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Abstract

Thermoelectric generators (TEGs) are compact and robust devices for converting heat into electrical power. In this work, we
investigate the response of a bismuth-telluride based TEG to the transient environment of a silicon production plant, where there
is a periodic change in the average temperature of the heat source. We establish a dynamic mathematical model that reproduces
results from industrial, on site experiments, both at steady-state and under transient conditions. By simultaneously changing the
design and location of the TEG, a peak power density of 1971 W/m2 can be obtained without exceeding material constraints of the
TEG, with an average power density of 146 W/m2. In the transient case, the average power density generated during one silicon
casting cycle is in all investigated cases found to be only 7 - 10% of the peak power density as the peak value of the power is only
maintained for a couple of minutes. The fractional area is defined as the ratio of the total area of thermoelectric modules to the
total system cross-sectional area of the TEG. We find that the power generated can be increased by reducing the fractional area,
provided that the TEG is at a fixed position. If the TEG can be placed as close as possible to the heat source without exceeding the
material constraints, the peak power density and the average power density reach maximum values as functions of the fractional
area, beyond which the power begins to decline. The optimal fractional area that gives maximum power depends strongly on the
cooling capacity. We find that with a higher cooling capacity, it is beneficial to design the TEG with a higher fractional area and
place it as close as possible to the silicon melt. Possible venues to improve the performance of TEGs that operate under transient
conditions are suggested.

1. Introduction1

As the world’s natural resources deplete, making the best use2

of resources that go to waste is an important issue. The prob-3

lem persists in all areas of production and consumption, and is4

met with in diverse ways, for instance by designing materials5

that help rehabilitate derelict buildings [1] or by capturing and6

reusing carbon-dioxide and methane from landfills [2]. Fur-7

thermore, to meet the energy requirements of a growing and8

insatiable society, a large portion of methods for harvesting9

power rely on novel devices like solar cells, wind turbines, pho-10

tovoltaic cells and thermoelectric generators (TEGs) [3]. Re-11

cently, TEGs are being integrated with photovoltaic cells to en-12

hance power output [4].13

A TEG is a device which is durable, easily scalable and does14

not require much maintenance [3]. This device operates on the15

principle of producing electrical energy from a temperature dif-16

ference. There is a large potential to enhance the heat conver-17

sion efficiency of TEGs and to increase the power output by18

manipulating their design [5, 6], or by introducing new materi-19

als. The efficiency of a TEG depends on many aspects of its de-20

sign, such as the density of p/n modules, the nature of electrical21
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load connected to the TEG and the ratio of length of individual22

layers to the cross sectional area [7]. In addition, the cost of23

the device due to the expensive rare earth metals that are used,24

can be lowered by reducing the fraction of the cross-sectional25

area in the thermoelectric module (TEM) that contains active26

material, in addition to reducing the thickness of the metal con-27

ductors [8, 9].28

Several studies presented in the literature have explored the29

potential of TEGs by combining theory and laboratory exper-30

iments [10–13]. A lot of work has also been done with re-31

gards to mathematical modeling and simulations [14–17]. A32

three-dimensional model of a TEG was developed by Shi et33

al. [18], where the performance of the TEG was evaluated un-34

der changes in height, cross-sectional area, and number of TEG35

pairs.36

Thermoelectric power generation at the very site of its practi-37

cal application provides a robust evaluation of these devices.38

To name a few practical sites; in space, (radioactive) TEGs39

are used to power the International space station, and in the40

sea, waste heat from incinerators on a ship have been used41

to harvest energy [19]. Thermoelectric generators have also42

been tested for use inside the engines of Chevrolet suburban43

cars [20].44
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Most of the studies presented in the literature have evaluated45

the performance of TEGs at or close to steady-state condi-46

tions, while a few previous works have considered transient as-47

pects. Driving conditions of vehicles affect the performance of48

TEGs; Yu et al. [21] have looked at the varying response of49

TEGs under acceleration and deceleration which affect the hot-50

side temperature of the TEG. Nguyen et al. [22] considered the51

time evolution of the temperature of the hot plate of the TEG52

while taking into account the Thomson effect. Montecucco et53

al. [23, 24] looked at the effect of a time change in DC electrical54

power and the current set in the electrical load. Transients, such55

as periodically oscillating temperature gradients [25], or vary-56

ing both hot and cold source temperatures [26, 27], also provide57

a testing ground for the efficiency of TEGs. In all these cases,58

the physical process involved in thermoelectric power genera-59

tion and the power harnessed from such processes are shown60

to vary with time. Under varying thermal loads, there is a time61

change in the temperature gradient over the TEG. Paraskevas et62

al. [28] have looked at a maximum power point tracking method63

to find how the power produced by the TEG source can be max-64

imized.65

So far, there has not been done enough research on implement-66

ing TEGs in industrial settings. This represents a rather un-67

exploited opportunity for converting excess heat into electrical68

power. To our knowledge, the first study combining mathe-69

matical modeling with on-site measurements in the metal in-70

dustry is very recent. Kuroki et al. obtained a power den-71

sity as high as ∼1 kW/m2, by exploiting bismuth-telluride ther-72

moelectric generation modules in a steel making process (See73

Fig. 9 in Ref. [29]). More recently, Chen et al. studied the ef-74

ficiency of TEGs under a pulsed power source in iron and steel75

factories [30]. Many industrial processes are highly dynamic.76

For instance, in the silicon production process recently inves-77

tigated by Børset et al. [31], metal is cast in batches. In such78

processes, the expected potential for the average power output79

density is likely to be significantly below 1 kW/m2. In this80

work, we address the important questions: How much power81

can realistically be extracted from such processes? What is the82

optimal design of the TEG constructed to maximize the time-83

average power density under highly dynamic operation condi-84

tions?85

To address these questions, we have developed a transient math-86

ematical model for heat and charge transport in a TEG, placed87

in the casting area of a silicon production plant. We will com-88

pare the model to on-site measurements made under dynamic89

operating conditions and will determine the maximum, average90

power that can be extracted from the silicon casting process.91

Moreover, we discuss how TEGs can be optimally designed in92

order to achieve this goal. These questions have, to the best93

of our knowledge, not been addressed before in the literature.94

We have used bismuth-telluride based thermoelectric modules95

(TEMs), but modules made from other materials are expected to96

behave similarly. Besides being relevant to many similar indus-97

trial facilities involving the production of silicon, the conclu-98

sions we draw in this work will be relevant to the metal casting99

industry in general.100

Figure 1: The silicon casting area. A ladle full of molten silicon is poured into
trays, one by one as the trays rotate on the carousel.

