MPC is the that the terminal state is constrained
within an invariant set. Since GP models in theory have unbounded uncertainty distribu-
tions, such set is not tractable so we have to consider the probability that the system will
converge within the terminal set. In this thesis we have used the uncertainty propagation
with the GP model to constrain the model within the 95th percentile from the predicted
mean.

This method will in theory give us a probabilistic condition for stability, but there are
a few issues that have to be discussed. The most important one is that there is by no
means a guarantee that the actual system lays within the 2 sigma bound from the mean. If
the GP has to little data or has a bad fitting, the predicted variance would not necessarily
give a correct estimate of the distance between the real value and the predicted mean. A
bad fitting of the hyper-parameters could give saturation of the predicted variance that is
too small, while training data consisting of points that don’t represent the system would
give an unrealistic estimate of the variance. Both of these conditions are exemplified in
Figure 4.2, where ten sample points can give an accurate estimate of both the mean and
the uncertainty if the data is chosen wisely, or predict a constant zero mean where the 95th
percentile of the predicted variance is not even close to enclose the real system in the worst
case scenario. This problem should be accounted for be satisfactory model validation, but
as discussed earlier it is important to note that there is no guarantee that the validation is
good enough. As with the trained model, the validation is only as good as the data it has,
in addition to the stability region of the prediction.

On the opposite site there could be a problem with unrealistic high uncertainty, with
growing uncertainty in long predictions, even though the prediction stay close to the real
value. This is problematic with the use of terminal constrained set as it become difficult
to find a feasable solution. Removing the terminal set would also remove the stability
condition, and only relying on the cost functions, while keeping the set could cause in-
feasable solutions and almost guarantee instability if a re-initialization is not able to bring
a feasable solution within reasonable time. This has the same fundamental problem as
above where there is not enough training data, or the data does not represent the actual
system well enough.
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7.4 System Identification and Online Adaption
Even though system identification is the main objective for using Gaussian Process with
control, this thesis has barely looked into this topic. System identification present us with
the option of using measurement data to better estimate the our model, which if done
online can be implemented as an adaptive controller. This thesis has presented use cases
where first principle models work better, as a way of investigating the effectiveness of
the PG prediction in MPC. The strength of using GP in control is when we can use it
on systems where we either do not know the first principle models, or it is difficult to
gen an accurate model based on coefficients that change or is difficult to find. Hewing
and Zeilinger (2017) use this method to estimate the model error while Chowdhary et al.
(2015) use GP together with Model reference adaptive control (MRAC) to account for
changing model parameters.
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Chapter 8
Conclusion and Future Work

8.1 Conclusion

In previous works like Kocijan et al. (2004) and Hewing and Zeilinger (2017) we have
seen that Gaussian Process has the interesting property that we can utilize the uncertainty
for cautious model predictive control. This thesis has then been an extension of this to
investigate the effectiveness og GPs in control. By using two different use cases, a slow
stable tank system against a marginally stable vehicle model with fast dynamics we have
observed that we are able to stabilize and meet the constraints without any violation. That
we are able to propagate the uncertainty seems promising where the uncertainty can com-
pensate for the model error in the constraints. What we have observed in the this thesis
is however that just using the uncertainty is by no means a guaranty that the constraints
are not going to be violated. In this thesis we have discussed three points. The two first
are that it is necesary to have an accurate model, with well fitted hyper-parameters t be
able to trust the uncertainty. With sub-optimal hyper-parameters, and a sub-optimal repre-
sentation of the system in the training data, we risk both a naive variance that don’t cover
the model error within the 95% confidence interval, or 99% for that matter, and the op-
posite case where the uncertainty grows out of bounds, far beyond the actual model error.
Meaning that it is not possible to meet the chance constraints due to the unrealistic high
variance. A badly fitted model is often due to lack in model validation. and is the topic
of the third point. Normal validation scores for GPs are meant to validate a regression
model for one step predictions. In multi-step predictions we also have to take into account
the stability of the system we want to estimate. In systems that are chaotic we know that
any small perturbations can lead to instability. The same must also be considered even for
marginally stable systems, as even a minuscule model error can propagate and change the
stability properties, resulting in divergence. Similar to well known numerical methods like
explicit Runga-Kutta, it is essential that we have methods for sensitivity analysis. Without
this there is always the danger of instability in the predictions, and as a result instability in
the system we want to control.

Given these considerations it is still clear that Gaussian processes show great potential
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in the field of control. Problems that have been discussed can be handled by a large enough
representation of data, while using sparse GP with inducing point can take care of the
computational cost. This thesis has looked into offline learning of the whole system, but
the real value lays by using the GPs online in an adaptive manner. Gaussian process is a
powerful method for regression, and can be utilized both with adaptive, robust control by
learning the whole model like in this thesis, or as a way of estimating noise and model
errors in the system.

8.2 Future work
This thesis has given an introduction to the use of Gaussian processes with model predic-
tive control. One interesting continuation of this project would be to implement sparse GPs
with a greater number of data to see if it is possible to get a cautious control of the vehicle
model. A path that could give a great deal of value would be in the sensitivity analysis
of GP prediction, to have a real measure of the numerical stability in the prediction. As
mentioned previously, the power of using GPs with control is not to replace first principle
models with a machine learning model. The potential is in the combination, where the
GPs can compensate for inaccurate, or changing model parameters, where the estimated
uncertainty can give a cautious method with both robust and adaptive control. Researching
this field further would be very interesting.
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Appendix A
Linear Algebra

This chapter will contain mathematics that are nontrivial and mathematical tricks that may
speed up the computation or ensure better numerical stability,

Matrix Inversion Lemma

If we have done the effort of obtaining the inverse matrix A−1 of a square n × n matrix
A, it would be beneficial to be able to avoid recomputing the whole inverse matrix if we
are only want a small change in A, e.g. one element aij or a column. To do this efficiently
we can use the matrix inversion lemma, also known as Woodbury, Sherman and Morrison
formula Press et al. (1992) if our change is on the form

A→ (A + UWVT ) (A.1)

where U and V both have the shape n ×m, W is a n × n matrix. For low rank pertuba-
tions (m < n) to A, considerable speed up may be achieved. The lemma then states the
following

(A + UWVT )−1 = A−1 −A−1U(W−1 + VTA−1U)−1VTA−1 (A.2)

Cholesky factorization

With a positive definite matrix A, the factorization is given as A = LLT , where L is a
lower triangular matrix with all positive elements. Lay (2012).

QR decomposition

Given a m×n matrix A with independent columns, the factorization is given as A = QR.
R is an upper triangular matrix, while Q contain the orthogonalized columns from A.
Strang (2006).
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Gram Matrix

Given a set of vectors V = {v1, . . . ,vn}, the Gram matrix G is the matrix of all possible
inner products of V with each element given as

gij = vTi vj (A.3)

where i and j denotes the row and column respectively. The Gram matrix of a m × n
matrix A is given as G = ATA, where all the elements in the Gram matrix are the inner
products of the columns of A. Properties of the Gram matrix is that it is positive definite
and symmetric. Lay (2012).

Determinant computation using QR Decomposition

To speed up the determinant computation of the covariance matrix we can take advantage
of the fact the the matrix is symmetric and positive definite, using the QR decomposition,
K = QR. This means we can reduce the computation of the determinant to a rather cheap
computational problem.

det(K) = det(Q)det(R) (A.4)

The resulting Q matrix is orthogonal, so det(Q) = 1, and since R is triangular, the
determinant is just the multiplication of the diagonal elements. If we want that log deter-
minant, this can be simplified further with the log determinant given as the trace of the log
of R

log(det(K)) = log(det(R)) = trace(log(R)) (A.5)

Update Cholesky decomposition of the Gram matrix

Instead of recompute the Gram matrix at each update Nguyen-Tuong et al. (2009) instead
propose an efficient method of updating the Cholesky decomposition of the Gram matrix
K. If L is the Cholesky decomposition, then the new matrices Lnew and Knew are obtained
by adding additional row and columns

Lnew =
[

L 0
lT l∗

]
, Knew =

[
K kTnew

knew knew

]
(A.6)

where knew = k(X,xnew) and knew = k(xnew,xnew). l and l∗ can then be solved using

Ll = knew, (A.7)

l∗ =
√
knew − ‖l‖2 (A.8)

Nguyen-Tuong et al. (2009) also discuss how to delete old data points when a max-
imum number of training points is reached using a permutation matrix R = I − (δm −
δn)(δm − δn)T , where δi is a zero vector with element i equal to 1. New data can then be
inserted in the nth row, while the mth data can be removed. Instead of using the cholesky
matrix directly, we can use the adjusted matrix RLnewLTnewR.
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Appendix B
GP-MPC: Implementation

This chapter give the detials of the implementation of GP-MPC. A framework written as
a part of this thesis for using Gaussian Process together with Model Predictive Control
for optimal control. The framework has been implemented with the principles of being
flexible enough to experiment with different GP methods, optimization of GP models. and
using different MPC schemes and constraints.

The GP methods has been implemented using Hewing and Zeilinger (2017) and Deisen-
roth and Rasmussen (2011) as references while the MPC algorithm is a nonlinear stochas-
tic MPC implementation based on Rawlings et al. (2017), with probabilistic constraints
given by Hewing and Zeilinger (2017) . As a backbone in this framework lay CasADi,
Andersson et al. (2018), as a symbolic framework for large scale optimization. For sim-
ulation this framework support the solvers provided by CasADi and Sundails, Hindmarsh
et al. (2005), for both ODEs (CVODES), and DEAs (IDAS). In addition this framework
has implemented a simple RK4 method in CasADi for faster computation of the optimal
control problem.

As a model in the MPC algorithm it is possible to use an exact integrator from Sundails
(CVODES, IDAS), RK4, GP, a hybrid model consisting of a GP estimating the dynamics
and RK4 to integrate the kinematic equation based on the dynamic GP model, or a hy-
brid where the GP model estimates the noise and modeling error, similar to Hewing and
Zeilinger (2017).

Requirements

• Python > 3.5

• CasADi (tested with version 3.4)

B.1 GP model
The Gaussian Process is implemented with the support for only the SEard covariance
function (2.5), and the following mean functions: zero, constant, linear, and polynomial.
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Approximations of the uncertainty propagation is implemented using Mean Equivalence,
first order Taylor expansion, and Expected Moments.

Optimization of hyper-parameters can be done using interior-point method (IPOPT)
with CasADi or Sequential Least SQuares Programming (SLSQP) using SciPy. Both
are constrained nonlinear solvers where a uniform prior (li ∈ (1e−2, 1e2)) on the hyper-
parameters is implemented using the constraints. The optimization can also be done with-
out using a prior on the hyper-parameters using conjugate gradient (CG), but this usually
give a worse result so long as we have an idea of which prior to use. To avoid negative
hyper-parameters, the CG method require the change to optimize over the log-value of
the hyper-parameters. CasADi has the advantage that it give the derivatives automatically,
but has problems where the symbolic expression of the Hessian grows out of hand when
optimizing the GP model, even for relatively small GP models. For 32bit python the GP
model is constricted to less than 50 samples, while 64bit struggle with sample sizes larger
than 100. SciPy use finite differences to estimate the derivatives and do not suffer from
the same problem with exponential memory use, and is the recommended choice.

B.2 Numerical simulation
The GP-MPC framework supports both DEA and ODE equations using IDAS integrator
from Sundails Hindmarsh et al. (2005) . For ODEs it is also implemented an explicit
Runga-Kutta 4 (RK4) integrator to be used as a less computational expensive integration
method. IDAS and CVODES are implicit methods that can be used as an exact simulation
reference, while RK4 can be used to discretize the system model for use in the MPC
problem. It is also support for IDAS and CVODES as the discrete model in the MPC
problem, where CasADi is able to provide the derivative of these solvers, but while these
are more stable it come to the expense of computation cost.

B.2.1 Explicit Runga-Kutta

A simple discrete integrator where the fourth order method in equation (B.1) is abbreviated
to RK4. It is one of the most widely used methods for simulating ordinary differential
equations, Rawlings et al. (2017), as it is simple to implement and computationally cheap.

k1 = f(t,x)
k2 = f(t+ h/2,x +(h/2)k1)
k3 = f(t+ h/2,x +(h/2)k2)
k4 = f(t+ h,x +hk2)
Φ = (h/6)k1 + (h/3)k2 + (h/3)k3 + (h/6)k4

(B.1)

From Egeland and Gravdahl (2002) we can get that the numerical method is stable if
the magnitude of the stability function is less than or equal to one for all the eigenvalues
λi

|R(hλi)| ≤ 1, i = 1, . . . , d (B.2)
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Figure B.1: Stability regions for Runga-Kutta methods with a step size of h = 1.

of the Jacobian J , evaluated at the solution x∗

J = ∂f(x)
∂xT

∣∣∣∣
x=x∗

(B.3)

the stability function for a general explicit Runga-Kutta function

R(hλ) = det
[
I − λh

(
A− 1bT

)]
(B.4)

where A and b is the matrices from the Butcher array. For explicit Runga-Kutta methods
of order σ and stages p less than or equal to four, the stability function is given as the
polynomial

R(λh) = 1 + hλ+ (hλ)2

2! + · · ·+ (hλ)p

p! , p = σ ≤ 4 (B.5)

RK4 is a forth order method, giving σ = p = 4.
The drawback of using Runga Kutta and other explicit methods in general is that they

are conditionally stable. Equation (B.5) gives the stability for a certain values of time
steps, where an integration method could by this stability definition be stable for systems,
and unstable for a different one. To give a more strict stability formulation Egeland and
Gravdahl (2002) gives the following definitions for A- and L-stability. A method that is
A-stable is then stable for all test systems that are stable. Systems that are A-stable will be
stable even if the system dynamics are faster than the time step h.

Definition B.1. A method is A-stable if |R(λh)| ≤ 1 for all Reλ ≤ 0.

Even if an A-stable method is stable with fast dynamics it cannot give an accurate es-
timate of dynamics that are faster than the Nyquist frequency of π/h, resulting in aliasing.
To avoid this it is useful to dampen the fast dynamics, giving the definition of L-stability.

Definition B.2. A method is L-stable if it is A-stable and, in addition. if |R(jωh)| → 0
when ω →∞ for all systems ẏ = λy where λ = jω.
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B.2.2 Implicit Methods
According to Egeland and Gravdahl (2002), with explicit RK methods, the time step h
can not be chosen such that h|λmax| is significantly larger than the unity. This means
that no explicit methods can be A-stable. With the explicit methods, the time-step must
be selected such that stability is ensured. If the system has a large spread in eigenvalues,
the small eigenvalues result in a lot of small time steps to compute both the fast and slow
dynamics. This is problematic in terms of time and accuracy. Stiff systems are problems
where explicit methods don’t work, where there is presence of rapidly damped mode, with
time constant small compared to the time scale of the solution.Hairer and Wanner (1996)

To account for this we can use an implicit solver. They are more expensive than the
explicit solvers, but are more robust to numerical instability even for relatively large val-
ues of time steps. Examples of implicit solvers are implicit Runga-Kutta, or multi-step
methods such as Adam-Moulton, or Backward Differentiation Formulas (BDFs). Further
reading is referred to Hairer et al. (1993), while their stability analysis on stiff systems is
referred to Hairer and Wanner (1996).

B.2.3 SUNDAILS
The SUNDAILS suite from Hindmarsh et al. (2005), is a suite of equation solvers for
nonlinear ODE, DAE and algebraic equations, where the following implicit solvers are
supported by the GP-MPC framework.

CVODES

CVODES is a part of the SUNDAILS suite, and solves ODE initial value problem in N
dimensional space

ẏ = f(t, y), y(t0) = y0 (B.6)

with y ∈ RN , solving both stiff and non-stiff systems. For non-stiff problems Adams-
Moulton formulas is used, while for stiff problems CVODES use Backward Differentiation
Formulas (BDFs) in fixed-leading coefficient form.

IDAS

Solve differential-algebraic equations (DAE)

F (t, y, ẏ) = 0, y(t0) = y0 ẏ(t0) = ẏ0 (B.7)

IDEAS is a part of the SUNDAILS suite from Hindmarsh et al. (2005) and use a variable-
order, variable-coefficient BDF in fixed-leading-coefficient form as the integration method.

B.3 Numerical optimization

B.3.1 Linear solver
For problems in the form

x = A−1y (B.8)
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The default linear solver in CasADi is the built in direct sparse solver CSparse. For the
most cases in this thesis it has been used the plugin for direct sparse linear solver for
symmetric systems, ma27 from Harwell Subroutine Library (HSL).

B.3.2 Nonlinear solver
For constrained nonlinear optimization problems the nonlinear solver used within CasADi
is the interior-point method IPOPT from Wächter and Biegler (2006), a primal-dual interior-
point algorithm with filter line-search built for large scale optimization. An introduction
to interior-point methods is provided by Wright and Nocedal (2006).

B.3.3 Computing derivatives using CasADi
The framework used in GP-MPC is CasADi from Andersson et al. (2018), a symbolic
framework with Algorithmic differentiation (AD). CasADi provide AD on user-defined
symbolic expressions, interface to simulation of ODE and IDEs (e.g. Sundails Hindmarsh
et al. (2005)) and optimization (e.g. IPOPT Wächter and Biegler (2006)). Every user
defined CasADi function passed to a numerical solver automatically provide the necessary
derivatives to the solver. For many of the solvers, CasADi also support the derivatives of
the solvers themselves. This enables the use of e.g. the CVODES integrator as a constraint
in an optimization problem.

B.3.4 Linearization
Approximation of a nonlinear system with a linear system

xk+1 = f(xk, uk) (B.9a)
xk+1 ≈ Axk +Buk (B.9b)

where f(x, u) is linearized with the Jacobian evaluated around a local operating point

A = ∂f(x, u)
∂xT

∣∣∣∣
x0,u0

, B = ∂f(x, u)
∂uT

∣∣∣∣
x0,u0

(B.10)

The Jacobian is provided automatically by CasADi, where the linearization is implemented
for both the system model (ODE/DEA) and GP model.

B.4 MPC
The GP-MPC framework has implemented the stochastic MPC problem in (3.10) using
the simultaneous approach, multiple shooting, with optional terminal constraint and op-
tional feedback using LQR on the approximated linearized system. For cost function both
expected value of quadratic and saturated cost has been implemented. The optimization
problem is solved using IPOPT as nonlinear solver Wächter and Biegler (2006) with ma27
as a linear solver HSL. The first and second derivatives are automatically provided by
CasADi. For prediction models it is support for RK4, CVODES, GP, hybrid-GP, and de-
terministic hybrid-GP where the variance is defined as zero.
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Appendix C
GP-MPC: Documentation

This appendix contain all the code used in this thesis, where it all is implemented as the
python package gp mpc. See https://github.com/helgeanl/GP-MPC for the
most recent updates.

Requirements

• Python > 3.5

• CasADi (tested with version 3.4)

C.1 gp class
Available class functions:

GP.__init__(...)
GP.optimize(...)
GP.validate(...)
GP.set_method(...)
GP.predict(...)
GP.get_size()
GP.get_hyper_parameter()
gp.print_hyper_parameters()
GP.covSEard(...)
GP.covar(...)
GP.update_data(...)
GP.covSEard(...)
GP.standardize(...)
GP.normalize(...)
GP.inverse_mean(...)
GP.inverse_variance(...)
GP.discrete_linearize(...)
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GP.jacobian(...)
GP.noise_variance()
GP.__to_dict()
GP.save_model(...)
GP.load_model(...)
GP.predict_compare(...)
GP.inverse_variance(...)

C.2 gp functions
Available functions:

covSEard(...)
get_mean_function(...)
build_gp(...)
build_TA_cov(...)
gp(...)
gp_taylor_approx(...)
gp_exact_moment(...)
maha(...)

C.3 optimize
Available functions:

calc_NLL(...) # CasADi
train_gp(...) #CasADi
calc_cov_matrix(...) # Numpy/Scipy
calc_NLL_numpy(...) # Numpy/Scipy
train_gp_numpy(...) # Numpy/Scipy
validate(...)

C.4 model class
Available class functions:

Model.__init__(...)
Model.linearize(...)
Model.discrete_linearize(...)
Model.discrete_rk4_linearize(...)
Model.rk4_jacobian_x(...)
Model.rk4_jacobian_u(...)
Model.check_rk4_stability(...)
Model.sampling_time()
Model.size()

X



Model.integrate(...)
Model.sim(...)
Model.generate_training_data(...)
Model.plot(...)
Model.predict_compare(...)

