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Abstract

Fluid particle break-up and coal escence are important phenomenain anumber of
industrial processes.

A Lagrangian momentum balance model for the collision process between two
fluid particles has been devel oped and tested favorably against experimental data.
It is based on an earlier model developed in our department. Oscillations were
introduced and the volume balances that are solved avoid earlier approximations.
Film drainage was also implemented into the model based on aliterature review
given. Itisbelieved thisapproach will lead to amore fundamental modeling of the
coal escence process.

An improved break-up model has been developed. It is an extension of earlier
work at the department and it introduces an additional criterion for break-up. This
criterion gives alower limit for the daughter fragment sizes in binary break-up,
thus also limiting the break-up of smaller fluid particles, and isamore consistent
model than the earlier one.

Two break-up models, original model by Luo (1993) and improved model, and a
coalescence model have been implemented in a population balance as algebraic
sink and source terms. This population balanceisin turnincluded in an in-house
CFD-code. The models have been tested against experimental datafrom abubble
column in our laboratory, and the improved break-up model compares favorably
withthe experimentally obtai ned accumulated massdistribution. Too few bubbles
are predicted in the lower population classes, but it is shown that this may aswell

be aresult of the coalescence model used as the improved break-up model.

Reference:

Luo, H. (1993). Coalescence, breakup and liquid circulation in bubble column
reactors. Dr.Ing. Thesis, The Norwegian Institute of Technology, Trondheim.
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CHAPTER 1 | ntrOdUCU On

1.1 Motivation

Fluid particle break-up and coal escence are important phenomenain anumber of
process units. Some industries with particular reactor examples in parentheses
are listed below:

Process industry (slurry columns, bubble columns, stirred vessels)
Nuclear industry (reactors)

Biological industry (fermentation)

Metallurgical industry (electrolytic cells, refining units)

Mining industry (extraction, flotation)

Oil industry (scrubbers, gravity separators, cyclones)

Norway isthe 9th largest oil producer and the 3rd largest net crude exporter inthe
world. However, gas will become more important in the future since the gas
reserves will last much longer than the oil reserves with the current rate of pro-
duction. Currently most of the produced gas on the Norwegian Continental Shelf
Istransported by pipelinesto the continent. Asreservesfurther tothenortharepro-
duced thismethod will be less profitable and other alternativeswill be moreinter-
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Introduction

esting. These alternatives include subsea processing, piping to the coastal areas
and further processing of natural gasto LNG or chemical conversion to hydro-
carbonsthrough GTL processes(e.g. Fischer-Tropsch). Thusour interest for fluid
particle break-up and coa escenceliesprimarily with the oil companies, oil/water/
gas separations and chemical conversion of natural gas. This interest has been
reflected through a number of research programs by NFR (Norwegian Research
Council) where these fundamental phenomena are featured. Examples are
SPUNG (State R& D Program for Utilization of Natural Gas), Chemical Conver-
sionof Gas, CARPET (CFD Appliedto Reactor ProcEss Technol ogy) and HiPGaS
(High Pressure Gas Separation). These programs are in general co-sponsored by
government and industry.

My ownwork isacontinuation of an ongoing Ph.D program developing modeling
tools for multiphase reactors that was started in 1987 at our institute. 5 Ph.D.
projectshavefinished onrelatedtopicsduring theseyears. My project issponsored
by the NFR program: Chemical Conversion of Gas.

1.2 Thesisoutline

In chapter 2 a general overview of population balances describing dispersed
phases is provided. The continuous phase considered here is primarily a liquid
and the dispersed phase may be either aliquid or agas.

Chapter 3 containsaliterature survey of thetheoriesfor fluid particle coal escence
efficiency. Thisvariable is assumed to be determined by particle collision mech-
anismslikefilm draining (lubrication theory), particle deformation and film rup-
ture.

In chapter 4 acollision model for two colliding fluid particlesthat are oscillating
isdeveloped. The model solves aLagrangian momentum balance for each of the
two colliding fluid particles, and thisinvolves the calculation of both the contact
area and the film thickness between the particles.

In chapter 5 afluid particle break-up model isdevel oped that isan extension of an
earlier model. The earlier model defines break-up based on only one criteria, i.e.
when the energy applied to afluid particle is greater than the change of surface
energy dueto a break-up. A new criterion is added for the energy density of the
fluid particlesand eddies. Thiscriterion limitsthelower possible size of daughter
particles and as a consequence also the rate of break-up.

2 NTNU



Thesis outline

In chapter 6 the new fluid particle break-up model devel opedin chapter 5, together
with the earlier one, and a coalescence model, are implemented into an in-house
CFD code through a popul ation balance. The distribution of bubblesis predicted
for in abubble column and compared to experimental data obtained in our labo-
ratory.

In chapter 7 conclusions and suggestions for further work are presented.

NTNU 3






CHAPTER 2 -I-he I:DpLII atl On
bal ance modd

This chapter outlines the modeling framework that has been used to describe the
fluid particle break-up and binary coal escence phenomena. It serves as a brief
introductionto the population balancemodel inorder totietogether theremaining
parts of the thesis. First, an overview of the general population balanceis pre-
sented. Second, the four sourceterms, i.e. the birth and death terms due to break-
up and coalescence, aredescribed. Third, the sourceter mparameterizationsused
are discussed. Finally, the discretization of the particle size distribution isbriefly
outlined.

2.1 Basic number balance (population balance
eguation)

Several formulations of the popul ation balance model exist. Ramkrishna (1985),
Carrica, Drew, Bonetto & Lahey Jr. (1999) and Kocamustafaogullari & Ishii
(1995) uses the Bolzmann transport equation as a starting point, others use con-
tinuum mechanics, Randolph & Larsson (1988). Randolph & Larsson (1988)
start with a population balance in some fixed subregion of particle phase space
and state

Norwegian University of Science and Technology, NTNU 5



The population balance model

Accumulation = Input—Output + Net generation. (2.1

Considering asubregion, say R; , to move convectively with particle phase space

velocity v (i.e., take the Lagrangian viewpoint) then the popul ation balance equa-
tion in the subregion may be stated as

%J’ndR = [(B-D)eR. (2.2)
R; Ry

Brepresentsthebirthtermsand D representsthedeathterms. n(R, t) isconsidered
an (m+3) dimensional particle distribution function defined over aregion R con-
sisting of the three spatial dimensions plus mindependent internal property coor-
dinates. The former term in (2.2) may be expanded to

dtJ’ndR Iath %dtD = I[%]m [%)-t(rg}dR. (2.3)
Rl

X isthe set of internal and external coordinates comprising the phase space R,

%(—v—v+v (24)

Thepopulation balance can bewritten for the Lagrangianregion R, , and sincethe

regionisarbitrary theintegrand must vanishidentically givingthedifferential pop-
ulation balance as

?+DE(vn)+DE(vn) B+D = 0. (2.5)
Diffusion has not been included in (2.5), and growth (or density changes) is part
of theinternal term.

Kocamustafaogullari & Ishii (1995) discussesthe number balancetransport equa-
tion and closure relations.

Applying the alternative approach based on the Boltzmann equation, more
detailed formulationsof the sourcetermsareobtained. The procedure accountsfor
fluid particlesentering and leaving acontrol systemthrough different mechanisms

6 NTNU



Basic number balance (population balance equation)

yielding the fluid particle number density transport equation of particles having
volume 9 :

4
%m ) = 5§+ S (2.6)
j=1

Equation (2.6) isseen to be equal to (2.5) when phase changeisincludedin (2.5).
Equation(2.6) isalso called apopul ation bal ance equation and wasfirst introduced

in chemical engineering by Hulburt & Katz (1964). In thisequation f(x, 3, t) is
the particle density distribution function, which is assumed to be continuous and
specifiesthe probable number density of fluid particlesat agiventimet, inthespa-

tial range dx about a position x, with particle volumes between & and 9 + d .
vp(x, 9,1) isthe particle velocity of the same volumes. Soh represent phase

4
change terms (nucleation and condensation). The interaction term Z S repre-

j=1
sents the net rate of change in the number density distribution function, f, dueto
particle break-up and coalescence. A general representation of these source and
sink terms are as follows, Kocamustafaogullari & 1shii (1995):

9

S(x,9,t) = J’ B(D,8)n(3)g(8)f(x, 8, t)dd’, (2.7
9
which represent theformation of particlesof size 9 dueto break-up of larger par-
ticles. (9, 9) isthedistribution of daughter particles produced upon break-up
of aparent particle having volume 9’. n(9’) isthe number of daughter particles
produced upon break-up of aparent particle of 9’ and g(3’) isthe break-up fre-
quency for particle 9.

S(x,9,t) = —g(9)f(x,9,1) , (2.8)

represent the loss rate of particles of size 9 due to break-up into daughter frag-
ments.

NTNU 7



The population balance model

9/2
S;(x,9,t) = I A@ =97, 9")h(3 -9, 3")f(x,9 -3, t)f(x, 9", t)dd", (2.9)

9 .

min

representsthe formation of particlesof size 9 dueto coal escence of two particles
of size d’ and (9 —9’). A(8,9’) isthe coalescence efficiency once collision
occurshetween particlesof volumesd andd’. h(8,9’) isthecollisionfrequency
of particles of volumes & and 9.

Bax— 2

Si(x,8,1) = = [ A®.98)h(D,8)f(x, 9, 0f(x, 9, 0d8", (210

9 .

min

representsthe loss of particlesof size 9 dueto coalescence. The source term for-
mulations given above, (2.7) to (2.10), are well known, e.g. Coulaloglou & Tav-
larides(1977) and L ee, Ericson & Glasgow (1987b). Thebreakagetermswerefirst
given by Vaentas, Bilous & Amundson (1966) and the coal escence terms were
first given by Valentas& Amundson (1966). How to model the different functions
in the source termsis another matter. Some models are described in the next sec-
tion.

There are some requirements to the source term closures, (2.7) - (2.10), the fol-
lowing discussion of these are mainly based on Kocamustafaogullari & Ishii
(1995).

2.1.1 Break-up closurerequirements

The following variables are needed for the break-up source terms.
« Maximum particle volume, 9 .,
« Daughter particle distribution, B(9,9’)

« Number of daughter particle production, n(3’)

« Break-up frequency, g(3’)

The fluid particle break-up variables are discussed below:

8 NTNU



Basic number balance (population balance equation)

2.1.1.1 Maximum particlevolume, &,

The maximum particle sizewhich is stable against break-up isfound from agen-
eralized break-up mechanism which can be expressed as a balance between

external stresses, T, that attempt to disrupt the fluid particle, and the surface

stress, a/d, resisting the particle deformation. This leads to a critical Weber
number

We,, = Td,,,/0>10, (2.11)

max -

where d,,,, iSthe maximum stable fluid particle size.

The hydrodynamic condition responsible for break-up may be, Hinze (1955):
e Turbulent flow (local turbulence)
« Laminar flow (viscous shear)

 Interfacial instability (Rayleigh-Taylor and Kelvin-Helmholtz instabilities,
Drazin & Reid (1981))

According to Kocamustafaogullari & Ishii (1995) the two last types of break-up
may beneglected in most casesin chemical engineering processesdueto high Rey-
nolds numbersin such flows. For the turbulent flow the mean square spatial fluc-

tuating velocity, v,2, describestheturbulent pressureforcesof eddiesof size d
giving the critical Weber number as

max

We,, = poVe2d,,,/0>10. (2.12)
According to Batchelor (1951)
Vo2 O(ed 00?3, (2.13)

Thus an approximation for d ., can befound. Asthisisjust an average valueit

can at best beused asan aid for setting the upper limit for the size classeswhendis-
cretizising the population balance equation.

NTNU 9



The population balance model

2.1.1.2 Daughter particlesizedistribution, B(9,9")

A number of empirical functions exist for describing this distribution, as dis-
cussed by Hsia & Tavarides (1983) and Tsouris & Tavlarides (1994). Vaentas et
al. (1966) assume binary breakage with equal sized daughter particleswhichisa
limiting case of the complex breakage process for which the breakage kernel is
represented by a Kronecker deltafunction, Kreyszig (1988),

B(9,9") = 6%9—%8%. (2.14)

They aternatively useanormal density distribution function asthey assumeditis
reasonabl e to expect the distribution of daughter particlesto be normal or approx-
imately normal. Coulalogou & Tavlarides (1977) aso assume that the daughter
distribution follow a normal density function. Narsimhan, Gupta & Ramkrishna
(1979) on the other hand assume a uniform daughter droplet size distribution.

Hesketh, Etchells & Russel (1991) observed bubble and droplet break-up in tur-
bulent liquid flow in a pipeline. They found bubbles to break up into only two
daughter fragments which had a higher probability for unequal rather than equal
size. Two types of breakage was observed:

« Bubble or drop undergoing a large scale deformation resulting in break-up.

« Some kind of tearing mechanism resulting in avery small volume being torn
from the original fluid particle.

Nambiar, Kumar, Das& Gandhi (1992) when modeling stirred tanks, al so assumes
unequal breakagein their model. Their model predictsthat alargedropisreduced
in size dueto stripping of smaller fragments off it through unequal breakage. Itis
only whenthedrop iscloseto the val ue of the maximum stabl e drop diameter that
it breaksinto equal parts.

Many different daughter particle distribution functions have thus been proposed,
that are not always consistent with each other.

2.1.1.3 Number of daughter particle production, n(8’)

Various experimental data indicate 2-7 daughter particles as the norm from
experimental datain liquid-liquid systems, Chatzi & Lee (1987). Bubble break-
up on the other hand normally gives two daughter particles. Prince, Walters &

10 NTNU



Basic number balance (population balance equation)

Blanch (1989) found two principal daughter bubbles and also a number of
smaller daughter fragments. Narsimhan et al. (1979) assumed binary breakagein
their model for stirred liquid-liquid dispersions.

2.1.1.4 Break-up frequency, g(%)

There are two types of flow regimes which heavily influence the break-up fre-
quency models:

« Turbulent flow

e Laminar flow

Severa phenomenological models exist for liquid-liquid dispersions, Kocamus-
tafaogullari & Ishii (1995):

« Molecular decomposition analogy model

« Dispersion hydrodynamics break-up models
« Critica velocity break-up frequency model
 Drop oscillation break-up frequency model

Flow conditions decide the type of model to be used. For dispersionsin turbulent
flow, the kinetic energy transferred by eddies plays a dominant rolein the break-
up process.

Coulaloglou & Tavlarides (1977) proposed a model for g(9) in turbulent flow
based on dispersion hydrodynamics. The model uses eddy-drop collision fre-
guency and energy dissipation and is given as

9(9") = c,(e3/9'%%) exp[—c,0/ (pye2/39°%)] . (2.15)

¢, and ¢, areadjustableconstants, to bedeterminedfrom experiments. According

to Prince & Blanch (1990), (2.15) providesresultsthat arein poor agreement with
experimental datafor air-liquid systems.

The break-up frequency, g(3’), may also be divided into collision frequency,
h(8,A’), and break-up probability, A(9,A’) , eventhoughitisnot donesoin S;
and S,. When divided it is assumed that

9(9") = h(9,A)A(E,NY). (2.16)

NTNU n



The population balance model

Luo (1993) used such adivision. Lee, Erickson & Glasgow (1987a) assume that
the collision frequency is a Poisson process and they find the frequency function
by using dimensional analysis.

2.1.2 Coalescence closure requirements

The following variables are needed for the coal escence source terms.

