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with the dimensionless constant b setting the decay scale of T;(B), and Ty(B = 0) =
270 MeV.

The resulting phase diagram with b = 70 is shown in Fig. 6.10. We have chosen a
sigma mass of m, = 800 MeV to be able to reach magnetic fields comparable to the largest
magnetic fields in Ref. [142]. It is clear that the critical temperature of the Polyakov
loop is driven down by a decreasing Ty, while the chiral sector still displays magnetic
catalysis. The result is a splitting between the chiral and deconfinement temperatures
which is not found on the lattice [141, 142, 157]. We are not able to choose any value
for b the remedies this problem. Hence, with a magnetic field included it appears that
the xM model is suffering from the same problems as the PQM model.

It appears that some mechanism that tends to keep Tipiral < Tdecont is lacking in the
PQM model. We argued in Chapter 5 that there is a strong drive for deconfinement to
happen once the chiral transition has taken place, which tends to keep Tyccont < Tthiral-
However, the opposite does not appear to be the case, and it seems that some essential
physics is lacking from the PQM and yM models at B # 0.

-4 Lattice ®
® crossover o
1.1 { @ A crossover

Figure 6.10: Phase diagram of the xM model with Ty(B) as given by (6.14.1) with b = 70
compared to the phase diagram from the lattice. The sigma mass is m, = 800 MeV.
(2 4 1)-flavor lattice data is taken from Bali et al. [142].



CHAPTER

Conclusion and Outlook

7.1 Summary

In this work we have studied spontaneous symmetry breaking and thermodynamics in
the two-flavor Polyakov-loop extended quark-meson model and Pisarksi-Skokov chiral
matrix model. We worked at the one-loop order and investigated the cases of nonzero
temperature and baryon chemical potentials, and nonzero temperature and magnetic
fields. As a simplifying approximation, we have neglected mesonic fluctuations, which
is equivalent to working in the large- N, limit. Furthermore, we have fixed the coupling
constants consistently at the one-loop level, in contrast to what is most often done in
the literature on the QM model.

The Effect of One-Loop Couplings

We find that the one-loop determination of couplings could affect the validity range
of the models in terms of what particle masses yield an effective potential that has a
local minimum. Furthermore, we found that one-loop couplings could have a significant
effect on the location of the chiral transition, with the chiral transition being lowered
by approximately 25 MeV when using a tree-level determination of the couplings. When
it comes to thermodynamics, the introduction of loop corrections to the particle masses
have only a small effect.

The Phase Transition and Thermodynamics at =0

We find that both models exhibit coinciding chiral and deconfinement phase transitions,
with the inflection points of the chiral condensates located at

XM = 18175 MeV, (7.1.1)
TFM — 16973 MeV, (7.1.2)
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which both lie in the uncertainty range of the transition temeprature found on the lattice
for two flavors, which is T, = (172 £ 3 + 6) MeV [112]. We find that both models undergo
crossovers at the physical point, rather than true phase transitions.

Furthermore, at zero baryon chemical potential we find that the PQM and xM
models have similar predictions for thermodynamic quantities, and they mostly agree
reasonably well with QCD lattice data up to T' =~ 2T, — both qualitatively and quanti-
tatively. However, the PQM model appears to be in better agreement with data when
it comes to the interaction measure.

For the chiral order parameter both models agree with lattice simulations. However,
when it comes to the Polyakov loop, neither model reproduce the lattice result, since
® in the models show a faster rise with 7. However, the PQM model has a functional
form ®(T") which resembles lattice data, with a slower approach to the asymptotic value
® =1 that is associated with a semi-deconfined region.

The Phase Diagram and Thermodynamics at p # 0

At u # 0 we face the problem of how to deal with a complex effective potential or a
complex gauge field. We chose to minimize the real part of the potential with a gluonic
mean field in (A4) € su(3). This has the benefit of giving a bounded effective potential
and yields a real effective potential at the minimum of the real part. However, it comes
at the cost of having the unphysical effect ® = ®.

We find that the PQM model agrees well with both the pressure and quark density
from two-flavor lattice data at nonzero chemical potentials in the region p/7° < 1 and
T < 1.5T,.. For T > 1.5T, the PQM model starts to overshot the pressure and quark
number from the lattice. For the y M model we find that the pressure and quark density
is too large in the regime p/7 > 0.4, but the curves have the correct qualitative shape.

In the p—T phase diagram, the chiral condensate in the two models behaves similarly.
The chiral transition starts out as a crossover and then becomes a first order transition
at sufficiently high chemical potentials. The change of transition order is marked by a
critical point, which is located at

(u*,T*) = (262MeV, 78 MeV), for the xM model, (7.1.3)
(u*, T) = (262 MeV, 105 MeV), for the PQM model. (7.1.4)

A significant difference between the models was found in the deconfinement phase
diagram. In the yM model the deconfinement transition also goes from a crossover to
a first order transition, with the critical point located at the same place as the critical
point for the chiral transition. This is not the case in the PQM model, where the
deconfinement transition is a crossover for all u. Thus, the latter model predicts that
the chiral and deconfinement phase transitions are of different order at high chemical
potentials.! Furthermore, the yM model predicts deconfinement in the low 7', high

'Note that when we say deconfinement phase transition, we are only talking about an inflection
point in ®. We are not claiming that ® ~ 0.5 or even that it is much larger than zero at the critical
temperature.
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u regime, while the PQM model predicts a quarkyonic phase. Thus, the two models
predict entirely different phases of matter in the low-temperature, high-density regime,
which is the most significant difference between the two models.

The Phase Diagram at B # 0

With a nonzero magnetic field, we find that both the PQM and the xyM models in
their standard form exhibit magnetic catalysis at all temperatures. This is in line with
lattice data at low temperatures but contradicts them for temperatures around 7" = T...
We also find that for certain unphysical particle masses, it is possible to obtain inverse
magnetic catalysis for the Polyakov loop while still having magnetic catalysis for the
chiral condensate. Additionally, we see that a model without a chiral sector predicts
inverse magnetic catalysis for .

Finally, we briefly discussed the topic of making the gluon potential dependent on
the magnetic field. We find that a B-dependent T} in the gluonic sector cannot make the
xM model display inverse magnetic catalysis, and it thus suffers from the same problems
as the PQM model at B # 0.

7.2 Conclusion

We find that the two-flavor yM and PQM models are in reasonable agreement with
two-flavor QCD thermodynamics at zero baryon chemical potential for temperatures up
to T' ~ 2T,.. The main problem with the models is the temperature dependence of the
Polyakov loop. At nonzero p the PQM model appears to agree with the lattice for
T < 1.5T; in the regime of p/T-values where data exist. The yM model overshoots
the quark number and pressure in this regime. Furthermore, the yM and PQM models
strongly disagree in the high-p and low-T phase, predicting different states of matter.
At nonzero magnetic fields, both models do not show inverse magnetic catalysis in their
standard form and disagree qualitatively with lattice results.

7.3 Outlook

There are several natural ways to continue and extend on the work presented in this
thesis. In the following we summarize some possibilities.

Including Mesonic Fluctuations

In this work we have used the large-N. approximation. The most obvious generalization
of our approach is to drop this assumption and include fluctuations from mesons. Several
studies taking mesonic fluctuations into account have been carried out, both with [121,
122, 158, 159] and without [160] the functional renormalization group (FRG). They seem
to indicate possible qualitative effects on the phase diagram. For example, in Ref. [122]
they find that the phase diagram splits into two branches after the critical point.
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If we would include mesonic fluctuations and still carry out consistent parameter
fixing at one loop, it would require the calculation of significantly many more diagrams
in the one-loop parameter matching procedure. Thus, the process of renormalizing the
theory becomes much more involved. Furthermore, if we do not use FRG we face the
problem of m2 becoming negative once the temperature becomes high enough.? Solving
this problem would require more advanced methods of perturbative thermal field theory
such as hard thermal loops, which is a reorganization of the perturbative expansion [36,
37, 39].

Investigating Minimization Scheme at p # 0

We have chosen a scheme where we minimize the real part of the effective potential.
It would be illuminating to see how different the results are between this method and
saddle point method. Both methods have been compared in the PQM model, and while
they always agree at the endpoints of the phase diagram, they show potentially large
differences for the location of the critical point [74]. Since at the time of writing there
are no publications on the xM model at p # 0, the saddle point method has not been
used with the xM model.

Calculation of Susceptibilities

In Ref. [21] they calculate various susceptibilities for the xM model, including baryon
number susceptibilities. Susceptibilities provide more opportunities to compare model
data to lattice simulations. Thus, more stringent tests can be put on the yM and PQM
models if we extend the study performed in this work also to include susceptibilities.

Isospin Chemical Potential

Since QCD does not suffer from a sign problem at nonzero isospin chemical potentials
w1, the scenario is open to lattice studies, and the phase diagram in the u; — 7' plane was
recently calculated in Ref. [161]. The PQM model can readily be extended to include
nonzero isospin, where a pion condensate appears as a new order parameter. Studies
of the PQM model at nonzero isospin has been carried out previously in Ref. [162]
and recently also with one-loop couplings in Refs. [163, 164]. Since the PQM and xM
models differ the most in their behavior at nonzero baryon chemical potential, it would
be interesting to see how the xyM model behaves at nonzero u;.

