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ẋ = f̃(t, x, κ(t, x)) =: f(t, x)

�
�D�3«�¹z�b£¤� �H¸%�b�°�H¸����7�K�b�7�?�´¯°���c�b£¤�
�b�����7�n�®«7¸��¥¬4�®� ����¶q£¤��¢�(r¨��b��
���� ³� -
���«� 

�H£~�®��¬ � �b��¶D«¥�®�H�7�¥¬H�A�®��¶q£¤��¢�«¥�®���H�7�®¹N¹z�¥¯.¬������D���7�   ���L�7� �H¸��¥¬7���®¬K�H¸�� ���@��# S 
���G���#
�b�����7�n�®«7¸!�b��¶��H¸��9�D.+�Z��	 ��G���#=�b�����7�n�®«7¸'� �. #�H¸��²�b�����7�n�®«7¸��¥¬ £¤���H¸�£~¬c�H¸��¥¬H£~¬
�
�H¸��#�´¯°�����7¬H�3�%�b�H�7¬ 
�¬7���H¸��#��
������H£~« �b¹©�b�����7�n�®«7¸'�A¯4¸�£¤¹~���H¸���¹z�®¬H�?�%�b�H��
�¬7�¥¬?�H¸��
�b�%�b¹¤¨��H£~« �b¹9�b�����7�n�®«7¸'�

] "/�Vcd�-$��1���Vc �������� =��� ` µ�¨q¬H�7���I����¶���¹~¬3�c�¥¨
ªA�=�®ª����b£¤���¥¶�  �7�®�����7¬H�3���H£¤��«�£� 
��¹~�¥¬
�x  �®����*��b�T��¹~�c�������H¢p¨D�®�#�c�®¬7¬#ª%�b¹z�b��«¥�¥¬
��+´�D�H¸�£~¬�« �®¬7�0���§¢n����¶D« �b��¶q£~¶��b�7�
  �®����(r¨��b��
���� ³D -
���«��H£~�®� £~¬��H¸��c¬H¨q¬H�7����
 ¬��7�®���b¹°�������H¢p¨ �®���c�®¬7¬
���®��¬7�®�����7�� 
¹z�b�7�¥¶
���7�®�A���H�´¨8�6+´�T�A�®�H���b���3«¥�®��«¥�����7¬?£¤���H¸�£~¬.�7��¢��b�7¶²�b�7���������H¢p¨� ª%�®¬7�¥¶²«¥�®���H�7�®¹C�
�%�®¬7¬H£¤³�£¤�´¨8��¶q£~¬7¬H£¤�%�b�H£¤³�£¤�´¨8�N�b��¶D�H¸��c«¥�®��¬H£~¶������b�H£~�®�}�b ?¬H�A�¥«�£z�b¹°¬H¨q¬H�7��� «�¹z�®¬7¬7�¥¬
�x  �®�
��*��b�T��¹~��
K�b�T£¤¹¤�7�®��£z�b�
¬H¨q¬H�7����¬
��¡2
�¹~���1 (_�b¢p���b��¢n��¬H¨q¬H�7����¬4�b��¶��H¸����H����¶q¨��%�b�T£~«
¬H¨q¬H�7����¬
��·:¸����7� £~¬T��³p�®¬H�T�b����
������b ?¹¤£¤�7�����b�$
��7�§�®���H¸��¥¬7���7�®��£~«¥¬
�N¬7�¥�c  �®����*4 
�b�T��¹~� �K�¥¬7�����T�b��¶ �3£~¶q¨��®¬��b¢��b�?� 2 5�3��8����³p�b��¶����cµ�«7¸%�j  �@� ºp»p»p» ��� �?�H�7��¢��%� �©�b�
�K���3µ�«7¸%�j  �
� (��b�7�¥��¹~¬3�b��¶?(��®¬7«7¸��n��� ºp»p»>2 ��� �©¶�¬H�H£~���b��¶?.?¹~�®��¬7�?� 2 505�30���
µ��®���#¬H¨q¬H�7����¬4�A�p¬7¬7�¥¬7¬7O 	&= 
 ��� 
 ��
�	<��# = ���H¸%�b�.£~¬
�%�� -
���«��H£~�®�²�b ��H¸��#¬H���b�7�L�H¸%�b�

£~¬4«¥�®��¬H���b��� 
���¶����4�H¸��L¬H¨q¬H�7����¶q¨��%�b�T£~«¥¬
�N·:¸��¥¬7�K« �b�§£¤�
¬7�®���L« �®¬7�¥¬:ªA��
�¬7�¥¶ �7�
«¥�®��¬H�H�$
�«��+(r¨��b��
���� ³  -
���«��H£~�®��¬ � �?��
�«7¸��#���?�b¹C�#� 2 5�3030���

,e��
���� �1���Vc!�������� =��� ` ·:¸���£¤��³n�����H£~�®�R�b K���r�¥«��H£¤³n��£¤���7���H£~�®���A�®£¤���T�����H¸���¶�¬
  �®��¬7�®¹¤³�£¤��¢ ¹¤£¤��� �b� �c�b�H�H£�*�£¤������
%�b¹¤£¤�H£~�¥¬�� � ('(�+ ¬��@� ­3�¥¬H�7���7� ³R�b��¶�­3���T£¤�7� ³q¬$��£¤£C�
2 505 � �2&:� ¨q¶��©¡)¹)$3¸%�®��
�£C� =����7�®�R�b��¶ &4�b¹z�>���H£~¬H¸��%�b�'� 2 505 � �"�D�®¹#�n� ¯4£~« B8�.µq�b£¤¢��b¹
�b��¶ �©�b��¶�����ªA���H¢p¸��0� ºp»p»p» ���x¸%�®¬L� ³n���#�H¸��T¹z�®¬H�L¶��¥« �®¶��T¹~� �®¶��7�
��¹z�b�H¢n�T��
���ªA���
�b 4��
�ª�¹¤£~« �b�H£~�®��¬��®�9
�¬H£¤��¢��H¸��¥¬7�������H¸���¶�¬#  �®� ����¶q£¤��¢ (r¨��b��
���� ³Z -
���«��H£~�®��¬#  �®�
����
���ªA�����b #¬H¨q¬H�7��� «�¹z�®¬7¬7�¥¬
��·:¸��
¬H�H�$
�«��$
��7���b  ('(�+ ¬�£¤�T��¹¤£~�¥¬��H¸%�b�c���p¬H�c�b 
�H¸���¬H¨q¬H�7����«�¹z�®¬7¬7�¥¬K�H¸%�b���b�7���H�7� �b�7�¥¶ �b�7��¹¤£¤��� �b�
�r£¤�D¬7�®����  �®�H�?��
3� ¯°��³n���
�5
��% 
«¥���H���b£¤���´¨��b��¶����®��¹¤£¤��� �b�H£¤�´¨}« �b��ªA��¸%�b��¶q¹~�¥¶��®¬�¹~�®��¢ �®¬��H¸���¨ ¸%�¥³n�
� ; ¹¤£¤��� �b�1<
¶��¥¬7«��H£¤���H£~�®�'�?  �®�
��*��b�T��¹~�0�3¹¤£¤��� �b�
�%�b���b�����7���1 ³p�b�H¨�£¤��¢ � ('3 � � ¬H¨q¬H�7����¬
�.¹¤£¤��� �b�
¶q£��r���7�����H£z�b¹ �b¶q£��r���7����«¥�
£¤��«�¹#
�¬H£~�®��¬?� (x� + ¬��=�b��¶���£~�¥«¥��¯4£~¬7� ¹¤£¤��� �b� �®�"!����9�-3 � .,�
¬H¨q¬H�7����¬
� µ��®���§�b ?�H¸������®�7� £¤�T�A�®�H���b���T�7�¥¬$
�¹¤�7¬��H¸%�b�T¸%�¥³n�
�b���A� �b�7�¥¶��°�b�7� �®�
H∞

 �����H¸���¶�¬ � $L�b¸�£¤�����:�b��¶�.?���p�b�H£z�b�'� 2 505 � ��+´¯:�®¬��>��£0�b��¶ µ��n��¹¤�7�®�'� 2 505 �4����¬H¨q¬1 
�7����¬:¯4£¤�H¸9� ¬H�H�$
�«��$
��7�¥¶ � 
���«¥���H���b£¤���H£~�¥¬ �-&:� ¨q¶§���?�b¹C�#� 2 505 � ���K� ¨�¹~�0� 3��®«��p�b�7¶��b��¶
�%¸���
'� 2 505 2 �Aµ�«7¸����7���
� ºp»p»>2 ���0�b��¶
�7�®ª�
�¬H� (�3°¦R�����H¸���¶�¬A���?�®�H¸%�b�7�0� &4�b¹z�>���H£~¬H¸% 
�%�b�R�b��¶ (²�®���b�H£C� 2 505�*%� �?��
�³p�b�H£¤���>��£~¬
�,�?�p¬7¬H£¤�7�����b��¶Rµ�«7¸�
�
��H�c�b��¬
� ºp»p»p» ��� .

�F����� ����' ' %���#�
����H� �
. ���
.4) %�%�.7+,���	�;��
�%�%�#�
�%���%�� #"
�%��?#�� ��� @
� B � 
�� � ����!"�0��
"
�%�' � .7%��,��� #�%�57���2���	��' ' � ���5�
	���
 �	@

P



� ���:� ��� � ������� �����

¢n����¶�£¤���H�7��¶%
�«��H£~�®���7� ('(�+ ¬?£¤��«¥�®���H�7�®¹N« �b�²ªA�L  ��
���¶�£¤�Dµ�«7¸����7���#�b��¶ �D��£¤¹z�b��¶
� 2 505058���
�?�H¸����T��
������H£~« �b¹K�b�����7�n�®«7¸��¥¬��b¹~¬7����*q£~¬H�
��  �®�T��*��b�T��¹~� �����H¸���¶�¬Tª%�®¬7�¥¶}�®�

¢p�H£~¶�¶q£¤��¢§�H¸��=¬H���b�7��¬H�%�®«¥���7������¶Z��� ¬$
�£¤���bª�¹¤¨��%�b���b�����7���H£#B �¥¶ �K¶��¥«��7� �®¬H£¤��¢&(r¨��" 
��
���� ³� -
���«��H£~�®�'�%¬7�¥�L�0� ¢ ���n�®¸%�b��¬7��� � ºp»p»p» ���

.��H¸�£¤�7¶ �®���H£~�®�'�x�7��¹z�b�7�¥¶D�7� �H¸��T��
������H£~« �b¹4�b�����7�n�®«7¸'�9£~¬#�b  �7���	
�¬7�¥¶Z£¤� �b�% 
���7�n�®«7¸��¥¬�ª%�®¬7�¥¶D�®�D�®��¹¤£¤�����®���H£¤�T£#Bj�b�H£~�®� �z  �®�L£¤��¬H���b��«¥�0�_����¶���¹)���7�¥¶q£~«��H£¤³n�c«¥�®�% 
�H�7�®¹ ��� +´���H¸��¥¬7�=�b�����7�n�®«7¸��¥¬L�®�����®��¹¤£¤�����T£¤��£¤�T£#B �¥¬L�� -
���«��H£~�®���b )�H¸��=¬H���b�7�0���H¸��
�AV��W�<G 
���_�� 1 .+�@G 
������ �9¯4¸�£~«7¸���� �®¬$
��7�¥¬=£¤��¬7�®����¬7����¬7���H¸���¬H¨q¬H�7��� �A���F  �®�H�c�b��«¥�0�
·:¸��T³p�b¹#
��� -
���«��H£~�®� £~¬#�®ª����b£¤���¥¶Dª�¨�£¤��¬7���H�H£¤��¢��H¸�� ; �7� �b¹�<�¬H���b�7�T�H���.�H�¥«��7�®�H¨�£¤���7�
�H¸����®ª �H�¥«��H£¤³n�T -
���«��H£~�®�'�
·:¸��c³p�b¹#
��T -
���«��H£~�®� ¯4£¤¹¤¹°�b  �7��� ¬7���H³n���®¬���(r¨��b��
���� ³
 -
���«��H£~�®�:�-(��¥¨����0� �3�¥¯4¹¤£¤��¢n¬
� �3�®���b��¶²µ�«¥���p�®���H�
� ºp»p»p» ���

	�

	 �! #"%$� #"'B¥()()*�+�,.-0/

.3¬N�H¸��3�b�����7�n�®«7¸��¥¬°£¤� 3��b�H�)+)�b��¶�+�+9�b x�H¸�£~¬N�H¸��¥¬H£~¬©�H�7� �b�°��
��H��
��N  �¥�¥¶qª%�®«�� �q¬7�®���
�7���c�b�$�q¬?�®�§�H¸�£~¬.���7�®ª�¹~��� £~¬?�b�����7�®���H£z�b�7�0�
$3£¤³n���²���i�H£¤���� £¤��³p�b�H£z�b���
�%  �®�.¬H£¤�T��¹¤£~«�£¤�´¨ �:¶q¨��%�b�T£~« �b¹9¬H¨q¬H�7���
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�¶q£~�¥¶   �®��¬7�®���c�H£¤���0�Z·:¸����c�b£¤� ���> 
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Xl
�b ��H¸���¬H���b�7�#¬H�%�®«¥� �i����¶���¹x³p�b¹¤£~¶q£¤�´¨
¬7�����

Xm
�
Xl ⊂ Xm ⊂

R
n ��¸�����«¥�3¯°�K« �b¹¤¹A�H¸��?����¶���¹r«�¹z�®¬7¬ B �C�<G&� 	��>=W�/��
 �"�\� � � ��	����@G&� ���@G # .A= �����:= ��·:¸��
¬$
�ª�¬7���7¬

Xl
�i�H¸��/#Q�WG���# ���W�A��# _!��# ��� ��
�SP=W� 
�=>�N�c�¥¨�ªA�3� ³n���H¹z�b����£¤��¢ �%�b��¶��H¸�� 
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�b N�b¹¤¹
N
¬$
�ª�¬7���7¬.«¥� ³n���K�b¹¤¹x�b 

Xm
�
Xm ⊂ ∪l∈{1,...,N}Xl

�
·:¸��#¶q£��r���7����«¥�L£¤��«�¹#
�¬H£~�®���®�
¹~��« �b¹r����¶���¹x³p�b¹¤£~¶q£¤�´¨§¬7���

Xl
£~¬

xk+1 ∈ Ml(xk,Θ;K l), ∀k ∈ N, xk ∈ Xl.
� º � 2 �


3���7�0�
K l £~¬�� ¬7���#�b :�%�b���b�����7���7¬#�H¸%�b��¬H¸���
�¹~¶ZªA�=  ��
���¶²  �®�L�H¸���¶q£��r���7����«¥�T£¤�% 

«�¹#
�¬H£~�®���7��ªA�§¬H���bª�¹~�0��·:¸�£~¬�¯4£¤¹¤¹.ªA�§��¹z�bªA�®���b�7�¥¶��®�}¹z�b�7���
� .3¬�£¤��¶q£~« �b�7�¥¶��:�H¸��
¬7���1 ³p�b¹#
��¥¶§�c�b����£¤��¢ Ml

£~¬?�"!����L£¤�
�H¸��#¬H���b�7�0�

Ml(xk,Θ;K l) := {x+ | ∃θk ∈ Θ, x+ = Al(θk;K
l)xk + cl(θk;K

l)} � º � º �

¯4¸����7�   �®���H¸��
Xl

¯4¸�£~«7¸R«¥�®�����b£¤��¬c�H¸��
�®�H£¤¢p£¤��£¤��£¤�7¬c«�¹~�p¬$
��7�0�
cl(θk;K

l) ≡ 0
�
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=�
��H�H¸����
�
Al(θk;Kl)

�b��¶
cl(θk;K

l)
�b�7���"!����0�

Al(θk;K
l) := Al0(K

l) +

Nθ
∑

j=1

Alj(K
l)θk,j

cl(θk;K
l) := cl0(K

l) +

Nθ
∑

j=1

clj(K
l)θk,j,

£¤�#�H¸��)��¹~���������7¬9�b q�H¸�� �i�A�p¬7¬H£¤ª�¹¤¨ �%�H£¤���� ³p�b�H¨�£¤��¢?�%�b���b�����7���x³n�¥«��7�®�
θk = (θk,1, . . . , θk,Nθ

)>
�

�b��¶
Nθ

£~¬K�H¸��T��
���ªA���=�b °�%�b���b�����7���7¬
��·:¸��T�%�b���b�����7����³n�¥«��7�®�#£~¬#�®¬7¬$
����¥¶Z�7�
ªA�K£¤�²�=¸�¨��A���1 �7�¥«����b��¢p¹~� � �®�.�%�b���b�����7���?ªA��* �

Θ :=
{

θ = (θ1, . . . , θNθ
)> | ∀j ∈ INθ

, θj ∈ [0, 1]
}

= [0, 1]Nθ .

+´�°�c�¥¨c¬7�¥��� �7�¥¬H�H�H£~«��H£¤³n�3�7���b¹¤¹~� ¯'�b¹¤¹0�H¸��?�%�b���b�����7���7¬.�®��¹¤¨��7��ªA�?£¤���H¸��3£¤���7���H³p�b¹
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l
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xk+1 = Ãl(θk)xk + B̃l(θk)uk + c̃l(θk)

¯4£¤�H¸
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uk = K̃ lxk + k̃l,
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Al(θ;K l)
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cl(θ;K l)
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Al(θ;K l) = Ãl(θ) + B̃l(θ)K̃ l

cl(θ;K l) = B̃l(θ)k̃l + c̃l(θ),
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minγ
¬
� �
�

P = Q−1 � º � º �8�
x ∈ XLMI

¯4¸����7�
x = (γ, P,Q)

�b��¶
x ∈ XLMI

��� �b� �H¸%�b�
x
¬H¸���
�¹~¶ ¬��b�H£~¬F  ¨Z¬7�®��� ('(�+

«¥�®��¬H�H���b£¤���7¬.£¤��³n�®¹¤³�£¤��¢
x
�i�H¸%�b�.£~¬
� XLMI
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 ´¬H¨����H¸��¥¬H£~¬
�%³p�b�H£~��
�¬?�7�®ª�
�¬H� ��
%�®¶q���b�H£~«��A���1 
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�H¸��3  �®�H�
∀θ ∈ Θ, 0 < P (θ) ≤ S−1,

� º � º 58�
¯4¸�£~«7¸
£~¬.¬H£¤�T£¤¹z�b�.�7�@� º � º �8���°µ�£¤��«¥�

P
£~¬?�"!����L£¤�

θ
���H¸�£~¬4£~¬.����
�£¤³p�b¹~�����?�7�

P̂ :=







P (θ1) � � �
P (θ2Nθ )






≤







S � � �
S







−1

=: Ŝ−1

¯4¸����7�
θ1, . . . , θ2Nθ

�b�7���H¸�� ; «¥�®�H�����7¬1<T�b °�H¸���¸�¨��A���1 �7�¥«����b��¢p¹~�
Θ
��·:¸�£~¬L« �b�DªA�

�c�®¶����b�
����
%�b¹¤£¤�´¨§«¥�®��¬H�H���b£¤���?ª�¨
�®¶�¶q£¤��¢�� ; ¬H¹z�®«���<  ³p�b�H£z�bª�¹~���
∆ ≥ 0

�
P̂ + ∆ = Ŝ−1.
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·:¸���¨ « �b¹¤¹.�H¸�£~¬������H¸���¶}¬7����
������H£z�b¹?¬7���T£� ´¶�������£¤�7�§���7�®¢p���b�T�T£¤��¢ � µ�µ�� 3 ���©�b��¶
£¤�=�����H� ¨q¬#�c�b��¨ ¬H£¤�T£¤¹z�b�H£¤�H£~�¥¬=¯4£¤�H¸ ¬7����
������H£z�b¹)��
%�®¶q���b�H£~«c���7�®¢p���b�T�T£¤��¢ � µ���3 ���
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�¢p�������7�¥¶
(_�b¢p���b��¢p£z�b�
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���«��H£~�®�§  �®�4�H¸�� &)(�+N���7�®ª�¹~��� £¤�
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Φc(x,Λ) = γ +
∑

ij

Λji((P̂ + ∆)Ŝ − I)ij +
c

2

∑

ij

((P̂ + ∆)Ŝ − I)2ij

= γ +
�H�

Λ((P̂ + ∆)Ŝ − I) +
c

2

�H� [
((P̂ + ∆)Ŝ − I)>((P̂ + ∆)Ŝ − I)

]

�
∆
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x = (P̂ , Ŝ,∆, γ)

¬$
�ª �H�¥«��c�7�
x ∈ XLMI
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�T£¤��£¤�T£#B¥£¤��¢ �H¸�£~¬Tª�¨�¬7�®¹¤³�£¤��¢ �b�Rµ�� 3  ���7�®ª�¹~���2£¤�

x
�N¯4¸�£¤¹~� 
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¢p���b��¢n�T�7
�¹¤�H£¤��¹¤£~���
Λ
�b��¶Z�H¸����A���%�b¹¤�´¨��%�b���b�����7���

c
£¤� � ; ¬H�c�b�H�1<T¯:�¥¨D�b�#� �®«7¸

£¤�7�����b�H£~�®�'�
.:�°� �®«7¸ ¬H�7���

x(i) �n�H¸��.����*q�°¬H�7��� x(i+1) £~¬)  ��
���¶�ª�¨ 
�¬7�?�b _� �iª%�®«����H���®«���£¤��¢4�
¹¤£¤���#¬7� �b�7«7¸
�����H¸���¶9� ¬7�¥�L�0� ¢ �N­3��«¥�¥¶��b¹9�b��¶ �Z�H£¤¢p¸��A� 2 505058�$���

x(i+1) = x(i) + αp(i)

¯4¸����7�
α ∈ [0, 1]

£~¬�� ¬7« �b¹z�b�
¬H�7���% ´¬H£#B �0�L�b��¶
p(i) £~¬ �H¸��Z¬7� �b�7«7¸'¶q£¤�7�¥«��H£~�®� �b�

£¤�7�����b�H£~�®�
i
�K·:¸��=¬7� �b�7«7¸Z¶q£¤�7�¥«��H£~�®�Z£~¬.  ��
���¶�  �7�®�I�H¸��#  �®¹¤¹~� ¯4£¤��¢²µ�� 3R���7�®ª�¹~���?�

«¥�®�H�7�¥¬H�A�®��¶q£¤��¢T�7�����T£¤��£¤�T£#Bj�b�H£~�®���b �� ��
%�®¶q���b�H£~«#�b�����7��*q£¤�c�b�H£~�®�²�b 
Φc
�b�
x(i) 2

min t

¬
� �
� [ t−∇Φc(i)(x
(i),Λ(i))>p(i)

(

p(i)
)>

p(i)
(

∇2Φc(i)(x
(i),Λ(i))

)−1

]

≥ 0

x(i) + p(i) ∈ XLMI .

­3�®�7�)�H¸%�b�_¬H£¤��«¥� XLMI
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x(i+1) ∈ XLMI
¬H£¤��«¥�

x(i) ∈ XLMI
�
x(i)+p(i) ∈

XLMI
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α ∈ [0, 1]
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���®��¹¤£¤��� �b�.¬H¨q¬H�7��� ¯4£¤�H¸��b�

���«¥���H���b£¤�²��
��H��
��.�c�b����£¤��¢ �%¶��¥¬7«��H£¤ªA�¥¶§ª�¨

xk+1 ∈ F(xk, uk,Ψ) ⊂ R
n � 4%� 2 �

yk ∈ G(xk,Ψ) ⊂ R
r,

� 4%� º �
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F(x, u,Ψ) :=
{

x+|x+ = f(x, u, ψ)
  �®�.¬7�®���

ψ ∈ Ψ
}

G(x,Ψ) := {y|y = h(x, ψ)
  �®�.¬7�®���
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uk ∈ U ⊂ R
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F(x, u,Ψ) ⊂ Mi(x)(x, u,Θ
s), ∀x ∈ X,u ∈ U

� 4%� 48�
G(x,Ψ) ⊂ Hi(x)(x,Θ

s), ∀x ∈ X.
� 4%� �4�
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i(x) := {i ∈ INL

|x ∈ XL
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¯4£¤�H¸
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£~¬K��¬H£¤��¢p¹~���7�®� ��� =�
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X = ∪i∈INL
XL
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�q¯4¸����7�
NL

£~¬:�H¸��L�7�®���b¹x��
���ªA���?�b �¹~��« �b¹
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Mi(x, u,Θ
s) :=

{

x+|∃θ ∈ Θs, x+ = Ai(θ)x+Bi(θ)u+ ci(θ)
} � 4%� �8�

Hi(x,Θ
s) :=

{

y|∃θ ∈ Θs, y = C i(θ)x+ di(θ)
}

,
� 4%� *8�
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θ
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Ai(θ) :=

Ai0 +
∑Ns

θ
j=1A

i
jθj
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�
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θ = (θ1, . . . , θNs

θ
)> ∈ Θs £~¬9�H¸��©�A�p¬7¬H£¤ª�¹¤¨

�H£¤���� ³p�b�H¨�£¤��¢��%�b���b�����7���T³n�¥«��7�®���b��¶
N s
θ

£~¬=�H¸��c��
���ªA�����b ?�%�b���b�����7���7¬
�D·:¸��
�%�b���b�����7���?³n�¥«��7�®�.£~¬?�®¬7¬$
����¥¶ �7�TªA�K£¤����¸�¨��A���1 �7�¥«����b��¢p¹~�

Θs :=
{

θ =
(

θ1, . . . , θNs
θ

)> | ∀j ∈ INs
θ
, θj ∈ [0, 1]

}

.
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¹¤£¤��� �b���3�K¡ ¯4£¤�H¸	
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���«¥���H���b£¤� ¬H���b�7�=�H���b��¬H£¤�H£~�®�D�c�b�'� F �_�b��¶Z��
��H��
��#�c�b����£¤��¢ � G �¬7�¥� =9£¤¢0
��7� 4%� 2 ���H¸����²�´¨���£~« �b¹¤¹¤¨§�H¸��#��
���ªA���K�b )�%�b���b�����7���7¬3£~¬

N s
θ = n+ r

��£C� �0�#�
�H¸��:¶q£¤������¬H£~�®���b 0�H¸��:¬H���b�7�4�b��¶T��
��H��
��)³n�¥«��7�®�
� & 
������®�7�:�H¸%�b��£  A¬7�®���:��¹~���������7¬
�b  F �®� G �b�7�°¹¤£¤��� �b�
� N s

θ

¯4£¤¹¤¹qªA�°¬H�c�b¹¤¹~���
�n�®¬9¯4£¤¹¤¹qªA�©£¤¹¤¹#
�¬H�H���b�7�¥¶�£¤�=�H¸��:��*��b�T��¹~�¥¬
�
=��®�=�H¸��

NL0 ≤ NL
¹~��« �b¹°����¶���¹°³p�b¹¤£~¶q£¤�´¨ ¬7���7¬��H¸%�b�T«¥�®�����b£¤���H¸����®�H£¤¢p£¤��£¤�

�H¸���£¤�#«�¹~�p¬$
��7�0�x�H¸�� ; �"!������7���H��¬1<?�
ci(θ)

�b��¶
di(θ)

�3�b�7��£~¶������H£~« �b¹¤¹¤¨	B ���7����·:¸�£~¬
����¬$
��7�¥¬��
¯°��¹¤¹:¶��������¥¶�����
�£¤¹¤£¤ª��H£#
�� �b�=�H¸����®�H£¤¢p£¤�'�N�b��¶ £~¬��A�p¬7¬H£¤ª�¹~�c¬H£¤��«¥�c£¤�=£~¬
�®¬7¬$
����¥¶ �H¸%�b�

f(0, 0, ψ) = 0
�b��¶

h(0, ψ) = 0
  �®�?�b¹¤¹

ψ ∈ Ψ
�

�D� �b¹~¬7�²¶������������®�% ´� ³n���H¹z�b����£¤��¢�#Q�WG���#���. 
 B@. 
 =W� 
�= �
Y L
j

�
j ∈ IML

��·:¸��¥¬7�
�%�b�H�H£¤�H£~�®�²�H¸�����
��H��
��K¬H�%�®«¥�

Y
�0�b��¶��b�7� 
�¬7�¥¶§  �®�?¶�������£¤��¢��H¸�����£~�¥«¥��¯4£~¬7�=�"!����

�®ª�¬7���H³n���T��
��H��
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x

X

X1
L X2

L X3
L

. !����,
����A���.ªA��
���¶

. !����L¹~� ¯°���?ªA��
���¶

fnom(x, u)

f(x, u, ψmin(x, u))

f(x, u, ψmax(x, u))

=9£¤¢0
��7�!4%� 2 2 +´¹¤¹#
�¬H�H���b�H£~�®���b ��H¸��,
���«¥���H���b£¤���´¨
����¶���¹¤£¤��¢ �N·:¸��#¬H¸%�®¶��¥¶��b�7� ��£~¬.�®«� 
«¥��
����7�¥¶R  �®� £¤�R�H¸���«¥�®���H�7�®¹¤¹~���
¬H¨����H¸��¥¬H£~¬
�

