
 

1 

 

Proactive Operation of Electric Vehicles in Harmonic Polluted 1 

Smart Distribution Networks 2 
 3 

Sasan Pirouzi1, Jamshid Aghaei1, Taher Niknam1,  4 

Hossein Farahmand2, and Magnus Korpås2 5 
 6 

1Department of Electrical and Electronics Engineering, Shiraz University of Technology, Shiraz, Iran 7 
2Department of Electric Power Engineering, Norwegian University of Science and Technology (NTNU), Trondheim NO-7491, Norway 8 

 9 
*Corresponding Author: J. Aghaei, Department of Electronics and Electrical Engineering, Shiraz University of Technology, Shiraz, Iran, phone: +98-912-10 
5865573; fax: +98-71-37353502; e-mail:  aghaei@sutech.ac.ir 11 
 12 

 13 

Abstract— This study proposes combined framework for proactive operation, i.e. bidirectional active and reactive power 14 

management, of the smart distribution network as well as harmonic compensation of non-linear loads using electric vehicles 15 

(EVs) equipped with bidirectional chargers. The problem is in the form of non-linear programming (NLP) where the objective 16 

function is to minimise the voltage deviation at the fundamental frequency and the total harmonic distortion. The harmonic load 17 

flow equations, EVs constraints, system operation and harmonic indexes limits are formulated as problem constraints. The 18 

proposed NLP problem is converted to an equivalent mixed integer linear programming (MILP) model using Taylor series and 19 

linearisation techniques for AC power flow formulation. Also, the Benders decomposition (BD) algorithm is used to solve the 20 

proposed MILP problem that is tested on different distribution test networks to demonstrate its efficiency and performance. The 21 

results show that the NLP model can be substituted with the high-speed linear programming model. Moreover, the computation 22 

speed is improved by using the BD method. Finally, the network and harmonic indexes improved and charging cost reduced 23 

using the proposed idea. 24 

 25 

Index Terms— Electric Vehicles (EVs), Proactive Operation, Harmonic Compensation, Total Harmonic Distortion (THD), 26 

Mixed Integer Linear Programming (MILP), Benders Decomposition (BD).  27 
 28 
Nomenclature 29 

1) Indices and Sets: 30 
(b,j), t, h, l, k Indices of bus, time, harmonic, linearization segments of voltage magnitude term and circular constraint   
b, t, h, l, k  Sets of bus, time, harmonic, linearization segments of voltage magnitude term and circular constraint   

2) Variables: All variables are in per unit (pu) 31 

ID, IE, IG, IL Load, parking lot, station and line current 
PB, W, QC Active power and energy of total batteries and reactive power chargers in the parking lot 
PE, PG, PL Parking lot, station and line active power 
PE+, PE-  Positive and negative part of PE 
PLC, QLC       Active and reactive power loss of chargers in the parking lot 
QE, QG, QL Parking lot, station and line reactive power 
QE+, QE-  Positive and negative part of QE 
S, U, I Apparent power, complex voltage and current 
THDv 

Voltage THD without unit   

V, V,  Magnitude, deviation and angle of voltage  
xp, xq  Binary variables in linearization of PE and QE  
3) Constants: 32 
A Bus incidence matrix (if line existed between buses b and j, Ab,j is equal to 1,otherwise zero) 

ABC, W0 
All battery capacity and initial energy in parking lot in pu 

ar, aim Coefficients of active power loss of chargers  
br, bim Coefficients of reactive power loss of charger  
g, b, y Line conductance, susceptance, admittance in pu 

HF Harmonic factor current without unit 
IEmax, SEmax Maximum current & power of parking lot in pu 

IGmax, SGmax Maximum current and power of station in pu  
ILmax, SLmax Maximum current and power of line in pu 
PBmax Charge rate of all batteries in parking lot in pu 
PD, QD, SD Active, reactive and apparent load in pu 
Tstep   Time step in hour 
THDmax Maximum voltage THD without unit 
TPF Tangent value in minimum power factor point 
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Vmax, Vmin, Vref Maximum and minimum voltage and voltage magnitude for reference bus in pu 
Y The network admittance matrix in pu  

 33 

1 Introduction 34 

The electric vehicles (EVs) are new technology to reduce the environmental pollution and emissions, and also, the main types of 35 

EVs such as plug-in hybrid electric vehicles (PHEVs) are connected to the network to provide electrical energy to the batteries. 36 

Moreover, the EVs are often connected to the network at the peak load times resulting in high demand of energy at the peak 37 

hours, increasing of power losses, voltage drop, congestion of lines and energy cost [2-5]. It is noted that, the EV battery is 38 

connected to the network through a charger including AC-DC and DC-DC converters [6]. Generally, the EVs use a 39 

unidirectional chargers that tranfer the energy in one direction, i.e., network to battery, and inject the harmonic current to the 40 

network [6, 7]. Hence, the network power quality is reduced and the life time of electrical equipments of the network would be 41 

degraded or corrupted [7-9].   42 

For decreasing energy demand at the peak hours, several researches have presented the energy management of EVs in the power 43 

network [10]-[18]. The authors of [10] and [11] considered the charging management as the EVs energy management using an 44 

optimization framework for minimizing network load variation and energy cost. Based on the results of these works, the EVs are 45 

charged at low load period and hence, the penetration rate of EVs into network is increased. It is noted that the term of 46 