C.5 mpc class
Available class functions:

MPC.__init__(...)
MPC.solve(...)
MPC.__set_cost_function(...)
MPC.__cost_saturation_lf(...)
MPC.__cost_saturation_l(...)
MPC.__cost_l(...)
MPC.__constraint(...)
MPC.__debug(...)
MPC.plot(...)
lqr(...)
plot_eiq(...)
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Appendix D
GP-MPC: Code Example

This chapter contain the following examples:

• Use a Gussian Process to estimate the Van der Pol equations.

• Train a GP model on data from a four-tank system and control the system using
MPC with the GP as model in the prediction horizon.

• Train GP model on a car model and use this with MPC to avoid obstacles and follow
a road path.

D.1 Van der Pol
# -*- coding: utf-8 -*-
"""
Example of predicting the Van der Pol equation with a Gaussian Process

@author: Helge-André Langåker
"""
from __future__ import absolute_import
from __future__ import division
from __future__ import print_function

from sys import path
path.append(r"./../") # Add gp_mpc pagkage to path

import numpy as np
import casadi as ca
import matplotlib.pyplot as plt
from gp_mpc import Model, GP, MPC, plot_eig, lqr

def plot_van_der_pol():
""" Plot comparison of GP prediction with exact simulation

on a 2000 step prediction horizon
"""
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Nt = 2000
x0 = np.array([2., .201])

cov = np.zeros((2,2))
x = np.zeros((Nt,2))
x_sim = np.zeros((Nt,2))

x[0] = x0
x_sim[0] = x0

gp.set_method('ME') # Use Mean Equivalence as GP method
for i in range(Nt-1):

x_t, cov = gp.predict(x[i], [], cov)
x[i + 1] = np.array(x_t).flatten()
x_sim[i+1] = model.integrate(x0=x_sim[i], u=[], p=[])

plt.figure()
ax = plt.subplot(111)
ax.plot(x_sim[:,0], x_sim[:,1], 'k-', linewidth=1.0, label='Exact')
ax.plot(x[:,0], x[:,1], 'b-', linewidth=1.0, label='GP')
ax.set_ylabel('y')
ax.set_xlabel('x')
plt.legend(loc='best')
plt.show()

def ode(x, u, z, p):
""" Van der Pol equation
"""
mu = 2
dxdt = [

x[1],
-x[0] + mu * (1 - x[0]**2) * x[1]

]
return ca.vertcat(*dxdt)

""" System Parameters """
dt = .01 # Sampling time
Nx = 2 # Number of states
Nu = 0 # Number of inputs
R_n = np.eye(Nx) * 1e-6 # Covariance matrix of added noise

# Limits in the training data
ulb = [] # No inputs are used
uub = [] # No inputs are used
xlb = [-4., -6.]
xub = [4., 6.]

N = 40 # Number of training data
N_test = 100 # Number of test data

""" Create simulation model and generate training/test data"""
model = Model(Nx=Nx, Nu=Nu, ode=ode, dt=dt, R=R_n, clip_negative=True)
X, Y = model.generate_training_data(N, uub, ulb, xub, xlb, noise=True)
X_test, Y_test = model.generate_training_data(N_test, uub, ulb, xub, xlb, noise=True)
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""" Create GP model and optimize hyper-parameters"""
gp = GP(X, Y, mean_func='zero', normalize=True, xlb=xlb, xub=xub, ulb=ulb,

uub=uub, optimizer_opts=None)
gp.validate(X_test, Y_test)

""" Predict and plot the result """
plot_van_der_pol()

D.2 Control of a Four-Tank System
This script provide an example of using GP-MPC for fitting a GP model to a system
consisting of four tanks, and solving the MPC problem for 80 iterations using simulated
measurements.

# -*- coding: utf-8 -*-
"""
@author: Helge-André Langåker
"""
from __future__ import absolute_import
from __future__ import division
from __future__ import print_function

from sys import path
path.append(r"./../") # Add gp_mpc pagkage to path

import numpy as np
import casadi as ca
from gp_mpc import Model, GP, MPC

def ode(x, u, z, p):
# Model Parameters (Raff, Tobias et al., 2006)
g = 981
a1 = 0.233
a2 = 0.242
a3 = 0.127
a4 = 0.127
A1 = 50.27
A2 = 50.27
A3 = 28.27
A4 = 28.27
gamma1 = 0.4
gamma2 = 0.4

dxdt = [
(-a1 / A1) * ca.sqrt(2 * g * x[0] + 1e-3) + (a3 / A1 )

* ca.sqrt(2 * g * x[2] + 1e-3) + (gamma1 / A1) * u[0],
(-a2 / A2) * ca.sqrt(2 * g * x[1] + 1e-3) + a4 / A2

* ca.sqrt(2 * g * x[3]+ 1e-3) + (gamma2 / A2) * u[1],
(-a3 / A3) * ca.sqrt(2 * g * x[2] + 1e-3) + (1 - gamma2) / A3 * u[1],

(-a4 / A4) * ca.sqrt(2 * g * x[3] + 1e-3) + (1 - gamma1) / A4 * u[0]
]

return ca.vertcat(*dxdt)
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""" System parameters """
dt = 3.0
Nx = 4
Nu = 2
R = np.eye(Nx) * 1e-5 # Noise covariance

""" Limits in the training data """
ulb = [0., 0.]
uub = [60., 60.]
xlb = [.0, .0, .0, .0]
xub = [30., 30., 30., 30.]

N = 60 # Number of training data
N_test = 100 # Number of test data

""" Create Simulation Model """
model = Model(Nx=Nx, Nu=Nu, ode=ode, dt=dt, R=R, clip_negative=True)
X, Y = model.generate_training_data(N, uub, ulb, xub, xlb, noise=True)
X_test, Y_test = model.generate_training_data(N_test, uub, ulb, xub, xlb, noise=True)

if 1:
""" Create GP model and optimize hyper-parameters on training data """
gp = GP(X, Y, mean_func='zero', normalize=True, xlb=xlb, xub=xub, ulb=ulb,

uub=uub)
gp.save_model('models/gp_tank')

else:
""" Or Load Example Model"""
gp = GP.load_model('models/gp_tank_example')

gp.validate(X_test, Y_test)
gp.print_hyper_parameters()

""" Limits in the MPC problem """
ulb = [10., 10.]
uub = [60., 60.]
xlb = [7.5, 7.5, 3.5, 4.5]
xub = [28., 28., 28., 28.]

""" Initial state, input and set point """
x_sp = np.array([14.0, 14.0, 14.2, 21.3])
x0 = np.array([8., 10., 8., 19.])
u0 = np.array([45, 45])

""" Penalty matrices """
Q = np.diag([20, 20, 10, 10]) # State penalty
R = np.diag([1e-3, 1e-3]) # Input penalty
S = np.diag([.01, .01]) # Input change penalty

""" Options to pass to the MPC solver """
solver_opts = {

# 'ipopt.linear_solver' : 'ma27', # Plugin solver from HSL
'ipopt.max_cpu_time' : 30,
'expand' : True,

}
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""" Build MPC solver """
mpc = MPC(horizon=30*dt, gp=gp, model=model,

gp_method='TA',
ulb=ulb, uub=uub, xlb=xlb, xub=xub, Q=Q, R=R, S=S,
terminal_constraint=None, costFunc='quad', feedback=True,
solver_opts=solver_opts, discrete_method='gp',
inequality_constraints=None
)

""" Solve and plot the MPC solution, simulating 80 iterations """
x, u = mpc.solve(x0, u0=u0, sim_time=80*dt, x_sp=x_sp, debug=False, noise=True)
mpc.plot(xnames=['Tank 1 [cm]', 'Tank 2 [cm]','Tank 3 [cm]','Tank 4 [cm]'],

unames=['Pump 1 [ml/s]', 'Pump 2 [ml/s]'])

D.3 Vehicle Obstacle Avoidance
This script provide an example of using GP-MPC for training a GP model on a bicycle
car model, predicting open/closed loop, building MPC constraints, and solve the MPC
problem for 50 iterations using simulated measurements.

# -*- coding: utf-8 -*-
"""
@author: Helge-André Langåker
"""
from sys import path
path.append(r"./../") # Add gp_mpc pagkage to path

import numpy as np
import casadi as ca
import scipy.linalg
import matplotlib.pyplot as plt
from matplotlib.patches import Ellipse, Rectangle
from gp_mpc import Model, GP, MPC, plot_eig, lqr

def ode(x, u, z, p):
""" Full Bicycle Model
"""
# Model Parameters (Gao et al., 2014)
g = 9.18 # Gravity [m/sˆ2]
m = 2050 # Vehicle mass [kg]
Iz = 3344 # Yaw inertia [kg*mˆ2]
Cr = 65000 # Tyre corning stiffness [N/rad]
Cf = 65000 # Tyre corning stiffness [N/rad]
mu = 0.5 # Tyre friction coefficient
l = 4.0 # Vehicle length
lf = 2.0 # Distance from CG to the front tyre
lr = l - lf # Distance from CG to the rear tyre
Fzf = lr * m * g / (2 * l) # Vertical load on front wheels
Fzr = lf * m * g / (2 * l) # Vertical load on rear wheels
eps = 1e-20 # Small epsilon to avoid dividing by zero

dxdt = [
1/m * (m*x[1]*x[2] + 2*mu*Fzf*u[0] + 2*Cf*u[1]**2
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- 2*Cf*u[1] * (x[1] + lf*x[2]) / (x[0] + eps) + 2*mu*Fzr*u[0]),
1/m * (-m*x[0]*x[2] + 2*mu*Fzf*u[1]*u[0]

+ 2*Cf*(x[1] + lf*x[2]) / (x[0] + eps) - 2*Cf*u[1]
+ 2*Cr*(x[1] - lf*x[2]) / (x[0] + eps)),

1/Iz * (2*lf*mu*Fzf*u[0]*u[1] + 2*lf*Cf*(x[1] + lf*x[2]) / (x[0] + eps)
- 2*lf*Cf*u[1] - 2*lr*Cr*(x[1] - lf*x[2]) / (x[0] + eps)),

x[2],
x[0]*ca.cos(x[3]) - x[1]*ca.sin(x[3]),
x[0]*ca.sin(x[3]) + x[1]*ca.cos(x[3])

]
return ca.vertcat(*dxdt)

def ode_gp(x, u, z, p):
""" Dynamic equation of Bicycle model for use with GP model
"""
# Model Parameters (Gao et al., 2014)
g = 9.18 # Gravity [m/sˆ2]
m = 2050 # Vehicle mass [kg]
Iz = 3344 # Yaw inertia [kg*mˆ2]
Cr = 65000 # Tyre corning stiffness [N/rad]
Cf = 65000 # Tyre corning stiffness [N/rad]
mu = 0.5 # Tyre friction coefficient
l = 4.0 # Vehicle length
lf = 2.0 # Distance from CG to the front tyre
lr = l - lf # Distance from CG to the rear tyre
Fzf = lr * m * g / (2 * l) # Vertical load on front wheels
Fzr = lf * m * g / (2 * l) # Vertical load on rear wheels
eps = 1e-10 # Small epsilon to avoid dividing by zero

dxdt = [
1/m * (m*x[1]*x[2] + 2*mu*Fzf*u[0] + 2*Cf*u[1]**2

- 2*Cf*u[1] * (x[1] + lf*x[2]) / (x[0] + eps) + 2*mu*Fzr*u[0]),
1/m * (-m*x[0]*x[2] + 2*mu*Fzf*u[1]*u[0]

+ 2*Cf*(x[1] + lf*x[2]) / (x[0] + eps) - 2*Cf*u[1]
+ 2*Cr*(x[1] - lf*x[2]) / (x[0] + eps)),

1/Iz * (2*lf*mu*Fzf*u[0]*u[1] + 2*lf*Cf*(x[1] + lf*x[2]) / (x[0] + eps)
- 2*lf*Cf*u[1] - 2*lr*Cr*(x[1] - lf*x[2]) / (x[0] + eps)),

]
return ca.vertcat(*dxdt)

def ode_hybrid(x, u, z, p):
""" Kinematic equations of Bicycle model for use with hybrid model
"""
dxdt = [

u[2],
u[0]*ca.cos(x[0]) - u[1]*ca.sin(x[0]),
u[0]*ca.sin(x[0]) + u[1]*ca.cos(x[0])

]
return ca.vertcat(*dxdt)

def constraint_parameters(x):
""" Constraint parameters to send to the solver at each iteration
"""
car_pos = x[4:]
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dist = np.sqrt((car_pos[0] - obs[:,0])**2
+ (car_pos[1] - obs[:, 1])**2 )

if min(dist) > 40:
return np.hstack([car_pos * 1000, [0,0]])

return obs[np.argmin(dist)]

def inequality_constraints(x, covar, u, eps, par):
""" Inequality constraints to send to the MPC builder
"""
con_ineq = []
con_ineq_lb = []
con_ineq_ub = []

""" Slip angle constraint """
dx_s = ca.SX.sym('dx')
dy_s = ca.SX.sym('dy')
dpsi_s = ca.SX.sym('dpsi')
delta_f_s = ca.SX.sym('delta_f')
lf = 2.0
lr = 2.0

slip_f = ca.Function('slip_f', [dx_s, dy_s, dpsi_s, delta_f_s],
[(dy_s + lf*dpsi_s)/(dx_s + 1e-6) - delta_f_s])

slip_r = ca.Function('slip_r', [dx_s, dy_s, dpsi_s],
[(dy_s - lr*dpsi_s)/(dx_s + 1e-6)])

con_ineq.append(slip_f(x[0], x[1], x[2], u[1]) - slip_max - eps[0])
con_ineq_ub.append(0)
con_ineq_lb.append(-np.inf)

con_ineq.append(slip_min - slip_f(x[0], x[1], x[2], u[1]) - eps[0])
con_ineq_ub.append(0)
con_ineq_lb.append(-np.inf)

con_ineq.append(slip_r(x[0], x[1], x[2]) - slip_max - eps[0])
con_ineq_ub.append(0)
con_ineq_lb.append(-np.inf)

con_ineq.append(slip_min - slip_r(x[0], x[1], x[2]) - eps[0])
con_ineq_ub.append(0)
con_ineq_lb.append(-np.inf)

""" Add road boundry constraints """
con_ineq.append(x[5] - eps[1])
con_ineq_ub.append(road_bound)
con_ineq_lb.append(-road_bound)

""" Obstacle avoidance """
Xcg_s = ca.SX.sym('Xcg')
Ycg_s = ca.SX.sym('Ycg')
obs_s = ca.SX.sym('obs', 4)
ellipse = ca.Function('ellipse', [Xcg_s, Ycg_s, obs_s],

[ ((Xcg_s - obs_s[0]) / (obs_s[2] + car_length))**2
+ ((Ycg_s - obs_s[1]) / (obs_s[3] + car_width))**2] )

con_ineq.append(1 - ellipse(x[4], x[5], par) - eps[2])
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con_ineq_ub.append(0)
con_ineq_lb.append(-np.inf)

cons = dict(con_ineq=con_ineq,
con_ineq_lb=con_ineq_lb,
con_ineq_ub=con_ineq_ub

)
return cons

""" Dynamic Model options"""
dt = 0.05
Nx = 3
Nu = 2
R_n = np.diag([1e-5, 1e-8, 1e-8])

""" Training data options """
N = 200 # Number of training data
N_test = 500 # Number of validation data

normalize = False # Option to normalize data in GP model

""" Limits in the training data """
ulb = [-.5, -.04]
uub = [.5, .04]
xlb = [10.0, -.6, -.2]
xub = [30.0, .6, .2]

""" Create simulation model """
model_gp = Model(Nx=Nx, Nu=Nu, ode=ode_gp, dt=dt, R=R_n)

""" Generate training and test data """
X, Y = model_gp.generate_training_data(N, uub, ulb, xub, xlb, noise=True)
X_test, Y_test = model_gp.generate_training_data(N_test, uub, ulb, xub, xlb, noise=False)

""" Options for hyper-parameter optimization """
solver_opts = {}
solver_opts['ipopt.linear_solver'] = 'ma27' # Faster plugin solver than default
solver_opts['expand']= False # Choise between SX or MX graph

if 0:
""" Create GP model estimating dynamics from car model """
gp = GP(X, Y, ulb=ulb, uub=uub, optimizer_opts=solver_opts, normalize=normalize)
SMSE, MNLP = gp.validate(X_test, Y_test)
gp.save_model('models/gp_car')

else:
""" Load example model """
gp = GP.load_model('models/gp_car_example')

""" Predict GP open/closed loop """
# Test data
x0 = np.array([13.89, 0.0, 0.0])
x_sp = np.array([13.89, 0., 0.001])
u0 = [0.0, 0.0]
cov0 = np.eye(Nx+Nu)
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t = np.linspace(0,20*dt, 20)
u_i = np.sin(0.01*t) * 0
u_test = np.vstack([0.5*u_i, 0.02*u_i]).T

# Penalty matrices for LQR
Q = np.diag([.1, 10., 50.])
R = np.diag([.1, 1])

# Name of states for use with plotting
xnames = [r'$\dot{x}$', r'$\dot{y}$', r'$\dot{\psi}$']

# Predict and plot open loop GP using fixed inputs
gp.predict_compare(x0, u_test, model_gp, feedback=False, x_ref=x_sp, Q=Q, R=R,

methods = ['TA','ME'], num_cols=1, xnames=xnames)
# Predict and plot closed loop GP using LQR feedback
gp.predict_compare(x0, u_test, model_gp, feedback=True, x_ref=x_sp, Q=Q, R=R,

methods = ['TA', 'ME'], num_cols=1, xnames=xnames)

""" Create hybrid model with state integrator """
Nx = 6
R_n = np.diag([1e-5, 1e-8, 1e-8, 1e-8, 1e-5, 1e-5])
model_hybrid = Model(Nx=3, Nu=3, ode=ode_hybrid, dt=dt, R=R_n)
model = Model(Nx=Nx, Nu=Nu, ode=ode, dt=dt, R=R_n)

""" Options for MPC solver"""
solver_opts = {}
#solver_opts['ipopt.linear_solver'] = 'ma27' # Plugin solver from HSL
solver_opts['ipopt.max_cpu_time'] = 20
solver_opts['expand']= True
solver_opts['ipopt.expect_infeasible_problem'] = 'yes'

# Constraint parameters
slip_min = -4.0 * np.pi / 180
slip_max = 4.0 * np.pi / 180
road_bound = 2.0
car_width = 1.2
car_length = 5.

# Position and size of eliptical obsticles [x, y, a, b]
obs = np.array([[20, .3, 0.01, 0.01],

[60, -0.3, .01, .01],
[100, 0.3, .01, .01],
])

# Limits in the MPC problem
ulb = [-.5, -.04]
uub = [.5, .04]
xlb = [10.0, -.5, -.2, -.3, .0, -10]
xub = [30.0, .5, .2, .3, 500, 10]

# Penalty matrices
Q = np.diag([.001, 5., 1., .1, 1e-10, 1])
R = np.diag([.1, 1])
S = np.diag([1, 10])

# Penalty in soft constraint
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lam = 500

# Initial value and set point
x0 = np.array([13.89, 0.0, 0.0, 0.0,.0 , 0.0])
x_sp = np.array([13.89, 0., 0., 0., 100., 0. ])

""" Build MPC object"""
mpc = MPC(horizon=17*dt, model=model,gp=gp, hybrid=model_hybrid,

discrete_method='hybrid', gp_method='ME',
ulb=ulb, uub=uub, xlb=xlb, xub=xub, Q=Q, R=R, S=S, lam=lam,
terminal_constraint=None, costFunc='quad', feedback=True,
solver_opts=solver_opts,
inequality_constraints=inequality_constraints, num_con_par=4
)

""" Simulate measurments and solve MPC problem with constraints for 50 steps"""
x, u = mpc.solve(x0, sim_time=50*dt, x_sp=x_sp, debug=False, noise=True,

con_par_func=constraint_parameters)
""" Plot """
mpc.plot()
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Appendix E
GP-MPC: Code

This appendix contain all the code used in this thesis, where it all is implemented as the
python package gp mpc. See https://github.com/helgeanl/GP-MPC for the
most recent updates.

