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1 Introduction

The custodial symmetry in the standard model (SM) is an approximate symmetry which

guards the p parameter
2

My
- , 1.1
p m? cos? (O ) (1.1)
from large radiative corrections [1]. Here myy and myz are the masses of the W and Z
bosons, while Ay is the weak mixing angle. At the first order of perturbation theory

(tree-level), we have
p=1, (1.2)

since cos?(0yw) = m¥, /m% at tree-level. Eq. (1.2) holds at all orders of perturbation theory
when the custodial symmetry is exact. The p parameter is measured experimentally to be
close to unity, with a minute dependence of the chosen renormalization prescription. For



instance, if we interpret p in the minimal subtraction renormalization scheme at the energy
scale mz, p takes the value p = 1.01032 £ 0.00009 [2].

The custodial symmetry is a SO(4) symmetry of the Higgs sector, broken down to
SO(3) by spontaneous symmetry breaking. In the SM, the Higgs potential can easily be
seen to be O(4)-symmetric. Let the SM Higgs Lagrangian be given by

Ly = (Da®)1(D*®) - Vou(®), (1.3)

P — oF _ D1+ i (1.4)
¢° v+ @3 + i '

is the SM Higgs doublet, and the fields ¢1, ..., ¢4 are real scalar fields and v is the vacuum

where

expectation value (VEV). Moreover, in (1.3) D is the covariant derivative
: .
i i
D™ =9 + Egajwja + %BH, (1.5)
V(®) is the Higgs potential
Var(®) = \(@TD)2 + 1207 d, (1.6)

and A\ and p are constants. If we organize the Higgs doublet ® as a real quadruplet,

~ [Re(®)
(). »

the potential Van(®,), given by (1.6) with the substitution ® — ®,., is evidently invariant
under transformations

®, = 0, (1.8)

with O € O(4). The kinetic terms of (1.3) will, in the limit ¢’ — 0, be invariant under
SO(4) transformations [3], but not under O € O(4) with det(O) = —1 [4]. This approximate
SO(4) symmetry is the custodial SO(4) symmetry, which we will denote SO(4)¢c. In the
presence of a VEV this symmetry is broken down to a custodial SO(3) symmetry, denoted
by SO(3)c.

If we impose the custodial symmetry on the SM Lagrangian, it forces p = 1 at all
levels of perturbation theory. To see this, consider the mass-squared matrix M? of the
electroweak gauge bosons W=+ and 29,

20 0 0
=G0 00 (1.9)
2100 ¢ —gd|’ )

O 0 _gg/ g/2

where g is the weak isospin coupling and ¢’ is the U(1)y hypercharge coupling. When the
custodial symmetry is enforced on the kinetic Higgs terms the hypercharge coupling must
be zero, ¢ — 0, and then the three massive gauge bosons will transform as a triplet under



custodial SO(3)c € SO(4)c, where SO(3)¢ here leaves the vacuum invariant (it leaves the
VEV alone). Then myy = my at all orders of perturbation theory, since the massive gauge
boson fields can be interchanged by a SO(3)¢ transformation. If the custodial symmetry
is extended to the Yukawa sector, the mass renormalization of the gauge bosons, due to
massive fermions, will yield the same result for all the massive gauge bosons, and hence
the mass degeneration of W* and Z° will still be exact [5]. Moreover, fy = 0 at all orders
since ¢’ = 0 implies no electroweak mixing. Hence cos? @y = 1, which gives us p = 1 at all
orders, when the theory is custodially symmetric.

1.1 N-Higgs-doublet models

Augmentations of the scalar sector to include several Higgs doublets can be applied to
implement C'P violation and dark matter. Higgs doublets generally respect the custodial
symmetry, except for certain combinations of the doublets associated with complex pa-
rameters. Given N Higgs doublets ®1,..., Py, we will construct the most general NHDM
potential from the following Hermitian bilinears, linear in each field ®,,,, ®,:

Ay, =01 @,
~ 1 ~
By = 5(%% + @/ ®,,) = B,,
~ — ~
Conn = ?(qﬁncpn -0l ®,,)=C,. (1.10)

To avoid double counting, we will let 1 < m < n < N, and we apply the following invertible
encoding a = a(m,n) to label such pairs,

L <a(mn)=(n—1)+ (m—1) (N - %(m—i— 2)) < %N(N )=k (1.11)

The inverse of this encoding will be denoted (m(a),n(a)). The bilinears By, and Cry, will
be ordered “lexicographically” in (m,n) by the encoding a(m,n), e.g.

{CaYt_y ={C12,Ch3, ..., C1y, Co3, Cas, . . ,5’N_17N}. (1.12)
The most general NHDM potential can then be written,
V(®y,...,0n) = M,%)Em + ,ngQ)Ea + u,g3>6a + A%Zﬁmﬁn + /\(ﬁ)ﬁaﬁb
+ )‘Sl;)éaéb + )\,E;%Zl;{méa + )\gzlle\méa + A((l%)ﬁaéb, (113)

where repeated indices m and n are summed from 1 to IV, while repeated indices a and b
are summed from 1 to k, confer (1.11). The general NHDM Lagrangian can then be written

Lty = (Da®p) (DY®,,) — V (P, ..., By), (1.14)

where V' was given in (1.13), and where we as usual sum over repeated indices. However,
the general NHDM Lagrangian has more sources of custodial symmetry violation than
just ¢’. The bilinears C, all violate the custodial symmetry, and hence the parameters



Figure 1. Diagram showing the incompatibility between the custodial symmetry and the symme-
try groups of bilinears éa and quartic terms éaé,, The SO(4) symmetry group is the custodial
symmetry, U(2) = SO(4) N Sp(2,R) = SU(2), x U(1)y is the global symmetry of the SM, Sp(2, R)
is the symmetry group of bilinears éa, while P(2,R) is the symmetry group of quartic terms al(/}\'b.
Finally, O(4) is the symmetry group of the bilinears B,. Taken from [4].

ME?), A® A,&i?l and )\gl);) will give contributions to Ap = p — 1. Consider transformations of

ab ’
the real NHDM quadruplets, given by
Re(®y,)
B = (Im(@Z)) = &y = S, (1.15)

as in (1.7) for the SM. In section 2.2 of [3] we showed that the transformations S which
left the bilinears C, invariant, were the transformations S € Sp(2,R), i.e. the symmetry
group of the bilinears @mn is the real symplectic group Sp(2,R). The symmetry group of
C,Cp was the group P(2,R), with Sp(2,R) as identity component. Both symmetry groups
are incompatible with the custodial symmetry, see figure 1, and hence violate the custodial
symmetry. The most general custodially symmetric NHDM potential, is then given by

VCS((I)L RN cI)N) = U%)A\m + ,U((ZQ)Ba + Agrlb%gm;{n + )\ﬁ)é\agb
+ A4 A, B,. (1.16)
We will denote a NHDM potential of the form (1.16) manifestly SO(4)c-symmetric. How-
ever, since the Higgs doublets ®1, ..., ®n have the same quantum numbers, we are free to
redefine the Higgs doublets through unitary Higgs basis transformations,

By — B = Upn @, (1.17)

for an U € U(N). The kinetic terms of the NHDM Lagrangian are invariant under
SU(2)r, x U(N) transformations (promoted to SU(2);, x Sp(N) in the limit ¢ — 0 [3]),
and the basis transformations U € U(N) will thus leave the kinetic terms invariant. Nor-
mally only Higgs basis transformations U € SU(NV) are considered, since an overall U(1)
transformation do not change the parameters of the potential. However, the NHDM po-
tential will generally not be invariant under a SU(V) change of Higgs basis, and hence the
custodial symmetry can be hidden due to a change of basis. On the other hand, a NHDM
potential that is not manifestly SO(4)c-symmetric may be transformed into a manifestly



SO(4)c-symmetric potential through a SU(N) basis transformation. Hence we define a
potential to be explicitly custodially symmetric, or more simple, SO(4)c-symmetric, if it
can be transformed into a manifestly SO(4)c-symmetric potential by a Higgs basis trans-
formation. Thus a SO(4)c-symmetric potential can be transformed to the form (1.16). On
very general grounds, an implementation of the custodial symmetry in a NHDM potential
can be transformed to a manifest SO(4)c symmetry, i.e. the potential can be transformed
to the form (1.16), by a Higgs SU(N) basis transformation [6].

