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Abstract

A large part of the study is concerned with geometrical nonlinearities in structural sys-
tems, primarily 3D frame type structures. Parametrizations of finite rotations are studied,
and geometric terms associated with transition from pseudo-vector representation to Euler
angles are presented. The theories of Cosserat rods and the element independent co-rota-
tional formulation, with emphasis on beam elements, are also presented and discussed.
Furthermore, simplifications to the Cosserat rod theory, used in a co-rotational frame, is
tested, as well as the use of B-spline basis functions for interpolating displacements and
rotations. A consistent linearization of the internal forces, for the use in linearized buck-

ling, is presented for this formulation.

A comprehensive finite element computer program has been developed and implemented,
and numerical results obtained with this analysis tool are presented and discussed for
some typical timber structures. Stability of glue laminated timber arches is the center of
attention, but also modelling issues related to a timber footbridge as well as the effect of

typical material properties, such as orthotropy and low shear modulus, are discussed.
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Preface

At the start of this work, the tentative thesis title was: “Computer aided analysis and
design of 3D timber structures”. It was meant to be a natural continuation of the thesis by
T. Eggen [10], completed just prior to the start of this project. Based on the theory
described by Eggen, my objective was to develop a prototype computer program, based on
advanced nonlinear finite element analysis, for practical design of large-scale timber

structures by ordinary, but well qualified design engineers.

Current codes of practise treat the field of geometrically nonlinear analysis sparingly, and
only to the extent of second order effects. Furthermore, (the very few) guidelines are
generally formulated as principles that are difficult to apply in practise. Personal comput-
ers have had the computational capabilities needed to run sophisticated nonlinear analyses
for some time now. The fact that this is not reflected in current codes of practice is partly
due to the slow migration of 3D nonlinear analysis tools into engineering offices in gen-
eral, and timber engineering in particularl. One reason for this may be the quality of the

user interfaces, another costs in the creation and verification of the computer models.

An integral part of the safe use of complex analysis tools in design is the human-machine
interaction aspect. How to assure that the model, as intended by the designer, is in fact cor-
rectly represented in the computer is an important issue. This is particularly true for non-
linear 3D analyses of framed structures, as opposed to 2D analyses. The amount of
information needed increases significantly, and the representation of joints and supports is
more complex. Current computer graphics is now at a level of speed and sophistication
that life like images of complex models can be handled with ease. A secondary objective
of the current work was to give some insight into the use of computer graphics for imme-
diate and safe visual control of the computer model. Also, I wanted to develop methods to
prevent common ‘pitfalls’ connected with the modeling and analysis of typical timber
structures. This would reduce the cost of modeling, reduce modeling errors, and basically

improve robustness.

1. Cause and effect is clearly open for debate.




In spite of these considerations, the present work deals primarily with aspects related to
the theory of geometrically nonlinear analyses. Aspects related to design of timber struc-
tures are treated more sketchy. This apparent derailment is due to the occurrence of some
unforeseen, but interesting theoretical questions, described in the introduction, which were
considered too important to neglect. On account of this, and the time constraints placed on
this study, the design aspect had to yield. For the reader interested in timber design, chap-
ters 7 and 8 contain relevant material. While not a comprehensive study, the results pre-

sented in this part of the thesis may hopefully inspire and guide future developments.

Finally, I would like to mention that a significant amount of work has gone into in the
development of a graphical user interface (GUI), a key element in model verification of
intricate structures. A scientific treatment of questions related to GUI’s was on the agenda,
and I had hoped to take relevant courses to this effect during my one-year stay at

UC Berkeley. These courses, however, were given exclusively to students enrolled at the
university. Left with little more than qualified guessing and personal taste, a rigorous

treatment of the GUI was abandoned.

Lars Wollebaxk
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Notation, symbols and abbreviations

Vectors, tensors and matrices are denoted by boldface. When distinction between material
and spatial objects is not needed, vectors are normally denoted by lower case letters, while
matrices are upper case. When this distinction is needed, upper case letters are used to
denote objects in the material (or intermediate) configuration, while lower case letters are
used for spatial objects. It is assumed that the context will make it clear which convention
is used. However, boldface letters with a single index is invariably a vectorial quantity.
Unless otherwise stated, summation is taken over repeated indices. Lower case latin letters
take on the values 1, 2 and 3, while greek letters are summed over the values 2 and 3.

Upper case latin letters are used for summations exceeding three dimensions.

e Symbols
9y -Kronecker-delta §;; = { L l =]:
> 1#]
0 -Second order zero tensor @l.j =0
1 -Second order identity tensor 1,; = o,
A, -Reduced shear area in the direction of o = 2, 3
A -Reduced shear area (used if 4, = A45)
B; - Shape function
C - Constitutive tensor
{e} -Spatial basis ({e;} = {e,, e,, e;})
{E/} - Material basis
F -Deformation gradient
G -Matrix for extraction of rigid body rotations
H - Tangent vector space of rotations transformation matrix
{L} - Observer-attached (global) orthogonal reference frame
(I; = [611' 0,; 63JT)
N -Number of nodes
n - Spatial nodal forces/unit direction vector
N -Material nodal forces
m - Spatial nodal moments
M -Material nodal moments/mass matrix

xi



P -Projection matrix/First Piola-Kirchhoff stress tensor

r -Rigid body displacement

R -Rotation matrix

R -The set of all real numbers

Ry CR -The set of all real, positive numbers (not including zero)
T; -Material tractions

u -Deformational displacement

v -Total nodal-displacements

X -Spatial coordinates

X -Material coordinates

e Subscripts

1 -Node-number, taking values from 1 to N
d -Deformational measure
r -Quantity associated with rigid body motion

e Superscripts

C -quantity evaluated at element centroid
CR -Co-rotational quantity
n -quantity at configuration n = 0

e Operators
dyad (®)

A=a®b =A..=a.b.
dot-product ( - )

a= a'b =ab,

e Diacriticals

( ) -Quantity with components in local reference frame
( °) -Short-hand notation for Spin( °)

(°) -derivative with respect to length-parameter

( °) -material time-derivative

(°) -Prescribed loads

xii



e Abbreviations

COPO¥

d,
C OSPNgP

EB
EBT

EICR
LRC
RM
TL
UL

- N-node Cosserat element with polynomial interpolation of order N - 1.

Numerically integrated with gp Gauss-Legendre integration points
(ifomitted gp=N-1).

- N-node Cosserat element with B-spline interpolation of polynomial
order d. Numerically integrated with gp Gauss-Legendre integration
points (if omitted gp =d ).

- Euler-Bernoulli beam element
- Euler-Bernoulli beam element with approximated
shear deformations due to Timoshenko
- Element Independent Co-Rotational formulation
-Simplified (reduced) Cosserat element with linear interpolation
-Reissner-Mindlin C? beam element with linear interpolation
-Total Lagrangian formulation

- Updated Lagrangian formulation

xiii
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Chapter 1

Introduction
]

1.1 Analysis and design - current practice

The design of timber structures has traditionally been based on linear analyses of plane

models. In order to account for nonlinear (2nd

order) effects, current European codes of
practice dictate that the linear response is “corrected” by various (k-) factors. Some of
these factors account for material properties, while others deal (primarily) with geometri-
cal effects and stability. Concentrating on the geometrical effects, these factors are rela-
tively easy to determine for individual members that are not part of a larger assembly. For
complex structures, however, they are often difficult and sometimes very difficult to esti-
mate. This is particularly true in situations where significant 3D effects, not captured by
the plane models, are present. The underlying assumption of this design principle is that
estimates should be on the conservative side. The fundamental question, however, is

whether the difficulties experienced in estimating these factors will lead to designs that are

excessively conservative, or even worse, unsafe.

1.2 Tomorrow’s solution - capabilities and obstacles

Current commercial software packages have made sophisticated nonlinear analyses of
structures available within the scientific community and at large or specialized engineer-
ing offices. The level of expertise needed and costs involved, however, are still too high
for the use of these programs to be commonplace in everyday timber engineering and
design. It is, however, only a question of time before the use of ‘custom made’ advanced

nonlinear 3D analysis tools are made available for design purposes. In order for these tools

[



to become useful and safe, they need to address the fact that the skill and knowledge of the
users may be variable. Hence, the program must be able to help and guide the user through
the design process. Although the tool should ideally spur the novice’s interest for the
underlying theory, the user threshold must be relatively low: Only the understanding of
some fundamental concepts and range of applicability should be required. This will inevi-
tably put an great responsibility on the program design and implementation; it will require
not only a solid theoretical knowledge, but also a thorough understanding of the design
process as well as good insight into the many subtleties of GUI design. Furthermore, cur-
rent computer graphics can significantly aid the user, but it can also mislead and instill

false confidence.

Another obstacle in promoting the use of advanced nonlinear computational capabilities in
the design process is the conservative view taken by most codes, and their lack of specifi-
cations for the use of such methods. One area in particular that is vital for nonlinear analy-

sis concerns geometrical imperfections of the structural system.

1.3 Purpose and scope

In the field of computational mechanics of structures, two principal directions for the
treatment of geometrically nonlinear behavior exist. The most prevalent and accepted
direction is the one usually referred to as the Lagrangian methods (Total Lagrangian and
Updated Lagrangian). Developing elements with these methods generally entails the
establishment of a nonlinear relationship for the stresses and strains with respect to dis-
placements. Subsequently, simplifying assumptions are often introduced by excluding
unnecessary terms. The other, less favoured direction is the co-rotational formulations.
The fundamental difference, compared to the Lagrangian methods, is that the co-rotational
formulations focus only on the rigid body motion of the element. The assumption is that
the principal source of nonlinearity is captured by the rigid body motion of the element.
Even restricting the discussion to beam type elements, a multitude of formulations of both
types exist. In this thesis, we will focus primarily on the Lagrangian beam element formu-
lation due to Simo et. al. [35, 36 and 37] (Cosserat rod), and the element independent co-

rotational formulation (EICR) of Nour-Omid, Rankin and Brogan [26, 32, 33]. While the

2 Purpose and scope



first is a beam element formulation, it should be stressed that the latter is a general formu-
lation, independent of element type and geometric discretization (e.g. solid, shell or beam
elements). Although exemplified by beam elements, this independence of geometry is also
true for a large part of our discussion regarding this formulation. While several authors

have claimed equivalence between Lagrangian and co-rotational beam elements, it will be
shown in this thesis that this is due to simplifying assumptions and/or chance. In the view
of the author such comparisons are somewhat artificial, since both formulations are based
on different, but equally valid principles; thus the comparisons only add to the confusion.
Furthermore, the mixing of these formulations does not pose a problem provided the rota-

tional parameterization is consistent.

During a literature search on EICR some misconceptions were encountered, primarily due
to unclear language and unnecessary simplifying assumptions. This thesis attempts to
bring forth these assumptions and specify where they are needed. In so doing, it is hoped
that the benefits and potential of this formulation will become more evident. The notation
and symbolism presented differ to some extent from what is commonly used when
describing the EICR. This was necessary in order to maintain a uniform use of symbols
throughout the presentation. Furthermore, the separation of rotations into rigid body and
deformational motion is done in the reverse order to what is commonly done. Although
shown to be of no consequence to the formulation, the reader should be aware of this to
avoid confusion. Also, it is shown that the measure of deformation can be formulated

independently of the co-rotational description of motion used in the EICR.

Timber is a very orthotropic material, and this is particularly evident in the relationship
between the modulus of elasticity parallel to grain and the modulus of shear. If the isotopic
relationship is used (although an absurd notion), the Poisson’s ratio would be in the order
of 7. It is therefore of interest to study the influence that shear has on different element for-
mulations. In order to compare the use of simple linear elements used in the EICR formu-
lation with the Lagrangian elements (with internal geometric stiffness), the C° beam
element formulation of Simo et. al. has been chosen. The presentation of this formulation
closely follow the presentation given in [35, 36 and 37], with two exceptions: The consis-
tent linearization of internal forces, to be used in a linearized buckling stiffness matrix, is
believed to be novel. Also, the element formulation is tested and verified for interpolation

in a B-spline basis. This has resulted in a family of highly accurate and stable elements.
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The study of finite elements in combination with timber engineering design is driven pri-
marily by the need for a more rational approach through the use of already available non-
linear formulations. However, timber structures are normally designed to behave
reasonably linearly with respect to geometrical effects. For plane problems in particular,
deformations usually lie well within the range of second order theory. It is therefore perti-
nent to ask why these rather sophisticated element formulations are considered. On the
other hand, one may just as well ask whether one knows that the structures really behave
according to second order theory if higher order terms are not considered. This is particu-
larly true for problems relating to the stability of structures: “Buckling is possible even
with very small strains, so when buckling is a possibility, measures which can properly
account for large deformations should be used”, Belytschko [6]. Although current design
practice dictates that shape imperfections should be accounted for in the nonlinear analy-
ses of structures, thus minimizing the danger of catastrophic collapse, the ability to detect
singularities in the solution is crucial for several reasons. First and foremost, instabilities,
both in terms of bifurcation points and limit points, may occur in spite of the design proce-
dure. Secondly, linearized buckling analyses may give good indications as to where a

solution lies in the nonlinear rangel. This concept is illustrated in Figure 1.1. Finally, an

— e mm m mm m mm mm Em mm mm mm = = linearized buckling load

load

| nonlinear load displacement curve
with shape imperfection

I

|

| " safe” solution
| >
I

displacement

Figure 1.1 Typical load displacement curve and buckling load

important application of the method of linearized buckling is the use of the buckling

modes for semi-automatic generation of shape imperfections. Testing and documenting

1. This use of linearized buckling loads is, however, associated with a large degree of uncertainty and
should be used with caution.
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adequate (robust) 3D beam element formulations for the use in timber design is therefore

believed to be of some importance.

An important part of the analysis of a structure is the correct modeling of its boundary
conditions and connections. Errors in this area are among the most subtle and difficult to
assess. To a relative novice in the field of finite rotations, some rather surprising effects
were observed in connection with the analysis of a problem where a single rotational
degree of freedom at a node was constrained. When performing a nonlinear analysis of a
simply supported beam, prevented from twisting at both ends, and subjected to a constant
bending moment about the strong axis, the predicted buckling load did not correspond
well to closed form solutions. This is a classical lateral torsional buckling problem with
well established solutions. Furthermore, nonlinear analyses with initial shape imperfec-
tions, where the beam was first loaded followed by complete unloading, the final state of
rotation at the ends did not match the prescribed boundary conditions. This led to a
detailed study of finite rotations and boundary conditions, resulting in recommendations
for an appropriate rotational representation for this particular boundary condition. A geo-
metric stiffness term associated with the transition from the most prevalent parametriza-
tion of finite rotations to the parameterization used here has been developed. The result of

using this parametrization in the case described above is demonstrated in Section 6.6.3.

1.4 Organization of thesis

The thesis is divided into two main parts:

“Part I - Theoretical background and finite element technology” deals primarily, as the
name indicates with (nonlinear) element formulations. This constitutes the bulk of the
work presented, starting with the fundamentals of finite rotations in Chapter 3. Different
rotational parametrizations and representations are discussed, as well as boundary condi-
tions and the transition from one rotational parameterization to another. Chapters 4 and 5
deal with the element formulations of Cosserat rods and EICR, respectively. Numerical

verification and comparisons are made in Chapter 6.
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“Part II - Numerical studies” contains some numerical studies of buckling of timber
arches, as well as two examples of the use of a nonlinear 3D analysis tool for the design of

real, complex timber structures.

A versatile computer program, including a comprehensive graphical presentation of model
and results, has been developed, more or less from scratch. This effort, which account for
a large part of the total work, is only indirectly documented in the thesis, through the many
numerical results and a fair number of illustrations in the form of “screen-shots” from the

program.
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Part 1
Theoretical basis and FEM technology






Chapter 2

Fundamentals of

numerical analyses of structures
L

2.1 Static analysis

In the numerical analysis of static problems, be it linear or nonlinear, we are normally

seeking to find a solution to a discrete version of the equilibrium equation:

r(g;p) = flg)-p(1) =0 @1
where f is the vector of resisting nodal forces, p is a vector of applied nodal forces and r
is the residual. @ is used to denote the current state of deformation or configuration. Note

that this may or may not be a vectorial quantity. In general, this equation may be estab-

lished on the basis of the Principle of virtual work (PVW):

Gga(®: M 0) =0 2.2)

where Gy, ,, 1s an integral equation, o is the internally applied stresses (or resultant forces
and moments). m is a weight function, usually taken to be the tangent vector space of @ at

the current state of deformation.

As indicated in Equation (2.1), the applied forces may be a function of time. Since no
dynamic effects are considered in a static analysis, the forces may be arbitrarily parame-
trized. It is common practice to denote time with the pseudo-time variable A, thus empha-
sizing the lack of dynamic effects. By defining successive stages, p(A;) = p;,

k=20, 1, ---, n,the final solution is found as the progressive solution of Equation (2.1)
from p = p(A,) to p = p(A,). In between two successive stages, the load is normally

linearly interpolated:

o
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hp— A A=A,

pP=r——DP;, t——Pi M_;=AsAh (2.3)
VT PR g

Progressing the solution from one stage to the next is conveniently done in a series of
incremental steps A(¢;) = A(¢;_,)+ A\, where AL is an assigned or calculated stepsize.
Solving for the principal unknowns with a truncated Taylor series, i.e. using the iterative

Newton-Raphson method, results in the following set of linear equations

r(@..;p(MN) = r(9;®Ap,;p) = L[r(Ag; ;9;, p)]

of op
p)t—AQ. — — A®. (2.4)
r(@;:p) o AR— g0 AR,

r(g,; p) +K;Ap, = 0

The abstract addition operator @ is used to indicate that the update from @ to ¢, ; does
not necessarily follow the linear rules of vector addition. For a linear problem the proce-
dure will converge in a single iteration. If we have a single load increment, the familiar

equation of linear analysis presents itself:

f=KAp=p (2.5)

The procedure described here is the standard Newton-Raphson scheme with load control.
This procedure has some serious drawbacks, among which can be mentioned the inability
to follow the solution past a limit point in a stable and reliable manner. To solve this prob-
lem, a number of augmented versions of the basic Newton-Raphson scheme have been
proposed. Collectively these methods are named ““arch-length” methods and involve intro-
ducing the incremental load as a free parameter as well as some form of additional con-

straint. The study of these methods is beyond the scope of this work.

The convergence properties of the Newton-Raphson method are well documented, and for
well behaved problems quadratic convergence is to be expected. However, as noted above,
the algorithm is not guaranteed to converge and convergence is not a guarantee for the real
solution being found. The latter problem is illustrated for a one-dimensional problem in
Figure 2.1. For the target load py, ., the system has three solutions v, , v, and v; for the
displacement v. Applying the NR algorithm to this problem would produce the answer
v = v, when starting at zero. This problem is commonly known as “overstepping” the

solution. The problem is normally minimized by either reducing the stepsize directly or by

10 Static analysis
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P /\/ limit point

p target - — — — — — — S — — — — — T — N\ — — - — -

|
|
Figure 2.1 Load-displacement curve (overstepping)

modifying the arch-length constraints. Although the solution may seem simple, this will
require some prior knowledge of the problem. From an algorithmic point of view, these

“false” solutions have no characteristics that can be easily flagged.

A slightly less sever problem is the linear convergence rate near critical points such as

limit and bifurcation points.

2.2 Linearized stability analysis

In the study of stability of structures, in the absence of follower loads, a commonly
adopted approach is the Linearized buckling procedure. In a more general setting, this
method is only a special case of Lyapunov (or dynamic) stability, reduced to account for
symmetric stiffness matrices only. For static equilibrium, stability in the sense of
Lyapunov is the study of the solution of a perturbed equilibrium position. If the configura-
tion @, q(X, t,) and velocity V(X, f,) = 0 is a known state of equilibrium, we can
define a perturbed initial configuration @(X, ¢,) and V(X, ¢,) = O that in some sense is
close to cpeq(X, ty),1ie. ”cp(X, ty) — cpeq(X, tO)” is small in a given norm ||| . The solu-
tion is now considered stable if the nonlinear dynamic problem remains close to the equi-

librium position @, q(X, t,) for all times ¢ > ¢, :

Fundamentals of numerical analyses of structures 11
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lo(X, ) -, (X, )] = O(|Jo(X, #) -, (X, ,)|) [V(X, )| =0 (2.6)

Solving this highly nonlinear problem is exceedingly difficult, and practically impossible
for most cases. In the linear stability analysis, we linearize the dynamic equations at a
given equilibrium position. If we by Ap = A(b e~'@! denote an increment in the configura-
tion, the acceleration becomes Ac"p = —szcb e~'®! Using this in the linearized dynamic
equations and neglecting damping, we get the general (not necessarily symmetric) eigen-

value problem:

(K;— a?M)Ag = 0 2.7)

In the preceding, w is the frequency of the oscillation!, M is the mass matrix and K, is
the tangent stiffness matrix. In the solution of Equation (2.7), there are fundamentally
three different cases to consider. A so-called stable mode occurs when the imaginary part
of w is negative (/m(w) < 0). In this case the oscillations will decay in time as

Ag = Ag e Re(@) o=Im(@)t If [m(w) >0, the motion will increase in time and the solution
is unstable. The special case of /m(w) = 0 requires the consideration of higher order
terms. One can show that a linear instable solution implies full nonlinear instability, the

linear stable solution does not, however, guarantee nonlinear stabilityz.

As stated in any textbook on linear algebra, the eigenvalues for any problem involving
symmetric matrices are always real, w? € R . For conservative systems, the stiffness
matrix is symmetric (K, = K;), thus leaving the eigenfrequencies either strictly imagi-
nary (o? < 0) or strictly real (w?>0). As w? <0 = Im(w)> 0, imaginary frequencies
will necessarily imply instability. Contrary to the general case, the transition from real to
imaginary frequencies can only occur via o = w = 0 for symmetric matrices. The ques-
tion of stability can now be posed as the problem of finding the points where the frequen-

cies vanish, or equivalently the points of singularity of K:

K,Ap =0 = ’KT’ =0 2.8)

1. Note that the motion is oscillatory only if Re(w) =0

2. For a detailed account of the stability of functions, see for instance Marsden & Ratiu [24]
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For conservative problems, Equation (2.8) can be shown to be a necessary condition for
instability. The solution of Equation (2.8) can be found through the evolution of K in

time. A Taylor series expansion of K up to linear terms in time results in:

K (@, p)= Ki(g,, py)+AK; 29)

Although this looks like a simple general eigenvalue problem, it should be augmented
with the requirement of K being evaluated at an equilibrium position. To circumvent this
problem, the resisting forces are assumed to be a linear function of the internal stresses o
only. The internal stresses are then linearized with respect to the increment in applied

external forces:

K . . 9o .
p (2.10)

K__ = ___
v A

In static analysis, Af is generally replaced with the pseudo-time, or load amplification fac-
tor, AN as p = %pr of where p,. of is a reference load vector defined for the current load
increment. For the sake of generality, this will not be pursued here. With these restrictions,
the stability of a structure can thus be found by solving the following general eigenvalue

problem:

0K ydo |

(KT(CPeq, Po) T Al F p)x =0 @.11)

This is a procedure commonly known as /inearized buckling and is usually written as:

where
3 00 0
g = % % pref (2.13)

Linearized buckling is frequently performed for structures in its initial, undeformed, con-
figuration (p, = 0 and @, g = Pund ef)‘ Equation (2.12) is, however, valid for any state of
deformation and can be performed at any stage in a nonlinear analysis provided

|K(®,,, Po)| = 0. This is particularly useful for problems with initially nonlinear, fol-

lowed by linear behavior.

Fundamentals of numerical analyses of structures 13
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2.3 Symmetry of tangent operator in structural analyses

Symmetry of the tangent operator is an important property for several reasons. The first
reason that is usually quoted is the simplifications this implies for solving systems of lin-
ear equations and eigenvalue problems. With this comes a significant decrease in cost of
CPU-time and memory requirement. However, this is a minor inconvenience when com-
pared to the implications of asymmetry in stability analysis. The methodology of using the
singularity of the stiffness matrix to predict bifurcation points relies crucially on symmetry
of the stiffness matrix (i.e. a conservative system). A common description of the element
formulations that follow in subsequent chapters is that they are symmetrizable due to sym-
metry at an equilibrium state. This must be (and is often) followed by the condition of con-
servative forces and boundary conditions. When this is not the case, dynamic instabilities
such as flutter are not detectable in the stiffness matrix. Furthermore, symmetrizing the
stiffness matrix (K" = (K, + K})/ 2) may cause the prediction of “false” instabili-
ties. This is a far more severe problem than the loss of consistency and subsequent reduced
convergence rate. Most loads and boundary conditions used in structural analysis of tim-
ber structures are treated and modeled as conservative. Most non-conservative loads are
easily identifiable. However, there is one non-conservative load that can easily be missed,
namely the case of a moment about a fixed axis in space. For a short explanation, we start
by presenting the stiffness matrix associated with load eccentricity, developed by Haugen

and Felippa in [17]:

Kgp, = e/ ®n;—(n;- e}l (2.14)

here ® is the dyadic (outer product), and 1 is the 3%3 identity tensor. e} is the current
vector of eccentricity at node / and n; is the eccentrically placed forces at node /. The

matrix kg ; can be split into a symmetric and a skew symmetric part:

1
sym(kgg ;) = E(e}“®n1+n1® e/)—(n;- e)l (2.15)
skew(Kgg ;) = %(e}’@n[—nl(@ er') (2.16)
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From Equation (2.16) it can be seen that if e} || n ; (i.e. no eccentricity moments), the
skew symmetric part vanishes. If we denote the eccentricity moment by m¢ = n,; x e7?, it

can be shown that:

1
skew(kGEJ):E m§ 0 -m¢ (2.17)

_me e
m§ m¢ 0

Since the stiffness matrix is constructed on the basis of a conservative load, the total stiff-
ness matrix after assembly should be symmetric. A skew symmetric term in the element
formulation must therefore cancel Equation (2.17). The term (2.17) is missing for a
moment with fixed axis, resulting in a skew symmetry equal to —skew(Kgg ;). Fora
detailed account of different descriptions of moments, as well as a different presentation
of this case, the interested reader is referred to the work of Argyris et al. [1] and Bolotin
[7]. We will restrict ourselves, and state that any moment, not being the result of a pair of

conservative forces, will be non-conservative.

1. Note that moments, coupled with a single rotational degree of freedom (rotation in 2D), is conservative
and symmetry is maintained.

Fundamentals of numerical analyses of structures 15
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Chapter 3

Finite rotations, restraints and

parametrization
|

3.1 Introduction to finite rotations

In the following we will be interested in the effect of rotating a vector in space. This can
be described as a rotation of a rigid body about a fixed point (i.e. spherical motion). By
tracking the position of a vector attached to this rigid body during the motion we can

deduce some basic relations.

We define X; = [X; X[% X[ﬂ as the initial position of an arbitrary point in the rigid
body, referred to a set of Cartesian base vectors E;, E,, E; positioned at the center of
rotation. The position of the same point after rotation is given by x; = [xg X3 xﬁ} , also
with components expressed in the base vectors E; . If this motion is a pure rotation, we can
express the new position as a linear transformation of Xp :

x, = RX,, 3.1)

By observing that the transformation should preserve the length of the vector, the orthogo-

nal property of R becomes apparent.

x'x=XTRTRX=X"X= R™R =1 (3.2)

Likewise, we can define a set of rotated basis-vectors! e, ¢, e;,wheree; = RE,, and

the basis-vector matrices:

1. In the following, only orthonormal basis-vectors are considered, so E;- E; = 9,;.
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T; = [E1 E, Ez] = E;®I;, and T] = [el e, eJ = e ®1, (3.3)

where ® denotes the dyadic (outer) product, and the vectors {I,} define the basis of the

ambient space (global axes). By this definition, we have the following relationship:

T] = RT} (3.4)

Since T defines a right handed Cartesian system, so should T, , and the corresponding

determinants evaluate to unity:

L=, = TR = TR = R | 05

As can be seen from relation (3.5), R is a proper orthogonal matrix. The set of all such

matrices form a group under multiplication, which is denoted SO(n) (Special Orthogonal
matrices defined in R”* ). In the following, due to their physical interpretation, we will
be working with the subgroups SO(2) and SO(3), which can be interpreted as rotations in

the Euclidian spaces of two and three dimensions respectively.

Composition of rotations now becomes quite simple: Given an initial state of rotation
defined by R, and an increment in rotation R, , we seek to rotate the initially rotated
base-vectors TeT such that T; = RATeT = RAROTE =R, ATE , and the total rotation

is defined as R, , , = R,R,

As the base-vector matrices are orthogonal matrices, the relation (3.4) allows us to express

R in terms of the initial and the updated basis.

R =TIT, =¢®E, (3.6)
T
Thus R merely transforms a vector with components [X; X}% X;ﬂ in the basis E; to a
vector with the same components, but now in the basis e;.

3.2 Vectorial representation

The orthogonal property of the rotation matrix allows us to express it in terms of its invari-
ants. A multitude of sets of parameters can be defined to describe these invariants, the

most common of which are the Euler parameters (quaternion representation), pseudovec-
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tor representation and the Rodriguez parameters (tangent-scaled pseudovector representa-
tion). The Euler-representation is a four-parameter representation whereas the
pseudovector and Rodriguez-representation is a three parameter representation of the rota-
tions. In this text, the pseudovector will be the parametrization of choice. However, as the
Rodriguez-parameters frequently occur in the literature, a short account of the principal

results is presented.

3.2.1 Pseudovector

A rotation in space can be defined by a vector containing the (unit) axis of rotation n and

the magnitude 6 of the rotation. By this definition the ordered pair (n, 0) is a unique rep-

a) 3D view b) Rotation - plane view
Figure 3.1 Updated base-vectors

resentation of any finite rotation in R3 if 6 € {0, R, }and n € R3, where |n|| = 1. This
is a set of only 3 free parameters, which is the minimum number of parameters needed for
the definition to be unique. In Figure 3.1b, the motion of the base-vectors is depicted in the
rotation-plane, defined by the normal n. Here it is seen that any rotation in 3D can be

thought of as a 2D rotation in a specific plane. An important property of the representation
is that the rotation is defined to be non-negative. On account of this, no information is lost

in the transition to the so-called pseudovector representation of rotations:
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Part I

n; 0,
6 =06n=20n, =0, and 6= 6] = O|n|| = 6 (3.7)
Ny 0,

The relationship between the pseudovector representation and the rotation matrix R is

defined by the relation known as Rodriguez formula:

R(0, n) = 1+ (1—cos(0))Spin%(n) + sin(0 )Spin(n) (3.8)

Spin(n) is a skew symmetric matrix, defined for any vector w as the matrix-representa-

tion of the cross product Spin(w)b = wx b.

Spin(m) = | n; 0 -n, (3.9

The inverse of Spin is the operator Axial on the skew symmetric matrix W

(W = Spin(w), Axial(W) = w).

As noted by several authors, among which can be mentioned the references [14,10,13,35],
this relation can be derived from the exponential map of the spin of the pseudovectorl. By

using Spin?(n) = n ® n— 1, an equivalent expression for Equation (3.8) is:

R(6, n) = 1cos(6)+ (1 —cos(6))n ® n + sin(O )Spin(n) (3.10)

~

In the following, the short-hand notation (°) = Spin( o) will often be used in conjunction
with individual vectors for compactness. The diacritical (— ) will not be used in any other

context, thus minimizing the notational confusion.

It is rather straightforward to show that R(n, 6) = R(n, 6 + n2x) = R(-n, 2x-0).
Thus the matrix representation of rotations is not unique, but rather periodic in 6 and with
the symmetry (n, 6) = (—n, 27— 0). This result is not surprising as the rotation-matrix
only contains information about the effect of rotations on vectors, and a vector rotated by
an angle 6 will have the same components as a vector rotated by 0 + n - 2x. As such, R

does not define the concept of a rotation, but rather the action of rotation on the compo-

1. See Appendix C for a geometric interpretation of the exponential map
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nents of a vector (tensor). Special care will therefore have to be taken if this form is used
as parametrization. Interpolation, for instance, will often be based on some form of heuris-
tic, such as assuming that the rotation is limited to 0 < 6 <. In this range R 1is unique,
and a unique function B(R), that extracts the pseudovector from a given proper orthogo-
nal matrix R, exists. In contrast, the pseudo-vector representation is complete, unique and
singularity-free, regardless of the magnitude of 8 . However, as no method exists for direct
evaluation of compound pseudovectors, composition rules will either have singularities or
be non-unique. One method, frequently adopted, is to make use of the composition rule for
rotation matrices; given two successive pseudovector rotations, o followed by @, the

rotation matrix R, . g of the total rotation can be expressed as:

R = R(B)R(a) = R(yp) G.11)

The pseudovector ¢ = O(R B ), is now the pseudovector of the compound rotation. To
extract the components of , the method of Spurrier s algorithm (Appendix D) is gener-
ally the method of choice. In this way, singularities are avoided, although uniqueness is

lost.