Requirements

• Python > 3.5

• CasADi (tested with version 3.4)

E.1 gp class
# -*- coding: utf-8 -*-
"""
Gaussian Process Model
Copyright (c) 2018, Helge-André Langåker
"""
from __future__ import absolute_import
from __future__ import division
from __future__ import print_function

import time
import numpy as np
import casadi as ca
import matplotlib.pyplot as plt
from matplotlib.font_manager import FontProperties
from .gp_functions import gp_exact_moment, gp_taylor_approx, gp
from .gp_functions import build_gp, build_TA_cov, get_mean_function
from .optimize import train_gp, train_gp_numpy
from .mpc_class import lqr

class GP:
def __init__(self, X, Y, mean_func="zero", gp_method="TA",

optimizer_opts=None, hyper=None, normalize=True, multistart=1,
xlb=None, xub=None, ulb=None, uub=None, meta=None,
optimize_nummeric=True):
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""" Initialize and optimize GP model

"""

X = np.array(X).copy()
Y = np.array(Y).copy()
self.__X = X
self.__Y = Y
self.__Ny = Y.shape[1]
self.__Nx = X.shape[1]
self.__N = X.shape[0]
self.__Nu = self.__Nx - self.__Ny

self.__gp_method = gp_method
self.__mean_func = mean_func
self.__normalize = normalize

if meta is not None:
self.__meanY = np.array(meta['meanY'])
self.__stdY = np.array(meta['stdY'])
self.__meanZ= np.array(meta['meanZ'])
self.__stdZ = np.array(meta['stdZ'])
self.__meanX = np.array(meta['meanX'])
self.__stdX = np.array(meta['stdX'])
self.__meanU = np.array(meta['meanU'])
self.__stdU = np.array(meta['stdU'])

""" Optimize hyperparameters """
if hyper is None:

self.optimize(X=X, Y=Y, opts=optimizer_opts, mean_func=mean_func,
xlb=xlb, xub=xub, ulb=ulb, uub=uub,
multistart=multistart, normalize=normalize,
optimize_nummeric=optimize_nummeric)

else:
self.__hyper = np.array(hyper['hyper'])
self.__invK = np.array(hyper['invK'])
self.__alpha = np.array(hyper['alpha'])
self.__chol = np.array(hyper['chol'])
self.__hyper_length_scales = np.array(hyper['length_scale'])
self.__hyper_signal_variance = np.array(hyper['signal_var'])
self.__hyper_noise_variance = np.array(hyper['noise_var'])
self.__hyper_mean = np.array(hyper['mean'])

# Build GP
self.__mean, self.__var, self.__covar, self.__mean_jac = \

build_gp(self.__invK, self.__X, self.__hyper,
self.__alpha, self.__chol)

self.__TA_covar = build_TA_cov(self.__mean, self.__covar,
self.__mean_jac, self.__Nx, self.__Ny)

self.set_method(gp_method)

def optimize(self, X=None, Y=None, opts=None, mean_func='zero',
xlb=None, xub=None, ulb=None, uub=None,
multistart=1, normalize=True, warm_start=False,
optimize_nummeric=True):
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self.__mean_func = mean_func
self.__normalize = normalize

if normalize and X is not None:
self.__xlb = np.array(xlb)
self.__xub = np.array(xub)
self.__ulb = np.array(ulb)
self.__uub = np.array(uub)
self.__lb = np.hstack([xlb, ulb])
self.__ub = np.hstack([xub, uub])
self.__meanY = np.mean(Y, 0)
self.__stdY = np.std(Y, 0)
self.__meanZ = np.mean(X, 0)
self.__stdZ = np.std(X, 0)
self.__meanX = np.mean(X[:, :self.__Ny], 0)
self.__stdX = np.std(X[:, :self.__Ny], 0)
self.__meanU = np.mean(X[:, self.__Ny:], 0)
self.__stdU = np.std(X[:, self.__Ny:], 0)

if X is not None:
X = np.array(X).copy()
if normalize and X is not None:

self.__X = self.standardize(X, self.__meanZ, self.__stdZ)
else:

self.__X = X.copy()
else:

X = self.__X.copy()
if Y is not None:

Y = np.array(Y).copy()
if normalize and X is not None:

self.__Y = self.standardize(Y, self.__meanY, self.__stdY)
else:

self.__Y = Y.copy()
else:

Y = self.__Y.copy()

if warm_start:
hyp_init = self.__hyper
lam_x = self.__lam_x

else:
hyp_init = None
lam_x = None

if optimize_nummeric:
opt = train_gp_numpy(self.__X, self.__Y, meanFunc=self.__mean_func,

optimizer_opts=opts, multistart=multistart,
hyper_init=hyp_init)

else:
opt = train_gp(self.__X, self.__Y, meanFunc=self.__mean_func,

optimizer_opts=opts, multistart=multistart,
hyper_init=hyp_init, lam_x0=lam_x)

self.__hyper = opt['hyper']
self.__lam_x = opt['lam_x']
self.__invK = opt['invK']
self.__alpha = opt['alpha']
self.__chol = opt['chol']
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self.__hyper_length_scales = self.__hyper[:, :self.__Nx]
self.__hyper_signal_variance = self.__hyper[:, self.__Nx]**2
self.__hyper_noise_variance = self.__hyper[:, self.__Nx + 1]**2
self.__hyper_mean = self.__hyper[:, (self.__Nx + 1):]

def validate(self, X_test, Y_test):
""" Validate GP model with test data
"""

Y_test = Y_test.copy()
X_test = X_test.copy()
if self.__normalize:

Y_test = self.standardize(Y_test, self.__meanY, self.__stdY)
X_test = self.standardize(X_test, self.__meanZ, self.__stdZ)

N, Ny = Y_test.shape
loss = 0
NLP = 0

for i in range(N):
mean = self.__mean(X_test[i, :])
var = self.__var(X_test[i, :]) + self.noise_variance()
loss += (Y_test[i, :] - mean)**2
NLP += 0.5*np.log(2*np.pi * (var)) + ((Y_test[i, :] - mean)**2)/(2*var)

loss = loss / N
SMSE = loss/ np.std(Y_test, 0)
MNLP = NLP / N

print('\n________________________________________')
print('# Validation of GP model ')
print('----------------------------------------')
print('* Num training samples: ' + str(self.__N))
print('* Num test samples: ' + str(N))
print('----------------------------------------')
print('* Mean squared error: ')
for i in range(Ny):

print('\t- State %d: %f' % (i + 1, loss[i]))
print('----------------------------------------')
print('* Standardized mean squared error:')
for i in range(Ny):

print('\t* State %d: %f' % (i + 1, SMSE[i]))
print('----------------------------------------')
print('* Mean Negative log Probability:')
for i in range(Ny):

print('\t* State %d: %f' % (i + 1, MNLP[i]))
print('----------------------------------------\n')

self.__SMSE = np.max(SMSE)

return np.array(SMSE).flatten(), np.array(MNLP).flatten()

def set_method(self, gp_method='TA'):
""" Select wich GP function to use
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# Arguments:
gp_method: Method for propagating uncertainty.

'ME': Mean Equivalence (normal GP),
'TA': 1st order Tayolor Approximation,
'EM': 1st and 2nd Expected Moments,
'old_ME': non-optimized ME function,
'old_TA': non-optimzed TA function. Use 2nd order

TA, but don't take into account covariance
between states.

"""

x = ca.MX.sym('x', self.__Ny)
covar_s = ca.MX.sym('covar', self.__Nx, self.__Nx)
u = ca.MX.sym('u', self.__Nu)
self.__gp_method = gp_method

if gp_method is 'ME':
self.__predict = ca.Function('gp_mean', [x, u, covar_s],

[self.__mean(ca.vertcat(x,u)),
self.__covar(ca.vertcat(x,u))])

elif gp_method is 'TA':
self.__predict = ca.Function('gp_taylor', [x, u, covar_s],

[self.__mean(ca.vertcat(x,u)),
self.__TA_covar(ca.vertcat(x,u), covar_s)])

elif gp_method is 'EM':
self.__predict = ca.Function('gp_exact_moment', [x, u, covar_s],

gp_exact_moment(self.__invK, ca.MX(self.__X),
ca.MX(self.__Y), ca.MX(self.__hyper),
ca.vertcat(x, u).T, covar_s))

elif gp_method is 'old_ME':
self.__predict = ca.Function('gp_mean', [x, u, covar_s],

gp(self.__invK, ca.MX(self.__X), ca.MX(self.__Y),
ca.MX(self.__hyper),
ca.vertcat(x, u).T, meanFunc=self.__mean_func))

elif gp_method is 'old_TA':
self.__predict = ca.Function('gp_taylor_approx', [x, u, covar_s],

gp_taylor_approx(self.__invK, ca.MX(self.__X),
ca.MX(self.__Y), ca.MX(self.__hyper),
ca.vertcat(x, u).T, covar_s,
meanFunc=self.__mean_func, diag=True))

else:
raise NameError('No GP method called: ' + gp_method)

self.__discrete_jac_x = ca.Function('jac_x', [x, u, covar_s],
[ca.jacobian(self.__predict(x,u, covar_s)[0], x)])

self.__discrete_jac_u = ca.Function('jac_x', [x, u, covar_s],
[ca.jacobian(self.__predict(x,u,covar_s)[0], u)])

def predict(self, x, u, cov):
""" Predict future state

# Arguments:
x: State vector (Nx x 1)
u: Input vector (Nu x 1)
cov: Covariance matrix of input z=[x, u] (Nx+nu x Nx+Nu)

"""
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if self.__normalize:
x_s = self.standardize(x, self.__meanX, self.__stdX)
u_s = self.standardize(u, self.__meanU, self.__stdU)

else:
x_s = x
u_s = u

mean, cov = self.__predict(x_s, u_s, cov)
if self.__normalize:

mean = self.inverse_mean(mean, self.__meanY, self.__stdY)
# cov = self.inverse_covariance(cov, self.__stdY)

return mean, cov

def get_size(self):
""" Get the size of the GP model

# Returns:
N: Number of training data
Ny: Number of outputs
Nu: Number of control inputs

"""
return self.__N, self.__Ny, self.__Nu

def get_hyper_parameters(self):
""" Get hyper-parameters

# Return:
hyper: Dictionary containing the hyper-parameters,

'length_scale', 'signal_var', 'noise_var', 'mean'
"""
hyper = dict(

length_scale = self.__hyper_length_scales,
signal_var = self.__hyper_signal_variance,
noise_var = self.__hyper_noise_variance,
mean = self.__hyper_mean

)
return hyper

def print_hyper_parameters(self):
""" Print out all hyperparameters
"""
print('\n________________________________________')
print('# Hyper-parameters')
print('----------------------------------------')
print('* Num samples:', self.__N)
print('* Ny:', self.__Ny)
print('* Nu:', self.__Nu)
print('* Normalization:', self.__normalize)
for state in range(self.__Ny):

print('----------------------------------------')
print('* Lengthscale: ', state)
for i in range(self.__Ny + self.__Nu):

print(('-- l{a}: {l}').format(a=i,l=self.__hyper_length_scales[state, i]))
print('* Signal variance: ', state)
print('-- sf2:', self.__hyper_signal_variance[state])
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print('* Noise variance: ', state)
print('-- sn2:', self.__hyper_noise_variance[state])

print('----------------------------------------')

def covSEard(self, X, Z, ell, sf2):
""" GP Squared Exponential Kernel

# Arguments:
X: Input matrix or vector (n_x x D)
Z: Input matrix or vector (n_z x D)
ell: Lengthscale vector (D x 1)
sf2: Signal variance (scalar)

# Returns:
k(X,Z): Covariance between X and Z.

"""
dist = 0

if X.ndim > 1:
n1, D = X.shape

else:
D = X.shape[0]
n1 = 1
X.shape = (n1, D)

if Z.ndim > 1:
n2, D2 = Z.shape

else:
D2 = Z.shape[0]
n2 = 1
Z.shape = (n2, D2)

if D != D2:
raise ValueError('Input dimensions are not the same! D_x=' + str(D)

+ ', D_z=' + str(D2))
for i in range(D):

x1 = X[:, i].reshape(n1, 1)
x2 = Z[:, i].reshape(n2, 1)
dist = (np.sum(x1**2, 1).reshape(-1, 1) + np.sum(x2**2, 1) -

2 * np.dot(x1, x2.T)) / ell[i]**2 + dist
return sf2 * np.exp(-.5 * dist)

def covar(self, X_new):
""" Compute covariance of input data

# Arguments:
X_new: Input matrix or vector of size (n x D), with n samples,

and D inputs.
# Returns:

covar: Covariance between the samples for all the inputs
(D x (n x n)).

"""

if X_new.ndim > 1:
n, D = X_new.shape
covar = np.zeros((D,n,n))
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else:
D = X_new.shape[0]
n = 1
X_new.shape = (n, D)
covar = np.zeros((D,n))

for output in range(self.__Ny):
ell = self.__hyper_length_scales[output]
sf2 = self.__hyper_signal_variance[output]
L = self.__chol[output]
ks = self.covSEard(self.__X, X_new, ell, sf2)
kss = sf2
v = np.linalg.solve(L, ks)
covar[output] = kss - v.T @ v

return covar

def update_data(self, X_new, Y_new, N_new=None):
""" Update training data with new observations

Will update training data with N_new samples, updating the
cholesky covariance matrix, alpha, inverse covariance, and re-build
the GP functions with the updated matrices.

# Arguments:
X_new: Input matrix with (n x Nx) new observations.
Y_new: Corresponding measurments (n x Ny) from input X_new.
N_new: Number of new samples to pick, default to N_new=n.

# NOTE: NOT working as intended...
"""

X_new = np.array(X_new).copy()
Y_new = np.array(Y_new).copy()
n, D = X_new.shape
if N_new is None:

N_new = n

if self.__normalize:
Y_new = self.standardize(Y_new, self.__meanY, self.__stdY)
X_new = self.standardize(X_new, self.__meanZ, self.__stdZ)

print('\n________________________________________')
print('# Updating training data with ' + str(N_new) + ' new samples')
print('----------------------------------------')
for k in range(N_new):

""" Explore point with highest combined variance """
n, D = X_new.shape

covar = self.covar(X_new)
covar = np.sum(covar, 0) # Sum covariance of all states
var = np.diag(covar)

max_var_index = np.argmin(var)
x_new = X_new[max_var_index]
y_new = Y_new[max_var_index]
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X_new = np.delete(X_new, max_var_index, 0)
Y_new = np.delete(Y_new, max_var_index, 0)

""" Update matrices """
N, D = self.__X.shape
hyper = self.__hyper
invK = np.zeros((self.__Ny, N + 1, N + 1))
alpha = np.zeros((self.__Ny, N + 1))
chol = np.zeros((self.__Ny, N + 1, N + 1))
chol[:, :N, :N] = self.__chol

for output in range(self.__Ny):
ell = self.__hyper_length_scales[output]
sf2 = self.__hyper_signal_variance[output]
sn2 = self.__hyper_noise_variance[output]
K_new = self.covSEard(self.__X, x_new, ell, sf2)
k_new__ = self.covSEard(x_new, x_new, ell, sf2) + sn2
L = self.__chol[output]
l_new = np.linalg.solve(L, K_new)
l_new__ = np.sqrt(k_new__ - np.linalg.norm(l_new))
chol[output, N:, :N] = l_new.T
chol[output, N, N] = l_new__
invL = np.linalg.solve(chol[output], np.eye(N + 1))
invK[output, :, :] = np.linalg.solve(chol[output].T, invL)

self.__X = np.vstack([self.__X, x_new])
self.__Y = np.vstack([self.__Y, y_new])
self.__N = self.__X.shape[0]

for output in range(self.__Ny):
m = get_mean_function(ca.MX(hyper[output, :]),

self.__X.T, func=self.__mean_func)
mean = np.array(m(self.__X.T)).reshape((self.__N + 1,))
alpha[output] = np.linalg.solve(chol[output].T,

np.linalg.solve(chol[output],
self.__Y[:, output] - mean))

self.__alpha = alpha
self.__chol = chol
self.__invK = invK

# Rebuild GP with the new data
self.__mean, self.__var, self.__covar, self.__mean_jac = \

build_gp(self.__invK, self.__X, self.__hyper,
self.__alpha, self.__chol)

print('* Update ' + str(k) + ' with new data point ' +str(max_var_index))
self.__TA_covar = build_TA_cov(self.__mean, self.__covar,

self.__mean_jac, self.__Nx, self.__Ny)
self.set_method(self.__gp_method)

def update_data_all(self, X_new, Y_new):
""" Update training data with all new observations

Will update training data with all samples, updating the
cholesky covariance matrix, alpha, inverse covariance, and re-build
the GP functions with the updated matrices.
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# Arguments:
X_new: Input matrix with (n x Nx) new observations.
Y_new: Corresponding measurments (n x Ny) from input X_new.

"""

X_new = np.array(X_new).copy()
Y_new = np.array(Y_new).copy()
n, D = X_new.shape

N_new = n

if self.__normalize:
Y_new = self.standardize(Y_new, self.__meanY, self.__stdY)
X_new = self.standardize(X_new, self.__meanZ, self.__stdZ)

print('\n________________________________________')
print('# Updating training data with ' + str(N_new) + ' new samples')
print('----------------------------------------')

""" Explore point with highest combined variance """
n, D = X_new.shape

""" Update matrices """
self.__X = np.vstack([self.__X, X_new])
self.__Y = np.vstack([self.__Y, Y_new])
self.__N = self.__X.shape[0]

N, D = self.__X.shape
hyper = self.__hyper

invK = np.zeros((self.__Ny, N , N ))
alpha = np.zeros((self.__Ny, N ))
chol = np.zeros((self.__Ny, N , N ))

for output in range(self.__Ny):
ell = self.__hyper_length_scales[output]
sf2 = self.__hyper_signal_variance[output]
sn2 = self.__hyper_noise_variance[output]
K_new = self.covSEard(self.__X, self.__X, ell, sf2)

K = K_new + sn2 * np.eye(self.__N)
K = (K + K.T) * 0.5 # Make sure matrix is symmentric
try:

L = np.linalg.cholesky(K)
except np.linalg.LinAlgError:

print("K matrix is not positive definit, adding jitter!")
K = K + np.eye(N) * 1e-8
L = np.linalg.cholesky(K)

invL = np.linalg.solve(L, np.eye(self.__N))
invK[output, :, :] = np.linalg.solve(L.T, invL)
chol[output] = L
m = get_mean_function(ca.MX(hyper[output, :]), self.__X.T,

func=self.__mean_func)
mean = np.array(m(self.__X.T)).reshape((self.__N,))
alpha[output] = np.linalg.solve(L.T,

np.linalg.solve(L, self.__Y[:, output] - mean))
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self.__alpha = alpha
self.__chol = chol
self.__invK = invK

# Rebuild GP with the new data
self.__mean, self.__var, self.__covar, self.__mean_jac = \

build_gp(self.__invK, self.__X, self.__hyper,
self.__alpha, self.__chol)

self.__TA_covar = build_TA_cov(self.__mean, self.__covar,
self.__mean_jac, self.__Nx, self.__Ny)

self.set_method(self.__gp_method)

def replace_data_all(self, X_new, Y_new):
""" Replace training data with new observations

Will replace training data with new samples, replacing the
cholesky covariance matrix, alpha, inverse covariance, and re-build
the GP functions with the updated matrices.

# Arguments:
X_new: Input matrix with (n x Nx) new observations.
Y_new: Corresponding measurments (n x Ny) from input X_new.