*  Minimum particle volume, 9 ,;,

 Particle collision frequency, h(8,9")

« Particle coalescence efficiency, A (9,9 )

The coal escence process can further be divided into three distinctive phenomena,
Kocamustafaogullari & Ishii (1995):

 Coallision between two or more fluid particles

 Surface flattening and film drainage between the fluid particles

 Film rupture giving coal escence

For bubbly two-phase flow the collision process may be dueto the following phe-
nomena, Kocamustafaogullari & 1shii (1995):

 Turbulent fluctuations

 Size dependent rise velocity differences
+ Wake entrainment

 Shear layer induced velocity differences

Thethreelatter are highly dependent on the particle size distribution and internal
flow structure.

2.1.21 Minimum particlevolume, 8,
It isoften assumed that thereisaminimum stable particle size below which apair
of particles will coalesce upon colliding. By using the adhesion force and the
kinetic energy of a fluid particle - fluid particle collision Shinnar & Church
(1960) and Shinnar (1961) got the following expression for the minimum particle
volume as afunction of the diameter

dpin = C1/ (p3/8e14), (2.17)

12 NTNU



Basic number balance (population balance equation)

where C, isaparameter defined upon critical rupture thickness, h,, of the film

between the particles. Thisview isbased on an average kinetic energy level, thus
not realistic for simulations where the spectrum of kinetic energy is used, but it
gives an estimate for the lower range of the population balance discretization.

Thomas(1981) devel oped asimilar model by replacing theadhesionforcewiththe
surface tension force acting at the time of rupture getting

Ay 02.4(02h2/ (UepcE)) 4. (2.18)

min

Thisshowsthat thereare several possibleapproximationsof theminimum particle
volume depending on the assumptions made.

2.1.2.2 Particlecollision frequency, h(9,38")

For liquid-liquid dispersions Tavlarides & Stamatoudis (1981) gave the follow-
ing frequency for collisionsin a uniform shear flow (laminar)

h(d, d’) = 1.366(d + d')3(av/ar). (2.19)
For turbulent flow the gradient may be exchanged,

ov/or = (/9)1/2, (2.20)

When the drop density is approximately equal to the density of the continuous
phase, the collision frequency will be determined by local turbulent flow charac-
teristics giving

h(d, d) = 0.618(d + d')3(e/9)1/2, (2.21)

When the drops are large compared to the turbulent eddies they are exposed to
stressesin all directions. Thisresultsin arandom drop motion and an analogy to
Kinetic theory of gases has been used.

2.1.2.3 Fluid particle coalescence efficiency, A(9,3")

An empirical model based on average contact time and average coal escence time
iIswidely used, Coulaloglou & Tavlarides (1977),

A©,97) = A(d, d) = exp[t,(d, d')/t.(d, d)] . (2.22)

NTNU 13



The population balance model

Population balance equations generally use volume as basis for the particle coa-
lescence efficiency, Coulaloglou & Tavlarides(1977) usesfluid particlediameter.
It isassumed that these two representations areinterchangeable. Different models
based on (2.22) exist for the coal escence efficiency in turbulent and laminar flow
regimes. Coulaloglou & Tavlarides (1977) uses

C oy = HePE23(d+d)?Pq1 10 dd O
coaldh d) = o2 [h_z_h_oﬂﬂj+d'|] '

(2.23)

whichisbased onthedrainagetimeof thefilm betweenthecollidingfluid particles
andtheforceof thecallisionitself inaturbulent environment. Theaverage contact
timeissimilarly given as

(d+d)2/3
teon(d, d') = e (2.24)
Prince & Blanch (1990) uses
N _ lpdd 3’2[qu LN
t.oa(d, d) = 3_2Eb|+d13 InDhD (2.25)

whichisalso based onthedrainagetimeof thefilm betweenthecolliding fluid par-
ticles. The further use

dd D2/3
Eh 2(d+d)H

whichisbased ondimensional considerations. Chesters(1991) and L uo (1993) use
still other expressionsfor t. ,(d, d’) and t.,,(d, d’) . The model by Luoisgiven
and used in chapter 6 and the implementation is explained in appendix A.

Low & List (1982) and Orme (1997) use another empirical model for the coales-
cenceefficiency. Thisempirical model isfound for raindropsand isbased on what
they define as the total collision energy, Orme (1997), or the total energy of coa-
lescence, Low & List (1982). Starting with the changein surface energy asaresult
of coalescence

(d, d) = (2.26)

con

AS, = S;—S = To(d? + d'2) —To(d3 + d'3)2/3, (2.27)
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Discretization of the particle size distribution

where S; isthe surface energy of the parent fluid particlesand S; isthe surface

energy of the coal esced fluid particle. Spherical shapeisassumed for al fluid par-
ticles. Further, the collision kinetic energy is defined as

5 = Pdg 99’ O 2
CKE(9,9’) = 1605 +19D(U +U")~. (2.28)
Thetotal energy of coalescence isthen defined as
E; = CKE+AS;. (2.29)

The measurements collected from six coal escing drop pairsisthen approximated

as the empirical relation (with 8§’ representing the smallest drop)
2

boE%
A®,97) = AN(d, d) = a[1+d’/d]—2exp[— 5 } for E;<5.0 pJ, (2.30)

A(9,9°) = A(d, d) = 0 for E;>5.0 pJ, (2.31)

witha = 0.778 and b = 2.61x10°J2m2.

2.2 Discretization of the particle size distribution

The population balance equation must be discretizised in order to be solved
numerically. Asthiswill be done for the source termsin chapter 6 and in appen-
dix A, only the general form is given here as

Bt

Ni(®) = [ n(9,t)dp. (2.32)

Y

N (t) isassumed to be concentrated at arepresentative sizei, although N; isthe
total number between 9; and 9, , ;.

NTNU 15



The population balance model

Notation

constant, a = 0.778, eq (2.30), -

birth term, eq (2.2), 1/ (m3s)

constant, b = 2.61x10°, eq (2.30), m2/ J2

parameter defined upon critical rupture thickness, eq (2.17), -
adjustable constant, eq (2.15), -

adjustable constant, eq (2.15), -

CKE(9,9") collision kinetic energy, eq (2.28), J

D death term, eq (2.2), 1/ (m3s)

d,d diameters of fluid particles, eq (2.19), m

dinax maximum stable fluid particle diameter size, eq (2.11), m

doin minimum particle diameter, eq (2.17), m

= total energy of coalescence, eq (2.29), J

f(x,9,t) particle density distribution function, eq (2.6), 1/ m3

g(3d") break-up frequency for particle 3', eq (2.7), 1/s

h(t) liquid film thickness, eq (2.23), m

ho initial liquid film thickness, eq (2.23), m

h(9,A") collision frequency between particle of volume 9 and eddy of size
A,eq(2.16), 1/s

h(93,9") collision frequency of particlesof volume 9 and9’, eq (2.9), 1/s

h. critical rupture thickness, eq (2.18), m

N; (t) total number of fluid particles between sizes 9, and 9, , 4,
eq(2.32), -

n(Rt)  m+3dimensiona particle distribution function, eq (2.2), 1/m3

n(d’) number of daughter particles from breakage of parent particle
having volume 9, eq (2.7), 1/ m3

n(9,t)  number density of particles of volume 9 attimet, (2.32), 1/m3

R region of integration, eq (2.2), m3
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Discretization of the particle size distribution

R, sub-region of integration, eq (2.2), m3
r length axis, eq (2.19), m
S,(x, 9, t) birth term due to breakup, eq (2.7), 1/ (m?3s)

S,(x, 9, t) death term due to breakup, eq (2.8), 1/ (m?3s)
S;(x, 9, t) birth term due to coalescence, eq (2.9), 1/ (m3s)
S,(x, 9, t) death term due to coalescence, eq (2.10), 1/ (m?3s)

S surface energy of coalesced fluid particle, eq (2.27), J
S; surface energy of parent fluid particles, eq (2.27), J

S source term, eq (2.6), 1/ (m3s)

Son phase change terms, eq (2.6), 1/ (m?3s)

t time, eq (2.2), s

(d, d") average coalescence time for two fluid particles of diameter sizes d
and d', eq(2.22), s
t.on(d, d’) average contact time for two fluid particles of diameter sizes d
and d, eq(2.22), s
u,u fluid particle velocities, eq (2.28), m/s

tCO&

% set of internal and external velocities, eq (2.4), m/s

% fluid velocity, eq (2.19), m/s

\Z’Z mean square spatial fluctuating velocity, eq (2.12), m2/ s?
A set of external velocities, eq (2.4), m/s

Y set of internal velocities, eq (2.4), m/s

vp(x, 9, 1) particle velocity, eq (2.6), m/s
We Critical Weber number, eq (2.11), -

Ccr

X set of internal and external coordinates, eq (2.3)

B(¥’,8) distribution of daughter particles produced upon break-up of parent
particle of volume 9’ eq (2.7), -
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change in surface energy, eq (2.27), J

o Kronecker deltafunction, eq (2.14), -

3 turbulent eddy dissipation, eq (2.13), m2/s3

9 volume of fluid particle, eq (2.7), m3

) minimum stable particle size below which coalescence occur, m3
) maximum particle size stable against break-up, m3

volume of particle of classi, m3

A(D®,\") break-up probability for particle of volume 9 hit by eddy of size A’

eq (216)1 -
A(d, d) coalescence efficiency once collision occurs between particles of

diameters d and d', eq (2.22), -
A(9,9") coaescence efficiency once collision occurs between particles of
volumes § andd’, eq (2.9), -

He viscosity of continuous phase, eq (2.18), kg/ (ms)
Pe density in continuous phase, eq (2.12), kg/ m3

Py density in dispersed phase, eq (2.15), kg/ m3

o surface tension, eq (2.11), N/ m

T external stresses, eq (2.11), N/ m?
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CHAPTER 3 FIUId partICle
coalescence
efficiency

This chapter provides a literature overview of the parameterizations accounting
for the mechanisms determining the binary fluid particle collision processes. The
aimis to describe the coal escence efficiency through a fundamental lagrangian
momentumbalancemodel . Model sdescribing thedrainage of thefilmbetweentwo
colliding particles are also considered. Other factorsthat may influence the effi-
ciency are outlined. Finally, experimental data for collisions between fluid par-
ticles are discussed.

3.1 Coalescence efficiency parameterizations, the
relation to particle collison models

Theaim of this chapter isto describe an approach for finding the particle coaes-
cenceefficiency, A (9,9 ), and variablesthat may affect thisefficiency. Thegoal
isto develop afundamental model for the efficiency starting with the coal escence
closure requirements, Kocamustafaogullari & Ishii (1995):

 Coallision between two or more fluid particles
 Surface flattening and film drainage between the fluid particles
 Film rupture giving coal escence
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Fluid particle coalescence efficiency

3.1.1 Film rupture

Film rupture is considered more or |ess instantaneous compared to the other two
processes, Chesters (1991). Further, the film rupture does not happen at a speci-
fied film thickness. It seemsthat the rupture thicknessmay vary andthat it isalso
affected by impurities in the film. Generally rupture occurs when the film at the
initial rupture position is less than afew hundred A for large fluid particles and
afew tensfor small ones, Chesters (1991).

3.1.2 Film drainage

A large number of studies has been published. Most use lubrication theory in
order to describe the drainage process.

3.1.2.1 Lubrication theory

The basic lubrication theory is shown in detail. In order to derive the lubrication
equation start with the Navier Stokes equations and the continuity equation, Bird,
Stewart & Lightfoot (1960). Assumptions used are:

« Newtonian fluid

s p, U areconstants

s Axisymmetry

« Gravity isnegligible

A sketch of the lubrication film is shown in figure 3.1.
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Coalescence efficiency parameterizations, the relation to particle colli-

FIGURE 3.1: Definition sketch for two colliding fluid particles, Klaseboer,
Chevaillier, Gourdon & Masbernat (2000). The film between the colliding
particles is shown in detail.

In cylindrical coordinates the Navier Stokes in r-direction, z-direction, and con-
tinuity equations respectively, may be written as

2
U)v ov, OV _ P, |0rld oV,
Pegt " Vigr R Vgz0 = “ar THe arDar( V)H+ﬁ ’ (3.1)
U?v ov, avﬂ _ avﬂ a v,
Pt " Viar +Vza_zD 62 ar%ar 0 922 (3.2)
9 ov, _
TV + % = 0. (3.3

The lubrication approximation statesthat h(r, t) «r; . In addition, the following
assumptions are made, Lee & Hodgson (1968):

ov,
b VZ:O,buta—Z ¢O
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Fluid particle coalescence efficiency

ov, _
i 0, i.e. pseudo steady state.

ov,
. vrmr =0, i.e. neglect the inertia term, this assumption is valid for creeping

flow (typicaly Re,<0.1 for creeping flow).

The lubrication approximation shows that the flow between the boundaries may
be assumed parallel since the distance between the boundaries is much less than

the radial length of the boundaries. Thisin turn gives the assumption dv,/0z is

f(z) only. Thefirst viscoustermineq (3.1) isproved negligible compared to the
second term by inserting the continuity equation, eq (3.3), and comparing the
terms. The equations (3.1) to (3.3) are reduced to

2
oP 0V
. on o9
oP
5 =0, (3.5)
19 ov
S (rvy) +a—zZ = 0. (3.6)

Equations (3.4) to (3.6) are quite commonly used when solving for film drainage,
see also Jain & Ivanov (1980) and Li (1996). In addition one has the following
boundary conditions

« Vv, = 0 atthesurface (z = 0.5h)

« v, = 0.50h/dt at the surface
oh oh
at Vrar
tion, e.g. Slattery (1990)

« 0v,/0z = 0 a z = O dueto symmetry

= v, at the surface, and it is called the kinematic boundary condi-
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« v, = 0atz= 0 duetosymmetry

where h isthethicknessbetween theboundaries, andwhere z = 0 isinthecentre
of thefilm, thusthe boundariesareat —h/2 and h/ 2. Notethat h isafunction of
bothr and t.

By integrating eq (3.4) twice we get

V. = _1_aP22 +

= gLt Gzt Co (3.7)

The integration constants are determined by using the boundary conditions, giv-
ing:

_10P

Vi PITR ar%2 EEJD’ (38)

which is aparabolic velocity profile caused by the pressure gradient.

Integrating the continuity equation (3.6) over half the film and inserting eq (3.8)
gives

h/2

/2

19 1aDr P, AT, _ ov,

J’rm(rvr)d Jrar% 6r% Hdz = Ia—zdz. (3.9)
0

TheLeibnitztheorem, Birdetal. (1960), isneededinorder tointegratetheleft hand
side of eq (3.9) (because hisafunction of r in theintegration limit):
ay(t) az(t)
d _
i I f(x, t)dx = I —dx+ %(az, t) f(al, t)dt 0 (3.10)
a,(t) a,(t)
We have used a,(t) = 0, ay(t) = h/2, replaced dt with dr and replaced dx
with dz. We also have

' aP%Z (3.12)
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Using the L eibnitz theorem ontheleft hand termintheintegrated continuity equa-
tion gives

h/2
100 r @PO, g, -
[ v o 0~ e = (312)
0
h/2

2
% r ap%z_%?%dz_LaP[m _[[]jz[]ah_%)_[n:ﬁja_O}

0
ar J ar Zncar |03 ~ 050 gy ~ 00~ 31 Oar
0

Computing the integral on the right hand side of eq (3.12)

h/2
10 . r P 2_d_U2DD _
ot | ZMCEB_F% m5 e = (3.13)
0
, (2
1 i[rﬁ’ﬂl—zs_dﬂ] } = =L 0 e0R
2ugror or 8™ [ 24prort " orQ

0

The second term in the continuity equation (3.6) gives

h/2

a_vzdzz \V; h/2 = 1'@_ = El.'ﬂ]
| % o = 25t ot
0

Combining eq (3.9), eq (3.12), eq (3.13) and eq (3.14) givesthe lubrication equa-
tion

(3.14)

oh _ 1 90,40m
5t = Dyrord CarD (315

which isthe integrated form of the continuity equation. It is seen from eq (3.15)
that in order to find the drainage rate the pressure gradient in the film between the
two colliding fluid particlesis needed.