We will in this article develop necessary and sufficient conditions for the custodial
symmetry in arbitrary NHDM potentials for N > 2. For N = 2, necessary and sufficient
conditions for SO(4)¢ were derived independently in [7] and [8]. Necessary and sufficient
conditions for SO(4)¢ in the case N = 3, and necessary conditions for the cases N = 4 and
N =5 are given in [6], in a different formalism than the one applied in this article. The
cases N > 3 are different from the case N = 2, since the bilinears (1.10) transform under
the adjoint representation Adgy(ny of SU(NV), and Adgy(2) = SO(3) while

Adsyny S SO(N? —1) for N >2. (1.18)

Hence most SO(N? — 1) matrices will not be at our disposal for N > 2, and this will
complicate the procedure, when we try to rotate a possibly SO(4)c-symmetric potential
into a manifestly SO(4)c-symmetric potential.

2 Basis-independent conditions for custodial symmetry in NHDM

For a discussion of the special case where the quartic terms can be factorized, see ap-
pendix A.

2.1 The general NHDM potential

We will now find basis-independent, sufficient and necessary conditions for having a cus-
todially symmetric potential in the general NHDM. To do this, we will adopt much of the
notation applied in [9].

Now define

-

d = (®y,Py,...,0x)7, (2.1)
and let the Hermitian N x N matrix K be given by

olo, dlo, ... ol

L 10, dld, ... DD
K=38at=| 7 272 N (2.2)
ooy oldy ... dloy

Moreover, let A, be generalized Gell-Mann matrices, which is a basis for the real vector
space of Hermitian N x N matrices. Then the N? linearly independent Hermitian bilinears
in the fields ®4,..., Py can be written

Ko = Tr(K\y). (2.3)



As in [9], we will let Greek indices like o run from 0 to N2 — 1, while Latin indices like a
run from 1 to N? — 1. Summation of repeated indices is, as usual, also assumed. We will
define the matrices A\, such that the SO(4)c-violating bilinears C' are ordered first, that is

Ko =2C0=2C()na) forl<acs N(NQ_U (2.4)

see appendix B, for a construction of such matrices. We will put the custodial symmetry-
violating bilinears first, to make the conditions for the custodial symmetry simpler
to express.

The very first bilinear K\ will be defined as in [9],

~ 2
Ko =Tr(R o) =/ (@{cbl T @L@N) , (2.5)
with \g = /2/NI. Now the general NHDM potential may also be written in the same
manner as in [9]
V = &Ko + &Ko+ 10K§ + 2Kona Ko + KaEa Ko, (2.6)

although the bilinears K, are organized in a different order here. In (2.6) the parameters
€0,€4,M0,Ma are real, and E is a real and symmetric (N2 — 1) x (N? — 1) matrix. We will
refer to the last term of (2.6) as Vg, that is

Ve = KoEap K. (2.7)
Under the basis transformation (1.17) the matrix K will transform as
K - K'=UKU", (2.8)
while
K\ =Ky, K,=RuwU)K, fora>1, (2.9)

since K! = Tr(UKUTA,) = Te(KU'AU) = Ryp(U)Tr(KXy) = Ray(U)Ky, where the
matrix Ryp(U) € Adgy(ny is defined by

U'\U = Ry (U)o (2.10)

Here the A\,’s may be generalized Gell-Mann matrices, or any basis for the Lie algebra
su(N), although we will stick to the generalized Gell-Mann matrices )\, defined in ap-
pendix B. This means the bilinears K, transform under the adjoint representation of
SU(N), while Ky transforms under the trivial representation of SU(N). If the trace
tr(AiAj) o< &, as it will be for generalized Gell-Mann matrices, the matrix R(U) €
Adgy(ny € SO(N? — 1) (see appendix C), where the latter inclusion is strict for N > 3.
Eq. (2.10) can be written

Ao = Rap(U)UNUT, (2.11)



and by multiplying (2.11) by (R™1).,, we obtain
R\, =UNUT. (2.12)

Moreover, comparing (2.10) and (2.12) gives us R~1(U) = R(UT). If tr(\;);) o< 8;5, R will
be an orthogonal matrix with R~! = R”, and (2.12) then yields

Racha = UNUT, (2.13)

which we will apply later.

If we make the substitution ® — U®, and hence K, — Ru(U)Kp in the poten-
tial (2.6), the potential remains invariant if we simultaneously substitute the parameters
of the potential with

Z— R(U)Z and z9— xo forz e { n}, (2.14)
and
E - E' = R(U)ERT(U). (2.15)

We will now find basis-independent conditions for SO(4)c symmetry of the different
parts of the potential, considered isolated. Later, we will patch these conditions together for
sufficient and necessary conditions for custodial symmetry in the general NHDM potential.

2.1.1 Quadratic terms and quartic terms proportional to Kj

The quadratic terms given by the parameters £, and the quartic terms given by the pa-
rameters 1, see (2.6), transform under SU(NN) Higgs basis transformations in exactly the
same manner, confer (2.14). Since the first N (/N — 1)/2 bilinears K, correspond to custo-
dial symmetry-violating operators of the type 6, they must be possible to transform away
by some Higgs SU(N) basis transformation, when the terms £, K, and n,K, are custodi-
ally symmetric. Necessary and sufficient conditions for having the custodial symmetry in
these terms simultaneously, is then the existence of a Higgs basis transformation given by

R(U) € Adgy(ny, such that

N(N -1
Rijfj =0 and Rijnj =0 forall 1 < 7 < Q (216)
2.1.2 Quartic terms not involving K
If a potential
Ve = Ko B Ky (2.17)

is custodially symmetric, the real, symmetric matrix E has to be similar to an E’ given by

E' = RERT, (2.18)



where the N(N — 1)/2 first rows and columns of E’ consist of zeros, i.e.

0...0...0
E=]0...0...0], (2.19)
0...0‘(

where X is an arbitrary (N + 2)(N — 1)/2 x (N + 2)(N — 1)/2 block. The matrix X
will be real and symmetric, since R and E are real, and since F is symmetric. The first
N(N —1)/2 rows and columns of E’ have to equal zero to make all terms containing cus-
todial symmetry-violating bilinears c disappear. Moreover, this transformation has to be
made by some matrix R € Adsy(y) C SO(N? —1). The first condition that has to be met
to make this possible, is that

N(N —1)

Nullity(E) > 5 ,

(2.20)

which means E has an eigenvalue zero with a multiplicity of at least N(N — 1)/2, or
equivalently, the nullspace of F has dimension N(N — 1)/2 or more. We will now prove
that the matrix E can be transformed to the form given by (2.19) only by a matrix R €
SO(N? — 1) which has N(N — 1)/2 orthonormal nullvectors of E as its first rows.

Proposition 1. Assume the matriz E has at least k = N(N — 1)/2 linearly independent
nullvectors, and let R € SO(N? — 1) be such that E' = RERT. Then the k first rows and

columns of E' are zero, as given in (2.19), if and only if R is of the form

T
R = [nl,...,nk,ck+1,...,cN2_1] s (2.21)
where ny,...,n; are nullvectors of £ and nq,...,ng,Ck1,-..,cn2_1 are orthonormal col-
umn vectors.
Proof. (<): Assume R is of the form given by (2.21). Since ny,...,ny are nullvectors of

E, the k first columns of the product (ERT) are zero, and hence also the k first columns
of E' = RERT are zero. Now E’ is symmetric since E is symmetric, and consequently the
k first rows of E’ are also zero.