"""

X_new = np.array(X_new).copy()
Y_new = np.array(Y_new).copy()
n, D = X_new.shape

N_new = n

if self.__normalize:
Y_new = self.standardize(Y_new, self.__meanY, self.__stdY)
X_new = self.standardize(X_new, self.__meanZ, self.__stdZ)

print('\n________________________________________')
print('# Replacing training data with ' + str(N_new) + ' new samples')
print('----------------------------------------')

""" Update matrices """
self.__X = X_new
self.__Y = Y_new
self.__N = self.__X.shape[0]

N, D = self.__X.shape
hyper = self.__hyper

invK = np.zeros((self.__Ny, N , N ))
alpha = np.zeros((self.__Ny, N ))
chol = np.zeros((self.__Ny, N , N ))

for output in range(self.__Ny):
ell = self.__hyper_length_scales[output]
sf2 = self.__hyper_signal_variance[output]

XXXIII



sn2 = self.__hyper_noise_variance[output]
K_new = self.covSEard(self.__X, self.__X, ell, sf2)

K = K_new + sn2 * np.eye(self.__N)
K = (K + K.T) * 0.5 # Make sure matrix is symmentric
try:

L = np.linalg.cholesky(K)
except np.linalg.LinAlgError:

print("K matrix is not positive definit, adding jitter!")
K = K + np.eye(N) * 1e-8
L = np.linalg.cholesky(K)

invL = np.linalg.solve(L, np.eye(self.__N))
invK[output, :, :] = np.linalg.solve(L.T, invL)
chol[output] = L
m = get_mean_function(ca.MX(hyper[output, :]), self.__X.T,

func=self.__mean_func)
mean = np.array(m(self.__X.T)).reshape((self.__N,))
alpha[output] = np.linalg.solve(L.T,

np.linalg.solve(L, self.__Y[:, output] - mean))

self.__alpha = alpha
self.__chol = chol
self.__invK = invK

# Rebuild GP with the new data
self.__mean, self.__var, self.__covar, self.__mean_jac = \

build_gp(self.__invK, self.__X, self.__hyper,
self.__alpha, self.__chol)

self.__TA_covar = build_TA_cov(self.__mean, self.__covar,
self.__mean_jac, self.__Nx, self.__Ny)

self.set_method(self.__gp_method)

def standardize(self, Y, mean, std):
return (Y - mean) / std

def normalize(self, u, lb, ub):
return (u - lb) / (ub - lb)

def inverse_mean(self, x, mean, std):
""" Inverse standardization of the mean
"""
return (x * std) + mean

def inverse_variance(self, variance):
""" Inverse standardization of the variance
"""

# return (covariance[..., np.newaxis] * self.__stdY**2)
return variance * self.__stdY**2

def discrete_linearize(self, x0, u0, cov0):
""" Linearize the GP around the operating point

x[k+1] = Ax[k] + Bu[k]
# Arguments:

x0: State vector
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u0: Input vector
cov0: Covariance

"""
if self.__normalize:

x0 = self.standardize(x0, self.__meanX, self.__stdX)
u0 = self.standardize(u0, self.__meanU, self.__stdU)

Ad = np.array(self.__discrete_jac_x(x0, u0, cov0))
Bd = np.array(self.__discrete_jac_u(x0, u0, cov0))

return Ad, Bd

def jacobian(self, x0, u0, cov0):
""" Jacobian of posterior mean

J = dmu/dx
# Arguments:

x0: State vector
u0: Input vector
cov0: Covariance

"""
return self.__discrete_jac_x(x0, u0, cov0)

def noise_variance(self):
""" Get the noise variance
"""
return self.__hyper_noise_variance

#TODO: Fix this
def sparse(self, M):

""" Sparse Gaussian Process
Use Fully Independent Training Conditional (FITC) to approximate
the GP distribution and reduce computational complexity.

# Arguments:
M: Reduce the model size from N to M.

"""

def __to_dict(self):
""" Store model data in a dictionary """

gp_dict = {}
gp_dict['X'] = self.__X.tolist()
gp_dict['Y'] = self.__Y.tolist()
gp_dict['hyper'] = dict(

hyper = self.__hyper.tolist(),
invK = self.__invK.tolist(),
alpha = self.__alpha.tolist(),
chol = self.__chol.tolist(),
length_scale = self.__hyper_length_scales.tolist(),
signal_var = self.__hyper_signal_variance.tolist(),
noise_var = self.__hyper_noise_variance.tolist(),
mean = self.__hyper_mean.tolist()

)
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gp_dict['mean_func'] = self.__mean_func
gp_dict['normalize'] = self.__normalize
if self.__normalize:

gp_dict['xlb'] = self.__xlb.tolist()
gp_dict['xub'] = self.__xub.tolist()
gp_dict['ulb'] = self.__ulb.tolist()
gp_dict['uub'] = self.__uub.tolist()
gp_dict['meta'] = dict(

meanY = self.__meanY.tolist(),
stdY = self.__stdY.tolist(),
meanZ = self.__meanZ.tolist(),
stdZ = self.__stdZ.tolist(),
meanX = self.__meanX.tolist(),
stdX = self.__stdX.tolist(),
meanU = self.__meanU.tolist(),
stdU = self.__stdU.tolist()

)
return gp_dict

def save_model(self, filename):
""" Save model to a json file"""
import json
output_dict = self.__to_dict()
with open(filename + ".json", "w") as outfile:

json.dump(output_dict, outfile)

@classmethod
def load_model(cls, filename):

""" Create a new model from file"""
import json
with open(filename + ".json") as json_data:

input_dict = json.load(json_data)
return cls(**input_dict)

def predict_compare(self, x0, u, model, num_cols=2, xnames=None,
title=None, feedback=False, x_ref = None,
Q=None, R=None, methods=None):

""" Predict and compare all GP methods
"""
# Predict future
Nx = self.__Nx
Ny = self.__Ny

dt = model.sampling_time()
Nt = np.size(u, 0)
sim_time = Nt * dt
initVar = self.__hyper[:,Nx + 1]**2
if methods is None:

methods = ['EM', 'TA', 'ME']
color = ['k', 'y', 'r']
mean = np.zeros((len(methods), Nt + 1 , Ny))
var = np.zeros((len(methods), Nt + 1, Ny))
covar = np.eye(Nx) * 1e-6 # Initial covar input matrix
if Q is None:
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Q = np.eye(Ny)
if R is None:

R= np.eye(Nx - Ny)

if x_ref is None and feedback:
x_ref = np.zeros((Ny))

if feedback:
A, B = self.discrete_linearize(x0, u[0], covar)
K, S, E = lqr(A, B, Q, R)

for i in range(len(methods)):
self.set_method(methods[i])
mean_t = x0
covar[:Ny, :Ny] = ca.diag(initVar)
mean[i, 0, :] = x0
u_t = u[0]

A, B = self.discrete_linearize(mean_t, u_t, covar)
K, P, E = lqr(A, B, Q, R)

for t in range(1, Nt + 1):
if feedback:

u_t = K @ (mean_t - x_ref)
else:

u_t = u[t-1, :]
mean_t, covar_x = self.predict(mean_t, u_t, covar)
mean[i, t, :] = np.array(mean_t).reshape((Ny,))
var[i, t, :] = np.diag(covar_x)
if self.__normalize:

var[i, t, :] = self.inverse_variance(var[i, t, :])

if feedback:
covar_u = K @ covar_x @ K.T

cov_xu = covar_x @ K.T
covar[Ny:, Ny:] = covar_u
covar[Ny:, :Ny] = cov_xu.T
covar[:Ny, Ny:] = cov_xu

covar[:Ny, :Ny] = covar_x

#TODO: Fix feedback
if feedback:

A, B = model.discrete_linearize(x0, u[0])
K, P, E = lqr(A, B, Q, R)
y_sim = np.zeros((Nt + 1 , Ny))
y_sim[0] = x0
y_t = x0
for t in range(1, Nt + 1):

if 0: #feedback:
u_t = K @ (y_t - x_ref)

else:
u_t = u[t-1, :]

y_t = model.integrate(x0, u_t, []).flatten()
y_sim[t] = y_t

else:
y_sim = model.sim(x0, u)
y_sim = np.vstack([x0, y_sim])

XXXVII



t = np.linspace(0.0, sim_time, Nt + 1)

if np.any(var < 0):
var = var.clip(min=0)

num_rows = int(np.ceil(Ny / num_cols))
if xnames is None:

xnames = ['State %d' % (i + 1) for i in range(Ny)]
if x_ref is not None:

x_sp = x_ref * np.ones((Nt+1, Ny))

fontP = FontProperties()
fontP.set_size('small')
fig = plt.figure(figsize=(9.0, 6.0))
for i in range(Ny):

ax = fig.add_subplot(num_rows, num_cols, i + 1)
ax.plot(t, y_sim[:, i], 'b-', label='Simulation')
if x_ref is not None:

ax.plot(t, x_sp[:, i], color='g', linestyle='--', label='Setpoint')

for k in range(len(methods)):
mean_i = mean[k, :, i]
sd_i = np.sqrt(var[k, :, i])
ax.errorbar(t, mean_i, yerr=2 * sd_i, color = color[k],

label='GP ' + methods[k])
ax.set_ylabel(xnames[i])
ax.legend(prop=fontP, loc='best')
ax.set_xlabel('Time [s]')

# ax.set_ylim([-20,20])
if title is not None:

fig.canvas.set_window_title(title)
else:

fig.canvas.set_window_title(('Training data: {x}, Mean Function: {y}, '
'Normalize: {q}, Feedback: {f}'
).format(x=self.__N, y=self.__mean_func,
q=self.__normalize, f=feedback))

plt.tight_layout()
plt.show()

E.2 gp functions
# -*- coding: utf-8 -*-
"""
Gaussian Process functions
Copyright (c) 2018, Helge-André Langåker, Eric Bradford
"""
from __future__ import absolute_import
from __future__ import division
from __future__ import print_function

import numpy as np
import casadi as ca
import matplotlib.pyplot as plt
from matplotlib.font_manager import FontProperties
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def covSEard(x, z, ell, sf2):
""" GP squared exponential kernel

Copyright (c) 2018, Helge-André Langåker
"""
dist = ca.sum1((x - z)**2 / ell**2)
return sf2 * ca.SX.exp(-.5 * dist)

def get_mean_function(hyper, X, func='zero'):
""" Get mean function

Copyright (c) 2018, Helge-André Langåker

# Arguments:
hyper: Matrix with hyperperameters.
X: Input vector or matrix.
func: Option for mean function:

'zero': m = 0
'const': m = a
'linear': m(x) = aT*x + b
'polynomial': m(x) = aT*xˆ2 + bT*x + c

# Returns:
CasADi mean function [m(X, hyper)]

"""

Nx, N = X.shape
X_s = ca.SX.sym('x', Nx, N)
Z_s = ca.MX.sym('x', Nx, N)
m = ca.SX(N, 1)
hyp_s = ca.SX.sym('hyper', *hyper.shape)
if func == 'zero':

meanF = ca.Function('zero_mean', [X_s, hyp_s], [m])
elif func == 'const':

a = hyp_s[-1]
for i in range(N):

m[i] = a
meanF = ca.Function('const_mean', [X_s, hyp_s], [m])

elif func == 'linear':
a = hyp_s[-Nx-1:-1].reshape((1, Nx))
b = hyp_s[-1]
for i in range(N):

m[i] = ca.mtimes(a, X_s[:,i]) + b
meanF = ca.Function('linear_mean', [X_s, hyp_s], [m])

elif func == 'polynomial':
a = hyp_s[-2*Nx-1:-Nx-1].reshape((1,Nx))
b = hyp_s[-Nx-1:-1].reshape((1,Nx))
c = hyp_s[-1]
for i in range(N):

m[i] = ca.mtimes(a, X_s[:, i]**2) + ca.mtimes(b, X_s[:,i]) + c
meanF = ca.Function('poly_mean', [X_s, hyp_s], [m])

else:
raise NameError('No mean function called: ' + func)

return ca.Function('mean', [Z_s], [meanF(Z_s, hyper)])
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def build_gp(invK, X, hyper, alpha, chol, meanFunc='zero'):
""" Build Gaussian Process function

Copyright (c) 2018, Helge-André Langåker

# Arguments
invK: Array with the inverse covariance matrices of size (Ny x N x N),

with Ny number of outputs from the GP and N number of training points.
X: Training data matrix with inputs of size (N x Nx), with Nx number of

inputs to the GP.
alpha: Training data matrix with invK time outputs of size (Ny x N).
hyper: Array with hyperparame|ters [ell_1 .. ell_Nx sf sn].

# Returns
mean: GP mean casadi function [mean(z)]
var: GP variance casadi function [var(z)]
covar: GP covariance casadi function [covar(z) = diag(var(z))]
mean_jac: Casadi jacobian of the GP mean function [jac(z)]

"""

Ny = len(invK)
X = ca.SX(X)
N, Nx = ca.SX.size(X)

mean = ca.SX.zeros(Ny, 1)
var = ca.SX.zeros(Ny, 1)

# Casadi symbols
x_s = ca.SX.sym('x', Nx)
z_s = ca.SX.sym('z', Nx)
m_s = ca.SX.sym('m')
ell_s = ca.SX.sym('ell', Nx)
sf2_s = ca.SX.sym('sf2')
X_s = ca.SX.sym('X', N, Nx)
ks_s = ca.SX.sym('ks', N)
v_s = ca.SX.sym('v', N)
kss_s = ca.SX.sym('kss')
alpha_s = ca.SX.sym('alpha', N)

covSE = ca.Function('covSE', [x_s, z_s, ell_s, sf2_s],
[covSEard(x_s, z_s, ell_s, sf2_s)])

ks = ca.SX.zeros(N, 1)
for i in range(N):

ks[i] = covSE(X_s[i, :], z_s, ell_s, sf2_s)
ks_func = ca.Function('ks', [X_s, z_s, ell_s, sf2_s], [ks])

mean_i_func = ca.Function('mean', [ks_s, alpha_s, m_s],
[ca.mtimes(ks_s.T, alpha_s) + m_s])

L_s = ca.SX.sym('L', ca.Sparsity.lower(N))
v_func = ca.Function('v', [L_s, ks_s], [ca.solve(L_s, ks_s)])

var_i_func = ca.Function('var', [v_s, kss_s,],
[kss_s - v_s.T @ v_s])

for output in range(Ny):
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ell = ca.SX(hyper[output, 0:Nx])
sf2 = ca.SX(hyper[output, Nx]**2)
alpha_a = ca.SX(alpha[output])
ks = ks_func(X_s, z_s, ell, sf2)
v = v_func(chol[output], ks)
m = get_mean_function(ca.MX(hyper[output, :]), z_s, func=meanFunc)
mean[output] = mean_i_func(ks, alpha_a, m(z_s))
var[output] = var_i_func(v, sf2)

mean_temp = ca.Function('mean_temp', [z_s, X_s], [mean])
var_temp = ca.Function('var_temp', [z_s, X_s], [var])

mean_func = ca.Function('mean', [z_s], [mean_temp(z_s, X)])
covar_func = ca.Function('var', [z_s], [ca.diag(var_temp(z_s, X))])
var_func = ca.Function('var', [z_s], [var_temp(z_s, X)])

mean_jac_z = ca.Function('mean_jac_z', [z_s],
[ca.jacobian(mean_func(z_s), z_s)])

return mean_func, var_func, covar_func, mean_jac_z

def build_TA_cov(mean, covar, jac, Nx, Ny):
""" Build 1st order Taylor approximation of covariance function

Copyright (c) 2018, Helge-André Langåker

# Arguments:
mean: GP mean casadi function [mean(z)]
covar: GP covariance casadi function [covar(z)]
jac: Casadi jacobian of the GP mean function [jac(z)]
Nx: Number of inputs to the GP
Ny: Number of ouputs from the GP

# Return:
cov: Casadi function with the approximated covariance

function [cov(z, covar_x)].
"""
cov_z = ca.SX.sym('cov_z', Nx, Nx)
z_s = ca.SX.sym('z', Nx)
jac_z = jac(z_s)
cov = ca.Function('cov', [z_s, cov_z],

[covar(z_s) + jac_z @ cov_z @ jac_z.T])

return cov

def gp(invK, X, Y, hyper, inputmean, alpha=None, meanFunc='zero', log=False):
""" Gaussian Process

Copyright (c) 2018, Helge-André Langåker

# Arguments
invK: Array with the inverse covariance matrices of size (Ny x N x N),

with Ny number of outputs from the GP and N number of training points.
X: Training data matrix with inputs of size (N x Nx), with Nx number of

inputs to the GP.
Y: Training data matrix with outpyts of size (N x Ny).
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hyper: Array with hyperparame|ters [ell_1 .. ell_Nx sf sn].
inputmean: Input to the GP of size (1 x Nx)

# Returns
mean: The estimated mean.
var: The estimated variance

"""
if log:

X = ca.log(X)
Y = ca.log(Y)
inputmean = ca.log(inputmean)

Ny = len(invK)
N, Nx = ca.MX.size(X)

mean = ca.MX.zeros(Ny, 1)
var = ca.MX.zeros(Ny, 1)

# Casadi symbols
x_s = ca.SX.sym('x', Nx)
z_s = ca.SX.sym('z', Nx)
ell_s = ca.SX.sym('ell', Nx)
sf2_s = ca.SX.sym('sf2')

invK_s = ca.SX.sym('invK', N, N)
Y_s = ca.SX.sym('Y', N)
m_s = ca.SX.sym('m')
ks_s = ca.SX.sym('ks', N)
kss_s = ca.SX.sym('kss')
ksT_invK_s = ca.SX.sym('ksT_invK', 1, N)
alpha_s = ca.SX.sym('alpha', N)

covSE = ca.Function('covSE', [x_s, z_s, ell_s, sf2_s],
[covSEard(x_s, z_s, ell_s, sf2_s)])

ksT_invK_func = ca.Function('ksT_invK', [ks_s, invK_s],
[ca.mtimes(ks_s.T, invK_s)])

if alpha is not None:
mean_func = ca.Function('mean', [ks_s, alpha_s],

[ca.mtimes(ks_s.T, alpha_s)])
else:

mean_func = ca.Function('mean', [ksT_invK_s, Y_s],
[ca.mtimes(ksT_invK_s, Y_s)])

var_func = ca.Function('var', [kss_s, ksT_invK_s, ks_s],
[kss_s - ca.mtimes(ksT_invK_s, ks_s)])

for output in range(Ny):
m = get_mean_function(hyper[output, :], inputmean, func=meanFunc)
ell = ca.MX(hyper[output, 0:Nx])
sf2 = ca.MX(hyper[output, Nx]**2)

kss = covSE(inputmean, inputmean, ell, sf2)
ks = ca.MX.zeros(N, 1)
for i in range(N):

ks[i] = covSE(X[i, :], inputmean, ell, sf2)
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ksT_invK = ksT_invK_func(ks, ca.MX(invK[output]))
if alpha is not None:

mean[output] = mean_func(ks, ca.MX(alpha[output]))
else:

mean[output] = mean_func(ksT_invK, Y[:, output])
var[output] = var_func(kss, ks, ksT_invK)

if log:
mean = ca.exp(mean)
var = ca.exp(var)

covar = ca.diag(var)
return mean, covar

def gp_taylor_approx(invK, X, Y, hyper, inputmean, inputcovar,
meanFunc='zero', diag=False, log=False):

""" Gaussian Process with Taylor Approximation
Copyright (c) 2018, Helge-André Langåker

This uses a first order taylor for the mean evaluation (a normal GP mean),
and a second order taylor for estimating the variance.

# Arguments
invK: Array with the inverse covariance matrices of size (Ny x N x N),

with Ny number of outputs from the GP and N number of training points.
X: Training data matrix with inputs of size NxNx, with Nx number of

inputs to the GP.
Y: Training data matrix with outpyts of size (N x Ny).
hyper: Array with hyperparameters [ell_1 .. ell_Nx sf sn].
inputmean: Mean from the last GP iteration of size (1 x Nx)
inputvar: Variance from the last GP iteration of size (1 x Ny)

# Returns
mean: Array with estimated mean of size (Ny x 1).
covariance: The estimated covariance matrix with the output variance in the

diagonal of size (Ny x Ny).
"""
if log:

X = ca.log(X)
Y = ca.log(Y)
inputmean = ca.log(inputmean)

Ny = len(invK)
N, Nx = ca.MX.size(X)
mean = ca.MX.zeros(Ny, 1)
var = ca.MX.zeros(Nx, 1)
v = X - ca.repmat(inputmean, N, 1)
covar_temp = ca.MX.zeros(Ny, Ny)

covariance = ca.MX.zeros(Ny, Ny)
d_mean = ca.MX.zeros(Ny, 1)
dd_var = ca.MX.zeros(Ny, Ny)

# Casadi symbols
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x_s = ca.SX.sym('x', Nx)
z_s = ca.SX.sym('z', Nx)
ell_s = ca.SX.sym('ell', Nx)
sf2_s = ca.SX.sym('sf2')
covSE = ca.Function('covSE', [x_s, z_s, ell_s, sf2_s],

[covSEard(x_s, z_s, ell_s, sf2_s)])

for a in range(Ny):
ell = hyper[a, :Nx]
w = 1 / ell**2
sf2 = ca.MX(hyper[a, Nx]**2)
m = get_mean_function(hyper[a, :], inputmean, func=meanFunc)
iK = ca.MX(invK[a])
alpha = ca.mtimes(iK, Y[:, a] - m(inputmean)) + m(inputmean)
kss = sf2

ks = ca.MX.zeros(N, 1)
for i in range(N):

ks[i] = covSE(X[i, :], inputmean, ell, sf2)

invKks = ca.mtimes(iK, ks)
mean[a] = ca.mtimes(ks.T, alpha)
var[a] = kss - ca.mtimes(ks.T, invKks)
d_mean[a] = ca.mtimes(ca.transpose(w[a] * v[:, a] * ks), alpha)

#BUG: This don't take into account the covariance between states
for d in range(Ny):

for e in range(Ny):
dd_var1a = ca.mtimes(ca.transpose(v[:, d] * ks), iK)
dd_var1b = ca.mtimes(dd_var1a, v[e] * ks)
dd_var2 = ca.mtimes(ca.transpose(v[d] * v[e] * ks), invKks)
dd_var[d, e] = -2 * w[d] * w[e] * (dd_var1b + dd_var2)
if d == e:

dd_var[d, e] = dd_var[d, e] + 2 * w[d] * (kss - var[d])

mean_mat = ca.mtimes(d_mean, d_mean.T)
covar_temp[0, 0] = inputcovar[a, a]
covariance[a, a] = var[a] + ca.trace(ca.mtimes(covar_temp, .5

* dd_var + mean_mat))

return [mean, covariance]

def gp_exact_moment(invK, X, Y, hyper, inputmean, inputcov):
""" Gaussian Process with Exact Moment Matching
Copyright (c) 2018, Eric Bradford, Helge-André Langåker

The first and second moments are used to compute the mean and covariance of the
posterior distribution with a stochastic input distribution. This assumes a
zero prior mean function and the squared exponential kernel.