“penetration rate of EVs” refers to rate of number of EVs that plugged into network and total EVs that want to connected into 47 

network. In this condition, the network operation indices such as voltage of buses could not be improved at the all period, 48 

because, EVs only are charged or not discharged in the previous works in the area. Hence, the EVs acts as load. But, the 49 

penetration rate of EVs and the network indexes have been improved based on the results of [12]-[18]. In [12]-[14], the EVs 50 

energy management strategy refers to charging/discharging management of EVs batteries. [15] and [16] used energy 51 

management of EVs as the charging/discharging management of EVs’ batteries, and distributed generations (DGs) such as solar 52 

and wind systems, and [17] and [18] have presented proactive operation (active and reactive power management) in the 53 

distribution network using EVs.  54 

To decrease the harmonic current injection into the network, [19] and [20] have suggested to change the structure of EVs’ 55 

charger to a bidirectional charger. This charger can control active and reactive power in two sides, i.e., network to charger and 56 

charger to network, and can control harmonic current. In these works, the metering point is terminal point of the bidirectional 57 

charger, thus, the total harmonic distortion (THD) of the current for the new EVs’ charger has been reduced. But, [21] proposes 58 

that if EVs are charged by group instead of individually, accordingly the current THD for the group of EVs is less than the 59 

current THD for the individual EV. Finally, the problem model of the [10]-[18] is as NLP, and generally, these reference 60 

proposed active power management in the network. Also, [19]-[21] considered harmonic compensation of EVs.    61 

Based on the results of [19] and [20], the EVs’ bidirectional charger is designed in such a way to control the harmonic current of 62 

its terminal while metering point is the charger output point. Accordingly, it compensates only the EVs’ current harmonics. 63 

However, the EVs’ bidirectional charger can control the harmonics of the load current if the load terminal is selected as the 64 

metering point. The structure of AC-DC converter in the bidirectional charger like the FACTS devices such as D-STATCOM or 65 

STATCOM [22, 23] can control the load harmonic current. Accordingly, this paper presents an optimization approach to 66 

consider joint proactive operation of active an reactive power of the smart energy distribution network and harmonic 67 

compensation of non-linear loads using EVs bidirectional charger. Hence, the harmonic load (power) flow (HLF) is expressed 68 

for the distribution network operation at the first step. Also, the deterministic optimization of the problem is extracted in the form 69 

of the non-linear problem with the objective of minimizing the voltage deviation at the fundamental frequency and the voltage 70 

THD subject to the HLF equation, system operation limits, EVs and harmonic indexes constraints. While solving the non-linear 71 

programming problems is intractable and revealing local optimal solution due to non-linear properties of the problem, therefore, 72 

the equivalent mixed integer linear programing (MILP) model of the non-linear problem is expressed in the next step. At the last 73 

step, to accelerate the solution speed, the Benders decomposition (BD) is used to solve the MILP problem.  In other words, for 74 

large scale networks, the calculation time is still a challenge even with linear formulations. To deal with this issue, 75 

decomposition approaches such as [24, 25] should be implemented. Therefore, to the best of authors’ knowledge, the 76 

contributions of this paper with respect to the previous ones are threefold: 77 

— Proactive operation of the active and reactive power and compensating non-linear load harmonic in a distribution network 78 

simultaneously using EVs’ bidirectional charger.   79 

— Nonlinear modeling of the proactive operation problem of combined active and reactive power management and harmonic 80 

compensation using EVs while considering the minimization of the voltage deviation at the fundamental frequency and the 81 

voltage THD as objective functions. 82 

— Presenting a tractable equivalent MILP model for the proposed problem to have global optimal solution.     83 

— Using the Benders Decomposition (BD) approach to accelerate the solution of the MILP problem. 84 

Finally, Section 2 describes the harmonic load flow in the distribution network, and Section 3 expresses the original NLP model, 85 

MILP model and solution method. Sections 4 and 5 demonstrate numerical simulations and conclusions, respectively. 86 

2 Harmonic load flow 87 
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There are different non-linear loads in the distribution networks, hence, the waveform of the network quantities are not 88 

sinusoidal. Therefore, the conventional load flow (CLF) cannot be used for the harmonic polluted networks. In this condition, 89 

harmonic load flow (HLP) should be implemented to account for fundamental and harmonic frequencies. In the HLF, the 90 

apparent power for each bus is represented as follows [26, 27]: 91 

   
*

h

h h
b b b

h

S U I


   (1) 

Where, h is the harmonic order. Based on the equation (1), two models are considered for HLP [26, 27]: 92 

— HLP model I: the power components are presented only at the fundamental frequency.   93 

— HLP model II: the power components are presented at both the fundamental frequency and harmonic frequencies.   94 

1) HLP model I: in this model, the injected apparent power of a bus is calculated by the voltage and injection current of the 95 

bus at the fundamental frequency that presented in equation (2) same as the CLF [26-28].  96 

 
*

1 1
b b bS U I  (2) 

Note that, this model needs to calculate the injection current according to (3) that is called current flow at the harmonic 97 

frequencies [26-28]. In this equation, the network admittance matrix depends on the harmonic frequency, hence, the index of h is 98 

used in this formula. Therefore, the HLP model I uses the equation (2) same as the CLF, and equation (3). 99 