3.2.2 Rodriguez-parameters

In the previous section, the director (n) was scaled by the magnitude of rotation. This is,
however, an almost arbitrary choice. Another frequently used scaling is the tangent-scaled

pseudovector, or Rodriguez-parameters:

=t /2
0= —9-13£-|||—|%||—||——-—-)0 = tan([06]|/ 2 )n (3.12)
In (3.12), the superimposed bar is used to distinguish the Rodriguez-parameters from the
pseudovector. This representation caters to a direct evaluation of compound rotations:
Given two successive rotations, a followed by B, it can be shown that the total rotation

'll_) can be expressed as:
- 1 - - -
Y= ————[atpfp-axp] (3.13)
I1-(a-B)

The principal disadvantage of the Rodriguez representation is that it becomes singular for

rotations near w +2n - 7, secondly we get 1T)(n, 0) = 1T)(n, 0 +2n - m ). Neither will
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usually constitute a problem, as most problems in the field of civil engineering does not
involve rotations of this magnitude. However, a general purpose procedure should be able
to handle these situations, if for no other reason, rotations during an incremental-iterative
solution strategy may far exceed the possibly modest end-result. The benefit of the direct
evaluation of compound rotations is therefore evaluated not to outweigh the danger of
possible singularities. For a detailed account of the Rodriguez-parameters, see e.g. Géra-
din and Rixen [14].

3.3 Variation of rotations

A key point of any analysis involving large rotations is the variation of the rotation opera-
tor R. Since SO(3) is a differentiable non-linear manifold and not a vector-space, some
subtle differences appear compared with operating in R3 . Operations such as interpola-
tion, for instance, are not valid on manifolds. To overcome this difficulty, we typically do
calculations in the tangent space of R (written Tr(g,)R ), a strategy that works well with
the finite element formulation. As there exists an isometry between Tg(g,)R and R3,
interpolation and other vector-operations are valid in this space. As indicated by R(8,)),
the tangent space changes continuously with position 8, and some initial choices will
have to be made about in which space calculations are performed. First of all one has to be
clear on which parameter is a free parameter and how it is updated. For completeness, we
will elaborate in some detail, but the reader is referred to [14, 8, 9] for further details and a

somewhat different approach.
In general, the rotation operator can be expressed as:

R = R(6,)R(6, ,)---R(8,)R(6,) (3.14)

where each 0, i = 1...n can be a free parameter on which variation makes sense, 0, is
denoted the identity and will thus be treated as a constant. Normally we will only be con-

cerned with rotations with only one free parameter on the form R = R(0)R(0,).

Note: This is a so-called spatial form of rotations, where an already rotated state is further

rotated by O . An equally valid form is the material description i.e. R = R(8,)R(@),
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where © is a material-vector and R(©) = RT(0,)R(0)R(0,). In the following we will

continue to pursue the spatial description.

Since the variation of the identity is zero, we start by taking the Fréchet-derivative of the

incremental rotation with a perturbed 0 :

0R(B) = DR(6+00)- 00 = (3.15)
o[ sin(l6l) ~sin’(6]/_2) cos(|6]) _sin(|6)\ ...

(60-0) ol ———(n®n-1) —(||O||/ e n®n+< 6l o )Spln(n)
sin”([6l/ 2) sin(|6])

+0] (el 2)2 ym(80 @ n) + ——- 16l Spin(50)

where n is the unit director of 0.

After extensive algebraic manipulation we arrive at the result (see Appendix B)

Tr(p, R = DR- 00 = Spin(H 1(6)50)R (3.16)
where

10y = 14 2 ginz(18N T o (1 sin(l6])) 52 |

(0) = ||6|| sin < ) n ( 6] ) n (3.17)

If 0, is the pseudo-vector of the fully rotated state R, such that 6 = 0, we get the varia-

tion expressed as the variation of the incremental rotation (instantaneous axis of rotation).

=1, TgR = DR(dw)R -6w = Spin(dw)R (3.18)

The shift in variable from 6 to w is motivated by the need to distinguish the additive
increment A6, R = R(0+A6)R(6,), from the multiplicative increment Aw,
R = R(Aw)R(0)R(0,).

Since a perturbed 0 should produce the same perturbed R as 0w , we get the relation

30 = H(06)dw (3.19)

Following the notation of [16], H is a differential form that relates infinitesimal multipli-

cative rotation-increments to infinitesimal vectorial, additive, increments. It should be
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noted that H™! becomes singular when [|0] = 2nm due to the fact that R = 1 at these

points. Since [0 + 80| = [|0] for 80 L0 , such a perturbation produce no change in R
and thus dw = 0.
18]~ 1 18|l —2
=  — J’- o ———
H(B) =1 > n (1 Standl0]/ 2)> n (3.20)

In some texts the relation (3.19) is referred to as the relation between the infinitesimal
(additive) rotations and the finite increments (multiplicative). To avoid confusion we
stress that calculations in 73R (i.e. 0, = 0) are just as valid as in TgR . Neither are
restricted to infinitesimal rotations. While 7;R will yield additive increments, 7gR pro-
duce multiplicative increments. As reported by Cardona and Géradin [8], operating in the
vector-space of 7;R also makes it possible to derive a symmetric stiffness matrix in a
consistent manner, even at a non-equilibrium state. This is not the case for operations in
TrR. The principal objection to 7;R lies in the fact that the space is a function of the
rotational state. As will be shown later, the co-rotational formulation at the element-level
will produce different measures of deformational rotation in a single node for neighboring
elements. Thus, T7R will be specific for each element and a transformation of the form

(3.19) must be performed regardless.

3.4 Incremental/iterative solution strategy

In solving a non-linear set of equations, a commonly adopted strategy is to formulate the
problem as the solution of a vanishing residual after incrementing the independent vari-
ables (such as external loading). By applying the Newton-Raphson algorithm we then seek
to eliminate this residual by iterating until an accepted solution is found. In the following
we will study the effect of this strategy when large rotations are part of the unknowns.
Although not discussed here, it can easily be argued that the same effects will occur when
a purely incremental algorithm is adopted, as the increments will behave in much the same
manner as the iterations. The consequences are however quite different as will be noted at

the end of this section.

To simplify the analysis, the problem can be stated as:
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r=10)-f,=0 (3.21)

where f(0) is a general (non-linear) vector-function of the rotational state at a single point
and f, is a vector of corresponding independent variables to be considered as constants.
After employing the Newton-Raphson strategy, we can solve for the incremental (multi-

plicative) rotations until the residual vanishes (or an accepted solution is achieved).

-1 -1

i (3.22)
0., = Ao, @6, (3.23)
R(6,,,) = R(Aw,, | )R(8;) (3.24)

Where the pseudovector A, , | is the instantaneous rotation and K is the jacobian
matrix. In Equation (3.23) we have introduced the binary operator @ to represent the
updating procedure (composition). As the pseudovectors are not true vectorial quantities
they do not add as vectors, rather the update must be performed by pre-multiplication as
shown in Equation (3.24). The underlying assumption in this strategy is that the update
brings us from one allowable state of rotation to another. If we denote the set of all permis-
sible states as Sy and the set of all permissible increments as Sy, the update is a mapping
f such that

S15,,X Sg =Sy (3.25)

As the identity element must be part of S I the set Sa, must be fully contained within Se
and a common strategy is to set Sp,, = Sy . To assure convergence, for each element in the
set there must also be an inverse element. Provided the function f is associative, we have
now defined a group under the operation of /. To clarify we can make an example where

Equation (3.21) is a function of vectorial quantities rather than pseudovectors.

-1 -1

Vieip = AV, TV, vy =0 (3.27)

1. The initial state will in general be the identity element. If an alternate state is defined as the initial state,
the initial state can be defined as the identity element referred to this state.
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If Av, € R", then it follows naturally that this also applies for v; fori=12,...n.If, on

the other hand, the components of v, and Av; are defined to be elements in {0, R, } (0 is
needed to provide the identity element), the procedure is only guaranteed to find solutions
for a residual-norm described by a convex function. The set of positive real values, includ-
ing zero, lacks the fundamental group property of containing the inverse element under the

operation of addition.

In light of these considerations, we can proceed to investigate whether the procedure is
computationally sound for solving functions involving finite rotations under the assump-
tion that Sp,, = Sy . If we start by defining

s k) _ {

Se 62(61,62,63)|6i€ R, 6,=0,= Oand i, j, k is a permutation of 1, 2, 3 } (3.28)

which is equivalent to restricting all rotations to be defined by a single axis, we can easily
show that this is SO(2), thus having the discussed group properties under the operation of
(3.23). Likewise, if we define

Sg = {62(81,62,93)|6i,6j,6kERand i, j, k is a permutation of 1, 2,3} = R3 ! (3.29)

that is setting all rotations in space as permissible, we can show equivalence with SO(3).
In a typical finite element code, these cases will define cases of full rotational freedom in
two and three dimensions respectively. If, on the other hand, we want to define the permis-

sible states as the intermediate state, we loose the equivalence with SO(n).

We start by defining the set of permissible states as;

k
Se ={6=(61,62,63)‘6i,6j6 R, 6,=0and i, j, k is a permutation of 1,2,3} (3.30)

which implies restraining the rotation about a one axis, while leaving the others free. In
the following we will show that this set is not closed under addition as defined in Equa-
tions (3.23) and (3.24). Assume that £ = 1, that is we want to restrain the rotation so that
it contains no component in the direction of E, . The general form of a rotation-matrix

obtained from On € Sg can be written as:

1. This is a slight abuse of notation, and it is important to keep in mind that the arithmetic rules in R3 does

not in general apply in S, . By R3 we denote the set, not the vector space.
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cos(6) 0 0 0 -—n_sin(0) nysin(ﬂ)
R(6n) = ny2+n22cos(6) (1-cos(6))n,n,|+ 0 0 (3.31)
sym n22+ny2cos(8) skew 0

where the matrix is split into a symmetric and a skew symmetric part for clarity.

Leta = [0 o O]T, B = [O 0 B]T and ||| + [|Bl < 7 be two successive rotations.
Since both a, B E Sé , the composition of these should result in a matrix of the form

(3.31) if the set is closed under (3.24). Particularizing for a. and  we get:

cos(a) 0 sin(a) cos(f) —sin(p) 0
R(a) = o 1 0 | R(B) = |sin(B) cos(B) 0 (3.32)
—sin(a) 0 cos(a) 0 0 1

and the composition of a followed by B results in:

| 2cos(a)cos(P) (cos(a)—1)sin(f) (cos(p)—1)sin(a)
R™" = 5 2cos(B) sin(o) sin(B) and  (3.33)
sym 2cos(a)

0 —(1+cos(a))sin(p) (1+ cos(p))sin(a)
R ) 0 sin(o)sin(p) (3.34)
skew 0

It is easily verified that this is not the general form for arbitrary o and f !, and composi-

tion will bring us from SEI, to R3. In formal notation:

f:Sg xSy —=R32S} (3.35)

This shows that the restriction (3.30) only restricts the incremental motion and not the
total motion. A physical interpretation of this constraint could be a ball of radius » rolling
without spinning on a table-top. Consider the effect on a body-attached coordinate-system
when the ball first rolls 77 in one direction followed by rolling a distance nt7 in a direc-

tion normal to the first direction. The body-attached coordinate-system will now have

skew

1. For instance, in (3.31) R}3" = 0, whereas R“Z‘;w = sin(a)sin(f) in (3.34).

Finite rotations, restraints and parametrization 27



Part I

experienced spinning 90° normal to the plane. This fact will in general restrict the practi-
cal use of this form to explicit time-integration schemes or other purely incremental algo-

rithms.

3.5 Alternative parametrization

In order to investigate the possibility of imposing other boundary-conditions than those
applying to SO(2), it is of interest to formulate alternative rotational parametrizations.
One such parametrization with an intuitive physical interpretation is the so-called Euler-
angles!. This is a parametrization commonly used in aviation, where the quantities rofl,
pitch and yaw are three successive rotations about three distinct axes. This can be formally

written as:
R = R(;E;)R(¢,E,)R(¢,E,) (3.36)
where roll = ¢, pitch = ¢, and yaw = ¢;.

Usually, our equations are given as functions of the pseudovector and not the Euler-angles.
In order to transform these, we need a differential form that relates rotational increments

to increments in the Euler-angles. By equating the two and taking the variation we obtain:

R = R(6n) = R,R,R,, R, = R(QE,) (3.37)
SR = 3w R = 3¢, E; R+ 3¢, R, E> R,R, + 3¢, R;R, E| R, (3.38)
dw = 8¢5 E; + 3¢, R, Ey R +5¢,R,R, E; RIR] (3.39)

Extracting the axial-vector of (3.39) leads to:

S = 3, E;+ 30, R5E, + 30 RyRE, = [RyR,E, RiE, Es| |00, = @06 (3.40)

1. The parametrization described here is strictly speaking known as Bryant angles. By setting ¢, = g+ oy,

the true Euler-angles are obtained.
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where the matrix @ is defined by:

® = [R;R,E, RyE, Ej = [RyRE; RiE, RiE,
(3.41)
= R;[R,E, E, Ej|
When particularizing for E; = I, :
cos((p;)cos(¢,) —sin(¢p;) O
® = |sin(¢;)cos(p,) cos(d;) O (3.42)

—sin(¢,) 0 1

Since the physical moments are conjugate to the variation of the instantaneous axis of
rotation in a virtual work sense, we can use this relation to re-express the virtual work of
the unbalanced forces and moments in terms of the variations of the Euler-angles. This is a
critical step in constructing a consistent formulation, as the varied parameters should be

the same as the principal unknowns (see for instance [20]).

W = ov 'funb - 1 0j1ov 'funb - ov ) 1o funb’ (3.43)
5 0 @ |5 6 [0 @T

T
where f, = [ngnb mgnb} are the unbalanced residual forces. The Jacobian of (3.43),

considering only the rotational terms, becomes:

0 0 of
K o= ol L0 M) = R R IR L R
P 99\|0 @T 0 My 562 | 10 @7 9

The second term evaluates to the stiffness matrix congruently transformed with respect to
the pseudo-vector representation, and it can be denoted the material part in this context. It
is important to note that the congruent form does not change positive semi-definiteness in

the transformed matrix.

1 @:|afunb: |:1 @:|afunb(90): |:1[ 0

K,, = — — K(w)® 3.45
Mo L]) &7/ @CIDT}() (3.45)

0 @Tow I
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The first term constitute the geometric part in the transition from pseudovectors to Euler-
angles, and written out column by column becomes (subscripts on the unbalanced

moments are omitted to reduce clutter):

0
9
m-2®= | (3.46)
99,
0
~ T ~
) g - (RyE;RE) | [RRREE;-m R;RE; - m .
TS 0 m 0 |0 G47
0 0 0
— T —
) (E; R;R,E)) E; R;R,E, - m R;R,E, - (E; x m)
m- —& = —~ T |m = —~ = - . 48
30, (E, R,E,) R,E,E, m R;E;-m (49
0 0 0
0 R;R,E;'m  R;R,E, - (E;x m)
Kgy = —]0 0 R,E,'m 1 (3.49)

0 0 0
If E =1, , then
KG¢(1, 2) = —mycos(¢;)sin(¢,) —m,sin(P;)sin(¢,) — mycos(¢,)
Kgo(1, 3) = —mysin(93)cos(@y) + mycos () cos(d,)
Kgy(2 3) = —m,cos(d5) - mysin(g;)

at the identity we get

1. In the last steps of this derivation, the fact that ,132 E, = -E; and E E, = -E, has been used in (3.47)
and (3.48). By omitting this assumption, an expression of the form (3.49) can be obtained for any E, ‘s,

not necessarily defining a full basis. This will, however, invalidate the following discussion of the proper-
ties of @ .
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0 my E,-(E;x m) 0 m;-m,
Kg = -0 0 m, =—[0 0 m, (3.50)
0 0 0 0 0 O

Upon closer investigation of the matrix @, we see that

(RyR,E )T 1 0E/RJE,
D = | (RE)T |[RyRE RE,E=| 0 1 0o |- G5
E] E;R,E, 0 1

thus ® is orthogonal for ¢, = n - m, and the transformation (3.45) does not change the
eigenvalues of the original stiffness. The determinant of @ is
|®| = iA/I - (EITR;E3)2 = E, - R,E,, and because 0 <|®|?<1 the transformation will

have a softening effect on the stiffness matrix away from the discrete points of orthogonal-
ity. Also, a point worth noting is that 2 <rank(®)= 3. Singularities occur if and only if

¢, = m/2 = n-m , in these cases the geometric contribution becomes:

0 *R;E;'m FE;-(E; x m) 0 tR;E, - m 0
Kgo = —|0 0 R:E;-m | =-[0 0 R,E,-m (3.52)
0 0 0 0 0 0

This singularity arise naturally as the parametrization itself becomes singular at these

points e.g. at ¢, = m/2 = n - where the 3rd and updated 1st axes become co-linear.

R = R(G:E)R($,E,)R(¢,E,)
R(¢1e1)R(¢3E3)R(¢2E2) (3.53)

R((¢; + ¢ E;)R($,E,)

where ¢, = R;R,R,E; = RyR,E, and the fact that E; | | e, is used in the last step. If
¢, is kept fixed at ¢, = w/2 = n - ;w, both ¢; and ¢; will contribute to the single rotation
about E; .

It may sometimes be necessary to have the inverse of relation (3.40). As this is not occur-

ring in the current derivation, only the expression of ®~! is given here. The points of sin-
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gularity can easily be observed as the points where the denominators approach zero, that is

when ¢, = /2 +n-m.

T (EITR;E3) TRT
2 (E;R;Ej’) 32
® ! = E] R] (3.54)
SR
(El RZEI)

E[R

Comment on notation: In the preceding section capital K is used for the stiffnesses to
emphasize that the relations are expressed at the system-level. It then becomes obvious

that the geometric contribution evaluates to zero in an equilibrium configuration.

A peculiarity of the parametrization is that the order of rotation is interchangeable when

updated axes are used, such that

R

R($;E3)R($,E)R(¢,E,)
R(¢3E3)R(¢1R2E1)R(¢2E2) (3.55)
= R((])1R3R2R1E1 )R(¢2R3R2E2)R(¢3E3)

For our purpose, the principal reason for this parametrization is to constrain one of the
axes, as this will have a well defined physical significance. As the E; ‘s are, as of yet,
undefined, the formulation should produce comparable matrices irrespective of which axis

is constrained. By setting each ¢, = 0 in turn, we obtain:

Ké;q) _ |0 R;E;"m (3.56)
0 0
K2, - - 0 R3RE - (Eyxm) _ |0 R,E;E,-m| _ |0 RsE;'m (3.57)
0 0 0 0 0 0
0 R;:R,E;:-m 0 R,E;:-m
K%q) - 3523 = _ 273 (3.58)
0 0 0 0
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Similar results can be obtained for the material part of the stiffness matrix. In the further
study of the matrices, choosing ¢, = 0 becomes convenient, as then ® = R,, and thus
|®| = 1. Based on this, the transformation does not change the eigenvalues of the mate-
rial part of the stiffness, so no softening occurs, only rotation of the eigenvectors. The geo-
metric stiffness matrix will, however, contribute even at a state of equilibrium. By
observing that in general, the reaction force Ry;E, - m = 0, the boundary-condition itself
might “buckle” provided there exist some form of coupling between the force associated
with the second dof and a change in the first dof. The following example will demonstrate

this point.

Consider the mechanical system depicted in Figure 3.2, where the joints A and B are con-
nected to rotational springs. By modelling the rigid beam as an eccentricity, we can easily
capture the behavior of the system through the rotational degrees of freedom at the base of
the beam. The initial rotational state is chosentobe ¢; = 0, ¢, = 7/2 and ¢; = 0, and
the fixed axis of rotation is ¢, . As noted earlier, this will lead to a singular transformation
® . However, as long as one of the two co-linear axes is fixed, the singularity will not be a

problem.

The stiffnesses of the springs yield the following stiffness matrix;

o 0 0
Ki= |0 k, 0], (3.59)
0 0 kK
or in the reduced system ("~ ):
- ky, 0
Ks = (3.60)
0 ks

K is already expressed with respect to the variables ¢, so no transformation is needed.

. T . T .
The eccentricity e = [0 0 L] along with the forces n = [0 —F 0] contribute to the
eccentricity geometric stiffness K, where the variables are referred to the instantaneous

rotations.
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o 0o -F|lo-L o0 0 0 0
Kege=me =10 0 0/lL 0 0 =10 0 0 (3.61)
F 0 0/]l0 0 0 0 —FL 0

After realizing that Ry = 1, and R,E; = E; the transformation to ¢ ‘s results in:

0-FL 0
T g 0 0
DK, D = [E3 E, Ea} KGE|:E3 E, EJ =10 0 o and Kgg = L . 0} (3.62)
0-FL 0

If no other terms were present, the system would now be stable for any force F as the
determinant of the stiffness matrix is simply &,k . The inclusion of (3.49) will reveal the

necessary contribution:

O0R;E,-m
Kb = 1 = —{0 FL} (3.63)
0 0 00
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Obviously, this term alone is not sufficient to achieve the desired effect, rather the combi-

nation of K, and Kao will provide the necessary coupling:

A

K:

k, —-FL
2 = kyky — F2L2 (3.64)
“FL k,

It is now a simple matter to evaluate the critical load:

tkyk
=0=>Fcr=4_r———i2-—g (3.65)

~

K

With the corresponding eigenvectors:

Jkoky

X = |~ k2 (3.66)
1
A commonly adopted procedure in the estimation of critical points is to use the symme-

trized stiffness. Thus, to compare the previous result to the result obtained when the term

(3.63) is omitted, we set:

S DR 1 -

K¢ = ~(Koz +Kég) = = 0 —FL (3.67)
2 2I_FL 0
S _ A/kzks
K =0=F, = +2 (3.68)

L

The predicted buckling load is now doubled, although the eigenvectors are identical to
those found in (3.66). It should be stressed that this solution is inherently erroneous as the

non-infinite eigenvalues are introduced by the symmetrization-process.

In order to verify the developed geometric terms, the discussed problem has been modeled
using beam elements representing both the joints and the rigid bar. The boundary-condi-
tion is now enforced by linear couplings of selected degrees of freedom, so that the model
has the ability to correctly describe the motion of the bar. For the example the following

parameters are chosen:

Finite rotations, restraints and parametrization 35



Part I

L= 50m, ky = ky = 315052

— FO = +63,0kN

The stiffness-parameters of the rigid bar and joints are somewhat arbitrary, as long as they
are not too rigid, so as to cause numerical difficulties, or too soft, so that the solution is
polluted. The point of singularity for the model is determined in two ways; a) linearized
buckling analysis with symmetrized matrices, and b) non-linear static analysis with a
bisection algorithm for the unsymmetric matrices. As can be seen from Table 3.1, the
buckling load corresponds well with the value predicted by the simple 2x2 system in
(3.63).

Table 3.1 Buckling of full model

Linearized buckling Bisection

F_, [kNm] 62,99 62,97

(F,— F2)/FO  [%] -0,02 -0,05

To verify both the numerical accuracy and the current implementation, analyses of a sim-
plified model were carried out. This model consist of only a single beam of length L
(modelled without eccentricities), free at the loaded end, and with the described boundary-
condition at the other. As the eigenvalue-analyses were performed with symmetrized
matrices, the result of enforcing the boundary condition on the pseudo-vector is also pre-

sented.

Table 3.2 Linearized buckling of simplified model (single beam)

Euler-angles Pseudovector
F . [kNm] 62,99 125,95
0 0 -
(F,— FO)/FO (%] 002 99,9

For illustration purposes, Figure 3.3 shows the motion of the bar in the post-buckling
range. The analysis is performed by perturbing the model in the direction of the first buck-
ling mode with an amplitude of 10 mm, followed by a non-linear static analysis. As
expected, the model seemed stationary until the load reached approximately 95% of the
critical load, followed by an abrupt motion into the final and stable position depicted in

Figure 3.3c.
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a) F=0 b) F=95%F_ c) F= 110% F,
Figure 3.3 Post-buckling behavior

The previous example illustrates some of the complexities in the modelling of discrete
rotational boundary-conditions. For many practical problems, the pseudovector-represen-
tation will be adequate in modelling singly restrained rotational degrees of freedom. In
fact, the results of a linear static analyses is component for component equivalent to the
results obtained from the Euler-angles, the physical interpretation is quite different
though. In linearized buckling analyses, the difference is seldom as great as the one pre-

sented here.
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Chapter 4

Cosserat rods
]

4.1 Introduction

In the following chapter, the Cosserat rod theory as described by J.C. Simo et al. [35, 36,
37] will be presented with emphasis on the governing equations of the weak form. Con-
trary to classical structural theories, this is a fully frame indifferent formulation emanating
from the theory by the French Cosserat brothers in the beginning of the twentieth century.
The theory uses finite strains, without any assumptions introduced on the magnitude of
displacements and rotations, and it is therefore often called the geometrically exact
approach. For a full account, the interested reader should confer with the mentioned
papers by Simo and coworkers. It should be noted that the ordering of axes and the use of
some symbols have been changed so as to correspond with notation used in previous and

following chapters.

4.2 Geometric description and kinematic assumptions

Using common nomenclature in continuum mechanics, the material or reference configu-
ration is taken as the straight line in the direction of the material vector E, (material
beam axis) on the interval SE€ [0, L]. L is thus the generalized (constant) undeformed
arch-length of the beam, and § is the arch-length parameter. The extent of the beam
orthogonally to E, is defined through the vector § = &,E, + §;E;, where

(€, E;) € A(S) and A(S) CR? is a position vector inside the cross-section. A(S)
must be a continuous function, defined for all positions S along the beam axis. With refer-

ence to Figure 4.1, the position of E| relative to the cross-section is taken to be at the £ -
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Figure 4.1 Material configuration

weighted centroid of the cross-section, where £, is the modulus of elasticity in the direc-
tion of E; (§ = 0, is not necessarily € A(S)). The point C; = (&3, &}) is the shear

center of the cross-section. For simplicity, E, and E; are oriented in the directions of the
principal axes of the cross-section. The reference configuration of the beam, 25, efC R3,

is thus :

Breop = {X=SE1+§ | SE[0, L], EE A(S), f E EdA =0} 4.1)
A(s)
a8 = 10, L} (42)

where X is a material point within the beam.

The current configuration of the beam is a time-dependent configuration in the fixed spa-
tial basis {el, e,, e3}. For simplicity, this basis is taken to coincide with the material basis
for initially straight members. The basic kinematic assumption introduced is that plane
sections, normal to the beam axis, remain plane but not necessarily normal to the beam
axis. By this assumption, the spatial position x of the material point X at time # may be

givenby themap @ : [ [0, L]x Ax R, ] = R3:
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X = CP(S7 %27 %37 t) = CPO(Sa t)+R(S’ t)E
CPO(Sa t)+(Po(Sa 0)+R(S7 t)R(Sa O)E (4.3)
@6 (S) + g (S) + RI(S)RI(S)E

The position of the center line, (S, #) = ¢,;(S, t)e; € R3, is an ordinary vectorial
function of S. To accommodate a general parametrization of the initial geometry, @, is
additively decomposed into the initial map @J(S) and the time-dependent map @f(S).
The spatial orientation of the cross-section is defined by the orthogonal matrix

R(S, 1) = rij(S, e ® E € SO(3) . Since orthogonal matrices obey a multiplicative
decomposition rule, the matrix is obtained as the product of the matrix R, that defines
the initial orientation, and the time-varying R’. By defining an orthonormal, moving basis

t.(S, t) = RE; = r,(S, t)e, the rotation matrix can be recast as
Jt J

R(S, 1) = r, (S, 1)e,®E; = t,(S, 1) ®E, (4.4)

T {tl(S’ t)}

Figure 4.2 Current configuration (of initially straight member)

The initial parametrization is chosen so that dgpJ/dS = ROE,; = t, . As shown in Figure
4.2, the basis {t,} is an orthogonal basis in the current configuration that follows the prin-
cipal axes of the deformed cross-section. Note that in general dg,/ dS = t; only at

t = 0, since the formulation accounts for shear deformation of the beam, as depicted in
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Figure 4.3 Orientation of {ti} after deformation (planar motion)

Figure 4.3. For an initially straight and unstressed member, the initial maps simply
become @J(S) = Se, and R? = ¢, ® E, (=1) (see Figure 4.2).

4.3 Internal forces and strain measure

With the definitions of Section 3.2 at our disposal, we start by deriving the deformation

gradient F . Using the notation

() = 2Z(°) 4.5)

we get:

_ ox B acpo+

9 IR
9 (RE) = (g, + 9] RTR> E + RE ®F
X X ax\Re) (q)o S §)®E;+ » RE,®E,

@=23 (4.6)
= (@, + K (x— ) O E, + Y t,®F,
a=2,3
In Equation (4.6), the symbol k is used to indicate the property of curvature. A detailed
account of the derivation of ¥ for both initially straight and curved members is given in
[36]. The complete derivation is quite involved, and it is therefore not included. As is

common practice in continuum mechanics, upper case letters is used to indicate material

tensors and vectors, while lower case letters is used for the corresponding spatial objects.
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Thus, the material vector of curvature is denoted K. The pull-back and push-forward

operations are performed via the rotation tensor.

oR

— RT =k = RKR" 4
35 * “7
R
k = Axial( o< RT) = xe; = Kit, = K,RE, “8)
R
K = Ax1a1<RT£ ) = K.E, = R 4.9)

In order to derive the conjugate measures of integrated stress and strain we use the equiva-

lence of internal power:

W= [ P:FdV (4.10)

‘((/))R ef

where P is the unsymmetric first Piola-Kirchhoff (nominal) stress tensor:

P =T,®E, (4.11)

As usual, a superimposed dot denotes the material time derivative. The rate of change of

the deformation gradient now becomes:

~

F = (cP.()'—i- l.((X—CP())"—T(\(’.(_CP.()))@EI"‘ E :O\t(x®Ea
a=2,3
= (%”F K (X - @)+ KRE) ®E, + E ot,®E, (4.12)
a=2,3
= (@ + K (x-q)) K 0(x-)))| OE,+ T 0t,OE,
a=2,3
where o is the angular velocity and ia = REa = Z)\REOL = ata.

From the balance of angular momentum FP7 = PFT we obtain;

Cosserat rods 43



Part I

Spin[ 2\ 1 = 0 T X oo X
pin a%] V= E ® alg ™ ~0 9S I (DXS' 4.13)

=-T,- c0((Po'+ K (X—(Po))

Inserting equations (4.11, 4.12 and 4.13) into (4.10), results in:

PIF =T, (g K(x-9)+ Ko (x-g)) + 3 T, at,
a=2,3
=T, - qjd+f(- Spin(x —@y)T, + T, (K(D X—@p))+ E T,
=2, (4.14)

—~—~

=T, (cplo'—wcpo')Jrl.(- Spin(x —@y) T, + T, [KO)—O)K](X—CPO)

Q

=T, (¢~ ®¢,)+ (K- k) Spin(x—q,)T
vV, v .
=@, + T,+x - Spin(x—q,)T,

v
Here, the objective, co-rotated rate ( °) has been introduced. This is the rate measured by

an observer attached to the moving basis {t }:

\% .
(°) =()-ox(°) (4.15)
Integrating over the reference area we get the spatial cross-sectional stress resultant vec-

tors n and m (forces and moments), conjugate to the spatial rate of change of deforma-

tion:

v v v
f T, @, dd = @, -le d4 = @, ' n (4.16)
A
v : _y : Yy
f K - Spin(x—q,)T, d4 = « f Spin(x—¢,)T;d4 = K -m (4.17)
A A
n:=[ Tdd.m:= [ Spin(x—q)T,dd (4.18)

A A

Since @)’ is nonzero when the body is undeformed, it is an improper measure of strain.