?In the chiral limit m2 becomes negative for any T > 0, since m2 = 0 in the vacuum, and m2
decreases with decreasing A.
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APPENDIX

Additional Derivations

A.1 Calculation of the Fermion Partition Function

We here finish the calculation of the Fermion partition function from Sec. 3.1. Using the Dirac

representation,
I 0 ; 0 ot
0 __ 2 T .
where o are the Pauli matrices, we have that
D. [—twn, + 1+ gAce —m] Iy o'p;
K+ gA.,.=— = " oree ) ! , A12
9 i3 ( o'p; [—iwn + p+ gAjj +m] I ( )
where K is defined as ‘
K = —iw, + p+7°y'pi —7'm. (A.1.3)
Let
Ki = —iw, + p+ gAce £m. (A.1.4)
Then D, reads
) K_ 0 Pz Pz — ipy
DCC — ! 7 — x ; —VMz
dec _ Kilg o'pi ) _ 0 K' Do + 1Dy D ’ (A.1.5)
if8 o'pi Kyl Pz pe—ipy Ky 0
P+ ipy —Pz 0 Ky

which gives a determinant
det Do = 3 [~K - K-+ p?]" = B* [=(=iwn + 1+ gAce) +m? +p?]”
= B [(wn + it + igAe)? + 2]’
= B* [(wn +if1c)? + 2], (A.1.6)

where
ﬂc = ,u+gAcc- (A17)
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Using (3.1.16), which reads

N,
InZ = ZZlndet D.(p,n), (A.1.8)

n,p c=1

we get

N,
mZ =233 In(f[(wn+ific) +w?])

c=1n,p

= S (8 [+ ) ] [+ i)+ )

c=1 n,p

=3 S (B[R 4 (p — ie)?] [+ (o + )]

=SS I (B2 2 + (wp — ie)?]) + 1 (B [ + (wp + ie)?]) (A.1.9)

where we have used that we sum over all n € Z, so that the sum is unchanged under w,, — —w,,.
Remembering that w, = (2n + 1)77T and using the integral

Prep g2
2, 2 2 2 2
/1 2 t+w? In [wy + f%wp] —In[(2n + 1)*7* + 1], (A.1.10)
we find
- Fluptie)” da? B (wp—fic)? da?
InZ =
! ;zp:zn: </1 2 + (2n + 1)272 +/1 a2+ (2n+1)272 |’

where we dropped an irrelevant additive factor that does not affect thermodynamics. Carrying
out the Matsubara frequency sums, which are shown in Appendix A.2, and taking the large
volume limit, where

d3p
Z—>V/(27T)3, (A.1.11)
P
we finally get
N d3p
an:QVZ/ =S Bwp +1n |1+ e Pepmhie)| 4 n |1 4 e Aleptiic)| 4 (A.1.12)
> [ o {y J o] )

A.2 Matsubara Frequency Sums

Bosonic Sum

Consider the sum

4%1’2’ Z fg dpo f (po) coth<;ﬁpo> (A.2.1)
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Figure A.1: Left: each square C), is an integration path in the complex plane. Right:
Equivalent integration path C.

where the paths C; are shown in Fig. A.1. We have that

1 —+ e—ﬁpo
has poles at
po = 2minT = iw, n € 2, (A.2.3)

and it is analytic everywhere else. We have here introduced the bosonic Matsubara frequencies
wn. If f(po) is analytic we can use the residue theorem for each path C,. Furthermore, we use
that the integral over all paths C,, is equivalent to integrating over the path C' shown in Fig. A.1.
As a result we get

= Z fliw,) Res coth(éﬁpo) = ;Tz,%cdpof(po)coth(;ﬂpo) (A.2.4)

Po= ’LUJ
n=—oo

The pole is of first order, and the residue thus is given by

h(ip
Res coth(lﬁpo> = lim (po —lwn)w (A.2.5)
Po=iwn 2 Po—riwn h(§ p0>
cosh(imk)

= 2T hrr:L(k n)———, —= Sinh (k) (A.2.6)
— 9T Tim (k — ) 2F) (A.2.7)
N k—n sin(rmk) o
9T lim ST (A.2.8)

q—0 sm(m] + )
— 0 lim ¢S (A.2.9)

g0 sm(ﬂq)
= 27T lim qi (A.2.10)

q—0 " Tq
=T (A.2.11)
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Thus we get
T i fiwn) = L?{ dpo f(po) coth 15190 . (A.2.12)
= 4dmi Jo 2
Let us now calculate the sum for
1
e — A.2.13
f(po) fE2 — ﬂQp% ( )
Using that we can rewrite
—€—100 e+1i00
f-] a2
C —e+ico €—100
we find
1 6 —€—100 e+i00 COth (lﬁpo)
_— = dpg——2""2 A.2.15
Z 56'2 + (27”7‘)2 dmi </e+ioo * /efioo > po .’1,‘2 - (ﬁp0)2 ( )

n

We can now close each of the line integrals with a half-circle to negative and positive real infinity,
so that we again can use the residue theorem. We have poles at pg = i%, giving

1 B ..
—_—— =2 Res Res A.2.16
S e Lo_i% slon)+ Res g(po>] | (A.2.16)
for
coth (%ﬁpo)
p = "= . A.217
900 = (o2 24
The poles are of first order, and the sum of the residues are
coth (%) B — coth (%) _ coth (%) _ 1 - 2 . (A.2.18)
2z 23 xf Bx er —1
Thus
1 1 2
—_—=—11 . A.2.19
zn:x2+(27m) 2:E< +e””1> ( )
Using this gives
g da? n o dr 2
= 1 A.2.20
= e A I 4220
= fwp +2In (1 - e ) + const. (A.2.21)

Fermionic Sum

With the same argument as for the bosonic sum, except with Matsubara frequencies w, =
(2n + 1)7T and the replacement

coth (;ﬂp()) — tanh (;Bp0> , (A.2.22)
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which has poles at pg = iw,, we find
Ty fli) = ¢ g (o) a5 ). (A.2.23)
e oo 47 C 2

Let us calculate the same sum as for the bosons, except with the Fermionic matsubara
frequencies. We find

1 B
= —2m A2.24
zn: 22+ (2n+ 1272 4mi ™ [pofi‘is/ﬁ 9(po)+ pogfg/ﬁ 9(?0)} ) ( )

where g(pg) now is

_ /- A.2.25
g(po) 22 — (ﬁpo)g ( )
The sum of the residues is
tanh (%) B tanh (%) _ tanh (g) _ i 1 2 (A.2.26)
2Px —2Bx Bx Bx er +1

Using this gives

/52(%):':#)2 Z A2 B /Bz(wpiﬂ)z dx ) 9 (A 2.97)
: @i, 2va e >

= (Bwp £ 1) +21In (1 + e_B(“Pi“)) + const. (A.2.28)

A.3 Symmetries of the QM Model

One can show that 5 satisfies (75)2 =1, (’y‘r’)Jr =% and {7°,7*} = 0. Define the operators Pg
and Pr, as
1 1
Pr=5(1+7"), Pr=5(1-77). (A.3.1)

Using that (v°)? = 1, we find that P = Pg and P} = Pp,, which means that they are projection
operators. Since Pr + Py = 1, we can write

= PrYp+ Pry = ¢Yr + 91, (A.3.2)

where we in the last equality defined the right- and left-handed spinors, ¥ = Prt and ¢ =
Pri. We see that

VYR = g,
YL = —rL.

=

Inserting these relations into the Yukawa term gives

—Ly = gr(x1 +im T)Yr + gbr(x1 — im - T)0p + gbr(xa — im - 7)Y + gUr(x1 + im - T)YR.
(A.3.5)
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The last two terms vanish for the following reason. Let & and y be two spinors and let P be one
of the two defined projection operators. Then

PP = [(1£7°) x]" 21 £ 47)¢ = X1 (1 £45)7°(1 £ 4°)¢ = xT7°(1 F4°)(1 £4°)¢
=x"’[1-(")]e=0.