By using the boundary condition v, = U, at z = h/2, thus not assuming an
immobile film, Danov, Gurkov, Dimitrova, Ivanov & Smith (1997), gives
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_ 1P,
Ve = 2“ ar% +U01 (316)

rather than eq (3.8) which in turn leads to

h/2 h/2

R IRy E TR LR

0

The second term in eq (3.17) is solved with Leibnitz theorem, eq (3.10), since h
isafunctionof r.

h/2 h/2

19 _ 19 oh
| far(tYo)dz = To [ rUqdz— [ruOa 0] (3.18)
0 0

where dh/0dr =0 due to the lubrication approximation giving

h/2 h/2

10 _ 10 _ 19

Combining eq (3.3), eq (3.14), eq (3.17) and eq (3.19) gives an expanded version
of the lubrication as given by Klaseboer & Chevallier (1998)

oh _ 1 193,50
ot rar( rUoh) + rar%L orl’ (3.20)

where the second term isaplug flow part due to moving boundaries and the third
termisthe parabolic flow superimposed onthe plug flow and thispartisdueto the
pressure gradient in the film.
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(1)

e

FIGURE 3.2: From Lee & Hodgson (1968), from above the figure shows
immobile, partially mobile and fully mobile films. The form of the pressure
distribution is also shown at the top.

As seen in figure 3.2 the upper plot is the situation assumed deriving equation
(3.15), and the middle plot is given by (3.20).

Klaseboer & Chevaillier (1998) showed twofilmdrainagemodel sintroducing few
new improvements. They assumed viscous forces predominant and weak colli-
sions. They further assumed aconstant approach vel ocity for the collision making
their modelsrather unrealistic, at least for rebounds. Thefirst model sassumespar-
tially mobilefilmsand plug flow. Thismay beaninconsistency initself asoneonly
expects plug flow with fully mobile films. The second model assumesimmobile
filmsand Poiseuilleflow inthedraining film. They use standard |ubrication theory

oh _ 10 1 10%355'
r

ot rar(r ror (321)

where the first term on the right hand side is a Couette contribution (or plug flow
contribution dueto the moving interfaces) and the second term isa Poi seuille con-

28 NTNU



Coalescence efficiency parameterizations, the relation to particle colli-

tribution (aparabolic velocity profile contribution caused by apressure gradient).
The pressureis given as

_ 20, 5000
P =R *orardam (322)

where the second term on the right hand side is due to the curvature of the film.

Chesters & Hofman (1982) also started out with the Navier-Stokes equations and
continuity to describe the collision between two colliding bubbles. They first
assumed an inviscid liquid and later found out that for Re>100 this was a good
approximation. They also assumed that the velocity at the outer edge of the col-
lision zoneis set to aconstant. Thiscombinesto apoor representation of the phys-
ical system (especially the second assumption) and their results should probably
be disregarded.

Chen, Hahn & Slattery (1984) included the London-van der Waal sattractionforce
when solving for thefilm thickness. Thisforceisaccording to them of importance
whenthefilmislessthan 1000 A. They assumed that themutual force per unit mass

by, known asthe L ondon-van der Waalsforceisrepresentableintermsof ascalar
potential ¢ :

b. = - . (3.23)

At aplanar fluid-fluid interface:

B
pcq) = pc¢0 = (pB+ h_ma (324)

where|B| 0102 Jandm = 3 for afilmthicknesslessthan 120 A. Whenthefilm

thicknessismorethan 400 A |B| O 10 % Jmand m = 4.Novauesare givenfor
the intermediate range. When combined with interfacial tension they got:

dh, _ 1 04060, .. B[ _
i @D = h +2—hrD form = 3, (3.25)

dh, _ 1 0.4060

= L 2Bp
dt pRU R2

3h

h3 + form = 4. (3.26)
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The film is above assumed to be immobile.

Hahn & Slattery (1985) followed up the articleto Chen et al. (1984) by extending
it to include the effects of surface viscosities. That is they solve for a partially
mobile film and their new basic assumption is that the film drains slowly. This
assumption may work for thegravity induced drainage wherethe contact timemay
besufficiently long. For acollisionof twofluid particleswithacontact timefar less
than a second this assumption isnot valid. Hahn & Slattery (1986) also included
the effect of dimpling of thefilm. Theresulting equation describes h asafunction
of time and radius.

Doubliez (1991) found that the viscousdraining wastoo slow to explainthe exper-
imentally found drainage rate. An alternative model was presented. It isassumed
that: 1- thefilm is plane-parallel, 2- gravity effects can be neglected in the flow,
3- axisymmetric flow without an azimuthal component, 4- the gasflow inthe bub-
bles has no influence on the liquid flow, and 5- the radial velocity v, is constant

oy,
acrossthefilm, —— = 0
0z
By using the dimensionless variables
r=r/L,Z =2zH,v, =v/L,Vv, = v,/W, t = tW/H,
thelength scaleratio € = H/L = W/U and the Reynolds and Weber numbers

V4R V2R
= Deo = D07 iR, 54(_90 po')‘gR‘D . (327)

He o Y

the Navier-Stokes equations may be expressed as (dimensionless form written
without the apostrophes):

2
oV, oV, ov, g2 E°0p orlo 10V,
at " Vrar TVaz T " wear Ref arﬂar(rvr)%ﬂLs_zﬁ - BH)

and

2
z+Va_Vz+Va_Vz: lap SE‘BV laV+1aV%

at  'or %z Wedz " Re@rz  ror 2972 (3:29)
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With small fluid particlesat terminal velocity We « Re andinitially € (11 thevis-
cous parts are of minor importance, unlike the [ubrication approximation.

Doubliez found the thickness of the film to be

. (t+;42)2’ (3.30)
or in dimensional form
4h3
" (Vgt+ 2hg)2’ (331
whereinitial conditions are needed
no = P el (332

p(:VORj .

Two hypotheses can according to Doubliez explain the ending of thisinitial stage,
the rebound process or the dimple formation, which will be looked into later.

3.1.2.2 Force, lubrication theory and drainage

The film drainage isin eq (3.15) and eq (3.20) above given as a function of the
radial pressure gradient in the film. An alternative to using the pressure isto use
the force between the fluid particles, or between afluid particle and a solid sur-
face as shown in figure 3.3.
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F
A
i 3 ¢ ——ulz,r)

7 J{ O r
"7/////////%//,%/ %

FIGURE 3.3: The close approach of a film to a surface in a viscous fluid,
Charles & Mason (1960).

Charles & Mason (1960) found the rate of thinning between two interfaces as a
function of the force between two fluid particles to be

_ F
= e (3.33)

61 uCJ’O %dr

v, =

Q_|Q_
[l e

where & (r) isthethicknessof thefilm, asseeninfigure3.3. They considered lam-
inar flow in the radial direction, no flow in the z direction and negligible inertial
effects. A noslipconditionisapplied at theinterfaces, and aparabolicvelocity pro-
fileisused in ther direction.

They further found an expression for the force, F, but there are two errors made
during this development, the expression for the excess pressure found from
L aplace’slaw and thevolumebalance. By assumingaparallel discapproach (3.33)
can be simplified to

dh _ 2F .3
i h~, (3.34)

3T[HCI’4
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by setting & = h(t) (independent of r) andintegrating equation (3.33). Thisequa-
tion is also called Reynolds equation, Reynolds (1886). Hartland (1967) found
(3.34) by staring withthe Navier Stokesequationincylindrical coordinatesfor the
radial direction, Bird et al. (1960), and neglecting the transient term, the inertia
terms, assuming axis symmetry and removing the first viscous term by using the
continuity equation and assuming that the velocity in the perpendicular direction
isindependent of theradial direction. By integrating (3.34) an expressionisfound
for the drainage time that was first given by Stefan (1874)

4

_3T[ucr 1 1

S
2

5 |- (3.35)
hy
This assumes that the force between the fluid particlesis constant during the col-
lisionuntil breakage. Constant forceisnot expected dueto several reasons. Firstly,
thisimplies no drag between the fluid particles and the continuous medium. Sec-
ondly, itimpliesthat thefilm will have constant contact area, which clearly cannot
bethecase. It further assumesthat thereisnolossdueto dissipation during the col-
lision itself and that the fluid particles are not oscillating.

Kirkpatrick & Lockett (1974) found that low approach vel ocities resulted in coa-
lescence while higher velocitiesresulted in rebounds. They did experimentswith
bubblesrising to aninterface. They wrote that with low approach velocity therate
of increase of thecontact filmareawith timewassufficiently slow toallow thecon-
tact film to drain to rupture thickness bef ore the bubble was brought to rest. When
abubble approach aninterface, thereisfilm drainage dueto excess pressurein the
film, and an increase in contact area. The latter decreases the rate of drainage. A
model wasgiven based on the Bernoulli equation (3.36) without friction, thatisno
shear at the film surfaces, and the continuity equation (3.37),

2
Prptr - Po, o (3.36)
Cc 2 pC 2
dh _ —2u.h
o- (3.37)

Byusingthat P, = P, + 20/ R and combiningfor theedge of thecollisionradius
they got
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dh E@Dl/zg!:

h TR T (3.39)

Thiscan be considered an equation for the bottom casein figure 3.2 (fully mobile
films).

us2

us2 '

|

|

FIGURE 3.4: From Kirkpatrick & Lockett (1974), shows a collision model
with a flat interface between the fluid particles.

3.1.2.3 Maoadification of the lubrication theory

Vaughn & Slattery (1995) and Slattery (1999) present amodel based on the work
by Bird et al. (1977). Creeping flow is assumed and it is postul ated that

v, = Vv, (r,z1), (3.39)

vV, = V,(z,1). (3.40)
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The momentum and continuity equations are simplified in accordance with eq
(3.39), eq(3.40) and lubricationtheory ingenera . Anillustration of theliquid film
between the two fluid particlesis shown in figure 3.5.

-—
N

Gas

/’ 2=h(l)

r z=0

Liquid

Gas f—R—

FIGURE 3.5: Idealized film formed as a small fluid particle, here gas, rises
through a continuous liquid to an interface between the liquid and another
fluid particle, here gas, by Vaughn & Slattery (1995). The film is observed in
aframe ofreferenceinwhichtheinterface between thefluid particleand the
liquid is stationary.

Immobile interfaces:
The boundary conditions for immobile interfaces are:

z=0-v,=0v, =0, (3.41)
z = h(t) - v, = 0,v, = dh/dt, (3.42)
r=0-v, =0. (3.43)

Thereference frameisfixed to thelower fluid particle. h(t) isthe position of the

upper interface. The upper interface can be another fluid particle, awall or the
interface of another continuous fluid.

It is postulated that
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P = f,(zt) +f,(r, 1). (3.44)

Inview of eq(3.44), eq (3.1) can beintegrated twicewith respect to z, and by using
the boundary conditions this gives

_ 10P
V —_—

= — (22—
; 2ucar(z hz). (3.45)

The continuity equation, eq (3.3), isintegrated with respect to r, and by using the
boundary condition, eq (3.43), gives

_ v 3.46
Vr = —Eé ( . )

By eliminating v, from eq (3.45) and eq (3.46) and integrating with respect to z
gives

v, = —%22—— L+ c,. (3.47)

Boundary condition eq (3.41) gives C, = 0, and using eq (3.42) gives

0P _ dnBiLr
or dt h3 °

Combining eq (3.47) with (3.48) gives

(3.48)

1dh
v, = 3t (8hz2-228). (3.49)

Finally by introducing eq (3.48) into eq (3.45) gives

3rdh

v, = ~H3t (hz—-23). (3.50)

The dominant change in pressure (radial direction) and the velocities are now
given as functions of the thinning rate of the film.

By using the boundary condition

36 NTNU



Coalescence efficiency parameterizations, the relation to particle colli-

r=r;- P = Ph’ (3.51)
where Py, isthe hydrostatic pressure eq (3.48) can be integrated to give

_ 3“‘th 2 2

Note though that eq (3.51) is not consistent with the z-component of the momen-
tum equation

op _ 0%

and eq (3.44), thisinconsistency is disregarded. Further, by using eq (3.52) the
force that the fluid exerts on the fluid particleis given as

It It

F, = ZHJ’TZZ‘Z:Ordr = ZHI(P—Pd—SZZ)‘Z:Ordr (3.54)
0 0
310 fledh

- _ _ 2 _

wherethe normal stress S,, isaways zero for immobileinterfacesand P isthe
pressure inside the fluid particle.

Mobile interfaces:
The boundary conditions for v, , equations (3.41) and (3.42), are changed to

ov
z:Oandz:h(t)ﬁa—Zr:O. (3.55)

In much the same way as for immobile interfaces the equations for mobile inter-
facesarefound. Starting with eq (3.4), integrating it with regard to z, and using the
boundary condition in eq (3.55) gives
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oP

Using the boundary condition in eq (3.51) gives
P=P,. (3.57)
Using the right hand side of eq (3.1),

2
P, [ogo, 1,0V _
or “C{arﬂar( f)D+azz} =0, (3.58)

removing thefirst and third term (both zero), andinserting the continuity equation,
eq (3.6) gives

orLo ., 9 Ve _
ﬁﬂar E orUoz0 0. (3.59)

Integrating the right hand part with respect to r and using boundary condition
(3.42) gives

ov, 1dh

E = bt (3.60)
Inserting (3.60) into eq (3.46) gives the axial velocity
_ zdh
V2 = hg (3.61)

Integrating eg (3.60) and using boundary condition (3.41) givestheradial velocity

_1rdh
vV, = Shdt (3.62)
The normal stressis now
_ o 9Vz _ 2Ucdh
Sz = Meg; = g (3.63)

and the force that the fluid exerts on the fluid particle is given as
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It It
F, = ZHJ’TZZ|Z:hrdr = ZHJ’(P—Pd—SZZ)|Z:hrdr : (3.64)
0 0

1dh
= _ — 2 _ 21 ==
(Py—Py)Tws —211r¢ uchdt
The velocity distribution, the pressure distribution and the force exerted on the

fluid particlesare thus all found when using the approach described by Vaughn &
Slattery (1995).

3.1.2.4 Dimplein film

The pressure gradient on the deformable interfaces suggests that it isimpossible
to have aplane parallel film since aflat film cannot support agradient in the pres-
sure. In order to support this pressure gradient the film needs to change to a
curved shape. The increase in the pressure radially inward explains the experi-
ments done by Derjaguin & Kussakov (1939), they found adimplein thefilm. A
dimple can be defined as a reverse curvature so that a central lens of liquid is
entrapped by a thinner barrier ring. Frankel & Mysels (1962) were the first to
model this dimple.
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Phase [II

FIGURE 3.6: Taken from Yiantsios & Davis (1990), shows how the interface
may change to a dimple which is marked with dashes.

They devel oped ahydrodynamictheory of thestability and evolution of thedimple
whichdid not requireany rigidity of any surfaceinvolved. They neglected double
layer, structural and van der Waals effects. The model required that at |east one of
the surfaces involved does not dilate radially under the stresses involved. They
found

d3(z/b) _ th?