,

b

h h h
b b j j

j

I Y U


   (3) 

2) HLP model II: in this model, the injected apparent power of a bus is calculated by the voltage and injection current of the 100 

bus at the fundamental and harmonic frequencies that presented in equation (1) [26, 27]. Also, the equation (3) is used for 101 

calculating the injection current and voltage at the harmonic frequencies. 102 

3 Problem formulation  103 

3.1  The Original Model       104 

In this section, the proposed deterministic NLP problem model is presented based on Fig. 1. The objective function of this 105 

problem is minimization of the voltage deviation at fundamental frequency and voltage THD to investigate EVs’ capability to 106 

improve the voltage profile, compensate the nonlinear load harmonic and motivate EVs for energy, power and harmonic current 107 

control. In the proposed model, the following assumptions are considered:  108 

— While the main aim of this paper is to investigate the capability of EVs equipped with bidirectional chargers for proactive 109 

operation and harmonic compensation, hence, the capacitor, distributed generation and other power elements are not 110 

considered in the proposed model. However, they are straight forward to be included in the formulation.  111 

— EVs are connected into the distribution network at the parking lot or parking of the apartment after their last trip. 112 

— The HLP model I is used in this paper. 113 

 114 
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 115 
Fig. 1. The structure of EV connection to the network 116 

 117 

Therefore, the proposed problem minimises the voltage deviation at fundamental frequency and voltage THD, and it is subjected 118 

to the HLP constraints, system operation limits, EVs or parking lot constraints, constraints of harmonic indexes. 119 

1) Objective function: the first term of the objective function (4) refers to the voltage deviation, and the voltage THD is 120 

expressed in the second part of the objective function. It is noted the dimensions of both terms are the same. Based on the first 121 

term, the voltage at the harmonic frequency may be increased however the voltage at the fundamental frequency will be reduced.  122 

2

, ,1
,

,
min

V

b t

b t ref V
b t

V THD
refb t

V V
THD

V
  

   
   

   

  (4) 
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2) The HLP constraints: these constraints are presented in the equations (5) to (12). Constraints (5) to (9) indicate the load 123 

flow equations that include active power balance (5), reactive power balance (6), active and reactive power flow of lines (7) and 124 

(8), and the value of the voltage angle in the reference bus (9) [29]. Equation (10) and (11) present the relationship between the 125 

injection current, i.e., IG, IE, ID, and voltage at the harmonic frequency [26]. Equation (12) expresses that the harmonic current 126 

of the load is the pre-determined percentage of the load apparent power. Also, PG, QG and IG in the network buses except the 127 

substation bus are equal to zero based on the first assumption. 128 

, , , , , , ,

b

b t b t b j b j t b t

j

PG PE A PL PD b t


     (5) 

, , , , , , ,

b

b t b t b j b j t b t

j

QG QE A QL QD b t


     (6) 

, ,1 , ,2
, , , ,1 , ,1 , ,1 , ,1

, ,1 , ,

cos( )
( ) , ,

sin( )

b j b t j t

b j t b j b t b t j t
b j b t j t

g
PL g V V V b j t

b

 

 

  
   

   
 (7) 

, ,1 , ,2
, , , ,1 , ,1 , ,1 , ,1

, ,1 , ,

cos( )
( ) , ,

sin( )

b j b t j t

b j t b j b t b t j t
b j b t j t

b
QL b V V V b j t

g

 

 

  
    

   
 (8) 

, 0 ,b t b referencebus t     (9) 

, , , , , , , , , , , , 1

b

b t h b t h b t h b j b j t h

j

IG IE ID A IL b t h


      (10) 

 , , , , , , , , , , , , 1b j t h b j h b t h j t hIL y V V b j t h     (11) 

, , , , , , 1b t h b h b tID HF SD b t h    (12) 

3) System operation limits: constraints (13) to (16) indicate the system operation limits that include voltage bus, line power 129 

flow, station power and equivalent station power factor limits [29]. Note that the distortion power in the lines and stations are not 130 

considered in the equations (14) and (15), respectively. Because, the distortion power depends to the voltage and current at the 131 

harmonic frequency, hence, the value of this power is less than the main active and reactive powers. Therefore, this power has 132 

been ignored in these equations. Also, the equation (16) shows the equivalent station power factor, that TPF is equal to the tan 133 

(arcos (minimum power factor)), while the minimum power factor is considered 0.9.     134 
min max

, ,1 ,b tV V V b t    (13) 

2 2 max 2
, , , , ,( ) ( ) ( ) , ,b j t b j t b jPL QL SL b j t    (14) 

2 2 max 2
, ,( ) ( ) ( ) ,b t b t bPG QG SG b t    (15) 

, , , ,b t b t b tTPF PG QG TPF PG b t      (16) 

4) EVs or parking lot constraints: these constraints are introduced in (17) to (27) that indicate the active power balance 135 

between network and all EVs’ batteries in the parking lot, (17), reactive power balance between network and all EVs chargers in 136 

the parking lot, (18), active and reactive power losses of all EVs chargers in the parking lot, (19) and (20), energy of all EVs 137 

batteries in the parking lot, (21) to (23), energy, (24), charge/discharge rate, (25), charger capacity, (26), and harmonic current, 138 