2. Description of the TEG and its environment101

The amount of power that can be harnessed by a TEG depends102

on both its design and the heat source that is exploited to gen-103

erate electrical power. In this section, we provide specifications104

of the design of an in-house TEG construction, and the casting105

facility at the silicon production plant, Elkem Salten, in Nor-106

way, where the TEG has been tested. The TEG design and the107

silicon casting facility were described in detail in Ref. [31] and108

only the essential elements are repeated here.109

2.1. Silicon casting facility110

In the process of silicon production, molten silicon at 1723 K111

is cast into ladles moving on a conveyor belt, called casting112

carousel, as illustrated in Fig. 1. The ladle has 8000-9000 kg of113

silicon and it takes about 20-25 minutes to empty the ladle com-114

pletely into several molds. The casting process is repeated once115

every two hours. Since the melting point of silicon is 1683 K,116

the casting area maintains a high temperature for a long time117

before the silicon solidifies, this provides an ideal environment118

for converting excess heat to electrical power.119

On one side of the casting area, a wall is placed to screen the120

intense radiation from the silicon melt. The TEG is placed in121

a little window carved out in the wall. The horizontal distance122

of the TEG from the outer ring of the casting carousel is 0.7123

m.124

2.2. TEG design125

The TEG consists of TEMs arranged in a 6 × 6 grid; 6 mod-126

ules are connected in series, and 6 series are connected in par-127

allel. The TEMs used this work was the TEP-1264-1.5 model128

by Thermonamic, China. These modules have been well char-129

acterized in the literature, where details about properties and130

manufacturing are available at the supplier’s webpage. Each131

module consists of 126 pairs of p/n semiconductors connected132

in series with an external resistance. The module area is 40×40133

mm2. Figure 2 shows the arrangement of the modules in a grid.134

On either side of a module, a ceramic layer of aluminum-oxide135

is placed next to a thin layer of copper. The arrangement of136

TEMs shown in Fig. 2, is placed between hot and cold plates of137

aluminum. The total surface area of the TEG is 0.5×0.5 m2. On138
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Figure 2: The grid of TEMs connected to an external resistance Rex in series.
Each module contains 126 pairs of p/n semiconductors [31].

one side of the generator, aluminum is directly exposed to radi-139

ation from the silicon melt (aluminum hot side). On the other140

side, the aluminum plate is in contact with cold water main-141

tained at a temperature of 279 K, circulating in copper pipes142

embedded in the plate (aluminum cold side). Tap water is used143

for cooling. The surrounding air temperature is 288 K.144

In the mathematical model, the whole TEG will be divided into145

Np × Ns = 36 units, where Ns and Np are the number of units146

connected in series and number of series connected in parallel.147

It is only necessary to model one of these units since they are148

equivalent in all respects. Figure 3 shows how the units form149

the TEG. We emphasize that the unit is only a theoretical con-150

struct and that the aluminum plates at the back and the front of151

the TEG are continuous.152

Figure 3: The TEG (left) and one thermoelectric unit (right). One unit consists
of a TEM placed in between aluminum hot side and cold side [31]. Each TEM
contains 126 pairs of p/n semiconductors.

One thermoelectric unit is 80 × 80 mm2. Each unit is also in153

contact with several layers of air. One layer is located in be-154

tween each semi-conductor pair, and one layer runs parallel to155

the other layers at both ends of a module. The cross section of156

a thermoelectric unit is illustrated in Fig. 4.157

3. Governing equations158

In this section, we state the main equations that govern heat159

and charge transfer through the TEG. We will also establish a160

mathematical model of the silicon casting process which is the161

transient heat source for the TEG.162

Figure 4: The cross section of a TEG unit, where the heat source and the heat
sink are illustrated. Cold water runs through copper pipes that are mounted
at the last aluminum layer (to the right). The unit consists of eight layers,
three aluminum segments, two segments made from Al2O3 + Cu, one segment
constituting p/n semiconductors, and two regions where air is in contact with
the device

3.1. Temperature gradient through the TEG163

In order to establish an analytical expression for the time
change in temperature through the TEG, we begin with the en-
ergy balance equation. The energy balance relates the rate of
change in the internal energy density, u, of a system, or the
change in temperature T of a system in time t, to fluxes enter-
ing or leaving a system,

∂u(x, t)
∂t

= ρcp
∂T (x, t)
∂t

= −
∂J′q(x, t)

∂x
−
∂φ(x, t)
∂x

j. (1)

The fluxes in question are the measurable heat flux J′q(x, t) and164

the electrical flux j, which are related to the transport of heat165

and charge respectively, ρ is the density of the material, cp is166

the specific heat capacity and φ is the electrochemical poten-167

tial of the the charge carrying species; the difference in φ gives168

the measured electric potential gradient. The last term on the169

right hand side of Eq. 1, with the sign convention used, refers170

to the power applied to the volume element in question. When171

heat is converted to electric power, it represents the power out-172

put.173

In the presence of a temperature gradient, the coupling between
heat and charge transport gives rise to a potential gradient. The
gradients in temperature and potential are defined using the
formalism developed in irreversible thermodynamics [32]. By
starting with linear force-flux relations and identifying transfer
coefficients, one arrives at

J′q = −λ
dT
dx

+
S ∗T

F
j, (2)

j = −
S ∗

Fr
dT
dx
−

1
r

dφ
dx
. (3)

Here, S ∗ is the transported entropy which is a kinetic prop-
erty of charge carriers, λ is the thermal conductivity, F is the
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Faraday constant and r is the electrical resistivity of the mate-
rial. Using Eqs. (2) and (3) together with the energy balance
(Eq. (1)), the time rate of change of temperature in layer i of the
TEG (see Fig. 4), is found to be

