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Conventional textbook treatments on electromagnetic wave propagation consider the induced
charge and current densities as “bound”, and therefore absorb them into a refractive index. In
principle it must also be possible to treat the medium as vacuum, but with explicit charge and
current densities. This gives a more direct, physical description. However, since the induced waves
propagate in vacuum in this picture, it is not straightforward to realize that the wavelength becomes
different compared to that in vacuum. We provide an explanation, and also associated time-domain
simulations. As an extra bonus the results turn out to illuminate the behavior of metamaterials.

I. INTRODUCTION

Electromagnetic fields in a medium are governed by
Maxwell’s equations

∇ ·D = ρfree, (1a)

∇ ·B = 0, (1b)

∇×E = iωB, (1c)

∇×H = −iωD + Jfree. (1d)

Here we have assumed harmonic time dependence
exp(−iωt). The two equations containing the auxiliary
fields D and H are however not unique. Their forms
are dependent on which charges are consider as “bound”
and which are “free”. Taking a source-free dielectric
medium as an example, the charge and current densities
are conventionally considered as “bound”, and therefore
described by the polarization density P. In this way, the
charges and currents do not bother us; they are simply
taken into account by using a (possibly complex) permit-
tivity ε. In this picture, the two equations read

∇ · εE = 0, (2a)

µ−1
0 ∇×B = −iωεE. (2b)

There is another possibility: The medium can be con-
sidered as vacuum, with charge and current densities de-
scribed explicitly. In this picture, we have

∇ · ε0E = ρ, (3a)

µ−1
0 ∇×B = −iωε0E + J, (3b)

rather than (2). If we write εE = ε0E+P in (2), we find
the connection between the two pictures:

J = −iωP, (4a)

ρ = −∇ ·P. (4b)

In this note, we would like to use the two pictures
to solve Maxwell’s equations in a dielectric slab. As we

know from basic physics, the phase velocity and wave-
length in the medium will be different from the values in
vacuum1–3. In the first picture, this is shown straight-
forwardly in terms of a refractive index different from
unity. In the second picture, however, it is less straight-
forward to realize that the phase velocity and wavelength
are changed compared to the situation in vacuum. After
all, in this picture the medium is considered as vacuum,
with additional current and charge density which can be
viewed as sources. One would think that a superposition
of waves with vacuum wavelength will result in the same
vacuum wavelength.

It is worth mentioning that the second picture does
not describe any new physical effects compared to the
first picture. While the mathematical reason for the al-
tered wavelength is clear in the first picture (Sec. II),
the physical reason will become more transparent in the
second (Sec. III). The fact that the induced field exactly
cancels the incident field is known as the Ewald–Oseen
extinction theorem4–6.

When considering wave propagation in dielectric me-
dia, it is usually most practical to consider the induced
charges and currents as bound. The simplicity of the
explanation of the altered wavelength and phase veloc-
ity in terms of a different refractive index is definitely
appealing, compared to the more complicated, but per-
haps more illuminating, explanation in the second pic-
ture. However, in some circumstances it is natural to
consider induced currents as free, e.g., the induced cur-
rent in a coil of wire due to a time varying magnetic field.

Whether induced currents should be characterized as
free or bound is a relevant question within the research
field of metamaterials. By designing structures with
characteristic size small compared to the wavelength of
the electromagnetic radiation, one may control the in-
duced currents to obtain electromagnetic responses not
available in natural materials. The superposition of fields
produced by the induced currents in the designed struc-
tures gives effective permittivity εeff and permeability
µeff.

As an example, consider a metamaterial consisting of
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periodically arranged, parallel, thin metallic wires sur-
rounded by vacuum7. For large wavelengths compared
to the lattice constant, the metamaterial can be viewed
as a continuous plasma with negative effective permit-
tivity. This corresponds to picture 1, since the currents
in the wires are absorbed into an effective permittivity.
For sufficiently small wavelengths it makes little sense
to describe the structure using an effective permittiv-
ity; it is more practical to describe the currents in the
wires explicitly (picture 2). In an intermediate range of
wavelengths, the medium can be described with an ef-
fective permittivity, however with spatial dispersion. In
this range both pictures can be useful, dependent on the
particular application.

We will consider a simple metamaterial example: 1d
propagation through a periodic, layered structure8 of al-
ternating permittivities ε1 and ε2. The effective permit-
tivity becomes a weighted average of the two permittivi-
ties:

εeff =
ε1d1 + ε2d2

d1 + d2
. (5)

Here d1 and d2 are the thicknesses of the two alternating
layers. Such a metamaterial structure is used to visualize
the second picture through simulations in Sec. IV.

This paper is intended for teachers and students in un-
dergraduate physics, familiar with basic electromagnetic
fields and waves. In particular, the discussion illumi-
nates the freedom in Maxwell’s equations when it comes
to whether charges and currents are considered as “free“
or “bound“. This provides a connection between under-
graduate physics education and modern metamaterial re-
search.