(=): Assume the k first columns and rows of E/ = RERT are zero. Let RT =
[y ey Chy Cht1,---Cn2—1). Since RTR = I, the column vectors {c;} are orthonormal.
Write E = [ey,. .. ,eNz,l]T. Let (h); = echl, where | < k. Then h; is the I’th column in
the product (ERT) for a fixed [ < k. We will now show that (k;); = 0 for all j and [ < k,
which means that ¢; is a nullvector of E: E!, = (¢;)j(hi); = 0 by assumption. This means
that hyLe; for all . But the set {¢; f\; 21_1 is linearly independent, since R was invertible.
This infers that {cz-}f\fl_1 spans all RN 2_1, and hence h;L¢; for all 7 cannot be true unless
h; = 0. Hence the components (h;); = 0 for all j, and then ¢; is a nullvector of E for
all | < k. O



The choice, or permutations, of nullvectors ni,...,ny, does not affect E’, since the
vanishing elements of E’ are the only ones to involve these nullvectors: E' = RER” infers

Ejj = RiaEapRjs = (¢i)aFap(cj)s =0 (2.22)

when i or j <k = N(N —1)/2, and where {cl}l]\ffl ={n1,..., Nk, Ch1,---,CN2_1}-

We will now derive sufficient and necessary conditions for when a matrix R, for instance
of the form (2.21), is a member of the adjoint representation of SU(N), that is R €
Adgy(ny € SO(N? —1). To obtain this, we will need some results about Lie algebras. Let
g be a Lie algebra. By a Lie algebra automorphism r we will mean a R-linear bijection on
the vector space g, such that the Lie bracket is preserved. That is, r is a injection (1-1)
from g onto g, and if X = x;\; € g, then r(X) = x;7()\;), and

r((X,Y]) = [r(X),r(Y)] (2.23)

for all X,Y € g. When g = su(N), automorphisms are either similarity transformations
(inner automorphisms) or combinations of similarity transformations and complex conju-
gation (outer automorphisms):

Proposition 2. An automorphism r : su(N) — su(N) for N > 2 is either an inner
automorphism, i.e. a similarity transformation

r(X)=UXUT,

for an U € SU(N), or a combination of complex conjugation and a similarity transforma-
tion,

r(X)=UX*UT. (2.24)

Proof. Similarity transformations r(X) = UXUT are Lie algebra automorphisms since
they are the derivatives of Lie group automorphisms (V) = UVU' for U,V € SU(N),
see e.g. [10]. These are the inner automorphisms. All non-inner automorphisms are called
outer automorphisms. For su(N) with N > 2, the outer automorphisms consist of complex
conjugation, in combination with an inner automorphism:

The outer isomorphism group Out(g) of the a real, simple Lie algebra g, is always given
by Out(g) = Aut(g)/Inn(g), just as is the case for complex, simple Lie algebras [11]. The
real, simple Lie algebra su(N) has an outer automorphism group Out(su(NV)) isomorphic
to the outer automorphism group of the complexification of real su(N), that is su(N,C) =
sl(N,C). The outer automorphism group Out(su(N)) is hence the automorphism group
of the Dynkin diagram Apy_1, which is trivial for N = 2, and isomorphic to Zy for N > 2,
where the non-trivial element of Out(su(N)) in the latter case corresponds to complex
conjugation. This is a well known result, but see e.g. [12] with the compact su(N) = g as a
real form of the complex, simple Lie algebra si(V, C), where a Cartan involution 6 of su(NV)
only generate the trivial group, and hence Out(su(N)) = Aut(Ay—_1) = Out(sl(N, C)).

Finally, since (UXU")* = U*X*U*T, and U* € SU(N) when U € SU(N), an outer
automorphism can always be written on the form (2.24). O



See appendix D for an explanation why complex conjugation is an outer automorphism
of su(N) for N > 2, while it is an inner automorphism of su(2).

We can now show the following characterization of Adgy () for N > 2: a matrix R is an
element of Adgy(yy if and only if the linear mapping 7 on su(V) associated with R preserves
the commutator for all elements of su(N), and does not involve complex conjugation.

Proposition 3. Let r : su(N) — su(N) be a mapping on the Lie algebra su(N), with
N > 2. Moreover, let {vi}i]\:fl be a basis for su(N) with tr(viv;) o< §;; such that Adsy(ny C
SO(N2—1), and let R be a real (N? —1) x (N? —1) matriz such that for X = x;v; € su(N),
we have

T(X) = (R:L’)zvz = Rijzz:jvi.

Then R € Adgy(n) if and only if the mapping v is an inner Lie algebra automorphism,
that is, v is a R-linear bijection and

r([X,Y]) = [r(X), r(Y)]
for all X,Y € su(N), while for all U € SU(N), r(X) # UX*U' for some X € su(N).

Proof. (=): Assume R € Adgy(y). This means there is an U € SU(N) such that R;;v; =
Uv;UT by (2.13). Then 7(Z) = r(zv;) = Rijzjv; = z;Uv;UT = UZUT for any Z € su(N),
and hence r is an inner automorphism. It respects the commutator in the following manner:
[r(X),r(Y)] = [UXUN,UYU' = U(XY - YX)U' = r([X,Y]). By proposition 2 an inner
automorphism means an automorphism that does not involve complex conjugation.

(<): Assume 7 is an inner Lie algebra automorphism on su(N). Then, by definition
of an inner automorphism, 7(X) = UXUT, for an U € SU(N).

Then UXU' = (X)) = r(zv;) = zi7(vs) = r;Rijvi, and R € Adgy(ny by (2.13). O

We will now find conditions on the matrix R equivalent with the associated linear
mapping 7 preserving the commutator. Let X,Y € su(N), with X = ;i\, Y = yji);,
where {vi}ﬁ\fl_l = {i/\i}fg—l is a basis for the Lie algebra su(N) with tr(v;v;) o d;5, and

where the matrices \; are satisfying
i, \j] = 20 fF N (2.25)

The constants f¥* are denoted structure constants. The matrices \; may be generalized
Gell-Mann matrices, or any other matrices such that {z/\z}f\; 21_1 is a basis for su(N). Then
[X, Y] = [xlz)\l,yﬂ)\]] = —TiY; [)\Z, )\]] = —$7;yj(2ifwk)\k), hence

T'([X, Y]) = —2$iyjfijk?”(7;)\k) = —2xiyjfiijeki)\e. (2.26)

Note that r is a R-linear function on su(NV), with linear combinations over R of the basis
vectors {i\; }\ 21*1 as domain, and not linear combinations over R of the matrices {;} 21*1
as domain.

On the other hand, [r(X),r7(Y)] = [xiRaitAa,yjRejire] = xiRaiyjRejlida,iAe] =
ziRaiyjRej(—21 f4°X¢), and hence

[r(X), r(Y)] = —2iz;y; RaiRej [ Ne. (2.27)

~10 -



Equating (2.26) and (2.27), gives us
2y Rer 9% = 2y Rai Rej 2, (2.28)

and since x;,y; are arbitrary, we get
Rer f9% = RyiRej . (2.29)

The equations (2.29) being satisfied is equivalent with the mapping r respecting the com-
mutator. If we furthermore assume that R is a bijection, it will be invertible, and the inverse
will be the transposed matrix R, since by proposition 3 either R € Adgy(ny C SO(N?—-1)
or R is a product of complex conjugation and matrices in Adgy(y). The latter means, in
case the \;’s are generalized Gell-Mann matrices, that R € O(N? — 1).! In fact, either R
will be bijective or it will be zero:

Proposition 4. A Lie algebra homomorphism r : su(N) — su(N) is either an automor-
phism (and hence bijective), or r = 0.

Proof. The kernel of a Lie algebra homomorphism ¢ : g — ¢’ is an ideal of the Lie algebra
g. Furthermore, every Lie algebra ideal i corresponds precisely to a homomorphism with
kernel i. A Lie algebra is called simple if every proper ideal i<ig is trivial, that isi = 0. Now
su(N) is a simple Lie algebra, which means that only trivial, proper ideals exist. Hereby
a homomorphism which is not an automorphism equals zero. O

If we now assume R # 0, and multiply (2.29) by the inverses of the matrices R,; and
R.;, that is Rg;l = R4 and R% = Ry;, we get?

RyiRgjRe f7% = fooe. (2.30)

Unfortunately, whether the matrix R of (2.21) is an element of Adgy(y) or not, will
depend on the choice of orthonormal nullvectors ni,...,ng, where k = N(N —1)/2. Let

[ = Nullity(E) > k, (2.31)

and let S = {7;}!_; be an orthonormal set of nullvectors of E. Then S spans the nullspace
of E, and any choice of orthonormal nullvectors {n;}¥_, of R, can be written as a rotation
of the vectors of S. This means that any linear combination of the nullvectors of S can be
written as

(11, M9, s g1 - - -] = O [, i, ... 7] (2.32)

where the matrices of nullvectors are regarded as 1 x [ matrices with the nullvectors as
elements, so that the transpose does not act on the nullvectors. The superfluous vectors

HIf the basis matrices A; are either real or purely imaginary, then complex conjugation r(X) =zir(A) =
2; A7, which makes complex conjugation R a diagonal matrix with R;; = 1 (no sum over 4), negative if A;
is imaginary. Hence R € O(N? — 1).