Again, noting that ¢, = t; at#= 0, we introduce the spatial strain measure ¥ :
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V -' ~~ \ ~~ ~~ _ -' ~~ '_V'
y=cp0—t1:> Yy = cpo—u)cpo—oot1+oot1 = Q) - 0, = @, (4.19)

Using Equations (4.18) and (4.19) in (4.14) results in the following expression for the

internal power:

fP:FdA = czo"nJr X -m
A (4.20)

v v
= y'n + K-m

If we introduce the current arch-length s, we observe that the measure y results in no

straining when the beam is undeformed:

s(8) = [ Haicpo(u, t)Hdu (4.21)
w
[0, S]

For the special case of no shear deformation, we have:

9 9
Po _ 954 o ¢ = <as l)t1 (4.22)

s  ast T Vs s

4.4 Admissible variations and beam configuration

From the kinematic assumption (4.3), any configuration of the beam is described by the

following non-linear differentiable manifold

C={o=(9p R)| @:[0, L] =R} R:[0, L] >SO(3)} (4.23)
where (@, , R) satisfies the essential boundary conditions. Composition of
cp1 = (cp(l, ,R!) € C followed by cp2 = (cp(z) , R?) € C now obeys the rule:
PO = (p) 5 R2R)EC (424)

If instead, we only use the subset of C that satisfies the homogeneous part of the essential

boundary conditions, we get the space of perturbed configurations C, :
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Ce = {(P:(CP8+5710, R(SW)RO) (pa CPOECa 'V](),- 6.”/>’~: i 6.”/3~:0} (4-25)
with the corresponding tangent space:
TcpC - {TIT= (Mp> ¥ R)‘ No; a.wm.z P, am,.l.z 0} (4.26)

995, is the part of the boundary with prescribed displacements, whereas rotations are pre-
scribed on 944,.. With a slight abuse of notation, we will in the following say that

(Mo > /15) lie in the tangent space of C. Due to the isometry between the skew symmetric
matrices in R3*3 and R3 (y ~{p\), the ordered vectors = (1, ¢) also lie in this

space. It should be noted that this is a vector space, where interpolation is valid.

The local balance laws now takes on the forms

on - -
o3 +n = pAg, (4.27)
and
Mm% mtm = plo+ I
o5 Tag xntm=plo o x (plw) (4.28)

where I is the spatial inertia tensor and p is the mass density in the current configuration.

Superimposed bars are used to indicate applied forces and moments.

Neglecting the dynamic contributions, we can, in classical fashion, formulate the func-

tional G of the static part of the local balance equations:

- 0 0 —
n)-n0+<_m +—q)0xn+m>- Y |dS
S  aS

on
__ +
aS

Il
—
—

Gg0r(®, M)

mo 94\ - 429
[f ][(Kq —wxﬁ) n oo deS (4.29)
0, L

—f [Ny- n + - m]dS
[0, L]
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Introducing the following vectors of integrated stresses

s Mool "z | RO (430)
M m 0 R

and the differential operator

d
—1 0
g = |45 ; 4.31)
~q, E]{
G can be recast in the more compact form
Gsa®. m) = [ [E'm-TZ - m-clds (432)

[0, L]

In the incremental iterative solution process of this non-linear functional, we need to
extract the linear part of (4.32), L[ G, ,,(9, m)]. Only the principal steps will be pre-
sented here, as the details of the derivation are reported in [36]. In the following, ( 3) is
used to indicate a quantity evaluated at the current state of deformation. The linear part

can be expressed as:

L[Gg,, (@ M)] = Gg,,(®, M) +DGyg,, (9, M) A (4.33)

Use has been made of the directional derivative

- d A
DGy (@, M)~ Ap = %Gswz(% n) (4.34)
e=0

where the increment Ap = (Ag,, A®) is assumed to lie in the tangent space at Q.

By splitting DGy, ,,, into two parts, where DGY,,, and DGS, , are the result of linearizing
the stress-state 3 and the configuration EII" separately. DGyg,,, gives rise to the material

stiffness, whereas DG¢,,, contains the geometric contribution.

DGg, (9, M) Ap = DGZ_ (9, M) Ap+DG%,(9, n)- Ag (4.35)
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A A

Assuming hyperelastic material properties, in which case DX - Ap = CHTETAcp ,

DG, becomes:

A A A

DG (& M) Ap = [ ='n - TICIT'E A dS 4.36)
[0, L]
In this equation, é is the material elasticity tensor of the cross-section. For linear elastic
materials the elasticity tensor is constant, and for symmetric cross-sections it simply
becomes the diagonal matrix C = Diag [EA GA, G4, GI, EI, E]J .Asusual, 4,
refers to the reduced shear area in the direction of E , o = 2, 3. For rectangular cross-
sections, the well known relationship 4, = A/ 1,2 applies (for Poisson’s ratio equal to

zero). The simple extension to unsymmetric cross-sections reveal the more general form:

EA 0 0 0 0 0
GA2 0 _Eg GA2 0 0
GA 5GA 0 0
c= ’ =204; (437)
GI,+(§3)*GA4, +(§5)*G4; 0 0
Syl’l’l E12 O
El,
Linearization of the change in the configuration results in:
DG (@, M) Ap = [ W AU Ag dS, (4.38)
[0, L]
where
J1 0 0 0 0 ~n
v= and A =19 “m (4.39)
d
0 —<1 1 —_
ds n 0 n®g,-(n-g,)l

The key features derived in this section are summarized in Table 4.1.
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Table 4.1 Strain measures and integrated stresses

Spatial configuration Material configuration
Strains T(\ _ JR RT = Ki/t.i\ ’IZ _ RT%R _ Kiii; _ RT/I-(\R
- N =R"n
A
Forces
_ T
m :f Spin(x — ¢,)T,dA M=Rm
A

4.5 Finite element discretization

Having established the governing equations for the linearized weak form, we can proceed
with the finite element approximation of Equation (4.33). First, the infinite-dimensional
configuration space is approximated by the finite subspace C* C C, where @” € C” is
defined by the approximating basis functions B,(S), / = 1, N, subject to the usual com-

pleteness and continuity conditions.

¢=¢" = (9, R")ECh (4.40)

Introducing the displacement weights w}' (¢) and the position weights p{ (initial configu-
ration), where subscripts refer to the associated function, and superscripts to the spatial

direction, the position of the beam axis in the current configuration is defined as follows:

Q4(S, 1) = S [wi(r) +pjleB,(S)
IE ! (4.41)
= w'B(S)+p™B(S)
wT = [le'ej "‘W{\,ej] , pT = [p/iej pfve]:| ,B(S) = [Bl .,,B]\JT 4.42)

It should be noted that both the displacement and the position weights are not necessarily

physical displacements and positions. In the papers by Simo et al. [35,36] the basis func-
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tions were tacitly assumed to be interpolating polynomials. This was, however, never
posed as a restriction on the formulation, and the assumption will not be made in this pre-

sentation.

Due to the manner in which the rotations are parametrized, the definition of the rotation
field becomes somewhat more involved. Since composition of rotations follow a multipli-
cative rule when incremental rotations are used, we start by dividing the continuous time
domain into discrete points. If we denote r(¢,) the total number of rotational increments

at time ¢, , the rotation then becomes:

0
RA(S, t,) = H AR, (S) (4.43)
k=r(t,)

Introducing the approximating functions in the incremental pseudovectors, and with some

loss of generality using the same basis functions as for the displacements, we get:

AR,(S) = R(E kAq){ejB](S)) = R( Ap[B(S)) (4.44)
1

AOT = |,A0)¢; A e (4.45)

From Equation (4.43) it is apparent that, given rotational increments of polynomial order
p, the rotation vector of R” is not of the same polynomial order!. This entails that the rota-
tional state must be stored separately for each integration point in a numerical integration

scheme.

In the same manner as for the configuration space, the increments and trial functions are

approximated by a finite dimensional space T cpCh CT (pC :
n=n"= (n§ ¢ (4.46)

n§ = SnieB(S). Wi = TpjeB (S) (*47)
I 1

1. For colinear increments this will not be true as the rotations then will be additive, e.g. 2D rotation.
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Ap = A@" = (Au”, AO") (4.48)
Auh = EAW B,(S), A" = EAq)JeB S) (4.49)

-1

To simplify the derivation, the following intermediate steps are taken:

T N
d . d - ,
éTnh _ I?l 0 E n7eB,(S) | _ IZSBI(S) %o ne;
—~ d e.
S - W S B B S TR 2
=T
- Em"z
1
-T _-T
2 A" = E:MAcpj’ 4.51)
1

A

In Equations (4.50) and (4.51), the discrete version E;I of the differential operator (4.31)

has been introduced. This is a 6x 6 matrix defined for each weighting function / as:

) 1%3,(5) 0
g2,=| . . (4.52)
- @ B,(S) JLISB[(S)
The unbalanced force vector associated with node 7 is now evaluated as:
~ 1B,(S 0 |-
f,=f {Ehjnzl 15) ]0} ds (4.53)
0 1] 0 1IB,S)

The “material” part of the stiffness matrix (4.55), expressed as the matrix connecting node

I and node J is found from Equation (4.36):

=T - -
DGg”mt(cp, n): Ag= f E:.M'nl nci’ E hJAcdeS
o, L]I J

= En;’T(f HCH dS Aph = En 'S Ak
1, J [0, L] 1, J

(4.54)

[I] >
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A A A

SU:f IHCH (4.55)
[0, Z]

Following the same procedure as in (4.50), we obtain:

T h — TAh — T Aen/:
¥in E\Phl 2 ¥ Ag E\Phlmpl (4.56)
» i}
B/(S) 0
gy = d (4.57)
n 0 1B/(S)
0 1B,(S)

Thus the “geometric” stiffness matrix becomes:

DG, (@,m)- Ap= [ SW 0 ASWT Aghds

Il
[0, L] (4.58)
T AwT nl — N h
ST [, AW asae) | = S g
I, J [0, L] 1, J
[ ¥ AWT gs (4.59)
hl hJ

[0, L]

As mentioned previously, this formulation require storing some variables at the element
level. This is due to the fact that the rotations, incremented in this way, cannot be
expressed by the same interpolation scheme as the increments. This fact is illustrated in
Figure 4.4, where linear interpolation of incremental rotations has been used over the ele-
ment. In this example, 5 randomized incremental rotations, with a mean value of

18] = 0,14 at the nodes is presented. Clearly, the total rotation cannot be represented by
linear interpolating functions. As the rotations are stored at the integration points and not
interpolated, so is the curvature. After each increment, the configuration of the beam must
be updated by the procedure described in Box 4.1 before evaluation of the internal forces.
It should be noted that this update procedure differs slightly in the way curvatures are
updated from the procedure described in [36]. There, § was the incremental spatial curva-

ture at step n, whereas in the current presentation, 8 is the incremental curvature at step n,
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Figure 4.4 Components of rotation-vector along the length of a beam

referred to the spatial configuration at step n-1. This effect is obtained by simply changing
the sign of the last term in the expression for . The motivation for this form is that when

R, (S;) = 1, the material curvature increment, AK, is calculated directly.
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Box 4.1 Configuration update algorithm

Given nodal increments Aw and A¢:
Update displacement-weights:

o w, =w, | tAw

For each integration point i:
Compute:

© 9f'(S;) = w,B(S)+p B(S)

o AB(S,) = AO'B(S,) , AB'(S) = A®'B'(S)

1

* B = Axial(ART(S) SAR(S))
/A8l 2
in(]|A8]) in(|AB])\ A - A®' . . 1 Sm( 2 )
Sin sin : —
= Tagp 201~ AQ + 5| ————| A0'AD
|A8] ( [A8] ) |AB]2 2| [A8]
2

AK = R} ,(S)B

AR(S;) = R(AB(S)))
Update rotations and strains

e R (S;) = AR(S)R, _(S))
e K =K, ;+AK

e I') = RZ(Si)CPO'_El
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4.6 Linearized buckling

In the preceding sections, emphasis has been on the kinematical description and the solu-
tion of the non-linear problem. Incorporation of this formulation in a linearized buckling

analysis may, however, not be self-evident. To the author’s knowledge, this has not previ-
ously been presented for this particular family of elements. The current section is therefore

dedicated to the development of the necessary equations.

The problem of linearized buckling involves solving the following generalized eigenvalue

problem

A ; d
Ky +AMK,| = |K(cp, o)+AxKg<cp, Do - d—‘{’)| -0 (4.60)

In this equation, A)»Kg is the change in geometric stiffness as a consequence of the
change in internal forces and moments, due to a change in applied loads. The term

Do dg is the incremental internal force due to a change in the applied loads:

dh
A .
Do - dp _ Ao = s Dn-Ag 4.61)
Am Dm - Ag

As the “material” term S is independent of the internal forces, the geometric stiffness

matrix becomes K, = T(C}J, Aoc) = Assem(Te(cAp, Ac,)) . Since the assembly operator
e = I,NEL

is a linear operator, the subscript e will be omitted in the following, focusing on the rela-

tions at the element level.

The derivation of the incremental forces is quite similar to the derivation of the stiffness
matrix. Assuming that a linear increment in the configuration, Ap = d@/d A , has been
found, the linear increment in forces can readily be obtained as the linear increment of
Equation (4.62a).

G=T% = Do-Ap = (DII- Ag)S+TI(DX- Ag ) 4.62)

Keeping with the assumption of hyperelastic materials, the incremental internal material

forces can be expressed as:
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A A

DS Ap = CIT'E A (4.63)

Premultiplication with IT, results in the “material” contribution of the incremental spatial

force

A A A

Ac, = TI(DE- Ag) = IICIT'E Ag = ¢&'

Ag (4.64)

A A A

In Equation (4.64) the spatial version ¢ = IIC ' of the elasticity tensor of the cross-sec-

tion is used for compactness.

The “geometric” contribution ( DIT - Ap )Z follows immediately when realizing that

DR-Ap = ABR:

(DH-Acp)ZAI

- Ag (4.65)

Summarizing and collecting terms, we get

=)

. 0
An _ é E‘|' A(po
Am AO

=)
)

(4.66)

—~

Ap, + PoAB| | n AB

A8 'm AQ
When written out for the forces and moments separately we have:

An = (é“c};d_ﬁ >A6+611Acp0'+612A6' (4.67)

~ o~

Am = (621 ¢¢ - m )Ae + &y Ay + &,,A0 (4.68)

If the linearized buckling analysis is performed from an unstressed and undeformed state,

the incremental forces for an initially straight element reduce to:
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An = C||E,AB +C,Ap, + C,,A0' (4.69)

Am = C,E A8+ CpAg, + C,ppA0 (4.70)

When establishing the geometric stiffness matrix, Equation (4.59) is valid provided 1; is
replaced with AA :

0 0 “An
AA = 0 0 —AAIII (4.71)

An 0 An® ¢j—(An- @)1

4.7 Element implementations

In the program implementation, different versions of this formulation has been tested.
Although they are all based on the same principles, the differences between them need

some explanation.

e Cosserat Polynomial (C OPijp )

The COPO f,p element is a generalized implementation of the elements presented by
Simo et al. It is based on a general Lagrange polynomial basis, with N weights (nodes)
and polynomial degree N — 1. The integration is taken over gp Gauss-Legendre inte-
gration points. Although the current implementation can handle any order polynomial,
the formulation is in practice limited by; a) the well known instability of high order
polynomials, and b) the excessive bandwidth that is the consequence of the non-local

support of the basis.

o Cosserat Spline (COSP]\C,l’gp )

The COSP ]\af”gp elements are basically the same elements as the COPO elements,
only with a B-spline basis for the approximating functions. In addition to the many
desirable properties of splines, such as stability and local support, these functions also
open the door to some interesting possibilities. First of all, it is fairly easy and inexpen-
sive to implement the element in a generic fashion, so that all polynomial elements is

implemented in a single set of subroutines. Secondly, the richness of splines is greater
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than the polynomials, as the space of polynomials (and Bézier curves) is only a subset
of the spline space. Furthermore, splines are piecewise smooth polynomials, so integra-
tion schemes developed for polynomials can easily be adopted for splines. Finally it
should be noted that splines are often used in computer aided design, thus allowing for
isoparametric formulation of geometry and displacements. This latter benefit has not
been investigated in this work. Among the drawbacks are the fact that the nodal
weights will in general not be physical. Calculation of convergence norms, and the
determination of reasonable convergence criteria thus become obscured. What compli-
cates this issue, is that as the nodal weights are in general larger than the physical val-
ues. The effect this will have on convergence rates need to be investigated. Fortunately,
the energy norm is not affected, on account of weights and unbalanced forces being
work-conjugate. Another solution is to statically condense internal nodes, using only
displacements or forces at the end-nodes in the convergence criteria. The weights at

these nodes will always be physical.

Since this implementation contain an infinite number of elements, the elements based
on the current kinematic description and B-spline basis functions with a uniform knot
sequence will be denoted COSP ]il[,gp , where d 1is the degree of spline, gp is the num-
ber of integration points within each knot sequence, and N is the number of nodes in
the element. Any element COSP ]]\,V ~ ! will thus correspond to a polynomial element of

degree N — 1. Examples of basis functions for two element instances are shown in Fig-

0 20

W e e 10 B0
S [% of length ] S [% of length ]
COSP% COSP2

Figure 4.5 Examples of basis functions for COSP ]f; -elements
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ure 4.5. The particular element COSP ]\1, will be a super-element, consisting of N — 1
COPO -elements (see Figure 4.6). Similar superelements of higher order polynomials

can be constructed by not restricting the knot sequence to be uniform.

W = 6070 8 @ im
S [% of length]

Figure 4.6 Basis functions for C OSP51

o [Linear, reduced Cosserat rod
The principal disadvantage of the formulation, as presented in the previous section, is
the need for local element variables. Storing both the rotation and curvatures at integra-
tion points is inconvenient for two reasons; a) the memory requirement will increase,
and b) the element will need a special update procedure when incrementing nodal val-
ues even for linear elastic materials. In addition, for rotations in 2D, the update proce-
dure is unnecessary as the rotations become additive. To circumvent these problems, an

element with linear interpolation of the total rotational state, R(S), is considered.

0(S) = E 0,B,(S) .  R(S) = R(6(3)) (4.72)
i=1,2
By discarding the previous rotations, this element becomes slightly inconsistent as
interpolation of the total pseudovectors is not the same as interpolating the incremental
pseudovectors (see e.g. Cardona and Géradin [8]). This element is a good candidate to
further illustrate the problem associated with the interpolation of rotations: Imagine an
element, rotated rigidly m radians in the beam plane (E, E; ), followed by a deforma-

tional rotation, applied as a twist of 7/2 at one node as shown in Figure 4.7. The twist
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Figure 4.7 Element motion
is assumed to vary linearly along the length of the beam in the spatial configuration.
The total rotations at the nodes now become: 8, = w/ /2 [0 1 IJT, and
0, =mn [0 1 0] T Using this to calculate the material curvature results in:

s
2L

Intuitively, this cannot be the correct curvature since the element is only in a state of

K = [1.0398 0.0478 —0.1154]T 4.73)

twist, not bending. It should be noted that this would be the resulting curvature for a
COPO, -element, if this configuration was achieved in one step by an applied bound-
ary condition. If, in stead of the total state, only the deformational rotations are interpo-

lated, we get the following relationships:

R(S) = R,R(0,(S)), 0,S) = E 8,,B,(S) (4.74)
i=1,2
The curvature from this kinematic description is

K Axia1(RT(S)diSR(S)) - Axia1<R}(S)RI%Rer(S)>

Axial (R](S)R] RriSRd(S)> - Axial(R;(S)diSRd(S)>

(4.75)
. . ' sin(M) i
_ sin(ld) . <l_sm(HedH)> ed.e;, I Wl
8] o4/ 164> 2 [ed

2
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As expected, the rigid body rotation is removed from the curvature, and only the inter-

polated, deformational, pseudovector is needed.

In our example, setting the rigid body rotation to R, = R( [ n/4 0 0] T)R( [0 T 0] T) )
results in the following deformational nodal rotations: 8, = -8, = —[ n/4 0 0] T
Since this is the actual 2D rotation, the interpolation is exact, and the correct curvature

1s obtained:

K = 2%[1 00]' (4.76)

In Figure 4.8, the resulting components of the pseudovectors of these descriptions are
plotted. Here, 8 denotes the rotational pseudovector obtained for the linear interpola-
tion of the total rotation, and ¢ = 6(R,R;(S)) is the pseudovector of the total rotation

obtained when only the deformations are interpolated.

' ! ! ! ! ' ' ' !
) NS SN S S SUSSUUNS SRS S U OO ovowto
:WE i A B [ ;
: I penenere : : :
: R T SRR ! ' ' ! ' — 0
7] I . ot S AR AU b R 1T
AR : : : : : : D] 92
radT [Fresksg | | | | s s s
angle [7} ottty | : : : : : . 0,
: SRR, : : : : : b
- = s 5 5 = 5 RS
Do, s s = 0
N : : )
-—-..."!;tttt++ N : i + 3
: : : : P, : :
L] e foosnoooeee Zf""'""""Z""""""i""““‘tt*fr'{;;;r‘ """" e T
: : : : : : h Rec = :
' - tt‘l:t '
: ttt%
0 ; ; ;
I I I I I I I I I
0 10 20 El] 40 B0 70 80 50 100

a0
S [% of length]

Figure 4.8 Components of the pseudovectors along the length of the beam

By this rationale, the actual element is implemented in conjunction with the co-rota-
tional procedure presented in Section 4.1. When used within the co-rotational frame-
work, average rigid body rotations are extracted from the nodal values. If we then
assume small rotations within the element, the interpolation becomes reasonable. If the
rotations are within 30° , it is safe to assume that sin(HO d” )/ H(—) dH = 1, and a simpli-

fied expression for the curvature may be adopted:
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K=AK =B=6, +-86, 77)

N =

It should be noted that even for reasonably small deformational rotations, the coupling

~

1 . :
term 3 0}, 6, may contribute, since, for short elements, 6, may become large.

Similarly, the deformational rotation matrix along the length of the beam can safely be
evaluated as the third, second or even first order approximation:

1=~ 1

e 2 —_ —~ ~ [N
] d||>9d+§9551+ ed+§edZEl+ 0, (“.78)

6

While this may seem like a small saving compared to the many operations needed to

R, = 1[+<

evaluate the stiffness matrix and the unbalanced forces, it should not be regarded as
such. The calculation of the rotation matrix in a robust and accurate manner for small
angles is actually a quite costly affair, involving both the evaluation of square roots as

well as trigonometric functions.
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Chapter 5

Element Independent Co-Rotational

Formulation
]

The formulation of non-linear problems in structural mechanics is generally classified by
the form of the governing equations and the stress and strain measures into three main

groups:

e Total Lagrangian formulation (TL)
e Updated Lagrangian formulation (UL)

e FEulerian formulation (E)

In addition to these, we also have the co-rotational (CR) formulation. This is the most
recent formulation and has, according to Felippa [13], yet to penetrate commercial soft-
ware. This is not to say that CR does not have long historical roots, stretching back to the
seminal work by de Veubeke published in 1976 (see Felippa [13] for an extensive histori-
cal review). The relatively moderate impact of CR may be explained by the many miscon-
ceptions surrounding the formulation. In fitting the formulation to the classical view of
three principal forms, CR is frequently classified as an Eulerian description of motion.
However, much work has been reported, in which equivalence with both the Total
Lagrangian and Updated Lagrangian formulation has been demonstrated. Also, the formu-
lation seems to spur developers to formulate their own version, leaving the core elements

of the method rather obscured.

In this chapter, the Element Independent Co-Rotational formulation (EICR) will be dis-
cussed. The formulation presented here follows closely the important contributions by

Brogan, Nour-Omid and Rankin [26,32,33], and the further elaboration by Haugen [16].
As the name indicates this is a formulation that operates independently of the elements,

thus leaving the internal workings of the element open. Rather than a particular element
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formulation, it can be interpreted as a front-end filter that is intended to improve the per-
formance of a given element. A key point in the derivation that follows is that the rota-
tional element degrees of freedom are the incremental pseudovectors (instantaneous
rotations); this means that the rotational increments are not additive, and require a special
update procedure. If the element is developed using any other rotational parameters,
which is the case for most linear elements, a shift of variables as described in Section 3.3,
“Variation of rotations* should be applied in advance. This will assure that large rotations
are handled in a consistent manner, and that moments are properly conjugate to the rota-
tional parameters in a virtual work sense. For completeness, and to be in line with the

afore-mentioned papers, the shift in variables is also presented.

In most texts on EICR, the deformations are assumed to be small. It should, however, be
noted that nowhere in the derivations are any such assumptions introduced. It is still useful
to keep in mind that the procedure was developed to improve the performance of simple
linear elements that are not invariant to rigid body motion. Thus the primary advantage of
the formulation is that one can easily include the principal sources of nonlinearity in large
displacementl—small strain problems, using only standard (well proven) linear elements.
By defining successive fixed (inertial) reference frames, to which deformations are mea-
sured, these elements will be valid even in problems involving large rotations as long as
the deformations are moderate, or at least in the range that the element was originally
developed to handle. Although EICR is founded on this idea, one is free to select any basis
or configuration in which the deformations are actually measured. It is, however, conve-

nient to take advantage of this ‘rigid-body’ free reference frame, in other words:

If one has chosen a method to extract rigid-body motion for the purpose of establishing
the matrices in EICR, one also has a natural, but not necessary, choice of reference frame

in which deformations are measured.

Based on this, the presentation is divided into two parts, one containing the core elements
of the co-rotational procedure, and the other where the fundamentals of EICR is presented.

In a later chapter it will be demonstrated that the efficiency of the formulation is governed

1. It should be noted that the actual displacement need not be large for the formulation to be warranted, e.g.
in analyses where one wishes to determine possible critical points in the solution.
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only by the element’s capabilities to account for the deformations and the exactitude of the

extracted rigid-body rotations.

5.1 Co-rotational procedure

5.1.1 Basic kinematic description

In the co-rotational process, we want to separate the motion of the body into two parts; the
deformational motion and the rigid-body motion. In the following, we will be concerned
only with a partition of the body, not the entire structure. In order to conform with stan-
dard notation and common practice in the finite-element literature, this part will be called
an element. In spite of the name, this element can just as well be an assembly of finite ele-
ments, or even some other discretization of the domain. By denoting the mapping of rigid-
body motion by ¢,(X), and the mapping of deformations by ¢,(X), the total map of the

motion becomes in compact form:

x = @(X) = @@, = ok (5.1)

Where ° is the symbol of composition of functions, so that f,of, = f,(f,). The signifi-
cance of Equation (5.1) is that the map can either be obtained by a rigid-body motion fol-
lowed by a deformation, or as a deformation followed by a rigid-body motion. Contrary to
what is usual in the CR-literature, we will follow the latter approach in this presentation. It
will then be shown that the basic results remain the same. These concepts are illustrated in
Figure 5.1. The superscript CR, used to mark a co-rotated measure, might seem confusing
when used in the context of the deformational map. The significance becomes clear, how-
ever, when one considers this to be a mapping within the co-rotating system {E }. The first
challenge is to define the mapping of the rigid-body. We start by defining the configura-
tion CO which is simply the initial spatial configuration, and the co-rotated configuration
CO7 which is a virtual spatial configuration of the initial geometry, based on some form of
‘best-fit> criterion of the deformed configuration C”. Exactly how C% is fitted to C”
depends primarily on the geometric properties of the element, e.g. a triangular shell ele-
ment is fitted differently from that of a two-node beam. Even for a specific geometry,

CO7 is not unique and several approaches have been used. Attached to the co-rotated con-
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Figure 5.1 Mappings and configurations

figuration, is the co-rotated reference-frame, {x, E l”}, defined in a similar manner to the
moving basis, {t}, in the Cosserat rod theory. The significant difference between the mov-
ing basis and the co-rotated base-vectors is that the moving basis is continuously rotated
and translated within the domain. The co-rotated basis, however, is constant and defined
for the element as a whole. Leaving the E! ‘s unspecified, the general form of the rigid

body map ¢, becomes:

@, (X) = x/ + (Ef @ [)(,® E)X = x7 + T T;X
(5.2)
= x"+T/X = x”+R,X
Tn = Ii®E,'-1,T() = I,‘®EIO (5.3)

Here, the transformation-matrices T, and T are introduced. They are the direction-
cosine matrices relating the ambient space to the updated and original spatial basis respec-
tively. The rotation matrix R, = T;To defines the rigid body rotation of the configura-
tion. This is a two-point tensor that is homogeneous within an element, and transforms
objects in the basis {E?} to objects in the basis {E”}. Inserting Equation (5.2) into (5.1)

yields the following expression for the spatial position x of the material point X:

x = @(X) = x”+R,95R(X) (5.4)

Here it is clear that only the deformational map, %, depend on the material position X .
Deriving the deformational gradient, we see the close relation to the polar decomposition

theorem:
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F = Zix = R F(X) = R(X)U(X) = R R(X)U(X) (5.5)

F(X) = 24 = R(X)U(X) (5.6)

When the rigid-body rotation is the point-wise total rotation of the body, the deformation
gradient of the deformational map, F ;, reduces to the right stretch-tensor U. A common
assumption is that the additional rotation R is close to the identity. If the stretches are
assumed to be close to the identity as well, deformations are small and a small-strain
assumption can be adopted within the element. The primary observation is, however, that
the principal source of non-linearity for slender structures such as beams and shells,

namely rotations, are extracted for small elements:

Vis,)—- 0 = F,=U (5.7

We now introduce the generalized Lagrangian strain tensor E(?), defined for positive 7.

Obviously, these strains are unaffected by the rotations.

1 1
(n) = — TRy _ = — 2n _
E 2n[(F F)'—1] 2n[U 1] (5.8)

For the particular choice n = 1/2, we get the Biot-strain (5.9).

1
g% = [u-1] = F,-1 = %(Fd+F;)—1 (5.9)

Thus, the small strain tensor of the co-rotated element coincides with the Biot-strain when
F, = U. This is obviously subject to the condition that the rotations are correctly

extracted, rendering F; as a symmetric positive definite tensor.

Requiring the volume, V(23,), of the element to vanish is an unnecessarily strong require-
ment, and may result in significant round-off errors. Most elements are quite accurate for
moderate rotations, and usually the rigid-body rotations will rapidly dominate for reason-

ably fine meshes.

For continuum elements such as volume and membrane elements, these results are rather
straightforward. The situation is somewhat more complicated in the case of structural ele-

ments such as shells and beams. These elements are based on some kinematical assump-
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tions that inevitably introduce simplifications. Most of these simplifications are well
founded, and the errors they introduce will vanish when the element size decrease, while

others may not.

5.1.2 Linking the deformations to the global motion

In deriving the relationship between the deformational measures and the system level
measures, it is convenient to do so only at N discrete points X; in the domain. These
points, called the “visible’ nodes, are chosen in such a manner that their displacement and

rotation uniquely define the deformational state of the element. Based on the average

A4
Xf A\
Xo &
— v/ _+0
A r. Xe —X¢
\%
1
X
0 0
X1 Xc 0
X5
-

Figure 5.2 Global measures

nodal position, the origin x? of the co-rotational basis is calculated for n € Z:

ool

¢ N X (5.10)

I=1..N

The global displacements at node / are collected in the vector v, with components in the

global spatial frame, see Figure 5.2:
x} = x%+v, = x"+ R @F = x7+ R (9 + ufF (5.11)

_RT
uff = R (x0+v,—x") —fF (5.12)
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u$R is a vector of co-rotational displacements; it has components in the material frame

(Although not strictly correct, in the following {E?} will be denoted the material basis in
order to reduce the number of configurations and bases needed). As usual, the derivations
of the co-rotational rotations are a little more involved. For each node / in the element we

define a set of spatial base-vectors {t/}, that is the rotated material basis t} = R,E?:

R, = t;®E) = R;R, = ( QE/)(E'®E?), (5.13)

where R; is the total rotation at node /, R ;; is the deformational rotation and R, = TrT is
the rigid body rotation of the element. Since the deformation R ;; is obtained as the
remaining rotation of the node after the rigid body rotation of the element is extracted, this
measure is element specific and will in general differ for neighboring elements. Also, we
can observe that the relation (5.13) does not change if we perform a pull-back from the

updated basis to the original coordinates:

R, = T/R,RT, =RR, =RTR,T =R, R, (5.14)

Neither Equation (5.13) nor (5.14) does, however, produce the required relation between
the co-rotational and the nodal rotations. As a co-rotational measure should not change
during rigid-body motion, the co-rotational, deformational rotations must be a material

increment:

R, = (t{®E/)(E/QE))
= (E} @ EQ)(Ef @ EJ)(t] ® E!)(E ® EY)

(5.15)
= (E] @ EO)(t* @ EST)
= R,RGR
teR = (tj-EF YEO, EiCR = (E/-E; )EJQ = E! (5.16)

Thus the co-rotated deformational rotations become a two-point tensor that brings a vector

in the material configuration to the co-rotated spatial configuration:
RGR = rj,(E? ® EJQ) = tl,CR ® E?, where rif, = E- t] (5.17)

The general concepts in these relationships and transformations are collected and illus-

trated in Figure 5.3.
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Figure 5.3 Chart of maps at node /

It should be noted that the components of the co-rotational deformations
RfIR = T RS Tg , expressed in the original basis, are identical to the components of

R, = TanITZ , expressed in the updated basis. This is easily verified since

CR _ _ T

If the deformational state of the element is given by the rotation pseudovector, it can gen-
erally be extracted from Equation (5.18) by means of algorithms such as Spurrier s algo-
rithm, presented in Appendix D. In doing so, one should keep in mind the discussion on
finite rotations in Chapter 2, where it was shown that while extracting the pseudovector
from rotation-matrices is one-to-one, it is not onto. This means that some form of heuristic
must be applied, generally by restricting the magnitude of rotations, i.e. letting the defor-

mations be in the range —t < 6 <.