(27), limits of all EVs in the parking lot [22]. In fact, the active power loss equation of the charger for charging and discharging 139 

modes is not the same [30], but, this difference is negligible. Hence, in this paper, the same equation is considered for active 140 

power loss of the charging and discharging modes. Also, in equations (21) to (23), W0 indicates the initial energy of all EVs that 141 

connected to the network in the parking lot at hour t (NEVt). Initial energy of the EV’s battery (IEEVB) is equal to SOC×BC that 142 

SOC and BC are the state of charge and battery capacity, respectively [2]. The SOC introduces the percentage of the remained 143 

energy in the EV battery, and this term depends to the driving distance of the EV in the electric mode (L). Hence, the SOC is 144 

expressed as (1  L/AER), where all electrical range (AER), presents the total distance that EV derives in the electric mode based 145 

on its battery capacity [2]. Therefore, W0 at the hour t is formulated as 0

1

t

i

NEV

t
i

W IEEVB


 . In addition, the parameter of ABC is 146 

equal to the summation of all EVs battery capacity in the parking lot.  147 

, , , ,b t b t b tPE PB PLC b t  
 

(17) 

, , , ,b t b t b tQE QC QLC b t  
 

(18) 

, , , ,b t r b t im b tPLC a PE a QE b t  
 

(19) 

, , , ,b t r b t im b tQLC b PE b QE b t  
 

(20) 

0
, , , , 1b t b t step b tW W T PB b t   

 
(21) 
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0
, , 1 , , , 1b t b t b t step b tW W W T PB b t    

 
(22) 

, , 24b t bW ABC b t  
 

(23) 

, 0b tW 
 

(24) 

max max
, , , ,b t b t b tPB PB PB b t   

 
(25) 

2 2 max 2
, , ,( ) ( ) ( ) ,b t b t b tPE QE SE b t  

 
(26) 

max max
, , , , , , , ,b t h b t h b t hIE IE IE b t h   

 
(27) 

5) Constraints of harmonic indexes: equations (28) to (31) introduce the harmonic index constraints that include voltage THD 148 

equation [31], voltage THD limit that is 5% based on IEEE 519 standard [32], the station current limit and the line current limit 149 

at the harmonic frequency. 150 

 

 

2

, ,

, 1

, 2

, ,1

,h

b t h

h hv
b t

b t

V

THD b t
V

 
 



 (28) 

max
, ,v

b t bTHD THD b t 
 (29) 

max max
, , , , , ,b h b t h b hIG IG IG b t h   

 (30) 
max max

, , , , , , , , , ,b j h b j t h b j hIL IL IL b j t h   
 (31) 

3.2  The MILP Model       151 

The proposed problem presented in previous subsection is as NLP model duo to non-linear equations of (4), (7), (8), (19), (20) 152 

and (28), and circular inequality (14), (15) and (26). Also, NLP problems are intrinsically more difficult to solve with respect to 153 

linear problems, and there is no guarantee to reach optimal solution [29]. Hence, in this paper, a MILP model is proposed to the 154 

original NLP problem as follows:  155 

1) Linear approximation to HLP equations: constraints (7) and (8) in the HLP model are non-linear equations. For linear 156 

approximation of these constraints, this paper considers the following assumptions [29]: 157 

— The difference of voltage angle between two buses (across a line) is less than 0.105 radian. 158 

— The voltage magnitude at the fundamental frequency can be written as min

l

l

l

V V



   based on the piecewise linearization 159 

method [33] and Fig. 2, wherein V << 1.  160 

It is expressed that the difference of voltage angle across a line is less than 0.105 radian based on power flow results of different 161 

distribution networks [34-36] that is shown in table 1. Therefore, based on the first assumption, sin (b-j) and cos (b-j) are 162 

equal to (b-j) and 1, respectively. Also, based on the second assumption, V2 and VbVj are respectively equal to: 163 

 
2

2 min

l

l l

l

V V m V


    (32) 

 
2

min min min
, ,

l l

b j b l j l

l l

V V V V V V V
  

       (33) 

where m is the line slope. It is noted that V2, V×(b-j) and (b-j)2 are negligible, and these terms are considered to be zero in 164 

this paper. Therefore, the linear approximation of equations (7) and (8) are as follows:  165 
Table 1: Maximum difference of voltage angle across a line.  166 

Network 33-Bus 69-Bus 123-Bus 

Maximum value of (i-j) -0.004 -0.006 -0.009 

 167 
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 168 
Fig. 2. The piecewise linearization method [33] 169 

 

 

min
, ,1,

, , , ,1
min

, ,1,

2
min

, ,1 , ,( ) , ,

l

l b t l

b j t b j

l j t l

b j b t j t

m V V
PL g

V V

V b b j t



 



  
 
   

  


 

(34) 

 

 

 

min
, ,1,

, , , ,1
min

, ,1,

2
min

, ,1 , ,( ) , ,

l

l b t l

b j t b j

l j t l

b j b t j t

m V V
QL b

V V

V g b j t



 



  
  
   

  


 

(35) 