2An alternative characterization of Adsy(ny is that Adsy(yy is the matrices R which leave the trace
Tr(XYZ — XZY) invariant for arbitrary X,Y,Z € su(N). Here {X,Y, Z} are simultaneously transformed
as W = wiAi = (Rw);\i = Rijw;\;, for all W € {X,Y,Z}. Applying this characterization, and that
Tr(AaAp) X dap, leads to (2.30) as well.
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Nka1, - --,n; will not be applied in the construction of R, and the | x [ matrix O has to be
an element of the orthogonal group O(l) to ensure the vectors ny,...,n; are orthonormal:
Ng-MNj = (5@‘ means that inﬁp'quﬁq = Ol’pqu(qu = 5ij; which infer inij = Opog; = (Sij,
that is, OOT = I, and we conclude that

0 € O(l). (2.33)

Matrices O that change the orders of two nullvectors are examples of elements in the
orthogonal group O(l). To see that the order of the nullvectors matters, take for instance
SU(3) with the matrices given in appendix B as su(3)-basis. Let R be defined by (2.21),
that is,

R =1[n1,1m2,13, ..., Mk Cha1s- .-, CN2_1] ", (2.34)

and let

R = [ng,ni,n3,..., Mk, Cypys- - - ,C?Vgil]T, (2.35)
i.e. with identical nullvectors as R except for the two first rows being interchanged. As-
sume R satisfies (2.30) for some choice of c¢jy1,...,cn2_1. We will show that R’ can not

satisfy (2.30) for any choice of ¢}, .. and hence the order of the nullvectors mat-

/
° CN2,17
ters when we want to test for the custodial symmetry: all the equations given by different
values for d, g and e in (2.30) have to be satisfied simultaneously, if the quartic terms shall
be custodially symmetric. Since R satisfies (2.30) for all choices of d, g and e, we must for

instance have?

1 -
3= f1% = Ry;RojRay f9%. (2.36)

On the other hand, if R’ shall be an element of Adgys), we must for instance have
1 213 Y ! pigk
5 J77 = Ry Ry Ry f77, (2.37)

where Ry, is the second row of R/, that is Ry, = (n1); by (2.35), while R}; = (n2); and
R = (n3)r (N(N —1)/2 =3 when N = 3, and hence we must have at least 3 nullvectors
in case of a custodial symmetry). Then (2.37) yields

1 g 3
5= RY; R iRy f7% = Ry;Roj Ry, f7%, (2.38)

which contradicts (2.36), and R and R’ cannot simultaneously be elements of Adsy(ny-
Moreover, if the nullity of E is greater than 3, and if n; in (2.34) is interchanged with an
entirely new nullvector 71, eq. (2.36) with Ry; = (721); may not hold anymore. And if (2.36)
still holds, it will not hold anymore if 72; is interchanged with ne, as in the previous example.

3The structure constant f1%% = 1/2 with our alternatively ordered Gell-Mann matrices, defined in
appendix B, while f1%® = 1 with the standard Gell-Mann matrices.
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2.1.3 Necessary conditions for the custodial SO(4) symmetry

The equations (2.30) give us a simple test, that is, a necessary condition, for SO(4)¢c
symmetry. Choosing d,g,e < N(N —1)/2, reduces all elements from the matrix R in (2.21)
to elements of the chosen nullvectors,

F5¢ = (na)i(ng);(ne)rf7". (2.39)

If there for any choice of the nullvectors in (2.39) is a choice of d, g,e (dependent on the
choice of nullvectors), such that (2.39) does not hold, then the quartic terms Vg (and the
potential) are not SO(4)c-symmetric. The advantage with (2.39), is that it only refers to
the nullvectors of E and the structure constants of su(N), which are simple to calculate.
Consider a specific set of | = Nullity(E) orthonormal nullvectors S = {7;}{=!, they
can be rotated into any orthonormal set of nullvectors ny,na,...,ng, ngr1,...,n; of E, as
given by (2.32). Then the necessary condition (2.39) for the custodial symmetry expressed

with specific, orthonormal nullvectors {f;}¢=} becomes
fdge = (Odpﬁp)i(ogqﬁq)j (Oerﬁr>kfijk- (2.40)

If for all choices of O € O(l) there exist choices of indices d, g,e < k = N(N — 1)/2 such
that (2.40) does not hold, then the quartic terms Vg (and hence the whole potential) are
not SO(4)c-symmetric.

For the 3HDM (2.40) can be substantially simplified, in the case of three nullvectors,
i.e. | = 3. For the 3HDM all equations (2.40) will hold automatically, perhaps except for
the case where (dge) = (123): if two of the indices d, g,e are equal, the left hand side
of (2.40) is zero, and the right hand side is also zero, since the expression will be odd in
two of the indices. For instance, if d = g = 1, then the two first factors of the right hand
side, (O1,71,); and (O147i,);, are the same, and since f“* is antisymmetric in i and j, the
sum over 4 and j will be zero for each k. Now write 9% = €% f(i, j, k), where €7* is the
completely antisymmetric Levi-Civita symbol. Then

f123 = Eijkolp(ﬁp)iOZq(ﬁq)jOST(ﬁr)kf(iaja k)
= €7F P 01,0040, (71)s(712)(73)x.f (1, 5, k)
== det(O)(ﬁl)i(ﬁg)j(ﬁg)kfijk, (2.41)
since eijkAiijqur = eijkeWAﬂAngkg for any square matrix A, with Ay = (p)e in
our case. We have also used that det(O) = €’7"01,02,03,. Hence, for the 3HDM in
the case E has exactly 3 nullvectors, the necessary condition (2.40) holds for all SO(3)-

rotated nullvectors, if and only if it holds for the initial nullvectors 71, 1o and 3. We will
apply (2.41) to show that certain potentials are not custodially symmetric in section 2.2.1.

2.1.4 Necessary and sufficient conditions for the custodial SO(4) symmetry

We will now summarize our results from the previous sections as a theorem, giving necessary
and sufficient, basis-independent conditions for having the custodial symmetry in a NHDM.
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Let V(®1q,...,Py) be a NHDM potential, given by (2.6). If there exists a Higgs basis trans-
formation ® — @ = U®, such that VI(®,...,0%) =V (®1,...,PnN), and V' (D],..., D)
is manifestly SO(4)c-symmetric, we called the original potential V(®1,...,®x) SO(4)c-
symmetric, cf. the discussion below (1.17). We can then show the following:

Theorem 1. Let V be a NHDM potential, given by (2.6), with N > 3. Then the po-
tential V' is SO(4)c-symmetric if and only if the following three conditions are satisfied
simultaneously:

i) The nullity | of the matrix E of (2.6) is equal to or greater than k = N(N —1)/2.

ii) There exists a real (N? — 1) x (N? — 1) matriz R whose N(N — 1)/2 first rows are
an orthonormal set of nullvectors of E, such that

£ = RyiRyjRex, f7%, (2.42)

is satisfied for all a,b and c. The constants f9% here are the structure constants
N2-1

associated with the alternatively ordered, generalized Gell-Mann matrices {\;};2;

of appendiz B.

iii) The matriz R of condition i) also satisfies

N(N -1
Rz'jfj =0 and R,;j?]j =0 fOT all 1 S 1 S (2), (2.43)

where §; and n; are given by (2.6).

Moreover, the solutions of (2.42) will come in pairs Ry and Ry = R“R;, where

Iyxr, O
R = , 2.44

with m = N2 — 1 — k, and k given above. The matriz R represent complex conjugation
when acting on the Lie algebra su(N) with the basis {i); }j\ffl giwen in appendixz B. Exactly
one of the solutions Ry and Ry will correspond to a SU(N) basis transformation of the
Higgs fields.

Finally, condition 4ii) will hold if the column vectors E and 17 are orthogonal to the
nullspace of E.