/2D - B (3.65)
3 OO

gaqa

where a = 3u.Qn’rg/(160T") and b = 2Ta/r,,.

Platikanov (1964) studied small air bubbles pressed against a glass plate sub-
merged in variousfluids, and by using an interferencetechniqueit was shown that
the dimpleis smaller than predicted by Frankel and Mysels. It must be noted that
thetime scalefor thisprocessisin order of minutes. Hartland (1967) wrotethat a
dimpleisvisiblebetween about 1 and 10 min. Hefurther noted that during thefirst
minute drainage occurs in afilm that is fairly uniform in thickness. Hartland
though, used rather viscoussystems, golden syrup and glycerol in sextol phthalate.
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FIGURE 3.7: From Hartland (1969b), shows adrop resting on arigid plane.
A possible dimple is not included in the figure.

For asmall drop resting on an interface, Lee & Hodgson (1968), showed that

A 1/2
Fmin = 2523§93 , (3.66)

and Chappelear (1961) gave the radius of the film as

1/2
r = 2REEELTT (367)

Theratio between theseradiusesshowsthat thedistanceto thedimpleisabout 71%
of the total collision radius.

Li (1996) extended the analysis of a dimpled film with immobile surfaces to
account for the effects of dimpling and surface mobility. For the surface mobility
the rate of mass transfer to the surfacesis controlled by diffusion. Li reduced the
Navier-Stokesand continuity equationsto eq (3.4) and eq (3.6). Li further assume
themasstransfer do not effect the vel ocity distribution so that the z - velocity may
be expressed as

oh, odh :
szal+mlvr (i=1,2) a z=h, (3.68)
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thus the effect of the dimpleisincluded in the second term on the right hand side
of eq (3.68). These equations for the flow are solved together with an expression

for o at each surface.

This model should only be used for slow collisions or contacts that last much
longer that thecollisionsoneexpectinaturbulent flow. Inaturbulent flow onedoes
not expect that a dimple will have time to develop in the contact film,

(1988).

3.1.2.5 Surfactantsor impurities

Lee & Hodgson (1968) argued for three possible models of the film draining,
namely the immobile, partly mobile and the fully mobile model, see figure 3.2.
Complete immobility meansthat the fluid particle surface can support aninfinite
high shear stress. Inredlity it meansthat there must be a surfactant or an impurity
in sufficient concentration to immobilize the surface. Complete mobility is
obtained when the surface can not withstand shear stress. Thisisthe casefor very
pure fluids and for the case where the impurities or surfactants are swept away
from the interface due to partial mobility. In the latter case there will according
to Lee & Hodgson (1968), be aback pressure from the swept away impurities due
to a concentration difference. If a surface active third component is virtually
insoluble and wholly confined to the surface its remova from the centre will
increase theinterfacial tension there and produce agradient of interfacial tension
between the periphery of the film and the centre. This can easily produce a shear
stress sufficiently large to immobilize the film.
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FIGURE 3.8: From Lee & Hodgson (1968), establishment of critical
interfacial tension gradients. Starting with ainitially uniform profile (i), then

expansion (ii) and (iii), redistribution occurs and film is immobilized (iv) and
further drainage with immobile film (v).

When the surface active third component is soluble it can diffuse to the surface
when expansion occurs. Theradial velocity inthefilm tendsto sweep any surface
active material to the periphery of the film, and thisisaccompanied by an expan-
sion of an element of surface asit is moved radially outwards. The diffusion will
result in aconcentration of the surface active component that is between zero and
theequilibrium valuein the centre of thefilm. Thisprovidesapartial mobilefilm.

Lee & Hodgson (1968) found the critical interfacial tension difference promoting
immobility for the parallel disk model to be
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Ao, = —=F-, (3.69)

and for complete mobility they found

_1_h
AOO = —E[FEZ, (370)

whichisonly half the value of complete immobility. A possible scenario for the
collision process between two fluid particleswasgiven. The particlesinitially has
an even distribution of the surface active agent and areinitially fully mobile. The
film will drain fast and the surface active agent will be redistributed radially due
to the radial velocity causing depletion in the centre. The film will soon become
fully immobile(goingthroughapartial mobilephase). At full immobility theshear
stressis balanced by the gradient of the surface active agent. The film will at this
point drain very slowly. At some critical thickness the van der Walls force will
cause instability and the film will again become mobile and drain fast until coa-
lescenceoccurs. If thiscritical thicknessisnot reached, thefluid particleswill gen-
eraly rebound. MacKay & Mason (1963b) found the film drainage to be much

faster below 0.2 um than predicted by the Reynoldsequation (3.34). Thissuggest

that thefilm changesfromimmobileto mobileat 0.2 um intheir experiments, and
it isin agreement with the suggestions Lee & Hodgson (1968) gave regarding
changes of mobility. Hartland (1969b) also wrote that the rate of approach
increasesand that thefinal valueisoften closeto that predicted by assuming auni-
formfilmwith no shear at theinterface. Lee & Hodgson (1968) further argued that
the film drainage processislaminar. Eveninrelatively inviscid liquidslike water
the smallest eddiesarein order of 25 pm whichisgenerally much thicker thanthe
draining film.
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FIGURE 3.9: From Lee & Hodgson (1968), shows interface mobility with
soluble surfactant. Expansion is determined by mass transfer. (i) Normal
diffusion from outside film, (ii) normal diffusion from inside film and (iii)
radial diffusion following depletion of film.

Mass transfer can play an important role in the rate of thinning of aliquid film
between fluid dispersed particles. MacKay & Mason (1963a) wrote that the thin-
ning rate was found to increase with the diffusion from the dispersed phase and
decreasewith thediffusiontothedispersed phase. Thefilm thicknessuponrupture
appeared to be unchanged. Groothuis& Zuiderweg (1964) showed quantitatively
that the coal escencerates can be enhanced twenty-fold by adding arel atively small
amount of athird component to thedispersed phase. Thisagreeswell withMacK ay
& Mason (1963a), who also showed adecrease in the film thinning by adding the
third component to the continuous phase. A larger percentage was though needed
in the continuous phase in order to get a similar percentage change in the rate of
change of the film thickness. They argued that this may be due to their experi-
mental setup.
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3.1.3 Fluid particle collision (force balance)

Thedriving forcefor the film drainage isthe pressure differencein thefilm, AP,
or theforce on thefluid particlesresulting in the pressure difference. This section
deals with the force driving the film drainage.

Chesters (1991) offers areview for the coal escence process and the article is an
excellent reference and starting article for the subject. The collisions are divided
into two categories, viscous and inertial collisions. For the viscous collisions the
inertial part in the Navier-Stokes equationsis neglected. Thisis expected to lead
to a Stoke type expression

F O6TU.R(YR). (3.71)

For viscous collisionsin turbulent flow the strainrate, v, isreplaced by v, arate
characteristic of flowsin the smallest eddies:

Yk = (e/v)V2, (3.72)

For inertial collisions a characteristic velocity variation is given by
v, = (ed)1/3, (3.73)
with atypical force caused by the external flow on the fluid particlesis given by
Fext DPV2d2 Op d?(ed)?/3. (3.74)

Chesters (1991) further writethat thereisavirtual absence of viscousdissipation,
giving atransfer of kinetic energy to surface energy during a collision. The
assumption regarding the absence of viscous dissipation may not be correct for
forceful collisions. For aforceful collisionthecollisioninterfaceradius, a, isof the
same order of magnitude isthefluid particleradius, R, thusa = O(R). A gentle

collision on the other hand may be defined as a « R, see figure 3.10. Another
important parameter that is addressed in the articleisthe virtual mass coefficient.
Itislisted as2/3 for anisolated particle but it risesto about 1 for particlesin close
proximity. Normally thisisnot included in model sand thevirtual mass coefficient
is assumed constant. Values below 2/3 is also common.

Asfor how tosolvethecaollision problem, aconceptual solution procedureisgiven.
This conceptual framework suggests solving the external flow and the internal
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flow independently. The force applied in the internal flow (drainage) is given by
the external flow. Chesters suggests that the contact timeis given by the external
flow, this may betrueif thereis no dissipation as assumed. With dissipation this
ishowever unlikely sincethedissipationisgiven by theinternal flow andthisagain
affectstheamount of energy transferableto thefluid particlesduring the collision.

%

e

External flow Intenal flow

collision

frequency, C

contact flattening

force, F {film radius, »)

Fo

contact film drainage

time, § (film thickness, h)}
fiim rupture
M =hy

confluence

FIGURE 3.10: From Chesters (1991), showing a conceptual framework for
coalescence modelling. External and internal flow is divided. Internal flow
is here defined as flow between the collision surfaces.

It isfurther assumed that the deformation due to the collision, the a/ R ration, is
small. When comparing with the experimental data given by Scheele & Leng
(1971), itisseen that thisassumptionisin error. They found experimental values
upto a/R [J0.7. Thesecollisionswere not dueto turbulent flow, but it still seems
likely that the assumptionisincorrect dueto the high valuesfound experimentally.

Ivanov & Traykov (1976) solved for the film thinning by solving the Navier-
Stokes equations for both the film and in their case the droplets. They used three
main assumptions. 1- filmismuchthinner than thecollisioninterfaceradius, 2- the
filmisplane-parallel, and 3- thedissipation of energy duetoliquid motionout from
thefilmisnegligible. Theenergy isaccordingtothemdissipatedinanarrow region
situated immediately about the collision zone of the droplets colliding. Thisdis-
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sipation decreases sharply with thicker collision zones. They wrote the normal
stress tensor as

T,,(0) = —P(0)+2pcﬁa ﬂ _ withn = —%A/U/(rv), (3.75)

consisting of apressure part and aviscousnormal tensor. Asmost authorslater on
they only kept the pressure term when solving the equations, Middleman (1998).
The Navier-Stokes equations are solved by using the simplifications above and
they get the following expression for the critical film thickness

0 1/3
2323, smﬁm At, (3.76)

Rpul

-2/3
hcr

-hg
where h;, istheinitial thicknessat whichthefilmforms. AP isgivenfromthecol-

lision between the fluid particles.

Jeelani & Hartland (1991a) solved for the movement of afluid particle toward a
flat interface (or another fluid particle):

dv,
me’ = Fo—-F-F, (3.77)

where F. = Boa/Ristherestoringforce, F, = 121 Ry, isthedragforceand

F isassumed aconstant force. For abubble or drop toward ahorizontal interface
F isthebuoyancy forceandinthiscaseitiscorrect to assumethat it isaconstant.

For acollision betweentwofluid particles F isnormally called the outer forceand
itisnormally not aconstant. Jeelani and Hartland also included an added mass but
did not assume aconstant one. The added massvaried from 0.5 at infinite distance
to 0.69 when the colliding surfaces were at contact. An approximation for the
velocity was used based on the geometry of the problem

_ dz _ dno
V= =g T = 0. 5ra9 (3.78)
Thisapproximation only workswell for small contact areacompared to the cross-
sectional areaof thefluid particle. Thisbecomesthefollowing dimensionlesslin-
ear second order differential equation
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2
dA  ,dA _
W+)\d_'|'+ 2TBA = 2mf (3.79)

where A = a?/R?, f = F/(0R), A = 12ny,R/./mo and T = t./o/m.

Whenthedragtermisneglected, theright hand sideof eq(3.79), can besolved ana-
lytically and the analytical solution was given by Jeelani.

The film drainage, which is solved in addition to the movement of the particle
itself, wasdivided into two parts. Theinertial drainage being equal to therestoring
force

kpovza? _ Boa

: 3.80
16T1th?2 R (3.80)
and the viscous drainage being equal to the restoring force
3u.n?a2v
He z _ Boa' (3.81)

81h3 R

wherethe k parameter in (3.80) allowsfor frictional resistanceat the surface. This
parameter is greater than or equal to unity. It wasfound that the viscous draining
wastoo slow compared totheexperimental datafrom Scheele& Leng(1971). This
comparison is probably not very realistic since the contact areas in those exper-
imentswereintheorder of 70% of the crosssectional areas. Thesmall contact area
approximation used by Jeelani and Hartland isthus violated. Further, the surface
oscillation of the fluid particles in the experimental data is not accounted for.

Jeelani & Hartland (1991b) continued the work above by introducing shape oscil-
lations. They used

dv,
ma = F.—F,—F,, (3.82)
where
F dv dv
ES = az’s = FoeMsin(wt +38,) and F, = az’s . (3.83)

0
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Thefluid particlesoscillatearound the centre of masswhenthey areseparate. Once
two particles collide thistranslatesinto oscillation around the centre of mass. The
experimental data given by Scheele & Leng (1971) is used for validation. The
match with experimental dataisvery good. Thisisprobably mostly dueto thefact

that five model parameters, v, ¢, F, Y, wand ), arefitted to each experimental
run.

It isfurther noted in the article that the frictional losses at the surfaces of the col-
lisonareaduring inertial drainage may beextremely high. Reverseflow may thus
occur inthedropswhentheoscillatory motionisdirected away fromthemid-plane
of the collision interface. In their opinion the oscillation is very important for the
coalescence process. Thiswas also noted in the experiments done by Scheele &
Leng (1971).

Luo & Svendsen (1996) offers arather different view of the collision process
between two fluid particles. They do not takethefilm drainage into account at all.
Thecollisioninterface radiusisfound from acombination of the volume balances
of each fluid particle and thetotal distance between the centres of massof the par-
ticles

Z S’

3 ' +*
2o = JRE-T+ R+ SR DR sy

They aso find atotal collision time, but this time scale is questionable since no
energy lossis accounted for during the collision process.

Svendsen & Luo(1996) usesamodel similartoLuo & Svendsen (1996), inaccord-
ance with the previous work this model neglects the film drainage. The collision
was split up in three distinct serial processes: the approach, the drainage and the
interface rupture process. This view is rather doubtful, the drainage and the
approach process are most likely simultaneous processes. Though, it may be that
the approach process giving the interface area during the collision is approxi-
mately independent of thedrainage. Thisalsoisrather doubtful initially, but asthe
interface startsto formthefilm betweenwill quickly drainto athin film compared
to the radius of the contact area.

Two models are presented, one simple parallel-film model where the maximum
collision areaand the collision time for the maximumisfound. An energy balance
isusedtofindthepotential energy storedinthecollision, or internal kinetic energy
asitiscaledinthearticle
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1 1
Exint = é(mlvg 1+ mzvg ) — é(m1 + mz)vg um’ (3.85)
where
m,Vv, , + m,V
V, ym = 1Yz 1 2 z,21 (3.86)
’ my +m,

isthe velocity for the centre of mass for the two particles colliding. Further the
increase in surface area can be approximated as

As = As, +As, = (WArd(R2+R3?). (3.87)

Thissimplification is possible since the authors assumethat r; « R . They further
assumethat all internal kinetic energy isstored asanincreasein thesurfacegiving

OAs = By i (3.88)
The maximum interface radius, r ., , is then found.