05k = o(RGH), 0 <0< (5.19)

Note that the transformation of co-rotational vectorial measures to local coordinates is

~

given by (;)CR = Ty(° )CR, whereas global measures are transformed as (°) = T,(°).
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5.1.3 Differential relations

Having obtained the relationships between the co-rotated deformational measures and the
global motions, we can proceed to find the corresponding relations of the differentials.

Taking the variation of Equation (5.11), we get:

&7 = dv, = &+ R @G + R, dulf (5.20)

1 1
=5 E o = & E dv, (5.21)
I=1..N I=1..N

R, = (ST)T, = Spin(dw,)T T, = T Spin(dw,)T,. dw, = T,dw (5.22)

n r

dv, = ]%] ov,+T) Spln(éco )T @5 + R, du§R
J=1..N
1 T
by E VJ T Spln(Csz )3, + T} 5 (5.23)
= 1.
l

=>61~ld = 6VI— E 6VJ+Sp1n(cp )6(0
J=1..N

By postulating the existence of a relation of the form

dw, = GOV (5.24)

In which the rigid body rotations 6(:» are extracted from the elements nodal displace-

ments, we get a differential relation that links differentials in the visible dof’s v to the

elements co-rotated translational dof’s 6u§IR :

6u§f 10 ...00 10 ...10 |8,
Guee = | - | = || sl |Gl e
~ CR o
ouCH] 00 ... 10 10 .. 10/ |§
where
S, = ~Spin(eSF) (5.26)
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The matrix G is an element dependent matrix that depends on geometry and developer-
choice, but not on the underlying element-formulation. In the special case of elements
having the Kronecker delta property, that is

duSf =it (5.27)

Equation (5.25) can be re-written in the form:

oveR 10 .00 [1o ..10 |s
T B I R I [ I el FS AR
&SE (100 .10 1o .10 |g]

In the following we will continue to use the notation uglR , tacitly assuming that (5.27)
holds for both displacements and incremental rotations. Using Gf,R is then superfluous,

and will therefore be avoided.

In a manner similar to the displacements, we obtain by taking the variation of (5.15) with

respect to the spatial increment the following differential relation:

dR; = Spin(dw,)R; = OR,RGE + R ORGE (5.29)
3R, = Spin(dw,)R,, ORSGE = Spin(dwiF)RIE (5.30)
Spin(dw,;) = Spin(dw,) + R, Spin(dwiF)R' (5.31)
dwGR = RT8w, - RT8w, = TJdw,~ T]dw, (5.32)
Sk = &;)1—(36% (5.33)

~

6(1)51R is the vector of incremental rotational (co-rotated) deformations, which are the rota-
tional dof’s at element level, and 8 , contains the system-level dof’s expressed in local
coordinates. It is important to note that the variation of (:)glR is taken in the co-rotating
frame, whereas 50 ; and dv are vectors varied in a fixed (inertial) coordinate frame and
expressed in a basis that instantaneously coincides with the co-rotating frame. Equation
(5.32) verifies the expression reported by Nour-Omid and Rankin [26]. Rearranging Equa-

tion (5.33) in a manner similar to Equation (5.28) we get:
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T 01 ..00| |1
Go)ep=1| - | =] - - l-||G| (5.34)

CR
s 00 ..0 1] [1

Combining Equations (5.28) and (5.34) results in the final differential relationship

between the co-rotated dof’s and global, visible dof’s:

dulF i I
Ui 1 0 1 0] |s,
CR
0! 0 0 0 0| |1
e = | - | ==Ll o] 6l v
. Ny - . (5.35)
ou R 1 0 10| |3,
~ CR 0 0 - 0 0
00| B - L1
— PT, . TLov = Qbv
T, 0 0 0 T, 0 0 0]
0 T, 0 0 0 T, 0 0
T, =|. - LTy = - : (5.36)
0 0 T, 0 0 0 T, 0
0 0 .. 0 T, 0 0 .. 0 T,

The matrix T,, € ROV * 6V s a tri-diagonal matrix that collects the element transforma-
tion matrices for each node. In addition, each node is allowed to have different reference
axes, where rotations and translations are treated separately in order to simplify the han-
dling of different boundary conditions. These transformations are collected in the matrix
T,, € RONX6N The diacritical (~) is used to indicate a property in local nodal-coordi-
nates. As this only amounts to a transformation that is constant in time, this transformation

will be omitted in the following.
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Box 5.1 Co-rotational procedure

. CR ~CR _
Given X?,VI,R , return Od[ and u ,I=1..N

e Establish T, = I. ® E? from x)

e Establish T "

I.® E? from x7 = v, +x) (and R;)
e Extract deformational rotations:
S CR _ T ACR _ a/mCR
Ry = T,RT;, 8, = 6(R;)
e Extract deformational displacements

~ CR

u;, =T,(x)+v,—x")-X,

5.2 Governing equations of EICR

Contrary to common practice in finite element formulations, the explicit form of the gov-
erning equations need not be formulated in the Element Independent Co-Rotational proce-
dure. By definition, matters such as local equilibrium are the concern of the internal
formulation of the element only. Instead, we assume that the virtual work of the structure
can be captured using the discrete virtual work of the visible nodes. Hence, our principal
concern is to investigate requirements and potential limitations imposed on the element by

the formulation.

5.2.1 Frame invariance of strain energy

The fundament of the original development of EICR is the existence of a scalar strain-
energy functional for an individual element. Due to the fundamental property of frame

invariance of energy, the functional should be indifferent to rigid body motion:

U, = (CPd, d) U/ o, +9,, R;R,) (5.37)

Where (cI) » R,) are deformational maps of displacements and rotations, and (¢,, R,)

are mappings of the rigid-body displacements and rotations. The key element here is the
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multiplicative decomposition of rotations. This allows us to continue with R as the state
of identity, and thus either work in the tangent space of R, (a function of R, only), or in
the tangent space of R ;. As the physical forces and moments in the intermediate co-rota-

tional basis can be established based on the first variation of Equation (5.37), we obtain:

U, = 8(V) g+ 1K (5.38)
~ ou
fR= ¢ (5.39)
(V) cp

In these relations we tacitly assumed that the moments are derived as moments conjugate
to an incremental rotation field, superimposed by a multiplicative update. We are thus

working in the tangent space at R ;- As noted in the introduction, the element can be for-
mulated in any other way without invalidating the subsequent derivations. All we have to
do is to map the forces to the correct tangent space, and include the derivative of this map

in the internal tangent stiffness of the element.

The next step in the formulation is to separate the deformational nodal parameters from
the rigid-body motion by the use of projectors. Projectors are idempotent matrices (usually
given the symbol P ) thereby having the beneficial property of separating vectors into two

disjoint subspaces P” and P, .

P(PeR™™) = {xeR"Px=x} (5.40)
P (PeR™)={xeR"(1-P)x=x} (5.41)

and
PH = range(P) = null(1-P), P, = range(1—-P) = null(P) (5.42)

Thus we have P, U PH = R”and P N PH = . The symbols L and || are not to be
taken literally, as for arbitrary x, Px - (L —P)x = x-PT(1-P)x = 0 only in the spe-

cial case of P being an orthogonal (symmetric) projector.

If we assume that there exist a projector P, that separates differentials of motion into
rigid-body motion and co-rotated deformational motion, we get a relation similar to Equa-
tion (5.35).
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d(V)cp = PO(V) g = POV (5.43)

v = Pov+(1-P)dv = 6(§)CR+6(G)Rl.g (5.44)
By inserting this into the variation of the internal strain energy, we can rewrite the internal
virtual work in terms of the variations of the visible system level dof’s v. As the co-
rotated variations lie in tangent-spaces particular for each individual element, the variation
of the visible dof’s are needed to connect the dof’s of neighboring elements.

U, = 8(V) g 1K

e e

~ +CR
= PO(V) - 1, (5.45)
= 8(V) g PTECE
= Pov- PR = 5y PTECR

~

Since B(Q)CR - f, = 6(\7)CR . PT}e, we get the condition }e = PT;'e for consistently
evaluated forces that are conjugate to both the rigid body free, co-rotated variation and the
variation of the total displacements. It can be shown that this projection brings the nodal
forces (and moments) of the element into a state of external self-equilibrium. Subse-
quently we will denote a force vector satisfying %e = PT%e with the subscript b (i‘b ),1.e.a

balanced force vector.

The last step in establishing the expression of the internal virtual work is to express the
vectors in a common basis for all elements, i.e. the global basis (or local nodal coordi-

nates):

U, = ov- PTECR

=T 8v- T PTfR (5.46)

ov- T PTFCR

— 7T pT CR _ pT CR _ TeCR
f =TI P T, fFR=PR fFR=R, P (5.47)

e re-e

P, = T, ,PT,,, P, = T  PT, (5.48)

n

In the previous derivation we were relying on the existence of a stored energy function for
the element. This would limit the use of the formulation to non-dissipative systems such as

hyperelastic material behavior. It might be more pertinent to start the derivation by postu-
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lating that the variation in the strains should vanish during rigid-body motion, an assump-
tion that is well founded as then the strains are a function of either the left or the right
stretch tensor only. By applying the projector, we then enforce this a priori, without any
knowledge about the internal formulation of the element. Looking at the projector as a
method of separating the variations gives a different perspective on the formulation: In the
same sense that the Galerkin approximation is a projection from an infinite dimensional
space to a finite dimensional one, EICR is a projection of the problem in finite dimen-
sional space onto two separate finite dimensional subspaces. The imposition of vanishing
virtual strains during rigid body motion results in zero virtual work of ‘invisible’ nodes.
This point of view also brings forth an aspect worth noting about elements containing

internally condensed nodes:
Internal nodes with non-zero residuals will invalidate the formulation.

Obviously, a system floating in space will only do so in a rigid manner if the system is in
internal equilibrium. All is not lost, however, as all that is needed is a local equilibrium
iteration on the condensed nodes. In certain situations this might be cumbersome, and the
system of internal nodes may even become singular. The question that naturally arises is:
What is the effect of neglecting the lack of internal equilibrium? As so often is the case in
discussions about consistently or inconsistently derived tangent operators, the effect is not
detrimental, and may even aid convergence in some instances. What is also noteworthy, is
that the tangent stiffness becomes consistent (or at least not less consistent) on the equilib-

rium path.

Finally, the relationship of (5.46) with the co-rotational formulation of Bergan et al. [18]
should be noted. In their formulation, the forces are not projected onto the subspace of bal-
anced forces, leading to the following expression for the virtual work:

U, = ov- T, f (5.49)

ne-e

This is equivalent to using the pull-back/push-forward operator T; < T, - In the formula-
tion by Bergan et al., the tangent operator is obtained as the derivative with respect to the
co-rotational dof’s in a manner similar to the EICR. As the forces are not projected onto

the space of balanced forces, the formulation results in an unsymmetrical stiffness-matrix
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for elements that are not in self-equilibrium. In contrast, EICR yields symmetry on the

equilibrium-path’.

5.2.2 Assessing the projector

As will be shown later, the crucial component that makes EICR a method of improving the
invariant properties of any element, is the action of the projection. It is then essential that
the matrix P is indeed a projector. Combining and reorganizing Equations (5.25) and

(5.34), give:

ou ) 10 10| |S,
doo 00 00 |1
Mg = | . | = 1_]lvﬁ o] Gl = (1-P-PRov. (5.50)
. 10 1o |3,
~ CR 00 00
_&DdN_ - 4 L
where
10 1 0]
00 00
P, = ]%, : (5.51)
1 0 1 0
00 - 0 0]
and
S, S
1 1
P,-| |G=SG, S-= (5.52)
Sy Sy

1. Since symmetry is also determined by loading and boundary-conditions, this claim is not always valid.
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It is easily verified that P is an orthogonal projector for any element. If the bi-orthonor-

mality relation

GS=8"G" =1 (5.53)

is satisfied, P is also guaranteed to be a (oblique) projector.
At the outset we wanted to find a relation such that

(0V)eg = (1=P,—Py)dv = Pdv (5.54)

Where P = (1 -P,—P,) is a projector. This leads to the following sufficient and neces-

sary condition:

PP, +PP, = SGP,+P,SG =0 (5.55)

By observing that P Té = O for all elements with a local coordinate system positioned at

the element’s nodal centroid, condition (5.55) reduces to:

§E}PT =0 (5.56)
As shown by Haugen [16] this is automatically satisfied as the stronger requirement

éPT =0 (5.57)

necessarily holds for a correctly developed G -matrix. The significance of (5.57) can be
realized by noting that any vector pre-multiplied by P, contains rigid body translation

only, thus GP ;= O if and only if this translation also leads to a rigid-body rotation.

5.3 Derivation of the tangent stiffness

The consistent element tangent stiffness is found as the variation of the balanced internal

forces of the element.

Kdv = of, = OT' P'f,+ T 8PTf, + T  PTof,

= Kgpov + kg pov + km6V

(5.58)
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5.3.1 Variation of the internal force vector (k,,)

Frequently, the internal force-displacement relation of the element is assumed to be linear
within EICR. Generally, this assumption is unwarranted, but often useful as it allows us to
re-use existing elements within the framework. The critical issue is not whether the ele-
ment formulation is linear or not, but rather to what tangent-space the incremental rota-
tions are referred to. Linear elements generally use additive rotations, as if we are
operating in the tangent-space of the identity. The following derivations are then the same
as if we are using an element that is formulated accordingly, examples of which are the
beam elements developed by Cardona and Géradin [8]. If we denote K . as the (consis-
tently derived) stiffness matrix of the element, we have in most cases one of the following

two situations:

Elements formulated at TRg,RR:

_ 7T pTst — 17 pT
kov=T,Po, =T,PKkPT, o (5.59)
Elements formulated at TR :

The moments are now no longer conjugate to the instantaneous rotations, and a transfor-
mation of the form 80, = H(6 1)6(1)51R =H I&nglR is required in order to transform the
internal virtual work. If the internal force vector of these elements is denoted f.', we get

through the equivalence of virtual work, the expression:

1 0 0 O
0 H, 0 0
f, = H'f whereH = | . . - . | (5.60)
o 0 - 1 O
0 0 - 0 Hy

It is important that the transformation (5.60) is performed before using the internal force-
vector in the stiffness terms in the following sections. Using Equation (5.60) in the varia-

tion of the forces, we get:

80 Derivation of the tangent stiffness



Theoretical basis and FEM technology

_ T pTsr — 7T pTspyTe T pTraTsg
km6V =T,P 6fe =T,P OoH f:+ T, P H 6fe“

N (5.61)
= kg v+ T PTH'K'HPT, ov
kg, = TN PTMPT,_ (5.62)
1 0 0 0|
0 M,
M= .- (5.63)
o 0 - 1 0
0 0 - 0 My

According to Nour-Omid and Rankin [26], the matrix 1\711 is given as:

_~ -~ 2

~ 1 ~ ~ ~ ~ ~ ~ ~ ~
My = (-3 mFn((m; 8))1+6, ®m;~2(m;®6,)+v(6,) (m,®6)))H, (64

0,(0, + sin(0,)) — 8sin2(30,)
v=_—11 ! 1 21 (5.65)

i 1 1
sin(50,) — >0, cos(50,)
n= 21'211 2! (5.66)
6,%sin%(56,)

J

As noted by several authors, the expressions for nyand v are ill conditioned for small

0, = (5.67)

angles, and a truncated power series should be used for 6, < 0,05 radians.

1 [P 1 A
360 756091 20160061 (5.68)

v 57 720% T 300a0% (569)
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5.3.2 Variation of the base-vector matrix (k;z)

In the co-rotational procedure, the geometric contribution to the stiffness matrix obtained
from the variation of the transformation-matrix T, is the most significant. It represents

the change in moments and forces during an infinitesimal rigid body motion.

5T, 0 ... 0 0]
0 oT, 0 0
o, = | - ", : (5.70)
0 0 0T, 0
0 0 .. 0 oT,
From Equation (5.22) we have:
oT,, = —Spin(éc:)re)Tne (5.71)

kopdv = OTT P'f, = 8T f,

T, Diag|Spin(dare) ++Spin(da,e)|f,

(5.72)
= TR Sa. = TTE CSS
- _Tnanméwre - _T}’lanmG6V
_ To
=-T,F, GT,k v
where
Spin(;ll) I~11
Spin(l;ll) 1;11
- , - R
= : = = P'f, (5.73)
Spin(1~1N) 1~1N
_Spin(l;lN)_ _1;1M
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5.3.3 Variation of the projector (k;p)

First we start by establishing some fundamental relations. The fact that P is a projector

reveals some useful and important properties. Using the fact that P = P2 we get

SP = SPP + PP (5.74)

Also, by premultiplying (5.74) with P and rearranging we get

PSPP = O (5.75)

These relations will prove essential in the proof that the variation of the projector can be
split into two parts, where PSP is independent of the variation of G and with
range(POP) C range(P), and OPP depends solely on the variation of G with
range(OPP) C null(P).In Equation (5.50), the only configuration dependent matrix is

P, so the variation of P then evaluates to:

5P = P, = —S3G - 8SG (5.76)

PoP = (1-P,—SG)(— S8G — 3SG)

~N o~~~

SGS3G + P,S0G — S8G - P3SG

Lo oL s (5.77)
= $5G - S6G — PSSG
— _P8SG

This proves that the first term on the right-hand side of (5.74) is independent of 5G.

SPP = (—S8G — 8SG)(1-P,—SG)

~N ~ ~ ~

—S3GP - 3SG + 8SGP, + 3SGSG

.. - - (5.78)
—S3GP - 3SG + 8SG
~SOGP = —P,S3GP

However, since POPP = 0, then PP = (1 — P)3PP, which completes the proof. Fur-
thermore, if G can be split into a 3x3 matrix A with full rank and a 3x(6/N) constant

matrix B, then (5.78) evaluates to zero. This is easily shown by observing that

AAT=1 = SAAT+A8A =0 (5.79)
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Thus the variation of any nonsingular matrix can be written as

SA = —ASA 1A (5.80)

By applying this to the matrix G , we get

5G = 5(AB) = (~ASA-1A)B = —ASA"G , (5.81)

Since GP = é—éPT—GSG - G-G = 0, then

SPP=0 (5.82)

This relaxes the condition reported in [16] and [13], as the forces does not factor into the
condition in order to satisfy relation (5.82). If one cannot factorize G in such a way, then

feTéPP evaluates to zero if fe = (1- P;)fe, i.e. if the element forces are in rotational

equilibrium.

In order to find the geometric contribution to the tangent stiffness, we need to find the
variation of the transpose of the projector contracted with the unprojected element forces.

Using (5.74), (5.77) and (5.78) we obtain:

kpov = SPTf = PTOPTf +oPTPTf
e N e N e R N . N
~PT3G'S'PL(1-P")f —~G'8S'PTf

e e S (5.83)
~PTOG'S'Pf - GToS'S,

l;GPGé‘N’ + 1~(GP35\~’

Here ;‘b = PT}e is the balanced (projected) forces and }u = (1- PT)E'e is the unbalanced
forces (null-space of PT). The term kgpgdv = —P T?)GTSTP]Tqu will be neglected in the
following, because it will either be exactly zero, or it will vanish, based on the assumption
that the (rotationally) unbalanced forces are small. This assumption is justified if the ele-
ment in question is capable of describing the current state of deformation. If, however, the
unbalanced forces are large, thereby making the contribution from K, significant, the
internal description of the element itself will be questionable. For linear elements, where
the deformations are measured in a co-rotating “best fit” frame, the unbalanced forces will

be significant only when the deformations are large.
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The term l;GPSE\);I = —éTééT} is the usual term denoted l~(GP in [10, 13, 16, 26]. Per-
b

forming the variation and contraction of forces, we obtain the explicit expression:

~

" ~ToaT ~T c
Kgpsdv = ~GT88f, = -GS 0]t
1

T

~

el E[spin(éﬁff) 0}[7 mﬂ
1

~ - - - T (5.84)
T .
- G E[—spm(n,) @J[( suCr)T (amgfﬂ
I
= G [Spin(n,)" 0 --Spin(n,)" 0[&V)cx
= “G'F (V) = ~-G'FP&v
Spin(n, )
0
f?n - : (5.85)
Spin(;lN)
— @ —
Again, by observing that POP = PdP(1—P), and thus lN(GPS = (1- PT)iGPS, we see

the interesting fact that an infinitesimal deformational motion produces unbalanced forces
from balanced forces through k¢, whereas Kk ;p; produces balanced forces from unbal-

anced forces.
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Box 5.2 EICR-framework

Given: f,, Kk, , T chR . ug[R and G, determine f and k

ne’

e [f'the element is based on additive rotations, transform and add moment correction
stiffness:

.= HT,
ke = H'k,H+M
e Construct projector:
él = Spin()~(1+l~1§IR
P=1-P,—SG

e Project forces and stiffness:

f =Pt
k = PTk.P
e Add rigid rotation contribution:
K-k F G
e Add contribution from projector:
k- k- GTETP
e Transform to global coordinates:
k = T] KkT,,
f=T1"f
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5.4 Element independence and the projector

The key to element independence actually lie in Equations (5.74) and (5.75). Without this
property, the procedure described earlier reduces to a general procedure for generating

non-linear terms associated with rigid body motion.

If the element produces forces that are conjugate to the co-rotated dof’s, then the proce-
dure requires no justification. If, on the other hand, relation (5.54) is not given as a projec-
tion, the element forces must be conjugate to the co-rotated dof’s, and the consistent
element stiffness matrix must be derived as the derivative with respect to the co-rotated

dof’s. This can be illustrated as follows:
(6V)CR = Qdv (5.86)

av)cr _

pre Q (= PTne) (5.87)

Where Q is not necessarily given as a combination of a projector and an orthogonal

matrix. The principle of virtual work now dictates that

. au, .

(5.88)

e

where 0U is the variation of the strain energy (internal virtual work). This simply states
that the forces are correctly evaluated and free of spurious self-straining due to rigid body
motion. By inserting (5.86) into (5.88) and performing a truncated Taylor-series expansion

we get:

8|, = Qdv-f, o, = v Q'

af 9
= v Q'f |, +ov- (aQ [ +Q e VCR) Av
Ci- ov aVCRaV

n (5.89)

sU|. +ov- (aQ £,+Q'k,Q)

i

Ci-1

n

6U|Ci—1 +ov- (kGH+ QTka) ‘(‘i—lAV
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where

_aQTy

In Equation (5.89), C! is the configuration at state n and iteration i and C? = C, |, ie.
the initial configuration at state # is the configuration at the previously converged solution.
The term l~(m includes both material terms and internal geometric effects. This equation
relies crucially on consistently evaluated internal forces and internal stiffness, and albeit
correct, the procedure is not completely element independent. Now, provided we have

Q = PT

stiffness matrix of any element as:

1e » We can investigate the effect of (5.89) on a generic element. We can write the

S . .
k,= P’k P+k_, +k.,tk . (5.91)

inc

where k. 1is the part not complying with a consistently derived tangent stiffness. Substi-
mnc

tuting k . for l~<m in (5.89) we obtain:

ne

T _ 7T pT/pTy. y ~ ~
Q keQ =T,P (P ka+kGR+kGP+kl.nC)PT

I ~ ~ - (5.92)
- Q'k Q-T/.P'F,,GPT,,—T],P'GFIPPT, + T],P'k PT,,
As GP = P'G" = 0 we get:
O = OTPTK T pTo
Q keQ =QP kaQ+TneP kincPTne (5.93)
- o' TpTyL '
= Q'k Q+Q Pk, PQ
ine PTkinCP+(1—PT)kincP+kinc(]l—P)
(5.94)

cdef,b | rdefu | 4.1i
= Kine +Kine + kingc

~

kicr® = PTk; P, ko' = (1-PDkjpeP,  KIE = kijpe(1-P)  (5.95)

~

~ ~

The term k,%ecf’b produces balanced forces from deformational motion, k?,fcf’ % produces

unbalanced forces from deformational motion, and l;f;,gc produces forces from rigid body
motion (self straining and geometric effects). Thus as long as the inconsistent term l;flnecf b
vanishes, the correct form is reproduced. It is apparent that both consistent and inconsis-

tent stiffness-terms associated with rigid body motion are purged from the matrix. Further-

more, the consistent and only some inconsistent terms from deformational motion are
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retained. This effectively means that EICR has a slight influence on the internal force-dis-
placement relation of an element. Haugen [16] has likened this to the effect of projecting
the stiffness matrix onto the deformed configuration, which then corresponds to the elimi-
nation of the term k,d,fcf % . What is certain is that the consistency of the element stiffness
does not deteriorate on account of the transformation. Comparing this to the formulation
by Bergan et al. [18], we can see some fundamental differences.

T T
k=TLk Q+Tl kT, (5.96)

T).k,Q = T.(P'k P+k_,+k,,+k )Q

(5.97)

= QTka+T;ekGPTne+TT (kldrfcf b k?’fcf’ u)Tne

The most striking difference is that the term relating to the variation of the projector will
remain after the transformation of the element stiffness. This is not unreasonable, since
this term is not included in the resulting geometric terms. In this formulation, the matrix
F,, usedin lN(  1s based on the unprojected forces. When linear elements are used inter-

nally, EICR w111 have the further advantage of being free of the term k,d,fcf 4

5.5 Notes on implementation

In the preceding, the EICR was presented in a general form, without explicitly establish-
ing the matrix G, which depends, not only on geometric considerations, but the personal
choices of the developer as well. From the perspective of a computer implementation this
is also the most versatile and most easily implementable form, primarily because it
requires little effort to implement a new ‘geometry’; just add the corresponding G -matrix.
With this said, it should be noted that this versatility comes at great costs in CPU-time,
originating from both unnecessary memory requirements and floating point operations
(flops). As flops are the most tangible problem1 the following illustrates the potential sav-
ings in tailoring the procedure to a specific geometry. The approximate number of flops
needed to calculate the necessary matrices are collected in Table 5.1 In the columns under

the heading ‘Generic’, the only optimization of the ‘naive’ implementation has been that

1. Memory management may vary, and the memory-requirement will not exceed capacity.
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of spin-matrix multiplication, taking the number of zeros in the F, -matrix into account,
and in the ordering of the multiplications in K. By comparing the columns represent-
ing the 2-node element, both the generic implementation and the optimized version, we
see that the optimized implementation require only approximately 11% of the flops
needed in the generic code. In addition to the flops in Table 5.1 comes the cost of 120N?

flops to transform the stiffness-matrix into the global basis.

Table 5.1 Flop-count of operations

Generic Generic Specific
(N nodes) (2 nodes) (2 nodes)
P -matrix 72 N2 288 0
PT;‘ TI2N2 — 6N 276 27
PTf(mP 864N3 — 72 N2 6624 792
K - _QTRT 288N2 — I8N 116 16°
Kopg = -G F, P
K - F ¢ 144 N2 376 168°
kGR _anG
Sum 8880 1003

a. Addition to the stiffness matrix is counted for all non-zero elements

The table shows that greatest cost actually lies in the application of the projector to the
stiffness matrix. It should be noted, though, that there may be significant improvement by

performing the operation with an implicitly formed projector.

5.6 Final remarks on the EICR and the internal element formulation

In the previous sections, we have presented the formulation arguing that the formulation is
valid even for states of finite deformation. This is of course subject to the condition that
the element can handle such deformations, and herein lies the challenge for the aspiring
developer: How to produce an element that handles finite (or moderate) deformations cor-

rectly, whilst retaining efficiency. Much work has been done in the field of finite deforma-
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tion elements and for beam-type elements specifically; the family of elements described
by Simo et al. [35, 36, 37] and others has an excellent performance in large deformation
problems. However, using these elements within the EICR framework does not produce
an improvement in the originally developed element, as they are already invariant to rigid-
body motion. The key concept to keep in mind is that EICR assures that spurious self-
straining modes are purged from the element stiffness matrix. In conjunction with a co-
rotated measure of deformation, the EICR offers a different set of challenges as frame
invariance is handled by the framework. At present, the bulk of the work done on this for-
mulation has been in the very successful re-use of existing linear elements, significantly
extending their domain of validity. As they are generally computationally inexpensive,
they are attractive and well suited candidates in most applications. By the use of very
refined meshes, these elements can even handle large or moderate deformation problems,
provided the stress-strain relation remains valid. In fact, as the mesh is refined, the ele-
ment deformations may be smaller than the strains. However, these very refined meshes
runs the risk of numerical instability, as well as being prohibitively costly in both memory

requirement and floating point operations. A different approach is illustrated in Table 5.2,

Table 5.2 Conceptual performance of elements

Geometrically exact EICR-tailored EICR-linear linear

Comp. cost High Medium Medium/Low  Low
Accuracy High High Medium Low

where the column EICR-tailored is used to describe elements specifically formulated so
that they would display spurious self-straining when taken out of the EICR framework.
This would allow for gain in accuracy in the deformational modes, at a small computa-
tional cost compared to the basic linear elements. At present, not much work has been
done in pursuing and documenting this latter approach, with the notable exception of the
work by Eggen [10] on a beam-type element. While higher order effects were effectively
captured with a low number of elements, this came at a relatively high computational cost,

not realizing the predicted small increase in flops, compared to the linear elements.

The final approach is particularly attractive for small deformation problems where the pri-

mary interest is to either:

e predict critical points by linearized buckling, or
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e detect critical points in the solution without path following of post-critical range.

In most practical problems, the importance of a consistent tangent stiffness is not para-
mount as convergence is nearly always guaranteed, even if internal geometrically nonlin-
ear terms are neglected in the element force vector. By simply adding internal geometric
terms based on e.g. stability functions, more accurate prediction of critical points is
obtained. These contributions are generally extremely simple and cost effective. The main
objection to this approach lies in the fact that these terms will not be reflected in the force

recovery process, thereby polluting path following and bifurcation analyses.

While it might seem extravagant to use a co-rotational procedure in connection with ele-
ments based on a Total Lagrangian formulation, there are advantages. As reported by Car-
dona and Géradin [8], when developing an element based on interpolation of rotations,
difficulties arose when rotations at one node exceeded 7, while the others did not. It
should be noted that this might occur even for infinitesimal deformational rotations. To
correct the problem, they recommended a UL-formulation if rotations of this magnitude
were to be expected. This came, however, with the added cost of storing the previously
converged state in the iteration process. While not eliminating the problem, applying the
co-rotational procedure in the update would greatly reduce the probability of such an

occurrence.

5.7 Implemented elements and internal nodes

In the implemented code, several beam formulations can be used in conjunction with the
EICR framework, and a short summary of these is presented. All elements are reduced to
the system with two visible nodes depicted in Figure 5.4 through simple static condensa-

tion of internal nodes.

e Euler-Bernoulli small strain (EB)

This is the classical small strain formulation based on cubic Hermite interpolation of
displacements normal to the beam axis. Axial deformation and torsional rotations are
linearly interpolated. Planes normal to the beam-axis are assumed to be plane and nor-

mal to the deformed axis after deformation. Shear deformations can be included in an
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Figure 5.4 Element degrees of freedom

average sense, resulting in the Timoshenko beam formulation (EBT). Deformations are

measured in the co-rotating frame.

e Linear, small strain Mindlin-element (C?)
Classic C° small strain beam element with linear interpolation of displacements and
rotations. Integration is performed with a one-point integration scheme. Deformations

are measured in the co-rotating frame.

e Simplified UL-formulation
This is an adaptation of a simple UL beam element described by McGuire et al. [25].