II. BOUND CHARGES AND CURRENTS

We consider a dielectric slab, located in the region
0 < z < a, with vacuum elsewhere, see Fig. 1. The
dielectric medium is assumed to be linear, isotropic, and
homogeneous. A plane wave is normally incident from a
source located at z = −∞. From Maxwell’s equations we
can derive Helmholtz’ equation,

E′′(z) + β2E(z) = 0, (6)

with the following field solution in the dielectric medium:

E(z) = Aeiβz +Be−iβz. (7)

Here β = kn, n =
√
εr is the refractive index, εr = ε/ε0

is the relative permittivity, k = ω/c is the vacuum
wavenumber, and c is the vacuum light velocity. From
(7) we realize that the wavelength in the medium is
2π/β = (2π/k)/n = λ/n, and the phase velocity is c/n.
Here λ = 2π/k is the vacuum wavelength. The constants
A and B can be determined from a, ε, and the source by
using the electromagnetic boundary conditions; that the
electric and magnetic fields must be continuous at z = 0
and z = a.
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FIG. 1. A dielectric slab located in the region 0 < z < a. A
plane wave is incident from z = −∞.

III. FREE CHARGES AND CURRENTS

We would like to explain the result in the previous sec-
tion by considering the medium as charges and currents
situated in a vacuum. In each plane z′ in the material,
there is a current density J(z′), while the charge den-
sity is zero, according to (4). The current density can
be viewed as a source, distributed over the volume of
the slab. The current generates a varying magnetic field
and therefore also an electric field. By solving Maxwell’s
equations for a current source plane with surface current
density J(z′)dz′ in vacuum, we obtain the field

dEJ(z, z′) =

{
−η2J(z′)eik(z−z′)dz′ for z > z′,

−η2J(z′)e−ik(z−z′)dz′ for z < z′,
(8)

where η =
√
µ0/ε0 is the wave impedance in vacuum (see

Appendix A or e.g. Ref.9). In the observation plane z,
the total electric field will be a superposition of the field
from all current planes, in addition to the direct field
Es(z) from the source. If we let 0 < z < a, we find

E(z) = Es(z)−
η

2

∫ z

0

J(z′)eik(z−z′)dz′

− η

2

∫ a

z

J(z′)eik(z′−z)dz′. (9)

To proceed, we need to know the connection between
the electric field and the resulting current. Assuming
J = −iωε0χE for a susceptibility χ,

E(z) = Es(z) + ξeikz
∫ z

0

E(z′)e−ikz
′
dz′

+ ξe−ikz
∫ a

z

E(z′)eikz
′
dz′, (10)

where ξ = iωε0χη/2 = ikχ/2. This integral equation ex-
presses the total electric field as a sum of the source field
and the induced field from the currents in the medium.

To solve the integral equation, we may differentiate
(10) twice, and substitute the original equation to elim-
inate the integrals. Taking the source to be Es(z) =
exp(ikz), the result is

E′′(z) + β2E(z) = 0, (11)



3

where β now is defined by

β2 = k2 (1− 2iξ/k) = k2 (1 + χ) . (12)

To get correspondence between the two pictures, we need
that εr = 1 +χ, which is recognized as the usual connec-
tion between susceptibility and permittivity1,2.

The general solution to (11) is given by (7). The con-
stants A and B cannot be determined from boundary
conditions as in Sec. II, since now there is vacuum every-
where. However, they can be determined by the integral
equation (10) directly. Substitute (7) back into (10):

E(z) = Aeiβz +Be−iβz

= eikz + ξAeikz
∫ z

0

eiβz
′−ikz′dz′

+ ξBeikz
∫ z

0

e−iβz
′−ikz′dz′

+ ξAe−ikz
∫ a

z

eiβz
′+ikz′dz′

+ ξBe−ikz
∫ a

z

e−iβz
′+ikz′dz′. (13)

By calculating the integrals, one finds that the coeffi-
cients of the resulting exp(±iβz) terms balance on each
side of the equation. Once the exp(±iβz) terms are re-
moved, A and B are found so as to make the remaining
exp(±ikz) terms exactly cancel. In particular, it then
turns out that the z-dependence of the integral terms
cancels the exp(ikz) dependence of the source.

The reason for the dependence e±iβz in the medium,
rather than e±ikz, can be explained intuitively as follows.
First, let the observation plane z be outside the slab, i.e.,
z > a. Rather than (10), we would then have

E(z) = Es(z) + ξeikz
∫ a

0

E(z′)e−ikz
′
dz′, (14)

since now, the observation plane is located to the right
of all current sources (z > z′). Similarly, for z < 0 we
have

E(z) = Es(z) + ξe−ikz
∫ a

0

E(z′)eikz
′
dz′. (15)

Clearly, all sources (or induced currents) generate waves
of the form e±ikz, which after superposition also can be
written in this form.

Returning to an observation plane inside the slab, we
must use (10). As we move the observation plane to
the right, a different set of sources will contribute to the
forward-propagating wave, as seen by the upper limit z
in the first integral. This means that the z-dependence
is not only a result of the z-dependence of each wave
separately, but also a result of the fact that the set of
contributing sources to the left of the observation plane
is dependent on the position of the observation plane.
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FIG. 2. A plane wave is incident from a source located at
z = −∞, propagating through a dielectric slab with constant
permittivity εr = 4. Supplementary video will accompany the
article.