For the kinetic terms we have that 1/_JRZ'W8H1/)L and 1/_)Li'y"8u¢g vanish, as can be shown by a
similar calculation. Thus, the quark sector of the Lagrangian becomes

VRIV*O YR + rin"Our — gbr(x1 + i - T)Yr — g¥r(X1 — i - T)ihr. (A.3.6)

To make the symmetries of the Lagrangian manifest, introduce

e = % (x1 +im - T) = % Bc;ltl;fz le;z] (A.3.7)
We see that
Tr (010) = iTr xi+ 73 Sr 2r— 7t o (J)r 27T_7T+] - %Xf + %71'2, (A.3.8)
when the fields are real. We furthermore have that
Tr (01 4+ ©) = 2x;. (A.3.9)
Consequently we can rewrite the full quark-meson Lagrangian as
L = Yriv"0ubr + Yriv 0L — 29¢10%r — 209 rOTYL,
+Tr (0,079"0) + m* Tr (676) — % [Tr (070)]” + %h Tr (© + ©F). (A.3.10)

Assume now first that h = 0. Let U; and Uy be two independent transformations in SU(2)
acting on flavor space. Consider the transformations

Yr = UiYr, ¢ — Uyr. (A.3.11)

Since U; acts on flavor components while v# acts on the spinors, we find that U; commutes with
~*. Thus the kinetic quark terms are invariant:

Uidrin'0,Urr = YRUIY iy 0,U1dr = LU Ui in" 0ok = Yrin" O,
and similar for 1. The Yukawa-part becomes
—Ly =2g¢.U; '©'Urr + gorU; 10 Uy, (A.3.12)
where we assume © has transformed into some ©’. We see that if we transform O as

o' =U,0U; !, (A.3.13)

both these terms are invariant, since UiT = Ui_l. However, we must check that the transformed
o and 7 fields are still real; otherwise the way we have written the Lagrangian in (A.3.10) is not
valid. If this is the case, as we will show that it is in the following, we see that also the meson
sector of the Lagrangian invariant, since

Tr [(U,0U; )1 (00U, )] = Tr [U:01U; ' 1,007 '] = Tr (070), (A.3.14)
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where we use the cyclic property of the trace. Thus, the Lagrangian is invariant under SU(2)r x
SU(2) 1, where we have included subscripts to indicate that the Lagrangian is invariant under
separate SU(2) transformations on left- and right-handed components of the doublet.

Let us now verify that x; and 7 are still real after an SU(2)g x SU(2), transformation. We
can write

Uy :e_%"""zl—%a-T, nge_%ﬁ"'zl—%,BW', (A.3.15)

for two general infinitesimal transformations, since the Pauli matrices generates a two-dimensional
representation of SU(2). Here av and S are real infinitesimal parameters. We have that the ©
transformation on infinitesimal form reads:

(x1+im-7)— (1—;[3-7’) (x1 +im-T) (14—;01-7')

=(a+im-7) + (a*ﬁ)~TX1+%[(,3~T)(7T~T)*(ﬂ'f)(a*)]

(75 s (52) e (£57) ]

[ (55 e (358 (54 -

where we between the second and third line used the identity

N | =

(a-7T)b-T7)=(a-b)+i(axb) T. (A.3.16)

Hence, an infinitesimal SU(2)g x SU(2), transformation corresponds to changing the scalar

fields as
by = — <0‘ - 5) o, Gme (“;B> o (a;rﬂ) x 7. (A.3.17)

We see that the fields remain real, and the claim that £ is invariant under SU(2)g x SU(2)y, is
thus valid.

For the case h # 0, we see that SU(2)r x SU(2), is broken since the term (A.3.9) is changed
when dx; # 0. However, a single SU(2) symmetry remains, which corresponds to choosing the
two SU(2) transformations to be equal, Uy = Us. This implies a = B in the infinitesimal case,
which leads to dx1 = 0. We refer to this symmetry as SU(2)y .

Conserved Currents

Let us find the currents corresponding to the SU(2) symmetries. Consider first A = 0. Choosing
B=0and a; = 25; for i € {1,2,3} gives us the conserved right-handed currents

or . oL - - oL
= —— = (—8m) + ——— (v 0" Y — (=i
I = @) ) Gy 1% GO g gy )
= OM'mix1 — O xami + €pm;OF T + iYL + YR)V (—iTR). (A.3.18)
Using that ¥py*)r = 0, we get
jffR = 8“7@)(1 — 8“)(17@ + eijkwj(’)”wk + @R’V“Tﬂ/}R. (A319)

Similarly we get for the conserved left-handed currents

Jlp = —0"mixy + 0" xami + €m0y + Y Ty (A.3.20)
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We can also form the vector and axial currents, which are the linear combinations

) 1/, ) 1-

Jiv =175 (JffR +J5L) = €ijemj 0"y + SYy T, (A.3.21)
. 1/, . , -,

JZA =3 (JﬁR _]ZL) = 0Mmix1 — O'xami + iz/w‘ V. (A.3.22)

In rewriting the quark contribution to these currents we have again used that the ¥ g-1 cross-
terms vanish. Furthermore, we have used equations (A.3.3) and (A.3.4) to rewrite

VRV TiVR — YLy Tivr = (YR + )V (YR — ¥L) = (Wr + Y)YV Y T (YR + YL).

To find the conserved currents in the h # 0 case we must set a« — 3 = 0. We choose
aj + B = 2(5;- and find that

1 i
51/1:*50'7'1/11%*5

IR — (a;ﬂ) -71/;7%75 (a2ﬂ> ~7'1/1:f%n1/). (A.3.23)

2

Using this, we find exactly (A.3.21) as the conserved currents. Thus for i # 0, only the vector
currents are conserved. The vector currents are, as the name suggests, the currents corresponding
to the SU(2)y symmetry.

A.4 One-Loop Renormalization of the QM Model

We will here derive the one-loop self-energies in the large-N. limit of the quark-meson model.
This section is a partial summary of the work done in Ref. [1].

Renormalized Perturbation Theory

Consider the quark-meson Lagrangian. Let the coupling constants and fields before renor-
malization be denoted with a subscript B, standing for bare. After we have expanded about
X1,B = vB + op we have:

1 1 1 1
L=U(vs)+ 5(8773)2 + 5(503)2 — SMa pOE — 5"%%,3”’123 +op (hg —m} pup)

2
+ ¥pidhps — mqBUsYE — gpB(0B +iTp - TY5)UB + Li B, (A.4.1)
where
1 AB 1 AB AB
Lip= —E’UB)\BO'BTF% - Eo%ﬂ% - 6)\3’030’% - 1043 - ij‘g (A.4.2)

contains all interactions except the Yukawa-term. We introduce the renormalized fields and
couplings via

™ = ZTl'Tra oB =V ZJU7 ¢B =\ Z’llﬂ/)v
m% = Zpm?, A\ = 2\, 95 = /2,9, (A.4.3)
hB = Zhh7 VB = Zvv,
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where the Z-factors are the field, mass and coupling renormalizations. Inserting (A.4.3) into
(A.4.1) gives the Lagrangian

2

1 ZHA ZxA
— =Zx < A Zyv* meQ) w2 4o\ Z, (Zhh it (Zvv ) + Z,ym? Zvv2>

L=U )+ U + %Z,,(aw)2 + %ZU(BJ)Q - EZG (ZAAZ v me2> o2

2 6 6
+ Zy i — Zy/ ZgZomg0th — Zyn) Zggh(\ Zo +in Zu - Ty ) + Li + 0L;. (A.4.4)

Here 60U is the change in the tree-level potential, which we will look at later, while the countert-
erms coming from the non-Yukawa interactions, §L;, will not be needed at one-loop level in the
large- N, limit for the renormalization scheme we will adopt. Introducing

Z=1+4+6Z (A.4.5)

for all the quantities in (A.4.3), we find that the quadratic part of the meson sector becomes

%(6#) (80) %(1 +6Zy) (m2 4 6m2) o — %(1 +6Zz) (m2 + om2) w?
Z.(0m)% + ;620(80)2, (A.4.6)
where we have introduced

omZ = %6)\112 —om? + %)\5027 (A.4.7)
om?2 = %(w —om? + é)«hﬂ,, (A.4.8)
om? = 6Z,m?, A= 062\\, 6 =Z,0% (A.4.9)

To one-loop order, where we can drop products of counterterms, we see that the quadratic meson
part gives the counterterms

1

25 [6Z,(p> = m2) —om2] = 6 —&— 0, (A.4.10)
1

25 [6Z-(p* —m2)—6m2] = m---@---m. (A4.11)

Note that in the definition of the vertex factor, we do not include a factor of 2! coming from the
fact that a o or m-field can attach to the counterterm in two ways. We will instead multiply with
these factors explicitly when summing diagrams.

We notice that to one-loop order, to find the counterterms corresponding to a product of
renormalized quantities, we can effectively take the variation of the product. For example, if A
and B are being renormalized at one loop, then the counterterms corresponding to the product
AB is given by

S(AB) = (A+0A)(B+0B) — AB = (6A)B + A(6B) + §ASB . (A.4.12)
two-loop term

Using this we see that to one-loop order the linear counterterm becomes

75Z o(h—miv)+o (5h smiv — ;mzv&;> , (A.4.13)
v
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Figure A.2: Vertex factors and propagators in the quark-meson model. Note that in this
definition of the vertex factors, we do not include in the vertex itself a factor n! for n
equal external legs.

with

1 1
VZ,~1+ =62, = — . A4.14
+ 2(5 ov 2051} ( )
Thus, we have the counterterm
|1 9 1, o? 9 )
) iéZg(h —miv) — MV +0h—omiv| =@ —— 0 =idl, (A.4.15)
v

where we have defined the ¢ as the expression in the braces.

From the Lagrangian we read off the rest of the Feynman rules. They are displayed in
Fig. A.2. As we will see in the following, in the large-N, limit at one loop we will not need any
more counterterms than the ones we have derived when we use the appropriate renormalization
conditions.