The principal difference between this formulation and the EB-beam is the inclusion of
some geometric terms. Deformations are measured in the co-rotating frame. The imple-
mentation results in an inconsistent stiffness matrix as the geometric terms are not mir-
rored in the force vector. A fully consistent formulation could be obtained at the cost of

maintaining information of the deformations at the previous converged state.

e Linear, reduced Cosserat rod (LRC)

The details of the Cosserat theory are presented in the previous chapter. This version of
the element is based on linear interpolation of incremental rotations and displacements,
and a one-point integration scheme. After each increment, the previous deformations
are discarded and the incremental deformations are obtained as the deformations mea-

sured in a co-rotating frame.
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To

General polynomial Cosserat rod (COPO]g\,p )

This formulation is the full Cosserat rod theory, generalized for any N-node element of
polynomial order d = N—1 and a gp -point numerical integration scheme. In this ver-
sion, only Gauss-Legendre integration is implemented. Deformations are measured as
the total deformations. Internal nodes are statically condensed either directly or after a

state of internal equilibrium is obtained.

General B-spline Cosserat rod (COSPX}gP )

Same as the general polynomial Cosserat rod, with the Lagrange-polynomial basis
replaced with a B-spline basis with a uniform knot sequence. The degree d of the spline
can be at most N-/, where N is the number of nodes. Integration is performed with a gp-
point integration scheme over each knot interval, resulting in (N — d)n numerical inte-

gration points.

verify both the implemented code and the contention that EICR does not introduce any

additional source of error, even for arbitrary deformations, the problem in Figure 5.5 was

analyzed with high order COSP elements. These elements are properly invariant to rigid-

body motion and should therefore be unaffected by the transformation. The analyses were

performed with ten equal load increments with a simple load correction, i.e. the load incre-

ment was recursively halved if the solution did not converge or an indefinite stiffness

matrix was detected.

M, = 700 kNm, F; = 1000 kN

! L=10,0m

Figure 5.5 Model problem 1
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Figure 5.6 shows the deformed state at 0%, 33%, 66% and 100% of the final load-level.
The beam clearly experiences a high degree of localization of strain at the base, with cou-
pled twisting and bending. In this situation, the linear, uncoupled assumption of the small

strain beams is unjustified.

Figure 5.6 Deformed state

As it is difficult to obtain a quantitative measure of the effect of EICR on the stiffness
matrix, the following procedure was adopted: The beam was analyzed with a single ele-
ment of the COSP f’; type. The internal nodes were statically condensed, leaving only the
dof’s at the two end nodes. The condensation was preceded by a) no internal equilibrium
considerations, and b) internal equilibrium iterations. During the analysis, the error-esti-
mate e = max |kl.j ~kf! CR| was monitored for every instance of the stiffness matrix,
where KE/ CRjis the EICR transformed stiffness, and k is the unchanged stiffness. Simi-
larly, the measure m = max ‘kgf CR‘ was monitored. The problem was subsequently

solved using the transformed kE/CR

The error-measure e seems almost randomly distributed when the element is not brought
into a state of internal equilibrium. As internal equilibrium is reached at the end of an iter-
ation-cycle, and destroyed after the first increment, the graphs actually display a kind of

‘shark-tooth’ pattern.
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Implemented elements and internal nodes
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Figure 5.8 Error measures case b) (with internal equilibrium iterations)

2 v o g
T S e 5= %255 §
by [ o | | =] > < e m n [ O == N
+ 0+t | | [ | | o= o = | | | | | mwﬂ | |
+ + + el w2 o — ,
S R S S | 2 2 8 85 &% RS N NN B S S
I R R S 232 % B o
PN 58 2 5% 8
+ Y q- -k
+ ¥ | | [T} | | ° vhl o o Lplw <= ‘nl.a | | | | | | | |
\MJ#\ﬂJrJ\\A\\T\uw\\A\J\\\B © ~_~ - Q < O m it I I I I I I I I
[ ! ! ! ! ! a3 m o = m > = D) e
Lo I I [ I I e = s * 5} o > (=] | | I I I I T I I
1 T e =) = = g v 3 ) T R A 1
\\Erw,\\\f\\,\\rw\,\\w\\r\\o b7 ) 0o ‘= m 2 © an B e
I e A e e & = = 3 o o I | T
L+ | | | | — — — = = T o Q | | T S |
A [ 4o ! = L) < O 35 = = (A R -
+”++”+ ” ” ” Tw” ” m (el .W.J m O = = | | | | | | T+ |
R e ity et el Eoel i s L = S 8 = 2 g = - S T U . R
Vﬂ+,+, [ N A B = & O = © m.. < P [ A
P SR 5§ & &2 S R I (N S B ST
F++,#, | | I | | o = = g © Z P2, T U#i ’
(P S e e A I R £ < = S g £ o O A b | H,wa” ”
N = m w v 2 T o ®) e e
o | | (T | B= = = 2s | | | | | | [T |
I 4w h T I | I I = o r ¥ < < ! e
| A I | ! | | 1+ o =] — Q [$) . «.nuaA m o e
sTa ¥ @ ® @ § ¥ © @ £ z & 8 E » S 5 o a ¥ ® % @ § ¥ @
BEA S ot EEE i
< R = m R= )
(uy2)3o1 9 = = s @ = (wy2)30]
4 L ¥ 9 2 = o 5
S 5 = IS = = = =
R A R e B B B e = g £ = R== b
+ ot T | | [ I k4 > O a9 — | | | | | | |
H [ | | | S = Q o . (] ] B e o
,F ,+ | | 1+ | = 0 = A » Q = ! ! ! ! ! ! |
‘\\ﬁ\urur\rjr\,\\rjrw,\brp\\,\\\w 2 o S m o © = | ! | ! | | |
+ A | | I | I = S o = m o = = 2 e e S -7
Lo T ,H, | g m g5 Q & S = | | | | | ” ”
P i S FEEE s S| i
R ek A ARt = £ s 5 9 5 x| R
+ - o B = p.W,. QO 4 O e B S
¥ # T | b | 154 = g % .= o = o0 o | | | I I I I
I g2 S EE e g B L g
I T o I L R s 8 S =t 5 o = e e,
LT e TP gl e 28 38 2 3 o E
L T A — e R R = «m «w 8 b - - —— A== —— == — £~ 4
Lo+ H | i | | = e [ L — | | | | | | |
I D A TR Y P on = Q L © o | | | | I I I
+ ! b M ! N ) 1) < = um [ m H-——F-——=———F—-——=<——-+ -1
I I I I I I = i~ X o < | | I I I I I
Ly A R 5 © o 8 o =] | | | | | | |
oo - . = R S i
\rLNM\\\{\”\\\T\f\flm m S 8 >3 = -
(&)
0 L E 5 p» & =3 R R
| J,rlr:rar | T | th ..m LLm 2 O o ” ” ” ” ” ”ﬁrﬁr
I - I e o 8 8 =2 3 = Wo s & e o &
o p— n ~ N N - - v
2)30 22 2 8 & £
(2)30] = & 858 ° E E (2)301
(0] N n -~ m
5 8 = S xR B
A & © 2 v &

96



Theoretical basis and FEM technology

that can be drawn, is that the transformation primarily introduce noise in the stiffness

matrix of the COSP]‘\i;” -elements.

To some extent, the results presented here contradicts a statement made by Crisfield [9].
He claims, without making any reservations, that internal nodes can simply be statically
condensed when using this formulation. Although his discussion is limited to linear ele-
ments, the problem of nonzero residuals will also appear for linear elements when bound-

ary conditions are imposed on internal nodes.
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Chapter 6

Verification of code
]

6.1 Introduction

In beam type analyses, most parameters in the cross section elasticity tensor is readily
available from closed form solutions. This is not, however, generally the case for stiffness
parameters associated with shear-deformation, G4, and GI, specifically. Although sim-
plified expressions (and sometimes closed form solutions) exist for some cross sections,
these parameters must generally be obtained by numeric analysis if accurate results are
needed for most geometries. In the following, stiffness parameters are obtained from finite
element analyses using the cross section analysis tool CrossX '™ [2]. For rectangular cross

sections, the following formula is sometimes used for the St. Venant torsion constant /,:

=13 bry_LNT2 Lsal1 0632
= 3b h[l 0.637(1-55(7) )} 3 h[l 0.63h} (6.1 aand b)

In Figure 6.1a, results obtained by these two approximate formulas are compared with

finite element results, for different height to width ratios. Figure 6.1b shows how the shear

2,00 % - h 1,205 4
1,2 4
0,00 % S -
. S
olo 0 4,0 6,0 8.0 10,0 12,0
' ' ’ ' ' ' 1,195
2,00 % - b
1,19
4,00 % -
K 1,185
6,00 % L
| ~—Eq(6.1b)
8,00 % L
’ —— Eq (6 la) 1,175
-10,00 % 1 L .
12,00 % 1 e
14.00% 0 01 02 03 04 05 06
14,00 % v

Figure 6.1a) Deviation of / ; for varying h/b b) K as a function of V (isotropic material)
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area modification factor ¥ (4, = A/x ) varies with the value of Poisson’s ratio v for a
rectangular cross section. CrossX ™ was developed to handle isotropic materials only, and
the results obtained by the program can be regarded as “exact” for reasonably fine element

X™ will produce stresses that violate

meshes. In the case of orthotropic materials, Cross
the boundary conditions (traction free perimeter). To circumvent this problem, v = 0 is
used when modelling glue laminated timber (glulam). With this modification, reasonably
accurate results are obtained, yielding for instance the well known value of k = 1.2 for

rectangular cross sections.

In the following, all elements based on linear theory are denoted by abbreviations related
to the element only. The use of co-rotated deformational measures and EICR transforma-

tion are implicitly implied.

6.2 Elastica

In the original paper of Simo and Vu-Qouc [36], the following example of the elastica
problem (Figure 6.2) was presented with the data EA = GA = 1, El = 2,L = 1 and

M = 8m. For this load, the beam curls around itself twice. This result was achieved in

R
NS =

Figure 6.2 Elastica

only two iterations, using elements with linear interpolation functions and one-point inte-
gration. Figure 6.2 actually misrepresents slightly the results from this analysis. The actual
final configuration of the beam looks like Figure 6.3a, where the real solution is drawn as
a thin shell, intersecting the results from the analysis. Looking at Figure 6.3b, one might

think that the two-point integration scheme is more appropriate since the nodal points
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(nearly) coincide with the circle. However, the results obtained here are actually due to
serendipity. They are highly dependant on the value of £4, as both axial and shear forces

are introduced in the two-point integrated element.

..

1 point integration 2 point integration

Figure 6.3 Results obtained with 5 Cosserat elements with linear basis

This result is by no means surprising, and in full accordance with the equivalence of the
reduced integrated element and mixed methods in the /inear domain. Under normal cir-
cumstances, the fully integrated element will be hopelessly stiff due to the well docu-
mented shear-locking phenomenon of C? beam elements. This shear-locking is a direct
consequence of the elements inability to account for bending in any other way than as

shear deformation.

The co-rotated elements are not able to reproduce the astonishing convergence rate of the
finite strain elements. In fact, the rapid convergence of these elements is due to both the
internal storage of curvatures, and the equality of £4 and G4 . For values other than
EA/ GA = 1, more modest convergence rates are observed. In the case of the co-rotated
elements, the deformational rotations are extracted from a rotation matrix whenever cur-
vatures and deformations are calculated. The predictor step in this analysis will yield
incremental rotations exceeding 180° if no form of archlenght or displacement control is
employed. Thus, the extracted deformational rotations will be erroneous in the first itera-
tion. A simple form of displacement control is to monitor the maximum incremental nodal
rotation, and scale the increment in the full solution if it exceeds a predefined value. Using

this strategy, the EBT and RM elements converged in 14 iterations when the maximum
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incremental nodal rotation was restricted to 70°. The LRC element was able to handle

larger incremental rotations (180°), and converged in 7 iterations.

6.3 45° cantilever bend with transverse point load

Figure 6.4 45° bend

AE3
Square 1x1
E
:2 E Y% A 12 = 13 It Ka
[MPa] [mm2] | [mm?] [mm4]
h=b=1 1.0e7 | 0 1 8.333333¢-2 | 1.40577e-1 | 1.2

An example, studied by several authors, is the 45° degree cantilever beam with transverse
point load (see Figure 6.4). An attempt to replicate the results obtained by Simo and Vu-

Quoc [36], using 8 linear elements, failed when “exact” cross section parameters obtained
by CrossX were used. It appears that [36] uses /, = I, =1,+1 and ¥ = 1, and the fol-

lowing comparisons are therefore based on these parameters.

First, the beam is loaded in five steps of equal magnitude (75 N). In Table 6.1 the residual

norm in the fifth load increment is compared with the results presented by Simo and Vu-
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Quoc using both a non symmetric and a symmetrized stiffness matrix. The results from the

current implementation hardly deviates from the results of Simo and Vu-Quoc. In addi-

tion to using 8 linear Cosserat elements, the problem is analyzed using 8 LRC elements.

As expected, the LRC element does not perform quite as well as the fully consistent ele-

ment:

Table 6.1 Residual norm of step5(/, = [, and 4, = A4)

Non symmetric Symmetric
Iter. Current Simo et. al. LRC Current Simo et. al. LRC
0 0.7500E+02 0.750E+02 0.7500E+02 0.7500E+02  0.750E+02  0.7500E+02
1 0.1465E+06 0.147E+06 0.1464E+06 0.1469E+06  0.147E+06  0.1468E+06
2 0.4264E+03 0.426E+03 0.5101E+03 0.4232E+03  0.423E+03  0.4492E+03
3 0.1736E+04 0.173E+04 0.1696E+04 0.1401E+04  0.140E+04  0.1429E+04
4 0.2991E+01 0.299E+01 0.1733E+03 0.8441E+00  0.844E+00  0.1270E+03
5 0.1766E+00 0.177E+00 0.9425E+01 0.6613E-01 0.661E-01 0.7200E+01
6 0.2217E-07 0.230E-07 0.2380E+00 0.1898E-04 0.190E-04 0.5733E-01

It is worth noting that, although only slightly, the symmetrized stiffness matrix actually

improves the convergence properties of LRC for this particular case. This is probably due

to chance, and should not be attributed to any intrinsic property of the element. In [36], the

energy norm was also presented for the symmetrized stiffness matrix. As seen in Table

6.2, the present analysis corresponds well with the analysis by Simo and Vu-Quoc:

Table 6.2 Energy norm of step 5 using symmetrized matrix (/, = [, and 4, = 4)

Iter. Current Simo et. al. | LRC
0 0.4100E+03  0.410E+03 0.4100E+03
1 0.2283E+05  0.228E+05 0.2283E+05
2 0.4535E+01  0.453E+01 0.4535E+01
3 0.2580E+01  0.258E+01 0.2583E+01
4 0.9498E-04  0.950E-04 0.5181E-03
5 0.2691E-08  0.269E-08 0.1508E-05
6 0.2746E-13  0.275E-13 0.8784E-10
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The beam was also analyzed for a load history of 300 N, 450 N, and 600 N. As in the anal-
ysis reported by Simo and Vu-Quoc, convergence was attained in 13, 8 and 6 iterations

respectively. Table 6.3 presents the final position of the tip for the various load levels.

Table 6.3 Tip position (/, = I, and 4, = 4)

Current Simo et. al.
Load [N] | x [mm] y [mm] z [mm] X [mm] y [mm] z [mm]
300 22.3288 58.8447 40.0756 22.33 58.84 40.08
450 18.6152 52.3159 48.3939 18.62 52.32 48.39
600 15.8018 47.2328 53.3695 15.79 47.23 53.37

In closing, attention should be paid to the difference in torsional rigidity. When comparing
1, and 1,, we get the ratio Ip/ 1, = 1.19. Although this is not a significant difference, it
will noticeably affect the results with respect to convergence. The results obtained when

using the parameters from CrossX, are presented in Table 6.4.

Table 6.4 Tip position (/,=/, and 4, = 4/1.2)

COPO, (Current) LRC EBT

Load [N] | x[mm] y[mm] z[mm] | x[mm|] y[mm] z[mm] | x[mm] y[mm] z[mm]

300 22.20 58.60 40.36 22.21 58.61 40.36 22.14 58.57 40.48
450 18.48 52.05 48.59 18.49 52.05 48.59 18.40 52.01 48.73
600 15.68 46.98 53.50 15.69 46.98 53.50 15.59 46.93 53.65

For the purpose of comparing the values of Table 6.4 with the values when a refined mesh
is used, 80 COPO! elements resulted in the final tip position (15.56, 46.89, 53.61). As
expected, the COPOJ and LRC elements are quite similar. The results from the EBT ele-
ment, however, are somewhat better than those of the others. The underlying formulation
of the linear Cosserat rod is not too different from that of the RM element. Accordingly,
the results are not significantly better than the results from the RM element (not presented
here). Results that are closer to EBT would be obtained if higher order COPO elements
are used. This is a natural consequence of the polynomial order of the interpolation func-
tion of the displacements. Even though this is a large part of the difference in the solutions,

there are also some more subtle differences that will be discussed in the following section.
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6.4 Combined torsion and bending

E;
T Rectangle 200x1200
i E, E [MPa] | G [MPa] | 4 [mm?] | [, [mm*] K
14500 830 240000 286.3897e+8 1.2
b
4

The example described in Section 4.7 serves as a good test of the elements and their per-
formance. The combination of torsion and bending serves as the most severe and neces-
sary component in the verification of 3D beam element behavior in static analyses. If the
deformations are restricted to planar motion only, the discussions in the previous chapters
are for the most part rendered mute, since rotations are reduced to scalar quantities. For
this particular case, a minute difference in formulation will produce a relatively large dif-
ference in the tip displacements due to the large deformations at the base of the beam (see
Figure 5.6). In Table 6.5, the tip displacements from a variety of elements and meshes, are
presented, where the numbers in parentheses are the number of elements used in the anal-

ysis. The model is loaded in 100 equal load increments.

Table 6.5 Tip displacement

Element v, [mm] Vy [mm] Vv, [mm] 0, [deg] Gy [deg] O, [deg]
EICR - EBT (19) -4564.60 1436.66 6945.01 -109.170 38.6652 -91.0047
EICR - EBT (200) -4583.22 1417.97 6968.38 -108.939 38.8310 -90.9413
EICR - EB (200) -4560.66 1440.44 6931.22 -108.924 38.8857 -90.8928
EICR-RM (19) -4560.16 1443.18 6938.76 -109.193 38.6572 -91.0291
EICR- RM (200) -4583.18 1418.03 6968.33 -108.939 38.8310 -90.9415
COSP}’; (1) -4547.63 1508.22 6911.93 -109.593 38.1792 -91.3541
COSP?’; (1) -4563.24 1438.58 6945.43 -109.072 38.7488 -90.8543
COSP;E; (1) -4566.26 1437.25 6949.01 -109.058 38.7631 -90.8610
LRC (200) -4566.57 1437.35 6949.30 -109.057 38.7632 -90.8635

The results obtained with 200 LRC elements are accurate to 5 digits when compared to a
reference solution from 200 COSPZ’3 elements. Surprisingly, the linear elements are accu-

rate to approximately 3 digits when 19 elements are used, but only accurate to 2 digits for
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the refined mesh. Limited testing has revealed that the critical difference is the pre multi-
plication of f, with the moment correction matrix, H', thereby softening the element. If
the first 2 m are modeled with 500 RM elements, while the last 8 m are modeled with 100
elements, the vertical displacement become 6968.63 mm, while it is reduced to 6952.05
mm if pre multiplication is omitted. However, excluding this term would adversely affect
convergence for coarse meshes. Furthermore, the situation is not quite so simple as this
test may indicate. In the finite strain formulation, stretching of the beam and shear forces
will influence the moments, while this is only accounted for in the small strain elements
by the EICR transformation. Without resolving this issue, it is still appropriate to note that
there is a difference in the obtained results that is not solved by further mesh refinement.
In Figure 6.5 the relative deviation in displacements are plotted as a function of load for

some of the elements in Table 6.5 Clearly, the EBT element corresponds quite well with

the finite strain elements.
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Figure 6.5 Deviation in displacements vs. load

This problem is also a good test for the simplified implementation of the finite strain for-
mulation. When 10 LRC elements are used, the results are almost identical to those of the

fully implemented version, although somewhat poorer when the deformations are very
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large. Figure 6.6 shows the deviations when more moderate deformations are considered.
Although modest compared to the deformations in Figure 6.5, the twist of the beam is

approximately 20° when the load is 10% of that in the original problem.
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Figure 6.6 Deviation in displacements vs. displacements (load < 10%)

Finally, the beam was subjected to four equal load increments from 0 to 10% of the origi-
nal load(100 kN and 70 kNm), using 10 C? elements only. Convergence (in energy norm)
was attained in 4, 5, 5, and 6 iterations for the LRC element, while the full element formu-
lation converged in 4, 4, 5 and 5 iterations. The RM element also converged in 4, 4, 5 and

5 iterations with only slightly poorer results than the LRC as seen in Table 6.6.

Table 6.6 Tip displacement

Element Vv, [mm] Vy [mm] Vv, [mm] 0, [deg] Gy [deg] O, [deg]
EICR- RM (10) -5.7241 256.02 122.68 -19.235 0.70735 -3.0300
LRC (10) -5.7884 258.14 122.87 -19.231 0.70778 -3.0466
COPO; (10) -5.7889 258.13 122.95 -19.231 0.70778 -3.0466
COPO; (200) -5.8283 257.78 123.57 -19.270 0.70866 -3.0439
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6.5 Flexural buckling

The properties of slender beams and columns with respect to elastic stability has been
thoroughly studied throughout the past 150 years, primarily based on analytic solutions of
the differential equation of the beam. Accordingly, closed form solutions of varying
degree of complexity exist for many simple systems. Just as the complexity of the under-
lying differential equation influences the closed form solution, the formulation of an ele-
ment will determine the effects that are captured in a linearized buckling analysis. Thus,
the following sections are dedicated to the study of the analytical solution to which the

element converges, as well as the accuracy of the described elements.

6.5.1 Rate of convergence and accuracy

7 L=10m 7

Figure 6.7 Euler beam

To investigate and verify the accuracy of the implemented elements, we proceed with a
simply supported beam with a compressive end-load as depicted in Figure 6.7. The classi-

cal solution to this problem, commonly known as the Euler load, is given by

n 2
P, = (f) El,, n=1,2,3,.. 62)
L 4B Rectangle 200x1000
, E, E [MPa] | G [MPa] | 4 [mm?] | [;[mm*] | «
6250 390 200000 6.666667¢+8 1.2
b

For this problem, the cross section and material properties are taken to coincide with the
parameters used by Eggen [10]. In his thesis, a consistent C! element with internal geo-

metric stiffness was developed. It is of interest to see how this element compares with val-
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ues obtained by simply including internal geometric stiffness based on simplified
assumptions. These internal geometric stiffness terms are merely based on the interaction

of bending of the beam and axial forces, subsequently denoted Pd-effects.

The Euler-Bernoulli element and the element developed by Eggen [10] do not account for
shear deformation; the other elements do. How shear will influence the “exact” solution
will be discussed in the next section. For the moment it suffices to categorize the elements
in shear elements and no shear elements. The reference value for the non shear elements is
given by Equation (6.2) (411.2335 kN), while an analysis with 200 COPO; -elements
form the basis for the shear elements (408.645 kN).

Observing the convergence of the standard Euler-Bernoulli element in Table 6.7, it is clear
that the EICR-procedure only contribute with terms equivalent to PA-effects (rigid body
geometric stiffness). In flexural buckling, this element will therefore, in general, be con-

sidered too stiff and it will require a significant number of elements to converge. By sim-

Table 6.7 Buckling load of Euler beam-column

EB EB+P§ Eggen
Nodes [KN] [KN] ]
2 - 500.0000 500.0000
3 500.0000 414.3269 414.3270
4 450.0000 411.8838 411.8825
5 432.7768 411.4441 411.4441
6 4249329 411.3207 411.2470

ply including internal geometric stiffness terms based on the Pd-effect, a far better element
is obtained. Figure 6.8 shows that this element is virtually indistinguishable from the ele-
ment developed by Eggen. It should be noted that this result is applicable in the context of
flexural buckling analyses only. For nonlinear analyses the added terms may affect con-
vergence rates, and the nonlinear internal behavior of the element will not be reflected in

the final results.

While the comparisons of the no shear elements are rather straight forward, the situation is
more complex for the shear elements. When comparing solutions with equal number of
dofs one should keep in mind that the CY elements have to describe two fields (rotations
and displacements are independent) while the C! EBT is based on Hermitian polynomi-

als, thus using all dofs in describing the transverse displacement field. Therefore, one
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Figure 6.8 Deviation, no shear elements

would expect these elements to be more accurate when shear deformations are of less

importance. In Figure 6.9 the relative error from a series of analyses is shown using

1E+02
1E+01
-= EBT
1E+00 - EBT + Pd
g —= RM
= 1E-01 —— COPO]
.= 2,2
g 1E-02 —« COSPy
- COSP13\’,3
1E-03 —A COSP;‘\’,4
o COSPJSV’5
1E-04
1E-05
2 4 6 8

Nodes

Figure 6.9 Deviation, shear elements

meshes ranging from 2 to 8 nodes. For low number of nodes the EBT element with Pd-
effect included is clearly the most accurate. When 5 and 6 nodes are used, however, the

high order COSP elements are as good and even better with respect to accuracy.

The COSP elements in Figure 6.9 all employ uniformly reduced integration to avoid
shear locking. Full integration would significantly stiffen the low order elements. For

instance, using a COSP%’8 element (8pt. integration) would result in an error of 14.23%
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(466.805 kN) while the COSP%’2 , presented in the graph, only deviates by 8.61%
(443.811 kN). This effect is even more noticeable for the COPO elements; using two
COPO3 elements, thus having the same number of dofs as one COSP2 (and polynomial
order), the error becomes 18.48% (484.1784 kN). This is somewhat surprising since the
continuity within the COSP element is higher (C!) than between the two COPO ele-
ments (C?), and also because the reduced integrated 2x COPO3 solution is significantly

closer to the reference value than that of the COSP g,z (1.50%).

6.5.2 Effect of shear on the lateral buckling load (cantilever beam-column)

Having verified that the elements behave appropriately for coarse meshes, we can proceed
to investigate the effect of shear in more detail. For this purpose, we use a selection of axi-
ally end loaded cantilever beams. The equivalent to Equation (6.2), for a beam-column
restricted to buckle in the 1-2 plane (X-Z plane in Figure 6.10), is:

nm 2

P, = (2—L> El,n=1,3,5,.. 63)

Where the three first buckling modes are shown in Figure 6.10.

[ (

)

Eigenvalue # 1 =7027.19 Eigenvalue # 2 =49171 Eigenvalue # 3 = 105342

Figure 6.10 Lateral buckling of HEB200 (L = 2000 mm)
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Equation (6.3) is based on the assumption of no shear deformation. According to Timosh-
enko and Gere [39], Engesser [11] later developed the following solution, incorporating
the effect of shear:
GAP,
P C A (6.4)
"8 GA,+Pg

This solution is takes into account the appearance of shearing forces, normal to the
deformed beam axis in the buckled state. Timoshenko and Gere [39] extended Equation
(6.4) by also accounting for the shear deformation of the beam (cross sections which are

not necessarily normal to the beam axis). In so doing, they obtained the following result:

GA
Prc = 2S(J1 + 4P/ GA; 1) (6.5)

In the following analyses, 100 elements are used for each element type. This eliminates
convergence issues, while not causing numerical difficulties. Three types of cross sections
are used, two of which are assumed to be sensitive to shear (case 1 and 3). In all analyses,

buckling is restricted to occur in the plane normal to the strong axis.

Case 1: HEB200

A
E, HEB200 (steel)
E, E[MPa]| v | A [mm?] | I, [mm*] Ky
210000 0.3 7808.9 5.6967¢e+7 4.49824

The first series of analyses are designed to verify that the shear elements behave appropri-
ately if the beam is infinitely stiff in shear. This is achieved by setting the shear stiffness to
1000 times the actual value. The results from these analyses are summarized in tables

5.6.8 and 5.6.9 for beams of length 4 and 2 m respectively.
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Table 6.8 Buckling loads of 4m HEB200 (excluding effect of shear)

Buckling load #1  Buckling load #2  Buckling load #3
Element [1000 kN] [1000 kN] [1000 kN]
Euler 1.844843 16.60359 46.12108
EB +EICR? 1.844843 16.60359 46.12108
EBT + EICR " | 1.844819 16.60162 46.10592
RM+EICRP 1.844895 16.60777 46.15334
LRC 1.844895 16.60777 46.15334
COPO} b 1.844818 16.60162 46.10592

a. P&-effect included
b. GAeff = 1000G4

Table 6.9 Buckling loads of 2m HEB200 (excluding effect of shear)

Buckling load #1  Buckling load #2  Buckling load #3
Element [1000 kN] [1000 kN] [1000 kN]
Euler 7.379373 66.41435 184.4843
EB +EICR? 7.379372 66.41435 184.4843
EBT + EICR P | 7.378984 66.38291 184.2419
RM+EICRP 7.379288 66.40747 184.4312
LRC 7.379288 66.40749 184.4316
copo;® 7.378984 66.38292 184.2422

a. P& -effect included
b. GAeff = 1000G4

The results seem to indicate that the elements behave appropriately. The slight deviation

from the Euler load in the shear elements is most likely due to the crude method employed

to exclude shear deformation.

The next set of analyses are performed in order to compare the solutions of Engesser and

Timoshenko and Gere with the finite element solutions. Three different lengths are used;
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4,2 and 1 m. It should be mentioned that the beam hypothesis of Navier is maintained, and

effects such as localized buckling of the web or flanges are not accounted for in this

description. The results of these analyses are summarized in Tables 5.6.10, 5.6.11 and

5.6.12.

Table 6.10 Buckling loads 4m HEB200 (including effect of shear)

Buckling load #1  Buckling load #2  Buckling load #3

Element [1000 kN] [1000 kN] [1000 kN]
Engesser 1.82096 14.84619 34.70646
Timoshenko

and Gere 1.82126 14.99967 36.57987

a

EBT + EICR 1.820824 14.81195 34.27144

RM +EICR 1.820959 14.85056 34.73227

LRC 1.821263 15.00417 36.60981

COPO; 1.821189 14.99910 36.57863

a. PO -effect included

Table 6.11 Buckling loads 2m HEB200 (including effect of shear)

Buckling load #1  Buckling load #2  Buckling load #3

Element [1000 kN] [1000 kN] [1000 kN]
Engesser 7.010700 45.06884 79.66722
Timoshenko

and Gere 7.027470 49.17256 105.3450

EBT + EICRa 7.006889 44.11650 74.62140

RM +EICR 7.010696 45.07894 79.70137

LRC 7.027465 49.18542 105.4179

COPO; 7.027190 49.17097 105.3421

a. P& -effect included
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Table 6.12 Buckling loads 1m HEB200 (including effect of shear)

Buckling load #1  Buckling load #2  Buckling load #3
Element [1000 kN] [1000 kN] [1000 kN]
Engesser 24.38506 91.77668 117.8273
Timoshenko
and Gere 25.04516 135.2354 259.1175
a
EBT + EICR 24.23339 84.24643 102.9547
RM +EICR 24.38506 91.78736 117.8907
259.2730

LRC 25.04515 135.2654 (-165.2604)

5 259.1113
COPO; 25.04426 135.2318 (-165.2595)

a. PO -effect included

In all analyses, the linear elements converged towards the solution of Engesser, while the
Cosserat rod theory elements all converged towards the solution of Timoshenko and Gere.
The RM element produces results that are equivalent to the solution of Engesser, while the
EBT element actually displayed a slightly softer behavior. This observation is also found
in Figure 6.11, where the lowest curve is that of the EBT element. This figure is a compi-
lation of results from buckling analyses of beam-columns with lengths ranging from 0.5 to

5 m in increments of 90 mm. The abscissa in the figure is the dimensionless slenderness

A= 2Lﬁ. (6.6)
[2

The only difference between the geometrically exact finite strain element and the linear

ratio

Reissner-Mindlin element is, in this case, the geometric stiffness matrix. For instance, the
initial (undeformed) material stiffness of the LRC element is identical to the stiffness
matrix of the RM element. Thus, the coalescence of the results from the linear Reissner-
Mindlin element and the solution of Engesser is a natural consequence of the lack of inter-
nal geometric stiffness. The geometric stiffness matrix derived in Section 3.6, however,
contains both internal geometric effects and rigid body terms. These elements are there-
fore able to account for shear deformations more accurately. For the very short beam-col-
umn, however, a peculiar result was observed; the third buckling load is tensile (reported

in parenthesis in Table 6.12). To rule out error in the derivation of the geometric stiffness,
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Figure 6.11 Buckling of cantilever column HEB200 L = 500...5000 mm (1% mode)

a nonlinear analysis using these elements was performed. The analysis revealed that the

predicted singularity is present, and the beam buckles in a purely shear deformation mode.
The forces at this stage is, however, unrealistically high, resulting in stresses of magnitude
in the order of the modulus of shear. Attempts of finding a good explanation of this effect

has not been pursued.