ψmax
�b��¶

ψmin
¬H¸���
�¹~¶RªA�����>�n���

�®¬
�H¸�� ; ��*q�H�7������<Z³p�b¹#
��¥¬
�b T�H¸��	
���«¥���H���b£¤���´¨!�%�b���b�����7���
�L£C� �D¬7�®�����H¸�£¤��¢�¹¤£#�n�
ψmax(x, u) = arg maxψ∈Ψ f(x, u, ψ)

�

�b�7�c�c�b���A�¥¶ �7�
�H¸�� ¬H���b�7�c¬H�%�®«¥�0���H¸����7��£~¬�����¹~�p¬7¬=�b ?¢n���������b¹¤£¤�´¨ £¤��«¥�®��¬H�H�$
�«��1 
£¤��¢

Y = ∪j∈IML
Y L
j = R

r � ·:¸�£~¬��>
��7�®�c�b�H£~« �b¹¤¹¤¨}����¬$
��7�¥¬��H¸%�b���H¸�� ��£~�¥«¥��¯4£~¬7�
�"!����.�®ª�¬7���H³n���©��
��H��
��©£¤���H�¥«��H£~�®���7�KªA�4«¥�®��¬H�H�$
�«��7�¥¶�£~¬)¯°��¹¤¹%¶��������¥¶��2.?¹~¬7�L¶��������
ML0 ≤ML

�q�H¸��3��
���ªA���?�b 9¹~��« �b¹r��
��H��
��.¬7���7¬:¯4£¤�H¸§�H¸��K�®�H£¤¢p£¤�§£¤� �H¸���£¤�.«�¹~�p¬$
��7�0�
[�� 
�� 
 PeKMA�:	"�%/:	"J<� ;X-A AbX-DNW TM8;:=<>:�?@8�A�:	X#CEDF: :=DN<>X_TMA L! ;X#O�8;I/D I "

"�:VT!"�:=A�:=D/O0X#O�8;I/D
�D�§�®¬7¬$
���� �§ -
�¹¤¹:¬H���b�7�c����¶���¹� ª%�®¬7�¥¶��®ª�¬7���H³n����¯4£¤�H¸��b� ; �®ª�¬7���H³n���T«¥�®�H�7�¥«��H£~�®�
�7���H�A<

vk
�

x̂k+1 = fo(x̂k, uk) + vk

ŷk = go(x̂k),

¶��������¥¶D  �®�
x̂k ∈ X̂ ⊂ R

n � uk ∈ U
�b��¶

vk ∈ R
n � . �%�b�$
����b¹°«7¸��®£~«¥��  �®�#�H¸��

�®ª�¬7���H³n���:����¶���¹A£~¬4�����®�T£¤�%�b¹r���®��¹¤£¤��� �b�4����¶���¹r�b _�H¸��K¬H¨q¬H�7��� �7��ªA�K«¥�®���H�7�®¹¤¹~�¥¶��
�0� ¢ �

fo(x, u) = f(x, u, ψnom)
�b��¶

go(x) = g(x, ψnom)
¯4¸����7�

ψnom
£~¬K�T���®�A 

£¤�%�b¹_³p�b¹#
����b )�H¸�� 
���«¥���H���b£¤���%�b���b�����7���3³n�¥«��7�®�
ψ
�%¬H£¤��«¥����¬H�c�b¹¤¹x����¶���¹9���H�7�®�?£~¬

�T¢n����¶§ª%�®¬H£~¬4  �®�3�®ª�¬7���H³n���3¶��¥¬H£¤¢p�'�6+´�?¬H¸���
�¹~¶
ªA�#���®�7�¥¶���¸�� ¯°��³n���
�A�H¸%�b�?�H¸����7�#£~¬

T�T



����� ��� ��� � � ���:� ��� � ������� ������� ��� ��� ��� � � � � � ��� � �	� ��� � ������� � ���!� � �	�

�����®¬7¬$
��T���H£~�®� �H¸%�b�:�7����
�£¤�7�¥¬°�H¸��K�®ª�¬7���H³n���:����¶���¹A�7��ªA�?¯4£¤�H¸�£¤� F(x, u,Ψ)
�b��¶

G(x,Ψ)
�

·_��¶���³n��¹~�®� �H¸��K¬H¨����H¸��¥¬H£~¬°£¤������
%�b¹¤£¤�H£~�¥¬
��¯°�3���¥�¥¶��7�=�7�����7�¥¬7�����:�H¸��K¶q¨��%�b�T£~«¥¬
�b ��H¸��©�®ª�¬7���H³n���5
�¬H£¤��¢.¹~��« �b¹q�"!����N�%�b���b�����7���1 ³p�b�H¨�£¤��¢K����¶���¹~¬
�_·:¸�£~¬9« �b�#ªA�©¶��®���
ª�¨§����« �b��¬$
�¹z�b�H£¤��¢ �H¸���¶q¨��%�b�T£~«¥¬A� �®¬?¶��®���L  �®�?�H¸��#���®��¹¤£¤��� �b�K¬H¨q¬H�7��� ����
%�b�H£~�®��¬
�bªA� ³n�"�°ª�¨§�b�²�"!����#¶q£��r���7����«¥�L£¤��«�¹#
�¬H£~�®�

fo(x̂, u) ∈ M̂ı̂(x̂)(x̂, u,Θ
o), ∀x̂ ∈ X̂, u ∈ U

go(x̂) ∈ Ĥı̂(x̂)(x̂,Θ
o), ∀x̂ ∈ X̂.

·:¸��
ı̂(x̂)

�
INo

L

�
X̂L
ı̂

�
Âı̂(θ)

�
Θo ���7«0�K¬H¸���
�¹~¶²ªA�=¶��������¥¶Z�®¬?  �®�3�H¸���¬H¨q¬H�7���?�0¬7�¥�

¬7�¥«��H£~�®�R4%� º � 2 �
&°¨#����« �b��¬$
�¹z�b�H£¤��¢K�H¸��©���®��¹¤£¤��� �b�)¶q¨��%�b�T£~«¥¬)�b ��H¸��°�®ª�¬7���H³n���/
�¬H£¤��¢3�H¸�£~¬�¶q£��r���1 

����«¥�#£¤��«�¹#
�¬H£~�®�'�%¯°�#£¤�T��¹¤£~«�£¤�H¹¤¨
���>�n�#£¤���7��«¥�®��¬H£~¶������b�H£~�®� ; ���®�% ´��*q£~¬H�H£¤��¢�<��®ª�¬7���H³n���
¶q¨��%�b�T£~«¥¬�� ¬H£¤��«¥��¯°��£¤�Z���H£¤��«�£¤��¹~� ����� ¯��H¸��T�®ª�¬7���H³n���#¶q¨��%�b�T£~«¥¬#��*��®«��H¹¤¨ �����K�� 
�A����¶q£¤��¢
�®�Z¸�� ¯ �c�b��¨�¹~��« �b¹�����¶���¹)³p�b¹¤£~¶q£¤�´¨�¬7���7¬K¯°��«7¸����p¬7���7� 
�¬7�0�x�b��¶�¸�� ¯
«�¹~�p¬7�)�H¸��N����« �b��¬$
�¹z�b�H£~�®��£~¬
�j�H¸�£~¬r¯4£¤¹¤¹�£¤���H�7��¶%
�«¥�°�:³p�b�H¨�£¤��¢?¶���¢p�7�¥�N�b �«¥�®��¬7���H³p�b�H£~¬H�
�b��¶§«¥�®�T��¹~��*q£¤�´¨9�i£C� �0��¬H¨����H¸��¥¬H£~¬4���7�®ª�¹~���I¬H£#B �"���

+  9¯°�#«7¸����p¬7���=��£~�¥«¥��¯4£~¬7�=�"!����#�®ª�¬7���H³n���.����¶���¹C�

fo(x̂, u) = Âı̂(x̂)x̂+ B̂ ı̂(x̂)u+ ĉı̂(x̂)

go(x̂) = Ĉ ı̂(x̂)x̂+ d̂ı̂(x̂)

¯°�K« �b�
�®«¥«¥��
����4  �®�:�H¸��K��*��®«��4�®ª�¬7���H³n���4¶q¨��%�b�T£~«¥¬
���b��¶��H¸��K�7�¥¬$
�¹¤�H£¤��¢T«¥�®�T��¹~��*4 
£¤�´¨D¯4£¤¹¤¹:ªA��¬H£¤¢p��£��%« �b���H¹¤¨ �7�¥¶%
�«¥�¥¶��Z·:¸�£~¬T�®ª�¬7���H³n��������¶���¹4« �b�   �®�=£¤��¬H���b��«¥� ªA�
�®ª����b£¤���¥¶}ª�¨}�b�}��£~�¥«¥��¯4£~¬7�
�"!������b�����7��*q£¤�c�b�H£~�®�R�b L�²���®�T£¤�%�b¹.����¶���¹C��­3�®�7�
�H¸%�b�°�b�c�b�����7��*q£¤�c�b�H£~�®� « �b��ªA�4�c�®¶��?�b�Hª�£¤�H���b�H£¤¹¤¨��®«¥« 
����b�7�.ª�¨A
�¬H£¤��¢#�c�b��¨�¹~��« �b¹
����¶���¹9³p�b¹¤£~¶q£¤�´¨�¬7���7¬
�K·:¸�£~¬L�®ª�¬7���H³n���K����¶���¹)« �b��ªA��³�£~��¯°�¥¶D�®¬3�H¸���¬H�A�¥«�£z�b¹�« �®¬7�
�b ��H¸��#�bªA� ³n�L¯4£¤�H¸

No
θ = 0

�

	 

	 �! #"%$� #"'B¥()()*�+�,.-0/ -9;.<?"%@A;.6767(�@ E�JL<?" � ()E%57E

&4�®¬7�¥¶Z�®�Z�H¸�������¶���¹~¬��bªA� ³n�0�x¯°��¯4£¤¹¤¹©¶���³n��¹~�®� ¬H¨����H¸��¥¬H£~¬K£¤������
%�b¹¤£¤�H£~�¥¬#�%�b���b���� 
�7���H£#B �¥¶ ª�¨Z�c�b�H�H£~«¥�¥¬�¶�������£¤��¢Z�
��£~�¥«¥��¯4£~¬7� �"!����c�®ª�¬7���H³n���1 ´¬H���b�7�c  �¥�¥¶qª%�®«�� �b��¶
�b�Z�®ª�¬7���H³n���#��
��H��
��#£¤���H�¥«��H£~�®�'� =�� �®¬H£¤ª�£¤¹¤£¤�´¨Z�b ©�H¸���£¤������
%�b¹¤£¤�H£~�¥¬L¯4£¤¹¤¹)£¤�T��¹¤¨²�H¸%�b�
�H¸��c  �¥�¥¶qª%�®«��}�b��¶}�®ª�¬7���H³n����«¥�®�H�7�¥«��H£~�®��¬H�H�$
�«��$
��7� ¯4£¤¹¤¹.��*q�A�®�������H£z�b¹¤¹¤¨�¬H���bª�£¤¹¤£#B �
�H¸��K¢p£¤³n���?
���«¥���H���b£¤���´¨�«�¹z�®¬7¬:  �®�4�H¸��#¶��������¥¶�
���«¥���H���b£¤���H£~�¥¬
�
(x���

j(y) :=
{

j ∈ IML
|y ∈ Y L

j

} �#�R¸����c�H¸��.¶����A����¶�����«¥�3�®�c�H¸��3�b�H¢0
��������7¬
£~¬ 
���¶����7¬H�7����¶Z  �7�®� �H¸��c«¥�®���7��*q�
��¯°�c¯4£¤¹¤¹©¯4�H£¤�7�

i
�
ı̂
�b��¶

j
  �®�

i(x)
�
ı̂(x̂)

�b��¶
j(y)

���7�¥¬H�A�¥«��H£¤³n��¹¤¨8�

T�;
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[��1[���Z US:V:=WFKNX-<�Y X-DNW�I�KMA�:	"�%/:	"Q8�D���:=<&O�8;I/D A�O�"�LN<&O�L "�:
·:¸��K«¥�®���H�7�®¹

uk
�b��¶��®ª�¬7���H³n���4«¥�®�H�7�¥«��H£~�®�§�7���H�

vk
�b�7�K«7¸��p¬7��� �7��ªA�L�"!����? -
���«� 

�H£~�®��¬=�b 4�H¸��c�®ª�¬7���H³n����¬H���b�7�
x̂k
�b��¶ �H¸��c¬H¨q¬H�7��� �b��¶ �®ª�¬7���H³n���=��
��H��
��

yk
�b��¶

ŷk
�

uk = K ı̂
sx̂k + kı̂s

� 4%� 30�
vk = Kj

o(yk − ŷk) + kjo
� 4%� �8�

·:¸��°  �¥�¥¶qª%�®«��=�c�b�H�H£~«¥�¥¬��
K ı̂
s

�b��¶
kı̂s
���b�7�:«7¸��p¬7����ª%�®¬7�¥¶T�®��¯4¸�£~«7¸c¬$
�ª�¬7���

X̂L
ı̂

�H¸��
�®ª�¬7���H³n���3¬H���b�7�

x̂k
£~¬.£¤�:�i¸�����«¥�=¬$
��A���7¬7«��H£¤���

ı̂ = ı̂(x̂k)
���:·:¸����®ª�¬7���H³n���?�c�b�H�H£~«¥�¥¬

« �b�²ªA�#ª%�®¬7�¥¶��®��¯4¸�£~«7¸Z�b N�H¸��#¹~��« �b¹9��
��H��
��K¬7���7¬
Y L
j

�
j ∈ IML

���H¸��=��
��H��
��
yk£~¬?£¤�'�0�®�?ª�¨
«7¸����p¬H£¤��¢��H¸����Iª%�®¬7�¥¶²�®��¯4¸�£~«7¸�¬$
�ª�¬7���

X̂L
ı̂

�
ı̂ ∈ INo

L

�H¸����®ª�¬7���H³n���
¬H���b�7�

x̂k
£~¬=£¤� �i£C� �0���7����¹z�®«¥�

j
¯4£¤�H¸

ı̂
����·:¸���¹z�b�H�7�����b�����7�n�®«7¸�« �b��ªA��¬7�¥���}�®¬

�H¸��#���p¬H�?�%�b�$
����b¹C�A�b��¶
¯4£¤¹¤¹C�0�®¬?¯4£¤¹¤¹_ªA�#¬7�¥���'���´¨���£~« �b¹¤¹¤¨�¬H£¤�T��¹¤£   ¨ �H¸��#���7��«¥�¥¶%
��7�
�b T«¥�®��¬H�H�$
�«��H£¤��¢��H¸��Z¬H¨����H¸��¥¬H£~¬§£¤������
%�b¹¤£¤�H£~�¥¬�«¥�®��¬H£~¶������bª�¹¤¨8��­3��³n���H�H¸���¹~�¥¬7¬
�3�H¸��
¬H¨����H¸��¥¬H£~¬©£¤������
%�b¹¤£¤�H£~�¥¬°¯4£¤¹¤¹0ªA�.���7�¥¬7�����7�¥¶�
�¬H£¤��¢=�H¸��4  �®�H�����4�b�����7�n�®«7¸'�q¬H£¤��«¥�?�H¸�£~¬
£~¬°�H¸��3���p¬H�:¢n���������b¹C���b��¶c�7� �n�¥��� ���®���b�H£~�®�%�b¹x«¥�®�T�%�b�H£¤ª�£¤¹¤£¤�´¨ ¯4£¤�H¸�µ�¹#
�����¸%�>
�¢����
�b¹C�5� ºp»p»p» ���

=��®�L�H¸��
X̂L
ı̂

¬L�b��¶��H¸��
Y L
j

¬K«¥�®�����b£¤��£¤��¢
�H¸��T�®�H£¤¢p£¤��£¤���H¸���£¤�#«�¹~�p¬$
��7�0�
kı̂s
�b��¶

kjo
� �®�

kı̂o
�4�b�7� B ���7���

­3�®�7�°�H¸%�b�)�®�H¸����9  �¥�¥¶qª%�®«����b�®ª�¬7���H³n���©¬H�H�$
�«��$
��7�¥¬��H¸%�b�N�b�7�4�"!����:£¤�
yk
�
x̂k
�b��¶

ŷk
« �b�§ªA�L«7¸��p¬7���'���b��¶§¯4£¤¹¤¹r�7�¥¬$
�¹¤�4£¤�
¬H£¤�T£¤¹z�b�H¹¤¨ ¬H�H�$
�«��$
��7�¥¶§�c�b�H�H£�* £¤������
%�b¹¤£¤�H£~�¥¬
�

[��1[�� 
 '  ;I/A�:=W��  ;I.I�T�W �FDFX � 8�<�A
·_�§¢0
%�b���b���7�¥��«�¹~�p¬7�¥¶4 ¹~���®� ¬H���bª�£¤¹¤£¤�´¨8�_¯°�T���¥�¥¶Z�7�§«¥�®��¬H£~¶����#�H¸���«�¹~�p¬7�¥¶4 ¹~���®� ¶q¨� 
�%�b�T£~«¥¬=«¥�®��¬H£~¬H�H£¤��¢²�b 4ªA�®�H¸D�H¸����7� �b¹©¬H���b�7���b��¶D�H¸����®ª�¬7���H³n���=¬H���b�7�0�9�®�=����
�£¤³p�" 
¹~�����H¹¤¨8���H¸��L�7� �b¹x¬H���b�7���b��¶§�H¸��L�®ª�¬7���H³n���?���H�7�®�
�

+´��¬7���H�H£¤��¢.�H¸���  �¥�¥¶qª%�®«��#�b��¶L�®ª�¬7���H³n���_«¥�®�H�7�¥«��H£~�®���7���H��¬x£¤���7�4�H¸��©�"!����)�%�b���b�����7���1 
¶����A����¶������ ; �®�A���% ¹~���®�%<.����
%�b�H£~�®��¬°¶��¥¬7«��H£¤ª�£¤��¢��H¸��?¬H¨q¬H�7�����b��¶��H¸��.�®ª�¬7���H³n���
��¯°�
�®ª����b£¤���H¸���«�¹~�p¬7�¥¶4 ¹~���®�Z¶q¨��%�b�T£~«¥¬
�%  �®�

xk ∈ XL
i

�
x̂k ∈ X̂L

ı̂

�b��¶
yk ∈ Y L

j

�r�b��¶
  �®�.¬7�®���

θsk ∈ Θs �b��¶ θok ∈ Θo �

[

xk+1

x̂k+1

]

= A

(

K ı̂
s,K

j
o ; θk

)

[

xk
x̂k

]

+ c

(

kı̂s,K
j
o , k

j
o; θk

) � 4%� 58�

T/R
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¯4£¤�H¸

θk :=
[

(θsk)
> (θok)

> ]>

A

(

K ı̂
s,K

j
o ; θk

)

:=

[

Ai(θsk) 0

0 Âı̂(θok)

]

+

[

Bi(θsk)

B̂ ı̂(θok)

]

K ı̂
s

[

0 I
]

+

[

0
I

]

Kj
o

[

Ci(θsk) −Ĉ ı̂(θok)
]

c

(

kı̂s,K
j
o , k

j
o; θk

)

:=

[

ci(θsk)
ĉı̂(θok)

]

+

[

Bi(θsk)

B̂ ı̂(θok)

]

kı̂s+

[

0
I

]

Kj
o

(

di(θsk) − d̂ı̂(θok)
)

+

[

0
I

]

kjo
�

+´�T�A�®�H���b���H¹¤¨8���H¸��¥¬7���c�b�H�H£~«¥�¥¬T�b�7���"!����c£¤� ªA�®�H¸ �H¸���
���«¥���H���b£¤���´¨ �%�b���b�����7���7¬
�
�b��¶��H¸��
  �¥�¥¶qª%�®«����j£¤���H�¥«��H£~�®� �c�b�H�H£~«¥�¥¬
� ­3�®�7���H¸%�b���H¸���¬��b����£~¬��H�$
��
  �®���H¸��
¶q¨��%�b�T£~«¥¬�¯4¸����:
�¬H£¤��¢²�H¸���¬H���b�7���b��¶ �®ª�¬7���H³n�������H�7�®�T�®¬��H¸���«¥�®�T�A�p¬H£¤�7��¬H���b�7�0�
¬H£¤��«¥�

[

xk
x̃k

]

=

[

I 0
I −I

] [

xk
x̂k

]

.

[��1[��1[ � �F:HA LFKMA�:�O�AbI�� O��F: A�O0X#O0: � A�TNX-<>: ?@8 O��EO��F: A�X � :	I�KMA�:	"�%/:	"
X-DNW � :V:=WFKNX-<�Y

=��®��
�¬7�
£¤���H¸���¬H���bª�£¤¹¤£¤�´¨��b�%�b¹¤¨q¬H£~¬
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=��®�H�c�b¹¤¹¤¨8���H¸��K£¤���7���7¬7�¥«��H£~�®��¬7���7¬
Xîıj
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¹~�®��¢n���.£¤���7���7¬7�¥«��H£~�®��¬
��ª�
��?¬H£¤�T��¹¤¨ ¶��������¥¶²�®¬
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�ª�¬7���7¬ ��� 
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��7�����b�����7��*q£� 
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0 ∈ ∩
l∈INqξ

{ξ | ||ξ − ξl,c||2Hl,ξ
≤ 1} ⊂ X × X̂,
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0 ∈ ∩
p∈INqu
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��H��
��°  �¥�¥¶qª%�®«��c£~¬°��*q�A�®�������H£z�b¹¤¹¤¨
¬H���bª�¹~�0�
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�H���b��¬F  �®�H�c�b�H£~�®��ªA���´¯°�¥���Z�H¸����´¯°���7�����7�¥¬7�������b�H£~�®��¬
�L·:¸��=¬H¨����H¸��¥¬H£~¬3£¤������
%�b¹¤£¤�H£~�¥¬
« �b��ªA�N¬H�A�¥«�£��%�¥¶L  �®�xªA�®�H¸=«7¸��®£~«¥�¥¬
��­3�®�7�)�H¸%�b�9��³n�����H¸���
�¢p¸=�H¸��©¬H���bª�£¤¹¤£¤�´¨��b�%�b¹¤¨q¬H£~¬
�T£¤¢p¸���ªA�c�A���F  �®�H���¥¶ £¤� �H¸��

(xk, x̃k)
 ³p�b�H£z�bª�¹~�¥¬?�i£C� �0�#���H¸�� (r¨��b��
���� ³ ¹~��³n��¹:¬7���7¬

�b�7�4¬$
�ª�¬7���7¬)�b A�H¸��
(xk, x̃k)

¬H���b�7�� ´¬H�%�®«¥�"���n£¤�)£~¬)¬7����¬H£¤ª�¹~�:�7�L«¥� ³n���N�H¸��4¬$
�ª�¬7���7¬
Xîıj£¤�

(xk, x̂k)
 ´«¥���®�7¶q£¤�%�b�7�¥¬
�_¬H£¤��«¥�=�H¸��=����¶���¹~¬#�b��¶²�H¸���£¤���7���7¬7�¥«��H£~�®� ¬7���7¬3�´¨���£~« �b¹¤¹¤¨
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�
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���«��H£~�®��¬?¶��������¥¶§ª�¨

a(θ) := ao +

Nθ
∑

j=1

θjaj , a ∈ {P, α,W l, τ l, β, µl}.
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W l
j
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��¶��������¥¶�ª�¨

nEl

�)·:¸��
αj
¬
�
τ lj
¬
�
βj
¬:�b��¶

µlj
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θ
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uk vk

0 ≤ x̂1,k < 1 [−36.6967,−2.6470]x̂k

[

0.0674
0.1545

]

(yk − ŷk)

−1 ≤ x̂1,k < 0 [−36.3622,−2.6245]x̂k

[

0.0711
0.1575

]

(yk − ŷk)

1 ≤ x̂1,k ≤ 2 [−39.3421,−0.9139]x̂k − 2.9621

[

0.1097
0.2439

]

(yk − ŷk) −
[

0.0096
0.0249

]

−2 ≤ x̂1,k < −1 [−39.4195,−0.9026]x̂k + 3.0488

[

0.1105
0.2518

]

(yk − ŷk) +

[

0.0099
0.0255

]
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uk vk

0 ≤ x̂1,k < 1 [−40.4731,−2.1144]x̂k

[

0.9987
0.0180

]

(yk − ŷk)

−1 ≤ x̂1,k < 0 [−40.6318,−2.1110]x̂k

[

0.9985
0.0216

]

(yk − ŷk)

1 ≤ x̂1,k ≤ 2 [−39.2835,−0.8226]x̂k − 1.4940

[

1.0113
0.1180

]

(yk − ŷk) +

[

0.0001
−0.0074

]

−2 ≤ x̂1,k < −1 [−39.2824,−0.8181]x̂k + 1.6127

[

1.0131
0.1589

]

(yk − ŷk) +

[

−0.0001
0.0071

]
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χ1 =
λ− λ∗

�b��¶
u = Tb − T ∗
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i Ai
11(θ1) ci1(θ1) XL

i

1 1.0080 + .0060θ1 {χ1|0 ≤ χ1 ≤ .2}
2 1.0078− .0031θ1 {χ1| − .03 ≤ χ1 ≤ 0}
3 1.0024− .0010θ1 .0019 + .0015θ1 {χ1|.2 ≤ χ1 ≤ .86}
4 .9838− .0039θ1 −.0007 + .00002θ1 {χ1| − .06 ≤ χ1 ≤ −.03}
5 .8228− .0753θ1 −.0134 + .0013θ1 {χ1| − .14 ≤ χ1 ≤ −.06}

·9�bª�¹~�!4%� �	2N·:¸��L��£~�¥«¥��¯4£~¬7���"!����LªA��
���¶q£¤��¢� -
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χ1 χ2
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  �®�H�

χk+1 = Ai(θ)χk +Bi(θ)uk + ci(θ)

=

[

Ai11(θ1) 0
0 1 − hη

]

χk +

[

Bi
1(θ2)
0

]

uk +

[

ci1(θ1)
0

]

yk = Ci(θ)χk + di(θ) =
[

Ci1(θ2)
1
r (1 − λ∗)

]
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i Aı̂χ1 + cı̂ XL
ı̂

1 1.013χ1 {χ1|0 ≤ χ1 ≤ .2}
2 1.005χ1 {χ1| − .03 ≤ χ1 ≤ 0}
3 1.002χ1 + .0026 {χ1|.2 ≤ χ1 ≤ .86}
4 .9815χ1 − .0007 {χ1| − .06 ≤ χ1 ≤ −.03}
5 .7795χ1 − .0156 {χ1| − .14 ≤ χ1 ≤ −.06}
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·:¸��#�®ª�¬7���H³n���.£~¬.�b ��H¸��K  �®�H�

χ̂k+1 = Âı̂χk + B̂ ı̂uk + ĉı̂ =

[

Âı̂11 0
0 1 − hη

]

χk +

[

B̂ ı̂
1

0

]

uk +

[

ĉı̂1
0

]

yk = Ĉ ı̂χk + d̂ı̂ =
[

Ĉ ı̂11
1
r (1 − λ∗)

]

χk

¯4£¤�H¸
B̂ ı̂

1 = 1.7e−4 �b��¶ Ĉ ı̂11 = 59.375
  �®�K�b¹¤¹
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  ��
���¶§£¤�
·9�bª�¹~� 4%� �%��¬7�¥�#�b¹~¬7� =9£¤¢0
��7�!4%� 2 � �
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��*q�%�b��¶ �H¸���¶q¨��%�b�T£~«¥¬�  �®�=����¢��b�H£¤³n��¬H¹¤£¤� ³p�b¹#
��¥¬��7��¢n���T�
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�H¸���«�¹~�p¬7�¥¶�¹~���®�'�_¬H£¤��«¥�T¯°�c�b�7��ª����>��£¤��¢²�b��¶Z���®���®«¥«¥��¹~�����b�H£¤��¢ �9�H¸���¬H¹¤£¤�D« �b�����®�
ªA�¥«¥�®���L����¢��b�H£¤³n� �-39���7���7¬7���²���?�b¹C�#� ºp»p»>2 � 3)�7�®�A�p¬H£¤�H£~�®� 2 ���
·:¸��T«¥�®���H�7�®¹¤¹~���=�b��¶Z�®ª�¬7���H³n���K  ��
���¶�ª�¨��H¸��T«¥�®��ª�£¤���¥¶ �b�����7�n�®«7¸ �b�7��¢p£¤³n���

£¤�D·9�bª�¹~�94%� *%�T­3�®�7���H¸%�b�L¯°� 
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�
ª�¨�  �®�7«�£¤��¢

K ı̂
s(1, 2) = 0

�

x̂l
ı̂ uk vk

0 ≤ χ̂1,k < .2 [−4276, 0]χ̂k

[

−0.0133
0.0011

]

(yk − ŷk)

−.03 ≤ χ̂1,k < 0 [−10385, 0]χ̂k

[

−0.0131
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]

(yk − ŷk)

.2 ≤ χ̂1,k ≤ .86 [51.28, 0]χ̂k − 1054

[
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]

(yk − ŷk) +

[

−0.0207
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]