Proof. As stated in (2.20), the matrix E of the quartic terms Vg must have Nullity(F) =
l>k=N(N—1)/2, and the k first rows of R must by (2.21) be orthonormal nullvectors
of E, for E to be transformed by R to the form E’ given by (2.19). The matrix R must be
a bijection, satisfy (2.42) and not involve complex conjugation on the Lie algebra su(NV)
with basis {i)\j};\fl—l for R to be an element of Adgy(ny, by (2.30) and proposition 3. By
proposition 4, R is bijective if it does not equal zero, and R # 0 since the k first rows of R
are nullvectors of E. If Ry is a solution of (2.42), Ry = R°°R; will also be a solution, since
R represents complex conjugation which is an automorphism on su(N), and since Ry
has the same k first rows as R, namely the chosen nullvectors of R. Exactly one of these
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two solutions are elements of Adgy(y), since it can be written as an inner automorphism
of su(N), the other will be an outer automorphism: if R is an inner automorphism, we
can write 7(X) = (Rgjz;)(i\p) = UXUT, with X = z;(i\;), and then (R$$Ry;x;)(i\) =
(UXU)* for some U € SU(N), which is an outer automorphism. On the other hand, if R
is outer, then R = R R will be inner since two complex conjugations will give an ordinary
similarity transformation of X.

By (2.16) the necessary and sufficient conditions for having the custodial SO(4) sym-
metry in the terms additional to Vg in the potential is given by (2.43). Eq. (2.43) will hold
if E and 7 are orthogonal to the nullspace of F, since the k first rows of R are orthonormal
nullvectors of E. If [ = k, then (2.43) will hold if and only if 5 and 77 are orthogonal to the
nullspace of E, since the k first rows of E then spans the whole nullspace of E. O

The N (N —1)/2 first columns of R had to consist of orthonormal nullvectors of E, for
R to be of the form (2.21) necessary to transform the matrix F into a manifestly SO(4)c-
symmetric matrix E’. When we are searching for a matrix R as described in the theorem,
[ concrete, orthonormal nullvectors of E can be rotated by O(l) transformations to find
a matrix R which satisfies the conditions of theorem 1. This was discussed in connection
with (2.32).

The system of equations given by (2.42) is overdetermined. Permutations of the indices
a,b and c give equivalent equations, since the structure constants are totally antisymmetric
in all indices for su(N), cf. e.g. [14]. Moreover, if (at least) two indices among a,b and ¢
are identical, the left hand side of (2.42) will be zero, and the right hand side will be zero
too: if, for instance a = b the expression on the right hand changes sign if we interchange
the indices ¢ and j, and hence the sums over 7 and j equal zero for each k. Hence, there are

2
(N . 1) = (V-8 (V- 2) (V1) (2.45)
equations left, which equals 56 equations for the 3HDM. Moreover, there are (N2 — 1)2
elements in R, and if we subtract the (N? — 1) - N(N — 1)/2 elements associated with
nullvectors of E, we end up with (1/2)(N — 1)2(N + 1)(N + 2) variables, which equals 40
for N = 3. If we add the (£) = (1/8)(N — 2)(N — 1)N(N + 1), where k = N(N — 1)/2,
variables SO(k) rotations of the nullvectors generate (we here assume the nullity ! of E
is k), we get totally (1/8)(N — 1)(N + 1)(N(5N + 2) — 8) variables. In the 3HDM this
corresponds to 43 variables. The difference between the number of equations and variables

is th
is then 1

21\
for N > 3, and the system of equations (2.42) is hence overdetermined.

N —1)(N +1) (N (4N? — 35N — 6) +48) > 0, (2.46)

In condition ii) in theorem 1, we state that R should not represent complex conjugation
of elements of su(NN) expressed by the basis B = {i)\j}j-v:zl_l of appendix B. Since the
N(N —1)/2 first elements of the basis B are real, while the other elements are purely
imaginary, this meant that complex conjugation is represented by a matrix R with 1’s on
the N(N —1)/2 first diagonal elements, and —1 on all the other diagonal elements, while R
is zero elsewhere. This matrix R will satisfy (2.42), but is not an element of Adgy(y), and
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does hence not correspond to a Higgs basis transformation. For the 3HDM, R representing
complex conjugation then reads

Rec _ <I3><3 O35 ) ’ (2.47)

O5%x3 —I5%5

where I, «, are n X n identity matrices and 0,,x, are m X n zero matrices.
In the case N = 2, theorem 1 also applies, although condition i) will imply condition
ii) in this case. The reason for this is that Adgy(e) = SO(3), and hence any R € SO(3)
will satisfy (2.42), which will hold for all R € Adgy(yy also in the case N = 2. And given
a normalized nullvector ny of E, you can always construct a matrix R € SO(3) with ny
as the first row. Then, since R € SO(3) = Adgy(g), (2.42) will hold. The fact that (2.42)
holds for all R € SO(3) can also be shown by an explicit calculation: for N = 2, the
structure constants
fabc x Eabc’ (248)

abc

where €°¢ is the Levi-Civita symbol, and hence (2.42) in this case becomes equivalent to

Eabc = Rm’ijRckEijk. (2.49)

But, similarly to the argument below (2.41), Rainchkeijk = Rlijongeijke“bc =
det(R)e®¢ = €2 where the last equality is valid when det(R) = 1, and hence (2.49)
holds for all R € SO(3).

On the other hand, condition ii) of theorem 1 implies condition i) for any N, and
hence these two conditions are equivalent for N = 2. (Condition i) is in any case just a
first, simple necessary condition for SO(4)c symmetry.) But, for N = 2 as for all N, the
matrices R which fulfil condition ii) may not satisfy condition iii). Hence, if there is a
matrix R which satisfy both condition ii) and iii), then the potential is SO(4)c-symmetric
also for N = 2, although condition ii) is more trivial in this case.

Finally, for N = 2 both solutions R; and R = R°R; mentioned in theorem 1, will
correspond to a SU(2) Higgs basis transformation, since complex conjugation is an inner
automorphism of SU(2) for N = 2.

2.1.5 Spontaneous breaking of the custodial SO(4) symmetry

We have referred to a NHDM potential with a custodial SO(4) symmetry as SO(4)c-
symmetric. In the presence of VEVs v, given by

<0‘(I)n|0> = (Oavn)Ta (2.50)

the SO(4)c symmetry is broken or, more precisely, hidden. The complex VEVs v,, here
occurs in the lower elements of the doublets, due to electrical charge conservation. Given
at least two non-zero VEVs in a manifestly SO(4)c-symmetric potential, the least amount
of symmetry breaking occurs in the case of vacuum alignment, i.e. when all VEVs occur in
the same direction of the real quadruplets ®,, ,, cf. (1.15). This means that all VEVs can
be written

vy = e, (2.51)
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where 7,, and 6 are real, and we can transform all VEVs to real VEVs without altering the
parameters of the potential, by making an U(1) phase transformation on all scalar fields
simultaneously. Normally only U € SU(N) are considered as Higgs basis transformations
since an overall U(1) transformation does not affect the parameters of the potential. But
when we allow for U € U(N), i.e. allow overall complex phases in addition to the SU(N)
Higgs basis transformations, vacuum alignment is equivalent to all VEVs being real. Then,
in case of real VEVs, SO(4)¢ symmetry is spontaneously broken down to SO(3)¢, with
three broken generators [3].

If there is a Higgs basis where the potential is manifestly SO(4)c-symmetric, where
SO(3)c at the same time is intact, then the potential is simultaneously explicitly and
“spontaneously” custodially symmetric, i.e. custodially symmetric. This will happen if
and only if there exists a matrix R which satisfies condition ii) and iii) of theorem 1, where
the vacua

(v1,...,o8)T = (0|U(R)®|0) (2.52)

are real (i.e. aligned), for a Higgs basis transformation U(R) € U(N) associated with R
through (2.10). (There are N matrices U in SU(N) associated with each R, and when
U(R) € U(N) an additional complex phase may be present, without affecting the matrix
R). Condition i) of theorem 1 is, as we commented in the end of section 2.1.4, a consequence
of condition ii), and will hence be satisfied when condition ii) is satisfied. We will summarize
the discussion in this section as a corollary of theorem 1:

Corollary 1. Let V(@) be a NHDM potential. Then V is custodially symmetric, i.e. is
SO(4)c-symmetric with a SO(3)c-symmetric vacuum in a basis where the potential is man-
ifestly SO(4)c-symmetric, if and only if there is a Higgs basis transformation U(R) € U(N)
where R satisfies theorem 1, and where (O|U(R)®|0) is a real vector.