2) Linear approximation of system operation limits: constraint (13) is written as follows based on the second assumption of 170 

the previous subsection:   171 
max

, , , ,b t lV V b t l     (36) 

where V is positive variable based on Fig. 2, and Vmax is equal to (Vmax-Vmin)/Nl, where Nl is the number of linearization 172 

segments of the voltage magnitude term. Constraints (14) and (15) are as circular inequality. Based on idea in Fig. 3, the linear 173 

approximation equations of these constraints are written as follows: 174 
max

, , , , ,cos( ) cos( ) , , ,b j t b j t b jk PL k QL SL b j t k         (37) 

max
, ,cos( ) cos( ) , ,b t b t bk PG k QG SG b t k         (38) 

Based on the above equations, the circular constraint is approximated by a polygon. Each edge of the polygon is a straight line 175 

and their equations are obtained from the tangents to the circle at different points as shown in Fig. 3 [37]. In other words, these 176 

equations linearized based on Fig. 3, but it is noted that in the case of a small number of piece-wise linear sections, the error 177 

value in this method would be high. Therefore, the number of piece-wise linear sections with different angles from horizontal 178 

axis should be increased to reduce the linearization error. Hence, the 360 degrees of circle perimeter are divided into equal parts 179 

α. Then, the line equation is linearized for each kα, where k is the linearization segments index. Finally, the calculated line 180 

equation is integrated into a circle with a radius less than or equal to S.  181 

 182 

ΔV 

V2  

V
  

Segment l 

Line slope: ml 

Vmin 

(Vmin)2 
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 183 
Fig. 3. Linearization of circular constraint. 184 

3) Linear approximation to parking lot constraints: constraints (19) and (20) in the EVs or parking lot constraints, are non-185 

linear equations due to the absolute terms of |PE| and |QE|. For linearization, PE and QE are converted to two positive (≥0) and 186 

negative (≤0) parts. Therefore, the absolute terms of |PE| or |QE| can be written as (PE+ - PE-) or (QE+ - QE-), while PE+, PE-, 187 

QE+ and QE- have been positive value.     Hence, the constraints (19) and (20) are substituted by the following equations: 188 

 

 
, , ,

, , ,

b t r b t b t

im b t b t

PLC a PE PE

a QE QE b t

 

 

 

    

(39) 

 

 
, , ,

, , ,

b t r b t b t

im b t b t

QLC b PE PE

b QE QE b t

 

 

 

    

(40) 

, , , ,b t b t b tPE PE PE b t   
 

(41) 

, , , ,b t b t b tQE QE QE b t   
 

(42) 

max
, , , ,b t b t b tPE SE xp b t  

 
(43) 

max
, , ,(1 ) ,b t b t b tSE xp PE b t   

 
(44) 

max
, , , ,b t b t b tQE SE xq b t  

 
(45) 

max
, , ,(1 ) ,b t b t b tSE xq QE b t   

 
(46) 

It is noted that if PE+ (QE+)  0, PE- (QE-) is equal to zero. Thus, the equations (43)-(46) used in the linearization equations of 189 

(19) and (20). In addition, the constraint (26) is as circular inequality that is converted to the linear constraint as follows:  190 
max

, , ,cos( ) cos( ) , ,b t b t b tk PE k QE SE b t k       (47) 

4) Linear approximation of harmonic index constraints: constraint (28) is a non-linear equation. For linearization, the 191 

following constraints are used as an equivalent equation of (28) and (29):  192 
max

, , , , , 1b t h b hV V b t h  
 (48) 

Where, 
max
,b hV  is 3% of Vb,t,1 based on IEEE 519 standard [32]. It should be noted that Vb,t,h is a positive variable.  193 

5) Linear approximation of objective function: for linearization of the first part of the objective function (voltage deviation), 194 

the term of (V-Vref)2 is converted to (V2-2VrefV+Vref
2) in the first step. In the next step, the first part of the objective function is 195 

rewritten as the following linear equation based on the second assumption of section 3.2-1: 196 

   
2

min
, ,1

2

   

2

  

l

b t

ref l ref b t

l

refb t

V

First part of the objective fu

V m V V

V

nction



 



 

 



 


 
(49) 

Furthermore, the second part of the objective function is changed to the following linear equation based on the equivalent 197 

equation of section 3.2-4: 198 

k={1, …, nk = 6}, Δ𝛼=2π/nk =π/3  

Second tangent line (k=2), the line equation is: 

  

And second feasible region: 

 

  

  

  

 

  

Feasible region of  
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, ,
     

b t h

b t h

refb t h

Second part of the objective function
V

V
    

  
(50) 

Therefore, the MILP model of the original problem is written as follows:  199 

,min (49) (50)V V Eq Eq 
 (51) 

Subject to: 200 

(5), (6), (9)-(12), (16)-(18), (21)-(25), (27), (30), (31), (34)-(46) (52) 

3.3  Solution Method       201 

Due to the presence of the complicating constraints, i.e., (36)-(38), to accelerate the optimization problem, the BD algorithm is 202 

used [38]. The base problem, i.e., (51) and (52) without (36)-(38) solved in the master problem. Then the system operation 203 

limits, i.e., (36)-(38), are checked based on the output results of the master problem. This step is called the sub-problem and its 204 

model presented as follows: 205 

min sp
S

F S  (53) 