ρicpi

∂T (x, t)
∂t

= λi
∂2T (x, t)
∂x2 + ri j2i . (4)

Since current only flows through the layer constituting the p/n174

semiconductors, j = 0 for the other layers.175

3.1.1. Current generated in the transient case176

The power P generated by the TEG is given by

P = RexI2
ex = ∆φtotIex, (5)

where Rex is the external resistance, Iex is the current generated
in the external circuit, and the terminal voltage is ∆φtot. The
external current is related to the current generated in each row
(series) of modules, Is, by Iex = NpIs, where Np is the number of
series connected in parallel (see Fig. 2). The terminal voltage,
∆φtot, is the total voltage of the thermoelectric generator. It is
related to the voltage of one TEM, ∆φmod by ∆φtot = Ns∆φmod.
The electric potential gradient over a module, ∆φmod, is given
by Eq. (3). Using the fact that the temperature difference across
the semi-conductor is ∆T = Th−Tc, and that the current flows in
opposite directions in the p- and n-type semiconductors, Eq. (3)
is integrated to find the electric potential difference across one
module

∆φmod = Npn

(S ∗p − S ∗n
F

)
(Th − Tc) − Npn

(
lprp

Ap
+

lnrn

An

)
Is. (6)

Here lp = ln is the length, Ap = An is the cross-sectional area and177

rp = rn is the resistivity of the p and n semi-conductor respec-178

tively. Identifying the Seebeck coefficient, α =
S ∗p−S ∗n

F and using179

Eq. (5), the current through the TEG is found to be180

Is =
NpnNsα(Th − Tc)

NpRex + NpnNs

(
rnln/An + rplp/Ap

) , (7)

where Npn = 126, is the total number of pairs of p/n semi-181

conductors connected electrically in series with copper strips182

placed next to aluminum oxide layers in one module.183

3.1.2. Heat flow equations through the TEG184

There are well defined interfaces between each layer that the185

TEG consists of. This is illustrated in Fig. 5. Since the inter-186

faces are very thin, they have very little capacity to store energy.187

Consequently, the dynamic responses in an interface are much188

faster than in the bulk of the material. For the time-scales we189

are interested in, it is safe to assume that the interfaces between190

the layers have no capacitance, implying that the heat flow into191

an interface equals the heat flow leaving it at all times. The192

heat flow, Q̇, is related to the heat flux by Q̇ = AJ′q, where193

A is the area of the surface under consideration. In this work,194

we have neglected the resistance of the interfaces themselves,195

which is discussed extensively in other works [33–37]. This is196

a valid assumption, since soft graphite sheets with a very high197

thermal conductivity have been used as thermal interface ma-198

terial between the TEMs and the aluminum plates to ensure a199

low thermal resistance, and thus a low thermal contact resis-200

tance.201

Figure 5: One-dimensional representation of the thermoelectric unit. The dot-
ted lines represent the interfaces between each segment. The associated inter-
facial temperature is indicated at the top of each dotted line.

Due to the symmetry of the system, it is only necessary to202

model one of the units of the TEG since they are equivalent203

in all respects (see Fig. 3). The result is then multiplied by204

the appropriate factor to obtain the behavior for the whole sys-205

tem.206

By taking into account heat transfer due to radiation and con-
vection, the incoming heat flow at the aluminum hot side of the
TEG is

Q̇in = NpNsAAl

(
cradσB(T 4

m − T 4
sh) + hwh(Tsurr,h − Tsh)

)
. (8)

Here, Ns = Nm = 6, is the number of modules connect in se-207

ries and number of series connected in parallel, AAl = 0.0069208

m2 is the area of the aluminum plate of one unit, σB is the209

Stefan-Boltzmann constant and Tm, is the temperature of the210

molten silicon and Tsurr,h = 288 K, is the surrounding air tem-211

perature. The parameter crad encapsulates the radiation view212

factor, the emissivity of the TEG surface, and also takes into213

account the radiation that gets absorbed by dust particles on its214

path to the TEG. The convective heat transfer coefficient from215

the aluminum hot side to surrounding air is hwh.216

The cold side of the TEG is in contact with water maintained
at 279 K, circulating in pipes embedded in the the aluminum
cold side. The transfer of heat across the last interface is due to
convection only, and is given by

Q̇out = NpNsAAlhcw(Tcb − Tcw), (9)

where Tcw is the temperature of the cold water, the convective217

heat transfer coefficient from the cold aluminum block to water218

is hcw and Tcb is the temperature of the walls of the pipes in219

which water flows, which has here been assumed to be equal to220

the interface of the last aluminum segment.221

Except for the p/n semiconductors, there is no transport of
charge, so the transport of thermal energy is by conduction only.
The transfer of heat through an electrically neutral layer i is
given by Fourier’s law

Q̇i = −NpNsλiAi
∂Ti

∂xi
. (10)
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In the p/n semiconductors, the current serves as an additional
venue for transporting energy. Using Eq. (2) and summing over
the heat flux through one of the p and n segments, one arrives
at ∑

i=p,n

J′q,i = −
(
λp + λn

) dT
dx

+ (S ∗p − S ∗n)T
j

F
, (11)

where the fact that the current in the p/n segments flows in op-222

posite directions is the reason why the transported entropies,223

S ∗p and S ∗n have opposite signs. Since λp = λn = λp/n, and224

Ap = An = Ap/n, and by using j = Is/Ap/n one arrives at225

∑
i=p,n

J′q,i = −2λp/n
dT
dx

+ αT
Is

A
. (12)

The heat flow through the p + n segment is found to be226

∑
i=p,n

Q̇i = −2Ap/nλp/n
dT
dx

+ αT Is. (13)