Simplifications in the One-Loop Large-N, Limit

From now on we assume that N, is large so that we can neglect all O(N?)-terms. This allows
us to derive several useful relations between the various counterterms at the one-loop level. In
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this limit the quark mass receives no corrections at one loop, since the pion and sigma loops that
would renormalize the quark propagator goes as O(N?). Thus, for our approximation scheme to
be consistent, we must have that the counterterms which would cancel these contributions must
vanish. This means that

Y1) =0. (A.4.16)

In other words, the counterterm corresponding to i) — qu/;w must be zero:

0Zyip — 0 Zymg — dmg =0 Vp. (A.4.17)
For this to hold for all p we must have that
02y =0, omg=0. (A.4.18)
This gives
Sv? 5g 1 /6¢g> 602
omg = gov + dgv = 9oy +0 % =3 ( + 1]2) =0, (A.4.19)
giving that
5g> (51}
? =3 (A.4.20)

We also have that the one-loop contribution to the w1 vertex goes as O(ND?) and thus is ne-
glected in the large- N, approximation. Hence, we must have that the corresponding counterterm
also vanishes:

Ya
L p— =0= Zy\/Zy49°V Z <1++ 5Z7T> =g, (A.4.21)

Vs
where we used Z = 1 and discarded two-loop corrections. This implies that we need
59* = —g%6 2. (A.4.22)
Combining this relation with equation (A.4.20), we find
dv?

From the definitions (A.4.7) and (A.4.8) we can find additional relations between the coun-
terterms. We see that

3(6m?2 — 6m?2) dv?

o\ = - — )\U—Q, (A.4.24)
om? = w. (A.4.25)

Combining (A.4.23) with (A.4.24) we find
oA = w ~ X6 Zs. (A.4.26)

v
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Subtleties in Dimensional Regularization

In four space-time dimensions one has a multitude of gamma-matrix identities, but in d = 4 — 2¢
dimensions several of these relations either must be modified or becomes undefined. In the original
paper by t'Hooft and Veltmann where dimensional regularization is introduced, Ref. [45], it is
illustrated how ambiguities arise in integrals involving 7°. In four space-time dimensions ~° is

defined by
75 =iy 1y243. (A.4.27)

However, in d = 4 — 2¢ it is not clear how to define v°. We will assume that it is somehow
possible to define 7° in 4 — 2¢ dimensions such that it satisfies

("} =0, (=1 (A.4.28)

We will not need to take the trace of 4°, since we will only evaluate diagrams where two ~°

matrices occur and thus can be combined to square to one. The justification for using these
properties of 4 in arbitrary dimensions is discussed in Ref. [165].
The only other identities we need in the following are

Tr fy“ — O7 Trl = 47 Tr fy“/yy — g”’/’ (A429)

which are not modified [11].

Pion and Sigma Self-Energies

We are now ready to calculate the self-energies of the sigma and the pions. All the relevant
one-loop terms proportional to N. and counterterms at the same order are shown in Fig. 4.2.
Let us label the o diagrams i, iXLet %2 i32:¢ from left to right, respectively, and similarly
for m. We note that in a general renormalization scheme, we would also need to account for the
rightmost diagrams in Fig. 4.2. However, we will renormalize so that m2v — h = 0 holds also
after renormalization, so that these diagrams vanish.

Sigma Self-Energy Diagrams

The first loop diagram is

, _ dik iWk+p+mg)i(f+m
= QNC(_l)(_zg)2A4 d/ (271.)d Tr [(k +p’;§2 _ mg ](€2 _ mé)]
- —8Ncg2A4—d/ 'k K4 p-k+mg

(2m)¢ [(k + p)2 — m2] [k* — m2]
— 8N g2A4—d/ d'k (k+p)” = mg —p-k—p*+2mg
C G [+ p) - ma] [ — ]

dk —p-k—p%+2m?
_ —SNC 2 A 2 A4—d/ q
g{<m“+ @) [(F+ o — 3] [ - ]

(A.4.30)
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where we have defined

d%k 1
A(m?) = A4—d/ — A.4.31
(mq) (27r)d k2 — m<21 ( )
In the second line we calculated the trace to be
Te [(k+p+mg) (F+mg)] =4 +p-k+m?) (A.4.32)

by using that Tr (y#49"”) = 4¢g"”. We can rewrite the last integral in the parenthesis of equation
(A.4.30) as

IEAH/ 4k —p-k—p®+2m2 :AH/ d’q p-q+2m?

(2m)® [(k +p)* = mg] [k* — m{] (2m) [¢* = m] [(¢+p)* — m{]
(A.4.33)

where we changed variable ¢ = —k — p in the last step. Adding both ways of writing the integral,

we find that

I =

DO |~

I dk —1p? 4+ 2m? 1
— = A4*d/ 2 q = __ 2 4 2 B 2 ’
T3 (2m)4 [(k +p)? — m2] [k2 — m2] 5 (P —4my)B(r)

where we defined

B(pQ):A‘**d/ 'k ! (A.4.34)

) [+ 9P =] [ =]

Thus we have

¥ (p*) = —8N.g? {A(mi) - %(pQ —4m2)B(p?)| . (A.4.35)

The other diagram we consider is

; —i\v 7 ) _ dek i(k+ myg)
2(p?) = =31(— ! iV Ad—d q
SN AGUMy | 4y dk 1 8N \m? )
B T?TQA @rikz—mZ m2 L A(my). (A.4.36)

The factor 3! comes from the fact that external propagators can attach to the o3 vertex in 3!
ways, the (—1) comes from the fermion loop and 2N, from the fact that we have 2 different
flavors and N, different colors. A is a dimensionful scale keeping the dimensions of the integrals
the same as in d = 4. We have also used that Try* = 0 = Tr(k + mg) = 4m,.

Adding up the two diagrams, we find

. ) 1
i¥2(p?) +iXl(p?) = —8N.g° A(mg) — i(p2 — 4m§)B(p2) + ——LA(m?). (A.4.37)
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Pion Self-Energy Diagrams
The YL diagram is new since we here have the pseudoscalar Yukawa vertex associated with the
term
g¢i757i7fi¢ =gi[m (@1751/)2 + Z/712’)’51/&) + a1 (—1;1751&2 + 1/;2751#1)
+ m3(1y 1 — oy ’ia)]. (A.4.38)
Due to the SU(2)y symmetry which mixes components of 7r, the contribution of these interactions

to the self-energy is necessarily the same for all the components of 7. For w3 we find NV, diagrams
for each flavor:

1 o

12727(172):]\/} ’/Tg@ T3 +N(~ 7'['3@ 3 (A439)
P1 P
dk YPi(f 4 p+ mq) v (F 4 my)

= (_1)(i9)22NCA4_d/ (2m)d Tr (k+p)?— mg k2 — m2

B _ d'k (k+p—mg) (k+myg)
= aNgtad [ | mE 47— m3 }

dek k*+p-k—m?
(2m)4 [(k + p)? — m2] [k? —m2]

= —8N,g> {A(mz) — 1p2B(pQ) .

= —8N692A47d/ 75

(A.4.40)

We here used that {75, fy“} = 0 and performed the same kind of manipulation on the integral as
with o. If we look at 7 or ms instead, we would have loops with two different quark flavors at
each vertex, but the final result is the same.

The ¥2 diagram is

() = _ L (A.4.41)

The factor % difference is simply a result of the fact that the external pion propagators only can
connect to the omm vertex in 2! ways instead of 3!.
The two diagrams add up to

SN Am?
iNL(p?) + X2 (p?) = —8N.g> | A(m2) — %sz(pQ) + T;nqA(mg). (A.4.42)
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The On-Shell Renormalization Scheme

In the on-shell renormalization scheme we demand, at 7" = 0, that v = % and (o) = 0 also after
loop corrections. The latter means that we have the condition

+ = —8N.gmgA(m?) + it = 0, (A.4.43)

since these are the diagrams that contribute to the one-point function in the large N, limit. This
gives

5t = —8iN.gmgA(m?) = —8iN.g*vA(m7). (A.4.44)

This fixes §t, and thus gives an expression for §h in terms of §Z,, 6v? and dm?2 through equation
(A.4.15). Condition (A.4.43) also gives us that

2% +22(p?) =0, B2(p?) +X2(p%) =0, (A.4.45)
since these sums are proportional to (A.4.43). Using this we then have the inverse propagators

Go(p*) ™" =p” = mg + T, () + T (p7), (A.4.46)
Gr(p")™! =p® —mi + ZL(0%) + 27 (p7). (A.4.47)
The on-shell scheme is defined by the fact that the masses receive no radiative corrections [11,

26]. Hence, we demand that the full propagators have poles at the location of the renormalized
masses, meaning’

5L (m2) + £Le (m

g

(A.4.48)

2) — 0
2y =0. (A.4.49)

S (m7) + By (m37)

The terms iXL and XL are, up to a factor of two, given by equations (A.4.10) and (A.4.11).