−.06 ≤ χ̂1,k < −.03 [−7561, 0]χ̂k + 854.5
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(yk − ŷk) +
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−.14 ≤ χ̂1,k < −.06 [−13686, 0]χ̂k + 1466
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]

(yk − ŷk) +
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]
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JFzµ(λ∗) − 1
J T

∗
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JFzµ(λ∗) + 1

J u
� �D��¬7�¥�T�H¸%�b�=�H¸������ �®¬$
��7����������£~¬��  -
���«��H£~�®���b .�H¸���£¤����
��
�

�b��¶§¸�����«¥�#��
��H��
��.����¶���¹~¬?�b ��H¸��L«�¹z�®¬7¬4£¤��µ��¥«��H£~�®�@4%� � � º �7
�¬H�.ªA� 
�¬7�¥¶ 2

yk = Ci(θ)χk +Di(θ)uk + di(θ)

=
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Ci11(θ2)
1
r (1 − λ∗)

Ci12(θ3) 0

]

χk +

[

0
Di

1

]

uk +
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0
di2(θ3)
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ŷk = Ĉ ı̂χ̂k + D̂ı̂uk + d̂ı̂ =

[
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Ĉ ı̂12 0
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i Ci
21(θ3) di

2(θ3) XL
i

1 747.96 + 284.56θ3 {χ1|0 ≤ χ1 ≤ .2}
2 −230.51− 220.91θ3 {χ1| − .03 ≤ χ1 ≤ 0}
3 −58.75− 69.09θ3 −189.29 + 71.96θ3 {χ1|.2 ≤ χ1 ≤ .86}
4 1132.8− 116.70θ3 40.87 + 3.55θ3 {χ1| − .06 ≤ χ1 ≤ −.03}
5 13928− 3061.1θ3 808.67 + 12.46θ3 {χ1| − .14 ≤ χ1 ≤ −.06}
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i Ĉ ı̂
21χ1 + d̂ı̂

2 XL
ı̂

1 −730.34χ1 {χ1|0 ≤ χ1 ≤ .2}
2 −291.06χ1 {χ1| − .03 ≤ χ1 ≤ 0}
3 −103.00χ1 − 154.21 {χ1|.2 ≤ χ1 ≤ .86}
4 1104.8χ1 + 45.25 {χ1| − .06 ≤ χ1 ≤ −.03}
5 12840χ1 + 906.18 {χ1| − .14 ≤ χ1 ≤ −.06}
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X̂L
ı̂ uk vk

0≤ χ̂1,k<.2 [−4288, 0]χ̂k

[

−0.0162 −0.0001
0.0086 −0.0008

]

(yk−ŷk)

−.03≤ χ̂1,k<0 [−51858, 0]χ̂k

[

−0.0165 −0.0001
0.0050 −0.0007

]

(yk−ŷk)

.2≤ χ̂1,k≤ .86 [−7176, 0]χ̂k+8360

[

−0.016 −0.0002
0.0010 −0.0003

]

(yk−ŷk)+

[

0.00
−0.0210

]

−.06≤ χ̂1,k<−.03 [−10159, 0]χ̂k+10226

[

−0.0051 0.0006
0.1809 0.0098

]

(yk−ŷk)+

[

0.0012
0.0091

]

−.14≤ χ̂1,k<−.06 [−6421, 0]χ̂k+10374

[

−0.0093 0.0000
0.0689 0.0003

]

(yk−ŷk)+

[

0.0018
0.0018

]
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�b ��H¸��Z¬H���b�7�²  �¥�¥¶qª%�®«�� ¬7«7¸������0��±?��¶������®¶�¶q£¤�H£~�®�%�b¹��7�¥«7¸���£~« �b¹
«¥�®��¶q£¤�H£~�®��¬.�H¸��3�7�¥¬$
�¹¤�H£¤��¢c��
��H��
��:  �¥�¥¶qª%�®«�� «¥�®���H�7�®¹¤¹~���.£~¬:�7�®ª�
�¬H�4¯4£¤�H¸§�7�¥¬H�A�¥«��4�7�
¬H���b�H£~«�¬7�¥«��7�®�#ªA��
���¶��¥¶Z���®��¹¤£¤��� �b��£¤����
��7
���«¥���H���b£¤���H£~�¥¬
��·:¸��T�7�¥¬$
�¹¤�7¬=�b�7�Tª%�®¬7�¥¶
�®�T�7�¥«¥�����H¹¤¨T¶����H£¤³n�¥¶T¬7���%�b���b�H£~�®�����H£¤��«�£¤��¹~�¥¬)  �®���H¸��4«¥�®��¬H£~¶����7�¥¶�«�¹z�®¬7¬)�b 0���®��¹¤£¤��� �b�
¬H¨q¬H�7����¬ �-.:���®¬7¬H£��b��¶\�K¸%�b¹¤£¤¹C� 2 50505%� ·_�¥��¹��b��¶ 3)���b¹¤¨ � 2 505 � � ¡N¬F  �b��¶q£z�b�H£��b��¶\�K¸%�b¹¤£¤¹C�
2 505 º ���

·:¸��4«7¸%�b���7���N£~¬)¬H�H�$
�«��$
��7�¥¶��®¬9  �®¹¤¹~� ¯.¬�2/+´�cµ��¥«��H£~�®�-� � º �H¸��4«�¹z�®¬7¬)�b A¬H¨q¬H�7����¬9£~¬
¬H�A�¥«�£��%�¥¶��Nµ��¥«��H£~�®� � � 4?«¥�®�����b£¤��¬)�H¸��°¶��¥¬7«��H£¤���H£~�®���b ��H¸��°�A�p¬7¬H£¤ª�¹~�°­�(�3°¦D¬7«7¸������¥¬
  �®�=¬H���b�7�T  �¥�¥¶qª%�®«�� �b��¶ ���7�¥¬7�����7¬=�H¸���¸�£¤¢p¸% ¢��b£¤�}�®ª�¬7���H³n���
�@+´�}µ��¥«��H£~�®� � � ���H¸��
�7�¥¬$
�¹¤�7¬?�®��«�¹~�p¬7�¥¶§¹~���®��¬H���bª�£¤¹¤£¤�´¨
�b��¶
�A���F  �®�H�c�b��«¥�K  �®�.�H¸��L���®�T£¤�%�b¹9¬H¨q¬H�7��� �b�7�
¶����H£¤³n�¥¶��©µ��¥«��H£~�®��� � �3¬H¸�� ¯.¬ 
���¶����N¬7�®���4�®¶�¶q£¤�H£~�®�%�b¹��7�¥«7¸���£~« �b¹0�®¬7¬$
��T���H£~�®��¬��H¸%�b�
�H¸�����
��H��
��.  �¥�¥¶qª%�®«���¬7«7¸������#£~¬.�7�®ª�
�¬H�?¯4£¤�H¸��7�¥¬H�A�¥«��?�7��¬H���b�H£~«�¬7�¥«��7�®�?ªA��
���¶��¥¶
���®��¹¤£¤��� �b�.£¤����
��6
���«¥���H���b£¤���H£~�¥¬
�:µ��®���L�b 9�H¸��K���7�®�A���H�H£~�¥¬?�b��¶ �����®«��H£~« �b¹x£¤�T��¹¤£~« �" 
�H£~�®��¬©�b A�H¸��4���7�¥¬7�����7�¥¶��b�����7�n�®«7¸��¥¬4�b�7�.¶q£~¬7« 
�¬7¬7�¥¶�£¤� µ��¥«��H£~�®� � � *%��·:¸��4���7�®�A�p¬7�¥¶
��
��H��
��K  �¥�¥¶qª%�®«��²«¥�®���H�7�®¹¤¹~���L£~¬L�b����¹¤£~�¥¶�£¤�Dµ��¥«��H£~�®�!� � 3T�7���H¸���«¥�®���H�7�®¹N�b :�b�²£¤�% 
³n���H�7�¥¶§�A����¶%
�¹#
��I�®���T« �b�H�
�

+´���H¸��   �®¹¤¹~� ¯4£¤��¢ � ‖ · ‖ £~¬T�H¸��
¡2
�«�¹¤£~¶�� �b�R³n�¥«��7�®�c���®�H� £¤�
R
n �i¯4¸����7�§�H¸��

¶q£¤������¬H£~�®�
n
  �®¹¤¹~� ¯.¬x  �7�®�!�H¸��N«¥�®���7��*q���r�®�x�H¸��°�®¬7¬7��«�£z�b�7�¥¶L£¤��¶%
�«¥�¥¶#�c�b�H�H£�*L���®�H�?�

·:¸����c�b�H�H£�*�ª�¹~��«��q¶q£z�b¢
(A1, . . . , Ar)

¶��������¥¬#�Tª�¹~��«���¶q£z�b¢n�®�%�b¹��c�b�H�H£�*�¯4£¤�H¸²�H¸��
�c�b�H�H£~«¥�¥¬

A1, . . . , Ar
�®� �H¸�� ; ¶q£z�b¢n�®�%�b¹�< �9¯4¸�£¤¹~��¶q£z�b¢

(α1, . . . , αr)
£~¬=�
¶q£z�b¢n�®�%�b¹

�c�b�H�H£�*Z¯4£¤�H¸Z�H¸��T¬7« �b¹z�b�7¬
α1, . . . , αr

�®�Z�H¸��T¶q£z�b¢n�®�%�b¹C���R¸�������³n���=� ¬7���T£~«¥�®¹~�®�
;
;
<#��«¥« 
��7¬.£¤�²�= -
���«��H£~�®���b�H¢0
��������
�0�H¸��#¬$
�ª�¬7����
������K�b�H¢0
��������7¬L�b�7���®¶�¶q£¤�H£~�®�%�b¹
�%�b���b�����7���7¬
�°£C� �0�

f(x; γ)
��� �b��¬��H¸��§³p�b¹#
��§�b K�H¸��  -
���«��H£~�®�

f
�b�
x
¯4£¤�H¸��H¸��

�%�b���b�����7���3¬7���4�7�
γ
�
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·:¸�£~¬L«7¸%�b���7����«¥�®��¬H£~¶����7¬L�H¸���¬H���bª�£¤¹¤£#Bj�b�H£~�®� �b °���®��¹¤£¤��� �b�7(�+ (!��¬H¨q¬H�7����¬L�b °�H¸��
  �®�H�

ẋ1 = Ax1 +Bφ(x, u)
� � � 2 �8�

ẋ2 = ψ(x, u)
� � � 2 ª �

y =

[

Cx1

x2

] � � � 2 «"�
¯4£¤�H¸

x(t) = (x1(t), x2(t))
�9·:¸��©¬H¨q¬H�7���'¬H���b�7�N«¥�®��¬H£~¬H�7¬_�b ��H¸��N³n�¥«��7�®�7¬

x1(t) ∈ R
r

�b��¶
x2(t) ∈ R

l ���b��¶D�H¸��T³n�¥«��7�®� y(t) ∈ R
p+l £~¬#�H¸������ �®¬$
��7�¥¶ ��
��H��
��
� ·:¸��

«¥�®���H�7�®¹x£¤����
��?£~¬4«¥�®��¬H�H���b£¤���¥¶���£C� �0�
u(t) ∈ U ⊂ R

m �q¯4¸����7�
] '%'���
 �/$��1 #" +�3�) U ⊂ R

m �>= G����TB:��G 
U���@� 
��:� ��	 �Q
 ��� �>= G���� 
C� ���"�<����� 
��:�
��� 
 ��	 ����	/� 1 U M
·:¸��

r×r �c�b�H�H£�* A � r×p �c�b�H�H£�* B �b��¶��H¸�� p×r �c�b�H�H£�* C ¸%�¥³n�4�H¸��°  �®¹¤¹~� ¯4£¤��¢  �®�H�

A =
ª�¹~��«��q¶q£z�b¢

[A1, A2, . . . Ap] , Ai =





0 1 0 ··· 0
0 0 1 ··· 0��� ���
0 ··· ··· 0 1
0 ··· ··· ··· 0





ri×ri

B =
ª�¹~��«��q¶q£z�b¢

[B1, B2, . . . , Bp] , Bi =

[ 0���
0
1

]

ri×1

C =
ª�¹~��«��q¶q£z�b¢

[C1, C2, . . . , Cp] , Ci = [ 1 0 ··· 0 ]1×ri ,

£C� �0�c�H¸��
x1
¶q¨��%�b�T£~«¥¬�«¥�®��¬H£~¬H�7¬��b 

p
£¤���7��¢p���b�7�®�T«7¸%�b£¤��¬=�b 4¹~����¢p�H¸

ri
�_¯4£¤�H¸

r =
r1 + · · · + rp

�2=�
��H�H¸����H���®�7�0�%�H¸��L���®��¹¤£¤��� �b�4 -
���«��H£~�®��¬
φ
�b��¶

ψ
¬��b�H£~¬F  ¨

] '%'���
 �/$��1 #" +�3d\ X �:� 1 .+�@G 
������:=
φ : R

r+l × U → R
r ���@� ψ : R

r+l × U →
R
l ��	��N#Q�WG���#�# S�� � B�=JG � ��
�� ��� 
��:� ��	U��	�
�.+�Z��� 
�=���_���	 
��:��������� ��� � 1 ��� 
 ��	��&= 
 	���
��

φ(0, 0) = 0
���@�

ψ(0, 0) = 0
M � ��� ��
������@��#�# S

φ
�>=PV<��.+�@�A�<� �!= 1 .+�@G 
������K� 1

x1
M

�?������*��b�T��¹~�T�b °¬H¨q¬H�7����¬K�b ©�H¸�£~¬L«�¹z�®¬7¬#�b�7�=£¤����
��#�"!��������®��¹¤£¤��� �b�#¬H¨q¬H�7����¬
�b ��H¸��3  �®�H�

ζ̇ = f(ζ) + g(ζ)u, y = h(ζ)

¯4£¤�H¸= -
�¹¤¹��i³n�¥«��7�®���x�7��¹z�b�H£¤³n�4¶���¢p�7�¥�
(r1, r2, . . . , rp)

�®�H¸%�b��£~¬
� ∑p
i=1 ri =

¶q£¤�
ζ
�/=��®�

�H¸�£~¬�¬H¨q¬H�7��� «�¹z�®¬7¬
�_£¤�#£~¬=�b¹¤¯:�¥¨q¬��A�p¬7¬H£¤ª�¹~�T�7������¶ �§«¥���®�7¶q£¤�%�b�7�c�H���b��¬F  �®�H�c�b�H£~�®�
¬$
�«7¸��H¸%�b�T�H¸�� ¬H¨q¬H�7��� £¤���H¸�� ����¯�«¥���®�7¶q£¤�%�b�7�¥¬A���7¬��H¸��§¬H�H�$
�«��$
��7� � � � 2 �8���b��¶
� � � 2 «"����¬7�¥�,+ ¬H£~¶��®�H£ � 2 505��8���
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·:¸������7�®�A�p¬7�¥¶D��
��H��
��#  �¥�¥¶qª%�®«��D«¥�®���H�7�®¹¤¹~����  �®�#�H¸���¬H���bª�£¤¹¤£#Bj�b�H£~�®���b 4�H¸����®�H£¤¢p£¤�
«¥�®��¬H£~¬H�7¬=�b K�§¸�£¤¢p¸% ¢��b£¤�}�®ª�¬7���H³n����  �®���¥¬H�H£¤�c�b�H£¤��¢²�H¸���¬H���b�7�¥¬T�b��¶��b� £¤��¬H���b�����" 
���¥��
�¬?¬H���b�7�3  �¥�¥¶qª%�®«��§­�(�3°¦�«¥�®���H�7�®¹¤¹~���
�
� �1[���Z ��O0X#O0: � :V:=WFKNX-<�Y ��� 7�'
+´�T�H¸��:  ���b����¯°�®�$���b A���7�¥¶q£~«��H£¤³n�?«¥�®���H�7�®¹C���H¸��4³p�b¹#
��.�b A�H¸��4�c�b��£¤��
�¹z�b�7�¥¶�³p�b�H£z�bª�¹~�
£~¬#¢p£¤³n��� ª�¨��H¸��c¬7�®¹#
��H£~�®���b ?�b� �®�A���D¹~���®� �®���H£¤�c�b¹:«¥�®���H�7�®¹°���7�®ª�¹~���?�&
3���7��£¤�'�
�H¸��.�®�A����¹~���®�c�®���H£¤�c�b¹%«¥�®���H�7�®¹%���7�®ª�¹~�����H¸%�b�©¶��������¥¬N�H¸��.¬H¨q¬H�7����£¤����
��N£~¬)¢p£¤³n���
ª�¨

_$%�>$%�@������,�������� ,�. � �  ��F�&" c1 - ��  ��/$���
��VcN�� #"#$%�� #c ���� ��.c1�&
��
 "��# _��

min
ū(·)

J(x(t), ū(·);Tp)
� � � º �

=�.DV��W�<G 
 
C�A]

˙̄x1 =Ax̄1+Bφ(x̄, ū), x̄1(0)=x1(t)
� � � 4p�8�

˙̄x2 = ψ(x̄, ū), x̄2(0) = x2(t)
� � � 4bª �

ū(τ)∈U , τ ∈ [0, Tp]
� � � 4®«"�

x̄(Tp)∈E � � � 4®¶ �
	���
�� 
��:�PG��!= 
 1 .+�@G 
������@��#

J(x(t), ū(·);Tp) :=

∫ Tp

0
F (x̄(τ), ū(τ))dτ +E(x̄(Tp)).

� � � �4�
·:¸��Nª%�b�_¶������®�7�¥¬_£¤���7���H�%�b¹q«¥�®���H�7�®¹¤¹~���9³p�b�H£z�bª�¹~�¥¬9�b��¶

x̄(·) £~¬r�H¸��©¬7�®¹#
��H£~�®�=�b  � � � 4p�8�  � � � 4bª �K¶q�H£¤³n���Zª�¨²�H¸��T£¤����
��
ū(·) : [0, Tp]→U � ³n���#�H¸������7�¥¶q£~«��H£~�®�D¸��®�H£#B �®�

Tp¯4£¤�H¸
£¤��£¤�H£z�b¹_«¥�®��¶q£¤�H£~�®�
x(t)

�N·:¸��#¬H���b¢n�L«¥�p¬H�
F (x̄, ū)

¬��b�H£~¬1�%�¥¬
] '%'���
 �/$��1 #" +�3 


F : R
r+l×U → R

�>= G���� 
����D.:��.A= ��� ��#�#T��	�
�.+�Z��� 
�= 	���
��
F (0, 0) = 0

���@�
F (x, u)>0 ∀(x, u) 6= (0, 0)

M
·:¸��°«¥�®��¬H�H���b£¤��� � � � 4®¶ �r£¤�=�H¸��°­�(�3°¦D�®�A����¹~���®���®���H£¤�c�b¹�«¥�®���H�7�®¹q���7�®ª�¹~���   �®�7«¥�¥¬
�H¸�� ���%�b¹����7�¥¶q£~«��7�¥¶=¬H���b�7�©�7�.¹¤£~�N£¤�=�H¸�� 
 ��	�� ���@��#+	���
 �����c« �b¹¤¹~�¥¶ E �b��¶�£~¬_�H¸�
�¬��b  �7���« �b¹¤¹~�¥¶ 
 ��	�� ���@��#�	���
 ����� G����:= 
�	<� ��� 
 � +´���H¸���«¥�p¬H�T -
���«��H£~�®�%�b¹

J
�°�H¸���¶���³�£z�b�H£~�®�

  �7�®� �H¸��3�®�H£¤¢p£¤�§�b x�H¸�� ���%�b¹A���7�¥¶q£~«��7�¥¶ ¬H���b�7�?£~¬©�A���%�b¹¤£#B �¥¶�ª�¨��H¸�� 
 ��	�� ���@��#�= 
C� 
 �
BD���@��# 
�S 
 ��	��

E
�

­3�®�H£~«¥���H¸%�b�K  �®�L¬H£¤�T��¹¤£~«�£¤�´¨��b :��*q�A�p¬H£¤�H£~�®�'�x�®��¹¤¨�£¤����
��#«¥�®��¬H�H���b£¤���7¬=�b�7��«¥�®�% 
¬H£~¶����7�¥¶9�iªA�¥¬H£~¶��¥¬4�H¸��L�7���H�T£¤�%�b¹_¬H���b�7�#«¥�®��¬H�H���b£¤�������
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·:¸��L�®���H£¤�c�b¹x£¤����
��.¬H£¤¢p�%�b¹r�7�¥¬$
�¹¤�H£¤��¢T  �7�®���H¸��L¬7�®¹#
��H£~�®�
�b ��H¸��L�®���H£¤�c�b¹_«¥�®�% 
�H�7�®¹?���7�®ª�¹~��� � � � º �T£~¬��7�   ���H�7�¥¶��7�Dª�¨

ū?(·;x(t)) �'·:¸��
£¤����
��§�b����¹¤£~�¥¶��7�D�H¸��¬H¨q¬H�7��� £~¬4¢p£¤³n���
ª�¨
u(x(t)) := ū?(τ= 0 ;x(t)).

� � � �8�
·:¸�
�¬��H¸�� ¬7�®¹#
��H£~�®���7�²�H¸�� ­�(�3°¦��®�A��� ¹~���®�}�®���H£¤�c�b¹.«¥�®���H�7�®¹4���7�®ª�¹~��� �7
�¬H�
ªA���¥³p�b£¤¹z�bª�¹~��£¤��¬H���b�����b���¥��
�¬H¹¤¨²�b�3�b¹¤¹_�H£¤���¥¬?¯4£¤�H¸���
��K¶���¹z�¥¨8�?µ�
�«7¸²£¤��¬H���b�����b���¥��
�¬
­�(�3°¦R  �®�H�7
�¹z�b�H£~�®��¬#�b�7���b  �7���@
�¬7�¥¶ �-(��¥¨����=�b��¶�(�£~«7¸%�b¹~¬$�p�%� 2 505 » � (��¥¨��������
�b¹C�#� ºp»p»p» �)  �®�4¬H¨q¬H�7��� �H¸��¥�®�7���H£~«L£¤��³n�¥¬H�H£¤¢��b�H£~�®��¬
� 
3� ¯°��³n���
���®ª����b£¤��£¤��¢��b� £¤��¬H���b�% 
���b���¥��
�¬c¬7�®¹#
��H£~�®���b K�H¸��
¶q¨��%�b�T£~«
�®���H£¤�T£#Bj�b�H£~�®�R���7�®ª�¹~��� � � � º �  �� � � 48�=£~¬��b  �7���
���®�K�A�p¬7¬H£¤ª�¹~��£¤�������®«��H£~«¥�0�7+´��¬H�7� �®¶��x��¬��b�T��¹~�¥¶4 ´¶��b��� ­�(�3°¦ �b�����7�n�®«7¸D£~¬K�b  �7���
���T��¹~� ¨n�¥¶��©·:¸��L�®�A���% ¹~���®�
�®���H£¤�c�b¹x«¥�®���H�7�®¹x���7�®ª�¹~��� £~¬4�®��¹¤¨�¬7�®¹¤³n�¥¶
�b�.¶q£~¬7«��7���7�
¬��b�T��¹¤£¤��¢
£¤��¬H���b���7¬=�b��¶Z�H¸��T�7�¥¬$
�¹¤�H£¤��¢�£¤����
���¬H£¤¢p�%�b¹N£~¬��b����¹¤£~�¥¶ �®�A���Z¹~���®� 
����H£¤¹
�H¸��=����*q�K¬��b�T��¹¤£¤��¢§£¤��¬H���b���
� +  ©�H¸���¬��b�T��¹¤£¤��¢§£¤���7���H³p�b¹~¬#�b�7��¬H¸��®�H�L«¥�®�T�%�b�7�¥¶��7�
�H¸��3¬H¨q¬H�7��� ¶q¨��%�b�T£~«¥¬
�q�®���?¯°��
�¹~¶ ��*q�A�¥«��°�H¸��?�H���.�H�¥«��7�®�H£~�¥¬4�b x�H¸��K¬��b�T��¹~�¥¶4 ´¶��b���
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��7� ∆(u) =
¶q£z�b¢

(δ1(u1), . . . ,
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r+l → R
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ẋ = f(x) + g(x)u,

¯4¸����7�
f(x) = [(Ax1)

>, (ψ̃1(x))
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F (x, u) = l(x) + u>R(x)u,
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l(x) + u>R(x)u > cF‖(x, u)‖2

2, ∀(x, u) ∈ R
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�� cF > 0
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(r1(x), . . . , rm(x))
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∂x
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∆(u) − 1
2
u
]

≥
0
�����9+;%$#���� %?�	��#�%�.3@���
�� 
"� 
"����# %�� ��+;���	��#�%�. ���9
�%?��%�@

:L=



� ��� ��� � ����� ����� �	��� � ���:� ��� � ������� ������� � � �

  �®���.����¶q£��%�¥¶=�®���H£¤�c�b¹�«¥�®���H�7�®¹q���7�®ª�¹~��� ¬H�%�b����£¤��¢K� ³n���N�b��£¤�%����£¤�7�°¸��®�H£#B �®��¯4£¤�H¸
�H¸��L«¥�p¬H�4 -
���«��H£~�®�

J̄(x, u(·);∞) =

∫ ∞

0
l̄(x(τ)) + u>(τ)R(x(τ))u(τ)dτ

¯4¸����7�
l̄(x) = l(x) − ∂

∂Tp
V (x;TP ).

.?¹~¬7���H¸���­�(�3°¦R³p�b¹#
��K -
���«��H£~�®��£~¬4�H¸��#³p�b¹#
��K -
���«��H£~�®�
  �®�.�H¸��L£¤�%����£¤�7�#¸��®�H£#B �®�
���7�®ª�¹~���?�r£C� �0�

V (x;Tp) = V̄ (x;∞)
¯4¸����7�

V̄
£~¬K�H¸��=³p�b¹#
��� -
���«��H£~�®�D�®¬7¬7��«�£z�b�7�¥¶

¯4£¤�H¸��H¸��²«¥�p¬H�
J̄
�!��
��
�7� �H¸�£~¬c£¤��³n���7¬7�²�®���H£¤�c�b¹¤£¤�´¨�£¤���H¸������®�T£¤�%�b¹L« �®¬7�
�H¸��
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µ�����
�¹~«7¸��7�0� 2 505�30���
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¯4�H£¤�H�7���²�®¬

u?(τ = 0;x) = γ(x)
��¯4¸����7�

γ(x) = −1

2
R−1(x) [Vxg(x)]

> ,

¯4£¤�H¸
Vx :=

∂V (x;Tp)
∂x (x;Tp)

�2=�
��H�H¸����H���®�7�0�%�H¸��L���®�T£¤�%�b¹_¬H¨q¬H�7��� ¬��b�H£~¬1�%�¥¬

Vxf(x) + Vxg(x)γ(x) = −l̄(x) − γ>(x)R(x)γ(x).

=��®�°�H¸�� ; �7� �b¹�<K¬H¨q¬H�7����¯4£¤�H¸ �H¸�� 
�������� ¯4�§¬H���b�H£~«?£¤����
��:���®��¹¤£¤��� �b�H£¤�´¨8�
V̇
£~¬°¢p£¤³n���

ª�¨

V̇ (x;Tp) = Vxf(x) + Vxg(x)∆(γ(x))

= Vxf(x) + Vxγ(x) + [Vxg(x)∆(γ(x)) − Vxg(x)γ(x)]

= −l̄(x) − γ>(x)R(x)γ(x) + [Vxg(x)∆(γ(x)) − Vxg(x)γ(x)]

= −l̄(x) +

[

Vxg(x)∆(γ(x)) − 1

2
Vxg(x)γ(x)

]

= −l̄(x) − 2γ>(x)R(x)

[

∆(γ(x)) − 1

2
γ(x)

]

.

µ�£¤��«¥�
R(x)

�b��¶
∆(x)

�b�7�L¶q£z�b¢n�®�%�b¹_£¤�:  �®¹¤¹~� ¯.¬.�H¸%�b�

V̇ (x;Tp) ≤ −l̄(x) = −l(x) +
∂

∂Tp
V (x;TP ).