# Arguments
invK: Array with the inverse covariance matrices of size (Ny x N x N),

with Ny number of outputs from the GP and N number of training points.
X: Training data matrix with inputs of size NxNx, with Nx number of

inputs to the GP.
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Y: Training data matrix with outpyts of size (N x Ny).
hyper: Array with hyperparameters [ell_1 .. ell_Nx sf sn].
inputmean: Mean from the last GP iteration of size (1 x Nx)
inputcov: Covariance matrix from the last GP iteration of size (Nx x Nx)

# Returns
mean: Array of the output mean of size (Ny x 1).
covariance: Covariance matrix of size (Ny x Ny).

"""

hyper = ca.log(hyper)
Ny = len(invK)
N, Nx = ca.MX.size(X)
mean = ca.MX.zeros(Ny, 1)
beta = ca.MX.zeros(N, Ny)
log_k = ca.MX.zeros(N, Ny)
v = X - ca.repmat(inputmean, N, 1)

covariance = ca.MX.zeros(Ny, Ny)

#TODO: Fix that LinsolQr don't work with the extended graph?
A = ca.SX.sym('A', inputcov.shape)
[Q, R2] = ca.qr(A)
determinant = ca.Function('determinant', [A], [ca.exp(ca.trace(ca.log(R2)))])

for a in range(Ny):
beta[:, a] = ca.mtimes(invK[a], Y[:, a])
iLambda = ca.diag(ca.exp(-2 * hyper[a, :Nx]))
R = inputcov + ca.diag(ca.exp(2 * hyper[a, :Nx]))
iR = ca.mtimes(iLambda, (ca.MX.eye(Nx) - ca.solve((ca.MX.eye(Nx)

+ ca.mtimes(inputcov, iLambda)), (ca.mtimes(inputcov, iLambda)))))
T = ca.mtimes(v, iR)
c = ca.exp(2 * hyper[a, Nx]) / ca.sqrt(determinant(R)) \

* ca.exp(ca.sum2(hyper[a, :Nx]))
q2 = c * ca.exp(-ca.sum2(T * v) * 0.5)
qb = q2 * beta[:, a]
mean[a] = ca.sum1(qb)
t = ca.repmat(ca.exp(hyper[a, :Nx]), N, 1)
v1 = v / t
log_k[:, a] = 2 * hyper[a, Nx] - ca.sum2(v1 * v1) * 0.5

# covariance with noisy input
for a in range(Ny):

ii = v / ca.repmat(ca.exp(2 * hyper[a, :Nx]), N, 1)
for b in range(a + 1):

R = ca.mtimes(inputcov, ca.diag(ca.exp(-2 * hyper[a, :Nx])
+ ca.exp(-2 * hyper[b, :Nx]))) + ca.MX.eye(Nx)

t = 1.0 / ca.sqrt(determinant(R))
ij = v / ca.repmat(ca.exp(2 * hyper[b, :Nx]), N, 1)
Q = ca.exp(ca.repmat(log_k[:, a], 1, N)

+ ca.repmat(ca.transpose(log_k[:, b]), N, 1)
+ maha(ii, -ij, ca.solve(R, inputcov * 0.5), N))

A = ca.mtimes(beta[:, a], ca.transpose(beta[:, b]))
if b == a:

A = A - invK[a]
A = A * Q
covariance[a, b] = t * ca.sum2(ca.sum1(A))
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covariance[b, a] = covariance[a, b]
covariance[a, a] = covariance[a, a] + ca.exp(2 * hyper[a, Nx])

covariance = covariance - ca.mtimes(mean, ca.transpose(mean))

return [mean, covariance]

def maha(a1, b1, Q1, N):
"""Calculate the Mahalanobis distance
Copyright (c) 2018, Eric Bradford
"""
aQ = ca.mtimes(a1, Q1)
bQ = ca.mtimes(b1, Q1)
K1 = ca.repmat(ca.sum2(aQ * a1), 1, N) \

+ ca.repmat(ca.transpose(ca.sum2(bQ * b1)), N, 1) \
- 2 * ca.mtimes(aQ, ca.transpose(b1))

return K1

E.3 optimize
# -*- coding: utf-8 -*-
"""
Optimize hyperparameters for Gaussian Process Model
Copyright (c) 2018, Helge-André Langåker
"""
from __future__ import absolute_import
from __future__ import division
from __future__ import print_function

import time
import pyDOE
import numpy as np
import casadi as ca
from scipy.spatial import distance
from .gp_functions import get_mean_function, gp, gp_exact_moment
from scipy.optimize import minimize

# -----------------------------------------------------------------------------
# Optimization of hyperperameters as a constrained minimization problem
# -----------------------------------------------------------------------------
def calc_NLL(hyper, X, Y, squaredist, meanFunc='zero', prior=None):

""" Objective function

Calculate the negative log likelihood function using Casadi SX symbols.

# Arguments:
hyper: Array with hyperparameters [ell_1 .. ell_Nx sf sn], where Nx is the

number of inputs to the GP.
X: Training data matrix with inputs of size (N x Nx).
Y: Training data matrix with outpyts of size (N x Ny),

with Ny number of outputs.

# Returns:
NLL: The negative log likelihood function (scalar)

"""
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N, Nx = ca.MX.size(X)
ell = hyper[:Nx]
sf2 = hyper[Nx]**2
sn2 = hyper[Nx + 1]**2

m = get_mean_function(hyper, X.T, func=meanFunc)

# Calculate covariance matrix
K_s = ca.SX.sym('K_s',N, N)
sqdist = ca.SX.sym('sqd', N, N)
elli = ca.SX.sym('elli')
ki = ca.Function('ki', [sqdist, elli, K_s], [sqdist / elli**2 + K_s])
K1 = ca.MX(N, N)
for i in range(Nx):

K1 = ki(squaredist[:, (i * N):(i + 1) * N], ell[i], K1)

sf2_s = ca.SX.sym('sf2')
exponent = ca.SX.sym('exp', N, N)
K_exp = ca.Function('K', [exponent, sf2_s], [sf2_s * ca.SX.exp(-.5 * exponent)])
K2 = K_exp(K1, sf2)

K = K2 + sn2 * ca.MX.eye(N)
K = (K + K.T) * 0.5 # Make sure matrix is symmentric

A = ca.SX.sym('A', ca.MX.size(K))
cholesky = ca.Function('cholesky', [A], [ca.chol(A).T])
L = cholesky(K)

B = 2 * ca.sum1(ca.SX.log(ca.diag(A)))
log_determinant = ca.Function('log_det', [A], [B])
log_detK = log_determinant(L)

Y_s = ca.SX.sym('Y', ca.MX.size(Y))
L_s = ca.SX.sym('L', ca.Sparsity.lower(N))
sol = ca.Function('sol', [L_s, Y_s], [ca.solve(L_s, Y_s)])
invLy = sol(L, Y - m(X.T))

invLy_s = ca.SX.sym('invLy', ca.MX.size(invLy))
sol2 = ca.Function('sol2', [L_s, invLy_s], [ca.solve(L_s.T, invLy_s)])
alpha = sol2(L, invLy)

alph = ca.SX.sym('alph', ca.MX.size(alpha))
detK = ca.SX.sym('det')

# Calculate hyperpriors
theta = ca.SX.sym('theta')
mu = ca.SX.sym('mu')
s2 = ca.SX.sym('s2')
prior_gauss = ca.Function('hyp_prior', [theta, mu, s2],

[-(theta - mu)**2/(2*s2) - 0.5*ca.log(2*ca.pi*s2)])
log_prior = 0
if prior is not None:

for i in range(Nx):
log_prior += prior_gauss(ell[i], prior['ell_mean'], prior['ell_std']**2)

log_prior += prior_gauss(sf2, prior['sf_mean'], prior['sf_std']**2)
log_prior += prior_gauss(sn2, prior['sn_mean'], prior['sn_std']**2)
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NLL = ca.Function('NLL', [Y_s, alph, detK],
[0.5 * ca.mtimes(Y_s.T, alph) + 0.5 * detK])

return NLL(Y - m(X.T), alpha, log_detK) + log_prior

def train_gp(X, Y, meanFunc='zero', hyper_init=None, lam_x0=None, log=False,
multistart=1, optimizer_opts=None):

""" Train hyperparameters using CasADi/IPOPT

Maximum likelihood estimation is used to optimize the hyperparameters of
the Gaussian Process. The optimalization use CasADi to find the gradients
and use the interior point method IPOPT to find the solution.

A uniform prior of the hyperparameters are assumed and implemented as
limits in the optimization problem.

NOTE: This function use the symbolic framework from CasADi to optimize the
hyperparameters, where the gradients are found using algorithmic
differentiation. This gives the exact gradients, but require a lot
more memory than the nummeric version 'train_gp_numpy' and have a
quite horrible scaling problem. The memory usage from the symbolic
gradients tend to explode with the number of observations.

# Arguments:
X: Training data matrix with inputs of size (N x Nx),

where Nx is the number of inputs to the GP.
Y: Training data matrix with outpyts of size (N x Ny),

with Ny number of outputs.
meanFunc: String with the name of the wanted mean function.

Possible options:
'zero': m = 0
'const': m = a
'linear': m(x) = aT*x + b
'polynomial': m(x) = xT*diag(a)*x + bT*x + c

# Return:
opt: Dictionary with the optimal hyperparameters

[ell_1 .. ell_Nx sf sn].
"""

if log:
X = np.log(X)
Y = np.log(Y)

N, Nx = X.shape
Ny = Y.shape[1]
# Counting mean function parameters
if meanFunc == 'zero':

h_m = 0
elif meanFunc == 'const':

h_m = 1
elif meanFunc == 'linear':

h_m = Nx + 1
elif meanFunc == 'polynomial':

h_m = 2 * Nx + 1
else:
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raise NameError('No mean function called: ' + meanFunc)

h_ell = Nx # Number of length scales parameters
h_sf = 1 # Standard deviation function
h_sn = 1 # Standard deviation noise
num_hyp = h_ell + h_sf + h_sn + h_m
prior = None

# prior = dict(
# ell_mean = 10,
# ell_std = 10,
# sf_mean = 10,
# sf_std = 10,
# sn_mean = 1e-5,
# sn_std = 1e-5
# )

# Create solver
Y_s = ca.MX.sym('Y', N)
X_s = ca.MX.sym('X', N, Nx)
hyp_s = ca.MX.sym('hyp', 1, num_hyp)
squaredist_s = ca.MX.sym('sqdist', N, N * Nx)
param_s = ca.horzcat(squaredist_s, Y_s)

NLL_func = ca.Function('NLL', [hyp_s, X_s, Y_s, squaredist_s],
[calc_NLL(hyp_s, X_s, Y_s, squaredist_s,

meanFunc=meanFunc, prior=prior)])
nlp = {'x': hyp_s, 'f': NLL_func(hyp_s, X, Y_s, squaredist_s), 'p': param_s}

# NLP solver options
opts = {}
opts['expand'] = True
opts['print_time'] = False
opts['verbose'] = False
opts['ipopt.print_level'] = 1
opts['ipopt.tol'] = 1e-8
opts['ipopt.mu_strategy'] = 'adaptive'
if optimizer_opts is not None:

opts.update(optimizer_opts)

warm_start = False
if hyper_init is not None:

opts['ipopt.warm_start_init_point'] = 'yes'
warm_start = True

Solver = ca.nlpsol('Solver', 'ipopt', nlp, opts)

hyp_opt = np.zeros((Ny, num_hyp))
lam_x_opt = np.zeros((Ny, num_hyp))
invK = np.zeros((Ny, N, N))
alpha = np.zeros((Ny, N))
chol = np.zeros((Ny, N, N))

print('\n________________________________________')
print('# Optimizing hyperparameters (N=%d)' % N )
print('----------------------------------------')
for output in range(Ny):

meanF = np.mean(Y[:, output])
lb = -np.inf * np.ones(num_hyp)

XLIX



ub = np.inf * np.ones(num_hyp)

lb[:Nx] = 1e-2
ub[:Nx] = 1e2
lb[Nx] = 1e-8
ub[Nx] = 1e2
lb[Nx + 1] = 10**-10
ub[Nx + 1] = 10**-2

if hyper_init is None:
# hyp_init = pyDOE.lhs(num_hyp, samples=1).flatten()

hyp_init = np.zeros((num_hyp))
hyp_init[:Nx] = np.std(X, 0)
hyp_init[Nx] = np.std(Y[:, output])
hyp_init[Nx + 1] = 1e-5

# hyp_init = hyp_init * (ub - lb) + lb
else:

hyp_init = hyper_init[output, :]

if meanFunc is 'const':
lb[-1] = -1e2
ub[-1] = 1e2

elif meanFunc is not 'zero':
lb[-1] = meanF / 10 -1e-8
ub[-1] = meanF * 10 + 1e-8
lb[-h_m:-1] = -1e-2
ub[-h_m:-1] = 1e-2

squaredist = np.zeros((N, N * Nx))
for i in range(Nx):

d = distance.pdist(X[:, i].reshape(N, 1), 'sqeuclidean')
squaredist[:, (i * N):(i + 1) * N] = distance.squareform(d)

param = ca.horzcat(squaredist, Y[:, output])

obj = np.zeros((multistart, 1))
hyp_opt_loc = np.zeros((multistart, num_hyp))
lam_x_opt_loc = np.zeros((multistart, num_hyp))

for i in range(multistart):
solve_time = -time.time()
if warm_start:

res = Solver(x0=hyp_init, lam_x0=lam_x0[output],
lbx=lb, ubx=ub, p=param)

else:
res = Solver(x0=hyp_init, lbx=lb, ubx=ub, p=param)

status = Solver.stats()['return_status']
obj[i] = res['f']
hyp_opt_loc[i, :] = res['x']
lam_x_opt_loc = res['lam_x']
solve_time += time.time()
print("* State %d: %s - %f s" % (output, status, solve_time))

# With multistart, get solution with lowest decision function value
hyp_opt[output, :] = hyp_opt_loc[np.argmin(obj)]
lam_x_opt[output, :] = lam_x_opt_loc[np.argmin(obj)]
ell = hyp_opt[output, :Nx]
sf2 = hyp_opt[output, Nx]**2
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sn2 = hyp_opt[output, Nx + 1]**2

# Calculate the inverse covariance matrix
K = np.zeros((N, N))
for i in range(Nx):

K = squaredist[:, (i * N):(i + 1) * N] / ell[i]**2 + K
K = sf2 * np.exp(-.5 * K)
K = K + sn2 * np.eye(N) # Add noise variance to diagonal
K = (K + K.T) * 0.5 # Make sure matrix is symmentric
try:

L = np.linalg.cholesky(K)
except np.linalg.LinAlgError:

print("K matrix is not positive definit, adding jitter!")
K = K + np.eye(N) * 1e-8
L = np.linalg.cholesky(K)

invL = np.linalg.solve(L, np.eye(N))
invK[output, :, :] = np.linalg.solve(L.T, invL)
chol[output] = L
m = get_mean_function(ca.MX(hyp_opt[output, :]), X.T, func=meanFunc)
mean = np.array(m(X.T)).reshape((N,))
alpha[output] = np.linalg.solve(L.T, np.linalg.solve(L, Y[:, output] - mean))

print('----------------------------------------')

opt = {}
opt['hyper'] = hyp_opt
opt['lam_x'] = lam_x_opt
opt['invK'] = invK
opt['alpha'] = alpha
opt['chol'] = chol
return opt

# -----------------------------------------------------------------------------
# Optimization of hyperperameters using scipy
# -----------------------------------------------------------------------------

def calc_cov_matrix(X, ell, sf2):
""" Calculate covariance matrix K

Squared Exponential ARD covariance kernel

# Arguments:
X: Training data matrix with inputs of size (N x Nx).
ell: Vector with length scales of size Nx.
sf2: Signal variance (scalar)

"""
dist = 0
n, D = X.shape
for i in range(D):

x = X[:, i].reshape(n, 1)
dist = (np.sum(x**2, 1).reshape(-1, 1) + np.sum(x**2, 1) -

2 * np.dot(x, x.T)) / ell[i]**2 + dist
return sf2 * np.exp(-.5 * dist)
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def calc_NLL_numpy(hyper, X, Y):
""" Objective function

Calculate the negative log likelihood function.

# Arguments:
hyper: Array with hyperparameters [ell_1 .. ell_Nx sf sn], where Nx is the

number of inputs to the GP.
X: Training data matrix with inputs of size (N x Nx).
Y: Training data matrix with outpyts of size (N x Ny), with Ny number of outputs.

# Returns:
NLL: The negative log likelihood function (scalar)

"""

n, D = X.shape
ell = hyper[:D]
sf2 = hyper[D]**2
lik = hyper[D + 1]**2
#m = hyper[D + 2]
K = calc_cov_matrix(X, ell, sf2)
K = K + lik * np.eye(n)
K = (K + K.T) * 0.5 # Make sure matrix is symmentric
try:

L = np.linalg.cholesky(K)
except np.linalg.LinAlgError:

print("K is not positive definit, adding jitter!")
K = K + np.eye(n) * 1e-8
L = np.linalg.cholesky(K)

logK = 2 * np.sum(np.log(np.abs(np.diag(L))))
invLy = np.linalg.solve(L, Y)
alpha = np.linalg.solve(L.T, invLy)
NLL = 0.5 * np.dot(Y.T, alpha) + 0.5 * logK
return NLL

def train_gp_numpy(X, Y, meanFunc='zero', hyper_init=None, lam_x0=None, log=False,
multistart=1, optimizer_opts=None):

""" Train hyperparameters using scipy / SLSQP

Maximum likelihood estimation is used to optimize the hyperparameters of
the Gaussian Process. The optimization use finite differences to estimate
the gradients and Sequential Least SQuares Programming (SLSQP) to find
the optimal solution.

A uniform prior of the hyperparameters are assumed and implemented as
limits in the optimization problem.

NOTE: Unlike the casadi version 'train_gp', this function use finite
differences to estimate the gradients. To get a better result
and reduce the computation time the explicit gradients should
be implemented. The gradient equations are given by
(Rassmussen, 2006).

NOTE: This version only support a zero-mean function. To enable the use of
other mean functions, this has to be included in the calculations
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in the 'calc_NLL_numpy' function.

# Arguments:
X: Training data matrix with inputs of size (N x Nx),

where Nx is the number of inputs to the GP.
Y: Training data matrix with outpyts of size (N x Ny),

with Ny number of outputs.
meanFunc: String with the name of the wanted mean function.