Case 2: Square 100x100
A E3

Square 100x100 (steel)

E[MPa]| v | A [mm?] | I, [mm*] K5

=
\ Y

210000 0.3 10000 8.333333e+6 1.1769

For a square cross sections of isotropic material, the effects of shear are marginal for rea-
sonably slender beams, but the same tendencies as in the previous case are observed: The
Cosserat rods replicate the solution of Timoshenko and Gere within numerical accuracy,

while the linear elements are close to the solution of Engesser.
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Figure 6.12 1% buckling mode of cantilever beam-column
with square cross-section (100100 mm) L = 500...5000 mm

Case 3: Glulam beam

i Es Rectangle 100x500 (glulam GL36c¢)
h E, E [MPa] | G [MPa] | A [mm?] | I, [mm?*] | x,
10062.5 632.5 50000 1.0417¢+9 1.2
b
1 B

In all previous cases, isotropic material behavior was used and the shear parameter K is a
good indicator for the effect of shear on the buckling load. For non-isotropic modulus of
shear, an equivalent k¥ value can be determined. Equating the shear stiffness of a given
cross section with isotropic material properties with that of a similar cross-section with the

actual non-isotropic stiffness, we get:

GA = _._ljg___‘{l_ K = ___?‘_O__K 6 7)
§ 2(1+V)Keq’ ¢ 2(1+v)G '
Assuming v is in the range 0 to 0.5, x, g is bounded by:
53=x,,=9.55 (6.8)

Thus it is reasonable to assume that the shear effect on rectangular timber beams is even

greater than the effect on the HEB200 steel cross section. This assumption is verified by

Verification of code 117



Part I

Figure 6.13, where the relative buckling load is plotted for beams of lengths varying from

0.6 mto 8 m.
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Figure 6.13 Buckling of cantilever glulam beam-column T30 hxb = 500x100 mm (1% mode)

From a practical point of view, the effect of shear does not seem critical for rectangular

cross sections. In Figure 6.14, the critical stresses from the buckling analyses are plotted,

as well as the characteristic allowable stresses in stability problems, f_ ;, according to

C

NS 3470-1, the Norwegian code of practice for timber structures. The allowable stresses

in NS 3470-1 are based on critical loads obtained without shear effects (Euler load). If val-

ues obtained with the solution of Engesser were used in stead, the allowable stresses, plot-

ted as £ 4, would be affected, but not much. For composite timber cross sections,

however, the effect may be more noticeable.
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Figure 6.14 Critical stress

6.6 Lateral torsional buckling

6.6.1 Preliminary comments

In order to investigate the effects of orthotropy in a subsequent chapter, plate buckling
analyses are carried out by FEMplate [4]. FEMplate uses high order thin plate bending
elements (T18/T21) in combination with the in-plane stresses obtained by a linear solution
of the membrane problem, using Linear Strain Triangles (LST). The stresses at corner
nodes are provided as input for the geometric stiffness in the subsequent eigenvalue analy-

sis.
(K,,—AKg)x =0 (6.9)

To verify the accuracy of the model, a series of analyses using linear elastic, isotropic
materials were performed. The results for a simply supported beam, prevented from rota-
tion about its own axis, and subjected to a constant bending moment about the strong axis
(My) are presented here. Assuming L« (no preceding deformation about strong axis),

the classical solution to the differential equation of the beam is (Timoshenko [39])1:

1. All closed form solutions reported here apply to warping free conditions only
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Figure 6.15 Simply supported beam subjected to constant bending moment

TT
My = 7 JGI, EL, (6.10)

Hence, the critical moment depends strongly on the torsional stiffness of the beam. In a
plate analysis, the stress/strain assumption in pure torsion is as shown in Figure 6.16a,

yielding when integrated the moment of twist. This coincide with the assumption made in

Figure 6.16 Stress distribution in torsionally loaded beam
a) as described by thin plate theory b) as obtained by solving the warping function

thin walled theory for cross sections [2]. It therefore seems reasonable to expect that Equa-
tion (6.10), with thin walled parameters, should yield the same result as a plate buckling
analysis. A more accurate stress distribution, shown in Figure 6.16b, is obtained by
CrossX [4] through a numerical solution of the warping function [2] as it occurs in St.
Venant-theory (subsequently denoted “massive theory”). The resulting torsional stiffness

obtained in these two cases will deviate as the width to height ratio increases. Based on
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Equation (6.10) it seems reasonable to expect that scaling the plate buckling results by a

I = /Gl’m (6.11)
" GI!

should yield comparative results. Superscripts t and m indicate parameters found by thin

modification factor

walled and massive theory, respectively. Alternatively, for the purpose of comparing val-
ues only, the torsional rigidity of the beam model should be based on thin walled theory.

This is a more general approach that does not rely on the simple form of Equation (6.10).
The values obtained, however, will not be accurate if the effect of the torsional stiffness is

significant.

6.6.2 Convergence and accuracy

Similarly to the case of flexural buckling, Eggen [10] performed lateral torsional buckling
analyses in order to illustrate the performance of his element. Using this example, we can
illustrate the difference between his element and the result of simply including the geo-
metric terms of the element described by McGuire [25]. This is analogous to the inclusion
of P effects in the case of flexural buckling. The problem at hand is the lateral torsional
buckling of a simply supported beam of height = 1 m, width =200 mm and length = 10 m.
The material properties are E = 6250 MPa and G =390 MPa, and the loading is as shown
in Figure 6.15.

Figure 6.17 tells a similar story to Figures 6.8 and 6.9, with the exception of the similari-
ties in the elements of Eggen and McGuire. In this case, the element developed by Eggen
is clearly the more accurate. Another difference is the improvement in performance of the
COSP element relative to the C! elements. Because the angle of twist is interpolated by
functions of the same order as the displacements, the accuracy of these elements is of the
same order for torsional buckling as for flexural buckling. The C! elements has linear

interpolants for the angle of twist, and the accuracy is degraded.
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Figure 6.17 Relative error compared to Equation (6.10)

6.6.3 Effect of boundary conditions

If bending deformation, about the strong axis, preceding buckling is accounted for, a fre-

quently quoted value for the critical moment is (Trahair [40]):

y /GI, ETL

T
v L NTEL/EL fT- GI/EI

(6.12)

When the beam was assumed to be undeformed up to the point of buckling, the boundary
conditions did not pose a problem. When deformations are accounted for, however, the
way boundary conditions are imposed is critical. When using the Euler angle parametriza-
tion, two fundamentally different ways of applying the load exists for this particular prob-
lem. The first alternative is to apply the load in such a way that all rotation axes remain
orthogonal (e.g. let the beam axis follow E,, and apply the moment as a moment in the
direction of E; (M, )). Alternatively, one can let two axes approach each other during
deformation (e.g. let the beam axis follow E; and apply the moment as a moment in the
direction of E, (My )). Similarly, the static boundary condition can either be imposed on a
moving or a fixed axis. The numerical tests indicate that the solutions can be grouped into
two categories depending on the value of some variable a and b, given by the following
rule: a is assigned a positive value when the axis remain orthogonal, b is positive for fixed

axis boundary conditions, a and/or b is negative otherwise. Investigation of the expres-
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sions in the stiffness matrix verifies that the product of @ and b can be used to categorize

the problem into the following two alternative descriptions:

e Alternative 1:

If a - b < 0, the active part of the geometric stiffness is locally transformed according to

Equation (3.45).
e Alternative 2:

If a - b >0, the transformation in Equation (3.45) leave the active rows and columns of

the stiffness matrix unchanged.

In Figure 6.18, the lateral torsional buckling moment versus width to height ratio is plotted
for the different boundary conditions, scaled to the value given by Equation (6.11). The

model used in these analyses is a 10.0 m long structural steel beam, with rectangular cross
section of height 1.0 m and varying width. The beam solutions are based on 100 elements,

while the FEMplate analysis is based on approximately 1300 shell elements. Each marker
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Figure 6.18 Lateral torsional buckling moment for simply supported beam

in the figure represents a value obtained from an analysis. To preserve clarity, the values

obtained for linearized buckling analysis with beam elements are not included as they are
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virtually coincident with the results obtained with the modified FEMplate model for all
elements (using very fine meshes). Naturally, the linearized buckling analyses are not able
to account for initial deformation, and the results are therefore comparable with Equation

(6.11).

The nonlinear solutions split into two different solution according to the previously men-

tioned categories:

e Alternative 1 closely follows the solution of Equation (6.12) with a relative difference
in the order of 104 %. In Figure 6.18, the result obtained for the Euler-Bernoulli ele-
ment are not included as they are practically indistinguishable from the results obtained
with COPO} . The line My _; , . is the value of the moment that bend the beam into a
semicircle. When the critical moment exceed this value, the beam does not buckle, but
rather the model becomes statically under determinate. This can bee seen by the ‘kink’
in the solution when using the boundary conditions of Alternative 1. To verify the cor-
rectness of the implementation, the Frobenius norm of both the symmetric and skew
symmetric matrices at the point of singularity was monitored at b’/h = 0.4. For the
Euler-Bernoulli element the norm of the symmetric matrix was
|5(K+XKT)|z = 5.87 - 10'4, while the skew symmetric norm was
IH(K-KT)|p = 8.58-1073.

For the COPO; element the norms were of similar magnitude.

e Alternative 2 leads to a far softer behavior, with a difference compared to Alternative 1
of approximately 15% for b/h = 0.3. It should be noted that this is exactly the same
solution that would be obtained if the rotations were parametrized with the pseudovec-
tor representation. Surprisingly, these results are quite similar to the linearized buckling
analyses. In the range where lateral torsional buckling is of practical interest, the linear-

ized buckling analyses yield only marginally stiffer values.
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6.7 Conclusions and recommendations for further work

The results presented for the Cosserat rod formulation in combination with the B-spline
interpolants are quite encouraging. Highly accurate and with fast convergence rates, these
elements have capabilities far beyond the requirements of typical civil engineering struc-
tures. For an individual element, the use of B-splines represents a kind of “pseudo-discret-
ization”, resulting in a C" two-field theory. It has been demonstrated that this may be less
prone to shear locking than a C? formulation with equal number of dof’s, while avoiding
unnatural “kinks” in the displaced shape, when full integration of the strain energy is used.
However, one of the most interesting aspects of this formulation, namely the use of an iso-
parametric formulation to model complex shapes and varying cross sectional parameters,
has not been pursued here. For problems where this is a necessary capability, it is believed
that this formulation may become competitive with respect to both accuracy and effi-
ciency, when compared to the use of many simple elements. Tests for efficiency have not
been performed, partly due to the fact that these elements have not been “optimally”
implemented with respect to efficiency. However, it is assumed that these elements are
somewhat more costly, compared to the EICR with linear elements, for two reasons: They
are based on a two-field theory, while the C! theory uses displacements only and this is in
fact quite accurate. The additional accuracy is therefore “redundant”, only adding to the
cost of the element. Also, the need for numerical integration of some rather costly expres-
sions will adversely contribute to the CPU cost. In order to get an accurate account, com-
parisons with other 0 elements (e.g. RM with EICR) should be performed. The most
significant drawback of the formulation, however, is the need for temporary storage of
rotations and curvatures at the integration points. Although it has been shown that this
may be replaced by a co-rotational measure of deformation, this comes with the added
costs of extracting the deformational measures and possible decrease in the rate of conver-

gence.

The capabilities of the EICR formulation with only internally linear elements are impres-
sive. The principal advantage of the formulation is the “once off” implementation of the

EICR framework. When this is done, a finite element program is easily extended to handle
nonlinearity using only linear and well proven elements. Furthermore, elements based on

small or moderate deformations, but nonlinear material models, can be used in geometri-
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cally nonlinear analyses without modification. When the method is “customized” for a
particular element geometry, the efficiency is also quite good. However, further improve-
ment is possible by assuming that only very small deformations are present. A significant
part of the computational cost of this formulation lies in the projection of the element stiff-
ness matrix. In many practical situations, with small deformations at the element level, lin-
ear elements are sufficiently accurate. A significant decrease in CPU-costs can therefore
be obtained by omitting this operation. This “optimized” version is even competitive com-
pared to the simple UL element of McGuire et al. [25], while avoiding the need for storing
the previously converged state. If high levels of accuracy are needed, though, internal non-
linearity must be accounted for if not very fine meshes are used. For most structural prob-
lems, where displacements and strains are small, this is particularly true in the prediction
and detection of instabilities. Consistently developed elements, akin to that developed by
Eggen in [10], are clearly the most stable and robust in this regard. A less computationally
expensive option, though, is to use simple geometric terms such as those of the element of
McGuire et al. in the stiffness matrix only. Although not shown here (except for the case
of the LRC element), this will have a negative effect on convergence properties in a non-
linear analysis. However, if this effect is significant, one may have to reconsider the mesh

size used, since internally linear elements may not be applicable for this mesh.

Cross sections in timber structures are often quite high, compared to the length, and the
low modulus of shear makes even rectangular cross sections prone to shear deformations.
However, the results show that shear is not of great importance in the evaluation of appli-
cability of elements for most practical cases'. In spite of this, the C I element developed by
Eggen should be extended to account for shear deformation. This is primarily due to the
computational costs already involved in establishing the stiffness matrix and force vector
of this element. The extension, by for instance a Timoshenko type shear assumption, is
believed to only marginally increase the computational costs, while giving the element a

higher degree of accuracy.

From a programming point of view, the EICR also have some additional positive aspects.

The method is well suited for object oriented programming. If the general formulation is

1. Composite timber cross sections, however, are in use, and shear deformation may be important for even
slender beams of this type.
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implemented, the only specialization needed to include more element geometries is the
implementation of a G-matrix . Optimization for a particular geometry can be imple-
mented at a later stage. Another useful property is that EICR can be used in combination

with new, frame invariant elements as a “debugging device”.

In this chapter, a number of elements have been compared in both nonlinear and linearized
buckling analyses. In the case of nonlinear analyses, all elements are reasonably accurate.
The poorest performance is that of the low order C? elements (in particular those with lin-
ear interpolation). A similar conclusion can be drawn from the linearized buckling analy-
ses. However, this can in both cases be remedied by a modest increase in the number of
elements. The best overall results are obtained with the high order Cosserat elements
(polynomial order of 3 and higher). The computational costs are, however, significantly
higher for these elements, compared to the 2-node elements. This is primarily due to the
increase in the bandwidth of the stiffness matrix. The principal advantage of the Cosserat
elements are that they are well balanced with respect to the most prevalent instability phe-
nomenon in beam type analyses: flexural- and lateral torsional buckling. Of the other ele-
ments, the consistent element due to Eggen is the better choice with respect to accuracy
compared to the simple EBT element with inconsistent geometric terms. In our view, the
latter represents a minimum of what is required for the prediction of singularities. Since
buckling may be local, using the EBT in conjunction with EICR only (no internal geomet-
ric terms), may require a very fine mesh for complex models. Provided individual mem-
bers in the model are discretized by a sufficient number of elements, this element may still
be used. In the examples that follow, which are concerned with problems having curved
members, where many elements are needed to represent the initial geometry, this is the

procedure adopted.

Finally, the use of rotational parametrizations in connection with boundary conditions
should be commented. The results of Section 6.6 present strong arguments for the use of
Euler angles when a single rotational degree of freedom at a node is constrained, and argu-

ments in Chapter 3 to the same effect are even stronger. Any incremental-iterative finite

1. Note that elements with different configurations of “visible” nodes (nodes with dofs that affect continuity
across elements) have different “geometrical properties” and must be handled independently.
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element program should therefore treat boundary conditions of this type as Euler angles or

another suitable parametrization.
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Chapter 7

Buckling of timber arches
|

Lateral buckling of beams is a problem that is well understood, and closed form solutions
to numerous loading conditions exist. This is, however, not the case for buckling of
arches, where analytical solutions focus primarily on arches in uniform compression. Not
only is closed form solutions unavailable, but current codes of practice offer little help in
assisting engineers in the treatment of stability of arches. The following section aims to
shed some light on the subject of buckling of timber arches through numerical analyses.
The results presented in this section are indicative (in a qualitative sense) of arch behavior.
In order to draw conclusions for practical design, more results, for different geometries,
loading and boundary conditions need to be considered. The results presented are there-
fore not immediately applicable to design, but hopefully able to spur the development of

design guidelines, and design software.

Compared to other structural materials, timber structures are special in two respects: The
material is highly orthotropic, and it is difficult to provide moment resisting joints and
supports. In order to study orthotropy, the shell model discussed in Section 6.6 is used,

while linear springs are used to simulate semi-rigid supports.

In all cases that follow, the loading condition is a negative vertical load, ¢, uniformly dis-
tributed per arch length (e.g. self weight). Note also that the bending stiffness £ is asso-
ciated with out-of-plane bending (which is not necessarily the weak axis). The in-plane

stiffness is denoted Ely.
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7.1 General behavior

Figure 7.1 Shell element configuration of glulam arch

We consider a typical glulam1 arch with a span of 40 m and a fairly deep rectangular cross
section with bx 7 =200x 1200 mm as shown in Figure 7.1. The first analyses apply to a 2-
hinge arch with no other out-of-plane support than that provided by the end supports. At
these points the arch is free to rotate about an axis normal to the plane of the arch, but it
cannot rotate about any axes in its own plane and displacements are prevented in all three
directions. The only loading is the self weight of the beam. Material properties are
assumed to be: E,= 14500 N/mm? (parallel to grain), £y, = 960 N/mm? (perpendicular to
grain), G = 830 N/mm? and ¢ = 1.06 kN/m (p =450 kg/m?). A series of plate buckling
analyses, similar to those reported in Section 6.6, are carried out for different radius of
curvature, parametrized by the ratio f/ L, ranging from 0 (straight beam) to 0.5 (semicir-
cle). A mesh as shown in Figure 7.1, with a total of 1344 triangular shell elements are

used; each rectangle represents the position of two triangular elements.

For a straight beam, the lateral torsional buckling load, reported by Timoshenko and Gere

[39], is given by:

9vo = %«/EIZGII (7.1)

where y is a scaling factor dependent on loading and boundary conditions. For uniformly
distributed load applied at the center line and for simply supported end conditions with lat-

eral constraints, the value y = 47.6 corresponds well with the finite element solution. In

1. Short for glue laminated timber.
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Figure 7.2, the buckling loads for both the shell and beam element analyses are plotted for
various values of // L. The results are scaled by the reference load ¢, = 3.959 ¢ . This is
the buckling load of the straight beam obtained with the shell elements, or equivalently

from Equation 7.1 when thin-walled cross section parameters are used. It should be noted

that the load is distributed along the arch length, and the total load will thus increase with

f
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Figure 7.2 Lateral buckling load for a glulam arch with bxA =200%1200 and L = 40m

Figure 7.2 illustrates a few key features of the problem. Firstly, the load carrying capacity
diminishes rapidly for the low f/ L ratios (0 <= f/L =< 0.01). In this range, the arch
behave like a beam in compression due to the large axial forces induced by the shallow
arch effect. In this range, the buckling analyses are somewhat suspect due to the underly-
ing assumption of linear behavior. As is commonly known, shallow three-hinge arches
normally display instabilities as a limit point connected with the snap-through phenome-
non, not as a bifurcation point. Past this limit point, the arch regain stability due to what is
sometimes referred to as a ‘hammock-effect’. While the two hinge arch does not, in gen-
eral, display a limit point, the stiffening effect due to the reversal of axial forces is present
(see Section 6.6). If the arch is made into a ‘negative’ arch before buckling takes place, the
predicted value may grossly underestimate the lateral buckling load. After this initial tran-

sitional phase, two noteworthy things start to happen: a) the axial forces become less dom-
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inant, and b) the distribution of both axial forces and bending moments change. Up until
/7L = 0.03, the drop in the axial force explains the change in the system. At this point,
the arch is in a state of near uniform compression. The moment distribution is almost iden-
tical to that of a simply supported beam with uniformly distributed load. This leads to an
increase in compressive stresses at the outer edge along the entire arch. With the decrease
in compressive forces, the buckling mode becomes a combination of lateral torsional
buckling and flexural buckling of the mid section. For /L = 0.03, the principal effect is
due to b) above. In Figure 7.3 the moment distribution for f/L = 0.2 is depicted. Note
that the moment is drawn on the side having tensile stresses. When f/ L increase, the
points where M, = 0 move towards the middle, and the compressive axial forces become
more localized at the ends. Subsequently, the buckling mode becomes combined lateral

torsional and flexural buckling.

Figure 7.3 Moment distribution of a two-hinge circular arch (f/ L = 0.2), subjected to self weight

7.2 Material properties

In the previous section, material properties akin to those of structural timber were used.
Clearly these material properties are far from isotropic. In fact timber is one of the most
severely orthotropic materials known to man'. Because of the one-dimensional discretiza-
tion used in the beam element analyses, this property is only captured through the modulus
of shear. By using shell elements, the additional effect of the cross grain modulus of elas-
ticity (Eg() can be monitored. To this purpose, the analyses of Section 7.1 is replicated

using three different values for Eq,. The results, presented in Figure 7.4, clearly indicate

1. Strictly speaking, the material assumption used in the shell analysis is actually that of plane isotropy. The
assumption of plane isotropy holds especially well for glulam members but is also applicable to structural
timber. On account of this and common practice, no distinction will be made between plane isotropy and
orthotropy.
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that the effect is marginal at best. If we consider the “optimal” A/L ratio (= 0.2), the buck-
ling load is about 6 times the weight of the beam, for the assumed material properties.
What is the effect of orthotropic material properties on the buckling load? If we set Egy=
E, the buckling load coefficient becomes 6.038, and if we set Eqy = E,/14500 = 1 N/mm?,
we find a buckling load coefficient of 6.006. The slight deviation between the results in
Figure 7.2, obtained using beam elements and shell elements, respectively, must therefore

be explained by other phenomenon.
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Figure 7.4 Effect of Eqg, on lateral buckling load, determined by shell elements

Another free parameter not present in isotropic materials is the modulus of shear. A sec-
ond series of analyses were performed, using three different values for G. Two of these are
strictly orthotropic (G = 850 MPa and G = 100 MPa) while one (G = 7250 MPa) can be
interpreted as isotropic with v = 0. The shell elements used do not account for transverse
shear (out-of-plane), and the results are assumed to be too stiff. This assumption is verified
by the graph in Figure 7.5, where the results are compared to those obtained with beam
elements. To exaggerate the problem, a fairly thick cross section is used (bx 2= 600x 1200

mm).

For “normal” timber values of G (850 MPa), the results are quite similar for beam and
shell analyses. The difference is slightly less than that observed for the straight beam. For
the extreme value of G = 100 MPa, the difference become significant and actually exceeds
the difference observed for the straight beam. The explanation for this is twofold; firstly,
the effect of transverse shear is no longer negligible, and secondly, the torsional rigidity

becomes more important. While the beam elements used are able to describe the effect of
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Figure 7.5 Effect of G on lateral buckling load (scaled to ¢, for G = 830 MPa)

transverse shear, the shell elements are not. However, using beam elements that does not
account for transverse shear, produce buckling loads that is only a few percent higher. This
indicates that the relationship between the buckling load and the torsional rigidity, G1,, is
not of the same form as for the lateral torsional buckling of beams. The dependence on GI;
also seems to vary with the ratio // L. When the torsional rigidity decreases, the arch tends
to twist, and the buckled shape starts to resemble that of /L = 0.5 in Figure 7.2. This is
shown in Figure 7.6, where the buckling modes for G = 830 MPa and G = 100 MPa are
depicted for f/L = 0.15. When examining Figure 7.5, this also explains the shift in the
‘optimal’ ratio of f/L. For G = 830 MPa, this ratio was approximately 0.2, while it is
approximately 0.13 for G = 100 MPa.

In structural timber, the value of E)/ G is approximately 16 for all strength classes. From a
practical point of view, the ratio £, / G can therefore be considered to be constant. Conse-
quently, the graph in Figure 7.5, depicting the buckling load for G = 830 MPa is indicative
of the behavior of this particular geometric configuration. It should be noted that £,/ G =

17.5 in this case, and the presented ratio g.,/q will therefore be a lower limit when using

timber commonly produced in Norway.
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a) G = 830 MPa b) G = 100 MPa
Figure 7.6 Shear modulus effect on buckling mode for f/ L = 0.15

For a complete picture of the effect of G, a solid model or a shell formulation that incorpo-
rates transverse shear should be used. Shear deformation of the cross section in its own
plane is, however, assumed to be of less importance and is therefore not investigated. The
presented results are therefore assumed to be adequate for the description of the problem.
The principal result is that the beam elements are able to represent the material orthotropy,
since the effect of £, is insignificant. Furthermore, the beam elements display softer (and

more appropriate) behavior than the shell elements, particularly for high b/ & ratios!.

7.3 Effect of geometry

7.3.1 Width to height ratio

In the previous section, it was seen that the modulus of shear, G has a noticeable effect on
the buckling load. The principal reason for this is the change in the ratio G/, / EL.. Another
way of changing GI,/ EL_, that has practical importance, is to vary the width to height

ratio. In Figure 7.7, results are presented for the arch configuration of Section 7.1, except
that widths are now ranging from 12 to 1800 mm (height to width = 1/100 to 1%%). In this
plot, each series is scaled to gy (for a straight beam) evaluated for each individual width.

This plot is actually quite similar to Figure 7.5, and the “optimal” ratio of // L decreases

1. This is not surprising as the shell formulation relies on a thin-plate assumption.
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slightly for decreasing values of GI,/ EI,. Also, the relative value of g, versus gy
increases for decreasing values of G/, / EI,. The principal difference, however, is the
decrease in actual buckling load in Figure 7.5. The buckling loads of Figure 7.7 increase,
both relative to the lateral torsional buckling load of the straight beam and in absolute
value, for decreasing ratios of G,/ EI,. The latter can be observed in Figure 7.8, where the
scaling factor g(b) is plotted against widths (b) ranging from 12 to 1200 mm. It should

be emphasized that these values are strictly theoretical for the larger values of b / 4.
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Figure 7.7 Lateral buckling load relative to lateral torsional buckling load for varying width of
arch cross section (beam elements)
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Figure 7.8 Lateral torsional buckling load for straight beam
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The results in Figure 7.7 (and Figure 7.8) indicate that timber arches may have a signifi-
cant potential for resisting lateral buckling, particularly for the massive cross sections
which are typical for bridge arches. This can be demonstrated through the buckling of an
arch of square cross section (4 xb = 800x800 mm). The arch spans L = 40 m with a radius
of 30 m (f=0.191L). Loading and the boundary conditions are those of Section 7.1. If we
consider both a 2- and a 3-hinge design, the three lowest buckling modes are presented in
Table 7.1. For lateral buckling, the three-hinge design does not significantly alter the
buckling load. For comparison, the second lateral buckling mode for the 3-hinge design
(which is the fourth eigenmode) has a buckling load of 545.3 kN/m. This is only about 3%
higher than the corresponding second lateral buckling load for the 2-hinge design.

Table 7.1 Buckling loads for a timber arch with £/ L =0.191 and Axb = 800x800 mm

Mode 1 [kN/m] Mode 2 [kN/m]  Mode 3 [kN/m]
2-hinge design | 234.1 (lateral) 323.1 (in-plane)  531.7 (lateral)
3-hinge design | 236.3 (lateral) 266.3 (in-plane)  319.1 (in-plane)

The two lowest lateral buckling modes are shown in Figure 7.9 for the 2-hinge design.

Eigenvalue # 1 =83.582 Eigenvalue #3 =189.9 Scale 1:13.781

Figure 7.9 Lateral buckling modes for 2-hinge timber arch
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The relationship between the lowest lateral buckling load versus the lowest in-plane buck-

ling load for the 2-hinge design is investigated further in Figure 7.10. Here, the lateral

buckling load is scaled by the lowest in-plane buckling load for different height to width

ratios. The model characteristics used in this series of analyses are 4= 1.0 m, £, = 10062.5

N/mm? and G = 632.5 N/mm?. Loading and boundary conditions are still the same as in

Section 7.1. The analyses are repeated for f/ L-ratios ranging from 0.1 to 0.4. In all graphs,

the thick line in the middle represents f/ L = 0.2. In Figure 7.11, similar results for the 3-

hinge design are presented. The difference in the plots are due to the combined effect of

higher lateral buckling load and (primarily) lower in-plane buckling load for the 3-hinge

compared to the 2-hinge design as shown in Figure 7.12.
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Figure 7.10 Lateral buckling load, relative to in-plane buckling (2-hinge)
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Figure 7.12 Buckling loads for 2-hinge design relative to 3-hinge design (L = 40 m)

Obviously, a cross section with low width to height ratio will be significantly softer in lat-
eral buckling than in in-plane buckling, primarily due to the difference in bending stiff-
ness. It should be noted that for the assumed boundary conditions the out-of-plane
buckling load equals the in-plane buckling load for a cross section with b in the range 4 to

1.35h, for all arch configurations. As seen in the figures, the span of the arch has some

affect the ratio g, 1,,/ 9., in-plane - This is further investigated in the next section.
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7.3.2 Effect of span length

Analyses in the previous section indicate that the lateral buckling load does not depend on
length in the same manner as the in-plane buckling load. We see similar pictures in Figure
7.13, in which the lateral buckling loads of Figure 7.10 are scaled by the lateral buckling
loads of a straight beam (g,,y) with the same b and 4. It should be noted that Figure 7.13
shows similar curves as Figure 7.7 (but for a more narrow range of // L), and we see that

Figure 7.7 is somewhat dependent on L (notably at the low end of the range).

L = 80 m

b o f/L e 0.4 b 02 f/L E 0.4 b 52 f/L i 0.4
Figure 7.13 Lateral buckling load for varying f/L ratios

Figure 7.13 clearly indicate that g, / g, for arches with high G/, / EI, ratios are less sensi-
tive to span length than those with low G/, / EI_ ratios. For lateral torsional buckling of
beams with uniformly distributed load, the critical load is a simple expression that is pro-
portional with the cube of the length. A similar relation is given by Timoshenko and Gere

[39] for an arch in uniform compression (simply supported laterally):

_EL (72 — a2)?
o = Ry @2[m? + «2(EL/ GI,)]

(7.2)

where a is the opening angle of the arch (L = 2R sin( o/ 2 )). For buckling of arches with
more general loading, the relation is not of this type, at least not for small values of L / 4.

Figure 7.14 is a compilation of 500 buckling analyses for varying lengths and 5 different
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cross sections. In all cases, the ratio f/ L =0.15 and the material properties are

Ey=10062.5 MPa and G = 632.5 MPa.

Practical range
é >

,,,,,,,, Ne b 200 % 1000 | ]
| | i | = 100 x 500
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o] I L o] - —! decrease . 200 x 500 | |
1 | EI 1 —— 700 x 1000

18 R A R P i

16 i i i i i i i
0 5 10 15 20 25 30 35 40

L/ h
Figure 7.14 Lateral buckling load for f/L = 0.15

In the practical range, the ratio G/,/ EI_ has a moderate effect on the buckling load for the
cross sections considered. Not surprisingly, the buckling of slender arches is primarily
governed by the out of plane bending stiffness £/_, while the torsional rigidity is the more
limiting factor for massive arches. For comparison, the arch in Section 7.3 with » =250
mm and f/ L = 0.152, the ratio (g L3)/ El_ is32.73 and L / h is 33.33, which fits neatly
in between the results for b xh = 100x500 and b xh = 200x500. This suggests that buck-
ling of arches may be safely approximated by the use of 2D models if a reduction factor
for EI_ similar to Equation (7.2), depending on both f// L and G,/ EI_, is introduced.
However, as shown in Table 7.2 this is not the case for massive arches, where the curved

part of Figure 7.14 will extend well into the practical range.