.4¶�¶q£¤�H£~�®�%�b¹¤¹¤¨8�r¯°� ����� ¯��-(��b¢p��£N�b��¶Dµ�����
�¹~«7¸��7�0� 2 505�30�.�H¸%�b� ∂
∂Tp

V (x;TP ) ≤ 0
�

·:¸�
�¬
��
�¬H£¤��¢ .3¬7¬$
��T���H£~�®��� � *�¨�£~��¹~¶�¬
V̇ (x;Tp) ≤ −l(x) ≤ −cF‖x‖2.
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V
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V
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«¥�®��¬H���b���7¬

c1 > 0
�
c2 > 0

�
r > 0

¬$
�«7¸
�H¸%�b�4  �®�?�b¹¤¹
x
¯4£¤�H¸ ‖x‖ ≤ r

�

c1‖x‖2 ≤ V (x;Tp) ≤ c2‖x‖2,

·:¸�£~¬
�n�7�®¢n���H¸����N¯4£¤�H¸�� � � 202 �9£¤�T��¹¤£~�¥¬N�H¸%�b�
V (x;Tp)
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V (x) ≤ c

�
c > 0
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�H¸��#���7���b ©�b ©�H¸��=�bªA� ³n��¹~���T�c�%�
V̇ (x) ≤ 0  �®�?�b¹¤¹

x ∈ R �
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0 < ε ≤ ε∗
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ẋ1 = Ax1 +Bφ̃(x)∆(u)

ẋ2 = ψ̃1(x) + ψ̃2(x)∆(u)

y> =
[

(Cx1)
> x>2

]
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ż1 = z2
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V (0) = 0

%
V (x) > 0
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x ∈ R/{0} M
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��Z=J���TB@# ���+
 ���:= 
C��� 

ti
� 

x(ti) ∈

R % 
��:�\_!��# .D� 1 .+�@G 
������ =J� 
��>=�O(�&=

V (x(ti + τ)) − V (x(ti)) ≤ −
∫ ti+τ

ti

F (x(s), u(s;x(si)))ds, 0 ≤ τ
M
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��T���H£~�®��¬.�b�7� .3¬7¬$
��T���H£~�®��¬��%� 4%� º �b��¶&�%� 4%� 4%� =��®�4��*q£~¬H�H£¤��¢�­�(�3°¦
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�x�H¸�£~¬
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�£¤�7��  �7����
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��T���H£~�®� �7����
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�¬H�?¹~� �®¶§�7� ; «�¹~�p¬7��<#�®���H£¤�c�b¹_£¤����
��?�H���.�H�¥«��7�®�H£~�¥¬
�°·:¸�£~¬?¶����¥¬.���®�3��*�«�¹#
�¶��
��£~�¥«¥��¯4£~¬7��«¥�®���H£¤��
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��*��b�T��¹~�0�)£¤����*�«�¹#
�¶��¥¬�¬H¨q¬H�7����¬��H¸%�b�T« �b�}�®��¹¤¨DªA��¬H���bª�£¤¹¤£#B �¥¶ ª�¨ ¶q£~¬7«¥�®���H£¤��
���
�¬
  �¥�¥¶qª%�®«�� � �®¬K¬H���b�7��  �¥�¥¶qª%�®«��²­�(�3°¦!« �b�Z¬H���bª�£¤¹¤£#B ���-=��®���7�¥¬
� ºp»p»p» �$���=¦©¸��¥«���£¤��¢
.3¬7¬$
��T���H£~�®� �%� 4%� º �b��¶ �%� 4%� 4��=���H£~�®�H¨ £~¬4£¤�§¢n���������b¹9¶q£�!c« 
�¹¤�
�
·_� �¥¬H���bª�¹¤£~¬H¸²�H¸��=¬H���bª�£¤¹¤£¤�´¨��7�¥¬$
�¹¤�7¬K�b ©�H¸�£~¬K«7¸%�b���7���
�A£¤�3£~¬3���¥«¥�¥¬7¬��b�H¨
�H¸%�b�?  �®�

�b��¨�«¥�®�T�%�®«�� ¬$
�ª�¬7��� S ⊂ R ¯°�²« �b� ����¶�� «¥�®�T�%�®«��§��
��7���§�b�����7��*q£¤�c�b�H£~�®�
Ωc(S)

�H¸%�b�?«¥�®�����b£¤��¬ S �b��¶§£~¬4£¤��³p�b�H£z�b��� 
���¶����.�H¸��#­�(�3°¦R¬H���b�7�K  �¥�¥¶qª%�®«�� �
] '%'���
 �/$��1 #" m"3 + ����	/��#�# G����TB:��G 
 =W� 
�= S ⊂ R 
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 #$�<�!= 
(���"�PG����TB:��G 

=W� 


Ωc(S) = {x ∈ R|V (x) ≤ c} =�.:G � 
��H� 
 S ⊂ Ωc(S)
M

+´� ¢n���������b¹C�����®�7� �H¸%�b� �®����¬$
�«7¸ ¬7������*q£~¬H�7¬
��¬H£¤��«¥�
c
« �b� ªA� £¤� �H¸�� ���b��¢n�

supx∈R V (x) > c ≥ maxx∈S V (x)
��·:¸�����*q£~¬H�7����«¥�c�®¬7¬$
��T���H£~�®� �b 4¬$
�«7¸ � ¬7���

Ωc(S)
  �®�3�b¹¤¹9«¥�®�T�%�®«��K¬7���7¬ S �b  R £~¬?¬H�H�7�®��¢ �6+  �£¤�?£~¬.���®�. -
�¹���¹¤¹~�¥¶��%�H¸��#�7�¥¬$
�¹¤�7¬

�b�7�K¹¤£¤�T£¤�7�¥¶
�7�T¬7���7¬ S �H¸%�b�3�b�7�#«¥�®�����b£¤���¥¶
£¤�§�H¸��L¹z�b�H¢n�¥¬H�.¹~��³n��¹_¬7��� Ωc ⊂ R �
���1[�� 
 ��O0X#O0: "�:=<>I�%/:	" � K�� �N8 � ��� ��X-8�D I�KMA�:	"�%/:	"�A
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¢��b£¤�=�®ª�¬7���H³n���
�#�D�Nª��H£~� ��¨#��
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�¬7�¥¶��/=�
��H�H¸����H���®�7�0�n¯°�°���7�¥¬7�������´¯°�K�A�p¬7¬H£¤ª�£¤¹¤£¤�H£~�¥¬9�7�K�¥³n�®£~¶=�H¸��°���¥�¥¶#  �®�)�b�%�b¹¤¨��H£~«
����� ¯4¹~�¥¶q¢n���b )�H¸���£¤��³n���7¬7�=�b )�H¸����®ª�¬7���H³p�bª�£¤¹¤£¤�´¨
�c�b�'� H−1(Y,U)

�%  �®�.¯4¸�£~«7¸D�b�
�b�%�b¹¤¨��H£~«#��*q���7�¥¬7¬H£~�®� £~¬.�b  �7���§¶q£�!c« 
�¹¤�.�7�T�®ª����b£¤�'�°µ�£¤��«¥�#��*q��¹¤£~«�£¤�6����� ¯4¹~�¥¶q¢n���b��¶
ªA��
���¶��¥¶q���¥¬7¬��b L�H¸��

u
¶����H£¤³p�b�H£¤³n�¥¬c�H¸%�b� �b���A� �b��£¤���H¸��
�®ª�¬7���H³p�bª�£¤¹¤£¤�´¨}�c�b��£~¬

���¥«¥�¥¬7¬��b�H¨8��¯°���b¹~¬7��ª��H£~� ��¨§«¥�®�T�������3�®�
�H¸�£~¬4£~¬7¬$
��#�b�.�H¸��L����¶
�b ��H¸�£~¬.¬7�¥«��H£~�®�'�
� ��'��1�R`�� �#`-l �=�V��"  ���'%����(#���9' $%� �/�0$��/���
.?����¹¤£~« �b�H£~�®�=�b q�H¸��)«¥���®�7¶q£¤�%�b�7�N�H���b��¬F  �®�H�c�b�H£~�®�

ζ := H(x,U)
�7�4�H¸��)¬H¨q¬H�7��� � �%� 2 �

¹~� �®¶�¬.�7���H¸��#¬H¨q¬H�7����£¤�
�®ª�¬7���H³p�bª�£¤¹¤£¤�´¨§���®�H�c�b¹r  �®�H��£¤�
ζ
«¥���®�7¶q£¤�%�b�7�¥¬

ζ̇ = Aζ +Bφ(ζ, Ũ),

y = Cζ.
·:¸��L�c�b�H�H£~«¥�¥¬

A
�
B
�b��¶

C
¸%�¥³n�L�H¸��K  �®¹¤¹~� ¯4£¤��¢c¬H�H�$
�«��$
��7�

A = blockdiag [A1, A2, . . . Ap] , Ai =





0 1 0 ··· 0
0 0 1 ··· 0��� ���
0 ··· ··· 0 1
0 ··· ··· ··· 0





ri×ri

B = blockdiag [B1, B2, . . . , Bp] , Bi =
[

0 · · · 0 1
]>
ri×1

C = blockdiag [C1, C2, . . . , Cp] , Ci =
[

1 0 · · · 0
]

1×ri ,�b��¶
φ
£~¬4¢p£¤³n���
ª�¨

φ(ζ, Ũ) =







ψ1,r1+1(H−1(ζ, U), u, . . . , u(r1+1))���
ψp,rp+1(H−1(ζ, U), u, . . . , u(rp+1))






.

� �%� *8�

·:¸��: -
���«��H£~�®��¬
ψi,rj+1

�
j = 1, . . . , p
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u
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U
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φ
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��������7¬3¬H£¤��«¥�
f
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h
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˙̂
ζ = Aζ̂ +Hε(y − Cζ̂) +Bφ̂(ζ̂ , Ũ)

� �%� 30�
�b¹¤¹~� ¯.¬��7�¥«¥� ³n���H¨Z�b :�H¸���¬H���b�7�¥¬

ζ
  �7�®�

y(t)
� �b��¶

Ũ
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φ̂
£~¬3���®�H�c�b¹¤¹¤¨�¢p£¤³n���²ª�¨��H¸������®�T£¤�%�b¹�����¶���¹

�b 
φ
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φ̂ = φ
£  
φ
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φ
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φ̂ = φ

�®£  
φ
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φ
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���¶��¥¶
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φ̂
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φ
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�¢p¸�¹¤¨A����� ¯4�'��.3¬7¬$
��T���H£~�®� �%� �
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Hε
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Hε=
ª�¹~��«��q¶q£z�b¢

[Hε,1, . . . ,Hε,p]
�

¯4£¤�H¸
H>
ε,i = [α

(i)
1 /ε, α

(i)
2 /ε2, . . . , α

(i)
ri /ε

ri ]
��¯4¸����7�

ε
£~¬?�H¸���¬7�> ´« �b¹¤¹~�¥¶�¸�£¤¢p¸% ¢��b£¤�
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1/ε
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ε→ 0
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α

(i)
j
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sri + α
(i)
1 sri−1 + · · · + α

(i)
ri−1s+ α(i)

ri = 0, i = 1, . . . , p
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�� �®ª�¬7���H³n���
���H�7�®�?�H¸����7����*q£~¬H�7¬3��¬$
%!c«�£~�����H¹¤¨�¬H�c�b¹¤¹

ε
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�«7¸��H¸%�b�?�H¸����®ª�¬7���H³n���3���H�7�®�K¬H���b�H�H£¤��¢

£¤���b��¨�«¥�®�T�%�®«�� ¬7����¬��b�H£~¬1�%�¥¬c£¤� ����£¤�7���H£¤���
�H¸��²¶��¥¬H£¤�7�¥¶�ªA��
���¶ �-.:���®¬7¬H£K�b��¶
�K¸%�b¹¤£¤¹C� 2 505058���)­3�®�7�?�H¸%�b�:¢p¹~�®ª%�b¹AªA��
���¶��¥¶q���¥¬7¬4�b 

φ̂
« �b�§�b¹¤¯:�¥¨q¬:ªA�K�®«7¸�£~��³n�¥¶ ª�¨

¬��b�$
����b�H£¤��¢
φ̂
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��7¬H£~¶����T«¥�®�T�%�®«��?¬7���.�b �£¤���7���7�¥¬H�
�

·:¸��K¬H���b�7�K�¥¬H�H£¤�c�b�7� 
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��¹¤£¤��¢�£¤��¬H���b���7¬

ti
ª�¨

x̂(ti) := H−1(ζ̂(t−i ), U(ti; x̂(ti−1))).
� �%� �8�


3���7�
U(ti; x̂(ti−1))
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Ũ
�7
�¬H�KªA�7����� ¯4�'�,=�
��H�H¸����H���®�7�0�r£  °¶����H£¤³p�b�H£¤³n�¥¬

�b 
u
�b���A� �b�=�H¸���¨D�7
�¬H�=ªA�cªA��
���¶��¥¶��Zµ�£¤��«¥���H¸��c£¤����
��=£~¬�¶����7���H�T£¤���¥¶ ³�£z�²�b�

�®�A���% ¹~���®�'�®���H£¤�c�b¹�«¥�®���H�7�®¹����7�®ª�¹~��� �b�§�H¸��D¬��b�T��¹¤£¤��¢�£¤��¬H���b���7¬
�K�H¸��D­�(�3°¦
¬7���$
�� « �b�DªA������¶q£��%�¥¶Z�7�§���7� ³�£~¶����H¸��T���¥«¥�¥¬7¬��b�H¨²£¤�q  �®�H�c�b�H£~�®���b��¶Z¢0
%�b���b���7�¥�
�H¸�� ªA��
���¶��¥¶q���¥¬7¬
� �3£��r���7�������A�p¬7¬H£¤ª�£¤¹¤£¤�H£~�¥¬��7�D�®«7¸�£~��³n�§�H¸�£~¬T��*q£~¬H��2��?���§« �b���8�

=�=



��� � ���:� ��� � ������� ������� � � �

�>
�¢p�������4�H¸��K¬H¨q¬H�7��� ����¶���¹ 
�¬7�¥¶�£¤� �H¸��3­�(�3°¦�¬H���b�7�?  �¥�¥¶qª%�®«��cª�¨c£¤���7��¢p���b�7�®�7¬
�b� �H¸���£¤����
��
¬H£~¶��0�3�®� ª �c�%�b���b�����7���H£#B �Z�H¸��²£¤����
��

u(t)
£¤� �H¸����®���H£¤�T£#Bj�b�H£~�®�

���7�®ª�¹~��� ¬$
�«7¸c�H¸%�b�N�H¸��.£¤����
��©£~¬N¬$
%!c«�£~�����H¹¤¨c¬H�����®�H¸�¯4£¤�H¸cªA��
���¶��¥¶�¶����H£¤³p�b�H£¤³n�¥¬
�
+´�
�H¸����b�����7�n�®«7¸Z�8���A�®¶�¶q£¤��¢��H¸��#£¤���7��¢p���b�7�®�7¬K¹~� �®¶�¬?�7� ��¬7���?�b N����¯'£¤����
��7¬L�b��¶
�H¸���­�(�3°¦ «¥�®���H�7�®¹¤¹~��� �7
�¬H��ªA�²¶��¥¬H£¤¢p���¥¶��7� ¬H���bª�£¤¹¤£#B �²�H¸�����*q�%�b��¶��¥¶R����¶���¹C�
=�
��H�H¸����H���®�7�0�4�7�D¢0
%�b���b���7�¥��ªA��
���¶��¥¶q���¥¬7¬��b L�H¸��
£¤����
��7¬��b��¶�£¤�7¬c¶����H£¤³p�b�H£¤³n�¥¬
�
«¥�®��¬H�H���b£¤���7¬��®�Z�H¸�������¯ £¤����
��7¬L�7
�¬H�#ªA�T�®¶�¶��¥¶�� �R¸�£¤¹~���H¸�£~¬#¶����¥¬L���®�#«7¸%�b��¢n�
�H¸��=¹~��« �b¹N¬H���bª�£¤¹¤£#Bj�bª�£¤¹¤£¤�´¨����7�®�A���H�´¨ �-+ ¬H£~¶��®�H£C� 2 505��8���r���®�H¸�£¤��¢�« �b��ªA�T¬��b£~¶Z�bªA��
��
�H¸���¢p¹~�®ª%�b¹3���7�®�A���H�H£~�¥¬ £¤�R¢n���������b¹C� +´���H¸��²« �®¬7�²�b #��� £¤����
��§«¥�®��¬H�H���b£¤���7¬ �H¸��
£¤���7��¢p���b�7�®�4ª%�®«��q¬H�7������£¤��¢T¹~���T�c�����K�7¬H�H£��K���4�b¹C�#� 2 505��8�N���7� ³�£~¶��¥¬4�H¸%�b�:�H¸��?¢p¹~�®ª%�b¹
¬H���bª�£¤¹¤£#Bj�bª�£¤¹¤£¤�´¨�£~¬K���®�L£¤� � 
�����«¥�¥¶���
3� ¯°��³n���
�x�H¸�£~¬L�7�¥¬$
�¹¤�L« �b�����®�#ªA� 
�¬7�¥¶��x¬H£¤��«¥�
«¥�®��¬H�H���b£¤���7¬?�®�
�H¸��K£¤����
��7¬3�b�7�L���7�¥¬7�����
�

+´�Z�H¸���  �®¹¤¹~� ¯4£¤��¢�¯°�c�®¬7¬$
������H¸%�b�#�H¸���­�(�3°¦ «¥�®���H�7�®¹¤¹~����£~¬#¶��¥¬H£¤¢p���¥¶ ¬$
�«7¸
�H¸%�b�.£¤�.¢0
%�b���b���7�¥�¥¬?�H¸%�b�.�H¸��L£¤����
��?£~¬.¬$
%!c«�£~�����H¹¤¨
�b  �7����¶q£��r���7�����H£z�bª�¹~���b��¶§�H¸%�b�
£¤�4���7� ³�£~¶��¥¬.�H¸��K -
�¹¤¹

Ũ
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£¤���®ª�¬7���H³p�bª�£¤¹¤£¤�´¨ ���®�H�c�b¹r  �®�H� « �b�
ªA�L¶��¥¬7«��H£¤ªA�¥¶ ª�¨

¬H¨q¬H�7��� 2
ẋ(t) = f(x(t), u(t; x̂(ti))), x(0) = x0

y(t) = h(x(t), u(t; x̂(ti)))

�®ª�¬7���H³n����2 ˙̂
ζ(t) = Aζ̂(t) +Bφ̂(ζ̂(t), Ũ (t; x̂(ti−1))) +Hε(y(t) − Cζ̂(t)),

¯4£¤�H¸
ζ̂(ti) =

{

H(x̂(ti), U(ti; x̂(ti)))
£  
x̂(ti) ∈ Q

ζ̂0
£  
x̂(ti) /∈ Q

� �%� 202 �
­�(�3°¦ 2 ¶��������¥¶ ª�¨ � �%� 48�

,
���7� ³�£~¶��¥¬

u(t; x̂(ti)), U(t; x̂(ti)), Ũ(t; x̂(ti))
�¬H£¤��¢
x̂(ti) = H−1(ζ̂(t−i ), U(ti; x̂(ti−1)))

�®¬.¬H���b�7�L�¥¬H�H£¤�c�b�7�
.
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ti
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£¤�T��¹~���������7�¥¶
£¤�
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���¶��¥¶��7�c�H¸��L  � �®¬H£¤ª�£¤¹¤£¤�´¨
�7��¢p£~�®�
R �b 0�H¸��4­�(�3°¦ «¥�®���H�7�®¹¤¹~���
�°µ�£¤��«¥�:�H¸��4�®�A���% ¹~���®���®���H£¤�c�b¹%«¥�®���H�7�®¹����7�®ª�¹~��� ¯4£¤¹¤¹
���®�.¸%�¥³n���T¬7�®¹#
��H£~�®����
��7¬H£~¶�� R �q¯°�L¸%�¥³n�L�7��¶����������=³p�b¹¤£~¶§£¤����
��.£¤�§�H¸�£~¬?« �®¬7�0�
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"�N.A= 
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uf ∈ U 1 ��	(��#�#
x 6∈ R ]

u(τ ;x) = uf , τ ∈ [t, t+δ)
M

·:¸�
�¬
u(τ ; x̂)

£~¬.¶��������¥¶²�b��¶§ªA��
���¶��¥¶   �®�?�b¹¤¹
x̂ ∈ R

n �
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��� � ���:� ��� � ������� ������� � � �

tti ti+1 = ti + δ

x̂(ti) = H−1(ζ̂(t
−

i
), U(ti; x̂(ti−1))) x̂(ti+1) = H−1(ζ̂(t

−

i+1
), U(ti+1; x̂(ti)))

ζ̂(ti) ζ̂(ti+1)

y(t)

u(t; x̂(ti)) u(t; x̂(ti+1))

ζ̂(t)

ζ̂(t−i+1)

ζ̂(t−i )

=9£¤¢0
��7� �%� 2 2N·:£¤���#¬7����
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� 
�� C�@A,.-x"057-9,.6�E�"0,4+�57675F"�J
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¬H¨q¬H�7��� ¬H���b�7�
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���¶��¥¶   �®��¬H�c�b¹¤¹.������
�¢p¸
ε
�b��¶

δ
�)=�
��H�H¸����H���®�7�0�r�b�.�H¸�������¶��b N� �®«7¸²¬��b�T��¹¤£¤��¢c£¤���7���H³p�b¹9�H¸��#�®ª�¬7���H³n���3���H�7�®�?¸%�®¬
«¥�®��³n���H¢n�¥¶ �7�²�b���b�Hª�£¤�H���b�H£¤¹¤¨D¬H�c�b¹¤¹°¬7���
� +´� �§����*q��¬H�7��� £¤�#£~¬��¥¬H���bª�¹¤£~¬H¸��¥¶ �H¸%�b�
  �®�°�#¬$
%!c«�£~�����H¹¤¨c¬H�c�b¹¤¹

ε
�H¸��?«�¹~�p¬7�¥¶�¹~���®��¬H¨q¬H�7����¬H���b�7�.�H���.�H�¥«��7�®�H£~�¥¬°«¥�®��³n���H¢n�3£¤�
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���H£¤��«�£¤��¹~�
¯°� 
�¬7�L¬H£¤�T£¤¹z�b�3�b�H¢0
��������7¬K�®¬:£¤�@.:���®¬7¬H£_�b��¶ �K¸%�b¹¤£¤¹ � 2 505058��� 
3� ¯°��³n���
�%¬H£¤��«¥�K¯°�
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���� ³ �b��¶
«¥�®��³n���7¬7�'(r¨��b��
���� ³²�b�H¢0
��������7¬
� +´��¬H�7� �®¶§¯°�,
��H£¤¹¤£#B �#�H¸��L¶��¥«��7� �®¬7�� ���7�®�A���H�H£~�¥¬K�b 
�H¸���­�(�3°¦!¬H���b�7�L  �¥�¥¶qª%�®«��
³p�b¹#
��L -
���«��H£~�®�Z�b¹~�®��¢ ¬7�®¹#
��H£~�®�²�H���.�H�¥«��7�®�H£~�¥¬
� (²�®�7�� 
� ³n���
�q¯°�#�®��¹¤¨��¥¬H���bª�¹¤£~¬H¸§�H¸%�b�4�H¸��K�®ª�¬7���H³n���?���H�7�®�.¬H���¥¨q¬:ªA��
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��3�7�=�H¸��3���¥«¥�¥¬7¬��b�H¨
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��¸�� ¯°��³n���
�N¹~� �¥³n�c�H¸�£~¬�¬H�c�b¹¤¹©�7��¢p£~�®�'�
=��®�.�H¸��K�����®«��H£~« �b¹9¬H���bª�£¤¹¤£#Bj�b�H£~�®�²�b ��H¸��#¬H¨q¬H�7�����H¸�£~¬4£~¬4���®�3�����7�®ª�¹~���?��¬H£¤��«¥�L�H¸��
¬H���b�7�°�¥¬H�H£¤�c�b�7�°£~¬9�®��¹¤¨#���¥�¥¶��¥¶��b�9�H¸��°����¶��b %� �®«7¸�¬��b�T��¹¤£¤��¢3£¤���7���H³p�b¹��7�3« �b¹~« 
�¹z�b�7�
�=����¯   � �®¬H£¤ª�¹~�L�®���H£¤�c�b¹_£¤����
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�

+´�L�H¸��9  �®¹¤¹~� ¯4£¤��¢?¯°�N¬$
������7�¥¬7¬r���p¬H�_�b q�H¸����H£¤���)�H¸�� � ����� ¯4� � ; £¤����
��1<
U(t;x(ti))�b��¶

Ũ(t;x(ti))
£¤���H¸������®���b�H£~�®�'�x�0� ¢ � H(x)

¬H¸���
�¹~¶²ªA�=�7� �®¶D�®¬ H(x,U)
�7=�
��1 

�H¸����H���®�7�0��£¤�©£~¬°«¥�®��³n����£~�����4�7�#¯°�®�$��£¤��¬7« �b¹~�¥¶c�®ª�¬7���H³n���:���H�7�®�:«¥���®�7¶q£¤�%�b�7�¥¬°ª%�®¬7�¥¶
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�®�
�H¸��L�®ª�¬7���H³p�bª�£¤¹¤£¤�´¨§���®�H�c�b¹r  �®�H�?�N·:¸��#¬7« �b¹~�¥¶§�®ª�¬7���H³n���?���H�7�®�
η
£~¬.¶��������¥¶��®¬

η = [ η11,...,η1r1 ,...,ηp1,...,ηprp ] ,
¯4£¤�H¸

ηij =
ζij − ζ̂ij
εri−j

.


3����«¥��¯°�=¸%�¥³n�=�H¸%�b�
ζ̂ = ζ −Dεη

¯4£¤�H¸
Dε = blockdiag [Dε,1, Dε,2, . . . , Dε,p]

�
Dε,i = diag

[

εri−1, . . . , 1
] �T·:¸���«�¹~�p¬7�¥¶4 ¹~���®� ¬H¨q¬H�7����£¤�ZªA���´¯°�¥��� ¬��b�T��¹¤£¤��¢
£¤�% 

¬H���b���7¬.£~¬4�H¸����
¢p£¤³n���
ª�¨

ẋ(t) = f(x(t), u(t; x̂(ti)))

εη̇(t) = A0η(t) + εBg(t, x(t), x(ti), η(t), η(t
−
i ))

¯4¸����7�3�H¸��?�c�b�H�H£�*
A0 = εD−1

ε (A−HC)Dε
£~¬©£¤��¶����A����¶������4�b 

ε
�b��¶c¯4¸����7�?�H¸��

 -
���«��H£~�®�
g
£~¬.¶��������¥¶��®¬4�H¸��#¶q£��r���7����«¥�LªA���´¯°�¥���

φ̂
�b��¶

φ
�

g(t, x(t), x(ti), η(t), η(t
−
i )) = φ(ζ(t), Ũ (t; x̂(ti))) − φ̂(ζ̂(t), Ũ (t; x̂(ti))).


3���7�.�H¸��?�¥¬H�H£¤�c�b�7�¥¶c¬H¨q¬H�7����¬H���b�7�
x̂(ti)

�b��¶
ζ
�
ζ̂
�b�7�.¢p£¤³n���c£¤�c�7���H��¬©�b 

η
�
x
�b��¶

u
ª�¨

x̂(ti) = H−1(H(x(ti)) −Dεη(t
−
i ))

ζ(t) = H(x(t))

ζ̂(t) = H(x(t)) −Dεη(t).