In cases where the thermal conductivity of the p and n segments227

are different, Eq. 11 should be used instead.228

3.2. Silicon casting process229

In the casting process explained in Section 2.1, molten silicon
is cast from a ladle onto a tray moving on a carousel. It takes
about 20-30 minutes to empty a ladle into the molds. In the
model, we have assumed that the silicon is fully loaded after 30
minutes. From on-site measurements, the average temperature
on the hot side of the TEG is known. Casting occurs once every
two hours [31]. We considered the source of heat and radia-
tion to be the entire casting carousel, and we modeled the time
change in source temperature by taking into account convective
and radiative heat transfer. The process was modeled by the
following equations

dTm(t)
dt

=


a, for t < 30 mins

k1(T 4
m(t) − T 4

surr,h)
+k2(Tm(t) − Tsurr,h) for t ≥ 30 mins,

(14)

where Tm is the average temperature of the heat source. The
first half of Eq. (14) is meant to represent gradual loading of
silicon into the carousel. This is reflected in a linear increase
in temperature over time, where the slope a, is chosen such that
Tm(30 mins) = 1673 K, which is the melting point of silicon.
The second half represents cooling by radiation and convection.
Here,

k1 = −σBεs f /c′p, (15)

k2 = −hwh f /c′p, (16)

where f is a fitting parameter that has units m2 and is related230

to the area of the casting carousel, σB = 5.67 × 10−8 Wm−2K−4
231

is the Stefan Boltzmann constant, εs = 0.18, is the emissivity of232

silicon taken from Ref. [38], hwh = 6 Wm−2K−1 [31] is the con-233

vective heat transfer coefficient between air and aluminum, and234

c′p with the units J/K, is the total heat capacity of approximately235

9000 kg solid silicon [39].236

Another fitting parameter is crad. In the transient case, we es-237

timated the values crad = 0.036 and f = 200 m2. Details on238

how to estimate crad were provided in Ref. [31], while f wwas239

determined by matching the temperature at the hot-side of the240

TEG with experimental results, where several casting cycles241

where considered. We found that the magnitude of f influ-242

enced mainly the peak temperature of the hot-side temperature243

of the TEG, which could be matched well with experimental244

data. While k1 and k2 represent the rate of heating and cooling245

of the silicon melt, crad incorporates the location of the TEG246

with respect to the silicon melt into the model. Using the values247

above, we obtained k1 = 3.2×10−16 1/K3s, and k2 = 1.9×10−7
248

s−1.249

4. Numerical model250

4.1. Modeling the TEG251

Figure 4 shows the cross section of one unit of the TEG. It con-252

sists of eight layers- three aluminum segments, two segments253

made from Al2O3 + Cu, one segment constituting p/n semi-254

conductors, and two regions where air is in contact with the255

device. There are well defined interfaces between each layer256

which are illustrated in Fig. 5. Cold water is flowing through257

copper pipes embedded in the last aluminum layer, so this layer258

is not included in the numerical modeling. The total length L259

of the system is then the sum of the length of seven layers, not260

including the last aluminum layer, given in Table 1.261

The system is discretized and grid points are allotted to each262

segment depending on its length. The aluminum layers consist263

of 15 grid points, (Al2O3+Cu) consist of 7 and p/n consist of264

20 grid points. The layer of air which is parallel to these layers265

consists of a total of (15+7+20) grid points. The layer in be-266

tween p/n has 20 grid points allotted to it. The grid size was de-267

cided so that the simulation completes in a reasonable amount268

of time, without significant loss of accuracy. This was tested269

by increasing the grid size by 10 times of the reported values.270

With a 10 times denser grid, the temperatures during the tran-271

sient evolution towards steady-state as well as the steady-state272

temperatures changed by less than 1 K.273

We begin by establishing the heat flow into and out of each274

interface. Since the temperature profile in the bulk of the system275

in the transient case is not perfectly linear, the heat flow into276

a layer is not necessarily the same as the heat flow out of it.277

The heat flow into an interface is defined as Q̇in
i and the heat278

flow leaving an interface is defined as Q̇out
i . The heat flows are279

illustrated in Fig. 6. As an example, the total heat flow across280

the interface between Al(2) and Al2O3 is given by281
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Q̇in
Al(2) = −NpNsAAlλAl

∆Tl,hb

∆xl,hb
, (17)

Q̇out
Al2O3

= −NpNsAAl2O3λAl2O3

∆Tr,hb

∆xr,hb
.

This is the Fourier-type of heat flow that was introduced in282

Eq. (10). Here ∆xl,hb and ∆xr,hb, as indicated in Fig. 6, represent283

the distance between grid points in the immediate vicinity of the284

interface. ∆Tl,hb and ∆Tr,hb are the corresponding temperatures285

differences at those grid points.286

The heat flow is proportional to the respective areas of the alu-287

minum plate and the aluminum oxide plate in one unit of the288

TEG, AAl and AAl2O3 , and the respective thermal conductivities289

λAl and λAl2O3 . To obtain the total heat flow through the TEG,290

Eq. (17) has been multiplied by the total number of modules291

which is equal to Np×Ns. The interface temperature Thb is such292

that Q̇in
Al(2) = Q̇out

Al2O3
, ensuring that there is no accumulation of293

energy at the interface between the two layers.294

Figure 6: Illustrating heat flows Q̇in/out, entering and leaving the layers Al(2)
and Al2O3 + Cu. The interfacial temperature between the two layers is Thb.

In the p/n semiconductors, the current serves as an additional295

venue for transporting energy. Thus across the interface be-296

tween the p/n semiconductors, energy balance takes into ac-297

count a Fourier-type heat flow, and a heat flow contribution due298

to the current, (see Eq. (13)). The total heat flow through the299

TEMs is given by300

Q̇out
pn = NpNs

(
− 2NpnAp/nλp/n

∆Tr,h

∆xr,h
+ NpnαThIs

)
, (18)

Q̇in
pn = NpNs

(
− 2NpnAp/nλp/n

∆Tl,c

∆xl,c
+ NpnαTcIs

)
. (19)