A more general collision model isalso given. Thismodel is based on aforce bal-
ancefor eachfluid particleinorder to track thelocation of both particles. Notethat
the models given can handle fluid particles of individually different sizes. The
force balance for each particleis

dv, Bror?
My = F+ = - 121y Ry,, (3.89)

where F isthe external force, it may be buoyancy, the next term on the right hand
sideisthe restoration force and the last term is the drag force. In addition to the
force equations, which is combined to a single one, an equation for the distance
between the fluid particle mass centres is needed

%L_EZEI;EZEUZ
z _ g oo 1 3., s3y 0l
o= 3! ®o0* : +a(1+8 )ER1D , (3.90)

where { = R;/R,. Thefirsttwotermson theright hand side of (3.90) constitute
the distance between the geometrical centres of the fluid particles and the third
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term expressesthe distance between the geometrical centresand the mass centres.
Thefilm areaand velocity can then be plotted as afunction of the collision time.
Zero external forceis assumed in these cal culations and the results are compared
with experimental datafrom Scheele & Leng (1971).

3.1.3.1 Dragforce

Thedrag force may not be the most important one during acollision between two
fluid particles, neverthelessacorrect formul ation should be used. Most authorsuse
drag formulationfoundfor asinglesphereinafreeflow. Hallouin, Gondret, Lance
& Petit (1998) uses a modified formulafor a sphere toward arigid plane wall

F = 6mMu.RV,A, (3.91)

where A = A(h/R) isacorrection to Stokes' low given by

A = (3.92)

4 . n(n+1) 2sinh(2n+1)a + (2n + 1)sinh2a
=sinha z [ 5 > —1}
3 n_1(2n—1)(2n+3) 4sinh¥(n+1/2)a —(2n + 1)2sinh’a

where the parameter a depends on the ratio h/R by the relationship
a = cosh (h/R-1).
A good approximation that satisfies both limits h/R» 1 and h/R« 1 is

F = 6mpRv,(1+R/h). (3.93)

3.1.3.2 Collision angle and off-centre collisions

Orme (1997) defines the collision angle, Y, and the impact parameter, b, from
figure 3.11.
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FIGURE 3.11: Nomenclature for the binary collision process by Orme
(1977). b is the impact parameter, Y is the collision angle, V| and Vg are

the velocities of the large and small fluid particles respectively. U is the
relative velocity, r, and rg are the radii of the large and small particle
respectively, and 6, and 0, are the trajectory angles measured from the
reference of the gravitational vector.

Theimpact parameter, b, is thus the distance from the center of onefluid particle
to therelative velocity vector placed on the center of the other fluid particle. The
relative velocity between two fluid particlesis given as

U = (Uf+U3-2U,U,cos(, +6,))%2. (3.94)

Examplesof possible outcomeswhenthecollisionisnot head onisgiveninfigure
3.12. It was found that the coalescence probability is dependent on the collision
angle and theimpact parameter. Figure 3.12 also usesa‘ phasing parameter’. The
Impact parameter as described is used in the x-y plane, and the phasing parameter
seemto beidentical butinthey-zplane. Thez-planeisalignedwiththegravity vec-
tor.
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FIGURE 3.12: Examples of binary droplet collisions illustrating the effect
of impact velocity and impact parameter, b, by Orme (1997): (a) low impact
speed collision resulting in stable coalescence leading to fragmentation
with zero impact and phasing parameter; (b) high impact speed collision
resulting in unstable coalescence leading to fragmentation with zero
impact parameter and finite phasing parameter; (c) high impact speed
collision resulting in unstable coalescence leading to fragmentation with
zero phasing parameter and finite impact parameter (grazing collision).

Not only do the two factors, collision angle and impact parameter, influence the
coal escence probability, they also influence the outcome on collisions that expe-
rience temporary coalescence, as seen schematically in figure 3.12.

Ashgriz & Poo (1990) also shows that coalescence is dependent on the collision
angle and an impact parameter, see figure 3.13. Figure 3.13 shows a coal escence
situation whichisonly temporary dueto ahigh impact parameter. Theresult of the
head-on collision with ahigh impact parameter isaphenomenacalled astretching
separation collision. Notice that some massis exchanged during such acollision.
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FIGURE 3.13: Schematic of the stretching separation collision of two fluid
particles by Ashgriz & Poo (1990).

Figure 3.12 shows similar cases asfigure 3.13, but for non head-on collisions.

3.1.4 Experimental studies

Chi & Leal (1989) lists a number of articles for methods of measuring the film
thicknessand anumber of articleswith such measurements. They pointed out that
even though the literature is crowded with studies of the film drainage step of the
coalescence processit isnot clear that the full picture actually results. Most stud-
iesdeal withinitially placing adrop very close to an interface and measuring the
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gravity approach. Such an approach ignores the dynamics of a collision process
and some of the scales may be of different magnitudes. The time scale is one of
them.

Scheele & Leng (1971) studied experimentally the collision of anisole drops of
diameter 3.4 mm. inwater. They used amagnetic variable pul se generator to shoot
the colliding drops toward each other with approach velocitiesof 1.9 - 11.2 cm/s.
They used mutually saturated liquidswith freshly formedinterfacesthat oscill ated
due to the pulse generator generating the fluid particle. The collisions were
recorded by high speed photography. The oscillation phase was found to be very
important, that isthe oscillation shape at contact. It wasfound that collisions start-
inginaninitially elongated shape at first contact had amuch higher chance of coa-
lescing. They used the Stefan-Reynolds equation, also called Reynolds equation,
(3.34), totest thedrainage of thefilm. Inall casesthe Reynol dsequationwasfound
to givedrainage of orderstoo slow, but it wasfound that the collisionsresulting in
coal escence drained somewhat more than the collisions that did not coal escence.

Lo _FLEX-0-PULSE TIMER
® < NG FUNNEL

T e TO CAMERA TRIGGER
. NITROGEN MECHANISM
L
* DROP SIZE CONTROL VALVE
ANISOLE ' /PULSE GENERATOR (F16.2)
RESERYOIR
PULSE CONTROL
NOZZLES j/ 4 WATER
TANK

DRAIN

FIGURE 3.14: From Scheele & Leng (1971), shows the apparatus used to
create the drop collisions measured experimentally.

Burrill & Woods (1973a) used various oil-water mixture combinations to study
drainage mechanisms. Their results can be divided into three parts. First, arapid
approach from distances greater than 0.1 cm to film thicknesses at the deformed

interfacelessthan 3 [1L0° minlessthan 0.1s. Thefilm then rupturesor thedrop
isarrested. Second, adimpleof water isformed if thedropisarrested. Third, dim-
pleformationisfollowed by or occur s multaneously with drainage of water. They
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wrote that the initially mobile film became dynamically immobile if transfer of
Kinetic energy to surface energy can be completed dueto enough surfactant. If not,
thefilmwill becomepartially mobile and drain to coalescencein arelatively short
time. A dimpleisformed dueto interfacial tension gradient exceeding the surface
shear stress because the drop inertia that was partially responsible for setting up
this gradient has been dissipated. The bulk interface then contracts and carries
adsorbed surfactant inward which reduces the interfacial tension gradient along
thebulk interface. If theinterfacial velocity inwardislarge, it will carry withitbulk
fluid and generate the dimple. After theinitial rapid expansion and contraction of
the bulk interface is over the shear stress can be written as

aVr ()
S= —uca—z = ar

interface

o

(3.95)

Uneven drainage is according to Burrill & Woods (1973a) due to unsymmetrical
outflow of fluid through the barrier ring caused by local interfacial mobility. This
givesalargeoutflow of liquid and will continue until the equality between the sur-
face shear stressand theinterfacial tension gradient isagain approached. Thus, the
film will either rupture or regain an approximate symmertical shape.
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FIGURE 3.15: From Hartland (1969a), illustration of the flows and
circulation patterns within adrop, draining film and bulk phase at different
drainage times.

A somewhat different reason for uneven drainage was offered earlier. According
to Hartland (1968) and Hartland (1969a) the unsymmetrical outflow isdueto cir-
culation patternsin thedispersed fluid. Hartland al so notesthat high concentration
of surfactant gives symmetrical drainage and relatively uniform film, but thiswas
duetoimmobility of thebulk interfacecausing nocirculation. It wasal so noted that
circulation in the dispersed drop has greater effect than circulation in the bulk.
Also, measurements of interfacial tension indicate that it takes about one hour for
the surface activemoleculesto reach their equilibrium surface concentrationinthe
system studied by Hartland. For adropto abulk interfacecollision, Hartland found
that surface active molecules collect to the bulk interface and are swept away from

the drop interface during approach giving a collision with one mobile and one
immobileinterface.
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FIGURE 3.16: From Hartland (1969a), profiles ofunevendrainage shown for
different times.

Burrill & Woods (1973b) found that theinterfacial concentration of adsorbed sur-
factant has an effect on the type of film drainage that occurred. For the low vis-
cosity casesthefilmdrained either evenly or unevenly. For other casesit can switch
between even and uneven one or more times.
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FIGURE 3.17: From Burrill & Woods (1973a), shows different versions of
drainage and dimple formation. Left figure has small interfacial
concentration of surfactant and right figure has large interfacial
concentration of surfactant.

Experimental datafor thedrainage of thefilmfor acollision between abubbleand
asurface film is given by Doubliez (1991). Doubliez found that rebounds prob-
ability increase with surface ageing, withisnot surprising sinceitisawell known
fact that fluid particlescollect impuritiesin thefluid after the particlesare created.
This givesrise to aless mobile film which in turn is responsible for the rebound
probability increase. Similarly it wasfound for agiven film thicknessthat thefirst
stage of drainage thinning happened faster for the second bouncethanfor thefirst.
Thisis probably due to the sweeping away of impurities at the interface during
drainage. Thefilm may then after thefirst bounce belooked upon asamorefreshly
formed fluid particle. Further, Doubliez noted that if bursting of the fluid particle
takesplaceit moreoftentakesplace during thelast stagewhenthicknessisincreas-
ing. It is also interesting to note that it was experimentally found that higher
approach velocities gives slower initia thinning rates. Thisisin agreement with
what Chesters (1991) estimates for aparallel film model. The reason seemsto be
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that ahigher initial velocity givesafaster increaseinthe surfaceareawhichinturn
reduces the drainage rate.

Most articlesreviewed about the collision phenomenaconsiders modelsonly and
very few articles contain experimental data. Tsao & Koch (1997) presents some
interesting data and conclusions drawn from this data. They found that a bubble
toward ahorizontal wall bouncefurther than aperfectly elastic bouncefor aspher-
ical bubble would account for. Two reasons for this were given, first reasonis a
release of energy associated with surface tension. Thisis due to the approaching
bubble having a ellipsoidal shape due to terminal velocity while the rebounding
bubbl e has a more spheroid shape. The second reason is due to achange in added
mass with bubble shape. Both reasonstransfers potential energy to kinetic energy
giving alarger rebound.

Ananalysisof thecollisionwith awall showsthat more energy islost duringacol-
lision than what can be accounted for by drag alone. A possible mechanismfor the
additional lossisacoustic radiation of energy dueto shape oscillationsinduced by
thecollisions, Tsao & Koch (1997). It also seemsthat most of theenergy islost dur-
ing the rebound part of the collision, only 5% is lost when the bubble reaches its
closest proximity to the wall and 59% islost in total when the bubble reachesis
maximum distance from the horizontal wall. Thisshould be expected if the mech-
anism suggested is responsible for the energy loss observed, since it is assumed
that the shape oscillations will occur after the rebound and before the bubble
reaches its lowest point. On the other hand, it is seen from the collision radius
reported by Scheele & Leng (1971) that alarge part of theenergy islost during the
rebound process itself. A second possible mechanism is a boundary layer sepa-
ration from the rigid wall during the rebound, see figure 3.18.
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FIGURE 3.18: From Tsao & Koch (1997), schematic sketch of the bubble’s
approach to (a) and rebound from (b) a horizontal wall.

Tsao & Koch (1997) conclude that it isimportant to consider the surface energy
and thechangesinadded massduring abubblebounce. Thisshould asobethecase
for acollision between two fluid particles.

Ashgriz & Poo (1990) found that in additionto normal coalescencewhentwofluid
particles collide (intheir case water dropletsin air), the particles may experience
unstabl e coal escence through two mechanisms, namely stretching separation (see
figure 3.13) and reflexive separation (see figure 3.19).
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N O\
FIGURE 3.19: Schematic of reflexive separation for the head-on collision
of two equal-sized fluid particles, Ashgriz & Poo (1990).

The impact parameter, b, istogether with the force of the collision, by use of the
Weber number, variablesthat givethekind of coal escence. Theimpact parameter,
b, is defined in figure 3.11.

Experimental data showing the three kinds of coalescenceisin figure 3.20 given
for two equal sized dropletsfor the system water-air, i.e. collisions of water drop-
letsinair.
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FIGURE 3.20: Regions obtained for coalescence, reflexive separation and
stretching separation, Ashgriz & Poo (1990). Experimental data: ‘+’ for
stretching separation, ‘0’ for coalescence and filled triangles for reflexive
separation. The fluid particles (water droplets) are of equal size.

Figure 3.21 gives similar experimental data as figure 3.20, but for one droplet
being twice the diameter of the other one.
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FIGURE 3.21: Regions obtained for coalescence, reflexive separation and
stretching separation, Ashgriz & Poo (1990). Experimental data: ‘+’ for
stretching separation, ‘o’ for coalescence and filled triangles for reflexive
separation. Thelargest fluid particle (water droplet) is twice the diameter of
the other fluid particle (water droplet).

By comparingfigure3.21withfigure3.20itisseenthat stablecoal escenceismore
probablefor the caseswith unequal sized droplets. Further, Ashgriz & Poo (1990)
mentionsthat for stretching separationtheinitially largest particlewill becomethe
smallest oneafter thecollision. Thus, alargefraction of masshasbeen transferred.

3.2 Coalescence efficiency

It hasbeen shownthat itisvery difficult toformulateaproper parameterizationfor
the coalescence efficiency, A (9,9 ) . Asseen in chapter 2, several attempts have
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been suggested in the literature, however, most of them are of very empirical
nature. Our goal isto formulate a more fundamental model.

The following procedure for formulating the coal escence efficiency, A (9,39 ),
emerges.

Thethicknessof thedraining film seemsto be one of theimportant variablesdeter-
mining the coal escence efficiency. The film drainage processes may be very dif-
ferent considering mobile and immobile interfaces, Lee & Hodgson (1968). In
addition, asthefilm doesnot ruptureat aspecificthickness, acoal escencecriterion
may beestimated based on aprobability density function for the rupturethickness,
or one may simply have to determine a critical rupture thickness empiricaly. A
third procedure could be devel oped based on mechanistical model simulations.

Thethicknessof thedraining film between two colliding fluid particlescan becal -
culated by use of amodel formulation that couplesthe particle collision processes
andthefilmdraining. Thismay beobtained by combiningthefilmdrainingmodels
given by Vaughn & Slattery (1995) and Slattery (1999), with a particle collision
model similar to the procedures used by Jeelani & Hartland (1991b) and Svendsen
& Luo (1996).

Such amodel should also take into account the size ration between the colliding
particles as discussed by Ashgriz & Poo (1990). Thefluid particleswill oscillate
inaturbulent environment, Montes, Galan & Cerro (1999), thiseffect should also
be included because the oscillation phase together with the oscillation amplitude
may beimportant for the coalescence probability, Scheele& Leng (1971). Further,
thecollisionsmay not behead-on, Ashgriz & Poo (1990), whichwill affect thecoa-
lescence probability. Thekinetic energy inthecollision may also vary resultingin
adifferent coalescence probabilities, Low & List (1982) and Ashgriz & Poo
(1990). A mechanistic model should take all these factors into account.