Subject to: 206 
max

, , , , ,1 , , ,1(36) : , ,b t l b t l b t lLeft sideof Eq S V b t l     (54) 

max
, , , , , , ,2 , , , , ,2(37) : , , ,b j t k b j t k b j b j t kLeft sideof Eq S SL b j t k    (55) 

max
, , , , ,3 , , ,3(38) : , ,b t k b t k b b t kLeft sideof Eq S SG b t k    (56) 

In the above problem, S (≥0) and π are the slack and dual variables, respectively. In this algorithm, if the proposed problem 207 

has not converged (|Fsp|≥, which  is BD convergence tolerance), the Benders cut is added to the master problem which is 208 

reformulated as (55) [38]. This process is continued until the problem is converged (|Fsp|≤). The flowchart of implementing BD 209 

for the proposed problem is shown in Fig. 4.  210 

(36) (38)

( ) ( ) 0i

i

right side left side of Eq i
 

     (57) 

 Solve the initial master problem, i.e., 

(51) and (52) without (36)-(38) 

 

Solve the master problem with cuts 

  

Solve the sub-problem, i.e., (53)-(56) 
  

|W|≤ 

 

Add a Benders cut to the master problem, i.e., (57) 

  

No  

Converged 

solution (stop) 

 

Yes 

 211 
Fig. 4. BD algorithm to solve proposed problem. 212 

 213 

4 Numerical results and discussion   214 

4.1  Case Study Data       215 

The radial 33-bus distribution network is used as the test network that its characterization such as line, load and etc presented in 216 

[34]. The time interval or Tstep is one hour, and the start time for the simulation studies is 10:00 A.M due to equations (21)-(24). 217 

These equations in hour t depend on hour t – 1. The loads data at the peak load time is based on [34], and loads at non-peak times 218 

are obtained by using multiplying loads in peak load condition and load percent curve, shown in Fig. 5. The maximum and 219 

minimum voltages are 1.05 and 0.9 per unit, respectively, and the voltage magnitude for reference bus (bus 1) is equal to 1 per 220 

unit. The non-liner load is 6-pulse converter that is plugged to the network in buses of 4, 7, 10, 13, 18, 21, 25, 27, and 30. 221 

Harmonic factor current (HF) is presented in Table 2. Three groups of EVs’ number are considered in the parking lot, and each 222 

bus has a parking lot. Indeed, the EVs’ number is 21, 30, 60 if the range of active load in per unit is (0, 0.1), (0.1, 0.2) and (0.2, 223 
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>0.2), respectively. Also, EV characteristics are presented in Table 3. In (39) and (40), the ar, aim, br and bim are same for all EVs 224 

and are equal to 0.09, 0.0475, 0.02 and 0.02, respectively. Also, the IEmax is considered to 10% of SEmax and 5%  SEmax for 2  h 225 

 20 and h  21, respectively. Moreover, ILmax and IGmax is considered 4%, 2%, 1.5%, 0.6% and 0.3% of maximum power of line 226 

and station for h < 11, 11  h < 17, 17  h < 23, 23  h < 35 and h  35, respectively based on standard of IEEE STD. 227 

P519.1/D9A [39]. Noted that since the voltage of bus 18 in a 33-bus network is less than other buses based on [34], therefore the 228 

bus 18 has been selected for the investigation of the network voltage in this paper.  229 

  230 
Fig. 5. Daily load percent curve [2]. 231 

 232 
Table 2: The value of harmonic factor current [34].  233 

H 1 5 7 11 13 17 19 

HFp  1 0.2 0.143 0.091 0.077 0.059 0.053 

H 23 25
 

29 35 37 41 43 

HFp 0.043 0.04 0.034 0.029 0.027 0.024 0.015 

 234 
Table 3: Characteristics of EV.  235 

Battery capacity (KWh) [6] BC≤8 8≤BC≤15 BC≥15 

State of charge [2]  0 0.15 0.25 

Charger capacity (kVA) [6] 3.3 4.6 6.6 

Charging time (h) [6] ≤4 2-4 ≥2.5 

Charge rate (kW) [6] 2 4 6 

EVs in each group (%) [2] 20 60 20 

 236 

4.2  Results       237 

In this paper, the GAMS 23.5.2 software and CPLEX solver is used for programming of the proposed problem model [40].  238 

1) Comparison of MILP and NLP Models: For this case study, the number of the linearization segments of the voltage 239 

magnitude term and circular constraint is 4 and 180, respectively. Table 4 shows the results of this study without BD. As results 240 

show, the deviation percent of the network active and reactive power is about 3% for two models. But, this term is about 0.1% 241 

and 0.5% for the voltage magnitude and voltage angle, respectively. Thus, the deviation value of the variables is negligible, and 242 

the calculation time of the MILP model is less than that of the NLP model. As a result, the performance of the proposed MILP 243 

model is satisfactory.  244 

 245 
 246 

Table 4: Comparison of MILP and NLP deterministic models.  247 
Model NLP MILP Deviation percent 

Calculation time (s) 981 227 76.9% 

Total active power of the station at 24 hours (pu) 73.24 71.05 2.97% 

Total station reactive power at 24 hours (pu) -16.8 -17.3 -2.94% 

Mean of voltage of bus 18 (pu) 0.966 0.965 0.11% 

Mean of angle of bus 18 (rad) -0.054 -0.0543 -0.55% 
 248 

2) Studying the performance of BD algorithm: in this section, two cases are considered: the MILP problem without and with 249 