�D�T�b  �7���Z«¥�®�T�%�b�7�0�_� ³n���#�®����¬��b�T��¹¤£¤��¢§£¤���7���H³p�b¹C�x�H¸���¬H���b�7���H���.�H�¥«��7�®�H£~�¥¬#�b ©�H¸��
��
��H��
��#  �¥�¥¶qª%�®«��Z«�¹~�p¬7�¥¶D¹~���®�Z¯4£¤�H¸ �H¸��T�H���.�H�¥«��7�®�H£~�¥¬#�7�¥¬$
�¹¤�H£¤��¢
  �7�®� �H¸��c�b����¹¤£� 
« �b�H£~�®���b 3�H¸�� ¬H���b�7�c  �¥�¥¶qª%�®«���­�(�3°¦�«¥�®���H�7�®¹¤¹~���c¬H���b�H�H£¤��¢ �b���H¸��§¬��b����£¤��£¤�H£z�b¹
«¥�®��¶q£¤�H£~�®�'��·:¸��Z¬H���b�7�²  �¥�¥¶qª%�®«��R�H���.�H�¥«��7�®�H£~�¥¬
¬H���b�H�H£¤��¢R�b�

x(ti)
�b�7��¶������®�7�¥¶��

¯4£¤�H¸�¬H¹¤£¤¢p¸��3�bª�
�¬7�#�b ����®���b�H£~�®�'��ª�¨
x̄(t;x(ti))

˙̄x(t;x(ti)) = f(x̄(t;x(ti)), u(t;x(ti))), x̄(ti;x(ti)) = x(ti), t ∈ [ti, ti + δ].� �%� 2 º �
=��®��¬H£¤�T��¹¤£~«�£¤�´¨��b L���7�¥¬7�������b�H£~�®�R¯°�²�®¬7¬$
����0�°¯4£¤�H¸���
���¹~�p¬7¬��b L¢n���������b¹¤£¤�´¨8�4�H¸%�b�
0 < ε ≤ 1

�N·:¸�£~¬4£¤�T��¹¤£~�¥¬.�H¸%�b� ‖Dε‖ ≤ 1
�

����� ��Z 7$"�:� �8 � 8�DFX#"�8;:=A
&:�   �®�7�3¯°�K��� ³n�L�7�=�H¸��3�����®«��H£~« �b¹_¬H���bª�£¤¹¤£¤�´¨ �b��¶ ªA��
���¶��¥¶q���¥¬7¬4�7�¥¬$
�¹¤�7¬:¯°�K�¥¬H���bª% 
¹¤£~¬H¸�¬7�®��� ���7�®�A���H�H£~�¥¬��b 3�H¸��§�®ª�¬7���H³n�����b��¶}«¥�®���H�7�®¹¤¹~���
���D�§¬H¸�� ¯ �H¸%�b��  �®�c�b�
�®ª�¬7���H³n���.£¤��£¤�H£z�b¹x«¥�®��¶q£¤�H£~�®�
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¬H���b�H�H£¤��¢T£¤����«¥�®�T�%�®«��.¬7��� Q �q�H¸��L¬7« �b¹~�¥¶§�®ª�¬7���H³n������H�7�®�K« �b��ªA�#ª��7��
�¢p¸��K£¤���b��¨
¶��¥¬H£¤�7�¥¶²¬H�c�b¹¤¹_�H£¤�����7���b��¨
¬H�c�b¹¤¹�¬7���3�b�7��
���¶��H¸��

�®�H£¤¢p£¤���b��¶��7���c�b£¤� £¤� �H¸�£~¬:¬7���
���®¬°¹~�®��¢��®¬:�H¸��3¬H¨q¬H�7��� ¬H���b�7�K¬H���¥¨q¬°£¤�
�=«¥�®�T�%�®«��

>'D�T



��� � ���:� ��� � ������� ������� � � �

�7��¢p£~�®� � �b��¶��H¸��.£¤����
��
U
£~¬©«¥�®���H£¤��
���
�¬���� (²�®�7�¥� ³n���
��¯°�?¯4£¤¹¤¹%¶����H£¤³n�K�KªA��
���¶c�®�

�H¸���¶q£��r���7����«¥�TªA���´¯°�¥��� �H¸���¬H���b�7��  �¥�¥¶qª%�®«��D�b��¶D��
��H��
��#  �¥�¥¶qª%�®«����H���.�H�¥«��7�®�H£~�¥¬
  �®�?�=¢p£¤³n�����®ª�¬7���H³n���?���H�7�®�
�

+´�²�H¸���  �®¹¤¹~� ¯4£¤��¢§�H¸���¬7��� Q ⊂ R
n £~¬L� ��*��¥¶�«¥�®�T�%�®«��#¬7���?  �®�3�H¸����®ª�¬7���H³n���

£¤��£¤�H£z�b¹°¬H���b�7�
x̂0
�_¯4¸����7� �®¬

Γε := {η ∈ R
n|W (η) ≤ ρε2} ¶��������¥¬��
¬7���L  �®���H¸��¬7« �b¹~�¥¶=�®ª�¬7���H³n���)���H�7�®�

η
�H¸%�b��¶q£¤�7�¥«��H¹¤¨=¶����A����¶�¬��®�

ε
�_·:¸��:«¥�®��¬H���b���

ρ
£~¬�¬H�A�¥«�£��%�¥¶

£¤� �H¸��K���7���b )�b 9�H¸��3  �®¹¤¹~� ¯4£¤��¢�¹~���T�c�T�b��¶
W (η)

£~¬4¶��������¥¶§ª�¨
W (η) = η>P0η

�
¯4¸����7�

P0
£~¬4�H¸��L¬7�®¹#
��H£~�®���b ��H¸��'(r¨��b��
���� ³
����
%�b�H£~�®�

P0A0 +A>
0 P0 = −I �·:¸��.  �®¹¤¹~� ¯4£¤��¢�(x���T�c�#£~¬:¬H£¤�T£¤¹z�b�°�7�=�#�7�¥¬$
�¹¤�:�®ª����b£¤���¥¶c£¤� .:���®¬7¬H£A�b��¶��K¸%�b¹¤£¤¹

� 2 505058���
�F�&
	
�� m"3�)54 �! #"#(#�����=�&"/���R =� $�`/�R'%���Vc1��,  ���'%����(#���g������ =��6 ^ ��_���� ���DS

����Z�

0 < T
=�.:G � 
��H� 


Ũ
�>=PG���� 
����D.:��.A=N��_���	

[0, T ]
% 
�	 �[G����TB:��G 
?=W� 
�=

Ωc ⊂ R���@� Q ⊂ R
n %I���@� #$� 
 � =&=�.+�TB 
������:= �AM��K���@� �AM � �H��#Q�AM �".+	 
��:��	�����	���=�.WB�B:�!=W�


��H� 
 
��:�P=�S!= 
 ����= 
C� 
 �P=J� 
��>=�O(�&=
x(τ) ∈ Ωc

%
0 ≤ τ ≤ T

M X �:��� 
��:��	����<; �>= 
�=Z���
ε?1
%(�[G����:= 
C��� 


ρ
%(���@�[�TO � ��
 � 
����Z�

TQ(ε) ≤ T
=�.:G � 
��H� 
 1 ��	P���DS

x̂0 ∈ Q ���@�
1 ��	N��#�#

0 < ε ≤ ε?1

��:�P=JG���#$�<� �AV&=W��	�_���	N= 
C� 
 �&=

η(τ)
��	��ZV<��.+�@�A�<� 1 ��	

τ ∈ [0, T ]���@� 
��H� 

η(τ) ∈ Γε, τ ∈ [TQ(ε), T ]

M
� �� - =� 3 =9£¤�7¬H�4���®�7�L�H¸%�b�

Ẇ =
∂W

∂η
η̇

=
1

ε

∂W

∂η
(A0η(t) + εBg(t, x(t), x(ti), η(t), η(t

−
i ))).

� �%� 2 48�

� * "#(���� �1�V"/��� �  =�
Γε
� �D�6���7¬H�©¬H¸�� ¯��H¸%�b�©�H¸����7�?��*q£~¬H�7¬©�L«¥�®��¬H���b���

ρ
¬$
�«7¸c�H¸%�b�

  �®�?�b¹¤¹
x ∈ Ωc

�b��¶
η ∈ {η ∈ R

n|W (η) ≥ ρε2} �H¸��L�H£¤¢p¸��?¸%�b��¶
¬H£~¶��#�b  � �%� 2 48�:£~¬¬H�c�b¹¤¹~���K�H¸%�b� B ���7���A�H¸�
�¬L�¥¬H���bª�¹¤£~¬H¸�£¤��¢§�H¸%�b�#�®¬K¹~�®��¢
�®¬
η(t)

£~¬L«¥�®���H£¤��
���
�¬
�
η(t)¯4£¤¹¤¹_���®�?¹~� �¥³n�

Γε
�®��«¥�#£¤��¬H£~¶��0�.·_�c�¥¬H���bª�¹¤£~¬H¸²�H¸�£~¬.¯°�7
��H£¤¹¤£#B ���H¸%�b�.  �®�

x(t) ∈ Ωc�H¸����7�#��*q£~¬H�7¬.�T«¥�®��¬H���b���
kg
¬$
�«7¸
�H¸%�b��2

‖Bg(t, x(t), x(ti), η(t), η(t−i ))‖ = ‖g(t, x(t), x(ti), η(t), η(t−i ))‖ ≤ kg, ∀x ∈ Ωc.� �%� 2 �4�
·:¸��c��*q£~¬H�7����«¥���b .¬$
�«7¸��
«¥�®��¬H���b����  �®¹¤¹~� ¯.¬L  �7�®� �H¸���¹~��« �b¹ (r£¤��¬7«7¸�£¤�$B����7�®�A���H�´¨
�b 
φ
� �®¬3���7�¥¬$
�¹¤�?�b )�H¸���¬H�����®�H¸����¥¬7¬?�b 

f
�b��¶ H ��«¥�®�T�%�®«��H���¥¬7¬3�b  UH

�b��¶
�H¸��
«¥�®�T�%�®«��H���¥¬7¬?�b 

Ωc
�4�b��¶ �H¸��L¢p¹~�®ª%�b¹xªA��
���¶��¥¶q���¥¬7¬?�b 

φ̂
� 
3����«¥�

Ẇ ≤ −1
ε‖η‖2 + 2‖η‖ ‖P0‖kg.

�D�K�7��¯4�H£¤�7�#�H¸�£~¬?�®¬

Ẇ ≤ − 1

2ε
‖η‖2 − 1

2ε
‖η‖2 + 2‖η‖‖P0‖kg.

>'D�;
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+  0¯°�4« �b�A����¶T�
ρ
¬$
�«7¸T�H¸%�b�)�H¸��:¹z�®¬H���´¯°�L�7���H��¬©�b�7�°ªA��
���¶��¥¶Tª�¨7B ���7�#�®¬�¹~�®��¢��®¬

W (η) ≥ ρε2
���H¸�����¯°�,����� ¯'�H¸%�b�.£  

η
�7� �®«7¸��¥¬

Γε
£¤�.¯4£¤¹¤¹9¬H���¥¨ �H¸����7�0� ·_���®«7¸�£~��³n�

�H¸�£~¬N«¥�®��¬H£~¶����N�H¸��4ªA��
���¶��b�H¨��b 
Γε
¶��������¥¶Tª�¨

η>P0η = ρε2
¯4¸����7�

ρ > 0
��±3¬H£¤��¢

ρε2

‖P0‖ ≤ ‖η‖2 ≤ ρε2

λmin(P0)

¯°�L�H¸�
�¬.�7����
�£¤�7��2
(

ρ

2‖P0‖
− 2

√
ρ

√

λmin(P0)
‖P0‖kg

)

ε ≤ 0,
  �®�

W (η) = ρε2.

¦©¸����p¬H£¤��¢

ρ := 16
‖P0‖4

λmin(P0)
k2
g

� �%� 2 �8�
¬��b�H£~¬1�%�¥¬4�H¸�£~¬?«¥�®��¶q£¤�H£~�®�²�b��¶§¹~� �®¶�¬.�7�

Ẇ ≤ − 1

2ε
‖η‖2,

  �®�
W (η) ≥ ρε2.

� �%� 2 *8�
·:¸�
�¬
�r�®��«¥�

η
�����7���7¬

Γε
£¤�K¯4£¤¹¤¹����®�K¹~� �¥³n��£¤�L�b¢��b£¤�'�_�®¬3¹~�®��¢
�®¬

η
£~¬L«¥�®���H£¤��
���
�¬

¯4¸�£~«7¸�£~¬�¢0
%�b���b���7�¥�¥¶��®�
[0, T ]

¬H£¤��«¥�
Ũ
£~¬=«¥�®���H£¤��
���
�¬T�®� �H¸�£~¬�£¤���7���H³p�b¹C�²­3�®�7�

�H¸%�b� � �%� 2 *8�4�b¹~¬7�T¢0
%�b���b���7�¥�¥¬?ªA��
���¶��¥¶q���¥¬7¬.�b 
η(t)

�®�
[0, T ]

�
� ��"��d$%� �� #"#(#�����=�&"/��� $���
��  =�-$�`/� '%���Vc1��,R ���'%����(#��� ������ =� $% 

Γε
� ¦°�®��¬H£~¶����

��� ¯O�H¸%�b�
x(τ) ∈ Ωc, τ ∈ [0, T ]

�b��¶
x̂0 ∈ Q � µ�£¤��«¥� UH

�
Ωc

�b��¶ Q �b�7�
«¥�®�T�%�®«��c�b��¶ H £~¬�¬H�����®�H¸'�)¯°� ����� ¯ �H¸%�b���H¸����7� ��*q£~¬H�7¬T�²«¥�®��¬H���b���

kQ
¬$
�«7¸

�H¸%�b� ‖ζ(0) − ζ̂(0)‖ ≤ kQ
�#·:¸�
�¬K£¤�3  �®¹¤¹~� ¯.¬K�H¸%�b� ‖η(0)‖ ≤ kQ/εrmax−1 �A¯4¸����7�

rmax = max{r1, . . . rp}
� &°¨ � �%� 2 *8�

W (η)
£~¬�¬H�H�H£~«��H¹¤¨�¶��¥«��7� �®¬H£¤��¢}�®¬c¹~�®��¢��®¬

W (η) ≥ ρε2
� (x���

T̃
ªA�K�H¸��K�H£¤���L¯4¸����

η
�����7���7¬

Γε
�2+´���7��¢p���b�H£¤��¢T  �7�®�

t = 0
�7�

t = T̃
�7�¥¬$
�¹¤�7¬4£¤�

ln
W (η0)

W (η(T̃ ))
≥ 1

2ε‖P0‖
T̃ .

µ��®¹¤³�£¤��¢T  �®�
T̃
�b��¶
¬7���H�H£¤��¢

W (η(T̃ )) = ρε2
¯°���®ª����b£¤�
£¤�§�H¸��L¹¤£¤�T£¤�

T̃ ≤ 2ε‖P0‖ ln

(

W (η0)

ρε2

)

.

�D�,����� ¯!�H¸%�b� ‖η0‖ ≤ kQ/εrmax−1 �©¦°�®��¬H£~¶����H£¤��¢��H¸��L¯°�®�7¬H�?« �®¬7�L¹~� �®¶�¬4�7�

T̃ ≤ TQ(ε) := 2ε‖P0‖ ln

(

‖P0‖k2
Q

ρε2rmax

)

,

¯4¸����7���H¸����H£¤���
TQ(ε)

£~¬ �b� 
����A���cªA��
���¶�  �®�
T̃
� ¦©¸����p¬H£¤��¢

ε?1
¬$
%!c«�£~�����H¹¤¨

¬H�c�b¹¤¹C��¯°�,����� ¯!�H¸%�b�.  �®�?�b¹¤¹
ε ≤ ε?1, TQ(ε) ≤ T

�N·:¸��#��*q£~¬H�7����«¥�#�b )¬$
�«7¸²�b�
ε?1£~¬K¢0
%�b���b���7�¥�¥¶ ¬H£¤��«¥���H¸����H£¤¢p¸��#¸%�b��¶D¬H£~¶����b :�H¸���£¤������
%�b¹¤£¤�´¨��7����¶�¬L�7� B ���7���®¬
ε�7����¶�¬.�7� B ���7���°·:¸�
�¬?¯°��« �b�
�7� �®«7¸��H¸��#¬7���

Γε = {η ∈ R
n|W (η) ≤ ρε2} £¤�
¹~�¥¬7¬�H¸%�b�²�b��¨ ¢p£¤³n���
�H£¤���

T
�

>'D/R



��� � ���:� ��� � ������� ������� � � �

a9�&
������ m"3 + � � 
 � 
��H� 
 
��:�R= � ���\� 1 
��:�R=W� 

Γε

���@� 
��:� 
����Z�
TQ(ε)

�A�CBD���@�[���
ε
M �P�<G 	��<�!= ���+


ε
#$�<���!= 
C� �[= �A	 ��� � ���+


Γε
	 � ��#$����# =J�[= �A	 ��� � ���+
 
��:� 
����Z�

TQ(ε)�"���<�A�<� 
C�P	��<��G �
Γε
M �".+	 
��:��	�����	��&% �@� 
 � 
��H� 
F��� .WB�BD��	/�&= 
������ 
 �I� 1 
��:�\��	�	<��	 ���


��:�/��	 �Q
 ���@��# G��W��	<� ���@� 
 �&= 1 ��	
η ∈ Γε

�>=T
 ��_���� V�SA]

‖x− x̂‖ = ‖H−1(ζ, U) −H−1(ζ̂ , U)‖
≤ LUH‖ζ − ζ̂‖
≤ LUH‖Dε‖‖η‖
≤ kΓε

1 ��	
η ∈ Γε,

	 �:��	��
kΓ
�>=U� G����:= 
C��� 
 
��H� 
��A�CBD���@�!=Z��� 
��:�/� � B�=JG � ��
���G����:= 
C��� 


LUH
� 1 H−1

� ���@� �:���@G&� ��� UH
%
Ωc

� �\G����TB:��G 
�=W� 
 1 ��	 
��:�?= 
C� 
 �&= -\���@� Q -�M X �A.A=��A�<G 	��<�!= ���+

ε
��# =J�[�A�<G 	��<�!=W�&= 
��:�N�AV&=W��	�_���	���	�	<��	 ��� 
��:�N��	 �Q
 ���@��# G��W��	<� ���@� 
 �&=U� 1 
 ��	 
��:� 
����Z�

TQ(ε)
M X � �>=&% 
C��
A� 
��:��	 	���
��Z	<�AV�.A= 
��"�&=&= B@	<�&BD��	 
��C�&=/� 1 
��:� = 
C� 
 � 1 ���<�AV<��G � � � � �

G���� 
�	<��#�#$��	P��	�� 
��:� � ��S ��#$���Z��� 
�= ��� 
��:�P��. 
 B@. 
 1 ���<�AV<��G �Z= 
C�AV ��# ��
�S�	��&=�.+# 
�=WM
·:¸��K����*q� (x���T�c���¥¬H���bª�¹¤£~¬H¸��¥¬?�=ªA��
���¶
�®�§�H¸��L¶q£��r���7����«¥�#ªA���´¯°�¥���
�H¸��L�H���" 

�H�¥«��7�®�H£~�¥¬#�7�¥¬$
�¹¤�H£¤��¢�  �7�®� �H¸��c­�(�3°¦ «¥�®���H�7�®¹¤¹~���=¯4£¤�H¸ ��*��®«��=¬H���b�7��£¤�q  �®�H�c�b�H£~�®�
�b��¶²�H¸���­�(�3°¦!«¥�®���H�7�®¹¤¹~��� 
�¬H£¤��¢
�b�²£¤��«¥�®�H�7�¥«��#¬H���b�7���¥¬H�H£¤�c�b�7�0� =��7�®�O��� ¯��®�'�
Ωc
¯4£¤¹¤¹N¶������®�7�T¹~��³n��¹N¬7���7¬L�b 

V (x)
¶��������¥¶Zª�¨

Ωc := {x ∈ R|V (x) ≤ c} �9�b��¶�H¸��c¬7���
Ωc(S)

¶������®�7�¥¬T�§¹~��³n��¹°¬7���
Ωc
�H¸%�b�=«¥�®�����b£¤��¬=�H¸�� � �®¬7¬$
����¥¶ «¥�®�T�%�®«����

¬7��� S ⊂ R �q£C� �0� c > maxx∈S V (x)
�

�F�&
	
�� m"3d\ 4 �  #��"/,  #" ,.�1' $%�V"/���/�F��$ f ���&" ' $%�>$%� �V"/,  #��$��.��$H������,�l
�������E$%��� � ���0$% =� �1��'�6 � � 
 � =&=�.+�TB 
������:= �AM�'!0 �AM � �H��#Q�!%R���@� #$� 
 
��A	����[G����TB:��G 

=W� 
�= Q ⊂ R

n % S ⊂ R ���@�
Ωc(S) ⊂ R 	���
�� S ⊂ Ωc(S)

V�� 
 ��_����"M �F���D0
= ���A��	 
��:��=�S!= 
 ��� � º � 2 � ��	 ��_���� V�S 
��:� � � � �5�&BD���D0 #Q�W�&BKG���� 
�	<��#�#Q� 	 � �%� �4��.A= ���+


��:�ZG���	�	��<G 
 = 
C� 
 �

x0
��= 
C� 
 � 1 ���<�AV<��G ��-K���@� 
��:�U= 
C� 
 �[�&= 
������ 
 �

x̂0 ∈ Q � ��. 
 B@. 

1 ���<�AV<��G ��-

ẋ(τ) = f(x(τ), u(τ ; x̂0)), ˙̄x(τ) = f(x̄(τ), u(τ ;x0)), x(0) = x̄(0) = x0.� �%� 2 30�
X �:��� 
��:��	����<; �>= 
�=P� 
����Z�

TS ≤ Tp
=�.:G � 
��H� 
 1 ��	/��#�#

x̂0 ∈ Q % x0 ∈ S % 	?� �H��_��
x(τ), x̄(τ) ∈ Ωc(S)

���@�

‖x(τ) − x̄(τ)‖ ≤ LfuLu
Lfx

‖x0 − x̂0‖
(

eLfxτ − 1
)

, τ ∈ [0, TS ].

�/��	��
Lfx

���@�
Lfu

��	�� 
��:�R� � B�=JG � ��
��PG����:= 
C��� 
�=P� 1
f
���

Ωc(S) × U %?���@� Lu
�>=


��:� �Q� � B�=JG � ��
��PG����:= 
C��� 
�� � 1
u
�!=P�A��O �"�<� ��� � =&=�.+�TB 
������ �AM��+M��HM

>'D�J
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� �� - =� 3 µ�£¤��«¥� S ⊂ Ωc(S)
�
u
��£~�¥«¥��¯4£~¬7�L«¥�®���H£¤��
���
�¬K�b��¶ ªA��
���¶��¥¶ �H¸����7�#�b¹¤¯:�¥¨q¬

��*q£~¬H�7¬#���H£¤���
TS ≤ Tp

¬$
�«7¸Z�H¸%�b�
x(τ)

�
x̄(τ) ∈ Ωc(S)

  �®�#�b¹¤¹
τ ∈ [0, TS ]

�b��¶
�H¸%�b�4�H¸��K¬7�®¹#
��H£~�®��¬.�b�7�L«¥�®���H£¤��
���
�¬
�©·:¸�£~¬°  �®¹¤¹~� ¯.¬°  �7�®� �H¸��3  �®«��:�H¸%�b�°  �®�

x(·) £¤�
Ωc(S)

�
‖x(τ) − x0‖ ≤

∫ t

0
‖f(x(s), u(s))‖ds ≤ kΩτ,

� �b��¶��H¸���¬��b���#  �®�
x̄(τ)

�:¯4¸����7�
kΩ
£~¬K��«¥�®��¬H���b���K¶����A����¶q£¤��¢ �®�²�H¸�� (r£¤��¬7«7¸�£¤�$B

«¥�®��¬H���b���7¬T�b 
f
�b��¶ �H¸��cªA��
���¶�¬��®�

u
�²·:¸���¬7�®¹#
��H£~�®��¬=�7� � �%� 2 30�L  �®���b��¨

τ ∈
[0, TS ]

« �b�§ªA�K¯4�H£¤�H�7�����®¬�2

x(τ) = x0 +

∫ τ

0
f(x(s), u(s; x̂0))ds, x̄(τ) = x0 +

∫ τ

0
f(x̄(s), u(s;x0))ds.

·:¸�
�¬

‖x(τ) − x̄(τ)‖ ≤
∫ τ

0
‖f(x(s), u(s; x̂0)) − f(x̄(s), u(s;x0))‖ds.

µ�£¤��«¥�
f
£~¬_¹~��« �b¹¤¹¤¨ (r£¤��¬7«7¸�£¤�$B:£¤� R � �b��¶�¸�����«¥�N£¤�

Ωc(S)
�x�b��¶

u(τ ;x)
£~¬'
���£   �®�H�T¹¤¨

¹~��« �b¹¤¹¤¨ (r£¤��¬7«7¸�£¤�$B�£¤�
x
¯°�#�®ª����b£¤�

‖x(τ) − x̄(τ)‖ ≤
∫ τ

0
(Lfx‖x(s) − x̄(s)‖ + LfuLu‖x0 − x̂0‖) ds

≤ LfuLu‖x0 − x̂0‖τ +

∫ τ

0
Lfx‖x(s) − x̄(s)‖ds,

¯4¸����7�
Lfu

�
Lfx

�b�7���H¸�� (r£¤��¬7«7¸�£¤�$B
«¥�®��¬H���b���7¬T�b 
f
£¤�

Ωc(S) × U �©�b��¶ Lu £~¬�H¸�� ; (r£¤��¬7«7¸�£¤�$BD«¥�®��¬H���b���1<Z�b 
u
�®¬ ¶��������¥¶R£¤� .3¬7¬$
��T���H£~�®� �%� 4%� º � ±3¬H£¤��¢ �H¸��

$3�7�®��¯:�b¹¤¹� &:��¹¤¹¤�c�b��£¤������
%�b¹¤£¤�´¨ ¯°�#�®ª����b£¤�§  �®�3�b¹¤¹
τ ∈ [0, TS ]

‖x(τ) − x̄(τ)‖ ≤ LfuLu
Lfx

‖x0 − x̂0‖
(

eLfxτ − 1
)

,

¯4¸�£~«7¸����7� ³n�¥¬.�H¸��'(x���T�c�%�
+´���H¸��
  �®¹¤¹~� ¯4£¤��¢ ¯°���c�>�n�@
�¬7���b #�H¸��
  �®¹¤¹~� ¯4£¤��¢   �®«����H¸%�b�c¢p£¤³n�¥¬§�Z¹~� ¯°���

ªA��
���¶
�®�§�H¸�� ���7¬H� ; ��£~�¥«¥��<L�b ��H¸��#­�(�3°¦R¬H���b�7�K  �¥�¥¶qª%�®«�� ³p�b¹#
��K -
���«��H£~�®� 2
�-���0$ ) ����	����DS

c > 0
%
c > α > 0

%
Tp > δ > 0


��:� 1 ��#�#Q� 	����+
 #Q� 	?��	 V<��.+�@�
Vmin(c, α, δ)

�<; �>= 
�=P���@� �>=I�@���D0 
�	 ��_�����# 1 ��	/��#�#
x0 ∈ Ωc/Ωα

]

0 < Vmin(c, α, δ) := min
x0∈Ωc/Ωα

∫ δ

0
F (x̄(s;x0), u(s;x0))ds <∞.

>'D7:



��� � ���:� ��� � ������� ������� � � �

����� � 
 � I/LNDNWF:=WNDF:=A ARI�� O��F:HA�O0X#O0:=A
+´�²�H¸�£~¬L¬7�¥«��H£~�®�Z¯°���¥¬H���bª�¹¤£~¬H¸Z�H¸%�b�K�H¸���«�¹~�p¬7�¥¶4 ¹~���®�D¬H���b�7�¥¬K�7���c�b£¤�ZªA��
���¶��¥¶�  �®�
¬$
%!c«�£~�����H¹¤¨§¬H�c�b¹¤¹

ε
�b��¶

δ
�


!`/�� =���&
 m"3�)54 �  #��"/,���,."/��'%'i =� $�`/�R' $%�>$%��'�6 � =&=�.+�Z� 
��H� 
 
��:� � =&=�.+�TB@0

������:= �AM�'!0 �AM 	I��	�� 1 .+# O #�#$�<�AM?� � 
 
��:�RG����TB:��G 
 =W� 
�= Q % S ���@�

Ωc(S)
	���
�� Q ⊂ R

n

���@� S ⊂ Ωc(S) ⊂ R V�� 
 ��_����"M X �:��� 
��:��	��5�<; �>= 
�=
δ?2 > 0

=�.:G � 
��H� 
 1 ��	
0 < δ ≤ δ?2

%�
��:��	��/�<; �>= 
�=
ε?2 > 0

� �A�CBD���@�A��� 
?���
δ
-�%7=�.:G � 
��H� 
 1 ��	I��#�#

0 < ε ≤ ε?2���@�5��#�# ��� ��
�����#�G����@� ��
������:=
(x0, x̂0) ∈ S × Q % 
��:� �AV&=W��	�_���	K��	�	<��	 η(τ) = 
C��S!=

V<��.+�@�A�<� ���@� G����D_���	�
A�&=[� 
E#$�<�!= 
 � 
 
��:�Z���@� � 1 ��_���	�S =J���TB@# ���+
 ��� 
 ��	�_!��#�
C� 
��:�
=W� 


Γε
M �".+	 
��:��	�����	��&%

x(τ) ∈ Ωc(S) ∀τ ≥ 0
M

� �� - =� 3 ·:¸��4���7���b r£~¬N¶q£¤³�£~¶��¥¶T£¤���7�#�´¯°�#�%�b�H�7¬
� +´���H¸��)���7¬H�N�%�b�H�N£¤�N£~¬N¬H¸�� ¯4�c�H¸%�b�
�H¸����7�L��*q£~¬H�7¬4¬$
%!c«�£~�����H¹¤¨§¬H�c�b¹¤¹

δ
�b��¶

ε
¬$
�«7¸§�H¸%�b�4�H¸��#�®ª�¬7���H³n���.���H�7�®�?«¥�®��³n���H¢n�¥¬

�7�T�H¸��#¬7���
Γε
�b�.¹~� �®¬H�3�b�.�H¸�������¶
�b )�H¸�� ���7¬H�?¬��b�T��¹¤£¤��¢c£¤���7���H³p�b¹C�0¬H���b�H�H£¤��¢c¯4£¤�H¸

x̂(t0) ∈ Q �b��¶
x(0) ∈ S ���b��¶ �H¸%�b� x(t) £¤�§�H¸�£~¬4£¤���7���H³p�b¹_¶����¥¬:���®�4¹~� �¥³n� Ωc(S)

�
+´�§��¬7�¥«¥�®��¶ ¬H�7��� ¯°�K�¥¬H���bª�¹¤£~¬H¸ �H¸%�b�

x(t)
¯4£¤¹¤¹A�7���c�b£¤� £¤�

Ωc(S)
¯4¸�£¤¹~�

η(t)
¬H���¥¨q¬

ªA��
���¶��¥¶��b��¶�«¥�®��³n���H¢n�¥¬ � �b�K¹~� �®¬H���?�b�3�H¸�������¶²�b °� �®«7¸Z¬��b�T��¹¤£¤��¢ £¤���7���H³p�b¹
(t−i )�7�

Γε
��­3�®�7�4�H¸%�b�

η
�T£¤¢p¸��	�1
��T� �b�N�H¸��?¬��b�T��¹¤£¤��¢=£¤��¬H���b���7¬

ti
¶%
��.�7�#�H¸��?¶q£~¬7«¥�®�% 

�H£¤��
�£¤�H£~�¥¬°£¤�
U
�b��¶��H¸��?�A�p¬7¬H£¤ª�¹~�.�7��£¤��£¤�H£z�b¹¤£#Bj�b�H£~�®�9� �%� 202 � ��·:¸�£~¬©£~¬©�H¸��?�7� �®¬7�®��¯4¸�¨

¯°�L« �b�
���®�?�¥¬H���bª�¹¤£~¬H¸§�H¸%�b�
η
�����7���7¬.�H¸��L¬7���

Γε
�b��¶§¬H���¥¨q¬4�H¸����7�0� 
3� ¯°��³n���
���H¸�£~¬

£~¬����®�T�
���7�®ª�¹~���   �®��«¥�®���H�7�®¹¤¹¤£¤��¢Z�H¸���¬H���b�7�0�N¬H£¤��«¥�c�H¸���¬H���b�7���¥¬H�H£¤�c�b�7��£~¬=�®��¹¤¨
���¥�¥¶��¥¶��b�4�H¸��#����¶
�b )� �®«7¸�¬��b�T��¹¤£¤��¢�£¤���7���H³p�b¹C�
�D� ¶������®�7� �H¸��§¬H�c�b¹¤¹~�¥¬H�T¹~��³n��¹4¬7���T� �b 

V
�H¸%�b��«¥� ³n���7¬ S ª�¨

Ωc1(S)
� ·:¸��

«¥�®��¬H���b���
c1 < c

£~¬4¢p£¤³n���
ª�¨
c1 = maxx∈S V (x)

�
� ��	&= 
E=J���TB@# ���+
 ��� 
 ��	�_!��# %/�<; �>= 
 ���@G&� � 1

ε
%
δ
=�.:G ��
��H� 


η(t−1 ) ∈ Γε
���@�

x(τ) ∈
Ωc(S)

%
τ ∈ [0, t1]

]
µ�£¤��«¥� S £~¬#¬H�H�H£~«��H¹¤¨�«¥�®�����b£¤���¥¶D£¤� Ωc(S)

�r�H¸����7����*q£~¬H�����H£¤���
Tc
¬$
�«7¸D�H¸%�b�#�H���" 

�H�¥«��7�®�H£~�¥¬�¬H���b�H�H£¤��¢ £¤� S ¶��Z���®��¹~� �¥³n�
Ωc(S)

�®���H¸��§£¤���7���H³p�b¹
[t, t+ Tc]

��·:¸��
��*q£~¬H�7����«¥�K£~¬4¢0
%�b���b���7�¥�¥¶��0¬H£¤��«¥�#�®¬4¹~�®��¢��®¬

x(t) ∈ Ωc(S)
�

‖x(t) − x0‖ ≤
∫ t

0
‖f(x(s), u(s))‖ds ≤ kΩt.