Notation

A dimentionless area, eq (3.79), -

a parameter, defined below eq (3.65), m

a drainage film radius, defined below eq (3.77), m

a,(t) lower boundary in integration by Leibnitz theorem, eq (3.10)

a,(t) upper boundary in integration by Leibnitz theorem, eq (3.10)
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B constant, for different values see text after eq (3.24),
J or Jm (seetext after eq (3.24))

b parameter, defined below eq (3.65), m

b impact parameter, after eq (3.93)

bm London-van der Waals force, eq (3.23), N/kg
C, integration constant, eq (3.7), 1/s

C, integration constant, eq (3.7), m/s

d diameter of fluid particle, eq (3.73), m

B int internal kinetic energy, eq (3.85), N [im

F total force on film, eq (3.33), N

F constant (or external) force, eq (3.77), N

Fo initial amplitude, eq (3.83), m/ s?

Fe restoring force, eq (3.77), N

Fext external force acting on fluid particle, eq (3.74), N
F, drag force, eq (3.77), N

Fs shape oscillation force, eq (3.82), N

F, force fluid exerts on fluid particle, eq (3.54), N

f dimentionless external force, eq (3.79), -
fi(z.t)  function of z position and time, eq (3.44), Pa

fo(r,t)  function of r position and time, eq (3.44), Pa
f(x, t) function to be integrated by Leibnitz theorem, eq (3.10)

f(2) function of z-direction only, after eq (3.3)

g gravity constant, eq (3.27), m/ s?

H length scale in axial direction, see text above eq (3.27), m
h film thickness, after eq (3.6), m

h(r, t) liquid film thickness, eq (3.3), m

ho initial liquid film thickness, eq (3.31), m

hy thickness at state 1, eq (3.35), m
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h, thickness at state 2, eq (3.35), m

Ner critical film thickness, eq (3.76), m

h; film thickness for particlei, eq (3.68), m

h, film thickness at the rim, eq (3.25), m

k parameter for frictional loss at surface of film, eq (3.80), -

L length scale in radial direction, see text above eq (3.27), m

m parameter, eq (3.24), -

m mass, eq (3.77), kg

m;, m,  massof fluid particle 1, 2, eq (3.85), kg

n number of non-dilating surfaces, see below eq (3.65), -

n number of immobile interfaces bounding the film, eq (3.81), -

P pressure, eq (3.1), Pa

P(r) pressure as afunction of radius, eq (3.52), Pa

Po pressure at center of radius of film, eq (3.36), Pa

Py pressure in dispersed phase, eq (3.54), Pa

Py, hydrostatic pressure, eq (3.51), Pa

P, pressure at the rim of the film, eq (3.36), Pa

Q flow through the barrier ring per unit length of periphery, see
below eq (3.65), m?/s

R radius fluid particle, eq (3.22), m

R, R, radius fluid particle 1, 2, eq (3.84), m
Ry Ry initid radiusfluid particle 1, 2, eq (3.84), m

R, film radius for bubble of radius R resting in equilibrium at afree
surface, eq (3.27), m

Re Reynolds number, Re = (pv,d)/, after eq (3.22), -

Re; Reynolds number, eq (3.27), -

Re, Reynolds number for particle, after eq (3.3), -

r radial direction, eq (3.1), m
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interface radius, eq (3.33), m
dimensionless radius, see text above eq (3.27), -
radius of the barrier ring, eq (3.65), m

interface radius, eq (3.3) and (3.38), m

maximum interface radius, after eq (3.88), m
position of minimum film thickness, eq (3.66), m
shear stress, eq (3.95), N/ m?

normal stress, S,, = 2u.0v,/ 0z, eq (3.54), N/ m?

thickness in the middle of the dimple as afunction of time,
see below eq (3.65), m
dimensionlesstime, eq (3.79), -

stress tensor, eq (3.54), N/ m?

time, eq (3.1), s
dimensionless time, see text above eq (3.27), -
drainage time from state 1 to state 2, eq (3.35), s

velocity scalein radial direction, see text above eq (3.27), m/s
collision velocity between two particles, eq (3.94), m/s
scalar velocities for particles 1 and 2, eq (3.94), m/s

plug flow velocity, eq (3.16), m/s

velocity in radial direction at the centre of the film, eq (3.36), m/s
velocity in radial direction at the rim of the film, eq (3.36), m/s
relative approach velocity, eq (3.27), m/s

radial velocity as afunction of r and z positions and time,

eq (3.39), n/s
velocity inradial direction, eq (3.1), m/s

dimensionless radial velocity, see text above eq (3.27), -
velocity in axial direction, eq (3.1), m/s
oscillating velocity in axial direction, eq (3.83), m/s
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Vv, 1, V, o axia velocity of fluid particle 1, 2, eq (3.85), m/'s

Vs s oscillating velocity to center of mass, eq (3.83), m/s
V, um axial velocity of the centre of mass of the two colliding fluid
particles, eq (3.85), m/s
v, dimensionless axial velocity, see text above eq (3.27), -
v,(z,t)  axia velocity asafunction of z position and time, eq (3.40), m/s
W velocity scalein axial direction, seetext above eq (3.27), m/s
We Weber number, eq (3.27), -
z axial direction, eq (3.1), m
z function of axial direction, eq (3.33)
z dimensionless axial length, see text above eq (3.27), -
Z ot distance between mass centres of two colliding fluid particles,
eq (3.84), m
a parameter, after eq (3.92), -
B parameter determining excess pressure in the film, eq (3.77), -
= 1 for an approach to a deformable interface
= 2 for an approach to a plane interface
% interfacial tension, eq (3.27), N/m
Y amplitude decay rate constant, eq (3.83), 1/s
y strain rate, eq (3.71), 1/s
Yk strain rate for smallest eddies, eq (3.72), 1/s
AP Po— P}, surplus pressure in the film, eq (3.76), Pa
As increase in surface area due to collision, eq (3.87), m
As, increase in surface areafor particle 1 dueto collision, eq (3.87), m
As, increase in surface areafor particle 2 due to collision, eq (3.87), m
At t., — 1o, drainage time for theinitial state to critical film thickness,
eq (3.76), s
Ap Ap = p;—p,, €eq(3.66), kg/md
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Ao Aoy = 0y 1—0g ,€9(3.69), N/m

[ phase angle, eq (3.83), -

3 turbulent eddy dissipation, eq (3.72), m2/s3

€ dimensionless length scale ratio, see text above eq (3.27), -

n dimensionless function, eq (3.75), -

0 half angle subtended by the draining film, eq (3.78), -

8,, 6, traectory angles measured with reference to gravitational vector,

eq (3.94)
A dimensionless constant, defined below eq (3.79), -
A correction factor, eq (3.91), -

A(9,9’) coaescence efficiency once collision occurs between particles of
volumesd and 3, -

VN viscosity of continuous phase, eq (3.1), kg/ (ms)

Y kinematic viscosity, v = pu/p, eq(3.72), m?/s

&(r) distance from curved particle interface to interface, eq (3.33), m

13 radius ratio, eq (3.90), -

Pec density in continuous phase, eq (3.1), kg/ m3

Py density in dispersed phase, eq (3.27), kg/ m3

o surface tension, eq (3.22), N/m

0 interaction potential per unit volume of a semi infinite film liquidin
the limit as the fluid-fluid interface is approached, eq (3.24), J/ m3

¢ interaction potential energy per unit massf the liquid in the film,
eq (3.23), J/ kg

do = ¢ evaluated in the limit as the interface is approached,
eq (3.24), J/ kg

()] collision angle, after eq (3.93)

W frequency, eq (3.83), 1/s
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CHAPTER 4 FIUId partICle
colligonsin
turbulent flow

This chapter is based on the paper ‘ Theoretical analysis of fluid particle colli-
sonsinturbulent flow by Hagesaether, Jakobsen & Svendsen, printed in Chem.
Eng. Sci.

4.1 Introduction

Bubble and drop coal escence phenomenaobserved in many industrial separation
processes and in multiphase chemical reactors such as bubble columns and stir-
ring vessels, often have a significant influence on the process performance. Even
though a number of sophisticated modelling concepts have been presented in the
literature over the years, the chemical and physical mechanismsinvolved are ill
not satisfactory understood. Among the most promising methods applicable for
elucidating these phenomena are the ‘volume of fluid (VOF) and the direct
numerical simulation (DNS) methods. On the other hand, the multifluid models
have been found to represent a trade-off between accuracy and computational
efforts for practical applications. In these multifluid models constitutive equa-
tions are needed to describe the coal escing process, and due to the limited under-
standing of these phenomena we still have to resort to empirical correlations.
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The present model belongsto the latter class and deals with the collision process
between two fluid particles. Theintentionisto formulate aconstitutive model that
can be applied for determining whether the particles coalesce or not. The model
should be applicable for both in phenomenological reactors models and in CFD
based reactor models. Turbulence isincluded by using collision time scales gen-
erally less that a second, and by including fluid particle shape oscillations.

4.2 Model description

The model describes a head on collision for two oscillating rotational ellipsoids
of any volume and velocities. We expect the model to be valid for alarge range
of velocities but the lack of experimental datalimits our validation of the model.
The same model can also predict side collisions, but the physics of the rolling
motion is not yet accounted for. Off-line collisions, that is collisions not strictly
head-on, may be simulated by using the velocity component in the head-on direc-
tion only. An off-line collision has ahigher probability for uneven drainage, Hart-
land (1969), this possible effect isnot included in the model . Note that with minor
changes, it is aso possible to simulate a tail-end collision with the equations
derived, that isacollision dueto onefluid particle catching up and colliding with
another.

The force balance for each particleis

du,
ma =F= I:Drag"'FD,form"'FC’ (4'1)

where mincludes added mass:
_4 2[1d \H
m = 3T[pca0boq ) +\=, (4.2

where y isthe added mass parameter andwehaveused y = 0.5, Luo & Svendsen
(1996). Other values are also possible. Cook & Harlow (1986) used 0.25 for the
air/water system, and 0.5t0 0.8isgiven by Jeelani & Hartland (1991b) asanormal
range. A sensitivity analysis has been performed for the y parameter. The direc-
tions of the two drag forcesin eq (4.1) are always opposite to the fluid particle
velocity, and the restoring surface force is aways negative.

78 NTNU



Model description

Forcebalancesaresolved simultaneously for theindividual fluid particles. Inthese
balances steady drag, lubrication form drag and particle deformations are
accounted for. The drag coefficient parameterisation istaken from Clift, Grace &
Weber (1978) and gives the standard steady drag

1 2
FDrag = éT[pCuZCD, (43)

where C isdependent on the Reynoldsnumber. Thisdragisfor rigid spheresand

isthusinaccurate for two fluid particles. However, the steady drag term isfound
to be the least important force in the system. The restoring surface forceis
described by

Fe = Brnar’/R, (4.4)

where 3 isaparameter determiningtheexcesspressureinthefilm, Jeelani & Hart-
land (1991b). By using the Kelvin equation for spheres, Mark (1991), the excess
pressure is given as

AP = 20/R. (4.5)

This can be combined to
F = AAP = 2mtar’/R,, (4.6)

giving B = 2 for spherical fluid elements. In thiswork the same value of 3 has
been used for ellipsoids. R in the equation for the deformation is taken to be the
radius of the particle at the border of the collision zone and can be expressed as

172

R = (h®+r9) (4.7)

In addition comesan expressionfor thelubricationformdrag. Thisforcedescribes
the extraform drag caused by theflattening of the colliding surface. According to
Middleman (1998) this can be written as

r
Fotorm = 20 Ta|_, 101, (4.8)

where zisthe collision direction and the total normal stress tensor is given by
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ou
Ty = P20, (4.9)

where P isthe pressure in the film.

Inearlier work, Middleman (1998), Jeelani & Hartland (1991b) and Lee & Hodg-
son (1968), theviscousnormal stresseshave been considered negligiblecompared
to the pressure term. This assumption isfound to be questionable due to the short
time scales involved in the collisions and as the resulting models contain incon-
sistencies, Middleman (1998).

A number of other approachesexists, Colin, Kamp & Chesters(1998) neglect the
viscous energy dissipation and find the interaction time from atotal energy con-
servation equation. This approach may work for mobile films, but the model will
underpredict the viscous energy dissipation for immobile filmsoccurring in most
practical applications. Klaseboer, Chevallier, Masbernat & Gourdon (1998), as
several others, apply the lubrication equation to study drainage of liquid films
between fluid particles colliding at a prescribed approach velocity. The coupling
betweenfilm drainageand movement of the approaching particlesisnot accounted
for by themodel, thusit haslimited application for our purpose. Also time scales
for turbulent collisionsarefar lessthan asecond while current film drainage mod-
els operate with time scales of minutes.

If oneconsiderstheextremecasewhenall theinitia kinetic energy of thefluid par-
ticlesdissipateduring collision, then only the viscous contribution to thetotal nor-
mal stresstensor remains. Assuming flat interfacesgives 0u,/0z = f(z),Lee&

Hodgson (1968) and we obtain,

i ou
Fo fom = —2TTH =" (4.10)

0z z=1/2 '
In many practical situationsthisrelationship will be agood approximation of the

lubrication form drag, provided that the value of the parameter du,/ az| o is
zZ=

fitted to experimental data. If one considers the other extreme case where
T,, = P,Middleman (1998), oneget aforcetermdueto theexcesspressureinthe

film
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Pressure _

3y ot/ ot
I:D, form - 3

(4.12)
2of°

We combine these two asymptotic expressionsfor the total lubrication form drag.
In addition to the force equations some geometric relations are needed, seefigure

4.1).
. h
(I

t=0 t=t
FIGURE4.1: Model sketch. Velocities and length variables are shown. The
model is developed for oscillating rotational ellipsoids of different sizes.

The volume of the ellipsoid where b isrotated is

V = Zraghf. (4.12)
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Subscript O indicatesthe original shape of the particles, that iswhen thefluid par-
ticles are just touching each other, b isthe radius in the collision direction, and a
isthe perpendicular radius. Assuming aflat interface between the colliding fluid
particles and integrating, gives

Y, bZ% +h %D here h = T2HL i (4.13)
=Tt a — where = — . .
3a 0 O b%

Inthisformulathe particle volumeisretained, whereas, isearlier work, Svendsen
& Luo (1996) and Chesters(1991), theflattening volumes have been disregarded.
No exchange of mass between the fluid particles and the surrounding fluid have
been assumed and the particles has been assumed incompressible. This volume
balance implies that when the particles collide, the size of a, b or both has to
increase. Assuming that the a/ b ratio remains the same, the following equation
isvaid

a/b = ay/b,. (4.14)

The total distance between the mass centres is found by adding the distances
between the geometric centres and the interfaces, the distances between the mass
centres and the geometric centres due to the deformation, and the film thicknessf,

{hp}b_g___h +37a } (4.15)
4a0b0Ekla
{h+§b—[+h———h2+—a%} +f.

aobOD!la 2 4 U,

Theindexes specify each fluid particle. By dividing the massintegral by the vol-
umeintegral we get the distance between the mass centre and the geometric centre
of therotational ellipsoid. In bubble columns and agitated reactors the turbulence
motion induces fluid particle shape oscillations, Montes, Galan & Cerro (1998).
To account for these oscillations, it is assumed that the collision axis can be mod-
elled asadecaying sinefunction, Hagesaether, Luo & Svendsen (1996) and Jeelani
& Hartland (19914),

b = by(1+asin(wt + 61/180 + 1/2)e ). (4.16)
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Theother lengthvariable, a, isfound from thevolumebalance. An equationfor the
variation in distance between the centres of massfor thetwo fluid particlesisalso
needed and is expressed as

dz

gt = Uyt U, ;. (4.17)
Finally, amodel describing thefilm drainageisdevel opedinlinewith Kirkpatrick
& Lockett (1974). A material balance for the film is combined with Bernoulli's
equation along astreamline. In contrast to earlier work weinclude afriction term
in the Bernoulli equation due to laminar flow in the film

2
& + I:Friction (4.18)

2
P u P
O+ r,O__r+ ’
Pc Pe 2 Ap,

where subscript O isfor the centre of thefilmand r isfor theradiusr. Thefriction
term iswritten as

3,2
Feriction = NoMcU, T /1. (4.19)

The equations combined gives a second order equation for u, that is solved and

combinedwiththecontinuity equationfor thefilm, givingthechangeof filmthick-
ness.