Table 7.2 The ratio qcrL3 | EI, for different arches with f/ L = 0.15

bxh [mm] Lih=20 L/h=3333 L/h=66.67 L/h=100
250x1200 32.59 32.73 32.79 32.80
1800%1200 22.30 25.55 27.25 27.59

In all cases presented here, the ratio GI,/ E1 is strictly a function of the cross section
width. If the cross section is not of rectangular shape and for mechanically joined cross
sections with only partial bonding, significantly lower values of G/,/ EI_ are to be

expected.
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7.4 Effect of boundary conditions

In the previous analyses, the arch was assumed to be fully restrained with respect to out-
of-plane rotations. For timber structures, this is difficult to achieve. On this note, the fol-

lowing section is dedicated to the study of boundary conditions.

The first case study is a fairly massive arch of dimensions L =40 m, bxA4 = 700x1000 and
f/L=0.15. The arch is analyzed for three different boundary conditions for the rotational
dof s in the arch plane (0, and 0,):

a) Both dof’s are supported by linear rotational springs
b) 6, is fixed and 0, is supported by a linear rotational spring

c) 0, is fixed and 0, is supported by a linear rotational spring.

In Figure 7.15 the buckling load, scaled to the buckling load obtained with both 0, and 0,
fixed, is plotted versus the spring stiffnesses kg. The graph on the right is the same as the
first part of the one on the left (the scale of kg is reduced by a factor of 10).

1 gy 1
e .
M/@d’_f*
0.8 0.8 g
//
[ //—""
. g ) P
o
O —— 6, & 6_ spring supported
X 4
S O'4t —— 0_fixed, 6_ spring supported 04
(o X Z )
g e eZ fixed, BX spring supported
0.2 0.2
0 O

kg [kKN-m/rad]

kg [KN-m/rad]

Figure 7.15 g, vs. spring stiffness (global supports) (f/ L = 0.15)

As expected, all curves approach asymptotically the buckling value obtained for fixed 0,

and 0, at the ends (g fixeq)- 1 0, is free (unconstrained) and 6, is supported by a rota-

tional spring, a similar asymptotic convergence is observed. The converged value is the

same as the starting value of 0.202-q,; fycq Obtained for case b. In order to relate the value
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of the spring stiffness to a physical quantity of the arch, it may be mentioned that the bend-
ing stiffness about weak axis is EI/Im = 2.88x10° kN-m/rad.

The results of Figure 7.15 apply to boundary conditions enforced in global axes. In many
applications it is more appropriate to use boundary conditions in a radial-tangential coor-
dinate frame (¢, y, r). For the configuration considered ( f/ L = 0.15), the tangent to the
curve at the end points intersect the horizontal line at an angle of £33.40°. The graphs in
Figure 7.16 shows the results using springs oriented along these axes. In addition to the
three sets of boundary conditions described previously, the arch is also analyzed when two

of the rotational dof s are completely free.
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Figure 7.16 ¢.,/qy fixea VS- SPring stiffness (local supports)

The most notable feature of Figure 7.16 is the effect of restraining 0,. With 6, = 0 and 6,
completely free, the buckling load is in fact 93.6% of g, fixeq- A similar plate buckling
analysis with FEMplate (using 6400 triangular elements) yielded 98.4% of g, fixeg» @ dif-
ference of approximately 5%. Again, this deviation is explained by the difference in tor-
sional rigidity in the two models and not by effects due to orthotropy. This claim is
substantiated by the effect of restraining the arch from twisting at the end points. The crit-
ical load obtained with the beam model was 11.4% of g fixeq When 6, is free and 8, is
fixed. In comparison, the result obtained with FEMplate was 14.0% of g, fxcq @ relative

difference of approximately 20%.
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For arches with slender cross sections (small b / 4 ratios), restraining the radial rotation at
the ends will not be sufficient, and other methods of stiffening the structure is required. In
the following, a short study of the effects of supporting the arch with lateral springs (emu-
lating transverse bracing) is presented. For this purpose, an arch of length 40 m and b xh =
200%1200 mm is chosen, the radius of the arch is R = 30 m leading to a near optimal ratio
of f/L = 0,191. The material properties are £, = 14500 N/mm?, Egp=960 N/mm’, G =
830 N/mm? and v = 0.37, and the load density is y = 4.4 kN/m?>. We first use a single lat-
eral spring, positioned at mid span at three different heights; at the upper edge, at mid
height and at the lower edge. The results from these analyses are summarized in Figure

7.17 for varying spring stiffness. All configurations result in a bilinear curve for the buck-

14,50 T
13,50 s =

/‘
12,50
11,50 -~

10,50
A 9,50 s

8,50 /// :25::23 _l(?s;ter
7,50 / Sori
—— Spring Bottom

6,50 Vg

.
5,50
4,50

0 10 40 50

20 30
Spring stiffness [kKN/mm]

Figure 7.17 Buckling load coefficient with lateral spring at mid span

ling factor. The buckling loads increase linearly until the arch is forced into mode 2, which
has a buckling load coefficient of 13.77. This compares to the buckling load coefficient of
5.91 for mode 1. Beyond this point, the spring acts as a rigid support and no further
increase in buckling load is observed. This is attained for spring stiffnesses of 25.35, 28.35
and 33.45 kN/mm, respectively. When the spring is positioned at the bottom fibers, the
stiffness required to force the arch into the second buckling mode is about 30% higher
than for a spring placed at the top fibers. For an indication of the physical interpretation of

the spring stiffness, consider a 5 m long transversal bracing member with a cross section
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of 98x98 mm. This member has an axial stiffness of about 23kN/mm

(for Ey = 12000 N/mm?).

The simple bilinear relationship of Figure 7.17 is not to be expected for other spring con-
figurations. To illustrate this point, two different configurations of three linear lateral
springs, positioned at the cross section centroid, are investigated. In the first case, the
springs are placed at the inflection points of the 4th buckling mode, while in the second
case, the springs are placed at the quarter points along the length of the arch. The rationale
behind this positioning is illustrated in Figure 7.18. Since the inflection points of mode 3
are so closely spaced, the effect of reinforcing them with springs, would only marginally

differ from using a single spring at mid span. The results from these analyses are shown in

7

/ Rigid Y4-points

Figure 7.18 Various buckling modes for slender arch

Figure 7.19, and clearly a more complex picture is now drawn. Although both configura-
tions results in an increase in the buckling load, very stiff springs are required to produce

the buckling modes corresponding to laterally fixed conditions.

In summing up, we see that even moderately stiff lateral bracing will increase the buckling

load considerably, regardless of where the bracing is applied over the cross section depth.
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Figure 7.19 Buckling load coefficient for various lateral spring configurations
For the loading considered here, the bracing is clearly more effective when applied at the
top fibers, but for practical purposes there is not much in it. The results (Figure 7.19) also
suggest that the bracing is more effective if concentrated at the upper part of the arch,

rather than distributed evenly along the arch.

7.5 Concluding remarks

The analyses of this chapter are limited with respect to both geometry and particularly
loading, and conclusive statements cannot therefore be made. However, the results suggest

the following tentative statements:

1) The computational model of timber arches need not consider the highly orthotropic
nature of structural timber. The modulus of shear (G) is, however, an important param-

eter.

2) The ‘optimal’ height to span ratio (f/ L) for 2- and 3-hinge arches, with respect to side-

ways stability, seems to be about 0.2.
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3) Massive arches (with cross sections of nearly square shape) have a surprisingly good
sideway stability, providing rotation about axes in the plane of the arch can be pre-
vented at the supports.

Denoting the tangential and radial axes in the plane of the arch at the end supports with

t and r, respectively, it is particularly important to control the rotation about the r axis.

4) For slender arches (with cross sections having low b / & ratio), transverse bracing will
improve sideway stability dramatically. Even a moderately stiff, single bracing at the
top of the arch will have a significant effect, regardless of where it is applied over the
depth. If bracing is applied at several points along the arch, a concentration at the upper

part of the arch improves their effectiveness.
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Chapter 8

Design of real-world structures
|

At the outset of this study, the ambition was to provide some useful insight into the use of
advanced, state-of-the-art, nonlinear 3D analysis as a basis for practical design of

advanced timber structures. For reasons explained in the introduction, this ambition had to
yield to other issues. Nevertheless, we include two case studies which indicate some of the

challenges in practical design. Both examples are concerned with timber bridges.

8.1 Key features of a typical code based design

In order to set the scene, we first present a very brief description of a typical code based
design in the ultimate limit state. Our example is the latest version of Eurocode 5 [12],
which qualify as a “state-of-the-art” code of practice in this area. The description is not
intended to be “in-depth”, but rather to introduce some key features as well as indicate

some problem areas.

The code suggests a design procedure in which the structural response to the ultimate load
is determined by a linear (1% order) analysis. In order to account for nonlinear (2nd order)
effects, the linear response is “corrected” by various (k-) factors. As an example, consider
design of a beam-column (combined bending and compression) by Eurocode 5 [12]. This
is acheived by the satisfaction of the following two requirements (stated in Section 6.3.2

of the code):

O O (o) d
C,O,d + msYad + km m,z, < 1 (73)
kc,y fc,o,d /i m,y,d m,z,d

O, O, O,
0907d + k maYad + m,z,d < 1

(7.4)
m
kc,z fc,O,d fm,y,d fm,z,d
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o denotes computed (1% order) stresses and f denotes corresponding material strength.
Indices ¢ and m denote compression and bending, respectively, 0 indicates the grain direc-
tion and d designate design stresses/strengths (as opposed to characteristic quantities). The
k, factor is of little consern for this current discussion (it has to do with the statistical dis-
tribution of material defects). The factors of interest for our discussion are k., and & ,,
both of which depend in some rather obscure way on slenderness ratios (which in turn
depend on buckling lengths), geometrical imperfections (shape errors), and to some
(minor) extent on material properties. k y and & , account for all nonlinear effects. For
simple structural members they can be determined in a fairly straightforward manner, but

for more complex structures they represents a real hazzle that most design engineers

would like to get rid of.

Another example is beams subjected to either bending or combined bending and compres-
sion. Here Eurocode 5 (in Section 6.3.3) states that two requirements need to be met, one
of which applies to beams subjected to bending (about the strong axis) only:

Gm,d = kcrit m,d (7.5)

and the other to a beam subjected to both bending (about the strong axis) and axial com-

pression:

2

O
C,d < 1

O
( m.d ) < (8.1)
kcrit m,d kc,xfc,O,d

In these two requirements, k. is a factor which takes into account the reduced bending
strength (fy,, 4) due to lateral buckling. Although the code does provide some guidelines for
its determination, k. is a difficult quantity at the best of times, and very often it is quite
unlikely that independent efforts would end up with the same values for a given (slightly
complex) case. As a result one is often forced to make conservative assumptions. It should
also be mentioned that all four requirements quoted do imbed some fairly crude (stress

based) failure criteria.

In the above design requirements all nonlinear effects are disregarded in the static analysis
of the structural assembly, and then accounted for, in an approximate manner, in the

strength verification of the individual members. While Eurocode 5 does not encourage

2nd

nonlinear analysis (or 2" order analysis which is the term used by the code) as basis for
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design, it does not exclude it. However, if used it must include the effects of “induced
deflection” (geometrical imperfections or shape errors). In order to take fully advantage of
the potential capabilities of current nonlinear finite element analysis tools, procedures
must be developed to automatically or semi-automatically include these effects, and thus
making the rather cumbersome k-factors superfluous. For simple struts and beams, this is
easily solved by superimposing for instance the lowest buckling mode as the initial shape
imperfection, scaled to within a specified tolerance. The gometrically modified problem is
then solved by nonlinear static analysis. In the case of plane frames and arches, guidelines
are given in Section 5.4.4 of the code along with an example of assumed initial deviations
in geometry for two simple cases reproduced in Figure 8.1. Since the most difficult (and
often critical) issues related to structural instabilities are associated with out-of-plane
buckling (e.g. lateral torsional buckling), 3D models are essential. Hence, Figure 8.1
needs to be extended to three dimensions. Currently, the following four options are readily

available for implementation.

1. Direct modeling of imperfections for individual members (and/or full assembly).
2. Imperfections based on deformed shape, obtained by applying a perturbation load.
3. Imperfections based on one or more buckling modes.

4. Combination of 1, 2 and 3.

All of these methods rely on some user input and sound engineering judgement to assure
reasonable estimates. The finite element program developed in connection with this work
accomodates the first three methods. Due to the time constraints, testing has not been
extensive and cannot support strong conclusions. However, the case study in the next sec-
tion is hopefully able to illustrate some of the issues that need to be addressed in more

detail.
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0,0025 h
0,0025¢,

<)

Figure 5.3 — Examples of assumed initial deviations in the geometry for a frame (a),
corresponding to a symmetrical load (b) and non-symmetrical load (c)

Figure 8.1 Reprint of Figure 5.3 of Eurocode 5 EN 1995-1-1:2004 (E)
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8.2 Mechanically joined network arch bridge

The design of timber structures has traditionally been based on plane models, which is
also reflected in many of the guidelines in the current European codes of practice. These
plane models require that the load carrying capacity of a structure can be adequately repre-
sented in isolated planes. This will inevitably introduce assumptions which, based on
engineering judgement,and in view of the uncertainties should result in conservative esti-
mates with respect to capacity. In many cases the degree of conservativeness is difficult to
judge. Although 3D models will eliminate many of these assumptions, other modelling
challenges arise. Particularly for beam type analyses, some of these challenges, which are
by no means trivial, require good graphical representation for visual control. Some of the
modeling challenges that arise when using a versatile 3D analysis tool in the design of
timber structures are illustrated by the two case studies presented in this and the following

section.

pedestrian/bicycle lane

D %

. =—hanger @50.mm " /" TN

| 11.7m

Figure 8.2 Network arch bridge (plane view)

Figure 8.2 shows a plane view of a network arch bridge for which a feasibility study has
been carried out. Analyses performed by Bell et. al. with plane models in [5], indicated
that if the overall stability of the system can be demonstrated, the design may be a viable
one. The bridge adopts the deck solution used at the newly built timber bridge at Tynset
[3] (which has two truss arches and vertical hangers). A 7 m wide stress laminated timber
deck with asphalt constitute the two road traffic lanes. The bridge also has a 3 m wide
pedestrian/bicycle lane. The deck rests on steel cross beams which are here spaced at an
equal distance of 5 m (slightly shorter than at Tynset). Each cross beam is supported by
two inclined steel hangers at each end. The two parallel arches are modified 2-hinge

arches, each made up of four 220x800 mm glulam arches mechanically joined at five
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points, A, B, C, D and E, in such a way that the two inner arches are joined at A, C and E,
while the two outer arches are joined at B and D. The longest part of an arch is thus about
30 m, and its total height is under 3 m. Production and transportation should therefore not
present any problems. Between the individual arches are placed 8 mm steel plates, on to
which the hangers are fastened. The steel plates are fastened to the glulam arches by a sys-
tem of bolts and shear plates (see Figure 8.4)..Figure 8.3 shows a 3D model of the entire
bridge. It contains about 3500 beam elements and 60 bar elements, and a total of about
20000 degrees of freedom. With reference to Figure 8.2 each arch in Figure 8.3 is mod-
elled as four individual arches next to each other. All 4 “sub-arches” (lamellas) are forced
to have the same displacements (including rotations) at every point where a hanger is fas-
tened to the arch. Between these points, however, they are completely unconnected. At
points A, B, C, D and E the two joined sub-arches are connected by “hinges” that cannot
transmit moments about any axes. The hanger force is assumed to be equally distributed
between the 4 sub-arches. The hangers can only take tension. Hence, a hanger that for a
given load condition, will be in compression, is removed from the model. Each cross beam
is modelled with its appropriate stiffness, and the deck is modelled by four longitudinal
(timber) beams, rigidly connected to the cross beams. Two of the longitudinal beams, each
with a fictitious cross section of 1000x250 mm, are placed in connection with the fasten-
ing of the hangers to the cross beams, and the other two beams, with cross section
2000%250 mm, are placed such as to be in the correct position for traffic loading in each
lane, assuming the loads to be as far over to the most loaded arch as possible. Each of the
4 longitudinal beams is rigidly connected to all cross beams. The deck model is clearly an
approximate one, but it is believed to represent the deck stiffness with adequate accuracy,
particularly with respect to the load distribution. Details of the load distribution and mate-

rial properties are presented in Appendix L.

The horizontal thrust from the arches are taken by the end supports, at which the only
degree of freedom that is not fully constrained is the rotation about an axis normal to the
arch plane, which is unconstrained. This is perhaps optimistic, particularly for the two in-
plane rotations. Two load conditions are considered: The dead or self load of the entire
system, and the self load in combination with traffic load, both distributed and concen-
trated, at the middle of the bridge (see Figure 8.5). The same traffic load is placed in both

lanes.
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Figure 8.3 Network arch bridge (3D model)
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Figure 8.5 Applied traffic- and deck dead loads

In the plane model, the joints at A, B, C, D and E were modeled as hinges, reinforced with
rotational springs. The arch (one side) is modeled as a single arch with a rectangular, mas-

sive 880x800 mm cross section.

Nonlinear static analyses are carried out for both models and results for bending moments
and axial forces are compared in Figures 8.6 and 8.7, for the most loaded arch. The rota-
tional spring stiftnesses for the 2D model is set to kg = 50000 kNm/rad at all hinges. Keep-
ing in mind that the results in the 3D case apply to individual lamellas, whereas the 2D
results apply to the total cross section (all four lamellas combined), the results are quite
similar. The difference is, however, large enough to indicate that the 3D model capture
effects not present in the 2D model. This may be due to the difference in the modeling of
the hinges, but possible redistribution of load from the least loaded bridge arch cannot be

excluded as a source of the deviation.
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Figure 8.6 Arch-plane bending moment (M,) distribution for self weight and traffic load for 2D
and 3D model (not drawn to scale)
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Figure 8.7 Axial force distribution for self weight and traffic load for 2D and 3D model
(not drawn to scale)
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Linearized buckling analyses are carried out for two load combinations. For self load only,
a buckling coefficient of 19.24 is found for the lowest in-plane buckling mode (No. 14)
shown in Figure 8.8 for the 3D model. This corresponds quite well with the buckling fac-
tor of 20.10 found for the plane model in [5]. The lowest (lateral) buckling mode of the 3D
model has a buckling factor of 7.83!. For combined dead load and traffic load we find a
buckling factor (corresponding to the total loading) of 4.28? for the buckling mode shown
in Figure 8.9. This is somewhat higher than the 3.21 predicted by the 2D model with
spring reinforced hinges at the joints (kg = 50000 kNm/rad). Since the 3D model exhibits a
mode of buckling with both in-plane and out-of-plane components, it would be reasonable
to expect a lower buckling load than that predicted by the 2D model, which is forced to in-
plane buckling only. We will return to this discrepancy shortly, but first we mention that if
we perform a linearized buckling analysis in which the geometric stiffness due to self load
is included in the material stiffness and the geometric stiffness matrix in the eigenproblem
only accounts for the stiffness resulting from the axial forces caused by traffic alone, we
find (for the 3D model) that we need to multiply the traffic load by 8.15 in order for the

system to buckle.

Eigenvalue # 14 = 19.2369 Scale 1:37.4043

Figure 8.8 In-plane buckling mode of network arch, dead load only (2D model 18.66)

1. This prediction compares well with a nonlinear analysis, yielding a buckling load factor of 7.67.

2. The buckling load factor predicted by a nonlinear analysis is 3.95. The difference is primarily because
additional hangers in compression are detected in the nonlinear analysis, compared to what is predicted in
the linearized buckling analysis.
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Eigenvalue # 1 =4.28534 Scale 1:37.9661

Figure 8.9 In-plane buckling mode of network arch, dead load and traffic (2D model: 2.49)

We modify the model in Figure 8.3 by replacing the mechanically joined arches by two

identical, fictitious glulam arches made of a massive 880x800 mm cross section, that is
two continuous and perfect 2-hinge arches. For this model the lowest buckling coefficient
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i e — -
,‘}" =
it
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hi 18
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Buckling load factor: 7.83 Buckling load factor: 20.16
Figure 8.10 Lowest buckling mode for mechanically joined and massive arches, dead load only

for the bridge, subjected to self load only, is 20.16, and when subjected to combined self

load and traffic the coefficient is 4.92. These numbers compare to 7.83 and 4.28, respec-

tively, for the case of joined arches. Figure 8.10 compares the lowest buckling modes for
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the two different arch designs, when the bridge is subjected to self load only. It seems clear
that much of the difference in buckling load is due to the inability of the mechanically
joined arches to transmit shear between the sub-arches except at discrete points. The rela-
tively moderate difference between the two models, for self load plus traffic (4.28 com-
pared to 4.92), seems to indicate that the 2D model in [5] may have a conservative
estimate of the stiffness (kqy) assumed for the rotational springs that reinforce the joint
hinges. On the other hand it may be optimistic to assume that the four “sub-arches”, in
Figure 8.3, are completely and rigidly joined at each point of hanger fastening. Some
movement in these joints is inevitable, the question is how much this will influence the
results. This problem should be looked into more closely, by relaxing some of the con-
straints in the present model for joined arches. However, the analyses presented in this
section seem to indicate that the suggested network arch design for an 80 m span bridge
has sufficient stability properties. However, other problems need to be looked into more

carefully before the design can be given a clean bill of health.

Finally, the use of buckling modes as a basis for shape imperfection is investigated briefly.
A slightly different design, proposed by Gjessing [15], is now used. The principal differ-

ences, compared to the previously described network arch bridge, are the dimensions and
the angle of the inclined hangers. A plane view of the bridge and loading in the arch-plane
is shown in Figure 8.11. In addition to these vertical loads, both arches are subjected to an

evenly distributed horizontal wind load of 0.63 kN/m.

16,95 kM/m

13,2 kMN/m

Figure 8.11 In-plane loads
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The lowest buckling mode for this configuration, with the associated buckling load factor

of 3.19, is depicted in Figure 8.12. The shape of this buckling mode differs significantly

Figure 8.12 Lowest buckling mode for loading of Figure 8.11 plus wind load
(buckling load factor 3.19)

from what a traditional (and simplified) plane model will predict, see Figure 8.13. The rea-

NN R NV N

N

R N N N N N N N N

Figure 8.13 Typical buckling mode for 2D model

son for this is twofold: Firstly, in the 3D case the vertical hangers contribute lateral stiff-
ness from the tensile axial forces. Secondly, all effects of bending about the strong lamella

axes and torsional rigidity are absent in the 2D model.

Eurocode 5 suggests a sinusoidal shape imperfection, superimposed on the undeformed
configuration, as the basis for a nonlinear static analysis. Even though a similar effect is
obtained by the displacements due to the wind load, the effect of an additional shape

imperfection is investigated. The forces and moments at point F in Figures 8.11 and 8.12
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are monitored for each of the four lamellas 1 to 4, where 1 is the outer and 4 is the inner

lamella. In the case of no shape imperfection, the largest bending moment M, (about a

radial axis) occur at this point. In this study, four different ‘horizontal’ shape imperfec-

tions are used:

e Sinusoidal shape imperfection, with amplitudes of 100 and 50 mm, respectively, at mid
span

e Shape imperfection based on buckling mode 1, with an amplitude of 50 and 25 mm,
respectively

The local character of the buckling mode is why a smaller amplitude is used, since toler-

ance limits are stricter for shorter spans. In addition to these, a skew symmetric sinusoidal

shape imperfection with an amplitude of 50 mm was also considered. This resulted, how-

ever, in lower forces and moments than what was obtained with no shape imperfection.

The results from this analysis are therefore not included. The results from the other analy-

ses are presented in Tables 6.3 to 6.9.

Table 8.1 Axial force (N)

Assumed imperfection lamella 1 lamella 2 lamella 3 lamella 4
None -1158.43 -1163.70 -1195.55 -1257.01
Sin (100) -1162.00 -1166.45 -1197.57 -1258.32
Sin (50) -1160.22 -1165.07 -1196.56 -1257.66
Mode 1 (50) -1218.73 -1181.43 -1172.90 -1192.36
Mode 1 (25) -1188.48 -1173.04 -1185.22 -1226.17
Table 8.2 Radial shear force (Vy)
Assumed imperfection lamella 1 lamella 2 lamella 3 lamella 4
None 6.6413 6.0466 5.9875 6.4592
Sin (100) 6.9856 6.3578 6.2958 6.7946
Sin (50) 6.8136 6.2023 6.1417 6.6269
Mode 1 (50) 12.6609 10.8821 10.9824 12.9715
Mode 1 (25) 9.9794 8.6096 8.4614 9.5246
Table 8.3 Horizontal shear force (V,)
Assumed imperfection lamella 1 lamella 2 lamella 3 lamella 4
None -46.732 -46.095 -46.543 -48.118
Sin (100) -47.129 -46.351 -46.668 -48.111
Sin (50) -46.929 -46.222 -46.604
Mode 1 (50) -55.862 -48.175 -41.873 -36.352
Mode 1 (25) -51.613 -47.523 -44.675 -42.797
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Table 8.4 Torsional moment (M,)

Assumed imperfection lamella 1 lamella 2 lamella 3 lamella 4
None 0.2392 0.2274 -0.2262 -0.2355
Sin (100) 0.2410 0.2291 -0.2274 -0.2360
Sin (50) 0.2401 0.2282 -0.2268 -0.2358
Mode 1 (50) 1.1767 0.9767 -0.7895 -0.6019
Mode 1 (25) 0.6657 0.6015 -0.5485 -0.5029
Table 8.5 Horizontal moment (My)

Assumed imperfection lamella 1 lamella 2 lamella 3 lamella 4
None 103.53 100.63 -100.14 -102.03
Sin (100) 103.96 100.79 -100.05 -101.67
Sin (50) 103.74 100.71 -100.10 -101.85
Mode 1 (50) 123.53 106.64 -92.83 -80.79
Mode 1 (25) 113.48 103.74 -96.75 -91.83
Table 8.6 Radial moment (M,)

Assumed imperfection lamella 1 lamella 2 lamella 3 lamella 4
None 18.592 17.287 17.260 18.507
Sin (100) 19.595 18.218 18.189 19.505
Sin (50) 19.093 17.753 17.724 19.006
Mode 1 (50) 65.774 60.976 60.999 65.844
Mode 1 (25) 42.515 39.377 39.308 42.301

The most noticeable result from these analyses, is the increase in bending moment M, due

to a shape imperfection based on the first buckling mode. Even the smaller amplitude of

25 mm still produce bending moment more than twice that of the 100 mm sinusoidal

shape imperfection. The question remains as to wether this is a reasonable amplitude.

However, comparing the results to a plane model, with a shape imperfection based on Fig-

ure 8.13 with an amplitude of 25 mm results in a bending moment M, more than 150%

that of Mode 1 (25). This is primarily due to the stabilizing effects of the vertical hangers,

reducing the need for the arches to transmit vertical moments.

While not in any way conclusive, these results indicate the importance of geometrical

imperfections in nonlinear analyses. In order to be a viable tool for design engineers, non-

linear static analyses must include these imperfections, and the tools need to do so in a

semi-automatic, but user controlled manner. The lowest buckling modes present them-

selves as obvious candidates for the definition of the shape of the imperfections. They are
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also easily implemented. However, the user should also have other options at his or her
disposal, such as (sinusoidal) imperfections for individual compression members, and
probably also deformations due to prescribed loads. It should also be mentioned that for
more complex structures, linearized buckling analyses, as such, may provide useful infor-
mation for the determination of the code defined correction (or &-) factors. However, the
ultimate goal must be to make these factors superfluous,through nonlinear 3D analysis of

the structural system, including viable geometrical imperfections.

The network arch bridge example also highlights a major problem with timber structures,
which is independent of 2D/3D and linear/nonlinear, namely the modelling of the joints/

supports, which invariably are semi-rigid.
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8.3 Lardal pedestrian bridge

e S A i

Figure 8.14 Lardal pedestrian bridge

The next case concerns the dynamic behavior of a footbridge, erected in Lardal, Norway
in 2001 (see Figure 8.14). Being a “small-scale” and low budget project, the study of the
dynamic behavior of the bridge prior to construction was limited. In preliminary analyses
of the eigenfrequencies, using a level of detailing appropriate to the scale of the project,
the lowest eigenfrequency, corresponding to an in-plane mode, was found to be quite close
to 1.3 Hz. In a resent study, in connection with the resonance problems of the Millennium
Bridge in London, a threshold value of 1.3 Hz was recommended. Lower values for the
eigenfrequencies were considered unsafe, while 1.3 Hz and higher were considered safe.
However, soon after completion of the Lardal bridge, unacceptable dynamic response due

to pedestrian loads, similar to the Millennium Bridge, was observed.

In a Ph.D. project, carried out in parallel with this one, a detailed study of both the dynam-
ics of pedestrian loads and structural response, as well as full scale measurements on the
bridge, has been performed by Ronnquist [34]. In connection with the measurements, a
more detailed model than the pre-construction model was established and analyzed, using
the commercial software package ANSYS™, Although more plausible results than the
preliminary ones were obtained, a significant deviation was still observed between calcu-
lated and measured results. This was particularly evident in that the eigenmodes did not
match the measured modes when ordered with respect to increasing eigenfrequencies.
Furthermore, the measurements revealed serious horizontal vibrations imposed by pedes-
trians crossing the bridge. In this mode, the bridge deck moved laterally, with the trusses

and cables trailing in an “inverted pendulum” motion. This was not detected at all in the
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ANSYS™ model, where the first horizontal mode was an ordinary pendulum (“hammock
type”) motion of the bridge cross section. Even though the calculated eigenfrequency was
well below the threshold value of 1.3 Hz, this calculated behavior would have been far

less severe than what was actually observed.

This problem presented itself as a challenging test bed for the program developed as part
of the present work. An even more detailed model was therefore created, including both
railing and eccentric positioning of the mass of the bridge deck. Figure 8.15 shows a 3D
and a plane view of the model to indicate geometry and level of detailing. The principal
structural components of the bridge are the primary span and the two abutments (second-
ary spans). The abutments are anchored to the river banks on either side of the river, while
the main span is supported by the cantilever part of the abutments. Vertical loads are car-
ried by massive glulam bridge beams, hinged at mid span and supported by a system of
steel cables and timber trusses. A separate horizontal steel truss, positioned between, and
bolted to, the main glulam beams is designed to take the horizontal loads. For a more
detailed account of both geometry and member dimensions, as well as material properties

and detailing, the interested reader is referred to [34].

T

A

26310 mm 65870 mm ' 26310 mm

Figure 8.15 Computer model of Lardal Bridge
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The bridge is quite slender, with slightly curved beams (radius of vurvature is approxi-
mately 400 m for a 66 m long beam). In a preliminary study, Ronnquist found that the
dynamic behavior of the bridge was very sensitive to vertical displacements (primarily
due to mass distribution). It was therefore critical to maintain correct vertical distribution
of the mass, while also accounting for geometric effects due to initial deformation and
forces. The adopted procedure was therefore to first apply a “negative” gravitational field
(directed upwards) and performing a static analysis based on the self weight of the bridge.
A new undeformed configuration of the bridge is subsequently obtained from this,
deformed configuration. The static analysis is then repeated, but now in a “natural” gravi-
tational field. The natural frequencies are obtained by solving the classical (free vibration)

symmetric eigenproblem, evaluated at this final state of deformation:

(Ky—a?M)x, = 0,i = 1,...n (8.2)

where  is the circular frequency and x; the corresponding free vibration mode. M is the
consistent (or “lumped”) mass matrix and K, = (K, + K;) is the consistent tangent
stiftness matrix. The use of the consistent tangent stiffness matrix assures that geometric

effects are properly included. The natural frequency (in Hz), f;, is obtained as:

fi=— (8.3)

The natural frequencies from both the full scale measurements and the FEM-model are
presented as the first two rows of Table 8.7. Although the numeric values of the natural
frequencies are similar, the associated eigenmodes do not match. This is particularly obvi-
ous for the first two modes. The two lowest measured natural frequencies are associated
with a horizontal and a torsional eigenmode, respectively, while the results from the FEM
analysis are associated with a torsional and a horizontal eigenmode, respectively. The
overall shapes of the calculated modes, however, are similar to the measured modes (also
for the inverted pendulum motion). In order to obtain better agreement between measured
and calculated values, some of the cross sectional parameters in the model were modified.
Since it was assumed that the glulam beams were not rigidly connected to the horizontal
wind truss, it was decided to weaken the diagonals in the truss by reducing their modulus

of elasticity. A similar argument led to the reduction in stiffness for the secondary spans,
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since the brackets “hinging” the primary span to the secondary will allow some move-

ment. The results from this analysis is presented in Table 8.7 as FEM®.