Analogous to the previous case, the temperature derivative301

∆Tr/l,h/c

∆xr/l,h/c
defines the temperature difference in the immediate302

vicinity of the interface temperature Th/c.303

There are two heat flow equations corresponding to each of the304

7 layers. In addition, the first interface interacts with the heat305

source and the surrounding air, and the last interface interacts306

with cold water, leading to a total of 16 equations that keep307

track of heat flow into and out of the interfaces.308

The system is initialized at the same temperature as the sur-309

rounding air (288 K). The simulation begins and at each time-310

step, the 16 heat flow equations are solved simultaneously to311

determine the 6 interface temperatures, such that there is no ac-312

cumulation of energy at any interface. The temperatures in the313

bulk of the system are determined using the Crank Nicholson314

scheme [40], by solving Eq. (4) numerically. Only the p/n seg-315

ment has a current term. For the other layers, j = 0.316

It is customary to define the time-step to be the maximum value317

dx2/D, dx being the difference between the grid points of a seg-318

ment, and D is the coefficient (ρcp/λ) of the temperature deriva-319

tive of the heat diffusion equation. Using this criterion, the time320

step was estimated to be of the order of 10−3 s. A time-step of321

0.001 s was chosen for further simulations, as it afforded a rea-322

sonable accuracy while allowing for a time efficient completion323

of the simulations.324

4.2. Material Properties and Transfer Coefficients325

The material properties of the various components of the system326

are provided in Table 1. The values are obtained from Ref. [41],327

except for the specific heat capacity of Bi2Te3 semiconduc-328

tors, which is from Ref. [42]. The Seebeck coefficient and the329

electrical resistivity were estimated in Ref. [31] from the slope330

of the open circuit potential and the slope of the polarization331

curves. The same values were used in this work, i.e. a value of332

(300 ± 4) µV/K for the Seebeck coefficient and 1.95 · 10−5 Ωm333

for the electrical resistivity.

Table 1: Material Parameters. Area (A), length (l), thermal conductivity (λ),
specific heat capacity cp and density ρ of the materials that constitute the TEG.

Element A(m2) l (m) λ
(

W
mK

)
cp

(
J

kgK

)
ρ
(

kg
m3

)
Al(1) 6.94 × 10−3 4.7 × 10−3 177 910 2.70 × 103

Al(2) 1.60 × 10−3 5.3 × 10−3 177 910 2.70 × 103

Al2O3 1.60 × 10−3 0.8 × 10−3 35 880 3.96 × 103

Cu 1.60 × 10−3 0.5 × 10−3 400 390 8.79 × 103

p/n 2.25 × 10−6 1.5 × 10−3 1.6 135 7.64 × 103

Al(3) 6.94 × 10−3 25 × 10−3 177 910 2.70 × 103

Air 5.3 × 10−3 9.4 × 10−3 3.4 × 10−2 1.013 8.5 × 10−1

334

Other pertinent parameters used in the modeling of the heat335

flow through the TEG include the convective heat transfer co-336

efficient - from the aluminum hot side to surrounding air, hwh,337

and from the cold aluminum block to water, hcw. The heat flux338

into the TEG depends on its distance and angle with respect to339

the heat source. It also depends on the heat source itself, for340

example, molten silicon has a different emissivity than molten341

iron. This aspect can be modeled by tuning the crad parameter.342

The ratio of the total area of the TEMs, Am, to the total system343

cross-sectional area, A, is called the fractional area of the TEG,344

fa = Am/A. We considered variations in the fractional area by345

changing A, while keeping Am constant. Explicitly, this means346

that the areas of Al(1) and Al(3) in Table 1 are varied, while all347

other areas are kept constant. By changing fa, the amount of air348

that the system is in contact with also changes, since A − Am =349

Aair. The parameters explained above were estimated by Børset350
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(b) Time evolution of current through the system. It takes
24 minutes for the system to reach steady-state.

Figure 7: In the above plots, the length L is the total length of the system. The length x represents the position of each segment along the thermoelectric device. In
these plots, the system was initiated from ambient temperature and was evolved to steady-state. The temperature of the heat source was kept constant at 1673 K.