This provides a different perspective compared to the
analysis by James and Griffiths3, who viewed the re-
sponse of the dielectric medium as a perturbation ex-
pansion: The vacuum electric field induces a polariza-
tion, which induces a field, which in turn induces an-
other polarization, etc. While such a perturbation series
converges to a wave with reduced speed c/n, the anal-
ysis is somewhat complicated and does not explain the
physical mechanism for the altered wavelength in terms
of z-dependent sets of sources.

IV. FDTD SIMULATIONS

Figures 2 and 3 show the resulting electric field of
an electromagnetic wave propagating through a slab.
We have used Finite Difference Time Domain (FDTD)
simulations10–12 of the conventional Maxwell equations
in a dielectric medium, i.e., the time-domain counter-
parts of (1b), (1c), and (2). Outside the slab there is
vacuum. In both simulations normalized units have been
used. The source produces a wave with frequency ω = 1
approaching the slab from the left. The speed of light
in vacuum is taken to be c = 1. Using these units the
vacuum wavelength at ω = 1 is λ = 2π.

In Fig. 2 the slab consists of a dielectric medium with
εr = 4. This gives a refractive index n =

√
εr = 2. The

wave propagates at the speed c/2, and the wavelength
inside the slab is λ/2, in agreement with the first picture
(Sec. II).

In Fig. 3 the slab is a composite medium or meta-
material. The layered structure consists of a high-index
medium (ε2 = 31) which fills 10% of the slab volume.
Between the high-index layers there is vacuum (ε1 = 1).
According to (5) the homogenized, effective permittiv-
ity is εeff = 4. The high-index layers are distributed
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FIG. 3. A plane wave is incident from a source located at z =
−∞, propagating through a metamaterial slab with εeff = 4.
The slab is a layered structure where a high-index medium
with ε2 = 31 fills 10% of the slab volume; the remaining
layers consist of vacuum (ε1 = 1). Supplementary video will
accompany the article.

evenly throughout the slab, with a separation distance
such that there are approximately 4 units cells over one
effective wavelength. In other words, we have essentially
compressed the induced currents in the homogeneous slab
into thin current sheets surrounded by vacuum.

In some sense Fig. 3 therefore visualizes the second
picture (Sec. III): The total electric field is a super-
position of the source field, and the fields produced by
induced currents in all high-index layers. When viewing
the field in Fig. 3 in detail, one finds that the variation
with z in the vacuum layers are slow, corresponding to
waves in a vacuum, while the variation in the high-index
layers are rapid. However, the resulting wave, if the small
features are washed out, is approximately as in Fig. 2. In
the present simulation, the parameters were chosen such
that the nonideal effects are visible, to see the behavior in
the different layers. A more homogeneous solution could
be obtained by spreading the high-index layers out, i.e.,
more units cells per wavelength.

V. CONCLUSION

We have described propagation through a dielectric
slab using two different pictures. The first picture, which
is the conventional one, regards the induced charges and
currents as bound, conveniently absorbing them into a
relative permittivity εr. The fact that the wavelength
and phase velocity of the electromagnetic wave is differ-
ent in the medium compared to the situation in vacuum
is explained in terms of a refractive index n =

√
εr.

In the second picture, the medium is instead consid-
ered as vacuum, with source charge and current densities.
A superposition of waves from sources in vacuum seems

to imply a wavelength equal to the vacuum wavelength.
However, by examining the superposition in detail, we
find that the altered wavelength and propagation speed
is a result of the fact that the set of sources to the left
and right of an observation plane z depends on z. Al-
though the calculations become more complicated, this
picture provides useful physical insights.

Figures and animations of the resulting electric field
from FDTD simulations are provided to visualize the two
descriptions. The second picture together with the simu-
lation of the metamaterial slab, may also be useful when
it comes to understanding the homogenized, effective pa-
rameters of metamaterials.

Appendix A: Field from a uniform surface current
source

z

E− E+

H−

H+

Js

FIG. 4. A uniform surface current source Js is located in
the plane z = 0. A harmonic time dependence exp(−iωt) is
assumed.

Let a uniform surface current source Js be located in
the plane z = 0, and surrounded by vacuum, see Fig. 4.
We want to determine the electric field everywhere. In
the region z > 0, the electric field solution to Helmholtz’
equation must be of the type E+ exp(ikz), while in the
region z < 0 we must have a field E− exp(−ikz). From
reflection symmetry about the plane z = 0, E− = E+.
We choose the coordinate system such that E+ = E+x̂.
From Faraday’s law this gives a magnetic field

H+ =
1

iωµ0
∇×E+ =

kE+

ωµ0
ŷ =

E+

η
ŷ. (A1)

Similarly we find H− = −H+. Now we apply the
Maxwell boundary condition

H+ −H− = Js × ẑ, (A2)

to determine the constant E+. This gives E+ = −η2Js,
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and therefore

E(z) =

{
−η2Jse

ikz for z > 0,

−η2Jse
−ikz for z < 0.

(A3)
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