Using that $1¢(m?2) = —dm?2 and XL (m?2) = —dm?2, we find
om?2 = ¥l (m?) = 8iN,g* [A(mg) - %(mi - 4m3)B(m3)] , (A.4.50)
om?2 =L (m?) = 8iN,g* {A(mg) — ;miB(mi)] . (A.4.51)

In the on-shell scheme one also takes as a renormalization condition that the residue of the
propagators at the mass poles are equal to i. Using the formula for a simple pole gives the
criterion

o . 2 s 2 2 i _ i
' pie:tz G = p2h—>r£ln2(p m )p2 —m2+3(p?) 14 d%(p;) lp2— ’ (A4.52)
D =m

"We actually here mean the real part of the inverse propagators. In order to not clutter the notation
we will suppress this and discard imaginary parts. We will comment on this more in the following.
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where we used L’Hopital’s rule. We thus find the on-shell condition

d¥(p?
(’; ) = 0. (A.4.53)
dp
p2=m?2
This condition gives
d dzL(p)
— [2L(p%) + 2L (p? = §Z, =0 A.4.54
a7 2o (r) + 557 (")) - : ( )
pe=mg pe=mZ
and similarly for 7. We find the expressions
dyl(p? dyl
57, = — 20 oz, = =000 (A.4.55)
dp? dp?
p2=mZ p2=m2
Differentiating (A.4.35) and (A.4.40), we find
62y = 4iN.g* [B(m?2) + (mZ — 4m2)B'(m2)] (A.4.56)
6Zr = 4iN.g* [B(m2) + m2B'(m2)], (A.4.57)

where B'(m?) = L’)(gz)

dp p2=m? ’

To find an expression for dh, we combine (A.4.15), (A.4.23) and (A.4.44), and find

1 1
—82’N6921)A(m3) = §5Zg(h —m2v) — imivéZw + 6h — dmZv, (A.4.58)
which gives
1 1
5h = —8iNcg*vA(m2) + vém2 + imivazﬂ - 5(szc,(h —m2v). (A.4.59)

Note that the last term vanishes since we renormalize so the minimum of the potential does not
change.

Having determined dm?2, dm2, §Z, and §Z,, we are in position to use relations (A.4.22),
(A.4.25), (A.4.26) and (A.4.59) to find 62, v2, 6\, dm? and §h. We find the on-shell expressions

3, = ~SiNog? | Am2) + (2 — 4m2)B(m3) — Sm?B(m2) | (A.4.60)
12iN,g? ‘
0hos = — — [(m2 — 4m2)B(m2) — m2B(m2)] — 4iANcg® [B(m2) + m.B'(m})]
(A.4.61)
8g2s = —4iNeg* [B(m2) + m2B'(m2)] , (A.4.62)
Ohos = _2ZNcg m v [B( ) 3r /(m )} (A 4.63)
502, = 4iN,g?o? [B(m?) + m2 B'(m?)] | (A.4.64)
§Z3° = 4iNeg® [B(m2) + (m? — 4m?)B'(m2)] (A.4.65)
622° = 4iNeg® [B(m2) + m2 B’ (m})] (A.4.66)

where we have listed §Z, and dZ, again for completeness.
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Calculating the Loop Integrals

We want to calculate the integrals A(m?2) and B(p?®) and separate out the divergent parts so that
we can relate the counterterms and couplings in the on-shell and MS schemes.
In the following we will use the integral formula

/ ddk k2a _ -(71)a7b 1 %Jrafbr(a_'—g)r(b_a_ g)

with d =4 — 2e. We find

dik 1 —im2 [ A\ d —im2 [ 47A2\°
A 2:A‘**d/ = 4 (= rf1—=\= a (-1
(my) @O —mZ  (an)% \mq 3) " @n2)? \ m2 (=1+¢)

im?2 [1 _ A
= ﬁ L +1+1In (4 7") +1n (mg)] , (A.4.68)

ol

where we only keep terms up to order O(e"). For the integral B(p?) we use that

1 ! dx
o A.4.69
XY /0 (X + (Y — X)a]?’ ( )
where we have introduced a so-called Feynman parameter x. Defining
n(z) = p?x(z — 1) + mg, (A.4.70)

we then find
dk 1 U in(x)E 2 d
by -t | s [ty 0y
(v°) 2m)* [(k+p)? — mg] (k2 — mg] 0 (47)% 2

= / o (% ) (e~ =1 +¢)

_ i [1 4 In (4re ) + In (722) +C(p2)} : (A.4.71)

€ q

where we have defined the function

C(p?) = /01 dz In <’7T$)> = /01 dz In [:;x(x 1)+ 1} . (A.4.72)

q q

This integral can be calculated exactly and is found in standard integral tables. The result is

[4m?2 1
C(pQ) =2—-2 p72q — larctan Tl . (A473)
P

2 1
=— 9  arctan| — | — —. (A.4.74)
2 m

Differentiating gives
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Note that for p? > 4m§, C(p?) and C’(p?) get an imaginary part. Thus, the self-energy also
gets an imaginary part. This is the case for C'(m2) and C’(m2) if m, > 2m,, because the sigma
then will have a finite lifetime, since the decay o — 1) through the Yukawa-vertex becomes
kinematically allowed. For the pions this decay will be kinematically forbidden, since we will use
a quark mass satisfying m, < m,. In the following we will only keep the real parts of C(m2)
and C’(m?2). We can do this since the requirement that the inverse propagators vanish when

evaluated at the physical masses, equations (A.4.48) and (A.4.49), should really have been

ReG,(m2)~! =0, (A.4.75)
Re G (my) ! =0. (A.4.76)

To avoid writing In (47e™ %) everywhere we redefine A — Ae?Z /47. Inserting our analytical
expressions for the integrals, equations (A.4.68) and (A.4.71), into equations (A.4.60)—(A.4.66),
we get

Sm2y = émis + (24]7\:;232 (mg — 3m7)In (%)

b ot [am 4 L — amC) ~ Szt (A47T)

0dos = x5 + m [Q(m2 —m2 — 2m3) In (?I) + (m2 - 4m§)C(mi)} )
ORI o — 2m)0n2) + (2~ 2 m3C (2] (A478)
st = o+ et (53 ) + COm2) < mzc )] (A479)
Shos = Shs + W [l (n%) +C(m3) - mi0’<mi)] , (A.4.80)
52, = s~ gt [ () + €02y + w2 )], (A48)
5295 = 675 — ?4%7;1% {m (WA@) +C(m3) + (mj - 4m§)0’(m3)] ; (A.4.82)
5257 75—t [in () + Clnd) 2] (A483)

where the %—parts, which will be common to both subtraction schemes, are

4N.g*>m? 1 8N.g? 1 4N.g* 1 2N.g%h 1
gmio— SeGT L sy BN 62 D, g2 = S L gy 2N R
"1 (4m)2 €’ VST (4m)2 (A =647 o OO (4m)2 €’ MS (4m)2 €’

4N.g*v? 1 — 4N.g* 1 — 4N.g* 1
o= ——  §ZMS = =, 7N = ——— | A.4.84
Vs (4m)2 €’ 7 (4m)2 €’ g (47)2 € ( )

These are the counterterms in the MS scheme. Note, very importantly, that the masses present
in equations (A.4.77)-(A.4.83) are the physical masses, since the renormalized and the physical
pole masses coincide in the on-shell scheme.
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We should now determine the value for A that is consistent with our assumption that m2v—h
= 0. This assumption is valid if

8Qvac
ov

v, =0 (A.4.85)

i.e. if the minimum of the effective potential is the same as the minimum of the tree-level potential.
Dropping terms not proportional to IV, gives that the vacuum effective potential is,

Qvac(v) = U(v) + 0U (v) + W [1 + g +1In (gf;)} : (A.4.86)

We will show later that the infinite part of dU cancels the divergent part in the last term.
Assuming this, requirement (A.4.85) reads

0 2N.g*v* [3 A2 B
% {5U(U)ﬁnite + W |:2 + In <92’U2>:| } = 07 (A487)

where we have that

R S S PP R 2 PR S SO S _ov?
oU = 2(5mv 5™ v +4!v —|—4!2v ov® — dhv h%. (A.4.88)

Inserting the finite parts of the on-shell counterterms into equation (A.4.87) and calculating the
derivative in Wolfram Mathematica, we find

A2
C(m2) +m2C'(m2) + In (g) =0. (A.4.89)
mq

Thus, equations (A.4.77)-(A.4.83) are valid when the renormalization scale is

A2 = m{21 exp{—C(m2) —m2C'(m2)}. (A.4.90)

The MS Renormalization Scheme

We must have that the bare quantities are independent of renormalization scheme. Hence, we
have

m = Z2Smi. = Z95m?, (A.4.91)
which implies
M2 + dmi< = m* + dm2. (A.4.92)

Hence, meS, and all the other couplings by the same argument, can be found by

m2_(A) =m? + 6m%s — om?2 Aiis(A) = A+ 0hos — 05, gf/[—s(A) =g¢°+ 59?)5 - 59131—3,

MS MS?
his(A) = h + Shos — Shss,  v2<(A) = v? + 602, — Sv2 (A.4.93)

MS*

The difference between the OS and MS counterterms can be read off directly from the expressions
(A.4.77)—(A.4.83). Since the masses are measured in vacuum, where the minimum of the potential
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is v = fr by assumption, we find that the running couplings are

2 _ 2 2Nc 2 A
mil—s(/\) _ Mg 23m7r + (477);’}(% (m —3m? )ln <m3>
2
+ éj:;g}g {2m3 + %(m?j - 4m3)C(m3) — gmiC(mi)} , (A.4.94)
Aere(A) = 3(m?2 —m2)
1? 7;4 [2 2m3) In (W?Q) + (m? — 4m3)0(m3)]
12N m ) ) ,
[ —2m2)C(m2) + (m2 — m2)m2C" (m2)], (A.4.95)
2
gas(A) = % + {lN)"}4 {ln < A ) + C(m )+m3,0’(m3r)] , (A.4.96)
hrars(A) = m2 fr + W {ln <ﬂ/1\2> + C(m?) — miC’/(mi)} , (A.4.97)
vis(A) = f2 - 4(]\::)2 {ln <n/;> +C(m2) +m,%C’(m3,)} : (A.4.98)

We again emphasize that the masses on the right hand side of those equations are the physical
masses, and thus we can use these relations to calculate the running couplings at the scale Ay.
Later we find the expressions for the couplings valid at any scale A via the renormalization group
equations.