Finally, the custodial symmetry will be spontaneously broken if the potential is SO(4) -
symmetric, but there is no Higgs basis where the potential is manifestly SO(4) c-symmetric
and where all VEVs are real at the same time.

2.2 Examples

2.2.1 Applying a necessary condition

We will now give examples of potentials that are not SO(4)c-symmetric, by applying
the necessary condition (2.41). Consider a 3HDM potential V' where the quartic terms
Ve = Ko Eow Ky in (2.7) are specified by

XOOO

E=10...000]- (2.53)
0...000
0...000
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Let X in (2.53) be any real, symmetric and invertible 5 x 5 matrix. In the 3HDM with
our choice of basis for su(3) (see appendix B), the column vector consisting of the bilin-
ears K, becomes

~ ~ o~ ~ ~ T
A — Ay A1+A2—2A3> (254)

K =2 Cia,Cu3, Cas, Bua, By, Bas, ,
(12 13, L23, D12, D13, D23 B 23

where the three first bilinears violate SO(4)¢ (in the Higgs basis they are written). Since
X is invertible, its 5 columns are linearly independent, and hence the 5 first columns of
are linearly independent, while the 3 last columns of E are zero. Hence the dimension of
the columnspace, and the rank, is 5, and the nullity (i.e. the dimension of the nullspace) is
8 —5 =3 = [. Three orthonormal nullvectors of E are then

€ = (0,0,0,0,0,1,0, O)T =nq,

€7 = (Oa 0,0,0,0,0,1, O)T = ng,

& = (0,0,0,0,0,0,0,1)" = 7. (2.55)
By inserting the nullvectors of (2.55) into the necessary condition for the custodial sym-

metry for the 3SHDM (2.41) (alternatively, the more general necessary condition (2.40) can
be applied), we get

F12 = £ (7)i(fi2); (7 ) e f17F

0 0 0
—4+10 0 0 fidk — 4 678 (2.56)
1 0 0
0 1 0
0/,\0 ; 1/,

which does not hold, since f23 = 1/2, while f6™® = 0, cf. appendix B.1. Hence a
3HDM potential containing quartic terms given by Vi = K,FE.;Kp and (2.53), is not
SO(4)c-symmetric.

We can control that the necessary condition (2.41) makes sense, by checking that

evidently SO(4)c-symmetric terms satisfy the condition. Let the matrix E of Vg now be
defined by

000...0
000...0
E=|000...0], (2.57)

000
which is of the form (2.19), and hence give manifestly SO(4)c-symmetric terms Vg. The
block X is again a real, symmetric and invertible, but otherwise arbitrary 5 x 5 matrix.
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Then the nullspace of F has dimension 3, and three orthonormalized nullvectors are

61 = (1a 0, 0, 0; 0, 0, O, O)T = ﬁl,

& = (0,1,0,0,0,0,0,0)" = 7z,

& = (0,0,1,0,0,0,0,0)" = g, (2.58)
Now (2.41) yields

[ = det(0)(7n)i(R2) ()i f7* = 122, (2.59)

which holds as long as O € SO(3), and hence Vg given by (2.57) satisfy the necessary
condition (2.41) for SO(4)¢ symmetry, as it should.
2.2.2 A SO(4)c-symmetric 3 HDM potential

We will now apply theorem 1 to show that a certain 3HDM potential is SO(4)c-symmetric.
Consider the 3HDM potential given by

3
0 5% 0 1 0 1 é ~575
1 1 _ vi o1
5 1 g w2-12v2 4 )
3
0 5% 0 1 0 1 é ~555
1 1 1
E=| 1 2v2 1 -5 5 -3 0 0 [ (2.60)
0 -1 0 5 0 5 0 0
1 2v2 1 -5 55 -5 0 0
3 3
Vi 3 3 3
5 % 5 0 0 0 i
1 1 1 3 1
“nvz 2 s V00 =% g

and where the other parameters dependent of Higgs basis transformations are given by

g_ 1 1 1 1 1 1 1 1 T
- 6 327 67 6’ 32’ 6 2.6’ 6v2 )
T
= 5v2 2 5v2 2vV2 2v2 1 1
= <?a T3 T3 _T\[) 2) T3 %a _g) ) (261)

confer (2.6). Other parameters are arbitrary. As we shall prove in this section, this potential
is SO(4)c-symmetric. First we check that the nullity of £ > N(N —1)/2 = 3, which it is,
since it has exactly 3 eigenvalues that equal zero. Mathematica then gives us the following
orthonormal nullvectors of F,

T
1
ﬁlz <0707070707077\/§> ’

27 2
11 T
nz =1{0,0,0,——=,0,—=,0,0 )
i 11 r
fis = ——,0,—,0,0,0,0,0) . (2.62)
2 2
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We then check that these nullvectors satisfy the necessary condition for custodial symmetry,
for the 3HDM given by (2.41), and find that the nullvectors satisfy condition (2.41), for
det O = 1. Thus the necessary condition (2.41) also holds for all SO(3) rotations of the
nullvectors. We now try to solve the equations (2.42) in theorem 1 for the choice (2.62) of
nullvectors. As given in (2.45) and the following discussion for the 3HDM, there will be
56 distinct (but possibly dependent) equations, including one that holds according to the
already satisfied necessary condition. On the other hand, there are 40 variables (we do not
include SO(3) rotations of the nullvectors in this first attempt). Applying Mathemathica’s
Solve-command, then gives us two solutions: when we include the already fixed three
first rows of R, which consist of the (transposed) nullvectors (2.62), one solution R; that
solves (2.42) reads

0 00 0 0 0 L ¥
01 0 (1) —% 0 % 0 0
-5 055 0 0 0 00
S R oa
V2 V2
0 0 0 —% 0 —% 0 0
0 00 0 -1 0 0 0
0 00 0 0 0 ¥-1
The other solution Rs equals
Ry = RRy, (2.64)

where R is given by (2.47), and represents complex conjugation on the Lie algebra su(3)
with our basis {i)\; }?:1 given in appendix B. We now check that the parameters 5 and 77
given by (2.61) satisfy condition iii) of theorem 1, which they do for both matrices R; and
Ry. Hence the potential given by (2.60) and (2.61) is SO(4)c-symmetric by theorem 1.

Both solutions R = R; and Ry correspond to the same, manifestly SO(4)c-symmetric
matrix E’:*

0000 0 O O O
0000 0 O O O
0000 0 0O O O
0001 -14 —-1-1

E' = RERT = (2.65)

000-10 -2 0

0004 -2-11 0
000-10 1 0 O
000-11 0 0 1

“The matrix Rz = R; R will also transform E into a manifestly SO(4)c-symmetric E’, but alters the
signs of the two first rows of Ri, and is hence not a solution when we have chosen the three first rows to
equal the nullvectors in (2.62),
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According to theorem 1, only one of the solutions R; and R will correspond to a SU(N)
basis transformation of the Higgs fields. Here it turns out that R; corresponds to a SU(3)
transformation of the Higgs fields, and is hence a matrix in AdSU(3).5 This also means
that R; represents an inner automorphism of su(3), while Ry corresponds to an outer
automorphism of su(3), i.e. an inner automorphism combined with complex conjugation.
A matrix U; € SU(3) which corresponds to Ry through (2.10) is given by

o o
|
e

U =| - (2.66)

=g
3

There will be two other SU(3) matrices which correspond to R;, namely alU; and
a?U; where o = e%, i.e. a third-root of unity: since the center of SU(3) is Z(SU(3)) =
{al : a3 = 1} = Zg, the kernel of the adjoint action of SU(3) is Ker(Ad) = Zs, and hence
Adgy 3y = SU(3)/Z3. Then each R € Adgy(s) will correspond to three different U € SU(3)
through (2.10). The same is valid in SU(N), that is, Adgyv) = SU(N)/Zy, and each
R € Adgy(ny correspond to exactly N different U € SU(N) via (2.10).