Table 8.7 Computed and measured natural frequencies f; [Hz]*

h f S Ja fs Js
Measured | 083 (15th)  1.12(1%'t) 145(1%v) 2.102"h) 24502y 28502y
FEM 1.06 (1%t 1.12(1%h) 1.52(1%v) 25124t 3.1102%h) 327024y
FEMP 0.87 (1%h) 1.12(1%t)  145(1%y)  206(2"%h) 2.63@2Mt) 2.8202Myv)

a. h = horizontal, t = torsional and v = vertical

b. Modified cross section parameters

Even if the results from the modified model show very good agreement with the measured
values, it should be kept in mind that they have been obtained through a trial and error pro-

cess. However, the excellent agreement for even the 6th

natural frequency, seems to indi-
cate that the critical problem areas, with respect to modelling, have been identified.
Interestingly, the modifications did not noticeably change the shape of the vibration modes
(only their associated frequencies). The first three modes are depicted in figures 8.16 to
8.18. Finally, the primary displacement (or rotation) components in the bridge deck,
obtained by the final modified analysis, are plotted in Figure 8.19 along with the (average)

recorded values and equivalent sinusoidal mode shapes.

The main message from this example is the importance of the modelling process. In most
practical cases correct answers (in the form of prototype measurements) are not available,
and for complex structures it may therefore be appropriate to vary critical properties in

order to map their influence on the final result.
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Figure 8.16 Lardal Bridge, eigenmode 1 (horizontal)

Figure 8.17 Lardal Bridge, eigenmode 2 (torsional)
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Figure 8.18 Lardal Bridge, eigenmode 3 (vertical)
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Figure 8.19 Full scale measurements, FEM-analysis and equivalent sinusoidal mode
representation of principal displacements of the 3 first eigenmodes
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8.4 Concluding remarks and suggestions for further work

The network arch bridge case presented indicates the potential of a flexible 3D analysis
and design tool with graphical user interaction. However, as seen in the case of the Lardal
pedestrian bridge, 3D modelling of real structures is not always a straightforward process.
It will probably take some time before the powerful, state-of-the-art computational
engines are developed into robust, easy to use and understand and, to some extent, fool-
proof tools, for the ordinary practising engineer. Although the nonlinear behavior of tim-
ber members are at present adequately described by the use of nonlinear beam type
elements, some problem areas still remain: How to model and analyze the semi-rigid con-
nections, shape imperfections and the need for improved fracture models. In addition, the
time-dependant behavior of wood (rheology) due to loading and transportation of mois-
ture content should also be addressed. Connections and rheology can readily be modeled
and analyzed with available software packages, using volume and contact elements and
nonlinear material models. In a practical design context, however, this is still far too costly

and cumbersome. Of the mentioned challenges, the most pressing are:

e Guidelines for shape imperfections for use in 3D nonlinear analyses

e Improved, discrete models for timber connections and supports

To facilitate safe and accurate design, the design software should offer flexible and com-
prehensive options for modelling shape imperfections. Furthermore, extensive libraries
with accurate models of predefined joints and connections coupled with good visual user
feedback are needed. This is primarily due to the semi-rigid properties present for all fas-
teners used in connection with timber. Also, since timber structures often base the trans-

mission of axial forces on contact forces, discrete “contact-joints” would be useful.

In conclusion it seems fair to state that while some aspects of the stability of glulam arches
have been demonstrated, a more comprehensive and systematic series of analyses is nec-

essary in order to provide solid information and guidelines for practical design work. The
aim is to include (code based) capacity controls of all members, coupled with full fledged
nonlinear static analyses that account properly for the stiffness of the entire (3D) structural
system, including all bracing and geometric imperfection, and thus eliminate the use of

some rather cumbersome correction (k-) factors.
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Appendix A
Some basic properties
of the spin matrix

The skew symmetric 3x3 spin matrix (so(3)) of a vector is defined by:

0 -a; a,
a = Spin(a) = | a; 0 —a,| €s0(3) (A.1)
-a, a; 0

This can be deduced by the fact that pre-multiplication of the matrix has the same effect as

the cross-product of its axial vector (Axial(Spin(a)) = a) and an arbitrary vector (b):

b=-ba (A2)

[?, 3] = ?F—??ESOB) (A.3)
[a, a]=aa-aa =0 (A.4)
[?+?, /l?] —ab-ba+t+cb-bc = [;, 3]+[?, /l?] (A.5)
By using the fact that
??zb@a—(a-b)l (A.6)
and
Spin(ab) = b®a—-a®b (A7)

the Lie bracket can be re expressed as:
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[;, F] ~ab-ba = a®b-b®a = Spin(,l-)\a) (A.8)

It is sometimes useful to obtain the symmetric and skew symmetric parts of a b . By

using equations (A.6) and (A.7) it is easily shown that:

Sym(a b) = %(b®a+a®b)—(a-b)1 (A9)

Skew(2 b) = %[’5, b= %(b@a—a@b) - %Spin(;b) (A.10)

Transformation of the spin matrix follow basic transformation laws of matrices. This can

be observed since

(Ra)x (Rb) = R(ax b) (A.11)
and
Spin(Ra)b = (Ra)x b = (Ra) x (RR"b)
— (A.12)
= R(ax (R'b)) = RaR'b
we get
Spin(Ra) = RSpin(a)R" V RRT =1 (A.13)
Furthermore, if the rotation, R, is a rotation about an axis parallel to a, then:
RSpin(a) = Spin(a)R Y RR" =1, [R| = 1,Ra = a (A.14)
Equation (A.6) can also be used to show that:
bab = —(a- b)'l; (A.15)
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Derivation of H-matrix

This appendix deals with the derivation of the matrix, H, that relates additive differentials
of the rotation at one rotational state to another. Derivation of this matrix is usually done
by the use of the Rodriguez-parameters, primarily due to the simple form of the evaluation

of compound rotations. In the following, no such shift in parametrization will be done.
We start by defining the current state of rotation:

R(6,) = R(8)R(8y), © = [I6]ln, 6, = |8|n, (B.1)

where 6, is the total rotation in the current state, 6, is an initial rotation and 0 is the addi-
tional rotation. If the additional rotation is perturbed by the vector € 80, where ¢ >0 is a

scalar, we get the perturbed rotational state:

R(0f) = R(B¢)R(0,), 6 = 0+¢cd0 = [0¢]ne (B.2)

The Fréchet derivative along 80 now evaluates to:

DR(6,)- 0 = DR(B)R(68,) - 6 = (DR(6)- 30 )R(8,) (B.3)
where
_ € 1 € ~
DR(B) - 90 = i[]lcos(”@ﬁn )+ U COS(”;) D)ge @ ge - sindlec) ee} (B.4)
iE o] ] e=0
Before proceeding, the following useful relations are noted:
DO- 50 = 80, D||e||-ae=_‘i”-‘£|9=n-ae (B.5)
0 8 n-d0 o0
Dn-® =D—='0 = ————n=(1-n®n)— B.6
o] ol Tol "~ ¢ Tel (56

183



Appendices

Separating Equation (B.4) into the three terms A, B and C results in:

A = D[lcos(|6]|)]- 60 = —sin(]6]) n-8061 (B.7)
B = D[(1—cos([6]l))n®n]- 58
= sin(]|6))n - 80 n® n B3)
+%[6ﬂ®n+n®w—zn-w n®n]
C = D[sin(|6])n ]- 80
~ 0
= cos(lol) n-20 n + 2050 w50 ) ®9)
— cos([0])n- 80 m + Sm”e”“e” [30n®n+n®ndH]
Collecting terms, we get:
DR(6)- 8 = A+B+C
= —sin(||6]) n- 80 1+ sin(|6])n-80 n®n
+%[5@®n+n®w—zn-6@ n®n]
+cos(|6]) n- 50 n + Sm”(Al”e”)[gén ®n+n®nd] 510

—~2 —_~
= sin(|6) n-80 n +cos([|6]) n- 86 n

+%[w®n+n®ée—2n'éﬁ n®n]

sin([l6) &5

+
]l

[60n®n+n®n60]
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Post-multiplication of R" results in:

—~2 ~
DR(68)-8 R = sin(|6])cos(|6]) n- 80 n~ + sin?(|6]) n- 80 n

+cos2([0]) -0 1 — cos(|6])sin([6]) n- 80 1
(1 —cos(]|6l))cos(l6l)
]
(1 —cos(]lB]))?
]

(1—cos(]I8l))
]

Sin(”e”)COS(HOH)[5§n®n+n®n86] (B.11)
I8

+u—wMﬂwmmmh@n®u

+ [0®Nn+n®O—2n-00 n®n]

+ [00®Nn-Nn-0 n®n]

N sin(18D), o n 1

+

__Sin2(||0||)[n®n@g]
[EI

= n-66?+%”|?”)[n®ngé+gﬂ\n®n]

(cos([6)—1)

+
ol

[n® 80— 00 ®n]

By using the fact that

(N®O-OX®n]| = Spin(gén) = —Spin(/;l\f)e) (B.12)

and

[n®n$a+66n®n] [(@n)@n—n@(éﬁn)] = Spin(/;san)

(B.13)

—Spin(n80) = Spin(80 — n ® nd6)

we get
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1—cos(]6]))

DR(6)- 90 RT = n-0m + ¢ o Spin( 1 50)

+ %”Me”)spin(60 ~n®nd)

(1 —cos(]I8l))
o]

(B.14)

— Spin(n ® nd0) + Spin(n 90)

, sin(J6])
]

= Spin(H~180)

Spin(80 —n ® ndO)

where

1- cos(IIBII))”; N sin([6])

6l 6l
2sin®( 8] /2 ) sin([6]))) 2
=1+ n+(l-——==)n
6l ( 6l )

H! = n®n+(

(1-n®n)
(B.15)

It should be noted that H-! is singular for |0 = 2nm,n = 1, 2,....

For [|8]] = 0, the total rotation is described by 8, = 6,, and the multiplicative differential
is obtained, 80 = dw (H! = 1):

SR = DR(6=0)R(0,)- 8w = Spin(H 'dw)R = SwR (B.16)

otherwise

SR = DR(0)-80 = Spin(H'80)R (B.17)

Since equations (B.16) and (B.17) should produce the same perturbed 0R , we get:

Spin(H-180) = 30 < H 180 = do (B.18)

For nonsingular H-!, we have:

00 = How (B.19)
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Geometric interpretation of the
exponential map of rotations

“On a Lie group, exp is a map from the Lie algebra to its Lie group. If you think of the Lie
algebra as the fangent space to the identity of the Lie group, exp(v) is defined to be A(1),
where / is the unique Lie group homeomorphism from the real numbers to the Lie group

such that its velocity at time 0 is vl

In this particular case, the Lie algebra is the set of all skew symmetric matrices,

s0(3) C R3x3 with the commutator (Lie bracket) [B?, E] = EE — EE €s0(3),and
the Lie group is the rotation group SO(3). The purpose of this appendix is not to delve into
the intricacies of group-theory and abstract algebra, but rather to give an intuitive interpre-

tation of the exponential map and how it relates the spins to the rotations. To do so, we

A R(0)x,

Figure C.1 Rotation of vector X,

| 1. Eric W. Weisstein. "Exponential Map." From MathWorld--A Wolfram Web Resource. http://math-
world.wolfram.com/ExponentialMap.html.
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start by looking at the action of rotating a vector in space. As a rotation only affect the
components of the vector projected onto the rotation plane, the motion will be illustrated

in this plane.

Figure C.1 depicts two approximations of the rotation of the vector x,, from its state of

identity to the final position x; and x,, respectively. These approximations are obtained

Figure C.1 Successive approximations

by adding the cross product with the pseudovector incrementally, written in matrix form

as:
x; = [1+ Spin(0)]x, (C.1)
| |
X, = []l+§Sp1n(6)}[1+58p1n(0)}0 (C.2)

Equation (C.2) is a second order approximation to the rotated vector, whereas (C.1) is only
a first order approximation. Intuitively, as we proceed in smaller increments, the vector

should trace the circular line. By defining the general form of this approximation, we get

X, = []l—FI%Spin(O)J X (C3)

Taking the limit as » approaches infinity, we get the exponential map:
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= lim x, = lim [Jl + 1Spln(e)} Xy = exp(fﬂ\) x, = R(0)x, (C.4)

n—o n— 0

Where the definition exp( 0 ) = lim []l + - Spm(ﬂ)} is used in the last transition.

n—>oo

To obtain a closed-form solution of exp( 0 ), we introduce the series-expansion of the

exponential function:

o (C.5)

M8

exp(/é\) =1+

1
k=1 K

As it can be shown by simply performing the matrix multiplications, that

~~

aba =—(a-b);\ (C.6)

holds for arbitrary vectors a and b. Applying this to Equation (C.5), and using
= [|6]|n, for odd numbered k we get:

k1 k=1 g k-1
1ok _(el?) 2 = _ D28l o _ (1) ? ||9||
i ® o0 X 0 X ©D
For even numbered terms, we have:
k-2 k1 &
1ok _(el?) 2 =2 _ (=1)? 8] =2
i 0 i 0 i n (C.8)
Organizing and collecting terms, we obtain the Rodriguez formula for rotations:
k_l k_
~ 2 ~ 2 AZ
R(O) = exp(B) = 1+ E ||e|| . E 02 tol ||e||
k=1,3,5, ... k=2, 4,
2k+1 * C9
B Y Y [ e )
E (2k+1)! (2k)!
k=0 k=1

~ —~2
= 1+ sin||6] n +(1-cos||6]) n
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AppendixD
Extraction of rotational pseudovector and
establishing the rotation matrix

The most reliable method of extracting the rotational pseudovector from the rotation
matrix is to go via the quaternion representation. A quaternion represents a hypercomplex

number ¢ = q,+1iq, +jq, +kq; = q,+q, where

gy = cos(6/2) (D.1)
lgl? = g3 +4q3+q3 = sin?(8/2) (D.2)
n=-91 (D.3)
lql
gl +4¢3 =1 (D.4)

For the extraction of the quaternions from a given rotation matrix R, Spurriers algorithm
[38], presented on the next page, is fast and reportedly the most reliable, particularly for
small rotations. When using this algorithm, it should be noted that the resulting rotations
are in the range from 0 to 2m (—1 =< g, = 1). Thus, for rotations exceeding , a “corrected
value of 6° = 6 — 27 should be used.

The rotation matrix, based on the quaternions, is established as follows:

a3 -t a19-9095 9195+ 404>

R =21 919,904, CI%JFQ(%—% 9293~ 4091 (D-5)

1
9193— 9092 92939091 93+ 95>
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Spurrier’s algorithm:
M = max(trace(R), R;|, Ry, Ry3)
if (M = trace(R) ) then
1
g0 = EA/I + trace(R)

q; = i(Rkj_Rjk)/ gy fori =1, 2,3 and cyclic, even permutations of i, j, k

else

let i be such that R;, = M

g, = J(%Rii+(l —trczce(R)))

1
90 ~ Z(Rkj_Rjk)/qi

1

Z(Rji_Rij)/qi
1

qr = Z(Rki_Rik)/qi

end

p=Jad+at+tdai+q}
do = 499/ P
qQ=9q/p
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Appendix E
Variation of a co-rotating frame for an
element with 2 nodes

In the following the derivation of the matrix G that links the variation in the visible
degrees of freedom, dv, to the variation of the rigid body rotations &;)r for a 2-node ele-
ment will be presented. A similar derivation has been presented by several authors, among
which Haugen [16] and Eggen [10] can be mentioned for a clear and concise presentation.
In the derivation that follows, the definition of the base vectors will follow the same geo-
metric considerations as in [10, 16]. The principal reason for including this appendix is to
conform with the notation in the previous chapters. In [10] and [16] the derivation was
based on geometric considerations, in the following a purely mathematical approach will
be presented, starting with the general form of variations of an orthogonal co-rotating
basis. As this mathematical approach may preclude intuitive understanding, the interested

reader should confer with the referred work to get a more physical interpretation.

E.1 General relations

From previous derivations in Chapter 4, we have:

T, = E’®E! = R/ (E.1)

Where each E” and E? must be uniquely defined. Leaving the actual definition of these
base vectors to the next section, we proceed by taking the variation of the transpose of
(E.1):
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5T.T = SE’@E? = S, T)

(E.2)
= dw,=3T,'T,=3E/QE/
As we are seeking a relation expressed in coordinates of E?, (E.2) is transformed to
obtain the local form:
8®,= T,00,T, = T,8T,T, = (,®EN(SE!® L) (E.3)

In the following, superscripts indicating configuration will be omitted for the base vectors,
assuming updated axes {E”} are used. Because we know that d @, is a skew symmetric

matrix, we can extract the axial vector by means of the alternator €ik> defined in (E.5).

oo’ = —%eljkéj,E?t‘)Efékn (E.4)

where the alternator is defined as

0, repeated indices
e;r = 1 1, even permutations of (i, j, k) (E.5)

—1, odd permutations of (i, j, k)
and also, by definition

. 1 .
[Axial(W)], = —Eeijijk, [Spin(w)];, = €W, (E.6)

For each component 3’ of dm we get:
r r

663: N _%elz3E;n6E§n_%elszE§n6E£n - %(E3' OE; — E, - dE;) (ED

80, = _%‘3231E§"5E1n_%‘3213E1n6E§n = %(El " OE; — E;- dE) (E.8)
~ 1 1 1

8 = —5€31 108y —Se3y By 0BT = S(E, " OE; — E, - OE,) (E.9)

The basis {E}, is by definition an orthonormal right-handed system, yielding the follow-

ing useful expressions:
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E,=E,xE,, E,=E;xE,, E;=E xE, (E.10)

E,-3E, = -E,- 8E,, E;- 8E, = -E,- dE; (E.12)
O0E; = E 0E, - E,dE, (E.13)
E,-0E; = -E;- 0E,, E,-8E; = -E,- 3E, (E.14)

Organizing and combining terms in Equations (E.7) through (E.14), result in:

E,- oK,
S0 = |-E,- OF, (E.15)

Equation (E.15) is now a general form of the variation of the instantaneous axis of rigid

body rotation, expressed by the variation of the co-rotating basis.

E.2 Axes, definitions and variations (2-node beam)

The position of the two nodes of the element are given by the vectors x;, = x? +v,, where
the v, ‘s are vectors collecting the total displacements at the node. The two points cannot
uniquely define a complete basis in 3D. We therefore introduce the following auxiliary

vector:

d, = RE{+R,E) = d, +d, (E.16)

where E g is the initial base vector E;, and R; is the current rotation at node /. Defining
E, to be parallel to the straight line from node 1 to node 2, the following becomes a natu-
ral choice of basis:

X, — X, X[, d,x E,

E, = =  E,=-—"""1 g . =E xE (E.17)
Yoeex] o xe P, x BT e

Note that d,, LE, yields the following relation:
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|d | = (E.18)

|, x E\| = |TTd, x T/1,| =

Here we have taken advantage of the fact that dfn = 0. Next we get the variation of E,
and E, :

O0E, = ——(1-E, ®E,)(dv, - dv,) (E.19)

[x 1z||

SE, = 313—(11 _E,®E,)¥d,E,)

m

| (E.20)
dd, = R,diJ+OR i) + R,di) + dR,i{ = Spin(dw,)d, + Spin(dw,)d,
(E21)

(E, ® I)Spin(dw,)d, + (E, ® I)Spin(50,)d,

We now need the contracted vectors E, - O0E,, E;- 8E; and E; - 8E,. The first two

are rather straightforward:

_ (8v2 - dv2) _ (8v3 - dv?)

E,- 0E, ., E;- 0E, (E22)
%12 %12
The derivation of the last expression, however, is a more lengthy affair:

1 ~ ~
m

_ 1

= =E | d,0E, - E,5d,] (E.23)
m
1 ~
m

The expression (E.23) is divided into two parts, which are evaluated separately for conve-

nience:
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1 R R
EF(Ez od,,) a—312- [ Spin(dw,)d; + Spin(dw,)d, ]
1 N SR
= 3-3—12- [ Spin(d,)dw, + Spin(d,)dw, ]
- P ST -
= T[Spm(dl)lz- dw, + Spin(d,)I, - dw,] (E.24)
& T
— a_} 0 &Dl+ 01" &'02
" |-d, ~d!
1 ~ 1 ~
r‘;[E3' dméEl] = z—3—'—'—'—-[E3 dm(]l—E1®El)(6V2—5Vl)]
dm dm”XIZH
1 ~ ~
=3 [E;- (d,,—d, E, ®E,)(dv,—-0v,)]
d,,[x12]
- B, @, (v, 0v))
d,, %12
1
—— E; (E,®E,)(dv,—dv,) (E.25)
12
_ ~31 Lo d (dv,—dv,)
d, 2]
_ 1 72 71 . o
= - ~d2 dl o (Ov, —dv,)
danXu”[ }
1 711 - -
=z 0 dm 0 (6"2_6"1)
di”"u”[ J

Collecting and organizing terms, we obtain the required relation:
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E, - SE,
ow, = |-E;- OF,
E, - OE,
- Lo B}
m _ ~ ~ ~ ~ ~ ~ ~
T B S Y PR ] PRt
%12 _(v3-ovd) a 8 a’ 8 (E.26)
(8v3 —&v?)
6\:1
- 6, G % Gov
ov,
_6('02_
Where the matrices G, and G, are given by:
0 14, 0 ¢ 0 4
[x12] a3 , d;
G = o 0 19 0 o0 (E.27)
[x12]
0 1 0 0 0 O
i %12 ]
i 3! "3 3]
0 L o 2 o =
3 3
12l a2, m d,
G, = | 0 it 0O 0 0 (E.28)
[x12]
0 1 0 0O 0 0
i (P |
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Appendix F
Explicit expressions of EICR-matrices
for a 2-node element

F.1 Projector

Lo o 0 0 0 _1 0 0 0 0 0
2 2
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
- -3 -1 -1 -3 -
d d 3 d d
0—4”-3— 0 1—% 0 —_g)- 0 ——2”3 0 —% 0 —%
0o 0o -+ o 1 0 0 L 0 0 0
I L
n n
1 1
0o = 0 0 0 1 0 4+ 0 0 0 0
P = " n (E.1)
Loy 0 0 0 0 1 0 0 0 0 0
2 2
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
- -3 - -1 -3 -
d d d d d
0 —2= 0 L —g- 0 ——Mm 9 1--2 9 —g—
Ld a3 d L d3 a3 d
m m m n m m m
o o -L o 0 0 0 L 0 10
2 I
n n
o L o 0 0 0 0 L 0 0 0 1
I I
L n n .
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F.2 Projected forces

PTf

o
I

1 ~1 =
31" ~ 330" ~
d,,(m{ + m, )+d, (m] + m3)
L,d

m%+m§

Ln
o~ -
o4yt
mj —=>(my +m,)

~

m
)
mj
%30 1,01, T
d mi,+d;(m; +m,)

(~13

1 ~ ~
— (0 —ny)

Tl Yy, 33,03, 73
dm(m1+m2)+dm(ml+m2)

L,d,

m12+m§

(F.2)

(F.3)
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F.3 Geometric stiffness

Projection geometric stiffness

(F.4)

0

0
0

~2

0
0

~3

Rotational geometric stiffness

The rotational geometric stiffness is divided into three parts for convenience:

)

b

=Y

N—
o o O oS o o O
o o O oS o o O
S o O S O o O
N — —— o —
g O g 0~m S g
|
—_—— NN —
S e o S e ©
|
S o O S O o o
S o O S O o o
S o O S O o O
(e =] oS o o O
N — — = N —
g O ~m S g O ~m
A — ™ — AN — N
R :_u () o 14 Nm o
[ - N - S O o O
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By defining the auxiliary vector:
~3 ~2 "3 ~3 ~2 ~3 g7
g = [0 nj n; 0 —m;j m{ 0 n; n; 0 —m, mz} (F.6)
the second part of the rotational geometric stiffness is defined as:

3
_ dl
Kmu—=§b00goooooood

Q..

d
*s b00000000g0d
- @goooooooood
g (E.7)
+~3 (0000000g0000]
dan
71
-=+[00000g000000
dm
)
~~2[00000000000 g
dm
The third part is defined as:
0 0 0 0000 0 0 000
00 000000 0 000
00 000000 0 000
0 m>m} 0000 -m?-m; 000
0O-m! 0 0000ml 0 000
"1 "1
K_ = L0 0 -m{0000 0 mfo00 E8)
L1o o 0 0000 0 0 000
00 0 00000 0 000
00 0 00000 0 000
0m? m}0000-m>-mi000
0-ml 0 0000ml 0 000
0 0 -ml0000 0 ml o000
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It should be noted that the projection geometric stiffness and the first part of the rotational

geometric stiffness form a symmetric matrix:

0O nf n; 0 0 0 O -nf -n; 0 0 O
nf -n;, 0 0 O O -n; n, O 0 0 O
n; 0 -n; 0 0 O -n; 0 n 0 0 O
o 0 0 0 0 0 0 0 0 0 0 O
o 0 0 0 0 0 0 0 0 0 0 O
K. +K,— L[0 0 0 0 0 0 0 0 0 0 0 0]q,
GR1 P - - N - :

Ll oo 42 8% 0 0 0o 0o a2 2 0 0 o
07 n, 0 0 0 O nf -n, 0 0 0 0
—n; 0 =n, 0 O O n; 0 -n, 0 0 O
o 0 0 0 0 0 0 0 0 0 0 O
o 0 0 0 0 0 0 0 0 0 0 O

o 0 0 0 0 0 0 0 0 0 0 O
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AppendixG
Contracted matrices for
Cosserat elements

Material stiffness

AA A

_ - ST

[0. L]

Gl
A AAATA Slil §12 ©D
g NCI'E,, = | 7V
hI hJ

21 Q22
Si; Si7
Sl = B',¢;B'
J Jad il

S}7 = B'12B',+ B'11 9; B,
) : (G2)
SIZJI = B'1021B'J—B1 cpo'cll B'J

N A A ENY
— 1 1 1 1
Si7 = B'j2B'; =B, ¢oc12B',+ B',€21 99 B~ B; @511 @y B,

Geometric stiffness

T = [ @ AWT ds
1J hl hJ
[0, ]

—~ (G3)
AL hJ — —
B,nB; Bn®¢,B,-B,(n- ¢,)1B,-B,/mB,
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Appendix H

Spline functions

H.1 Definitions

Let (cl-)?= , be aset of control points (weights) for a spline curve f* of degree d, with

nondecreasing knots (t i)?: iH b f is then defined by:

n

) = 3 b d(0)B (V). TElT s T,] (H.1)
i=d+1

where p; ,(t) is given by the recurrence relation:

T, —T T-T

, - . bt H.2
pl, d7r+1(’c) Ti+r_tipl71, dfr(r) ri+r_1:ipl’ dfr(r) (H.2)
fori =d-r+1,...,n,andr =d, d-1,..., 1 ,whilepi, o(T) = ¢;. Alternatively,

Equation (H.2) can be written as

i
——D; 4-1(T) (H.3)
T, T " -1

(1) = Tir1 7T (t)+
Pi a - _,Cipi—l, d—1

i+1

The functions {B; 0}’; are given by

=d+1

l,t,=st<7;,, (H4)

Bl.’ olt) = {

0, otherwise

The spline can also be written in the B-spline basis B; ; as in Equation H.5
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n

flr) = EciBi, () (H.5)

i=1

with the recursive definition of the basis functions B; ,:

Tit1+a”" T

B, (t) (H.6)
i+1, d-1
i+d i Tiv1+d Ti+1

In the previous equations, some of the relations might yield division by zero. This is
resolved by the fact thatif t,, ; —t, = 0, then B; ;=0. By carrying out the recurrences,
we find that when division by zero is encountered, we will always get 0/0, which will be
defined to be zero. Although the evaluation of the recurrence relation (H.6) may seem
cumbersome, it is actually quite computationally cheap to evaluate the nonzero terms.

This is illustrated in Figure H.1 (reprint of figure in [22]), where all nonzero basis func-

tions B; ; are calculated.
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Figure 2.12. A triangular algorithm for computation of all the nonsero cubic B-splines at z.

Figure H.1 Evaluation of nonzero B-spline basis functions

Note that the spline is independent of the end knots v, and T, , ;, ;, which are intro-
duced to avoid exeption handling at the ends. Still, it is customary to demand that T | <<,

andt,, =<7, 1,50 the knot vector is a strictly non decreasing sequence.
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H.2 Properties of splines and B-splines

The B-spline B; ,; depends only on the knots (t k)f:‘j.* 1,

e On each interval T € ['cj, Ty ), flt) = EciBl.’ 4(T) is a polynomial of degree d.

e f(t) is C?~™_continous at a point z, where m is the number of times z occur among
Tjs o Tjpget-

e The control polynomial of a spline function, is defined as the points with coordinates

d

T.,,+t =47,
* . * +1 +
(t/, ¢), j=1, ., nwheret; = J = J

e If T is outside the interval [T, T;,,, ) then B, , = 0,sofort €[t T, . )
u
flt) = E C,'Bi, d(t)
i=u—d

The name “spline” comes from the “draftman’s spline”, a flexible rod used by ship build-
ers to trace the contour of the hull of the ship by pinning it at predetermined points. The
reason for using this name for the function comes from the following property of the cubic
spline-function. We star by defining the space, [f(f), that is the set of all functions with
continous derivatives up to second order that interpolate fat given data points (in the range

from a to b).

E(f) = {g€ C?a, b]|g(x,) =f(x;) fori=1,...m} (H.7)
If we restrict the derivatives to coincide with the derivatives of f at the ends, we have:
Ep(N = {g€lby(f)|g (a)=/" (a), g (b)=f"(b)} (H.8)

Assume that 4 is a cubic spline interpolation with Hermite end conditions. It can then be

shown that (see [22]):
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Appendices

b b
f (h" (x))3dx < f (g" (x))%dx for all g in (1) (H.9)

with equality if and only if g = /. This means that the cubic spline interpolation with Her-

mite end conditions minimizes the linearized bending energy in the given problem.
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Appendix 1

Additional geometric and
material properties for network arch

The material properties for the glulam arches of Section 8.2 are:

E,= 12000 N/mm? , G = 700 N/mm? and p = 500 kg/m?

Steel hangers (d =12 mm)

E =210000 N/mm?, v= 0.3 and p = 7850 kg/m?

T — 71—t
Steel cross beams
h """"" SVS
E =210000 N/mm? , v= 0.3 and p = 7850 kg/m?
i 7 =900 mm, b =300 mm, s = 18.5 mm and = 35 mm
T

Longitudinal deck beams

E =9000 N/mm? , G = 560 N/mm? and p = 2440 kg/m?
A-beams: bxh = 1000x250 mm, B-beams: bxh = 2000x250 mm

A B B A
[ ] ] ] [ ]
|~ |~ |~ |~
[ 1 [ [
2500 mm 3000 mm 6200 mm
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For self weight, a load amplification factor of 1.2 is used. For traffic loads, a load amplifi-

cation factor of 1.3 is already included.

Distributed loads

N, AN SN

32800 mm 14400 mm ) kN/m + 1 x 7.8 KN/m
Concentrated loads

2500 mm 6000 mm 2 x 275 kN/m

Figure 1.1 Along span positioning of loads

=

™~ _—1| ™S~ _—"1|

] 11.7kN/m . ] 3x 275kN -
| PN 7.8 kKN/m | PN |

i
I

| % l L % % % .

A 7 7 A 71 7

2500 3000 6200 mm 2500 3000 6200 mm
Distributed loads Concentrated loads

Figure 1.2 Lateral positioning of loads
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