Let us now find the effective potential in the large-N, limit. In the MS scheme the vacuum
potential reads

2Negt v (1 3 A2
Quac(v) = Ulvws) + 6Uss + WSQS L +5+In (H)} : (A.4.99)
MS MS

Since we have not explicitly demanded that the vacuum energy is finite, we should check that
this is the case. If we plug in all the counterterms in the MS-scheme into equation (A.4.88), we
find

2N, 1
Uys = Tz Z;)SUMS o (A.4.100)

But this exactly cancels the divergence in (A.4.99). Including the temperature dependent term
and defining A = vgzg5s, we find

1W(A)A2 1)‘W(A)A4 hm(A)A 2N A% [3+ (AZ)]

QA T, puy) = S

2 g2-(A) 41 gi(A) grrs(A) (4m)? A?
— 4N, T/ (‘;2)"3 {m {1 + e‘ﬂ(\/‘m‘“")] +In {1 + e‘ﬂ(\/m”q)} } .

(A.4.101)

Note that since §(gv) = 0, we have, to order O(N}), that A = vss0ss = Vosgos, Which is
independent of A.
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Renormalization Group Equations

In the previous we found the grand potential in the MS scheme. However, since we have required
that the minimum of Qy,.(v) equals the minimum of the tree-level potential, we have a require-
ment on A, which is given in equation (A.4.90). A fundamental idea of quantum field theory is
that physical quantities should be independent of the choice of the renormalization scale A. This
leads us to the renormalization group (RG) equations, which is a class of equations implementing
this requirement.

We obtain the RG equations for the running couplings by simply differentiating relations
(A.4.94)—(A.4.97) and inserting the expressions for h, m?, A and g2 in terms of hyg, rr%, i

and ngs to lowest order in the MS quantities. We find

dm2-(A) 8N, 5 dg2<(A)  8N. ,
dln A - (47T)2mm( )gm(A)ﬂ dln A - (477')2 gﬁ( )7
dhss(A) 4N, , dXys(A) 16N,

dnh =~ [ eMhs(8), —Ee = s [6(Wss(8) — is(8)] - (A4.102)

where we used ﬁ = A%. These are standard ordinary differential equations, and we find that

the solutions are

2
2 _ my 2 _ 90
mm(A) 1 4Ncq§ 1 Az’ gﬁ(A) 1 AN, g2 1 Az’
B (47)2 (T%) (4m)2 (Tg

48N, 4 A?
ho Ao~ amzdo In (P

his(A) = —gr 7wy Al = o 5 (A.4.103)
L= n (%) - G (5]

where the values with the 0-subscript are the values of the couplings at the given scale Ag. These
relations together with the values gg, mg, Ag and hg calculated at the specific scale Ay thus gives
us these couplings at any other scale.

The Effective Potential

Inserting the running couplings into the potential gives

1 AZ 1 A4 A
Qvac(D) = — §m3f3mfg + I%fﬁmfg - howa (A.4.104)
2N.A* |3 m2
o |5 T R | - Cmi) = miC' (mg)? A4l
@mz [277 <A2> C(mz) —mzC"(mz) 1 ; (A.4.105)
where we used
\/1 Negt ) (A2
- (471-)2 A2 2
hNIS(//:) — @ N E20) _ @ + O (NE logQ (%)) . (A4106)
gws(A) g0 1 - (4;)20 log (E) 90 5

We drop the O(N?) term as this is a two loop term. We now see that the grand potential is
independent of A.






APPENDIX

Code

In the following we provide the Python and C routines used to minimize the effective potential.
The code used for plotting is voluminous and not included.

B.1 Implementation of the Effective Potential in Python

import numpy as np

import scipy

from scipy import integrate, LowLevelCallable
import mpmath

import math

import cmath

import os, ctypes

import time

#Import C functions for integrands for faster integration

lib = ctypes.CDLL(os.path.abspath(’quarkIntegrand.so’))

lib.quark_integrand.restype = ctypes.c_double

lib.quark_integrand.argtypes = (ctypes.c_int, ctypes.
POINTER(ctypes.c_double))

quark_integrand = LowLevelCallable(lib.quark_integrand)

lib = ctypes.CDLL(os.path.abspath(’quarkIntegrand.so’))

lib.quark_integrand_noB.restype = ctypes.c_double

lib.quark_integrand_noB.argtypes = (ctypes.c_int, ctypes.
POINTER(ctypes.c_double))

quark_integrand_noB = LowLevelCallable(lib.
quark_integrand_noB)

#Global variable specifying when the B=0 expressions
should be wutilized
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mpi = 140
B_cutoff = 1l.e-2 xmpix=x

class CouplingSet:

2

APPENDIX B. CODE

def __init__(self, m_pi, m_sigma, m_quark, f_pi,
n_colors = 3):
self.m_quark = m_quark
self.m_pi = m_pi
self.m_sigma = m_sigma
self.f pi = f_pi
self.n_colors = n_colors

self.renorm_MS®

— self.C(m_pi) — m_pi=x=x2

np.sqrt( m_quarkx*x2 x np.exp(

«+ self.C_prime(m_pi) )

)

self.m0® = self.calc_m_MSQO)
self.lambda® = self.calc_lambda_MS (O
self.g0® = self.calc_g_MSQ)
self.ho = self.calc_h_MSQO
self.renorm_MS = self.renorm_MSO
self.m_MS = self.m0®
self.lambda_MS = self.lambda®
self.g_MS = self.g0®
self.h_MS = self.ho

def convertToTreelLevel (self):
self.m® = np.sqrt((self.m_sigmax+x2 — 3.0xself.m_pi

xx2) /2.0)

self.lambda® = 3.0«(self.m_sigmax+2 — self.m_pi
xx2) /self. f_pixx2

self.
self.
self.
self.
self.
self.
self.
self.

g0
ho
renorm_MSO
m_MS
lambda_MS
g_MS

h_MS
renorm_MS

def C(self, p):
"O(p) s
the
energies .
if (p==0):
return 0
else:

q
r

a

nonon

calcuation

mathematical

4.+«(self.m_quarks*x2)/p*x2 — 1.
np.sqrt(q)

self.m_quark/self.f_pi
self.m_pis««2«self.f_pi

np.exp(-0.5)«self.g0«self.f pi
self.m0®

self.lambda®

self.g0®

self.ho

self.renorm_MSO

function appearing in

the pion and sigma Self—

of

+ 0]
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def

def

def

def

def

return np.real(2.-2.xrsxnp.arctan(1.0/r))

C_prime(self, p):
""" The derivative of C(p). ""'

q = 4.+(self.m_quark+2) /p*x2 — 1. + 0]

r = np.sqrt(q)

return np.real (4.xself.m_quark««2/(pxx4xr)«np.
arctan(l/r) — 1./px*x2)

calc_m_MS(self):

n_colors = self.n_colors

mu2 = (self.m_sigmax+x2 — 3.0x«self.m_pix«x2)/2.0

bigBrace = 2xself.m_quark++2 + mu2snp.log(self.
renorm_MSO=«x2/self.m_quark++2) + 0.5x«(self.
m_sigmax+x2 — 4.xself.m_quarks+2) +self.C(self.
m_sigma) — 1.5xself.m_pix«+«2 +« self.C(self.m_pi)

mu2 += 4.xn_colorsx(self.m_quarkx*x2) /(4.xnp.pix
self.f_pi)««2 x bigBrace

return np.sqrt(mu2)

calc_lambda_MS(self):

n_colors = self.n_colors

Lambda = 3.0«(self.m_sigmax+2 — self.m_pixx2)/self
Lf_pixx2

bigBracel = 2.0x«(self.m_sigmax+x2 — self.m_pixx2 —
2.0«self.m_quarks++2) xnp.log(self.renorm_MSOxx2/
self.m_quarks++2) + (self.m_sigmaxx2 — 4.0xself.
m_quark++2) xself.C(self.m_sigma)

bigBrace2 = (self.m_sigmaxx2 — 2.0xself.m_pixx2)«
self.C(self.m_pi) + (self.m_sigmaxx2 — self.
m_pix+2)+self.m_pix+2 x self.C_prime(self.m_pi)