Theresulting set of equationsrepresentsaDAE systemthat issolvedinMATLAB
using ODE15Sfor the differential equations (force balances) and BROY DEN for
the algebraic equations.

4.3 Results and Discussion

Detailed experimental dataon fluid particle collision is scarce and the only useful
ones found are data given by Scheele & Leng (1971). These are used for model
validation. The parametersa, 0, w and d ineq (4.16) areall found from exper-
imental data and are not fitted. As mentioned earlier only one parameter in the
lubrication form drag, eq (4.10), has been tuned to the experimental data. The
same parameter value has been used in al simulations.
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Theexperimentscanbedividedintotwo parts. Collisionsthat resultin coal escence
and collisionsthat resultinarebound. All simulations performed on collisionsthat
resultin rebounds, show that the energy dissipation caused by thelubrication form
drag is dominant. Without it almost symmetrical rebound profiles are obtained,
and the time scales of the collisions are much smaller than that found experimen-
tally. When the lubrication form drag is included, the fit to experimental datais
guite good.

Infig4.2A isshownthecollisionradius, r, asafunction of timeduring thecollision
process. It is seen that the simulations predict well the modular form of ther-
response caused by the oscillations of the particles, shown in fig 4.2C. Also the
departure processiswell predicted. It should be noted that the agreement between
simulationsand experimental valuesisjust asgoodfor all the4 experimental cases
resulting in rebound. The experimental data comprise collision velocitiesin the
range 2 - 11 cm/s, and oscillation phase angles at contact in the range 150 - 345°,
M aximum el ongation al ong the collision axisisarbitrarily set as0°. Sincethe esti-
mation of thecollisionvel ocity isuncertain, a10%increasehasbeensimul ated and
shown by thedotted lineinfig 4.2A. The changeisnot dramatic indicating that the
collision velocity isnot acritical parameter in the approach process. Note that the
filmthicknessprofile, fig 4.2D, ishardly changed by theincreasein velocity. This
may be dueto the assumption of immobilefilms. Infig4.2B, the distance between
themass centresisgiven asfunction of timeand showshow the particlesapproach
each other and then depart. A sensitivity analysis of the added mass parameter, v,

showed that an increase of y from 0.5 to 0.8 gave rise to an increased collision
radius, r, of theorder similar to that found for a 10 percent velocity rise. Lowering
y to 0.25 gave a corresponding reduction of the collision radius.
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FIGURE4.2: Simulation ofrun 14 by Scheele & Leng (1971). Dotted curves
for 10% increase in collision velocity. A - interface radius as a function of
time, B - total distance between mass centres as a function of time, C -
oscillating length variable, b, as a function of time. D - film thickness, f, as
a function of time. The oscillation amplitude is 7.93 percent.

The energy dissipation during the collision processis supported by Tsao & Koch
(1997) whofoundthat thereisalargeenergy lossduring the collision process, 50%
or more of the energy is generally lost. They attributed this to turbulence during
the rebound process dueto large pressure gradients. In all experimental rebounds
we have found that the lubrication form drag can explain this loss completely.
Other possiblelossesarefrictionintheliquid film during drainage and the kinetic
energy spent in the drained continuous fluid. These contributions, however, have
been found to be negligible, implying that the fluid particle approach process can
be regarded as independent of the drainage processes in the film.

Dimple formation in the film between the fluid particlesis reported by Princen
(1963), Hartland & Robinson (1977) and Klaseboer et al. (1998), both in model -
ling studies and in experiments. For comparison with turbulent flow cases, how-
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ever, the time scale is of crucial importance. In a collision between two fluid
particlesin turbulent flow, the time scale may be in the order of 0.1 second. For
most drop-settling experimentsand model ling studi esthe time scal eshave been of
theorder minutes. Thismay al so bethereasonwhy thewholelubricationformdrag
has not, to our knowledge been introduced before. Ivanov (1988) reports that in
order for adimpleto occur, then f > F/(210) . Theinitial film thickness used in
our ssimulationsismuch lower indication that it is reasonabl e to assume aflat col-
lision interface.

Fig 4.3 shows an example of an approach process resulting in coalescence. The
agreement between simulationsand experimental dataisfair. Threeof thefour sets
of experimental datashow thisfair agreement. Thelast oneisaspecial casewhere
coal escencetakes place after several oscillation periods. Thethickness of thefilm
between the particlesis governed by the film drainage model given by eq (4.18)

and (4.19) whereafrictionfactor, n,, hasbeenintroduced as an adjustabl e param-
eter. Another parameter in the film model is the film thickness at initial contact.
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FIGURE4.3: Simulation ofrun 16 by Scheele & Leng (1971). Dotted curves
for 10% increase in collision velocity. A - interface radius as a function of
time, B - total distance between mass centres as a function of time, C -
oscillating length variable, b, as a function of time. D - film thickness, f, as
a function of time. The oscillation amplitude is 7.47 percent.

Fromfigs4.2D and 4.3D, it is seen that the film thickness very rapidly decreases
tovaluesaround 10 pm and then remains almost constant. Thisisthe casefor all
simulationsand alsofor any choiceof initia filmthickness. Changing n,, hasasig-

nificant impact on thefilm thickness, aswould be expected. However, the profiles
are similar to those shown in figs 4.2D and 4.3D and the differences between the
varioussimul ationsremainthesame. Thesimul ationsshow that thefilm thickness,
after it has levelled off, is consistently 30-50% higher in the rebound cases com-
paredtothe coalescencecases. Itis; however, to early to speculatewhether thiscan
be used asacriterion for coalescence. Apart from thisno clear difference between
the coal escenceand rebound caseshasbeenfound. Scheele& Leng (1971) claimed
that there was a correlation between the initial oscillation phase angle and coa-
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lescence. A closer analysis shows that this finding is not generally valid for al
experiments.

Asmentioned earlier, intheliterature, normally the viscousterminthetotal lubri-
cation form drag; is disregarded, whereas the pressure term is believed to domi-
nate. This was tested using the simulation model and atypical result is shown in
fig4.4. The graph showsclearly that the viscousterm dominatesthe process. This
wasthecasefor all ssmulations. For the coal escence processhowever wespecul ate
that the pressure contribution should have the important effect of increasing the
film drainage compared to the rebound process situations.

F[N]

0

1 1 1 1 1 J
0 0.002 0.004 0.006 0.008 0.01 0.012
t[s]

FIGURE 4.4 . Simulation of run 14 by Scheele & Leng (1971). The two parts
of the lubrication form drag are compared. Dotted curve for the viscous
term and continuous curve for the pressure term.
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4.4 Conclusion

A model for the approach process between two oscillating particles has been for-
mulated. The model includes a viscous lubrication form drag in the film that has
been disregarded in earlier literature. It has been shown that this term dominates

the approach process together with the surface restoration force.

Simulations have been compared with experimental datafor oscillating particles

and good agreement was obtained.

Itisfound that the particleapproach process can be regarded asindependent of the

film drainage processes. However, the opposite is not true.

More experimental datais needed to further verify and improve the model. The
immobilefilmassumption used may beincorrect whenthefilmisdrainedto below

some thickness.

Notation

A area of interface, m?

a ellipsoid radius, non collision axis, m

b ellipsoid radius, collision axis, m

Cp drag coefficient, -

F force, N

Fc restoring surface force, N

Fp.form formdrag (dueto flattening of the collision surface), N
F\éiysf%?ﬁf viscous form drag (due to viscous dissipation in the film), N
Fgf?zf‘rﬁe pressure form drag (due to excess pressurein the film), N
Fbrag drag force, N

Firiction frictioninthefilm draining process, N

f thickness of liquid film, m
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h distance from geometric centre to interface, seefig 4.1, m
m mass of fluid particle, kg

No parameter in friction force term, -

P pressure, Pa

Po pressure in the center of the film, Pa

P, pressure at the outer rim of the film, Pa
R radiusfor fluid particle, m

r radius of collision interface, m

shift fig 4.1, distance between mass and geometric centres, m
T, total normal stress tensor, Pa

t time, s

u, radial velocity of fluid particle, m/s

u, axial velocity of fluid particle, m/s

\Y volume, m3

z distance between mass centres, m

a amplitude of drop oscillation, -

B parameter for excess pressure in film, -
Y added mass coefficient, -

0 damping factor for oscillations, -

0 phase angle at first contact, degrees

VI viscosity, Pa [

p density, kg/ m?3

o surface tension, N/ m

90 NTNU



Conclusion

w frequency, rad/s

Subscripts:

C continuous phase

d dispersed phase

S spherical shape

0 initial state/ start of integration
1,2 fluid particle 1, 2
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CHAPTER 5 FIUId partICle
break-up

Thischapter isabased on the paper * Amodel for turbulent binary breakup of dis-
persed fluid particles’ by Hagesaether, Jakobsen & Svendsen, accepted for pupli-
cation in Chem. Eng. ci. A model for fluid particle break-up is devel oped.

5.1 Introduction

Luo & Svendsen (1996) developed a model for fluid particle break-up based on
principles of molecular collision, isotropic turbulence and probability. Unlike
earlier work this bubble breakage rate model contained no adjustable parameters
and all constants were calculated from isotropic theory. The daughter size distri-
bution was derived directly from the breakage rate model.

Thecurrent model isafurther development of an existing model by Luo & Svend-
sen (1996), which hasbeen expanded and refined, and wherean inherent weakness
regarding the break-up rate for small particles and small daughter particle frag-
mentsisremoved. A new criterion regarding the kinetic energy density of the col-
liding turbulent eddy causing break-up has been introduced. Thisnew criterionis
anovel concept describing the break-up process. The details are thoroughly dis-
cussed together with possible further modifications. Based on a new view of the
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breakage process a new model has been developed. This new model is consistent
in the sense that when the model is used in a population balance model, a steady
state distribution between the population classes should be reached, and that the
overall dispersed fluid particle size distribution should be independent of the
number and distribution of the size classes. Thisconsistent model can beused both
in CFD models and for simpler reactor models.

5.2 Review and discussion of existing break-up
model

There areat | east three possi bl e breakage mechanismsfor drops or bubblesin tur-
bulent flow. These are turbulent (deformation) breakage, viscous shear (tearing)
breakage and elongation flow breakage in accelerating flow. The model by Luo
& Svendsen (1996) is concerned only with the turbulent breakage mechanism
which isthought to be the prevailing onein turbulent flow as encountered in mul-
tiphase reactors. Viscous shear breakage on the other hand, isalaminar phenom-
ena, and the elongation flow breakage occurs where the continuous flow is
accelerated like in the vicinity of impellers, Alopaeus, Koskinen & Keskinen
(1999). It is further assumed that the turbulent breakage is binary and the phe-
nomenon is divided into the collision between an eddy and a fluid particle, and
the break-up of the particle due to the colliding eddy. The break-up rate can then

be written as the product of the collision frequency, wg, and a breakage proba-
bility, Pg,

The following should be noted:

« Thisequationisan approximation since collisionsresulting in break-up should
be removed from the class after each event, keeping only particlesfrom colli-
sions that do not result in break-up available for further collisions. Thus, for

population classes with decreasing number of particles, Qg will belarger than

thereal event frequency and viceversa. Thesame consideration also appliesfor
coal escence.

 For the limit of one event the equation is correct.
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 For the steady state case the equation isalso correct since any particleremoved
from the class will be replaced with birth occurrences (both break-up and coa-
lescence) from other classes, thuskeeping thetotal amount intheclassconstant.

Further, equation (5.1) isbased on the assumption that the collision frequency and
the breakage probability are independent variables. Thisisafirst order model
approximation which isadequate when theintegration time step issmall ashigher
order terms become negligible. For further reading about stocastic processes,
Gikhman & Skorokhod (1980) is recommended.

« Thusintransient cases equation (5.1) may be inaccurate. The error increases
with higher relative number of collisions (collisions/particles) and with an
increasing event probability asthe accuracy reflected by birth and death terms
obtained using this model are dependent on the step size choosen for the time
integration.

« Theerror may be decreased by reducing the time step of integration.

Therelative changein each classfor each time step should thus be monitored, and
if the change is considered high (say higher than 25%), the time step should be
decreased in order to reduce the error.

5.2.1 Thecoallision frequency

Laidler & Meiser (1982) describes the collision frequency between gas mole-
cules. We can obtain a similar expression for the collision frequency between

eddies of size between )\j and )\j +dA and bubbles (or droplets) of size d. ,
TT —
wB(di1 )\J) = Z(dl + )\J')ZUdil )\jndin)\j . (52)

Here M, isthenumber of eddiesof sizeclass A; + dA per unitreactor volume, Luo
& Svendsen (1996), and Odi, y isthe average relative velocity between the eddy

and thefluid particle. Luo and Svendsen ssmplified the latter to OAJ whichisonly

the turbulent velocity of the eddy. This simplification may not be justified in all
cases and should be avoided as a first approach. Equation (5.2) is only a good

approximation when thetotal changein ny isnot too large. Whereasin situations
I

wherethis change is significant the time interval should be reduced. This chapter
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dealsprimarily with the break-up probability and the distribution of daughter sizes
from this probability. Thus, the collision frequency is not included in the results
shown later in thischapter. Prince & Blanch (1990) used an identical formulation
for the collision frequency, though they incorrectly used the sum of radiusesrather
than the sum of diametersin the squared part of the equation.

The eddy number density is calculated in accordance with the formula given by
Luo & Svendsen (1996). They applied a spectral representation of the turbulent

energy, E(k) , within awave number interval dk (given by theright hand side of
equation (5.3)), combined with a mixed spectral/L agrangian representation of
eddies having the corresponding turbulent kinetic energy inthe wavelength/eddy

size interval between )\J- and )\j + dA , in order to derive an expression for ﬁ)\j

(which must be integrated in order to find n, ),
I

. T uy.
nAijé)\f’?d)\ = E(k)p (1 -£g)(—dK) , (5.3)

2ot = [ZJ[3] ovrs 2] - [ 3] s

Here uy = [31/2(8)\1-)1/3, B = %, E(k) = ag2/3k>/3, k = 21V N,
i 31
a=15andp = 241.

Differentiating k = 21/ A gives dk = _)%nd)\ , and inserting this gives
j
8[382/3)\12/3 s
33Tt B T
n)\ pLG)\] Td)\ = 082/3% pL(l_sG)E}%d)\E' (54)
j j

Rearranging gives

9)\153)\2/3@\ - aEQTU (1—eg)dA. (5.5)

Dividing by dA on both sides and keeping only r'uj on the left hand side gives

96 NTNU



Review and discussion of existing break-up model

_ 9man3(l-gg)  9a(l-gg)
i \5a)2/3 5/3  \4{395/32/3
I ABBAZ/3(2m) AAB25/3m

N = 0.8226(1—86)/)\j4. (5.6)

Thus by using the energy spectrum and assuming isotropic turbulence the eddy
density of theinterval )\j and )\j + d\ isdescribed as

r'uj = cy(1- sG)/)\j“r where ¢, = 0.8226. (5.7)

A plot of the eddy density function, seefigure 5.1, illustrates how the number of
eddies varies as a function of the eddy size, )\j .