2.2.3 The Ivanov-Silva model

The Ivanov-Silva model was given as a counter-example to the then widely believed, but
erroneous claim that an explicitly C' P-invariant NHDM necessarily has a real basis [13]. A
SO(4)c-symmetric potential must be explicitly CP-invariant, since a SO(4)c-symmetric
potential can be written in a basis where all coefficients are real, which in our formalism
means no terms linear in C, are present in the potential [3]. On the other hand, CP-
invariance does not necessarily imply SO(4)c symmetry. The Ivanov-Silva model is an
example of the latter. Since there is no real basis for this model, there will always be terms
linear in éa present in the potential, and hence it is not SO(4)c-symmetric. The model’s
violation of the custodial symmetry is also implicitly stated in a footnote in [13], which
says that the model has no other symmetries than powers of an order-4, generalized C'P
transformation J, defined by

J: @y — Xpn @5, (2.67)
where
100
X=100 17 ]. (2.68)
0—70

We will now confirm the result that the Ivanov-Silva model is not SO(4)c-symmetric,
by applying theorem 1.

5By applying Mathematica’s NSolve-command for Ry and solving for U via (2.10). The solution space
then becomes empty.
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The potential of Ivanov and Silva’s 3HDM model can be written in terms of bilinears
as V = Vp + Vq, with
Vo = —mi Ay — m3y(Aa + Ag) + M AT + Ag(A3 + A3)
+ X34 (Ay + A3) + )\éA\QA\S
+ (B + Cy + Bis + Cts) + Ny(B3; + C33), (2.69)
and
‘/1 - 2)\5(@13@12 - 613612) + Aﬁ(E%Q - 6%2 - §%3 + 6123)
+ QRG(/\g)(B\%:g — 5223) — 4Im()\8)§23623
+ 2Re()\9)(A\2§23 - Egé\gg) - 21111()\9)(;{25’23 - 2{\3623), (270)

with all parameters real, except Ag and Ag. Moreover, Vj, Vi and all the parameters are
the same as in the original article [13]. The Ivanov-Silva potential is then given by (2.6)
with the following parameters:

B (2.71)

Liag—xs) =28 0 0 0 0 0 0
-2 L (A1 + Ae) 0 0 0 0 0 0

0 0 L (3, — 2R (Ag)) 0 0 —13(xg) S(a) — 135 (o)
0 0 0 L (g +2e) 25 0 0 0
0 0 0 25 ENEVREDYS! 0 0 0

0 0 -3S(Xs) 0 0 T (2R (As) + X)) - 1R (o) V3R (M)
0 0 200) 0 0 “1R0g) L4 Az-ry)  Brs
0 0 —1V33 (Ng) 0 0 1V3ER (Ng) Erg Fgg

)\17)\27)\34»)\./3

with Erg = , Egs = &5 (M +5A2 — A3 — 2)5) and where R(X) = Re()), while
(%

I(A) = Im(N). The other parameters of the Ivanov-Silva potential are
1
no = 6()\1+2)\2+2)\3+/\é)7
mo=ne=n3=n1=1n5 =106 =0,
1
o7 (2V6n —2vBr + Voxs - x/@@,) ,

g = % (2.72)

The matrix F given by (2.71) is generally not custodially symmetric, since it is generally not

nr =

/N

singular, and hence does not satisfy condition i) of theorem 1, which requires an eigenvalue
0 of (at least) multiplicity 3. To see this, set all parameters e.g. to 1, with the result

0 -1 0000 0 O
—2 3 0000 0 O
0 0—-3000 0 O
00 0120 0 0
E=1"9 o 0200 0 0 (273)

3 1 V3
0 0 00011—11§
00 000-% 1% 0
00 000 o !
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Then det(E) = 1/65536, and FE is not singular, and hence does not correspond to a SO(4)¢-
symmetric potential.
Now expand the scalar fields around the vacuum, i.e. let

. ‘)>7 )

where v; is real and v9 = vg = 0 in the Ivanov-Silva model. Then the neutral mass matrix
split in an n-sector and a y-sector, where the (tree-level) masses of the 7’s are

1
My, = 25y, Mgy gy = 5 <—2m%2 + oAz + A1) Fof \/ AZ + A%) ’ (2.75)

and where 77 is the SM Higgs. The masses of the x’s are given by
My, =0, My iy = My nss (2.76)

and finally the charged masses are

Myt = 0, Myt g = —— — My, (2.77)
where the two non-zero masses are identical.

The mass degeneration between the n-sector and the x-sector, given by (2.76), is not
the same mass degeneration that occurs in custodially symmetric potentials (i.e. potentials
where the VEVs are real in some basis where SO(4)¢c symmetry is manifest, cf. corol-
lary 1) [3]: the latter mass degeneration is between the x- (C'P-odd) sector and the charged
sector, where the two sectors get identical masses. In contrast, the mass degeneration in
the Ivanov-Silva model is only partial, and between other sectors. This mass degeneration
is caused by the generalized C'P symmetry J of the model, confer (2.67), which both the
potential and the vacuum respect.

2.2.4 The necessary condition is not sufficient

We will now conclude with a 3HDM example which shows the necessary condition for the
custodial symmetry, given by (2.41), is as expected not sufficient: the following nullvectors
satisfy the necessary condition (2.41),

i1 = (1,0,0,0,0,0,0,0)",

iz = (0,0,0,0,0,0,1,0)",

T
1 V3
fig = (0,0,0,2,‘2[,0,0,0> . (2.78)

Furthermore, if we apply Mathematica’s NSolve-command to solve the full set of equa-
tions (2.42), with the nullvectors (2.78) as the three first rows of R, we get a solution space
which is empty. Thus the necessary condition (2.41) for SO(4)¢ symmetry, is not sufficient.
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3 Summary

We started by organizing the NHDM bilinears that vary under SU(N) Higgs basis trans-
formations in a vector K, given by (2.3), by putting the N (/N —1)/2 custodial symmetry-
violating bilinears first in K. These custodial symmetry-violating bilinears are (propor-
tional to) bilinears of the type C, see (2.4) and (1.10). We derived a Higgs basis-invariant
necessary condition (2.40) for SO(4)¢ symmetry, that only involves the nullvectors of the
matrix E from the quartic part of the NHDM potential (2.6). In the case of the 3HDM
with Nullity(£) = 3, this necessary condition was simplified to (2.41), since if it holds for
one choice of the nullvectors, it holds for all SO(3) rotations of the nullvectors. The main
result of this article, theorem 1, gave us basis-invariant necessary and sufficient conditions
for an explicit custodial symmetry in a general NHDM, N > 3. Corollary 1 in section 2.1.5
yielded corresponding conditions for a simultaneously custodially symmetric potential and
vacuum. In section 2.2 we applied both the necessary condition and the necessary and suf-
ficient conditions of theorem 1 on some 3HDM potentials. Here we showed that a certain
family of 3HDM potentials, given by (2.53) are not SO(4)c-symmetric, since they do not
fulfil the necessary condition (2.41). Moreover, we showed that another 3HDM potential,
given by (2.60) and (2.61), is SO(4)c-symmetric since it fulfils the necessary and sufficient
conditions given by theorem 1. Finally, in section 2.2.3, we also applied our methods to
demonstrate that the Ivanov-Silva model is not SO(4)c-symmetric.

A Factorizable quartic terms

Conditions for SO(4)¢c in the quartic terms of the NHDM potential can be formulated
relatively easy if the quartic terms are factorizable. We will define the quartic terms to be
factorizable if they can be written

V,=3'A% &' BY, (A1)

where A and B are Hermitian N x N matrices, and ® is the N x 1 vector consisting of the
N Higgs doublets,

-

D = (01, Dy,...,0N)7T. (A.2)

The general NHDM potential cannot be written this way, since A and B together con-
tain 2N? free parameters, while the quartic part of the general NHDM potential contains
%N 2(N? 4+ 1) free parameters, which supersedes 2N? for N > 1.

Let p be the (Hermitian) mass matrix of the potential, i.e. write the quadratic terms
of the potential as

Vo =& ud. (A.3)

Then, if the quartic terms are factorizable as in (A.1), the potential is custodially symmetric
if and only if there is a basis transformation

® & =Ud, U eSUN), (A.4)
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such that the matrices UTAU, UTBU and UTuU are simultaneously real: the SO(4)c-
violating terms are terms involving one or two factors of bilinears of type 6, and the
bilinears of type C are generated by the imaginary parts of the matrices A, B and pu.