�D�?���>�n�
Tc
�®¬©�H¸��K¬H�c�b¹¤¹~�¥¬H�°�A�p¬7¬H£¤ª�¹~�A�i¯°�®�7¬H�4« �®¬7�"�N�H£¤���?�7�=�7� �®«7¸ �H¸��3ªA��
���¶��b�H¨

�b 
Ωc(S)

  �7�®� �c�A�®£¤���
x0 ∈ Ωc1 ⊃ S �r�b¹¤¹~� ¯4£¤��¢ u(s) �7�����>�n�T�b��¨�³p�b¹#
��=£¤� U ���
��=�7� �H¸���«¥�®�T�%�®«��H���¥¬7¬��b  Q ¯°�A����� ¯   �7�®� (x���T�c���%� 2 �H¸%�b�

η(t) ∈ Γε
  �®�

t1 ≥ t ≥ TQ(ε)
�Lµ�£¤��«¥�

TQ(ε) → 0
�®¬
ε → 0

�0�H¸����7�=��*q£~¬H�7¬L�b�
ε1
¬$
�«7¸²�H¸%�b�?  �®�

�b¹¤¹
0 < ε ≤ ε1

�
TQ(ε) ≤ Tc

2

� (x���
δ?2
ªA��¬$
�«7¸��H¸%�b�?  �®�K�b¹¤¹

0 < δ ≤ δ?2
�%�H¸��,���7¬H�

��� � ��=7��%���@ �&� � � =�
 #��	��#�%�
 
���' %6��) #�
�%�
�%?#�
�@
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¬��b�T��¹¤£¤��¢T£¤��¬H���b���
t1 = δ

¬��b�H£~¬1�%�¥¬
TQ(ε) < t1 <

Tc
2

�©¦©¸����p¬7�3�®���K¬$
�«7¸
δ
  �®�°�H¸��

�7�¥¬H�L�b °�H¸��=���7���b $��·:¸����
(x(t1), η(t

−
1 )) ∈ Ωc(S) × Γε

�x�b��¶��H¸���¬��b���=¸��®¹~¶²  �®�
�H¸��L����*q�.¬��b�T��¹¤£¤��¢�£¤��¬H���b���A� ¬H£¤��«¥�K¯°� 
�¬7�¥¶

Tc/2
  �®�.«7¸����p¬H£¤��¢

δ?2
���

�D�K¯4£¤¹¤¹r£¤� �H¸��3  �®¹¤¹~� ¯4£¤��¢��7�   ���:�7���H¸��L¬H�c�b¹¤¹~�¥¬H�:¹~��³n��¹x¬7���.«¥� ³n���H£¤��¢��b¹¤¹A�A�®£¤���7¬
�H¸%�b�T« �b� ªA�c�7� �®«7¸��¥¶   �7�®� �A�®£¤���7¬�£¤�

Ωc1(S)
£¤���H¸��c�H£¤���

Tc/2
�b����¹¤¨�£¤��¢D�b��¨

�®¶q�T£~¬7¬H£¤ª�¹~�c«¥�®���H�7�®¹©ª�¨
ΩcTc/2

(S)
�c­3�®�7�T�H¸%�b��ª�¨��H¸��c�b�H¢0
��������7¬�¢p£¤³n�����bªA� ³n�0�

x(t1) ∈ ΩcTc/2
(S)

��¯4£¤�H¸
cTc/2 < c

�
8 �D_!��	 �����@G&�N� 1

Ωc
1 ��	 ;[� 
F=J���TB@# ���+
 ���:= 
C��� 
�=&% G����D_���	�
A���@G&�Z� 1

η

C�

Γε
1 ��	P�<��G �

t−i
]

¦°�®��¬H£~¶����§�Z¬��b�T��¹¤£¤��¢ £¤��¬H���b���
ti
� �0� ¢ �

t1
�=  �®��¯4¸�£~«7¸R¯°�@����� ¯ �H¸%�b�

x(ti) ∈
ΩcTc/2

(S)
�b��¶��H¸%�b�

x(ti + τ) ∈ Ωc(S)
  �®�

0 ≤ τ ≤ δ
�b��¶

η(t−i ) ∈ Γε
��­3�®�7�

�H¸%�b�3¯°�=¶������®�3¸%�¥³n���7��«¥�®��¬H£~¶����3�H¸���« �®¬7�#¯4¸����
x(ti + τ) ∈ Ωc1(S)

  �®�3¬7�®���
0 ≤ τ ≤ δ

�r¬H£¤��«¥�=�H¸��=�7� �®¬7�®��£¤��¢ £¤���H¸��7���7¬H�K�%�b�H�L�b ©�H¸��=���7���b °����¬$
��7�¥¬K£¤���H¸�£~¬
« �®¬7�#�H¸%�b�3�H¸��=¬H���b�7�#¯4£¤¹¤¹9���®�3¹~� �¥³n���H¸��=¬7���

ΩcTc/2
(S)

£¤�²�®���=¬��b�T��¹¤£¤��¢�£¤���7���H³p�b¹
� «¥�®��¬H£~¶����H£¤��¢
�H¸���¯°�®�7¬H��« �®¬7�=£¤����
�������
3����«¥�=¯°�c�®¬7¬$
����=£¤�Z�H¸��=  �®¹¤¹~� ¯4£¤��¢
�H¸%�b�
x(ti + τ) ∈ Ωc(S)/Ωc1(S)

�
­3� ¯}«¥�®��¬H£~¶������H¸��:¶q£��r���7����«¥�°£¤���H¸��°³p�b¹#
��N -
���«��H£~�®�TªA���´¯°�¥���T�H¸��©£¤��£¤�H£z�b¹�¬H���b�7�

x(ti)
�b��¶§�H¸��L¶���³n��¹~�®��£¤��¢�¬H���b�7�

x(ti+τ)
�

V (x(ti + τ)) − V (x(ti))

≤ V (x̄(ti + τ ;x(ti))) − V (x(ti)) + |V (x(ti + τ)) − V (x̄(ti + τ ;x(ti)))|

≤ −
∫ ti+τ

ti

F (x̄(s, x(ti)), u(s;x(ti)))ds+ |V (x(ti + τ)) − V (x̄(ti + τ ;x(ti)))|.
� �%� 2 �8�

µ�£¤��«¥�
V
£~¬ (r£¤��¬7«7¸�£¤�$B#£¤��«¥�®�T�%�®«��3¬$
�ª�¬7���7¬4�b  R ⊃ Ωc(S)

¯°�#�®ª����b£¤� 2

V (x(ti + τ)) − V (x(ti))

≤ −
∫ ti+τ

ti

F (x̄(s;x(ti)), u(s;x(ti)))ds+ LV ‖x(ti + τ) − x̄(ti + τ ;x(ti))‖,

¯4¸����7�
LV

£~¬©�H¸��)(r£¤��¬7«7¸�£¤�$BL«¥�®��¬H���b���4�b 
V
£¤�

Ωc(S)
�)·:¸��?£¤���7��¢p���b¹r«¥�®���H�H£¤ª�
��H£~�®�

£~¬°�®��¹¤¨��K -
���«��H£~�®� �b x�H¸��?���7�¥¶q£~«��7�¥¶ �®�A���% ¹~���®���H���.�H�¥«��7�®�H£~�¥¬:�b x�H¸��3­�(�3°¦�¬H���b�7�
  �¥�¥¶qª%�®«��§«¥�®���H�7�®¹¤¹~���
�°±3¬H£¤��¢ =%�®«�� 2 �b��¶�(x���T�c� �%� º �H¸�£~¬.¹~� �®¶�¬4�7��2

V (x(ti + δ)) − V (x(ti))

≤ −Vmin(c, α, δ) + LV
LfuLu
Lfx

‖x(ti) − x̂(ti)‖
(

eLfxδ − 1
) � �%� 2 58�
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  �®�3�b��¨���*��¥¶
α < c1

�b��¶
x(ti) 6∈ Ωα

�6=��7�®� �?���c�b�$� �%� �c¯°� ����� ¯ �H¸%�b�3�H¸����7�
��*q£~¬H�7¬.�b�

0 < ε2
¬$
�«7¸
�H¸%�b�4  �®�?�b¹¤¹

0 < ε < ε2
�

V (x(ti + δ)) − V (x(ti)) ≤ −1

2
Vmin(c, α, δ) =: −κ1,

¯4¸����7�
κ1 > 0

£~¬=�
«¥�®��¬H���b���=¢p£¤³n��� ª�¨Z�H¸����H£¤¢p¸��=¸%�b��¶ ¬H£~¶��c�b  � �%� 2 58� �&
3����«¥�
�H¸��
¬H���b�7���b���H¸��§����*q�c¬��b�T��¹¤£¤��¢ £¤��¬H���b���c£~¬��b��¹~� �®¬H��¯4£¤�H¸�£¤�

ΩcTc/2
(S)

�b¢��b£¤�'�
�b��¶��H¸�
�¬��b¹~¬7��£¤�

Ωc(S)
��µ�£¤��«¥�

x(ti+1) ∈ ΩcTc/2
(S)

�r£¤�L¯4£¤¹¤¹)ª�¨��H¸����7� �®¬7�®��£¤��¢
£¤���H¸������7¬H�§�%�b�H�§���®� ¹~� �¥³n�

Ωc(S)
¶%
��H£¤��¢��H¸�������*q�§¬��b�T��¹¤£¤��¢�£¤���7���H³p�b¹C�L�b��¶

¸�����«¥�T�H¸����b�H¢0
��������7¬�£¤�D�H¸��T¬7�¥«¥�®��¶Z�%�b�H�#¸��®¹~¶�¬L  �®�L�H¸�£~¬L£¤���7���H³p�b¹°�®¬L¯°��¹¤¹C��&°¨
�b��£¤��¶%
�«��H£~�®���b�H¢0
��������
�4�H¸���¬H���b�7�§¯4£¤¹¤¹.���®�c¹~� �¥³n�

Ωc(S)
�4�b��¶�¬7���H�H£¤��¢

ε?2 :=
min{ε1, ε2}

«¥�®��«�¹#
�¶��¥¬?�H¸��K���7���b $�
=9£¤¢0
��7� �%� º £~¬?�b�²�b�H�7���T���.�7��¬$�n���7«7¸
�H¸��L�c�b£¤�
£~¶�� �®¬.�b ��H¸��L���7���b $�

c

(x(0), η(0))

‖η‖

c1

Ωc(S)

α

(x(t1), η(t
−
1 ))

(x(t2), η(t2))

(x(t1), η(t1))

V (x)

��������%�
�5;���,.7
4#��
S

cTc/2

(x(t2), η(t
−
2 ))

Γε

��������%�
�5;���,.7
"#��
S ×Q

=9£¤¢0
��7� �%� º 2°µ��n���7«7¸²�b ��H¸��K�c�b£¤�
£~¶�� �®¬.ªA��¸�£¤��¶§�H¸��K���7���b N�b )·:¸��¥�®�7�����%� 2 �

����� �1[ �.:	� 8 � �� ;I�KNX  T!"�X-<&O�8�<>X  A�O0X_KM8  �8 O �
+´�#�H¸�£~¬_¬7�¥«��H£~�®��¯°�©¬H¸�� ¯ �H¸%�b�_�H¸��©��
��H��
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|V (x(ti + τ)) − V (x̄(ti + τ ;x(ti)))|
≤ LV ‖x(ti + τ) − x̄(ti + τ ;x(ti))‖

≤ LV
LfuLu
Lfx
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(
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η(τ) ∀τ > 0
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�r���®�7���H¸%�b��� �%� º>2 �?£~¬K³p�b¹¤£~¶²  �®�#�b¹¤¹
x(ti) ∈ Ωc/Ωγ

�=·:¸����7�   �®�7�0�A  �®�
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Ωα

R

x(t1)

x(0)

x1

S
Ωc1 (S)
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�� m"3 
�� �@�A��	 � =&=�.+�TB 
������ �AM���%
η(ti) ∈ Γε

���TB@# �C�&= 
��H� 

η(t) ∈ Γε

1 ��	
��#�#

t > ti
M

� �� - =� 3 =��7�®�'�H¸��N���7���b %�b  (x���T�c�)�%� 2 �
η(t)

¯4£¤¹¤¹����®�_¹~� �¥³n�
Γε
�H¸��2���7¬H�9¬��b�T��¹¤£¤��¢

£¤���7���H³p�b¹©�j  �7���
ti
�=µ�£¤��«¥�

η(t)
£~¬L«¥�®���H£¤��
���
�¬
�

η(ti+1) ∈ Γε
�#·:¸��=�7�¥¬$
�¹¤�K¸��®¹~¶�ª�¨

�b�
£¤��¶%
�«��H£~�®���b�H¢0
��������
�
¦°�®��ª�£¤���¥¶Z¯4£¤�H¸��H¸��=�7�¥¬$
�¹¤�L�b :·:¸��¥�®�7��� �%� º �A¯°��«¥�®��«�¹#
�¶����H¸%�b�

Ωα × Γε
£~¬

£¤��³p�b�H£z�b���
�A�b��¶ ¯°�#«¥�®�%����� 
�¬4�7���H¸�£~¬?¬7���:  �®�4�H¸��L�7�¥¬H�.�b ��H¸�£~¬.¬7�¥«��H£~�®�'�
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+´���H¸�£~¬#¬7�¥«��H£~�®�'�x¯°�����¥�¥¶ � ¬H�H�7�®��¢n���LªA��
���¶Z�®�
g(t, x(t), x(ti), η(t), η(t

−
i ))�H¸%�b�
�����7��¹¤¨��H¸��,
����A���.ªA��
���¶ £¤�:� �%� 2 �4� 2

] '%'���
 �/$��1 #" m"3 � ����	
(x(t), η(t)) ∈ Ωα × Γε?3

% 
��:��	�� �<; �>= 
�=[�
Lg > 0

=�.:G �

��H� 


‖g(t, x(t), x(ti), η(t), η(t−i ))‖ ≤ Lg‖η(t)‖.·:¸��K�bªA� ³n�3£~¬°�H�$
��?£  _�H¸��3�®ª�¬7���H³n��� � �%� 30�)£~¬ 
�¬7�¥¶����b��¶c�H¸��K�®ª�¬7���H³n���°���®��¹¤£¤��� �b�H£¤�´¨
£~¬N�H¸��3¬��b���3�®¬©£¤���H¸��.�7� �b¹A¬H¨q¬H�7��� �0��­3�®�7�.�H¸%�b�°£¤�©£~¬°«��$
�«�£z�b¹0�H¸%�b�°�H¸��3¬H���b�7�¥¬:�b��¶
�®ª�¬7���H³n�������H�7�®�N�b�7�°«¥�®�%�����¥¶=�7�?�H¸��:«¥�®�T�%�®«��)¬7���

Ωα×Γε?3
�p¬H£¤��«¥� .3¬7¬$
��T���H£~�®���%� 5

« �b�
�®��¹¤¨ ¸��®¹~¶9�i¯4£¤�H¸²�7��*��¥¶
Lg
�°�®����¢p£¤³n����«¥�®�T�%�®«��?¬7���
�

�D�#�b¹~¬7�T���¥�¥¶§�7�T¬H�H�7����¢p�H¸�����.3¬7¬$
��T���H£~�®� �%� 4%� 2 2
] '%'���
 �/$��1 #" m"3�)�� 8 ������� ��
������ 
C� 1 .+# O #�# ���+
 � =&=�.+�TB 
������ �AM��+M�'�% 
��:�?= 
C�W
A�TG��!= 

�>=R#Q�WG���#�# S�� � B�=JG � ��
�� ���9V<� 
�� ��
�=/��	�
�.+�Z��� 
�=WM
·:¸��?  �®¹¤¹~� ¯4£¤��¢�¹~���T�c��¬��¥¨q¬:�H¸%�b�:£  9�H¸��L�®ª�¬7���H³n���.���H�7�®�:£~¬:���®��B ���7�c�b�.�=¬��b�A 

��¹¤£¤��¢K£¤��¬H���b���
�n£¤��¯4£¤¹¤¹q���®�)ªA�¥«¥�®��� B ���7�K£¤���H¸��©  �®¹¤¹~� ¯4£¤��¢�¬��b�T��¹~�°£¤���7���H³p�b¹C�)·:¸�£~¬�£~¬

�¬7�¥¶��7�K¬H¸�� ¯��H¸%�b���H¸��,(r£¤��¬7«7¸�£¤�$B.«¥�®���H£¤��
�£¤�´¨T�b 0�H¸��:«¥�®���H�7�®¹�£¤�=�H¸��:�®ª�¬7���H³n���N���H�7�®�
�b�=¬��b�T��¹~��£¤��¬H���b���7¬��i¯4¸�£~«7¸   �®¹¤¹~� ¯.¬#  �7�®� .3¬7¬$
��T���H£~�®���%� 4%� º �#« �b� ªA���7����¹z�®«¥�¥¶
¯4£¤�H¸ (r£¤��¬7«7¸�£¤�$B�«¥�®���H£¤��
�£¤�´¨��b ��H¸��#«¥�®���H�7�®¹_£¤�§�H¸�� ; ���7�¥¬7�����1<#�®ª�¬7���H³n���?���H�7�®�
�
�F�&
	
�� m"3 + � � 
 � =&=�.+�TB 
������ �AM$) �H��#Q�AM ����	

(x(ti), η(ti)) ∈ Ωα × Γε
% ���@� 1 ��	

τ ∈ [ti, ti+1]
%

‖η(τ)‖ ≥ Lη‖η(ti)‖1 ��	R=J���Z�
Lη > 0

M
� �� - =� 3 &°¨c�H¸��#¶�������£¤�H£~�®�²�b 

P0
�

∂W

∂η
A0η = −‖η‖2.

&:�¥« �>
�¬7�L�b ��H¸�£~¬
�
∂W

∂η
η̇(t) = −1

ε
‖η(t)‖2 +

∂W

∂η
Bg(t, x(t), x(ti), η(t), η(t

−
i ))

¯4¸�£~«7¸
ª�¨�.3¬7¬$
��T���H£~�®� �%� 5���� �b��¬.�H¸%�b�

Ẇ ≥ −(
1

ε
+ 2‖P0‖Lg)‖η‖2

≥ −(
1

ε
+ 2‖P0‖Lg)

1

‖P0‖
W (η)

= −kW (η)
� * � B 
�
�=�' 57#�� ��� ��@ ��� #�
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&� ' 5�� � %�
 #�
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φ
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  �®�
k = (‖P0‖ε)−1 + 2Lg

� &°¨��H¸�� ¦°�®�T�%�b�H£~¬7�®��(x���T�c�:���K¸%�b¹¤£¤¹C� 2 505�*8���9�H¸�£~¬
£¤�T��¹¤£~�¥¬.�H¸%�b�4  �®�

t > ti
�

W (η(t)) ≥W (η(ti)) exp [−k(t− ti)] .

·:¸�
�¬
�q  �®�
τ ∈ [ti, ti+1]

�

‖η(τ)‖ ≥ 1

‖P0‖
W (η(τ))

≥ 1

‖P0‖
W (η(ti)) exp [−k(τ − ti)]

≥ λmin(P0)

‖P0‖
‖η(ti)‖ exp [−k(ti+1 − ti)] .

¦©¸����p¬H£¤��¢
Lη = λmin(P0)

‖P0‖ exp [−kδ] «¥�®�T��¹~���7�¥¬.�H¸��L���7���b $�·:¸���  �®¹¤¹~� ¯4£¤��¢�¹~���T�c� £~¬�� �7���������������=�b �(x���T�c� �%� º ¯4¸�£~«7¸D¸��®¹~¶�¬�¶%
��T�7�
�H¸��T�®¶�¶��¥¶Z�®¬7¬$
��T���H£~�®��¬#�b��¶ (x���T�c�&�%� � �x�b��¶�¬H£¤��«¥�=¯°� ����� ¯ �H¸%�b�K�H¸���¬H���b�7�¥¬
�b��¶
�®ª�¬7���H³n���?���H�7�®�?¬H���¥¨�£¤�²�=ªA��
���¶��¥¶
¬7����2
�F�&
	
�� m"3dm �F���:= ���A��	 
��:�(=�S!= 
 ��� � �%� 2 ����	 ��_���� V�S 
��:� � � � �9�&BD���D0 #Q�W�&B G����D0

�	<��#H#Q� 	 � �%� �4�?.A= ���+
 
��:��G���	�	��<G 
�= 
C� 
 �

x0
��= 
C� 
 � 1 ���<�AV<��G ��-P���@� 
��:�?= 
C� 
 �T�&= 
������ 
 �

x̂0 = H−1(H(x0) −Dεη0)
� ��. 
 B@. 
 1 ���<�AV<��G ��-

ẋ(τ) = f(x(τ), u(τ ; x̂0)), ˙̄x(τ) = f(x̄(τ), u(τ ;x0)), x(t) = x̄(t) = x0,

	���
��
(x(τ), η(τ)) ∈ Ωα × Γε

���@�
x̄(τ) ∈ Ωα

1 ��	U��#�#
t ≤ τ ≤ t + T

% 1 ��	/=J���Z�
T < Tp

M X �:���:%T.+�@�A��	 
��:���!=&=�.+�TB 
������:=U�����A�&% 
��:��	�� �<; �>= 
RG����:= 
C��� 
�=
L1

���@�
L2

=�.:G � 
��H� 


|
∫ t+T

t
F (x(τ), u(τ ; x̂0))dτ −

∫ t+T

t
F (x̄(τ), u(τ ;x0))dτ | ≤ L1

∫ t+T

t
‖η(τ)‖dτ � �%� ºpº �

���@�

|V (x(t+ T )) − V (x̄(t+ T ))| ≤ L2

∫ t+T

t
‖η(τ)‖dτ. � �%� º 48�

� �� - =� 3 =9£¤�7¬H�#���®�7���H¸%�b�#�H¸����7�¥¬$
�¹¤�7¬��b  (x���T�c� �%� º ¸��®¹~¶�¬=�®�
[0, T ]

¬H£¤��«¥�T�H¸��
¬H���b�7�L�H���.�H�¥«��7�®�H£~�¥¬3�b�7�#«¥�®�%�����¥¶§�7�

Ωα
�)·:¸�£~¬4£¤�T��¹¤£~�¥¬.�H¸%�b�

‖x(τ) − x̄(τ)‖ ≤ LfuLu
Lfx

‖x0 − x̂0‖
(

eLfxT − 1
)

, τ ∈ [t, t+ T ].

&°¨�(x���T�c�+�%� �?�b��¶'�?���c�b�$� �%� � �j¯°�N«¥�®��«�¹#
�¶��)�H¸%�b�r  �®�
L̃x =

LfuLuLUH
LfxLη

(

eLfxT − 1
) �

‖x(τ) − x̄(τ)‖ ≤ L̃x‖η(τ)‖, τ ∈ [t, t+ T ].
� �%� º �4�

>�><R
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=��7�®��.3¬7¬$
��T���H£~�®� �%� 4%� º �

‖u(τ ; x̂0) − u(τ ;x0)‖ ≤ Lu‖x̂0 − x0‖, τ ∈ [t, t+ Tp),

¯4¸�£~«7¸²¬H£¤�T£¤¹z�b�H¹¤¨ £¤�T��¹¤£~�¥¬ �iª�¨�(x���T�c� �%� ���b��¶��?���c�b�$���%� �4�°�H¸%�b�?�H¸����7�#��*q£~¬H�7¬?�
L̃u
¬$
�«7¸
�H¸%�b�

‖u(τ ; x̂0) − u(τ ;x0)‖ ≤ L̃u‖η(τ)‖, τ ∈ [t, t+ Tp).
� �%� º �8�

=��®� � �%� ºpº �°�7��¸��®¹~¶§£¤�?¬$
%!c«¥�¥¬4�7�����®�7�L�H¸%�b�

|F (x(τ), u(τ ; x̂0)) − F (x̄(τ), u(τ ;x0))| ≤ L1‖η(τ)‖ ∀τ ∈ [t, t+ T ] ,

  �®�4¬7�®���
L1 > 0

��¯4¸�£~«7¸§  �®¹¤¹~� ¯.¬4  �7�®� � �%� º �4�4�b��¶ � �%� º �8�4�b��¶�.3¬7¬$
��T���H£~�®� �%� 2 »
�i���®�7�.�H¸%�b�

x(τ)
�b��¶

x̄(τ)
¬H���¥¨T¯4£¤�H¸�£¤� «¥�®�T�%�®«��:¬7���7¬����Nµ�£¤�T£¤¹z�b�H¹¤¨8��� �%� º 48��  �®¹¤¹~� ¯.¬

  �7�®� � �%� º �4�4�b��¶§�H¸%�b�
V
£~¬4¹~��« �b¹¤¹¤¨ (r£¤��¬7«7¸�£¤�$B �-.3¬7¬$
��T���H£~�®� �%� 4%� 48���

�D�#�b�7�L��� ¯!�7� �®¶q¨ �7�T¬H���b�7�L�H¸��#«¥�®��³n���H¢n����«¥�#�7�¥¬$
�¹¤��2
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F=W� 
�= Q % S ���@�

Ωc(S)
	���
��

Q ⊂ R
n ���@� S ⊂ Ωc(S) ⊂ R V��/
 ��_����"MN� � 
 
��:� � =&=�.+�TB 
������:= �AM�'!0 �AM�'�, �H��#Q�AM

X �:��� 
��:��	�� �<; �>= 
�=
δ?4 > 0

=�.:G � 
��H� 
 1 ��	 �
0 < δ ≤ δ?4

% 
��:��	�� �<; �>= 
�=
ε?4 > 0� �A�CBD���@�A��� 
����

δ
-Z=�.:G � 
��H� 
 1 ��	P��#�#

0 < ε ≤ ε?4
%E���@� ��#�#

(x0, η0) ∈ S × Q % 
��:�
�	<� �W�<G 
C��	 �C�&=
(x(t), η(t))

= 
C��S[V<��.+�@�A�<� ���@��G����D_���	�
A� 
C� 
��:�P��	 �Q
 ���"M
� �� - =� 3 (x���

0 < ε̃4
ªA�L¬$
�«7¸
�H¸%�b�

L1 + L2 +
Lg‖P0‖

√

λmin(P0)
≤ 1

4ε̃4
√

‖P0‖
.