Lambda += 12.0«n_colors«(self.m_quarkx*x2) /((4.0xnp
.pi)«x2+self.f_pix«4) x (bigBracel + bigBrace2)

return Lambda

calc_g_MS(self):
n_colors = self.n_colors
g2 = self.m_quarks++2/self.f pix+«2 + (4.sxn_colorsx
self.m_quark«+4) /((4.+«np.pi) ««x2+self.f_pixx4) =«
( np.log(self.renorm_MSOx««x2/self.m_quarkxx2) +
self.C(self.m_pi) + self.m_pis«2«self.C_prime(
self.m_pi) )
return np.sqrt(g2)

calc_h_MS(self):
n_colors = self.n_colors
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h = self.m_pix«+«2+self.f pi + (2.sxn_colorsxself.
m_quarksx2xself.m_pix*«2)/((4.xnp.pi)+*+2xself.
f pi) * ( np.log(self.renorm_MSOxx2/self.
m_quarkx«+2) + self.C(self.m_pi)-self.m_pix«2x
self.C_prime(self.m_pi) )

return h

def v_effective(parameters, T, chem_pot, B, couplings,
scale, potential, withPhoton=False):
""" Assume parameters of the form parameters = [delta

nonon

q
delta
q [
r_imag
r

parameters[0]
parameters[1]
0
0

=0
+= v_gk_vac_noB(delta, couplings)
+= v_gk_vac_B(delta, B)
+= v_gk_thermal (delta, B, T, chem_pot, q)
+= v_meson(delta, couplings)
f(potential=="chiM’):
v += v_gluon(q, r, r_imag, T)
elif(potential=="RRTW’):
v += v_gluon_RRTW(q, r, r_imag, T)
else:
print "Invalid potential. Terminating."
return np.nan
if(withPhoton):
v += v_photon(couplings, B)
return vsscale

\
v
\'
\
\
i

def v_meson(delta, couplings):
v_mes = —0.5 x couplings.m_MSxx2 x deltaxx2 /
couplings.g_MSx*x2 + couplings.lambda_MS/(4.%3.%2.%
couplings.g_MSx*x4) xdeltaxx4 \
— couplings.h_MSxdelta/couplings.g_MS
return v_mes

def v_qk_thermal(delta, B, T, chem_pot, q):
if(T == 0):
print ("WARNING: T identical ® not implemented
in thermal quark term. Choose T close to 0.
")
return np.nan
mPi = 140.
if(B < B_cutoff):
print "Warning: below magnetic field cutoff.
Evaluation will use B=0 expression.\n"
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upper_lim=np.inf

integral, err = scipy.integrate.quad(
quark_integrand_noB, 0, upper_lim, args=(
delta, T, chem_pot, q, 0))

return -4xTxintegral/(2xnp.pix**2)

elif( B < 0.1xmPixx2):

print "Warning: small magnetic field.

Evaluation will be slow.\n"

e_charge = 0.303

g_up = (2./3.)xe_charge

qg_down = (-1./3.)+e_charge

v = double_sum(delta, B, T, g, g_up)

v += double_sum(delta, B, T, q, q_down)
return v

def v_qk_vac_B(delta, B):
""" B—dependent part of the quark vacuum energy
if(B < B_cutoff):
return 0
n_colors = 3.
e_charge = 0.303
g_up = 2./3.xe_charge

nonon

g_down = -1./3.xe_charge

delta_up = deltaxx2 / (2. % np.abs(q_up x B) )

delta_down = deltaxx2 / (2. % np.abs(g_down s B) )

v = (q_up * B)*+x2 % (1./12. — mpmath.fp.zeta(-1,
delta_up, 1) - 1./2. % delta_up =smath.log(
delta_up) — 1./4. x delta_up=x2 + 1./2. «x
delta_upx*x2 x math.log(delta_up) )

v += (g_down % B)x*x2 x (1./12. — mpmath.fp.zeta(-1,

delta_down, 1) — 1./2. x delta_downsmath.log(
delta_down) — 1./4. x delta_downsxx2 + 1./2. =«
delta_downs*x2 x math.log(delta_down) )

v x= 8xn_colors/(4xnp.pi) xx*2

return v

def v_photon(couplings, B):

""" B—dependent part of the photon wvacuum energy. It
has mno effect on phase diagram. """

if(B<B_cutoff):
return 0

n_color = 3.

e_charge = 0.303

g_up = 2./3.xe_charge

g_down = —1./3.xe_charge
prefactor = 4.xn_color/( 3. x (4.xnp.pi)*x2 )
v =0

Vv += 0.5%xBxx2
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def

def

def
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v += 0.5%xBxx2 x prefactor x (q_upx*x2 x math.log(
couplings.m_quark«+«2 / ( 2.xnp.abs(q_up B))))
v += 0.5%Bxx2 x prefactor x (q_down=xx2 x math.log(
couplings.m_quarks«+2 / ( 2.xnp.abs(g_downxB))))
return v

v_gk_vac_noB(delta, couplings):

""" B—independent part of the quark wvacuum energy
v =20

delta_cutoff = 1e-9

if(abs(delta) > delta_cutoff):

v 4= (2.0 x couplings.n_colors x deltaxx4)/((4.=x
np.pi)=**2) x (1.5 + np.log(couplings.renorm_NMS
xx2/(deltaxx2)))

return v

nonon

zetaPrime (x):

""" Derivative of Hurwitz zeta function with respect
to first argument evaluated at —1 """

return mpmath.zeta(-1, x, 1)

double_sum(delta, B, T, g, charge):
" Sum owver Landau levels """

fpi = 93.

nTolerance = 1l.e—-4 x fpixx4
lTolerance = nTolerance/100.

current_sum = 0.
prev_sum = 0.
sumN = True

n =0

prefactor = np.abs(chargex*B)«T/(2+«np.pixx2)
while (sumN):
if(n==0):
current_sum += 1_sum(delta, B, T, q, charge, n
, 1Tolerance)
else:
current_sum += 2.x1_sum(delta, B, T, q, charge
, n, 1lTolerance) #Degeneracy factor of 2
for m>1.
if(prefactor x np.abs(current_sum — prev_sum) <
nTolerance):
sumN = False
elif(current_sum == 0):
sumN = False
n=n+1
prev_sum = current_sum
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def

return — np.abs(charge+B)/(2xnp.pix**x2) * T x
current_sum

l_sum(delta, B, T, g, charge, n, tolerance):
"t Sum over fugacities "'

current_sum = 0.

prev_sum = 0.

1 =1

continueSum = True

prefactor = np.abs(charge«B)*«T/(2+np.pi)
M = math.sqrt(deltax+x2 + 2xnp.abs(chargexB)xn)
while (continueSum) :

157

l_term = (—1)*x(1+1) « M % ( 2+4xmath.cos( 2.xnp.

pixqx1/(3.) ) ) / (1) x scipy.special.kn(1,
/T)
current_sum += 1_term
if(prefactor « np.abs(current_sum — prev_sum) <
tolerance):
continueSum = False
elif(l_term == 0):
continueSum = False
prev_sum = current_sum
1 = 1+1
return current_sum

# Gluonic potential
# B2, B4 assumes complex input.

def

def

B2(x):

while(x.real >= 1.):
X = x — (1.4073)

while(x.real < 0.):
X = x + (1.+07)

return x « (1 — x )

B4 (x):
while(x.real >= 1.):
X = x — (1.4073)
while(x.real < 0.):
X = x + (1.+07)
return xxx2 = (1 — X )xx2

# v2, v4 assumes real input.

def

def

vd(q, r, r_imag):
r_imag = r_imagx(0+1j)

return B4(2.xq/3.) + B4(q/3. + r + r_imag) + B4(q/3.

r — r_imag)

v2(q, r, r_imag):

1«M
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def

def

def

def

def

def
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r_imag = r_imag*x(0+1j)
return B2(2.xq/3.) + B2(q/3. + r + r_imag) + B2(q/3. -
r — r_imag)

v_gluon_perturbative(q, r, r_imag, T):
return math.pis*2 % Txx4 x ( -8./45. + 4./3. x v4(q,r,
r_imag) )

v_gluon_nonperturbative(q, r, r_imag, T, Td):

c2 = 0.830

cl = 50.x(1-c2)/27.

c3 = (47. — 20. x c2)/27.

return 4.+ math.pix**2 /3. x Txx2 x Tdx*+2 x ( — 1./5. =%
cl « v2(q, r, r_imag) - c2 *x v4(q,r, r_imag) +
2./15.%xc3 )

v_gluon(q, r, r_imag, T, Td = 270):

complexPot = v_gluon_perturbative(q, r, r_imag, T) +
v_gluon_nonperturbative(q, r, r_imag, T, Td)

return complexPot.real

v_gluon_RRTW(q, r, r_imag, T, Td = 208.):
loop = polyakov_loop(q, r, r_imag)
aloop = polyakov_antiloop(q, r, r_imag)