et al. in Ref. [31] by on-site measurement to be: hcw = 105351

Wm−2K−1, hwh = 6 Wm−2K−1and fa = 0.23.352

The coefficient hwh was estimated from an empirical model that353

uses the average Nusselt number, Nu, for natural convection354

from a vertical plate. The Nusselt number was found from the355

correlation Nu = 0.59 Ra1/4 where Ra is the Rayleigh number356

[43]. The coefficient hcw was measured from calculating the357

heat flow into and out of the system, UAAl∆Thav = AAlhcw(Tcb−358

Tcw). Here ∆Thav is the measured value of the aluminum hot359

side temperature, Tcw is the temperature of cold water and Tcb360

is the temperature of the interface between aluminum oxide and361

the last aluminum segment.362

The TEG is connected to an external circuit, with an external363

load with resistance Rex = 3.28 Ω. Experimentally, it is ob-364

served that the maximum power is generated when Rex matches365

the internal resistance of the p/n semiconductors. Rex is calcu-366

lated as follows, Rex = 2Npnrp/nlp/n/Ap/n, where the electrical367

resistance of the p or the n semiconductors is rp = rn = rp/n,368

area Ap = An = Ap/n, and length is lp = ln = lp/n. The number of369

pairs of p/n semiconductors in one module is Npn.370

5. Results and Discussion371

In this section, we will first demonstrate that the dynamic372

model reproduces the steady-state results (Sec. 5.1). We will373

then compare the results from a mathematical model of time374

change in temperature of the TEG to on-site experiments under375

transient operation conditions (Sec. 5.2) and show that the376

model reproduces the experimental results.377

378

We will then use the model to evaluate the potential to379

enhance the performance of the TEG by changing its position380

and cooling capacity, while staying within the constraints381

imposed by the materials (Sec. 5.3). Next, the potential to382

enhance power output by changing its design, given that the383

TEG is located at a fixed position is investigated (Sec. 5.4).384

Finally, we explore the possibility of simultaneously changing385

the design and the position of the TEG. Venues to improve the386

performance of TEGs that operate under transient conditions387

are suggested (Sec. 5.5).388

389

In this work, we have used bismuth-telluride (Bi-Te) type390

semiconductors as example. However, we expect the findings391

and behavior of the TEG to be generally valid for similar392

semiconductors such as BiSnTe-based or PbSe-based TEMs.393

The choice of semiconductor will mainly influence the394

magnitude of the maximum peak power density that can be395

obtained.396

5.1. Validating the transient model397

To validate the mathematical model and the numerical imple-398

mentation, a simulation was performed where the TEG was399

initiated from room temperature (288 K), and was evolved to-400

wards steady-state. Keeping the temperature of the heat source,401

Tm at a constant value of 1673 K, steady-state was obtained402

when the temperature profile remained constant with time, and403

there was no accumulation of heat at any interface, implying404

that Q̇in
i = Q̇out

i .405

The steady-state temperature profile resulting from the dynamic406

model was compared with the profile obtained by solving a set407

of algebraic equations similar to Ref. [31]. The temperature408

profile from the dynamic model converged within ± 1 K of the409

steady-state results after about 24 minutes. We let the system410

run for a total time of 2 hours to confirm that the temperature411

did not overshoot the steady-state value.412

At the start of the simulation, all layers are at the same tem-413

perature. As one side of the system heats up, and the other414
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(a) Time evolution of average temperature of the heat-
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lation, for the base TEG design, i.e., fa = 0.23, for
one cycle of the casting process, when current passes
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(b) Time evolution of current through the system under
varying temperature of the silicon melt corresponding
to Fig. 8a, for the base TEG design, i.e., fa = 0.23.

Figure 8: Time evolution of hot side temperature and the current generated when modeling a varying temperature of the silicon melt.

is maintained at a lower temperature, the temperature gradient415

gradually increases. Figure 7a shows that the system heats up416

relatively quickly in the beginning, and then slowly converges417

to the steady-state solution.418

The temperature gradient induces an electric potential differ-419

ence, resulting in the generation of current and the system cools420

down as heat is converted into electrical power in the process.421

The largest temperature drop occurs across the p/n segment422

where current is being generated. Fig. 7b, shows the time evo-423

lution of current in the p/n semiconductors. It takes about 24424

minutes for the interface temperatures and the current to reach425

their peak values. The figure shows that in the first 10 minutes,426

the magnitude of current increases fairly quickly, in tune with427

the temperature jump across the p/n segment.428

5.2. Modeling the silicon casting process429

The equations that govern the temperature of the silicon melt430

were presented in Sec. 3.2. By combining the model of the431

silicon melt with the model of the TEG, we can compare the432

time evolution of the temperature of the interface facing the433

heat source, Tsh (see Fig.5), with the average temperature of434

the heating block, Thav, from on-site measurements. We used435

the following parameters: c0
rad = 0.036 and f = 200 m2. The436

temperature measurements in Fig. 8a were performed with no437

current passing through the system (Iex = 0) to isolate the effect438

of the TEG heating up. It was shown in previous work that the439

mathematical model captures accurately the current and power440

generated by the TEG (see Fig. 5 in Ref. [31]).441

Figure 8a displays a good qualitative agreement between the

model and the experiments. The experimental temperature pro-
file is more complex than the one from the model, however, the
mathematical model captures key aspects of the experiments
such as the peak temperature and the width of the curve. For
comparison, we have included in Fig. 8a the hot side tempera-
tures from the simulations when no current passes through the
system (red-dashed line) and when current passes through the
system (black dash-dot line). The figure shows that the pass-
ing of current through the system influences mainly the peak
temperature when the current is largest. The peak temperature
decreases by ∼9 K when current passes through the system,
however, the drop in temperature increases with larger electri-
cal currents. Figure 8b shows the current generated over one
casting period as predicted by the model. The current follows
a periodic profile similar to the surface temperature, as shown
in Fig. 8a. We define the peak power density, Ppeak to be the
maximum power per area produced during one casting cycle,
and we define the average power density Pav as

Pav =
1

Aτ

∫ τ

0
P(t)dt, (20)

where τ = 2 hours, is the duration of one casting period. For442

the base case of the transient model (crad = 0.036), Ppeak, was443

found to be 134 W/m2, and Pav was 12 W/m2. The average444

power generated in the silicon production process is only 9% of445

Ppeak, as the peak value of the power is only maintained for a446

couple of minutes.447
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5.3. Enhancing the performance of the TEG by changing its448