Possible options:
'zero': m = 0
'const': m = a
'linear': m(x) = aT*x + b
'polynomial': m(x) = xT*diag(a)*x + bT*x + c

# Return:
opt: Dictionary with the optimal hyperparameters [ell_1 .. ell_Nx sf sn].

"""
# if log:
# X = np.log(X)
# Y = np.log(Y)

N, Nx = X.shape
Ny = Y.shape[1]

# Counting mean function parameters
if meanFunc == 'zero':

h_m = 0
elif meanFunc == 'const':

h_m = 1
elif meanFunc == 'linear':

h_m = Nx + 1
elif meanFunc == 'polynomial':

h_m = 2 * Nx + 1
else:

raise NameError('No mean function called: ' + meanFunc)

h_ell = Nx # Number of length scales parameters
h_sf = 1 # Standard deviation function
h_sn = 1 # Standard deviation noise
num_hyp = h_ell + h_sf + h_sn + h_m

options = {'disp': True, 'maxiter': 10000}
if optimizer_opts is not None:

options.update(optimizer_opts)

hyp_opt = np.zeros((Ny, num_hyp))
invK = np.zeros((Ny, N, N))
alpha = np.zeros((Ny, N))
chol = np.zeros((Ny, N, N))

print('\n________________________________________')
print('# Optimizing hyperparameters (N=%d)' % N )
print('----------------------------------------')
for output in range(Ny):

meanF = np.mean(Y[:, output])
lb = -np.inf * np.ones(num_hyp)
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ub = np.inf * np.ones(num_hyp)
lb[:Nx] = 1-2
ub[:Nx] = 2e2
lb[Nx] = 1e-8
ub[Nx] = 1e2
lb[Nx + 1] = 10**-10
ub[Nx + 1] = 10**-2
bounds = np.hstack((lb.reshape(num_hyp, 1), ub.reshape(num_hyp, 1)))

if hyper_init is None:
hyp_init = np.zeros((num_hyp))
hyp_init[:Nx] = np.std(X, 0)
hyp_init[Nx] = np.std(Y[:, output])
hyp_init[Nx + 1] = 1e-5

else:
hyp_init = hyper_init[output, :]

if meanFunc is 'const':
lb[-1] = -1e2
ub[-1] = 1e2

elif meanFunc is not 'zero':
lb[-1] = meanF / 10 -1e-8
ub[-1] = meanF * 10 + 1e-8
lb[-h_m:-1] = -1e-2
ub[-h_m:-1] = 1e-2

obj = np.zeros((multistart, 1))
hyp_opt_loc = np.zeros((multistart, num_hyp))
for i in range(multistart):

solve_time = -time.time()
res = minimize(calc_NLL_numpy, hyp_init, args=(X, Y[:, output]),

method='SLSQP', options=options, bounds=bounds, tol=1e-12)
obj[i] = res.fun
hyp_opt_loc[i, :] = res.x

solve_time += time.time()
print("* State %d: %f s" % (output, solve_time))

# With multistart, get solution with lowest decision function value
hyp_opt[output, :] = hyp_opt_loc[np.argmin(obj)]
ell = hyp_opt[output, :Nx]
sf2 = hyp_opt[output, Nx]**2
sn2 = hyp_opt[output, Nx + 1]**2

# Calculate the inverse covariance matrix
K = calc_cov_matrix(X, ell, sf2)
K = K + sn2 * np.eye(N)
K = (K + K.T) * 0.5 # Make sure matrix is symmentric
try:

L = np.linalg.cholesky(K)
except np.linalg.LinAlgError:

print("K matrix is not positive definit, adding jitter!")
K = K + np.eye(N) * 1e-8
L = np.linalg.cholesky(K)

invL = np.linalg.solve(L, np.eye(N))
invK[output, :, :] = np.linalg.solve(L.T, invL)
chol[output] = L
m = get_mean_function(ca.MX(hyp_opt[output, :]), X.T, func=meanFunc)
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mean = np.array(m(X.T)).reshape((N,))
alpha[output] = np.linalg.solve(L.T, np.linalg.solve(L, Y[:, output] - mean))

print('----------------------------------------')

opt = {}
opt['hyper'] = hyp_opt
opt['lam_x'] = 0 # Warm start not implemented
opt['invK'] = invK
opt['alpha'] = alpha
opt['chol'] = chol
return opt

# -----------------------------------------------------------------------------
# Validation of model
# -----------------------------------------------------------------------------

def validate(X_test, Y_test, X, Y, invK, hyper, meanFunc, alpha=None):
""" Validate GP model with new test data
"""
N, Ny = Y_test.shape
Nx = np.size(X, 1)
z_s = ca.MX.sym('z', Nx)

gp_func = ca.Function('gp', [z_s],
gp(invK, ca.MX(X), ca.MX(Y), ca.MX(hyper),

z_s, meanFunc=meanFunc, alpha=alpha))
loss = 0
NLP = 0

for i in range(N):
mean, var = gp_func(X_test[i, :])
loss += (Y_test[i, :] - mean)**2
NLP += 0.5*np.log(2*np.pi * (var)) + ((Y_test[i, :] - mean)**2)/(2*var)
print(NLP)
print(var)

loss = loss / N
SMSE = loss/ np.std(Y_test, 0)
MNLP = NLP / N

print('\n________________________________________')
print('# Validation of GP model ')
print('----------------------------------------')
print('* Num training samples: ' + str(np.size(Y, 0)))
print('* Num test samples: ' + str(N))
print('----------------------------------------')
print('* Mean squared error: ')
for i in range(Ny):

print('\t- State %d: %f' % (i + 1, loss[i]))
print('----------------------------------------')
print('* Standardized mean squared error:')
for i in range(Ny):

print('\t* State %d: %f' % (i + 1, SMSE[i]))
print('----------------------------------------\n')
print('* Mean Negative log Probability:')
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for i in range(Ny):
print('\t* State %d: %f' % (i + 1, MNLP[i]))

print('----------------------------------------\n')
return SMSE, MNLP

"""-----------------------------------------------------------------------------
# Preprocesing of training data
-----------------------------------------------------------------------------"""

def normalize(X, lb, ub):
""" Normalize data between 0 and 1
# Arguments:

X: Input data (scalar/vector/matrix)
lb: Lower boundry (scalar/vector)
ub: Upper boundry (scalar/vector)

# Return:
X normalized (scalar/vector/matrix)

"""

return (X - lb) / (ub - lb)

def normalize_inverse(X_scaled, lb, ub):
# Scale input and output variables
# Normalize input data to [0 1]
return X_scaled * (ub - lb) + lb

def standardize(X_original, meanX, stdX):
# Scale input and output variables
return (X_original - meanX) / stdX

def standardize_inverse(X_scaled, meanX, stdX):
# Scale input and output variables
return X_scaled * stdX + meanX

E.4 model class
# -*- coding: utf-8 -*-
"""
Dynamic System Model
Copyright (c) 2018, Helge-André Langåker
"""

from __future__ import absolute_import
from __future__ import division
from __future__ import print_function

import pyDOE
import numpy as np
import casadi as ca
import scipy.linalg
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import matplotlib.pyplot as plt
from matplotlib.font_manager import FontProperties

class Model:
def __init__(self, Nx, Nu, ode, dt, R=None,

alg=None, alg_0=None, Nz=0, Np=0,
opt=None, clip_negative=False):

""" Initialize dynamic model

# Arguments:
Nx: Number of states
Nu: Number of inputs
ode: ode(x, u, z, p)
dt: Sampling time

# Arguments (optional):
R: Noise covariance matrix (Ny, Ny)
alg: alg(x, z, u)
alg_0: Initial value of algebraic variables
Nz: Number of algebraic states
Np: Number of parameters
opt: Options dict to pass to the IDEAS integrator
clip_negative: If true, clip negative simulated outputs to zero

"""

# Create a default noise covariance matrix
if R is None:

self.__R = np.eye(self.__Ny) * 1e-3
else:

self.__R = R

self.__dt = dt
self.__Nu = Nu
self.__Nx = Nx
self.__Nz = Nz
self.__Np = Np
self.__clip_negative = clip_negative

""" Create integrator """
# Integrator options
options = {

"abstol" : 1e-5,
"reltol" : 1e-9,
"max_num_steps": 100,
"tf" : dt,

}
if opt is not None:

options.update(opt)

x = ca.MX.sym('x', Nx)
u = ca.MX.sym('u', Nu)
z = ca.MX.sym('z', Nz)
p = ca.MX.sym('p', Np)
par = ca.vertcat(u, p)

dae = {'x': x, 'ode': ode(x,u,z,p), 'p':par}

LVII



if alg is not None:
self.__alg0 = ca.Function('alg_0', [x, u],

[alg_0(x, u)])
dae.update({'z':z, 'alg': alg(x, z, u)})
self.Integrator = ca.integrator('DEA_Integrator', 'idas', dae, options)

else:
self.Integrator = ca.integrator('ODE_Integrator', 'cvodes', dae, options)

#TODO: Fix discrete DAE model
if alg is None:

""" Create discrete RK4 model """
ode_casadi = ca.Function("ode", [x, u, p], [ode(x,u,z,p)])
k1 = ode_casadi(x, u, p)
k2 = ode_casadi(x + dt/2*k1, u, p)
k3 = ode_casadi(x + dt/2*k2, u, p)
k4 = ode_casadi(x + dt*k3,u, p)
xrk4 = x + dt/6*(k1 + 2*k2 + 2*k3 + k4)
self.rk4 = ca.Function("ode_rk4", [x, u, p], [xrk4])

# Jacobian of continuous system
self.__jac_x = ca.Function('jac_x', [x, u, p],

[ca.jacobian(ode_casadi(x,u,p), x)])
self.__jac_u = ca.Function('jac_x', [x, u, p],

[ca.jacobian(ode_casadi(x,u,p), u)])

# Jacobian of discrete RK4 system
self.__discrete_rk4_jac_x = ca.Function('jac_x', [x, u, p],

[ca.jacobian(self.rk4(x,u,p), x)])
self.__discrete_rk4_jac_u = ca.Function('jac_x', [x, u, p],

[ca.jacobian(self.rk4(x,u,p), u)])

# Jacobian of exact discretization
self.__discrete_jac_x = ca.Function('jac_x', [x, u, p],

[ca.jacobian(self.Integrator(x0=x,
p=ca.vertcat(u,p))['xf'], x)])

self.__discrete_jac_u = ca.Function('jac_u', [x, u, p],
[ca.jacobian(self.Integrator(x0=x,

p=ca.vertcat(u,p))['xf'], u)])

def linearize(self, x0, u0, p0=[]):
""" Linearize the continuous system around the operating point

dx/dt = Ax + Bu
# Arguments:

x0: State vector
u0: Input vector
p0: Parameter vector (optional)

"""
A = np.array(self.__jac_x(x0, u0, p0))
B = np.array(self.__jac_u(x0, u0, p0))
return A, B

def discrete_linearize(self, x0, u0, p0=[]):
""" Linearize the exact discrete system around the operating point

x[k+1] = Ax[k] + Bu[k]
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# Arguments:
x0: State vector
u0: Input vector
p0: Parameter vector (optional)

"""
Ad = np.array(self.__discrete_jac_x(x0, u0, p0))
Bd = np.array(self.__discrete_jac_u(x0, u0, p0))
return Ad, Bd

def discrete_rk4_linearize(self, x0, u0, p0=[]):
""" Linearize the discrete rk4 system around the operating point

x[k+1] = Ax[k] + Bu[k]
# Arguments:

x0: State vector
u0: Input vector
p0: Parameter vector (optional)

"""
Ad = np.array(self.__discrete_rk4_jac_x(x0, u0, p0))
Bd = np.array(self.__discrete_rk4_jac_u(x0, u0, p0))
return Ad, Bd

def rk4_jacobian_x(self, x0, u0, p0=[]):
""" Return state jacobian evaluated at the operating point

x[k+1] = Ax[k] + Bu[k]
# Arguments:

x0: State vector
u0: Input vector
p0: Parameter vector (optional)

"""
return self.__discrete_rk4_jac_x(x0, u0, p0)

def rk4_jacobian_u(self, x0, u0, p0=[]):
""" Return input jacobian evaluated at the operating point

x[k+1] = Ax[k] + Bu[k]
# Arguments:

x0: State vector
u0: Input vector
p0: Parameter vector (optional)

"""
return self.__discrete_rk4_jac_u(x0, u0, p0)

def check_rk4_stability(self, x0, u0, d=.1, plot=False):
""" Check if Runga Kutta 4 method is stable around operating point

# Return True if stable, False if not stable
"""
A, B = self.linearize(x0, u0, p0=[])
eigenvalues, eigenvec = scipy.linalg.eig(A)
h = self.sampling_time()
for eig in eigenvalues:

R = 1 + h*eig + (h*eig)**2/2 + (h*eig)**3/6 + (h*eig)**4/24
if np.abs(R) >= 1:

return False
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# if plot:
# h = d
## N = 1000;
## th = np.linspace(0, 2*np.pi, N);
## r = np.exp(1j*th);
## f = lambda r: 1 + h*r + (h*r)**2/2 + (h*r)**3/6 + (h*r)**4/24
# plt.figure()
# x = np.arange(-3.0, 3.0, 0.01)
# y = np.arange(-3.0, 3.0, 0.01)
# X, Y = np.meshgrid(x, y)
# print(h)
# z = X + 1j*Y;
# R = 1 + h*z + (h*z)**2/2 + (h*z)**3/6 + (h*z)**4/24
# print(R.shape)
# zlevel4 = abs(R);
# plt.contour(x,y, zlevel4)
# plt.show()

return True

def sampling_time(self):
""" Get the sampling time
"""
return self.__dt

def size(self):
""" Get the size of the model

# Returns:
Nx: Number of states
Nu: Number of inputs
Np: Number of parameters

"""
return self.__Nx, self.__Nu, self.__Np

def integrate(self, x0, u, p):
""" Integrate one time sample dt

# Arguments:
x0: Initial state vector
u: Input vector
p: Parameter vector

# Returns:
x: Numpy array with x at t0 + dt

"""
par=ca.vertcat(u, p)
if self.__Nz is not 0:

z0 = self.__alg0(x0, u)
out = self.Integrator(x0=x0, p=u, z0=z0)

else:
out = self.Integrator(x0=x0, p=par)

return np.array(out["xf"]).flatten()

#TODO: Fix this or remove
def set_method(self, method='exact'):
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""" Select wich discrete time method to use """

def sim(self, x0, u, p=None, noise=False):
""" Simulate system

# Arguments:
x0: Initial state (Nx, 1)
u: Input matrix with the input for each timestep in the

simulation horizon (Nt, Nu)
p: Parameter matrix with the parameters for each timestep

in the simulation horizon (Nt, Np)
noise: If True, add gaussian noise using the noise covariance matrix

# Output:
Y_sim: Matrix with the simulated outputs (Nt, Ny)

"""

Nt = np.size(u, 0)

# Initial state of the system
x = x0

# Predefine matrix to collect noisy state outputs
Y = np.zeros((Nt, self.__Nx))

for t in range(Nt):
u_t = u[t, :] # control input for simulation
if p is not None:

p_t = p[t, :] # parameter at step t
else:

p_t = []
try:

x = self.integrate(x, u_t, p_t).flatten()
except RuntimeError:

print('----------------------------------------')
print('** System unstable, simulator crashed **')
print('** t: %d **' % t)
print('----------------------------------------')
return Y

Y[t, :] = x

# Add normal white noise to state outputs
if noise:

Y[t, :] += np.random.multivariate_normal(
np.zeros((self.__Nx)), self.__R)

# Limit values to above 1e-8 to avvoid to avvoid numerical errors
if self.__clip_negative:

if np.any(Y < 0):
print('Clipping negative values in simulation!')
Y = Y.clip(min=1e-6)

return Y

def generate_training_data(self, N, uub, ulb, xub, xlb,
pub=None, plb=None, noise=True):
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""" Generate training data using latin hypercube design

# Arguments:
N: Number of data points to be generated
uub: Upper input range (Nu,1)
ulb: Lower input range (Nu,1)
xub: Upper state range (Ny,1)
xlb: Lower state range (Ny,1)

# Returns:
Z: Matrix (N, Nx + Nu) with state x and inputs u at each row
Y: Matrix (N, Nx) where each row is the state x at time t+dt,

with the input from the same row in Z at time t.
"""
# Make sure boundry vectors are numpy arrays
uub = np.array(uub)
ulb = np.array(ulb)
xub = np.array(xub)
xlb = np.array(xlb)

# Predefine matrix to collect noisy state outputs
Y = np.zeros((N, self.__Nx))

# Create control input design using a latin hypecube
# Latin hypercube design for unit cube [0,1]ˆNu
if self.__Nu > 0:

U = pyDOE.lhs(self.__Nu, samples=N, criterion='maximin')
# Scale control inputs to correct range
for k in range(N):

U[k, :] = U[k, :] * (uub - ulb) + ulb
else:

U = []

# Create state input design using a latin hypecube
# Latin hypercube design for unit cube [0,1]ˆNy
X = pyDOE.lhs(self.__Nx, samples=N, criterion='maximin')

# Scale state inputs to correct range
for k in range(N):

X[k, :] = X[k, :] * (xub - xlb) + xlb

# Create parameter matrix
par = pyDOE.lhs(self.__Np, samples=N)
if pub is not None:

for k in range(N):
par[k, :] = par[k, :] * (pub - plb) + plb

for i in range(N):
if self.__Nu > 0:

u_t = U[i, :] # control input for simulation
else:

u_t = []
x_t = X[i, :] # state input for simulation
p_t = par[i, :] # parameter input for simulation

# Simulate system with x_t and u_t inputs for deltat time
Y[i, :] = self.integrate(x_t, u_t, p_t)
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# Add normal white noise to state outputs
if noise:

Y[i, :] += np.random.multivariate_normal(
np.zeros((self.__Nx)), self.__R)

# Concatenate previous states and inputs to obtain overall input to GP model
if self.__Nu > 0:

Z = np.hstack([X, U])
else:

Z = X
return Z, Y

def plot(self, x0, u, numcols=2):
""" Simulate and plot model

# Arguments:
x0: Initial state
u: Matrix with inputs for all time steps (Nt, Nu)
numcols: Number of columns in the plot

"""
y = self.sim(x0, u, noise=True)
Nt = np.size(u, 0)
t = np.linspace(0.0, (Nt - 1)* self.__dt, Nt )
numrows = int(np.ceil(self.__Nx / numcols))

fig_x = plt.figure()
for i in range(self.__Nx):

ax = fig_x.add_subplot(numrows, numcols, i + 1)
ax.plot(t, y[:, i], 'b-', marker='.', linewidth=1.0)
ax.set_ylabel('x_' + str(i + 1))
ax.set_xlabel('Time')

fig_x.canvas.set_window_title('Model simulation')
plt.show()

def predict_compare(self, x0, u, num_cols=2, xnames=None, title=None,):
""" Predict and compare dicrete RK4 model and linearized model against

the exact model.
"""
# Predict future
Nx = self.__Nx

dt = self.sampling_time()
Nt = np.size(u, 0)
sim_time = Nt * dt

# Exact model with no noise
y_exact = self.sim(x0, u, noise=False)
y_exact = np.vstack([x0, y_exact])

# RK4
y_rk4 = np.zeros((Nt + 1 , Nx))
y_rk4[0] = x0
for t in range(Nt):

y_rk4[t + 1]= np.array(self.rk4(y_rk4[t], u[t-1, :], [])).reshape((Nx,))
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# Linearized Model of Exact discretization
Ad, Bd = self.discrete_linearize(x0, u[0])
y_lin = np.zeros((Nt + 1, Nx))
y_lin[0] = x0
for t in range(Nt):

y_lin[t+1] = Ad @ y_lin[t] + Bd @ u[t]

# Linearized Model of RK4 discretization
Ad, Bd = self.discrete_rk4_linearize(x0, u[0])
y_rk4_lin = np.zeros((Nt + 1, Nx))
y_rk4_lin[0] = x0
for t in range(Nt):

y_rk4_lin[t+1] = Ad @ y_rk4_lin[t] + Bd @ u[t]

t = np.linspace(0.0, sim_time, Nt + 1)

num_rows = int(np.ceil(Nx / num_cols))
if xnames is None:

xnames = ['State %d' % (i + 1) for i in range(Nx)]

fontP = FontProperties()
fontP.set_size('small')
fig = plt.figure(figsize=(9.0, 6.0))
for i in range(Nx):

ax = fig.add_subplot(num_rows, num_cols, i + 1)
ax.plot(t, y_exact[:, i], 'b-', label='Exact')
ax.plot(t, y_rk4[:, i], 'r-', label='RK4')

# ax.plot(t, y_lin[:, i], 'g--', label='Linearized')
# ax.plot(t, y_lin[:, i], 'y--', label='Linearized RK4')

ax.set_ylabel(xnames[i])
ax.legend(prop=fontP, loc='best')
ax.set_xlabel('Time [s]')

if title is not None:
fig.canvas.set_window_title(title)

else:
fig.canvas.set_window_title('Compare approximations of system model')

plt.tight_layout()
plt.show()

E.5 mpc class
# -*- coding: utf-8 -*-
"""
Model Predictive Control with Gaussian Process
Copyright (c) 2018, Helge-André Langåker
"""
from __future__ import absolute_import
from __future__ import division
from __future__ import print_function

import time
import numpy as np
import matplotlib.pyplot as plt
import casadi as ca
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import casadi.tools as ctools
from scipy.stats import norm
import scipy.linalg

class MPC:
def __init__(self, horizon, model, gp=None,

Q=None, P=None, R=None, S=None, lam=None, lam_state=None,
ulb=None, uub=None, xlb=None, xub=None, terminal_constraint=None,
feedback=True, percentile=None, gp_method='TA', costFunc='quad',
solver_opts=None, discrete_method='gp', inequality_constraints=None,
num_con_par=0, hybrid=None, Bd=None, Bf=None
):

""" Initialize and build the MPC solver

# Arguments:
horizon: Prediction horizon with control inputs
model: System model

# Optional Argumants:
gp: GP model
Q: State penalty matrix, default=diag(1,...,1)
P: Termial penalty matrix, default=diag(1,...,1)

if feedback is True, then P is the solution of the DARE,
discarding this option.