BD algorithm. Also, three distribution networks, i.e., 33-bus, 69-bus [35] and 123-bus [36], are used for this comparison. The 250 

data of the non-linear loads (6-pulse converter) are presented in table 5. Also, the other data of the problem for the three 251 

distribution networks is same. The results of this section are presented in table 6 that shows the calculation time of two cases and 252 

BD accuracy of the case with BD, i.e., the objective function value of the sub-problem |Fsp|. Based on this table, the calculation 253 

time of the proposed MILP problem solution with BD algorithm is less than the calculation time of the case without BD. In 254 

addition, the BD convergence value for the proposed problem is low that is acceptable based on the speed calculation of BD 255 

algorithm.    256 
Table 5: Data of non-linear loads.  257 

Network  The buses with non-linear load connection 

33-bus 4, 7, 10, 13, 18, 21, 25, 27, 30, 33 

69-bus 4, 10, 16, 22, 27, 30, 35, 40, 46, 50, 55, 60, 65 
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123-bus 4, 6, 11, 12, 16, 20, 24, 29, 33, 39, 46, 59, 83, 90, 104  

 258 
Table 6: Results of implementing BD algorithm.   259 
Network (bus) 33 69 123 

Calculation 

time of (s)  
Without BD 227 567 891  

With BD 103 211 301  

BD accuracy (|Fsp| in pu) 0.03 0.10 0.15 

 260 
3) Investigating harmonic and network indices: there are three cases for this study. Indeed, case I investigates the results of the 261 

base load (network without EVs) and case II refers to the proposed problem without active power discharge management of EVs 262 

while case III refers to the proposed problem with active power discharge management of EVs. The results of this section are 263 

shown in Figs. 6 to 9 and table 7. Based on Fig. 6, the EVs are charged at the period of 22:00-9:00 of the next day, and they 264 

inject the reactive power to the network at the period of 12:00-9:00 of the next day. Also, EVs are not connected to the network 265 

at the period of 10:00-11:00 in the case II. This can be inferred from this fact that as seen in Fig. 6(a), the apparent power of all 266 

cases is the same in this period. At the periods of 12:00-21:00 and 8:00-9:00, the injected reactive power of EVs is less than 267 

2×QD, thus, the network apparent power of case II is less than the case I. But, the network apparent power of the case I is less 268 

than the case II at the 22:00-7:00, because, the EVs are charged and the injected reactive power of EVs is greater than 2×QD at 269 

this period. Noted that the results of the proactive operation for the case III is similar to the case II based on Fig. 6, but the EVs 270 

are charged at the period of 12:00-18:00, and the EVs are discharged at the period of 19:00-21:00. Also, the injected reactive 271 

power of EVs is less than the case II at these periods. Because of the fact that the absolute active power of EVs is increased in 272 

the case III with respect to the case II, hence, the injected reactive power of EVs is reduced based on the constraint (26) or (47) in 273 

the case III. 274 

Finally, the network apparent power is increased at 12:00-18:00 and decreased at 19:00-21:00 in the case III with respect to 275 

the case II. Furthermore, Fig. 7 shows the voltage results for three cases. Based on Fig. 7(a), the improvement of voltage profile 276 

at the peak load time for cases I, II and III are relatively low, medium and high, respectively. Because, the injected active and 277 

reactive power of EVs at this time is equal to (PE, QE) = (0, 0), (0, not zero) and (not zero, not zero) for cases I, II and III, 278 

respectively. In addition, the voltage of all buses has been improved all the times using EVs’ proactive operation. For instance, 279 

this matter has been shown for bus 18 in Fig. 7(b).  280 

  281 

 282 
(a) 283 

 284 
(b) 285 

 286 
(c) 287 

Fig. 6. Daily pattern of (a) the network apparent power, (b) the active power of all EVs, (c) the reactive power of all EVs. 288 
 289 
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 292 
(b) 293 

Fig. 7. (a), the voltage profile at the peak load time, (b) daily pattern of the voltage in bus 18. 294 
 295 

The daily pattern of the network power factor is shown Fig. 8. Based on this figure, due to implementing the proposed proactive 296 

operation mechanism in cases II and III, the network power factor has been improved with respect to the minimum acceptable 297 

power factor of 0.9 at the period of 14:00 to 9:00 of the next day in these cases.  298 

The penetration rate of EVs is low at 10:00-13:00, therefore, the network power factor is less than 0.9. Based on this statement, 299 

the constraint (16) is expressed at 14:00-9:00. In addition, the voltage THD as a harmonic index has been shown in Fig. 9. Based 300 

on the voltage THD profile at the peak load time as depicted in Fig. 9(a), the combined mechanism of the proactive operation 301 

and harmonic compensation caused that the voltage THD to be reduced. The decreasing of the voltage THD in the case III is 302 

high with respect to the other cases at this time. Because, the voltage of the fundamental frequency in the case III is greater than 303 

other cases based on Fig. 7(a), but the voltage of harmonic frequency of case III is the same as case II. Therefore, it can be 304 

inferred that the discharging power management is effective for improvement of voltage THD. It is worthy to note that while the 305 

compensation strategy of the EVs is set to the main frequency according to HLP model I then it cannot improve the voltage of 306 

the harmonic frequency.  307 

However, the voltage THD of all buses has been improved all the times using combined proactive operation and harmonic 308 

compensation of EVs as seen in Fig. 9(b). 309 

Table 7 presents the values of the network and harmonic indexes. Based on the results, the energy management and harmonic 310 

compensation improves the mean voltage of the network and the voltage THD. But, the energy and equivalent reactive energy 311 

losses of this problem have been increased with respect to the base load case. The reason is that during the charging of EVs the 312 

drawn extra power from the network-side will increase the network losses. Also, the results of the case II are close to the results 313 

of the case III based on Figs. 6-9 and table 7. 314 

 315 

 316 
Fig. 8. The daily pattern of the network power factor. 317 

 318 

 319 

 320 

  
(a) (b) 