position and cooling capacity449

The amount of heat transferred to the TEG depends on its dis-450

tance and angle with respect to the heat source. It also depends451

on the heat source itself. The location of the TEG influences452

mainly its view factor, which is proportional to the radiative453

heat flux. This aspect was modeled by tuning the crad parameter.454

It is also likely that the temperature of the surrounding air in-455

creases slightly when the TEG is moved closer to the carousel,456

but this has been neglected in the present analysis. When the457

incoming radiation to the thermoelectric device increases, the458

TEG should be equipped to withstand the resulting high temper-459

atures. This can be achieved by improving the cooling capacity460

of the TEG. In practice, this can be accomplished by:461

1. Increasing the flow rate of water to enhance the turbulence,462

and consequently the cold-side heat transfer coefficient.463

2. Doubling or quadrupling the contact area at the cold-side464

of the TEG, e.g. by covering more over the cold-side of the465

TEG with cooling pipes or by using fins inside the cooling466

channels to extend the cold-side heat transfer area.467

All of these changes influence the model similarly and can thus468

be emulated by doubling or quadrupling the convective heat469

transfer coefficient between aluminum and water (hcw). The470

value of the fractional area in this case is fa = 0.23.471

The hot side of the p/n semiconductors in the TEG begins to472

deteriorate at Th = 653 K, and the cold side begins to deteri-473

orate at Tc = 433 K [31], these are the material temperature474

limits of the TEG. Figures 9a and 9b show the peak temper-475

ature Tpeak, reached by the hot side and the cold side of the476

TEG. With a lower cooling capacity, the cold side of the TEG477

reaches the material stability limit first. As the cooling capac-478

ity is increased, higher values of crad can prevail i.e. the TEG479

can be moved closer to the heat source without harming the de-480

vice.481

Table 2 summarizes the maximum power density and maximum482

average power density that can be generated for three different483

cooling capacities before either the hot side or the cold side484

of the TEG begin to deteriorate. One can see that the relative485

gain in power density is diminishing with increasing hcw. When486

hcw is increased from 105 to 210 W/m2K−1, Ppeak increases by487

187%, and when hcw changes from 210 to 420 W/m2K−1, Ppeak488

increases by only another 46%.489

For all the three investigated cooling capacities, the time aver-490

age power density generated during one casting period is only491

7-10% of the maximum power density generated. Even so, in-492

creasing the cooling capacity is a viable option since it allows493

the TEG to be placed closer to the silicon melt. In the present494

design, the aluminum cold side is cooled with the help of tap495

water flowing through copper pipes embedded in the plate, and496

water is an available resource. Table 2 shows that by quadru-497

pling the cooling capacity, there is a potential to increase both498

the peak power density and the average power density gener-499

ated by the TEG, provided that the location of the TEG can be500

changed simultaneously.501

Table 2: Peak power density and average power density generated under phys-
ically admissible conditions for different values of hcw. For each value of hcw,
the power density was found as a function of crad and hcw.

hcw

(
Wm−2K−1

)
crad/c0

rad Ppeak

(
W/m2

)
Pav

(
W/m2

)
105 1.7 325 30
210 2.6 932 77
420 3.0 1370 108

5.4. Enhancing the performance of the TEG by changing its502

design at fixed location503

If the location of the TEG in the silicon casting plant is pre-504

determined, the design of the TEG can be altered to achieve a505

higher temperature gradient across the semiconductors, thereby506

increasing the power output. This can be achieved by reduc-507

ing the fractional area fa. The fractional area can be changed508

by keeping Am constant while varying A. By decreasing fa, the509

area of aluminum plate increases while the number of TEMs510

which consists of p/n semiconductors and air remains con-511

stant. This implies that a smaller fraction of heat is transported512

through the TEM as A grows, because decreasing fa increases513

the fraction of air, and air has poor heat transfer properties.514

Thus, the temperature on the hot side increases, and the tem-515

perature at the cold side of the TEG decreases, as fa decreases.516

In order to probe this dependence, we plotted Th and Tc as func-517

tions of fa for given values of hcw and crad. The result is plotted518

for the base value of crad in Fig. 10a.519

In agreement with the trends observed by Børset et al. [31], the520

maximum power density increases with decreasing fractional521

area as shown in Fig. 10c. The average power density also con-522

tinues to increase with decreasing fractional area in Fig. 10d. In523

this scenario, the effect of changing the cooling capacity is not524

very pronounced, with the average power density changing by525

only 4 W/m2 by quadrupling the cooling capacity.526

Since the TEM transfers heat more efficiently than air, a smaller527

amount of heat is transferred from the hot side to the cold side528

when the fractional area decreases. Therefore it takes a longer529

time for the hot side of the TEG to cool down with a smaller530

fractional area, once the temperature of the heat source is de-531

creasing. This is reflected by a steeper temperature gradient532

as shown in Fig. 10a as well as a broadening of the profile of533

the time dependent current generated by the TEG normalized534

by the peak value, as shown in Fig. 10b. The broadening of535

the current profile implies that the average power density in-536

creases more than the peak power density as the fractional area537

decreases.538
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Figure 9: Peak temperatures at the hot-side and the cold-side of the TEG with two different cooling capacities.

5.5. Enhancing the performance of the TEG by simultaneously539

changing its design and location540

In this section, we shall explore the potential to further enhance541

the performance by simultaneously changing the design and the542

position of the TEG. While reducing the fractional area when543

the TEG is at a fixed position improves its performance, it does544

not necessarily improve the TEG’s performance when the lo-545

cation is changed simultaneously. For a given hcw and fa, the546

optimal position of the TEG corresponds to the location where547

the TEG can be placed as close as possible to the silicon melt548

without exceeding the material stability limits of the p/n semi-549

conductors. The resulting peak and average power density are550

plotted in Figs. 11a and 11b. These figures represent the best551

case performance of the TEG for a given design and cooling552

capacity.553

We can see that the location of the peak power density and554

the average power density shifts towards higher fractional areas555

with a higher cooling capacity. With a higher fractional area,556

a larger heat flux can pass through the TEMs with the same557

temperature gradient, and a higher power density can thus be558

generated. Both the peak power density and the average power559

densities exhibit maxima as functions of the fractional area for560

all cooling capacities that have been studied. These peaks corre-561

spond to a fractional area where the hot-side and and cold-side562

break down for the same crad - that is, the crad for which the563

hot-side peak temperature is 653 K, while the cold-side peak564

temperature is 453 K. Beyond the maxima, the aluminum cold-565

side reaches its stability limit first. This limits how high the566

aluminum hot-side temperature can become, therefore restrict-567

ing the power output.568

The optimal combination of fa and crad depends strongly on the569

cooling capacity of the system. For higher cooling capacities,570

the hot side of the TEG reaches the stability limit first. For this571

case, it is beneficial to move the TEG towards the silicon melt572

to increase the temperature gradient across the TEG instead of573

reducing the fractional area.574

Figure 11c shows that the ratio of the average to the peak power575

density increases with smaller fractional areas in the region fa ≥576

0.3. In this region, the hot-side and the cold-side temperatures577

begin to flatten out. For high fractional areas, the difference578

between the hot side-temperature and the cold-side, and like-579

wise, the difference between the peak power density and the580

average power density in the tail end is small, so the ratio be-581

tween the peak power density and the average power density582

is almost constant, but shows a slight increase for hcw = 105583

W/m2K−1.584

Table 3 summarizes the maximum power density and the av-585

erage power density generated for different cooling capacities,586

given that both the optimum design and location of the TEG587

have been identified. As discussed in section 5.3, with a lower588

cooling capacity, the aluminum cold side reaches the material589

stability limit first. The TEG can be moved closer to the silicon590

melt with higher cooling capacities. The average power density591

is in all investigated cases about 7-10% of the peak power den-592

sity. The maximum attainable power density was found to be593

1971 W/m2.594

For the optimal position of the TEG, quadrupling the con-595

vective heat transfer coefficient hcw from the base value of596

105 W/m2K−1 increases the maximum power output by 385%,597

while the average power density increases by 217%. Since the598

ratio of the average power density to the peak power density599

was between 7-10% in all investigated cases, the most effi-600
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(b) The temperature difference and current (inset plot), both nor-
malized by the peak, for two different values of fa, and for
base crad = 0.036, and hcw = 105 Wm−2K−1. For a small frac-
tional area, the width of the curve is broader.
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(c) Maximum power density generated as a function of
fractional area, for base case crad, for different cooling
capacities. The circles represent simulation points.
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(d) Power density averaged over one period as a function
of the fractional area, for base case crad, as a function
of fa for different cooling capacities. The circles rep-
resent simulation points.