TO = Td

a0 = 3.51
al = -2.47
a2 = 15.2
b3 = —-1.75

A = a0 + (TO/T) * al + (TO/T)*x2 * a2
B = b3 x (TO/T)«x3
logArg = 1 — 6xloopxaloop — 3 x (loopxaloop)**x2 + 4x(
loop+*3 + aloopx*%3)
U= Tx+x4 x (- 0.5xAxloopxaloop + Bxcmath.log( logArg )
)

return U.real

polyakov_loop(q, r, r_imag):

r_imag = r_imag*x(0+1j)

return 1/3. x cmath.exp(2xmath.pi+( r+r_imag )=*(0+1j)
/3.0) x ( cmath.exp( 2«xmath.pi+(r+r_imag)+«(0+1j) )
+ 2sxmath.cos(2«math.pixq/3.0) )

polyakov_antiloop(q, r, r_imag):

r_imag = r_imag*(0+1j)

return 1/3. x cmath.exp(-2+math.pix( r+r_imag )*(0+1j)
/3.0) x ( cmath.exp( —2xmath.pix(r+r_imag)*«(0+1j) )
+ 2+xmath.cos(2+xmath.pi*xq/3.0) )
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B.2 Implementation of the Thermal Quark Integrand in
C

#include <math.h>
#include <complex.h>
#include <stdio.h>

complex double quark_integrand(int n, double xx) {

// x[0] = p, z[1] = M B, z[2] =T, xz[3] = chem_pot, =«
[4] = a¢. z[5] = rimag

double p_squared

double eff_energy

double beta_eff_energy

double mu_prefactor

double complex img_unit

double complex betamul
mu_prefactor x ( x[4] + x[5]+«img_unit);

double complex betamu?2 x[3]1/x[2] + img_unit =«
mu_prefactor x ( — x[4] + x[5]+«img_unit);

double complex betamu3 = x[3]/x[2] + img_unit =«
mu_prefactor x ( —2xXx[5]«img_unit);

x[0]xx[0];

sqrt(p_squared + x[1]xx[1]);
eff_energy/x[2];
(2.0xM_PI/3.0);

0.0 + 1.0 « I;

x[3]1/x[2] + img_unit =«

[T o VR T TR TR T

double complex integrand = 0;

integrand += 1.0/(1 + cexp(beta_eff_energy — betamul))
+ 1.0/(1 + cexp(beta_eff_energy + betamul));

integrand += 1.0/(1 + cexp(beta_eff_energy — betamu2))
+ 1.0/(1 + cexp(beta_eff_energy + betamu2));

integrand += 1.0/(1 + cexp(beta_eff_energy — betamu3))
+ 1.0/(1 + cexp(beta_eff_energy + betamu3));

integrand x= p_squared / (eff_energy = x[2]*x[2]);

return creal (integrand);

}

complex double quark_integrand_noB(int n, double xx) {
/) x[0] = p, a[l] = delta, z[2] =T, z[8] = chem_pot,
(4] = q, z[5] = r_imayg
double complex img = 0.0 + 1.0 x I;
double pSquared = x[0]«x[0];
double energy = sqrt( pSquared + x[1]xx[1] );

double complex exponentl = — ( energy - x[3] ) / x[2]
+ 2xM_PI « img x ( x[4] + x[5]+img ) / 3.0;
double complex exponent2 = — ( energy — x[3] ) / x[2]
+ 2+M_PI % img * ( —x[4] + x[5]+ximg ) / 3.0;
double complex exponent3 = — ( energy — x[3] ) / x[2]
+ 2+M_PI % img = ( —2. % x[5]ximg ) / 3.0;
double complex exponent4d = — ( energy + x[3] ) / x[2]

— 2xM_PI % img * ( x[4] + x[5]+img ) / 3.0;
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double complex exponent5 = — ( energy + x[3] ) / x[2]
— 2xM_PI % img * ( —x[4] + x[5]+img ) / 3.0;
double complex exponent6 = — ( energy + x[3] ) / x[2]

— 2+xM_PI + img * ( —-2. * x[5]ximg ) / 3.0;
double complex totIntegrand = 0;
double exponentCutoff = 10;
if(creal( exponentl ) > exponentCutoff && creal(
exponent2 ) > exponentCutoff && creal( exponent3 )
> exponentCutoff &&
creal ( exponent4 ) > exponentCutoff &&
creal ( exponent5 ) >
exponentCutoff && creal( exponentb6
) > exponentCutoff){
totIntegrand = pSquaredx(exponentl+exponent2+
exponent3+exponent4d+exponent5+exponent6) ;

}
else {
double complex arg = ( 1 + cexp(exponentl) )x(
1 + cexp(exponent2) )x( 1 + cexp(exponent3
) )x( 1 + cexp(exponentd) )x( 1 + cexp(
exponent5) )x( 1 + cexp(exponent6) );
totIntegrand = pSquared s clog(arg);
}

return creal (totIntegrand);

B.3 Implementation of the Global Minimization in
Python

from potentials import CouplingSet, v_effective
import numpy as np

import cmath, math

import scipy

import matplotlib.pyplot as plt

from matplotlib.backends.backend_pdf import PdfPages
from joblib import Parallel, delayed

import os

import time

# Set CPU affinity to allow multithreading with numpy/

scipy
# This is mnecessary due to a bug in the BLAS library
n_cores = 12
os.system(’taskset —cp 0-%d %s’ % (n_cores, os.getpid()))

def opt_function(temp, chem_pot, B, couplings, bnds, model
):
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# Finds (Delta, q) at given T, B

scale = (8./45. + 2.x7./60.)xnp.pixx2xtempxx4
#Normalize potential with P_SB so it is of the
order of 1.

optimizer = ’TNC’
kwargs = {’args’:(temp, chem_pot, B, couplings, 1./
scale, model), ’'method’:optimizer, ’'bounds’:bnds}

delta_guess = 300.0

gq_guess = 0.9

res = scipy.optimize.basinhopping/(
v_effective,
np.array([delta_guess, q_guess]),
minimizer_kwargs = kwargs,
niter=30,
)

return res

def polyakov_loop(q, r, r_imag):
r_imag = r_imag*(0+1j)
return 1/3. x cmath.exp(2+math.pis«( r+r_imag )*(0+17j)
/3.0) x ( cmath.exp( 2+xmath.pix«(r+r_imag)+«(0+1j) )
+ 2xmath.cos(2«xmath.pixq/3.0) )

def calc_condensates(couplings, potential, chem_pot,
B_vals, N_steps, T_lower, T_upper, delta_upper, comment
:1 !):
# Calculate condensates as function of temperatures
for a list of B walues
# Assumes B_wvals i wunits of mpixx2/e

header_string = ’'|eB|-field values in units of m_piAr2:
%s’ % np.array2string(B_vals, precision=2)
mpi = 140

e_charge = 0.303
B_vals = B_vals x mpixx2/e_charge

# Initialize arrays
temps = np.linspace(T_lower, T_upper, N_steps)

delta_mins = np.zeros((len(temps), len(B_vals)))
g_mins = np.zeros((len(temps), len(B_vals)))
loop_mins = np.zeros((len(temps), len(B_vals)))
results = np.empty((len(temps), len(B_vals)),

dtype = scipy.optimize.OptimizeResult)

# Carry out minimization procedure at each temperature
. Minimum is always located at ¢<I$.

bnds = ((0.01, delta_upper), (0.005, 0.999))

start = time.time()

for k in range(len(B_vals)):
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results[:, k] = Parallel(n_jobs=n_cores) (delayed(
opt_function) (temps[i], chem_pot, B_vals[k],
couplings, bnds, potential) for i in range(len(
temps)))
print("Time spent on optimization: %.1f s" % (time.
time() - start) )

for k in range(®, len(B_vals)):
for i in range(®, len(temps)):

delta_mins[i, k], g_mins[i, k] = results[i, k
1.x

loop_mins[i, k] = np.abs(polyakov_loop(q_mins[
i, kI, 0, 0)) #Has imaginary part 0, but
abs mneeded to convert complex float to real

float .

#Save for postprocessing and plotting .

timestr = time.strftime ("%Y%m%d—-%H%M%S")

filenamel = ’temps_N%.0f_msigma%.0f_mquark%.0
f_potential%s_Tmin%.0f_Tmax%.0f_%s_%s.csv’ % (
N_steps, couplings.m_sigma, couplings.m_quark,
potential, T_lower, T_upper, timestr, comment)

filename2 = ’deltas_N%.0f_msigma%.0f_mquark%.0
f_potential%s_Tmin%.0f_Tmax%.0f_%s_%s.csv’ % (
N_steps, couplings.m_sigma, couplings.m_quark,
potential, T_lower, T_upper, timestr, comment)

filename3 = 'loop_N%.0f_msigma%.0f_mquark%.0
f_potential%s_Tmin%.0f_Tmax%.0f_%s_%s.csv’ % (
N_steps, couplings.m_sigma, couplings.m_quark,
potential, T_lower, T_upper, timestr, comment)

np.savetxt(filenamel, temps, header =
header_string)

np.savetxt(filename2, delta_mins, header =
header_string)

np.savetxt(filename3, loop_mins, header =
header_string)

#FExample wuse

mpi = 140
msigma = 500
mquark = 300
fpi = 93
chem_pot =0
N_steps = 20
delta_max = 450
T_min =1
T_max = 250

B_fields = np.array ([0, 4, 8])
default_couplings = CouplingSet(mpi, sigma, mquark, fpi)
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calc_condensates(default_couplings, ’chiM’, chem_pot,
B_fields, N_steps, T_min, T_max, delta_max)