(x���
t′
�
ε̃3
�b��¶

δ̃3
ªA�)¢p£¤³n�����®«¥«¥�®�7¶q£¤��¢3�7�?·:¸��¥�®�7�����%� º ¬$
�«7¸��H¸%�b�x  �®�9�

0 < δ ≤ δ̃3
�

�H¸����7�.��*q£~¬H�
0 < ε ≤ ε̃3

¬$
�«7¸c�H¸%�b�©�H¸��4�H���.�H�¥«��7�®�H£~�¥¬:�b�7�.«¥�®�%�����¥¶c�7���L¬7���
Ωα ⊂ S  �®�

t > t′
�
µ����

ε?4 := min(ε̃3, ε̃4)
�)�b��¶ ¬7���

δ?4 = δ̃3
� &:��¹~� ¯ ��¯°�c«¥�®��¬H£~¶����=�H¸��

¬��b�T��¹¤£¤��¢ £¤��¬H���b���
ti > t′

«�¹~�p¬7�¥¬H�3�7�
t′
� =9£¤�7¬H�
�A¯°�=¯:�b���L�7��¢n���L�b�Z�¥¬H�H£¤�c�b�7��  �®�

�H¸��#¶��¥«��7� �®¬7�=�b )�H¸����®ª�¬7���H³n���3���H�7�®�3�®��£¤���7��¢p���b¹_  �®�H�?�)+´�.¯4£¤¹¤¹_ªA�#«¥�®��³n����£~�����K�7�
��*q���7�¥¬7¬4�H¸�£~¬4ª�¨��H¸��#¬���
%�b�7�K�7���®�?�b 

W
� +´�:  �®¹¤¹~� ¯.¬.�H¸%�b�

d

dt

√

W (η(t)) =
∂W

∂η

[

1

ε
A0η(t) +Bg(t, x(t), x(ti), η(t), η(t

−
i ))

]

1

2
√

W (η(t))

≤ − 1

2ε
√

‖P0‖
‖η(t)‖

+ 2‖P0‖‖η(t)‖‖g(t, x(t), x(ti), η(t), η(t−i ))‖ 1

2
√

λmin(P0)‖η(t)‖

≤ − 1

2ε
√

‖P0‖
‖η(t)‖ +

Lg‖P0‖
√

λmin(P0)
‖η(t)‖,

>�>'J
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¯4¸����7��ªA�®�H¸ �7���H��¬=�®� �H¸��c�H£¤¢p¸���¸%�b��¶�¬H£~¶����b�7�c¹¤£¤��� �b��£¤� ‖η(t)‖ � +´���7��¢p���b�H£¤��¢�H¸�£~¬
��¯°�L¢n���4�H¸%�b�4  �®�?�b��¨ ����£¤�7�
0 < T ≤ δ

�
√

W (η(ti + T )) −
√

W (η(ti))

≤
∫ ti+T

ti

− 1

2ε
√

‖P0‖
‖η(τ)‖ +

Lg‖P0‖
√

λmin(P0)
‖η(τ)‖dτ.

�D�°¶��������:� ; (r¨��b��
���� ³# -
���«��H£~�®�%<N  �®�_�H¸��°¬H¨q¬H�7���'¯4£¤�H¸=�H¸��©�®ª�¬7���H³n���
�
Ṽ (x, η) :=

V (x) +
√

W (η)
��¯4¸�£~«7¸§ª�¨c�H¸��3���7�®�A���H�H£~�¥¬4�b 

V
�b��¶ «¥�®���H£¤��
�£¤�´¨ £¤� �H£¤���K�b 

x(t)�b��¶
η(t)

£~¬4�H£¤���#«¥�®���H£¤��
���
�¬
� (x���
x̄(t)

ªA�L�H¸��L¬H���b�7�K  �¥�¥¶qª%�®«��§�H���.�H�¥«��7�®�H¨8�%�®¬.£¤�
(x���T�c� �%� �%�N·:¸����'�q  �®�.¬7�®���

0 < T ≤ δ
�

Ṽ (x(ti + T ), η(ti + T )) − Ṽ (x(ti), η(ti))

= V (x(ti + T )) − V (x(ti)) +
√

W (η(ti + T )) −
√

W (η(ti))

≤ V (x̄(ti + T )) − V (x(ti)) + |V (x(ti + T )) − V (x̄(ti + T ))|
+
√

W (η(ti + T )) −
√

W (η(ti)).

=��7�®� .3¬7¬$
��T���H£~�®� �%� 4%� � ��£¤�4  �®¹¤¹~� ¯.¬.�H¸%�b�
Ṽ (x(ti + T ), η(ti + T )) − Ṽ (x(ti), η(ti))

≤ −
∫ ti+T

ti

F (x̄(τ), u(τ ;x0))dτ

+ |V (x(ti + T )) − V (x̄(ti + T ))| +
√

W (η(ti + T )) −
√

W (η(ti))

≤ −
∫ ti+T

ti

F (x(τ), u(τ ; x̂0))dτ

+ |
∫ ti+T

ti

F (x(τ), u(τ ; x̂0))dτ −
∫ ti+T

ti

F (x̄(τ), u(τ ;x0))dτ |

+ |V (x(ti + T )) − V (x̄(ti + T ))| +
√

W (η(ti + T )) −
√

W (η(ti))
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�H�¥«��H£¤³n�3¯4£¤¹¤¹rªA�3�7��¬H�7�¥���:�H¸��K�c�®¬7¬:�b �� �®«7¸§��¸%�®¬7� �i�H¸��K¬$
����b 9�H¸��L«¥�®�T�%�b�H�H�������
�c�®¬7¬7�¥¬:£¤�
�H¸%�b�.��¸%�®¬7�"�°�7����«¥�®��¬H���b���
�����7�¥¬H�A�¥«�£��%�¥¶§³p�b¹#
��0�
·:¸��§¶���³n��¹~�®�A�¥¶}¬H���b�7��  �¥�¥¶qª%�®«���«¥�®���H�7�®¹¤¹~���c£~¬T¬H£¤�T£¤¹z�b�T�7� � �b��¶��7�D�²¶���¢p�7�¥�

£¤��¬H��£¤�7�¥¶�ª�¨ � &4�®¬H�H£¤���b��¶ 3)���b¹¤¨ � 2 505058����
3� ¯°��³n���
�4��¹z�b�H¢n���c«�¹z�®¬7¬T�b K¬H¨q¬H�7����¬
£~¬c�H�7� �b�7�¥¶��4�7
�¹¤�H£¤��¹~�²£¤����
��7¬§�b�7���b¹¤¹~� ¯°�¥¶��K�b��¶��H¸��
£¤����
��7¬ « �b�RªA��¬��b�$
����b�7�¥¶��
µ�£¤�T£¤¹z�b�)�7�,&4�®¬H�H£¤���b��¶ 3)���b¹¤¨�� 2 505058���n�H¸��:£¤����
��)£~¬��A�p¬H£¤�H£¤³n�0���b��¶��b£¤��¬��7�#�®«7¸�£~��³n�
��«¥�®��¬H���b���L�7�®���b¹��c�®¬7¬
�#·:¸���«¥�®���H�7�®¹¤¹~���#£¤�	&4�®¬H�H£¤�D�b��¶	3)���b¹¤¨ � 2 505058�A�i�7�¥«¥�����H¹¤¨
��*q�%�b��¶��¥¶
£¤���H¸��=¶q£¤�7�¥«��H£~�®���b ©«¥�®�T�%�b�H�H���������b¹)¬H¨q¬H�7����¬.£¤��&4�®¬H�H£¤�Z�b��¶@3)�7� ³n�p¬H�
� ºp»p»pº �$�:« �b�
ªA�K³�£~��¯°�¥¶��®¬?��¬H�A�¥«�£z�b¹_« �®¬7�L�b ��H¸��#«¥�®���H�7�®¹¤¹~���?¸����7��£¤�'�
·:¸��?�b�����7�n�®«7¸c£¤�c�K��(x�¥����¸��¥���:�b��¶ .4��¨n��¹~¬�� ºp»p»pº �)«¥�®��¬H£~¶����7¬©¬H¨q¬H�7����¬�¯4¸����7�

�H¸��)
���«¥�®���H�7�®¹¤¹~�¥¶c¬H¨q¬H�7��� ¸%�®¬ O 	&= 
 ��� 
 ��
�	<��# = �n�H¸%�b�N£~¬
�b -
���«��H£~�®��¬N�b A�H¸��4¬H���b�7�:�H¸%�b�
�7���c�b£¤� «¥�®��¬H���b���4�®¬©�H¸��3¬H���b�7�?«7¸%�b��¢n�¥¬
� .��´¨���£~« �b¹A��*��b�T��¹~�3�b 9� ���7¬H�°£¤���7��¢p���b¹A£~¬
�H¸��.�7�®���b¹0�c�®¬7¬©�b 9�L�c�®¬7¬1 ª%�b¹z�b��«¥�3¬H¨q¬H�7����¯4£¤�H¸c���=��*q�7���H�%�b¹��%� ¯.¬
�2+´���K�+(x�¥���% 
¸��¥��� �b��¶ .4��¨n��¹~¬	� ºp»p»pº ���4¢n���������b¹����7¬H�c£¤���7��¢p���b¹~¬

H(x)
�b�7�²«¥�®��¬H£~¶����7�¥¶�� ·:¸��

«¥�®���H�7�®¹¤¹~����¶���³n��¹~�®�A�¥¶D£¤� �K�-(x�¥����¸��¥���T�b��¶ .4��¨n��¹~¬ � ºp»p»pº �#�b£¤��¬=�b��«¥�®���H�7�®¹¤¹¤£¤��¢
�H¸�� ���7¬H�=£¤���7��¢p���b¹4�7���
¹~��³n��¹4¬7���=�b ?�H¸�� ���7¬H��£¤���7��¢p���b¹C�)�H¸%�b��£~¬
�

H(x) = C
  �®�

¬7�®���
C > 0

�#µ�£¤��«¥�=�H¸����b£¤�O¸����7��£¤��£~¬?�7� ¬H���bª�£¤¹¤£#B ���i£¤�²�H¸��=« �®¬7���b ©�®���=��¸%�®¬7�"�
�H¸����7�®���b¹N�c�®¬7¬��

M(x)
�#�b�

M(x) = C
�x¬7�®���T¬H£¤�T£¤¹z�b�H£¤�H£~�¥¬=�b�7�T£¤����³�£¤���bª�¹~�0��=��®�

��*��b�T��¹~�0�A�H¸�� (r¨��b��
���� ³² -
���«��H£~�®��£~¬L�¥¬7¬7�����H£z�b¹¤¹¤¨��H¸���¬��b���0�x�b��¶²�H¸���¬��b���=�7���®¹
� (_�nµq�b¹¤¹~��
 ¬3£¤��³p�b�H£z�b��«¥�����H£¤��«�£¤��¹~�"�.£~¬ 
�¬7�¥¶��+
3� ¯°��³n���
�A�H¸��=¬H¨q¬H�7���I«�¹z�®¬7¬3£~¬3¶q£��r���1 
�����7�i�H¸��K¬H¨q¬H�7����«�¹z�®¬7¬:¸����7��£¤�
¶����¥¬°���®�4£¤� ¢n���������b¹r¸%�¥³n� ���7¬H�:£¤���7��¢p���b¹~¬��:�b��¶ �H¸��
«¥�®���H�7�®¹¤¹~���4£~¬°¶q£��r���7�������q£¤���%�b�H�H£~« 
�¹z�b�4�H¸��3«¥�®���H�7�®¹¤¹~���4£¤� �K�)(x�¥����¸��¥���.�b��¶ .4��¨n��¹~¬
� ºp»p»pº �:« �b�
���>�n�KªA�®�H¸
�A�p¬H£¤�H£¤³n�#�b��¶§����¢��b�H£¤³n�#³p�b¹#
��¥¬
�

+´�Tµ��®�����b¢�� ºp»p»>2 ���®�H¸��°¬H�H�$
�«��$
��7�:�b 0�?«¥���H���b£¤�T«�¹z�®¬7¬9�b %�A�p¬H£¤�H£¤³n�©���®��¹¤£¤��� �b�)¬H¨q¬1 
�7����¬)��«¥« 
��H�H£¤��¢L£¤�T�H¸��4�b�%�b¹¤¨q¬H£~¬)�b A«7¸����T£~« �b¹������´¯°�®�$�q¬N£~¬)¬H�$
�¶q£~�¥¶����b��¶��7�¥¬$
�¹¤�7¬)�®�
¬H���bª�£¤¹¤£¤�´¨8�0�7�®ª�
�¬H�H���¥¬7¬K�b��¶²¬H���bª�£¤¹¤£#Bj�b�H£~�®�Z�b�7��¢p£¤³n���'�?·:¸�� � 
���«¥�®���H�7�®¹¤¹~�¥¶ �3¬H¨q¬H�7���
«�¹z�®¬7¬
� ; ¶����%«�£~����«�¨ B ���7��«7¸����T£~« �b¹r�7� �®«��H£~�®� �����´¯°�®�$�q¬4¯4£¤�H¸ �c�®¬7¬1 �®«��H£~�®� ��£¤�����H£~«¥¬1<
¸%�®¬ ���7¬H��£¤���7��¢p���b¹~¬
�©�b��¶D�H¸���«¥�®���H�7�®¹¤¹~�¥¶ ³n���7¬H£~�®��« �b� ªA�c«¥�®�����b£¤���¥¶ £¤� �H¸��c¬H¨q¬1 
�7��� «�¹z�®¬7¬=¸����7��£¤�'�!
3� ¯°��³n���
�4µ��®�����b¢ � ºp»p»>2 ���®��¹¤¨ «¥�®��¬H£~¶����7¬=£¤� �%� ¯) ´«¥�®���H�7�®¹¤¹~�¥¶
¬H¨q¬H�7����¬��"!���� £¤� �H¸�� «¥�®���H�7�®¹C�Nª�
��?� �®¬�£~¬�¬H���b�7�¥¶ £¤��µ��®�����b¢ � ºp»p»>2 �$� ; ª�£¤¹¤£¤��� �b�
«¥�®���H�7�®¹3�®«��H£~�®��£~¬��b�H¢0
%�bª�¹¤¨����®�7� £¤���7���7�¥¬H�H£¤��¢ £¤���7� �®«��H£~�®��¬H¨q¬H�7����¬1< ��·:¸��
�b�% 
���7�n�®«7¸ ¸����7��£¤��«¥� ³n���7¬��H¸�£~¬
�)�®¬=¶������®��¬H�H���b�7�¥¶ ª�¨ �b� ��*��b�T��¹~��«¥�®��¬H£~¶����H£¤��¢��H¸��
�©�b�
¶���� �2
�¬7¬7�K�7� �®«��H£~�®�²¬7«7¸������0�
·:¸��²«7¸%�b���7���§£~¬ ¬H�H�$
�«��$
��7�¥¶ �®¬c  �®¹¤¹~� ¯.¬�29+´�!µ��¥«��H£~�®� *%� º �H¸���¬H¨q¬H�7��� «�¹z�®¬7¬

£~¬=���7�¥¬7�����7�¥¶��©¯4¸�£¤¹~� �H¸��§«¥�®���H�7�®¹¤¹~�����b��¶��²«¥�®��³n���H¢n����«¥�§�7�¥¬$
�¹¤��  �7�®� ��¢n���������b¹
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£¤��³p�b�H£z�b���=¶��®�c�b£¤� �b 4�b�H�H���®«��H£~�®���b�7�����7�¥¬7�����7�¥¶Z£¤� µ��¥«��H£~�®� *%� 4%�cµ��®�����A�p¬7¬H£¤ª�¹~�
�7��¢p£~�®��¬?�b N�b�H�H���®«��H£~�®��¬3�b�7���b¹~¬7�����7�¥¬7�����7�¥¶��:µ��¥«��H£~�®� *%� �T¢p£¤³n�¥¬?¬7�®���K�7���c�b�$�q¬?�®�
¬H���bª�£¤¹¤£¤�´¨��b :����
�£¤¹¤£¤ª��H£z�§�b��¶Z¬7���7¬
�r�b��¶D�c�7�®ª�
�¬H�H���¥¬7¬K���7�®�A���H�´¨²£~¬L¶������®��¬H�H���b�7�¥¶��
µ��®���=¬H£¤�T��¹~����*��b�T��¹~�¥¬K�b�7�#���7�¥¬7�����7�¥¶²£¤��µ��¥«��H£~�®�!*%� �%�%¯4¸�£¤¹~���H¸�����*��b�T��¹~�#�H¸%�b�
£¤��¬H��£¤�7�¥¶§�H¸��#¶���³n��¹~�®���������K�b ��H¸��L«¥�®���H�7�®¹¤¹~���3£~¬4���7�¥¬7�����7�¥¶§£¤��µ��¥«��H£~�®� *%� *%�

+´� �H¸��T  �®¹¤¹~� ¯4£¤��¢ �
R+ = [0,∞)

�b��¶
R
n
+ = {x = [x1, x2, . . . , xn]

> | xi ∈
R+}

��=�
��H�H¸����
�)ª�¹~��«��q¶q£z�b¢
(A1, . . . , Ar)

¶��������¥¬��§ª�¹~��«�� ¶q£z�b¢n�®�%�b¹°�c�b�H�H£�*D¯4£¤�H¸
�H¸��L�c�b�H�H£~«¥�¥¬

A1, . . . , Ar
�®�§�H¸�� ; ¶q£z�b¢n�®�%�b¹�< �

� 
�� � ;L*=()6 -967,.E%E

�D�#«¥�®��¬H£~¶����.�A�p¬H£¤�H£¤³n�L¬H¨q¬H�7����¬

ẋ = f(x, u),
� *%� 2 �8�

�H¸%�b�L£~¬
�0�H¸���¬H���b�7�=£~¬3�A�p¬H£¤�H£¤³n���
x ∈ R

n
+

���x�b��¶²�H¸��=£¤����
��L£~¬3�A�p¬H£¤�H£¤³n�T�b��¶�
����A���
ªA��
���¶��¥¶��

u ∈ U := {u ∈ R
m
+ | 0 ≤ uj ≤ ūj}

�
·:¸��#¬H¨q¬H�7��� «�¹z�®¬7¬4¸%�®¬4�H¸��K  �®¹¤¹~� ¯4£¤��¢�¬H�H�$
�«��$
��7��2

f(x, u) = Φ(x) + Ψ(x) +B(x)u.
� *%� 2 ª �

¡©�®«7¸�¬H���b�7�c« �b� ªA�T£¤���7���H���7���7�¥¶}�®¬��H¸�� ; �c�®¬7¬1<@� �b����
������b 4�c�b�7���H£z�b¹C�)�®�=¬7�®���
��� �®¬$
��7�=�b °�b����
������.£¤����«¥�®�T�%�b�H�H������� � � (x���p¬7��¹¤¨
¬H�A� �>��£¤��¢ �

Φ(x)
�7�����7�¥¬7�����7¬

�H¸�� ; £¤���7���7«¥�®�����¥«��H£~�®��¬H�H�$
�«��$
��7��<KªA���´¯°�¥���²«¥�®�T�%�b�H�H�������7¬
�
Ψ(x)

�7�����7�¥¬7�����7¬\.+�D0
G���� 
�	<��#�#$�<� ��*q�7���H�%�b¹©£¤� �%� ¯.¬��7�²�b��¶ ��
�� �%� ¯.¬�  �7�®� «¥�®�T�%�b�H�H�������7¬��b��¶

B(x)u�7�����7�¥¬7�����7¬NG���� 
�	<��#�#$�<�
��*q�7���H�%�b¹x£¤� �%� ¯.¬.�7�c�b��¶
��
�� �%� ¯.¬4  �7�®� «¥�®�T�%�b�H�H�������7¬
�
=�
��H�H¸����H���®�7�0�®¯°�)¯4£¤¹¤¹��®¬7¬$
������H¸%�b�x�H¸��N¬H���b�7�)« �b�#ªA�)¶q£¤³�£~¶��¥¶L£¤���7�

m
¶q£��r���7�����

�%�b�H�7¬
��¯4¸�£~«7¸�¯4£¤¹¤¹%ªA�?« �b¹¤¹~�¥¶NB �H�!=W�&= �23)¸%�®¬7�
j
¯4£¤¹¤¹0«¥�®��¬H£~¬H�°�b 

rj
¬H���b�7�¥¬
���b��¶c¸%�¥³n�

�H¸���«¥�®���H�7�®¹
uj
�®¬7¬7��«�£z�b�7�¥¶�¯4£¤�H¸D£¤�
�_«¥�®�H�7�¥¬H�A�®��¶q£¤��¢
�7�5� ��
��:��	 «¥�®���H�7�®¹¤¹~�¥¶D£¤� �%� ¯

��	 ��
�� �%� ¯��7�
«¥�®�T�%�b�H�H�������7¬=�b °�H¸%�b�#��¸%�®¬7�0��·:¸���¬H���b�7�¥¬L£¤�Z��¸%�®¬7�
j
£~¬#« �b¹¤¹~�¥¶

zj
��¬$
�«7¸
�H¸%�b�

x = [(z1)>, (z2)>, . . . , (zm)>]>
���b��¶§£¤�:  �®¹¤¹~� ¯.¬.�H¸%�b�.���¥«¥�¥¬7¬��b�H£¤¹¤¨8�

∑m
j=1 rj = n

�²¦°�®�H�7�¥¬H�A�®��¶q£¤��¢��7���H¸�£~¬=¬H�H�$
�«��$
��7�0���H¸��c³n�¥«��7�®�= -
���«��H£~�®��¬
Φ(x)

�
Ψ(x)

�b��¶ �H¸��L�c�b�H�H£�*  -
���«��H£~�®�
B(x)

�b�7�#�®�
�H¸��3  �®�H�

Φ(x) =
[

φ1(x)>, φ2(x)>, . . . , φm(x)>
]>

Ψ(x) =
[

ψ1(x)>, ψ2(x)>, . . . , ψm(x)>
]>

B(x) =
ª�¹~��«��q¶q£z�b¢ (

b1(x), b2(x), . . . , bm(x)
)

.
� ��
�%$!����	. ����' 5,����#�' %���# I��T3�4���� .�� ' 5�� � #�
,��#4#�
�%�
 �7
 #�%�' ��� ��
�
"!�%6� ����� ��#"� 
"����' 5,����#�:

' %���#	��� ���8������=�% � ���,. 	 � ' ��� �=8*:2: ���	@ � ��!�%�18%?���3� #�%�� 	 ���7
$
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�� ' � � ����� #�� %�
�!"� #�
 ����' 5,����#�:
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 �7
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­3�®�7���H¸%�b�#��¹~���������
j
£~¬ �i£¤�Z¢n���������b¹ �? -
���«��H£~�®� �b 

x
�r���®��� �®��¹¤¨ �

zj
�A.?¹~¬7� ���®�7�

�H¸%�b�4�H¸��L�%�b�H�H£¤�H£~�®��£¤��¢c£¤���7����¸%�®¬7�¥¬4���¥�¥¶§���®�.ªA� 
���£ ��
��0�
�D�3¯4£¤¹¤¹x¬H���b�7�K�H¸��#�®¬7¬$
��T���H£~�®��¬4�®�§�H¸��¥¬7�3 -
���«��H£~�®��¬4�®�§�H¸��L¬7���

D ⊆ R
n
+

�2+´�
�H¸��L« �®¬7�#�b �¢p¹~�®ª%�b¹x�7�¥¬$
�¹¤�7¬
�

D = R
n
+

�
. 2 � 4 * "#$%������ #"�"/���0$��1 #" ' $%� �/�0$��/���:6 ·:¸��c -
���«��H£~�®�

Φ : D → R
n £~¬�¹~��« �b¹¤¹¤¨(r£¤��¬7«7¸�£¤�$B8�

φji (x) ≥ 0
  �®�

zji = 0
�%�b��¶

rj
∑

i=1

φji (x) = 0, j = 1, . . . ,m.

. º � 4 �! #"#$%�� #c�c1��,����-$%��� "/�Vc��. &fi'�6 ·:¸���ª�¹~��«���¶q£z�b¢n�®�%�b¹#�c�b�H�H£�*R -
���«��H£~�®�
B(x) : D → R

n×m £~¬4¹~��« �b¹¤¹¤¨ (r£¤��¬7«7¸�£¤�$B��b��¶
¬��b�H£~¬1�%�¥¬�2
�%� 3)¸%�®¬7�

j
¸%�®¬.«¥�®���H�7�®¹¤¹~�¥¶
£¤� �%� ¯ 2

bji (x) ≥ 0
  �®�?�b¹¤¹

x ∈ D

bji (x) > 0
  �®�?�b¹¤¹

x ∈ D
  �®�?�b�.¹~� �®¬H�.�®���

i

ª'� 3)¸%�®¬7�
j
¸%�®¬.«¥�®���H�7�®¹¤¹~�¥¶���
�� �%� ¯ 2

bji (x) ≤ 0
  �®�?�b¹¤¹

x ∈ D
£   ∃x ∈ D

¬$
�«7¸
�H¸%�b�
zji = 0

���H¸����
zji = 0 ⇒ bji (x) = 0

bji (x) < 0
  �®�?�b¹¤¹

x ∈ D
¯4£¤�H¸

zji 6= 0
�q  �®�?�b�4¹~� �®¬H�?�®���

i

·:¸�� 
���«¥�®���H�7�®¹¤¹~�¥¶R��*q�7���H�%�b¹ �%� ¯.¬��7
�¬H�c¬��b�H£~¬F  ¨ ¬7�®��� ; «¥�®���H�7�®¹¤¹z�bª�£¤¹¤£¤�´¨�<²�®¬1 
¬$
��T���H£~�®��£¤�R�7��¹z�b�H£~�®���7� �H¸��²«¥�®���H�7�®¹¤¹~�¥¶ �%� ¯.¬
� &:�   �®�7��¯°�²¶��������²�H¸�£~¬
�.£¤��£~¬
«¥�®��³n����£~�����°�7�L¶��������4�H¸�� ; �c�®¬7¬1<4�b r� �®«7¸���¸%�®¬7�0�nªA��£¤��¢L�H¸��.¬$
����b A�H¸��.«¥�®�T�%�b�H�1 
�������.�c�®¬7¬7�¥¬.�b ��H¸%�b�.��¸%�®¬7��2

Mj(x) :=

rj
∑

i=1

zji .