Figure 10: Performance and characteristics of the TEG for changes in the fractional area.
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(a) Maximum power density generated as a function of
fa, for optimized crad, for different cooling capacities.
The circles represent simulation points.
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(b) Power density averaged over one period as a function
of fa, for optimized crad, for different cooling capaci-
ties.The circles represent simulation points.
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(c) Ratio of maximum power density to average power
density as a function of fa, for optimized crad,for differ-
ent cooling capacities. The circles represent simula-
tion points.

Figure 11: Evaluating the optimal performance of the TEG as a function of the fractional area with simultaneous changes in its design and location.

Table 3: The peak power density and the average power densities generated
under physically admissible conditions for different values of hcw. For each
value of hcw, the power density was found as a function of fa. The optimum
values of crad corresponding to each fa are reported.

hcw (Wm−2K−1) crad/c0
rad fa Ppeak(W/m2) Pav (W/m2)

105 1.7 0.15 406 46
210 2.8 0.30 977 80
420 5.3 0.65 1971 146

cient way to increase the average power density generated by601

the TEG is to increase the peak power density. However, the602

magnitude of the peak power density is limited by material con-603

straints. Since the design of the TEG influences the power ratio604

(Fig. 11c), future work should be performed to find avenues to605

alter the TEG design or operation conditions to investigate its606

effect on the final power output. A possible venue for further in-607

creasing the performance of TEGs that operate under dynamic608

conditions could be to use the cooling capacity as control vari-609

able.610
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6. Conclusion611

In this work, we have investigated the potential of using ther-612

moelectric generators (TEGs) to recover waste heat in a sili-613

con production plant, where the average temperature of the heat614

source varies periodically with time.615

In a silicon production plant, silicon is cast periodically in616

batches lasting for about two hours. A TEG with a 0.5 m ×617

0.5 m surface area and 6 × 6 bismuth-telluride thermoelectric618

modules (TEMs) was placed at a fixed position in the silicon619

production plant. Key parameters like the power density gener-620

ated by the TEG and the temperature of the heating block were621

measured. We found that the power density follows a periodic622

profile where a peak power density was reached after about 30623

minutes, before the power started to decrease.624

Next, we developed transient mathematical models of the TEG625

and the silicon melt that were capable of reproducing the ex-626

perimental results, both at steady-state and under transient con-627

ditions. We then used the model to explore the potential of the628

TEG to recover waste heat under the transient operation con-629

ditions of a silicon production plant. We found that the power630

density generated by the TEG depended on several parameters,631

such as the position and angle of the TEG relative to the heat632

source, the cooling capacity, and the design of the TEG. For all633

the cases we investigated, the average power density generated634

during one casting period was only 7% - 10% of the peak power635

density.636

The temperatures of the cold or the hot side of the p/n semi-637

conductors at the time when the peak power density is reached638

determine how close to the silicon melt the TEG can be placed.639

For low cooling capacities, the temperature at the cold side of640

the p/n semiconductor was the limiting factor, but for higher641

cooling capacities, the temperature at the hot side was found to642

be the limiting factor.643

By bringing the TEG closer to the heat source, we found that the644

average power density and the peak power density increased.645

However, bringing the TEG closer to the heat source demanded646

that the cooling capacity of the TEG was improved in compar-647

ison to the reference case, so that the TEG could withstand the648

resulting high temperatures. When the heat transfer coefficient649

at the cold side of the TEG, hcw, was increased from 105 to650

210 Wm−2K−1, the maximum attainable peak power density in-651

creased by 187%, and when hcw was further increased from 210652

to 420 Wm−2K−1, the corresponding the peak power density in-653

creased by another 46%.654

A typical design parameter of TEGs is the fractional area,655

which is defined as the ratio of the total area of the TEMs to the656

total system cross-sectional area. In a scenario where the loca-657

tion of the TEG has been fixed beforehand, we found that the658

power output could be increased by decreasing the fractional659

area. This is also beneficial from an economic perspective,660

since less modules can be used. By decreasing the fractional661

area, the temperature gradient through the TEG increased, but662

the heat flux decreased. This resulted in the broadening of the663

current profile as a function of time.664

For a situation in which both the position of the TEG and the665

fractional area were allowed to change and the TEG was posi-666

tioned as close to the heat source as possible without exceed-667

ing the material constraint, we found that there was an opti-668

mum fractional area which depended on the cooling capacity.669

The peak power density and the average power density reached670

maximum values beyond which the power as a function of the671

fractional area declined. We found that beyond the maxima,672

the aluminum cold-side reached the material stability limit be-673

fore the aluminum hot-side. This limits the reachable hot-side674

temperature, thus restricting the power output.675

It was possible to obtain a power density density as high as676

1971 Wm−2 under optimum conditions, however, the average677

power density produced during a casting period was only 146678

Wm−2.679

The temperature constraints of the p/n semiconductors in the680

bismuth-telluride thermoelectric elements limit the maximum681

achievable power density. The temperature of the TEG is high-682

est when maximum power is being produced, which then limits683

the maximum attainable power. Future work to enhance the684

performance of TEGs operating under transient environment of685

a metal casting plant should therefore aim at increasing the ra-686

tio of the average power density to the maximum power den-687

sity. This could possibly be achieved by controlling the cooling688

of the TEG in such a way that the temperature difference of689

the TEG is maintained when the heat source temperature be-690

gins to decrease, or alternatively by changing the design of the691

TEG.692
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