R: Input penalty matrix, default=diag(1,...,1)*0.01
S: Input rate of change penalty matrix, default=diag(1,...,1)*0.1
lam: Slack variable penalty for constraints, defalt=1000
lam_state: Slack variable penalty for violation of upper/lower

state boundy, defalt=None
ulb: Lower boundry input
uub: Upper boundry input
xlb: Lower boundry state
xub: Upper boundry state
terminal_constraint: Terminal condition on the state

* if None: No terminal constraint is used

* if zero: Terminal state is equal to zero

* if nonzero: Terminal state is bounded within +/- the constraint

* if not None and feedback is True, then the expected value of
the Lyapunov function E{xˆTPx} < terminal_constraint
is used as a terminal constraint.

feedback: If true, use an LQR feedback function u= Kx + v
percentile: Measure how far from the contrain that is allowed,

P(X in constrained set) > percentile,
percentile= 1 - probability of violation,
default=0.95

gp_method: Method of propagating the uncertainty
Possible options:

'TA': Second order Taylor approximation
'ME': Mean equivalent approximation

costFunc: Cost function to use in the objective
'quad': Expected valaue of Quadratic Cost
'sat': Expected value of Saturating cost

solver_opts: Additional options to pass to the NLP solver
e.g.: solver_opts['print_time'] = False
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solver_opts['ipopt.tol'] = 1e-8
discrete_method: 'gp' - Gaussian process model

'rk4' - Runga-Kutta 4 Integrator
'exact' - CVODES or IDEAS (for ODEs or DEAs)
'hybrid' - GP model for dynamic equations, and RK4

for kinematic equations
'd_hybrid' - Same as above, without uncertainty
'f_hybrid' - GP estimating modelling errors, with

RK4 computing the the actual model
num_con_par: Number of parameters to pass to the inequality function
inequality_constraints: Additional inequality constraints

Use a function with inputs (x, covar, u, eps) and
that returns a dictionary with inequality constraints and limits.

e.g. cons = dict(con_ineq=con_ineq_array,
con_ineq_lb=con_ineq_lb_array,
con_ineq_ub=con_ineq_ub_array

)

# NOTES:

* Differentiation of Sundails integrators is not supported with SX graph,
meaning that the solver option 'extend_graph' must be set to False
to use MX graph instead when using the 'exact' discrete method.

* At the moment the f_hybrid option is not finished implemented...
"""

build_solver_time = -time.time()
dt = model.sampling_time()
Ny, Nu, Np = model.size()
Nx = Nu + Ny
Nt = int(horizon / dt)

self.__dt = dt
self.__Nt = Nt
self.__Ny = Ny
self.__Nx = Nx
self.__Nu = Nu
self.__num_con_par = num_con_par
self.__model = model
self.__hybrid = hybrid
self.__gp = gp
self.__feedback = feedback
self.__discrete_method = discrete_method

""" Default penalty values """
if P is None:

P = np.eye(Ny)
if Q is None:

Q = np.eye(Ny)
if R is None:

R = np.eye(Nu) * 0.01
if S is None:

S = np.eye(Nu) * 0.1
if lam is None:

lam = 1000
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self.__Q = Q
self.__P = P
self.__R = R
self.__S = S
self.__Bd = Bd
self.__Bf = Bf

if xub is None:
xub = np.full((Ny), np.inf)

if xlb is None:
xlb = np.full((Ny), -np.inf)

if uub is None:
uub = np.full((Nu), np.inf)

if ulb is None:
ulb = np.full((Nu), -np.inf)

""" Default percentile probability """
if percentile is None:

percentile = 0.95
quantile_x = np.ones(Ny) * norm.ppf(percentile)
quantile_u = np.ones(Nu) * norm.ppf(percentile)
Hx = ca.MX.eye(Ny)
Hu = ca.MX.eye(Nu)

""" Create parameter symbols """
mean_0_s = ca.MX.sym('mean_0', Ny)
mean_ref_s = ca.MX.sym('mean_ref', Ny)
u_0_s = ca.MX.sym('u_0', Nu)
covariance_0_s = ca.MX.sym('covariance_0', Ny * Ny)
K_s = ca.MX.sym('K', Nu * Ny)
P_s = ca.MX.sym('P', Ny * Ny)
con_par = ca.MX.sym('con_par', num_con_par)
param_s = ca.vertcat(mean_0_s, mean_ref_s, covariance_0_s,

u_0_s, K_s, P_s, con_par)

""" Select wich GP function to use """
if discrete_method is 'gp':

self.__gp.set_method(gp_method)
#TODO:Fix

if solver_opts['expand'] is not False and discrete_method is 'exact':
raise TypeError("Can't use exact discrete system with expanded graph")

""" Initialize state variance with the GP noise variance """
if gp is not None:

#TODO: Cannot use gp variance with hybrid model
self.__variance_0 = np.full((Ny), 1e-10) #gp.noise_variance()

else:
self.__variance_0 = np.full((Ny), 1e-10)

""" Define which cost function to use """
self.__set_cost_function(costFunc, mean_ref_s, P_s.reshape((Ny, Ny)))

""" Feedback function """
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mean_s = ca.MX.sym('mean', Ny)
v_s = ca.MX.sym('v', Nu)
if feedback:

u_func = ca.Function('u', [mean_s, mean_ref_s, v_s, K_s],
[v_s + ca.mtimes(K_s.reshape((Nu, Ny)),
mean_s-mean_ref_s)])

else:
u_func = ca.Function('u', [mean_s, mean_ref_s, v_s, K_s], [v_s])

self.__u_func = u_func

""" Create variables struct """
var = ctools.struct_symMX([(

ctools.entry('mean', shape=(Ny,), repeat=Nt + 1),
ctools.entry('L', shape=(int((Ny**2 - Ny)/2 + Ny),), repeat=Nt + 1),
ctools.entry('v', shape=(Nu,), repeat=Nt),
ctools.entry('eps', shape=(3,), repeat=Nt + 1),
ctools.entry('eps_state', shape=(Ny,), repeat=Nt + 1),

)])
num_slack = 3 #TODO: Make this a little more dynamic...
num_state_slack = Ny
self.__var = var
self.__num_var = var.size

# Decision variable boundries
self.__varlb = var(-np.inf)
self.__varub = var(np.inf)

""" Adjust hard boundries """
for t in range(Nt + 1):

j = Ny
k = 0
for i in range(Ny):

# Lower boundry of diagonal
self.__varlb['L', t, k] = 0
k += j
j -= 1

self.__varlb['eps', t] = 0
self.__varlb['eps_state', t] = 0
if xub is not None:

self.__varub['mean', t] = xub
if xlb is not None:

self.__varlb['mean', t] = xlb
if lam_state is None:

self.__varub['eps_state'] = 0

""" Input covariance matrix """
if discrete_method is 'hybrid':

N_gp, Ny_gp, Nu_gp = self.__gp.get_size()
Nz_gp = Ny_gp + Nu_gp
covar_d_sx = ca.SX.sym('cov_d', Ny_gp, Ny_gp)
K_sx = ca.SX.sym('K', Nu, Ny)
covar_u_func = ca.Function('cov_u', [covar_d_sx, K_sx],

# [K_sx @ covar_d_sx @ K_sx.T])
[ca.SX(Nu, Nu)])

covar_s = ca.SX(Nz_gp, Nz_gp)
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covar_s[:Ny_gp, :Ny_gp] = covar_d_sx
# covar_s = ca.blockcat(covar_x_s, cov_xu, cov_xu.T, cov_u)

covar_func = ca.Function('covar', [covar_d_sx], [covar_s])
elif discrete_method is 'f_hybrid':

#TODO: Fix this...
N_gp, Ny_gp, Nu_gp = self.__gp.get_size()
Nz_gp = Ny_gp + Nu_gp

# covar_x_s = ca.MX.sym('covar_x', Ny_gp, Ny_gp)
covar_d_sx = ca.SX.sym('cov_d', Ny_gp, Ny_gp)
K_sx = ca.SX.sym('K', Nu, Ny)

#
covar_u_func = ca.Function('cov_u', [covar_d_sx, K_sx],

# [K_sx @ covar_d_sx @ K_sx.T])
[ca.SX(Nu, Nu)])

# cov_xu_func = ca.Function('cov_xu', [covar_x_sx, K_sx],
# [covar_x_sx @ K_sx.T])
# cov_xu = cov_xu_func(covar_x_s, K_s.reshape((Nu, Ny)))
# cov_u = covar_u_func(covar_x_s, K_s.reshape((Nu, Ny)))

covar_s = ca.SX(Nz_gp, Nz_gp)
covar_s[:Ny_gp, :Ny_gp] = covar_d_sx

# covar_s = ca.blockcat(covar_x_s, cov_xu, cov_xu.T, cov_u)
covar_func = ca.Function('covar', [covar_d_sx], [covar_s])

else:
covar_x_s = ca.MX.sym('covar_x', Ny, Ny)
covar_x_sx = ca.SX.sym('cov_x', Ny, Ny)
K_sx = ca.SX.sym('K', Nu, Ny)
covar_u_func = ca.Function('cov_u', [covar_x_sx, K_sx],

[K_sx @ covar_x_sx @ K_sx.T])
cov_xu_func = ca.Function('cov_xu', [covar_x_sx, K_sx],

[covar_x_sx @ K_sx.T])
cov_xu = cov_xu_func(covar_x_s, K_s.reshape((Nu, Ny)))
cov_u = covar_u_func(covar_x_s, K_s.reshape((Nu, Ny)))
covar_s = ca.blockcat(covar_x_s, cov_xu, cov_xu.T, cov_u)
covar_func = ca.Function('covar', [covar_x_s], [covar_s])

""" Hybrid output covariance matrix """
if discrete_method is 'hybrid':

N_gp, Ny_gp, Nu_gp = self.__gp.get_size()
covar_d_sx = ca.SX.sym('covar_d', Ny_gp, Ny_gp)
covar_x_sx = ca.SX.sym('covar_x', Ny, Ny)
u_s = ca.SX.sym('u', Nu)

cov_x_next_s = ca.SX(Ny, Ny)
cov_x_next_s[:Ny_gp, :Ny_gp] = covar_d_sx
#TODO: Missing kinematic states
covar_x_next_func = ca.Function( 'cov',

#[mean_s, u_s, covar_d_sx, covar_x_sx],
[covar_d_sx],
[cov_x_next_s])

""" f_hybrid output covariance matrix """
elif discrete_method is 'f_hybrid':

N_gp, Ny_gp, Nu_gp = self.__gp.get_size()
# Nz_gp = Ny_gp + Nu_gp

covar_d_sx = ca.SX.sym('covar_d', Ny_gp, Ny_gp)
covar_x_sx = ca.SX.sym('covar_x', Ny, Ny)

# L_x = ca.SX.sym('L', ca.Sparsity.lower(Ny))
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# L_d = ca.SX.sym('L', ca.Sparsity.lower(3))
mean_s = ca.SX.sym('mean', Ny)
u_s = ca.SX.sym('u', Nu)

# A_f = hybrid.rk4_jacobian_x(mean_s[Ny_gp:], mean_s[:Ny_gp])
# B_f = hybrid.rk4_jacobian_u(mean_s[Ny_gp:], mean_s[:Ny_gp])
# C = ca.horzcat(A_f, B_f)
# cov = ca.blocksplit(covar_x_s, Ny_gp, Ny_gp)
# cov[-1][-1] = covar_d_sx
# cov_i = ca.blockcat(cov)
# cov_f = C @ cov_i @ C.T
# cov[0][0] = cov_f

cov_x_next_s = ca.SX(Ny, Ny)
cov_x_next_s[:Ny_gp, :Ny_gp] = covar_d_sx

# cov_x_next_s[Ny_gp:, Ny_gp:] =
#TODO: Pre-solve the GP jacobian using the initial condition in the solve iteration
# jac_mean = ca.SX(Ny_gp, Ny)
# jac_mean = self.__gp.jacobian(mean_s[:Ny_gp], u_s, 0)
# A = ca.horzcat(jac_f, Bd)
# jac = Bf @ jac_f @ Bf.T + Bd @ jac_mean @ Bd.T

# temp = jac_mean @ covar_x_s
# temp = jac_mean @ L_s
# cov_i = ca.SX(Ny + 3, Ny + 3)
# cov_i[:Ny,:Ny] = covar_x_s
# cov_i[Ny:, Ny:] = covar_d_s
# cov_i[Ny:, :Ny] = temp
# cov_i[:Ny, Ny:] = temp.T

#TODO: This is just a new TA implementation... CLEAN UP...
covar_x_next_func = ca.Function( 'cov',

[mean_s, u_s, covar_d_sx, covar_x_sx],
#TODO: Clean up
#[A @ cov_i @ A.T])
#[Bd @ covar_d_s @ Bd.T + jac @ covar_x_s @ jac.T])
#[ca.blockcat(cov)])
[cov_x_next_s])

# Cholesky factorization of covariance function
# S_x_next_func = ca.Function( 'S_x', [mean_s, u_s, covar_d_s, covar_x_s],
# [Bd @ covar_d_s + jac @ covar_x_s])

L_s = ca.SX.sym('L', ca.Sparsity.lower(Ny))
L_to_cov_func = ca.Function('cov', [L_s], [L_s @ L_s.T])
covar_x_sx = ca.SX.sym('cov_x', Ny, Ny)
cholesky = ca.Function('cholesky', [covar_x_sx], [ca.chol(covar_x_sx).T])

""" Set initial values """
obj = ca.MX(0)
con_eq = []
con_ineq = []
con_ineq_lb = []
con_ineq_ub = []
con_eq.append(var['mean', 0] - mean_0_s)
L_0_s = ca.MX(ca.Sparsity.lower(Ny), var['L', 0])
L_init = cholesky(covariance_0_s.reshape((Ny,Ny)))
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con_eq.append(L_0_s.nz[:]- L_init.nz[:])
u_past = u_0_s

""" Build constraints """
for t in range(Nt):

# Input to GP
mean_t = var['mean', t]
u_t = u_func(mean_t, mean_ref_s, var['v', t], K_s)
L_x = ca.MX(ca.Sparsity.lower(Ny), var['L', t])
covar_x_t = L_to_cov_func(L_x)

if discrete_method is 'hybrid':
N_gp, Ny_gp, Nu_gp = self.__gp.get_size()
covar_t = covar_func(covar_x_t[:Ny_gp, :Ny_gp])

elif discrete_method is 'd_hybrid':
N_gp, Ny_gp, Nu_gp = self.__gp.get_size()
covar_t = ca.MX(Ny_gp + Nu_gp, Ny_gp + Nu_gp)

elif discrete_method is 'gp':
covar_t = covar_func(covar_x_t)

else:
covar_t = ca.MX(Nx, Nx)

""" Select the chosen integrator """
if discrete_method is 'rk4':

mean_next_pred = model.rk4(mean_t, u_t,[])
covar_x_next_pred = ca.MX(Ny, Ny)

elif discrete_method is 'exact':
mean_next_pred = model.Integrator(x0=mean_t, p=u_t)['xf']
covar_x_next_pred = ca.MX(Ny, Ny)

elif discrete_method is 'd_hybrid':
# Deterministic hybrid GP model
N_gp, Ny_gp, Nu_gp = self.__gp.get_size()
mean_d, covar_d = self.__gp.predict(mean_t[:Ny_gp], u_t, covar_t)
mean_next_pred = ca.vertcat(mean_d, hybrid.rk4(mean_t[Ny_gp:],

mean_t[:Ny_gp], []))
covar_x_next_pred = ca.MX(Ny, Ny)

elif discrete_method is 'hybrid':
# Hybrid GP model
N_gp, Ny_gp, Nu_gp = self.__gp.get_size()
mean_d, covar_d = self.__gp.predict(mean_t[:Ny_gp], u_t, covar_t)
mean_next_pred = ca.vertcat(mean_d, hybrid.rk4(mean_t[Ny_gp:],

mean_t[:Ny_gp], []))
#covar_x_next_pred = covar_x_next_func(mean_t, u_t, covar_d,
# covar_x_t)
covar_x_next_pred = covar_x_next_func(covar_d )

elif discrete_method is 'f_hybrid':
#TODO: Hybrid GP model estimating model error
N_gp, Ny_gp, Nu_gp = self.__gp.get_size()
mean_d, covar_d = self.__gp.predict(mean_t[:Ny_gp], u_t, covar_t)
mean_next_pred = ca.vertcat(mean_d, hybrid.rk4(mean_t[Ny_gp:],

mean_t[:Ny_gp], []))
covar_x_next_pred = covar_x_next_func(mean_t, u_t, covar_d,

covar_x_t)
else: # Use GP as default

mean_next_pred, covar_x_next_pred = self.__gp.predict(mean_t,
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u_t, covar_t)

""" Continuity constraints """
mean_next = var['mean', t + 1]
con_eq.append(mean_next_pred - mean_next )

L_x_next = ca.MX(ca.Sparsity.lower(Ny), var['L', t + 1])
covar_x_next = L_to_cov_func(L_x_next).reshape((Ny*Ny,1))
L_x_next_pred = cholesky(covar_x_next_pred)
con_eq.append(L_x_next_pred.nz[:] - L_x_next.nz[:])

""" Chance state constraints """
cons = self.__constraint(mean_next, L_x_next, Hx, quantile_x, xub,

xlb, var['eps_state',t])
con_ineq.extend(cons['con'])
con_ineq_lb.extend(cons['con_lb'])
con_ineq_ub.extend(cons['con_ub'])

""" Input constraints """
# cov_u = covar_u_func(covar_x_t, K_s.reshape((Nu, Ny)))

cov_u = ca.MX(Nu, Nu)
# cons = self.__constraint(u_t, cov_u, Hu, quantile_u, uub, ulb)
# con_ineq.extend(cons['con'])
# con_ineq_lb.extend(cons['con_lb'])
# con_ineq_ub.extend(cons['con_ub'])

if uub is not None:
con_ineq.append(u_t)
con_ineq_ub.extend(uub)
con_ineq_lb.append(np.full((Nu,), -ca.inf))

if ulb is not None:
con_ineq.append(u_t)
con_ineq_ub.append(np.full((Nu,), ca.inf))
con_ineq_lb.append(ulb)

""" Add extra constraints """
if inequality_constraints is not None:

cons = inequality_constraints(var['mean', t + 1],
covar_x_next,
u_t, var['eps', t], con_par)

con_ineq.extend(cons['con_ineq'])
con_ineq_lb.extend(cons['con_ineq_lb'])
con_ineq_ub.extend(cons['con_ineq_ub'])

""" Objective function """
u_delta = u_t - u_past
obj += self.__l_func(var['mean', t], covar_x_t, u_t, cov_u, u_delta) \

+ np.full((1, num_slack),lam) @ var['eps', t]
if lam_state is not None:

obj += np.full((1,num_state_slack),lam_state) @ var['eps_state', t]
u_t = u_past

L_x = ca.MX(ca.Sparsity.lower(Ny), var['L', Nt])
covar_x_t = L_to_cov_func(L_x)
obj += self.__lf_func(var['mean', Nt], covar_x_t, P_s.reshape((Ny, Ny))) \

+ np.full((1, num_slack),lam) @ var['eps', Nt]
if lam_state is not None:
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obj += np.full((1,num_state_slack),lam_state) @ var['eps_state', Nt]

num_eq_con = ca.vertcat(*con_eq).size1()
num_ineq_con = ca.vertcat(*con_ineq).size1()
con_eq_lb = np.zeros((num_eq_con,))
con_eq_ub = np.zeros((num_eq_con,))

""" Terminal contraint """
if terminal_constraint is not None and not feedback:

con_ineq.append(var['mean', Nt] - mean_ref_s)
num_ineq_con += Ny
con_ineq_lb.append(np.full((Ny,), - terminal_constraint))
con_ineq_ub.append(np.full((Ny,), terminal_constraint))

elif terminal_constraint is not None and feedback:
con_ineq.append(self.__lf_func(var['mean', Nt],

covar_x_t, P_s.reshape((Ny, Ny))))
num_ineq_con += 1
con_ineq_lb.append(0)
con_ineq_ub.append(terminal_constraint)

con = ca.vertcat(*con_eq, *con_ineq)
self.__conlb = ca.vertcat(con_eq_lb, *con_ineq_lb)
self.__conub = ca.vertcat(con_eq_ub, *con_ineq_ub)

""" Build solver object """
nlp = dict(x=var, f=obj, g=con, p=param_s)
options = {

'ipopt.print_level' : 0,
'ipopt.mu_init' : 0.01,
'ipopt.tol' : 1e-8,
'ipopt.warm_start_init_point' : 'yes',
'ipopt.warm_start_bound_push' : 1e-9,
'ipopt.warm_start_bound_frac' : 1e-9,
'ipopt.warm_start_slack_bound_frac' : 1e-9,
'ipopt.warm_start_slack_bound_push' : 1e-9,
'ipopt.warm_start_mult_bound_push' : 1e-9,
'ipopt.mu_strategy' : 'adaptive',
'print_time' : False,
'verbose' : False,
'expand' : True

}
if solver_opts is not None:

options.update(solver_opts)
self.__solver = ca.nlpsol('mpc_solver', 'ipopt', nlp, options)

# First prediction used in the NLP, used in plot later
self.__var_prediction = np.zeros((Nt + 1, Ny))
self.__mean_prediction = np.zeros((Nt + 1, Ny))
self.__mean = None

build_solver_time += time.time()
print('\n________________________________________')
print('# Time to build mpc solver: %f sec' % build_solver_time)
print('# Number of variables: %d' % self.__num_var)
print('# Number of equality constraints: %d' % num_eq_con)
print('# Number of inequality constraints: %d' % num_ineq_con)
print('----------------------------------------')
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def solve(self, x0, sim_time, x_sp=None, u0=None, debug=False, noise=False,
con_par_func=None):

""" Solve the optimal control problem

# Arguments:
x0: Initial state vector.
sim_time: Simulation length.

# Optional Arguments:
x_sp: State set point, default is zero.
u0: Initial input vector.
debug: If True, print debug information at each solve iteration.
noise: If True, add gaussian noise to the simulation.
con_par_func: Function to calculate the parameters to pass to the

inequality function, inputs the current state.