We will now give criteria for when a family of Hermitian matrices can be made simul-
taneously real by similarity transformations. Let {A;}%_; be a family of Hermitian N x N
matrices. Then there is a U € SU(N) that simultaneously makes the matrices {4;}F_,
similar to real matrices, that is

UTA,U isreal Vi, 1<i<k, (A.5)
if and only if there is a symmetric W € SU(N) such that
AW =WAF Vi, 1<i<k. (A.6)

Proof. (=): Assume UTA;U is real for all 4, where U € SU(N). Then UTA,U = (UTA,U)T =
(UTA4;U0)T = UTATU*. Hence A, UUT = UUT AT since U*UT = I. Let W = UUT, and
W is unitary and symmetric.

(«<): If W is unitary and symmetric, there exists an unitary, symmetric matrix U,
such that U2 = W [15]. Then A,UUT = UUT AT for all i by the assumption (A.6). Hence
UTA,U = UTATU*, which infers that (UTA,U)T = UTATU* = UTA;U, which means
Ut AU is real for all i.

This leads us to the following sufficient and necessary conditions for having SO(4)¢
symmetry in a potential with factorizable quartic terms: The potential is custodially sym-
metric if and only if there is a symmetric W € SU(V) such that

XW=wXxT vX c{A B,u}. (A7)

Eq. (A.7) represents a set of 3N? linear equations in N2 4 N variables, if we disregard the
condition W € SU(N). Including the latter condition, eq. (A.7) consists of 3N? non-linear
equations in N2 —1 (the dimension of SU(N)) variables. In any case the set of equations is
overdetermined, and generally have no solution, which reflects that the potential generally
is not custodially symmetric.

B A basis for su(N)

We will now define a basis {va}évjfl = {Ma}é\zfl for su(N'), appropriate for our purposes.
The Lie algebra su(N) consists of anti-Hermitian N x N matrices, i.e. matrices A with
the property AT = —A. Generalized Gell-Mann matrices are on the other hand Hermitian.
The matrices A, in our basis will be the same as the generalized Gell-Mann matrices given
in e.g. [9], but their order will be different. We will order all the imaginary matrices first,
corresponding to the SO(4)¢-violating bilinears C. Let

énv=(0,...,0,1)7. (B.1)
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Then the N x N matrix u = emen has elements u,,, = 1 for fixed m and n, and ug; = 0
for all (k,1) # (m,n).
Now let 1 <m <n < N, and a = a(m,n) be defined as in (1.11), and let

Ay = —ié’mé':b + ié’né;L for a=a(m,n),
N(N -1
Ap = emeT + é’n_'T for b=a(m,n)+ (2) (B.2)
Here we get
K.=Tr(K\,) = ®'\.®, (B.3)
where
~ N(N -1
Ko =2Cha)n for 1<a< NN -1) =k, (B.4)
’ 2
Kb = QBm(a) n(a) for k+1<b=k+ a(m,n) < 2k. (B.5)

The bilinears C and B are hence ordered “lex1c0graph1cally , e.g. 512, 613, .. ,61 N,
023, 024, .. C’N 1,n, and afterwards the bilinears of type B in the same pattern.
Flnally, we define the diagonal (and traceless) matrices,

m

> ad —ménnel | (B.6)
=1

for 1 <m < N—1and j = m+ N(N —1). The bilinears K; = Tr(K);) of (B.6)
are different linear combinations of the bilinears A,, cf. (1.10), orthogonal to Ky =

2

A=y ——
/ m(m+ 1)

2 Z;V:1 A\j. We denote the matrices {)\c}évjf ! constructed above, as the alternative,
generalized Gell-Mann matrices.

B.1 Structure constants for the S HDM

The structure constants f¥* of the alternative, generalized Gell-Mann matrices {\. }N ot
are given by

iy Aj] = RN (B.7)

The structure constants corresponding to su(3), relevant for the 3HDM, with the alternative
Gell-Mann matrices given by (B.2) and (B.6) will be the same as the structure constants
of the ordinary Gell-Mann matrices, but the indices will be changed due to the change
of the ordering of the matrices A.. Our permutation of the original Gell-Mann matrices
s (4,1,7,5,2,6,3,8), which means that the ordinary Gell-Mann matrix A; is A4 in our
alternative order, and so on. The structure constants then become changed according to
the permutation of the Gell-Mann matrices, which means that for the matrices of (B.2)
and (B.6) the following hold:

f147 -1 f123 f156 f246 f275 f345 f367 1

V3
f386 ? )

)

F25 (B.8)
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The structure constant f®¢ is completely antisymmetric in all its indices, i.e. interchanging
two indices changes the sign of f [14]. All structure constants not derivable from (B.8)
through permutations of the indices, are zero.

C The inclusion Adsyny C SO(N? —1)

When the basis vectors of a Lie algebra are orthogonal relative to the inner product induced
by the Killing form, the matrix R(U) will be orthogonal. The Killing form & is defined
K(X,Y) = tr(ad(X)ad(Y)), where ad(X)(Y) = [X,Y], and is a linear transformation (a
N2-1
j=1
invariant under automorphisms of the Lie algebra g, i.e. x(r(X),r(Y)) = x(X,Y) for all
X,Y € g for all automorphisms r € Aut(g). Then, if

matrix) on the Lie algebra g. Let b = {v;} be a basis for g. The Killing form is

K(vj, V) X 0j, (C.1)
the invariance of k under r for general X,Y induce
Ry Rim = Oim,s (C.2)

which means R is orthogonal, where R is the matrix associated with the automorphism 7,
given the basis b. For g = su(N), the Killing form is

k(X,Y) =2Ntr(XY). (C.3)

If g = su(N) and we choose b to be a basis generated by generalized Gell-Mann matrices,
a “Gell-Mann basis” b = {i)\j}jyjfl, we get

tr(iNjiAg) = =20, (C.4)

and hence the matrices of Adgy () become orthogonal with our preferred basis b. Moreover,

R(I) =1, R(U) is a continuous function of U and SU(N) is connected, hence all matrices

R(U) will be contained in the identity component of the orthogonal group O(N?—1). Thus
Adgy(ny C SO(N? —1). (C.5)

As indicated by the above, there are bases where Adgy ) does not consist of orthogonal
matrices. Consider a general change of Lie algebra basis from a Gell-Mann basis to another
basis, given by i\, — i\, = Mypi)p, where M is a real and invertible matrix. Then the
matrices of Adgy(y) relative to the primed basis will be given by R, (U) = MdCRCbejll,

by applying (2.10). By choosing M with determinant which differs from +1, we easily get
examples of matrices R'(U) € Ad’SU( Ny Dot being orthogonal.

D Complex conjugation as an automorphism of su(INV)

Complex conjugation is an inner automorphism of su(2) while it is an outer automorphism
of su(N), N > 2: for N = 2, complex conjugation will be implemented by a similarity

0-1
U:(1 0)' (D.1)
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The outer automorphism group of su(V) is isomorphic to the automorphism group of the
Dynkin diagram Apn_1, which is Zo for N > 2 and the trivial group Z; for N = 2. This
means Out(su(N)) for N > 2 consists of only one non-trivial element, namely complex
conjugation: complex conjugation is obviously a R-linear bijection on su(N), and respects
the commutator, so complex conjugation is an automorphism on su(N). To see that
complex conjugation never equals a (unitary) similarity transformation for N > 2, consider
the diagonal matrix
X3 =1i-diag(1,1 —2) € su(3). (D.2)

Assume that complex conjugation is a similarity transformation. Then there exists an
U € SU(3), such that UX3UT = X3 holds. But similar matrices have the same determinant,
and the determinant of X3 and X differs by a factor (—1), and hence they can not be
similar, and thus complex conjugation cannot be an inner automorphism on su(3).

For su(N), N > 3, assume again that complex conjugation on su(N) equals a similarity
transformation, and consider the N x N matrix

X = <X30>, (D.3)

00
where X3 is defined above and X € su(N) (it is anti-Hermitian). By assumption, there
should exist an U € SU(N) such that Y* = UYUT for all Y € su(N). The charac-
teristic polynomial of X is given by det(t/ — X) = det(tlsxs — X3) - det(tIn_3xn—3) =
det(tI3x3 — X3) - tN =3, and by the same manner the characteristic polynomial of X* is

det(t] — X*) = det(tlzxz — X3) -tV =3, We then calculate the difference between the
characteristic polynomials of the, by assumption similar, matrices X and X*,

det(t] — X) — det(t] — X*) = —4it™V =3, (D.4)
a contradiction, since similar matrices should have the same characteristic polynomial.

This again means that complex conjugation is not an inner automorphism for su(NV).
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