Fig. 9. (a), the voltage THD profile at the peak load time, (b) daily pattern of the voltage THD in bus 18. 321 
 322 

Table 7: Simulation results for different cases.   323 
Cases I II III 

Mean of voltage at peak load time (pu) 0.9486 0.9754 0.9815 

Mean voltage THD at peak load time (%) 4.6186 1.9915 1.8352 

Energy loss (pu) 2.0770 2.6490 2.7420 

Total reactive power loss at 24 hours (pu) 1.3820 1.7810 1.7960 

Charging cost ($)  254.7 264.3 

Revenue of discharging power ($)  0 28.8 

Revenue of  reactive power ($)  111.6 103.3 

Revenue due to reducing of voltage THD ($)  43.2 43.2 

Total revenue ($)  154.8 175.3 

Ratio of revenue/cost (%)  60.78 66.33 
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 324 

4) Investigating the economy of EVs: this section studies the cases II and III of the previous subsection. The EVs’ cost is 325 

charging cost that is equal to ,t b tPE  , where t is the electric energy price in $/MWh. For this study t is equal to 16 $/MWh at 326 

the period of 1:00 to 7:00, 24 $/MWh at the periods of 8:00-17:00 and 23:00-24:00, and 30 $/MWh at the period 18:00 to 22:00 327 

[11]. The revenues of EVs come from the following terms: discharging power ( ,t b tPE  ), reactive power injection and 328 

consumption ( 1 ,t b tk QE ) and reduced voltage THD. To calculate the revenue of the reduced voltage THD, the following 329 

strategy is considered. Indeed, to compensate the harmonics of the load current, the EVs are needed to inject or absorb the 330 

current harmonics of loads in such a way to decrease voltage harmonics. For this purpose, EVs will inject or absorb the harmonic 331 

components of the load. Therefore, to account for the EVs’ revenue of the voltage THD reduction, the harmonic components of 332 

the EVs’ current should be considered. Accordingly, the last term can be modeled by  
2

2 , ,

1

t b t h

h

k IE



  , wherein  
2

, ,

1

b t h

h

IE



333 

introduces the effective value of the current of parking lot at the harmonic frequency. Also, k1 and k2 are reactive power price 334 

(in $/MVArh) and harmonic current price (in $/MAh), respectively. Based on [29], the same values are considered for k1 and k2 335 

which are equal to 0.08. Consequently, the results of this section are shown in table 7. Based on the results of table 7 and Fig. 336 

6(b), while some of EVs are charged at the period of 12:00-18:00 for case III, the charging cost of case III is greater than the case 337 

II. In addition, the EVs revenue due to reactive power in case III is less than the case II. Because, in case III, the EVs inject the 338 

active power to the network at the period of 18:00-22:00, thus, according to the constraint (47), SEmax do not allow the EVs to 339 

inject more reactive power to the network. But in the case II, while the active power discharging mode of EVs is not considered, 340 

therefore, the EVs can inject more reactive power in the period of 12:00-21:00 with respect to the case III which results in more 341 

revenue from the reactive power for case II. Noted that the revenues of EVs for reducing voltage THD are the same for both 342 

cases. All in all, the ratio of revenue/cost is approximately close to each other for both cases. The main reason is that the cost 343 

increase for charging EVs and revenue decrease for reactive power support are compensated by the revenue increase due to 344 

discharging active power to the network.  345 

5 Conclusions    346 

In this paper, the proactive operation of active and reactive power in smart energy distribution networks and harmonic 347 

compensation of non-linear loads using EVs with bidirectional chargers have been presented. The proposed problem minimized 348 

the voltage deviation at the fundamental frequency and the voltage THD subject to the harmonic load flow equations, system 349 

operation limits, harmonic index equations and EVs constraints. This problem is in the form of NLP, hence, the equivalent MILP 350 

model of the original NLP model has been proposed. Finally, the BD algorithm is used for solving the proposed MILP problem 351 

to accelerate its computation speed. Based on the results, the network and harmonic indexes have been improved at all the times 352 

if charging/discharging and reactive power management and harmonic compensation have been implemented. In addition, in the 353 

case of discarding the discharging mode of active power of EVs, the improvement of network and harmonic indexes is 354 

approximately similar to the case of considering discharging mode of active power. Also, the ratio of revenue to cost of EVs is 355 

close in both cases. Hence, it can be inferred that it is better to ignore discharging active power capability of EVs to prevent 356 

decreasing of its battery life. Finally, the research work is underway to consider the uncertain behavior of EVs in the proposed 357 

power management of the distribution networks in the presence of EVs.  358 
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