� 
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M

±?��¶����9�H¸��©¢p£¤³n���T�®¬7¬$
��T���H£~�®��¬
�b�H¸��°«¥�®��³n���H¢n����«¥�:���7�®�A���H�H£~�¥¬��b ��H¸��°«¥�®���H�7�®¹¤¹~���
�b�7�#¬$
��T�c�b�H£#B �¥¶
£¤�§�H¸��K  �®¹¤¹~� ¯4£¤��¢c·:¸��¥�®�7��� 2

!`/�� =���&
 1 3�) � �@�A��	 � =&=�.+�TB 
������ *�M��U���@�N*�M�'�% 
��:�E= 
C� 
 � � 1 
��:�E=�S!= 
 ��� �L*�M�'&-�%
� =&=�.+�TB 
������:= � '�% � �Z���@� � � �H��#Q� ���+
!%FG���� 
�	<��#�#$�<� 	���
�� �L*�M��J-P���@�\= 
C��	 
����+
 1 	<���
=J���Z� ��� ��
�����#+G����@� ��
������

x(0) ∈ D
%@= 
C��S!=(V<��.+�@�A�<�/���@�IG����D_���	�
A�&= 
C� 
��:� B:�!= ��
���_���# S

���D_!��	 ����� 
F=W� 

Ω ∩D M

� �� - =� 3 ·:¸��°¬7���
D
£~¬_ª�¨ .3¬7¬$
��T���H£~�®��*%� 2 £¤��³p�b�H£z�b���
�p¸�����«¥� .3¬7¬$
��T���H£~�®��¬/. 2  . 4

¸��®¹~¶��b¹~�®��¢c«�¹~�p¬7�¥¶§¹~���®�§�H���.�H�¥«��7�®�H£~�¥¬
�

>'T�>



��� � �	� ��� � � � � ������� � ���!� � �

�K�������L�H¸��K�A�p¬H£¤�H£¤³n�#¬7���T£~¶�������£¤�7�L -
���«��H£~�®�

V (x) :=
1

2











M1(x) −M∗
1

M2(x) −M∗
2���

Mm(x) −M∗
m











> 









M1(x) −M∗
1

M2(x) −M∗
2���

Mm(x) −M∗
m











=
1

2

m
∑

j=1

(

Mj(x) −M∗
j

)2
,

� *%� �8�
¯4£¤�H¸
�H£¤���L¶����H£¤³p�b�H£¤³n�

V̇ (x) =

m
∑

j=1

[

Mj(x) −M∗
j

]
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Ṁj(x) =

−λj
(

M∗
j −Mj(x)

)2 �c·:¸�£~¬#£¤�D£¤�7¬7��¹  .« �b�DªA�T£¤���7���H���7���7�¥¶}�®¬�� ; ¹~��« �b¹�<�«¥�®��³n���1 
¢n����«¥���7�¥¬$
�¹¤�
�7=�
��H�H¸����
�xª�¨�£¤��¬H�A�¥«��H£¤��¢§�H¸������7���b :�b °·:¸��¥�®�7��� *%� 2 �A¯°�T¬7�¥�=�H¸%�b�
«¥�®��³n���H¢n����«¥�=�b¹~¬7�=¸��®¹~¶�¬:¯4¸����
«¥�®��¬H�H���b£¤���7¬?�b�7�#�®«��H£¤³n�#�®¬:¹~�®��¢��®¬:�H¸��L«¥�®��¶q£¤�H£~�®��¬
�b ,.3¬7¬$
��T���H£~�®� . 4�¸��®¹~¶��b¹~�®��¢ ¬H¨q¬H�7��� �H���.�H�¥«��7�®�H£~�¥¬
��
3� ¯°��³n���
�:�H¸��?��
��¥¬H�H£~�®�
�7���c�b£¤��¬
��¸�� ¯'�7�T¬H�A�¥«�£   ¨c¯4¸�£~«7¸�£¤��£¤�H£z�b¹_«¥�®��¶q£¤�H£~�®��¬?�H¸�£~¬4£~¬4�H�$
��K  �®���
�?���#�b��¬H¯°���.£~¬:�7�=¹~���4�H¸��#�®¬7¬$
��T���H£~�®��¬4¸��®¹~¶§�®� �H¸�� � «�¹~�p¬7�¥¶ ¹~���®� �©£¤��³p�b�H£z�b���

¬7���
D
�2&:��¹~� ¯ ��¯°�K¢p£¤³n�K�´¯°��«7¸��®£~«¥�¥¬.�b 

D
�H¸%�b�.« �b�§ªA�K«7¸��¥«��n�¥¶
£¤�
�b����¹¤£~« �b�H£~�®��¬
�

=9£¤�7¬H�H¹¤¨8��¯°�K¹~���
D
ªA�#� ; �$
�ªA��< �i¸�¨��A���1 �7�¥«����b��¢p¹~�"�4«¥�®�����b£¤��£¤��¢

Ω
� (x���

cj
�b��¶

cj
ªA�K�A�p¬H£¤�H£¤³n�#«¥�®��¬H���b���7¬
�%�b��¶
¶��������

D1 := {x ∈ R
n
+ |M∗

j − cj ≤Mj(x) ≤M∗
j + cj, j = 1, . . . ,m}. � *%� *8�

�! =�� #c�c1����� 1 3d\ � �@�A��	 � =&=�.+�TB 
������ *�M�� % 
��:�[= 
C� 
 � � 1 
��:� =�S!= 
 ��� �L*�M�'&-�% � =�0
=�.+�TB 
������:= � '�% � �K���@� � � �H��#Q� ���+
 	���
��

D = D1
% G���� 
�	<��#�#$�<� 	���
�� �L*�M��J- ���@�

= 
C��	 
����+
 1 	<��� =J���Z� ��� ��
�����#"G����@� ��
������
x(0) ∈ D1

%7= 
C��S!=\V<��.+�@�A�<�[���@��G����D_���	�
A�&=

C� 
��:�?B:�!= ��
���_���# S ���D_!��	 ����� 
F=W� 


Ω ⊂ D1
M

� �� - =� 3 +´��³p�b�H£z�b��«¥���b 
D1

�i¯4¸�£~«7¸�ª�¨
«¥�®��¬H�H�$
�«��H£~�®��«¥�®�����b£¤��¬
Ω
�4« �b��ªA��¬H¸�� ¯4�


�¬H£¤��¢��H¸��L¬��b���K¬H�7����¬.�®¬:£¤� �H¸��3���7���b ��b �·:¸��¥�®�7��� *%� 2 � 
3����«¥� .3¬7¬$
��T���H£~�®��*%� 2
¸��®¹~¶�¬
�%�b��¶§�H¸��K�7�¥¬$
�¹¤�4  �®¹¤¹~� ¯.¬4  �7�®� ·:¸��¥�®�7��� *%� 2 �
a9�&
������ 1 3dm X �:�U�AV<��_�� �>=\= ��� ��#Q��	 
C� 
C�	� ���+
 ���7S��&B@.+�@��_�#$��_���# =W� 
E�!=P	���
 �����
� 1 � 
 
�	<��G 
������"M 8 �@�A���<�!% � 1

cj = cj = cj
% 
��:���

D1
G���� V�� =CBD�<G � O(�<� �!= {x ∈

R
n
+ | Vj(x) ≤ c2j

2 , j = 1, . . . ,m} M  ���Z��# =J�  �<G 
������ *�M �@M���% 	 �:��	�� ��
 �>=P= �H� 	F�

��H� 


V
G���� V�� ��� 
 ��	CB@	�� 
 �<� �!=/�N�7S��&B@.+�@��_ 1 .+�@G 
������"M

·:¸��K�bªA� ³n�3�7��¹z�"*��b�H£~�®�§¶����¥¬©���®�°¸���¹¤��£¤���c�b��¨c« �®¬7�¥¬
�q�®¬©£¤�:« �b��¸%�b���A�����H¸%�b�
�H¸��K�®¬7¬$
��T���H£~�®��¬:¶��#���®�°¸��®¹~¶��®� �b¹¤¹A�b 

Ω
�N¦°�®��¬H£~¶����,�z  �®�°��*��b�T��¹~�"�N�H¸��?��
�� �%� ¯

«¥�®���H�7�®¹¤¹~�¥¶ �
b(x) ≤ 0

�°��*��b�T��¹~�
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ū1
  �®�

M(x) < M ∗ ��¸��®¹~¶�¬°�®�
R
n
+

£  
M∗ £~¬°«7¸��p¬7��� ¬$
�«7¸c�H¸%�b� α3

√
M∗u∗2 <

ū1
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ũ1 = α2
√
x2 + λ1(M

∗
1 −M1(x)),

� *%� 2 3®�8�
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ũ2 =
−1

α3
√
x3

[−α1
√
x1 + λ2(M

∗
2 −M2(x))] .

� *%� 2 �bª �
3)¸%�®¬7� 2 £~¬�£¤� �%� ¯�«¥�®���H�7�®¹¤¹~�¥¶�� .3¬7¬$
��T���H£~�®� . 4%� �%� 2 ¸��®¹~¶�¬�¢p¹~�®ª%�b¹¤¹¤¨8�3�b��¶
.3¬7¬$
��T���H£~�®� . 4%� �%� º �

α1
√
x1 < ū1
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��	���(�� ����- ���'���
������� �3��� 	/����� �����'� ��� ��� ,8��� �/� >'D�D -

Dr

#��
��-.� ���
�0���2��68�L��� D�� C -

pr

���'���
������� ��,����'��� ����� ><R�D��<R ���<-

ps

���
,!�����L������,����'��� ����� ><RL�<R ���<-

pc

� ��-.,����'��������,����'��� ����� >'T�D��<R ���<-

M
-.��)
���@���
� 	�(/�0���2	/��� D�� D/C�C�= A7	.A7-.��)

−1

R
	/���@� ���!�������/� P�� T�>
;7R�>'D��

M
A	�.A7	

−1 G
−1

f
� ���
� ��� ����� ��� ����� � D�D�T

ρo

��� ) #��
�!��� ��� � � ���!�������/� � :LJ�P�� J�; A7		�<- 3

ρc

	/���@#��
�!��� ��� ��,!�������'��- � � ���!�������/� � >'D7:�� ;�: A7		�<- 3

Ta

���
-.,8�
���L� ����� ����� ��) �!� T/C�J G

Tt

���
-.,8�
���L� �����?� ��6�� ��	 T�=�; G

Cr

,�����# �!� ��� ���%� �!#��
� > � =�=�=/CL� 9KD�D�J A7	 �
−1 ���

−1

Cgc

�3��) ��� � ���!�������/�0	/��) ) � � �?��(���A�� P�� P�J�� 9�R - 2

Civ

�3��) ��� � ���!�������/�0� �����'� ��� ���%�L��) ��� C � >
;�� 9N; - 2

Cpc

�3��) ��� � ���!�������/�0,�����# �!� ��� ��� ��(���A�� > � P�P�� 9�R - 2

Cc

�3��) ��� � ���!�������/�0,�����# �!� ��� ��� ��(���A�� > � :�RL� 9�> �@-
−1

·9�bª�¹~��*%� º 2 3��b���b�����7���7¬?£¤�§����¶���¹_�b �¢��®¬1 ¹¤£   �7�¥¶§¯°��¹¤¹

�b  � 
�£~¶�£¤���H¸��:�$
�ª�£¤��¢ �i¢p���¥³�£¤�´¨ ���©¦°�®��¬7����
������H¹¤¨8��£¤�)£~¬)�7� �®¬7�®�%�bª�¹~�4�7�LªA��¹¤£~��³n�4�H¸%�b�
�b�&�3�K¡ ª%�®¬7�¥¶��®���c�®¬7¬©ª%�b¹z�b��«¥�¥¬°¯4£¤¹¤¹0¢p£¤³n�K�#¢n����¶c¶��¥¬7«��H£¤���H£~�®�§�b x�H¸��?¶q¨��%�b�T£~«
ªA��¸%�¥³�£~��
��?�b ��H¸��L¯°��¹¤¹C�

ẋ = f(x, u),
� *%� 4 » �

¯4¸����7�
x = [x1, x2, x3]

�b�7�N�H¸��)�c�®¬7¬x�b q¢��®¬x£¤�#�H¸��©�b����
�¹#
�¬
�b�c�®¬7¬x�b �¢��®¬r£¤�#�$
�ª�£¤��¢
�b��¶²�c�®¬7¬L�b :�®£¤¹)£¤�Z�$
�ª�£¤��¢ �r�7�¥¬H�A�¥«��H£¤³n��¹¤¨8�_�b��¶

u = [u1, u2]
�b�7���H¸��T�®�A����£¤��¢
�b 

�H¸��K¢��®¬.¹¤£   �.«7¸����n���b��¶§�H¸��L���7��¶%
�«��H£~�®��«7¸����n�0�
.3¬T«¥�®���H�7�®¹.³n�®¹#
����0�©¯°�§���>�n� �H¸�� �$
�ª�£¤��¢ �b��¶��H¸��
�b����
�¹#
�¬
�}·:¸��§£¤�% =�b��¶

��
�� �%� ¯.¬ � �b��¶ �%� ¯ ªA���´¯°�¥��� �b����
�¹#
�¬#�b��¶��$
�ª�£¤��¢4�3�b�7��¢p£¤³n����ª�¨
�H¸������7�¥¬7¬$
��7�¥¬
�®�}� �®«7¸}¬H£~¶��	�i�H¸������7�¥¬7¬$
��7� ¶q£��r���7����«¥�"�=�b 3�H¸�� �®�H£��%«¥�¥¬
�)¸�����«¥� ¯°�����¥�¥¶��7�²ªA�
�bª�¹~���7� « �b¹~« 
�¹z�b�7�=�H¸��¥¬7�=���7�¥¬7¬$
��7�¥¬L�®¬L�T -
���«��H£~�®�Z�b ©�H¸��=�c�®¬7¬7�¥¬3£¤�²�H¸���¬H¨q¬H�7���?�
·:¸�£~¬:£~¬:�H¸��3�c�b£¤�
«7¸%�b¹¤¹~����¢n�#�b 9�H¸��K����¶���¹¤£¤��¢ � .3¬7¬$
����3�H¸%�b�:�H¸��¥¬7�K�7��¹z�b�H£~�®��¬?�b�7�

>'J�D



� � ��� �Q� ��� � ��� ��� � � ��� � � � ����� � � � � ������� ���Q� � ���!� �

�7�7- 68��) 1���,�)
���!�L��� ��� ����� �

pt

,����'��� �����+����, ���&� ��6�� ��	 ���<- 2

ptb

,����'��� �����?68��������- ��� � ��6�� ��	 ���<- 2

pa

,����'��� �����+����, ���2����� ��) �!� ���<- 2

pab

,����'��� �����?68��������- ��������� ��) �!� ���<- 2

ρgt

	/���0#��
�!��� ����� �%����,%��� � ��6�� ��	 A7		�<- 3

ρm

-.� �7� �����"#��
�!��� ��� ����, ���&� ��6�� ��	 A7		�<- 3

ρab

	/���0#��
�!��� ����68��������- ���2����� ��) �!� A7		�<- 3

wiv

	/�����!�L� � ����- ����� ��) �!�@� �/��� � ��6�� ��	 A7		�L�

wgc

	/�����!�L� � �/��� ����� ��) �!� A7		�L�

wr

���'���
������� ��� ���
# � ��� ) ���!�L� � �/��� � ��6�� ��	 A7		�L�

wpg

	/�����!�L� � ����- � ��6�� ��	.��� ���
,!�����L����� A7		�L�

wpo

��� )��!�L� � ����- � ��6�� ��	 �������
,!�����L����� A7		�L�

x1 � ma

� - �����@���2	/���@����� ��) �!� A7	

x2 � mgt

� - �����@���2	/���5� ��6�� ��	 A7	

x3 � mot

� - �����@���2��� ) � ��6�� ��	 A7	

u1
��,8�
��� ��	.���2	/����) � � �?��(���A��

u2
��,8�
��� ��	.���2,�����# �!� ��� ��� ��(���A��

·9�bª�¹~� *%� 4 2 �©�b�H£z�bª�¹~�¥¬.£¤�
����¶���¹_�b 9¢��®¬1 ¹¤£   �7�¥¶§¯°��¹¤¹

����� ¯4� 2
pt = pt(x, u)

ptb = ptb(x, u)

pa = pa(x, u)

pab = pab(x, u).?� �b�����7�n�®«7¸D�7� ����¶Z�H¸��¥¬7���7��¹z�b�H£~�®��¬L£~¬L¢p£¤³n���Z£¤� .?���A����¶q£�*	& ��·:¸����7��¹z�b�H£~�®��¬
  ��
���¶Z�H¸����7���b�7� 
�¬7�¥¶Z£¤�D�H¸���¬H£¤�7
�¹z�b�H£~�®��¬�ª%�®¬7�¥¶D�®�D�H¸��T�c�®¬7¬Lª%�b¹z�b��«¥������¶���¹C�
�b��¶§£¤�9�i�%�b�H�7¬?�b  �©�H¸��#�b�%�b¹¤¨q¬H£~¬
�

&4�®¬7�¥¶R�®��¬H£¤�T��¹~��³p�b¹¤³n�²«7¸%�b���®«��7���H£~¬H�H£~«¥¬9� ¬7�¥���0� ¢ �°�3³n���H¢n¬H���¥¬	� 2 505058�$���.�H¸��
�%� ¯.¬3�b�7���®¬7¬$
����¥¶ ¢p£¤³n���²�®¬

wgc(x) = Cgc
√

ρab (pab − ptb)

wiv(x, u1) = Civ
√

ρc (pc − pa)u1

wr(x) = Cr (pr − ptb − ρogLr)

wpg(x, u2) =
mgt

mot +mgt
Cpc
√

ρm(pt − ps)u2

wpo(x, u2) =
mot

mot +mgt
Cpc
√

ρm(pt − ps)u2Cc
wpg
ρgtAt¯4¸����7�L�H¸��#¬���
%�b�7�L�7���®�: -
���«��H£~�®��¬3�b�7�#¶��������¥¶§�7�TªA� B ���7��  �®�4����¢��b�H£¤³n�#���7�¥¬7¬$
��7�

¶q£��r���7����«¥�¥¬
�:·:¸�� ; ªA��
���¶��b�H¨
«¥�®��¶q£¤�H£~�®��¬1<
pr
�
ps
�b��¶

pc
�b�7�=�®¬7¬$
����¥¶
«¥�®��¬H���b���
�

>'J�>



��� � �	� ��� � � � � ������� � ���!� � �

�D�§¯4£¤¹¤¹6����¶
pa
�b��¶

pab
� �b��¶

ρab
�#  �7�®� �H¸��
�c�®¬7¬��b L¢��®¬T£¤�R�b����
�¹#
�¬§�®¬T£¤�

¡ *��b�T��¹~�	& � 2 � +´� ¶��®£¤��¢}�H¸�£~¬ ¯°�²£¤¢p���®�7���H¸�� �%� ¯ ���r�¥«��7¬ � �®«¥«¥��¹~�����b�H£~�®� �b��¶
  �H£~«��H£~�®� �4£¤�²�H¸��T�b����
�¹#
�¬
� .?�Z�b¹¤�7���H�%�b�H£¤³n�T«¥��
�¹~¶�ªA���7��
�¬7���H¸��=¬��b�����b�����7�n�®«7¸
�®¬3£¤� µ��¥«��H£~�®� & � º �A���>��£¤��¢§�H¸��=�c�®¬7¬,��
%�b¹¤£¤�´¨

x = 0
�7=�
��H�H¸����
�

pt
�b��¶

ptb
� �b��¶

ρgt
�b��¶

ρm
�°�b�7�K  ��
���¶�  �7�®�

gm
�b��¶§�H¸��K�c�®¬7¬4�b �¢��®¬.�b��¶
�®£¤¹r£¤�§�H¸��K�$
�ª�£¤��¢��®¬

£¤�²µ��¥«��H£~�®��& � º �
·:¸�£~¬°¢p£¤³n�¥¬ 
�¬°�H¸��.  �®¹¤¹~� ¯4£¤��¢��c�®¬7¬©ª%�b¹z�b��«¥�¥¬4¶��¥¬7«��H£¤ª�£¤��¢=�H¸��3¶q¨��%�b�T£~«¥¬4�b x�H¸��

¢��®¬4¹¤£   �7�¥¶ ¯°��¹¤¹ 2

ẋ1 = −wgc(x) + wiv(x, u1)
�c�®¬7¬.�b �¢��®¬
���b����
�¹#
�¬

ẋ2 = wiv(x) − wpg(x, u2)
�c�®¬7¬.�b �¢��®¬
�q�$
�ª�£¤��¢

ẋ3 = wr(x) − wpo(x, u2)
�c�®¬7¬.�b )�®£¤¹C�q�$
�ª�£¤��¢

)�� )��1[ ��O0X#O0: � :V:=WFKNX-<�Y�<>I/D/O�"�I� 
·:¸���«¥�®���H�7�®¹¤¹~�¥¶ �%� ¯.¬. -
�¹���¹¤¹/.3¬7¬$
��T���H£~�®��. º � «¥�®��¬H£~¶����H£¤��¢ �?���c�b�$��*%� º ����
3� ¯) 
��³n���
���®¬N�H¸��?��*q���7�¥¬7¬H£~�®��¬)  �®�N�H¸����%� ¯.¬:�b�7�4���b�H¸����©£¤�%�®«¥« 
����b�7�A� �¥¬H�A�¥«�£z�b¹¤¹¤¨�  �®�N�H¸��
�7
�¹¤�H£¤��¸%�®¬7� �%� ¯��H¸��7��
�¢p¸ �H¸��3���7��¶%
�«��H£~�®�§«7¸����n�"�N¯°�3¯4£¤¹¤¹r�®¬7¬$
����?�H¸%�b�:�H¸�� �%� ¯
�b �¢��®¬.�H¸��7��
�¢p¸��H¸��#¢��®¬.¹¤£   �.«7¸����n���b��¶§�H¸�� �%� ¯ �b )�®£¤¹x�H¸��7��
�¢p¸²�H¸��L���7��¶%
�«��H£~�®�
«7¸����n�K�b�7�.��� �®¬$
��7�¥¶����b��¶��H¸%�b�N  �®¬H�°«¥�®���H�7�®¹0¹~���®��¬°«¥�®���H�7�®¹0�H¸��¥¬7�.��� �®¬$
��7�¥¶c³p�b�H£� 
�bª�¹~�¥¬
�?·:¸��=¬7���H�A�®£¤���7¬.  �®�3�H¸��¥¬7�#¹~���®��¬3¯4£¤¹¤¹_ªA���H¸��#����¯ �c�b��£¤��
�¹z�b�7�¥¶�³p�b�H£z�bª�¹~�¥¬
�
·:¸�£~¬�¯4£¤¹¤¹C�p£¤���®¶�¶q£¤�H£~�®�T�7�3ªA��£¤��¢��?���®�7�:¬7����¬H£¤ª�¹~�:����¢p£¤���¥���H£¤��¢=�b�����7�n�®«7¸'��¬H£¤�T��¹¤£   ¨
�H¸��?����
%�b�H£~�®��¬
�2+´�:�b¹~¬7�=�b¹¤¹~� ¯.¬ 
�¬N�7��£¤��«�¹#
�¶��?���b�7�?¬��b�$
����b�H£~�®��¬:�®�c�H¸��3�®�A����£¤��¢��b 
�H¸��L«7¸����n�¥¬?£¤�§�H¸��#¬H£¤�7
�¹z�b�H£~�®��¬
�
·:¸��#¶q¨��%�b�T£~«L����¶���¹r¯4£¤�H¸
�H¸��L�c�b��£¤��
�¹z�b�7�¥¶��%� ¯.¬3�®¬.«¥�®���H�7�®¹~¬
��£~¬

ẋ1 = −wiv(x) + v1
� *%� 4 2 �8�

ẋ2 = wiv(x) − wpg(x, u2(x))
� *%� 4 2 ª �

ẋ3 = wr(x) − v2
� *%� 4 2 «"�

·:¸��A
����A���L¬��b�$
����b�H£~�®��¬��®��ªA�®�H¸
v1
�b��¶

v2
�i�H¸����c�"*q£¤�7
�� �%� ¯.¬L�H¸��7��
�¢p¸

�H¸��L¢��®¬.¹¤£   �3«7¸����n�=�b��¶
�H¸��#���7��¶%
�«��H£~�®�²«7¸����n�"�.¶����A����¶�¬?�®���H¸��#¬H���b�7� �i�H¸��7��
�¢p¸
�H¸������7�¥¬7¬$
��7�¥¬�����­3�®�H£¤��¢
�H¸%�b�#�H¸��T�c�"*q£¤�7
�� �%� ¯.¬=�b�7���b¹¤¯:�¥¨q¬=�®ª����b£¤���¥¶D¯4¸����
�H¸��§«7¸����n�¥¬��b�7� �c�"*q£¤�c�b¹¤¹¤¨}�®�A���'� .3¬7¬$
��T���H£~�®� . 4�« �b�}ªA�§«7¸��¥«��n�¥¶}  �®�T�H¸��¥¬7�
¬��b�$
����b�H£~�®��¬
�
·:¸��¥¬7���c�"*q£¤�7
�� �%� ¯.¬=¯4£¤¹¤¹©ªA���7�   ���H�7�¥¶D�7�²�®¬

v̄1(x)
�b��¶

v̄2(x)
�

¯4¸�£~«7¸��b�7�L¢p£¤³n����ª�¨ £¤��¬7���H�H£¤��¢
u1 = u2 = 1

£¤���7���H¸��#��*q���7�¥¬7¬H£~�®��¬4  �®�
wiv(x, u1)�b��¶

wpo(x, u2)
�

·:¸����'�q  �®�
j ∈ {1, 2} �

vj(x) =











0
£  
ṽj(x) < 0

ṽj(x)
£  

0 ≤ ṽj(x) ≤ v̄j(x)

v̄j(x)
£  
ṽj(x) > v̄j(x)

� *%� 4 º �

>'J/C



� � ��� �Q� ��� � ��� ��� � � ��� � � � ����� � � � � ������� ���Q� � ���!� �

¯4¸����7�

ṽ1 = wpg(x, u2(x)) + λ1(M
∗
g − x1 − x2)

� *%� 4048�
�b��¶

ṽ2 = wr(x) − λ2(M
∗
o − x3).

� *%� 4 �4�
a9�&
������ 1 3 � 8 1 �K���!=&= 
�	<���:= 1 ��	 
 ��	��

wog(x)
�A�&=JG 	 �CV ���+
9���!=&= 
�	<���:= 1 ��	 V���0


�	?����� 
��:�IB �H�!=W�&= � 	E�!= � ���+
�- ��� 
��:� 
�.DV ���+
 �>= ���@� 	F�:% ��
RG���� V�� ���@G # .:�A�<� ��� 
C�

��:�P�AV<��_��\=W� 
�.WB V�S[G �H�W�!= ���+


ṽ1 = wpg(x, u2(x)) − wog(x) + λ1(M
∗
g −M(x))

ṽ2 = wr(x) − wog(x) − λ2(M
∗
o − x3).

.4«¥«¥�®�7¶q£¤��¢c�7��·:¸��¥�®�7��� *%� 2 ���H¸��LªA��¸%�¥³�£~�®�?�®�§�H¸��L£¤��³p�b�H£z�b���K¬7���
Ω
«¥��
�¹~¶§ªA�

��¹¤£¤�T£¤�L«�¨q«�¹~�=¯4¸����7�=�H¸���¶q£~¬H�H�H£¤ª�
��H£~�®�Z�b ©�H¸���� «¥�®��¬H���b�����?�7�®���b¹9�c�®¬7¬K�b ©¢��®¬K« �b�
�p¬7«�£¤¹¤¹z�b�7�0� ¦°�®��¬H£~¶����H£¤��¢��H¸��T��¸�¨q¬H£~«¥¬��b :�H¸����®£¤¹N¯°��¹¤¹C�_�H¸�£~¬#¬H£¤�$
%�b�H£~�®� £~¬L���®�#³n���H¨
¹¤£#�n��¹¤¨8��¬H£¤��«¥�T£¤��£~¬L¸%�b�7¶D�7�
£¤�c�b¢p£¤�����§¬H£¤�$
%�b�H£~�®� ¯4¸����7���H¸����c�®¬7¬��b 4¢��®¬#£¤�D�H¸��
�$
�ª�£¤��¢ « �b�²³p�b�H¨§¯4¸�£¤¹~�#�H¸����c�®¬7¬3�b ©�®£¤¹9¬H���¥¨q¬3«¥�®��¬H���b���
�?·:¸�£~¬?£¤���$
�£¤�H£~�®��¯4£¤¹¤¹9ªA�
«¥�®�%���H���¥¶
£¤�§�H¸����b�%�b¹¤¨q¬H£~¬4ªA��¹~� ¯ �
)�� )���� BQDFX  �FA 8�A
�D�#«7¸����p¬7�

M∗
g = 4400

��¢c�b��¶
M ∗
o = 4600

��¢ �
=��®���H¸�� ¢��®¬T��¸%�®¬7� �i��¸%�®¬7� 2 ��� .3¬7¬$
��T���H£~�®� . 2 £~¬� -
�¹���¹¤¹~�¥¶�¯4£¤�H¸

φ1
1(x) =

−wiv(x)
�b��¶

φ1
2(x) = wgc(x)

� ·:¸�����¸%�®¬7��¸%�®¬ «¥�®���H�7�®¹¤¹~�¥¶�£¤� �%� ¯ �3�b��¶ .3¬1 
¬$
��T���H£~�®�:. º ¸��®¹~¶�¬K  �®�

b1(x) = [1, 0]>
��·:¸�� ; 
���«¥�®���H�7�®¹¤¹~�¥¶4<���*q�7���H�%�b¹ �%� ¯�£~¬
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Φc(P, S,∆) = trace
[

Λ(PS + ∆S − I) +
c

2
(PS + ∆S − I)>(PS + ∆S − I)

]
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∂Φc(P, S,∆)

∂ svecP
=
T 2

2
svec

(

Λ>S + SΛ
)

+
c

2
T 2 svec

(

(P + ∆)S2 + S2 (P + ∆) − 2S
)

∂Φc(P, S,∆)

∂ svecS
=
T 2

2
svec

(

ΛP + PΛ>
)

+
T 2

2
svec(Λ∆ + ∆Λ>)

+
c

2
T 2 svec

(

S (P + ∆)2 + (P + ∆)2 S − 2 (P + ∆)
)

∂Φc(P, S,∆)

∂ svec ∆
=
T 2

2
svec

(

Λ>S + SΛ
)

+
c

2
T 2 svec

(

(P + ∆)S2 + S2 (P + ∆) − 2S
)

.
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∂2Φc(P, S,∆)

(∂ svecP )2
= cT (S2

~ I)T

∂2Φc(P, S,∆)

(∂ svecS)2
= cT

(

(P + ∆)2 ~ I
)

T

∂2Φc(P, S,∆)

(∂ svec ∆)2
= cT (S2

~ I)T

∂2Φc(P, S,∆)

(∂ svecP )(∂ svecS)
= T [Λ ~ I + c (((P + ∆)S − I) ~ I)

+ c ((P + ∆) ~ S)]T

∂2Φc(P, S,∆)

(∂ svecP )(∂ svec ∆)
= cT

(

S2
~ I
)

T

∂2Φc(P, S,∆)

(∂ svecS)(∂ svec ∆)
= T [Λ ~ I + c ((S (P + ∆) − I) ~ I)

+ c (S ~ (P + ∆))]T.
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(U ~ V )T svecX = T svec
1

2
(UXV > + V XU>),

¯4¸����7�
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£~¬?�=¹¤£¤��� �b�?�®�A�����b�7�®�
Sn → R

n(n+1)/2 ¶��������¥¶
ª�¨

svecX = [X11, X12, . . . , X1n, X22,X23, . . . , Xnn]
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√

2, 1,
√

2, . . . , 1]>
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