# Returns:
mean: Simulated output using the optimal control inputs
u: Optimal control inputs

"""

Nt = self.__Nt
Ny = self.__Ny
Nu = self.__Nu
dt = self.__dt

# Initial state
if u0 is None:

u0 = np.zeros(Nu)
if x_sp is None:

self.__x_sp = np.zeros(Ny)
else:

self.__x_sp = x_sp

self.__Nsim = int(sim_time / dt)

# Initialize variables
self.__mean = np.full((self.__Nsim + 1, Ny), x0)
self.__mean_pred = np.full((self.__Nsim + 1, Ny), x0)
self.__covariance = np.full((self.__Nsim + 1, Ny, Ny), np.eye(Ny) * 1e-8)
self.__u = np.full((self.__Nsim, Nu), u0)

self.__mean[0] = x0
self.__mean_pred[0] = x0
#TODO: cannot use variance_0 with a hybrid model
self.__covariance[0] = np.eye(Ny)*1e-10 #np.diag(self.__variance_0)
self.__u[0] = u0

# Initial guess of the warm start variables
#TODO: Add option to restart with previous state
self.__var_init = self.__var(0)

#TOTO: Add initialization of cov cholesky
cov0 = self.__covariance[0]
self.__var_init['L', 0] = cov0[np.tril_indices(Ny)]
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self.__lam_x0 = np.zeros(self.__num_var)
self.__lam_g0 = 0

""" Linearize around operating point and calculate LQR gain matrix """
if self.__feedback:

if self.__discrete_method is 'exact':
A, B = self.__model.discrete_linearize(x0, u0)

elif self.__discrete_method is 'rk4':
A, B = self.__model.discrete_rk4_linearize(x0, u0)

elif self.__discrete_method is 'hybrid':
N_gp, Ny_gp, Nu_gp = self.__gp.get_size()
A_f, B_f = self.__hybrid.discrete_rk4_linearize(x0[Ny_gp:], x0[:Ny_gp])
A_gp, B_gp = self.__gp.discrete_linearize(x0[:Ny_gp],

u0, np.eye(Ny_gp+Nu_gp)*1e-8)
A = np.zeros((Ny, Ny))
B = np.zeros((Ny, Nu))
A[:Ny_gp, :Ny_gp] = A_gp

# A[Ny_gp:, Ny_gp:] = A_f
# A[Ny_gp:, :Ny_gp] = B_f

B[:Ny_gp, :] = B_gp

elif self.__discrete_method is 'd_hybrid':
N_gp, Ny_gp, Nu_gp = self.__gp.get_size()
A_f, B_f = self.__hybrid.discrete_rk4_linearize(x0[Ny_gp:], x0[:Ny_gp])
A_gp, B_gp = self.__gp.discrete_linearize(x0[:Ny_gp],

u0, np.eye(Ny_gp+Nu_gp)*1e-8)
A = np.zeros((Ny, Ny))
B = np.zeros((Ny, Nu))
A[:Ny_gp, :Ny_gp] = A_gp

# A[Ny_gp:, Ny_gp:] = A_f
# A[Ny_gp:, :Ny_gp] = B_f

B[:Ny_gp, :] = B_gp

# A = self.__Bf @ A_f @ self.__Bf.T + self.__Bd @ A_gp @ self.__Bd.T
# B = self.__Bf @ B_f + self.__Bd @ B_gp

elif self.__discrete_method is 'gp':
N_gp, Ny_gp, Nu_gp = self.__gp.get_size()
A, B = self.__gp.discrete_linearize(x0,

u0, np.eye(Ny_gp+Nu_gp)*1e-8)

K, P, E = lqr(A, B, self.__Q, self.__R)
else:

K = np.zeros((Nu, Ny))
P = self.__P

self.__K = K

print('\nSolving MPC with %d step horizon' % Nt)
for t in range(self.__Nsim):

solve_time = -time.time()

# Test if RK4 is stable for given initial state
if self.__discrete_method is 'rk4':

if not self.__model.check_rk4_stability(x0,u0):
print('-- WARNING: RK4 is not stable! --')

""" Update Initial values with measurment"""
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self.__var_init['mean', 0] = self.__mean[t]

# Get constraint parameters
if con_par_func is not None:

con_par = con_par_func(self.__mean[t, :])
else:

con_par = []
if self.__num_con_par > 0:

raise TypeError(('Number of constraint parameters ({x}) is '
'greater than zero, but no parameter '
'function is provided.'

).format(x=self.__num_con_par))

param = ca.vertcat(self.__mean[t, :], self.__x_sp,
cov0.flatten(), u0, K.flatten(),
P.flatten(), con_par)

args = dict(x0=self.__var_init,
lbx=self.__varlb,
ubx=self.__varub,
lbg=self.__conlb,
ubg=self.__conub,
lam_x0=self.__lam_x0,
lam_g0=self.__lam_g0,
p=param)

""" Solve nlp"""
sol = self.__solver(**args)
status = self.__solver.stats()['return_status']
optvar = self.__var(sol['x'])
self.__var_init = optvar
self.__lam_x0 = sol['lam_x']
self.__lam_g0 = sol['lam_g']

""" Print status """
solve_time += time.time()
print("* t=%f: %s - %f sec" % (t * self.__dt, status, solve_time))

if t == 0:
for i in range(Nt + 1):

Li = ca.DM(ca.Sparsity.lower(self.__Ny), optvar['L', i])
cov = Li @ Li.T
self.__var_prediction[i, :] = np.array(ca.diag(cov)).flatten()
self.__mean_prediction[i, :] = np.array(optvar['mean', i]).flatten()

v = optvar['v', 0, :]

self.__u[t, :] = np.array(self.__u_func(self.__mean[t, :], self.__x_sp,
v, K.flatten())).flatten()

self.__mean_pred[t + 1] = np.array(optvar['mean', 1]).flatten()
L = ca.DM(ca.Sparsity.lower(self.__Ny), optvar['L', 1])
self.__covariance[t + 1] = L @ L.T

if debug:
self.__debug(t)

""" Simulate the next step """
try:
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self.__mean[t + 1] = self.__model.sim(self.__mean[t],
self.__u[t].reshape((1, Nu)), noise=noise)

except RuntimeError:
print('----------------------------------------')
print('** System unstable, simulator crashed **')
print('----------------------------------------')
return self.__mean, self.__u

"""Initial values for next iteration"""
x0 = self.__mean[t + 1]
u0 = self.__u[t]

return self.__mean, self.__u

def __set_cost_function(self, costFunc, mean_ref_s, P_s):
""" Define stage cost and terminal cost
"""

mean_s = ca.MX.sym('mean', self.__Ny)
covar_x_s = ca.MX.sym('covar_x', self.__Ny, self.__Ny)
covar_u_s = ca.MX.sym('covar_u', self.__Nu, self.__Nu)
u_s = ca.MX.sym('u', self.__Nu)
delta_u_s = ca.MX.sym('delta_u', self.__Nu)
Q = ca.MX(self.__Q)
R = ca.MX(self.__R)
S = ca.MX(self.__S)

if costFunc is 'quad':
self.__l_func = ca.Function('l', [mean_s, covar_x_s, u_s,

covar_u_s, delta_u_s],
[self.__cost_l(mean_s, mean_ref_s, covar_x_s, u_s,
covar_u_s, delta_u_s, Q, R, S)])

self.__lf_func = ca.Function('lf', [mean_s, covar_x_s, P_s],
[self.__cost_lf(mean_s, mean_ref_s, covar_x_s, P_s)])

elif costFunc is 'sat':
self.__l_func = ca.Function('l', [mean_s, covar_x_s, u_s,

covar_u_s, delta_u_s],
[self.__cost_saturation_l(mean_s, mean_ref_s,

covar_x_s, u_s, covar_u_s, delta_u_s, Q, R, S)])
self.__lf_func = ca.Function('lf', [mean_s, covar_x_s, P_s],

[self.__cost_saturation_lf(mean_s,
mean_ref_s, covar_x_s, P_s)])

else:
raise NameError('No cost function called: ' + costFunc)

def __cost_lf(self, x, x_ref, covar_x, P, s=1):
""" Terminal cost function: Expected Value of Quadratic Cost
"""
P_s = ca.SX.sym('Q', ca.MX.size(P))
x_s = ca.SX.sym('x', ca.MX.size(x))
covar_x_s = ca.SX.sym('covar_x', ca.MX.size(covar_x))

sqnorm_x = ca.Function('sqnorm_x', [x_s, P_s],
[ca.mtimes(x_s.T, ca.mtimes(P_s, x_s))])

trace_x = ca.Function('trace_x', [P_s, covar_x_s],
[s * ca.trace(ca.mtimes(P_s, covar_x_s))])
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return sqnorm_x(x - x_ref, P) + trace_x(P, covar_x)

def __cost_saturation_lf(self, x, x_ref, covar_x, P):
""" Terminal Cost function: Expected Value of Saturating Cost
"""
Nx = ca.MX.size1(P)

# Create symbols
P_s = ca.SX.sym('P', Nx, Nx)
x_s = ca.SX.sym('x', Nx)
covar_x_s = ca.SX.sym('covar_z', Nx, Nx)

Z_x = ca.SX.eye(Nx) + 2 * covar_x_s @ P_s
cost_x = ca.Function('cost_x', [x_s, P_s, covar_x_s],

[1 - ca.exp(-(x_s.T @ ca.solve(Z_x.T, P_s.T).T @ x_s))
/ ca.sqrt(ca.det(Z_x))])

return cost_x(x - x_ref, P, covar_x)

def __cost_saturation_l(self, x, x_ref, covar_x, u, covar_u, delta_u, Q, R, S):
""" Stage Cost function: Expected Value of Saturating Cost
"""
Nx = ca.MX.size1(Q)
Nu = ca.MX.size1(R)

# Create symbols
Q_s = ca.SX.sym('Q', Nx, Nx)
R_s = ca.SX.sym('Q', Nu, Nu)
x_s = ca.SX.sym('x', Nx)
u_s = ca.SX.sym('x', Nu)
covar_x_s = ca.SX.sym('covar_z', Nx, Nx)
covar_u_s = ca.SX.sym('covar_u', ca.MX.size(R))

Z_x = ca.SX.eye(Nx) + 2 * covar_x_s @ Q_s

Z_u = ca.SX.eye(Nu) + 2 * covar_u_s @ R_s

cost_x = ca.Function('cost_x', [x_s, Q_s, covar_x_s],
[1 - ca.exp(-(x_s.T @ ca.solve(Z_x.T, Q_s.T).T @ x_s))

/ ca.sqrt(ca.det(Z_x))])
cost_u = ca.Function('cost_u', [u_s, R_s, covar_u_s],

[1 - ca.exp(-(u_s.T @ ca.solve(Z_u.T, R_s.T).T @ u_s))
/ ca.sqrt(ca.det(Z_u))])

return cost_x(x - x_ref, Q, covar_x) + cost_u(u, R, covar_u)

def __cost_l(self, x, x_ref, covar_x, u, covar_u, delta_u, Q, R, S, s=1):
""" Stage cost function: Expected Value of Quadratic Cost
"""
Q_s = ca.SX.sym('Q', ca.MX.size(Q))
R_s = ca.SX.sym('R', ca.MX.size(R))
x_s = ca.SX.sym('x', ca.MX.size(x))
u_s = ca.SX.sym('u', ca.MX.size(u))
covar_x_s = ca.SX.sym('covar_x', ca.MX.size(covar_x))
covar_u_s = ca.SX.sym('covar_u', ca.MX.size(R))
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sqnorm_x = ca.Function('sqnorm_x', [x_s, Q_s],
[ca.mtimes(x_s.T, ca.mtimes(Q_s, x_s))])

sqnorm_u = ca.Function('sqnorm_u', [u_s, R_s],
[ca.mtimes(u_s.T, ca.mtimes(R_s, u_s))])

trace_u = ca.Function('trace_u', [R_s, covar_u_s],
[s * ca.trace(ca.mtimes(R_s, covar_u_s))])

trace_x = ca.Function('trace_x', [Q_s, covar_x_s],
[s * ca.trace(ca.mtimes(Q_s, covar_x_s))])

return sqnorm_x(x - x_ref, Q) + sqnorm_u(u, R) + sqnorm_u(delta_u, S) \
+ trace_x(Q, covar_x) + trace_u(R, covar_u)

def __constraint(self, mean, covar, H, quantile, ub, lb, eps):
""" Build up chance constraint vectors
"""

r = ca.SX.sym('r')
mean_s = ca.SX.sym('mean', ca.MX.size(mean))
S_s = ca.SX.sym('S', ca.MX.size(covar))
H_s = ca.SX.sym('H', 1, ca.MX.size2(H))
S = covar
con_func = ca.Function('con', [mean_s, S_s, H_s, r],

[H_s @ mean_s + r * H_s @ ca.diag(S_s)])

con = []
con_lb = []
con_ub = []
for i in range(ca.MX.size1(mean)):

con.append(con_func(mean, S, H[i, :], quantile[i]) - eps[i])
con_ub.append(ub[i])
con_lb.append(-np.inf)
con.append(con_func(mean, S, H[i, :], -quantile[i]) + eps[i])
con_ub.append(np.inf)
con_lb.append(lb[i])

cons = dict(con=con, con_lb=con_lb, con_ub=con_ub)
return cons

def __debug(self, t):
""" Print debug messages during each solve iteration
"""

print('_______________ Debug ________________')
print('* Mean_%d:' %t)
print(self.__mean[t])
print('* u_%d:' % t)
print(self.__u[t])
print('* covar_%d:' % t)
print(self.__covariance[t, :])
print('----------------------------------------')

def plot(self, title=None,
xnames=None, unames=None, time_unit = 's', numcols=2):

""" Plot MPC
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# Optional Arguments:
title: Text displayed in figure window, defaults to MPC setting.
xnames: List with labels for the states, defaults to 'State i'.
unames: List with labels for the inputs, default to 'Control i'.
time_unit: Label for the time axis, default to seconds.
numcols: Number of columns in the figure.

# Return:
fig_x: Figure with states
fig_u: Figure with control inputs

"""

if self.__mean is None:
print('Please solve the MPC before plotting')
return

x = self.__mean
u = self.__u
dt = self.__dt
Nu = self.__Nu
Nt_sim, Nx = x.shape

# First prediction horizon
x_pred = self.__mean_prediction
var_pred = self.__var_prediction

# One step prediction
var = np.zeros((Nt_sim, Nx))
mean = self.__mean_pred
for t in range(Nt_sim):

var[t] = np.diag(self.__covariance[t])

x_sp = self.__x_sp * np.ones((Nt_sim, Nx))

if x_pred is not None:
Nt_horizon = np.size(x_pred, 0)
t_horizon = np.linspace(0.0, Nt_horizon * dt -dt, Nt_horizon)

if xnames is None:
xnames = ['State %d' % (i + 1) for i in range(Nx)]

if unames is None:
unames = ['Control %d' % (i + 1) for i in range(Nu)]

t = np.linspace(0.0, Nt_sim * dt -dt, Nt_sim)
u = np.vstack((u, u[-1, :]))
numcols = 2
numrows = int(np.ceil(Nx / numcols))

fig_u = plt.figure(figsize=(9.0, 6.0))
for i in range(Nu):

ax = fig_u.add_subplot(Nu, 1, i + 1)
ax.step(t, u[:, i] , 'k', where='post')
ax.set_ylabel(unames[i])
ax.set_xlabel('Time [' + time_unit + ']')

fig_u.canvas.set_window_title('Control inputs')
plt.tight_layout()
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fig_x = plt.figure(figsize=(9, 6.0))
for i in range(Nx):

ax = fig_x.add_subplot(numrows, numcols, i + 1)
ax.plot(t, x[:, i], 'k-', marker='.', linewidth=1.0, label='Simulation')
ax.errorbar(t, mean[:, i], yerr=2 * np.sqrt(var[:, i]), marker='.',

linestyle='None', color='b', label='One step prediction')
if x_sp is not None:

ax.plot(t, x_sp[:, i], color='g', linestyle='--', label='Setpoint')
if x_pred is not None:

ax.errorbar(t_horizon, x_pred[:, i], yerr=2 * np.sqrt(var_pred[:, i]),
linestyle='None', marker='.', color='r',
label='1st prediction horizon')

plt.legend(loc='best')
ax.set_ylabel(xnames[i])
ax.set_xlabel('Time [' + time_unit + ']')

if title is not None:
fig_x.canvas.set_window_title(title)

else:
fig_x.canvas.set_window_title(('MPC Horizon: {x}, Feedback: {y}, '

'Discretization: {z}'
).format( x=self.__Nt,

y=self.__feedback,
z=self.__discrete_method

))
plt.tight_layout()
plt.show()
return fig_x, fig_u

def lqr(A, B, Q, R):
"""Solve the infinite-horizon, discrete-time LQR controller

x[k+1] = A x[k] + B u[k]
u[k] = -K*x[k]
cost = sum x[k].T*Q*x[k] + u[k].T*R*u[k]

# Arguments:
A, B: Linear system matrices
Q, R: State and input penalty matrices, both positive definite

# Returns:
K: LQR gain matrix
P: Solution to the Riccati equation
E: Eigenvalues of the closed loop system

"""

P = np.array(scipy.linalg.solve_discrete_are(A, B, Q, R))
K = -np.array(scipy.linalg.solve(R + B.T @ P @ B, B.T @ P @ A))

eigenvalues, eigenvec = scipy.linalg.eig(A + B @ K)

return K, P, eigenvalues

def plot_eig(A, discrete=True):
""" Plot eigenvelues

# Arguments:
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A: System matrix (N x N).

# Optional Arguments:
discrete: If true the unit circle is added to the plot.

# Returns:
eigenvalues: Eigenvelues of the matrix A.

"""
eigenvalues, eigenvec = scipy.linalg.eig(A)
fig,ax = plt.subplots()
ax.axhline(y=0, color='k', linestyle='--')
ax.axvline(x=0, color='k', linestyle='--')
ax.scatter(eigenvalues.real, eigenvalues.imag)
if discrete:

ax.add_artist(plt.Circle((0,0), 1, color='g', alpha=.1))
plt.ylim([min(-1, min(eigenvalues.imag)), max(1, max(eigenvalues.imag))])
plt.xlim([min(-1, min(eigenvalues.real)), max(1, max(eigenvalues.real))])
plt.gca().set_aspect('equal', adjustable='box')

fig.canvas.set_window_title('Eigenvalues of linearized system')
plt.show()
return eigenvalues
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