N
N

=
o
=
o

©
©

=
o

number of eddies/m®

number of eddies/m*

A [m] A [m]

FIGURE 5.1: The number of eddies, see equation (5.7), is plotted as a
function of eddy size A. The left hand figure is log-y and the right hand
figure is log-log. A ‘random’ interval is shown with €5 = 0.2. The lower
(Kolmogorov) limit for eddy size is not included.
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Asseenfromequation (5.7) and from figure 5.1, the number of eddies approaches
infinity as the eddy size goesto zero. It must further be noted that isotropic tur-
bulence is assumed, thus limiting the size range. According to equation 1.5.11 in
Tennekes & Lumley (1972), the Kolmogorov micro length scale, is given as

n = (v3/g)¥4, (5.8)

By using typical values for the air-water system we get

1/4

n = ((1x10°/1000)3/0.25)"* = 4.5x107 ],

v = - o [m?/¢],y, = 1x10° [Pa[S] and p, = 1000 [kg/m3] . A

typical value for € in abubble columnisused, € = 0.25 [m2/s3] .

5.2.2 Thecollision outcome

For a collision between an eddy and a fluid particle the outcome can either be
break-up or no break-up. For the break-up cases the two daughter particles may
have a variety of sizes. This section deals with the criterion for break-up and its
relationship to the daughter sizes resulting from the collision.

The first assumption introduced is that the instability created by the collision
between an eddy and a fluid particle has a duration much shorter than the time
interval between collisions. Thus, the particle will either break up due to the col-
lision or assume normal shape again, i.e. dissipate the previous collision energy,
before anew collision takes place. So, in order to model the break-up of fluid par-
ticleswe only have to model the collision between asingle eddy and afluid par-
ticle. Thus, the cases where the dispersed particles are hit by more than one eddy
before the original shapeisresumed are modelled as multiple separate instances.
If the assumption is correct there should be a negligible fraction of such cases.

Risso & Fabre (1998) onthe other hand found experimentally that some break-ups
are dueto seriesof eddy collisionswhere the accumulated energy finally result in
break-up. They alsofound other break-upswhichwereclearly theresult of asingle
eddy. So, only thefundamental casewhereall the energy from previouscollisions
aredissipated ismodelled and ssimulated. A possible modification for introducing
partial dissipation is discussed later.
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The outcome of the collision isdependent upon the turbul ent kinetic energy of the
colliding eddy. The turbulent kinetic energy probability distribution was by Luo
& Svendsen (1996) assumed to be

Pe(X) = ﬁexp(—x) where X = e(A;)/e())). (5.9)

The new model uses
Pe(X) = exp(—x) wherex = e(A;)/ é(?\j), (5.10)

since this gives
j Pe(X)dx = 1. (5.11)
0

Also equation 15 in Angelidou, Psimopoulos & Jameson (1979), as used by Luo
& Svendsen (1996), can be rearranged to equation (5.10).

The mean turbulent kinetic energy of an eddy with size A i e(A J-) , for theinertial
subrange was by Luo & Svendsen (1996) given as

nsu)\ T
&0 = pLph = 12[3 g2/ 1113 (5.12)

where 3 = 2.05 isaknown constant. It is seen that the shape of the turbulent
kinetic energy probability distribution, equation (5.10), isindependent of )\j ,l.e
themean energy isdependent upon A i but thedi stributionaround thismeanisnot.

It must be noted that e()\j) isbased on a spectral formulation, but it isappliedin
alLagrangian interpretation. Thisleadsto conceptual interpretation problems. As
an eddy contains both tranglational and rotational velocity components, ﬂ)\j in
equation (5.12) isthen avector, and the term may be interpreted as the turbulent
Kinetic energy of aneddy. Whenit comesto equation (5.2), Gdi, y isrelatedto both

the eddy and the particle velocities. The velocity of afluid particle is defined by
larger eddiesinthe system since these eddiesare (mainly) responsiblefor the con-
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vective movement of the particles. Asthe eddies are of all length scaleswe have
used ﬂ)\j , thevel ocity of eddiesof thesamesizeastheparticlesasan approximation
of the velocity of the particles, Luo & Svendsen (1996).

A plot of theturbulent kinetic energy distribution around the mean kinetic energy
is shown below in figure 5.2. The plot is normalized with the mean value.

0.9
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107}

o
)
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X [-] X[

1 1
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FIGURE 5.2: The turbulent kinetic energy distribution, equation (5.9), of a
random eddy size is plotted around the mean turbulent kinetic energy of
that size (mean value set to 1). The right hand plot is log-log.

Theincreaseinsurfaceenergy dueto abreak-up canbewrittenas, Luo& Svendsen
(1996),

&(d;, d) = 4m(d;/ 2)%0 + 4m(d,/ 2)?0 - 4m(d;/ 2)%0

&(d;, d) = mo(d2 +dZ—d?) , (5.13)
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where d; in g(d;, d,) istheparent particleand d, isthe smallest daughter par-

ticle. In equation (5.13) it isassumed that the increase in surface energy isdueto
an increase in the surface area during break-up, see figure 5.3. It is thus assumed
that the surface tension itself is not changed when the surface area changes. Asa
simplification any change in the internal pressure of the bubbles is disregarded.
Assuming 1 bar bulk pressure this amounts to an error of about +0.04% in the
daughter particlesvolumefor an equal sized break-up of abubble of radius 1mm.
Thiserror increaseswith decreasing parent bubblesize (0.4% for a0.1mm bubble)
and islargest for equal sized breakage. Further, since volume is the radius cubed
and surface areaistheradius squared, therelative error for the surface areawill be
less than for the volume.

md? md? Td j2

FIGURE 5.3: Break-up shown together with the surface area terms for
parent and each daughter particle. Note that the smallest daughter particle
is defined with subscript k.

By taking into account the volume balance and using the notation of Luo & Svend-
sen (1996) we get

3 3
:ﬂ(:%: dk

iRl (5.14)

where fg,, | isthevolumefraction of thefirst bubble, inour casethesmallest one.
The surface area change coefficient is written as
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Cik = fé{/:?k"' (1-fgy W2e-1, (5.15)

and signifies the fractional increase of the surface due to a break-up into two
daughter particles. Thus, the change in surface energy may be written as,

e(d;, dy) = ¢ md2o . (5.16)
By comparing equation (5.13) and equation (5.16) we see that
Ct, d? = dj2 +dZ—d? . (5.17)

When using the volume balance d? + d? = d? we get
C (2 = dZ + (d3—d)2/3—d? = [d@/d? + (1-d/dB)23-1]d? . (5.18)

By using equation (5.14) it can be seen that theterm in bracketsin equation (5.18)
above equals the expression for ¢; | in equation (5.15).

The criterion used by Luo & Svendsen (1996) for breakage of a particle was that
when thereis enough turbulent kinetic energy in the eddy for the surfaceincrease
of the fluid particle breakage is the result, i.e. the criterion was

e(\)) 2e(d, d) = ¢ nd?o . (5.19)

Thismeansthat when an eddy has more turbul ent kinetic energy than theincrease
in energy needed for aparticular break-up, thefluid particlewill break up into one
of the possible fragmentations.
In order to examine equation (5.19) closer we start by plotting the function
e (d;, d,) ,seefigure5.4. Thefunctionisonly plotted toabout 0.79d; , whichcor-
respondsto half the volume of the parent particle. For each particle below or equal
to half the volume of the parent particle therewill be acorresponding particle that
accountsfor therest of the parent particlevolume. Thisdaughter particleis placed

aboveor at thehalf volumeposition, thustheplot issymmetric around half thevol-
ume when volume is used as the x-axis. In figure 5.4 we see that if the turbulent

kinetic energy, e(A;) , ishigh enough (upper horizontal linein figure 5.4) the par-

ticlecan break upintoall possibledaughter sizessincethecurved linerepresenting
theincreasein surfaceenergy isbel ow thehorizontal linewhichrepresentsthistur-
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bulent kinetic energy. This gives e()\j) >g(d;, d,) — breakup for al possible
valuesof d, .

0.07

0.06

0.05f

0.02

0.01f

0.4
d/d [-]

FIGURE 5.4. The left hand figure shows the surface energy, the horizontal
lineis arandomly choosen value for e()\j) .Theright hand figure shows the
normalized function (described later in section 5.3.1). The x-axis in both

figures is the relative diameter size (daughter diameter divided by parent
diameter).

Figure 5.5 below shows an examplefor acase where e()\j) = g(d, d) = 004

[J] limitsthe range of possible break-up fractions.
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FIGURE 5.5: The left hand figure shows the surface energy with a
horizontal line at a randomly chosen value for e()\j) . The daughter sizes

that can be created by the value are encircled. The right hand figure shows
the normalized function for the encircled part of the left hand figure
(described later by eq (5.20) in section 5.3.2). The x-axis in both figures is
the relative daughter diameter size (daughter diameter divided by parent
diameter).

From figure 5.4 and figure 5.5 it is seen that there will always be a daughter size
distribution that requires less energy than what is available in the incoming eddy
sincethe surface energy goesto zero when the smallest daughter particle diameter
approaches zero. This means that according to the theory by Luo & Svendsen
(1996), all particleswill break up when hit by an eddy. With lessenergy inthe eddy
weget amoreuneven split of theoriginal particle. Thisisbecauseitisnot possible
to break up the particlesinto themost even distributions, seefigure5.5wheresizes
larger than the range encircled are not allowed. Taking into account the eddy dis-
tribution with an‘infinite’ number of small eddiesshowninfigure 5.1, combined
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withfigures5.4and 5.5 showingthat al collisionsresult in break-up, it can beseen
that the model resultsin an unreasonable high amount in break-up. Thisisclearly
not correct. In practical termsatoo large number of break-upsby using thistheory
would be expected and also the size and number of particle classes would define
the break-up rate and resulting size distribution. If smaller classes are added to a
case, no matter how small theseclassesare, particleswill occur intheseclassesand
the total break-up rate will increase. Thus there is an inherent inconsistency. In
order to remedy this problem a new break-up criterion, the energy density crite-
rion, has been added to the surface energy criterion. This latter criterion has also
been modified inthe sensethat aprobability distribution for the daughter fragment
classes has been added.

5.3 The modified model

The modified model must both limit break-up downward in sizefor daughter par-
ticlesand limit the break-up frequency for the smallest particles. A new criterion
Isintroduced, resulting in such limitations. In order to find the daughter size dis-
tribution the existing surface energy criterion isextended. A normalized function
has been proposed which together with a similar function for the new criterion
gives the daughter size distribution.

5.3.1 Thesurface energy probability

Figure 5.6 below depicts the two extreme cases of energy utilization when an
eddy collides with afluid particle. The eddy isin thisfigure shown as concentric
circles representing the shear of the eddy towards the surrounding continuous
fluid. The turbulence energy can be described by the energy spectrum concept
too, thus an eddy can be interpreted in more ways. See for example Alvarez,
Alvarez & Hernandez (1994), figure 2, for an alternative interpretation. The max-
imum energy utilization takes place when the breakage resultsin two equal-sized
particles. This absorbs the most energy due to the highest increase in surface
energy, seefigure 5.4. Further, this breakage is an extreme case since we assume
that exactly all the turbulent kinetic energy of the colliding eddy is used. As
shown in figure 5.6, no energy is left for motion of the resulting particles or for
aremaining portion of the eddy (which means the eddy dies out). Naturally, this
caseisnot very likely, but we do need a probability distribution for thisand other
caseswhichwill be addressed below. Notefurther that an eddy may of coursealso
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have more energy available than what isneeded for an equal sized break-up. Such
acaseisnot shown in figure 5.6. The bottom case is the other extreme. It shows
abreak-up where avery small fluid particleis generated together with a particle
of amost the original volume. In addition, therest of the turbulent kinetic energy
of the eddy may be transferred to kinetic motion of the daughter particles, oscil-
lations of the daughter particles (not shown in figure 5.6), and/or it may remain
with the eddy. The eddy isin this case depicted as the original eddy, but with a
smaller ‘kinetic’ vector. What happensto this*drained’ eddy after the collisionis
not important for the particle break-up framework. Further, it is assumed that
fluid particles dissipate all collision energy between collisions with an eddy, any
transfer of energy to the daughter particles will not be of consequence in future
collisions. Note that thisisasimplification, see Risso & Fabre (1998).

\

FIGURE 5.6: An eddy colliding with afluid particle may resultin a collision
that takes up all the turbulent kinetic energy of the eddy (top right), or
surplus energy may leave with the daughter particles and the used eddy
(bottom right). The eddy is here drawn by concentric circles which
represent the rotational part of the eddy.

We assume that the probability function for break-up due to turbulent kinetic
energy in an eddy may be written as a normalized function

e(A)) —e(d;, d)

Py(d;, dy) = : (5.20)

dk, max

J' (e(A) —e(d;, d))d(d,)

where dy 5« 1S the minimum of the crossover value(e()\j) = g(d;, d)), if it
exists(seefigure5.5), andif not (seefigure5.4), thenthe diameter of half thetotal
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volume (approximately 0.79d,). By normalized it is meant that integrating over

all possible sizes gives unity. Equation (5.20) isshown in figure 5.4 and in figure
5.5, intheright hand plots, for two ‘random’ cases. As can be seen from equation
(5.20), abreak-up that utilizesall the available energy, hasazero probability. The
probability increases with the amount of energy not used in the break-up process.
Thisinitself is enough to create a break-up source term in a popul ation balance,
but the consistency problem is still not addressed.

5.3.2 Theenergy density probability

From a physical point of view it makes sense that a particle is split if enough
energy isapplied. Sincethisaloneisnot asufficient criterion, we need onewhich
takesinto account that thereisaphysical lower limit to the particle size being bro-
ken up. As an introduction, Kolmogorov (1949), Hinze (1955) and Bourne &
Baldyga (1994) report that the maximum stable fluid particle size can be assumed
to bein order of

d_ 00(c06e-04p-06) (5.21)

max
Equation (5.21) above is found by balancing the interfacial tension (o/d,,, )
against the dispersive stress due to inertial, fluctuating motion in the continuous
phase, whichisgivenby pu_2 . Thisbalanceisoften expressed asthe Weber number
pu_zdmax

We, = 5 (5.22)

Two assumptions are used, Bourne & Baldyga (1994):

« Theviscosity of thedispersed phaseisso small that particledeformationisinef-
fective in opposing dispersion (typically in bubbles).

« Theparticlesizefallsintheinertia subrangesothat thedispersivestressisiner-
tial and not viscous.

The mean square velocity difference over the maximum particle diameter (d

isgiven as, Batchelor (1951)

max )

u2 O(ed, )23, (5.23)
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Equation (5.21) isthusfound by aforce balance for the particle. Our ideamay be
seenasasimilarity totheforcebal anceapproach, but based on an energy approach.
The first criterion involved the total energy available in the eddy and the energy
needed for break-up. The second criterion involvesthe energy density of the col-
liding eddy and the energy density of theresulting particlefragments. An analogy
regarding temperature can be sketched: there ismore energy in 100 kg of water at
60 degrees Celsiusthanin 1 kg of water at 80 degrees, but the water at 60 degrees
may not be used to increase the temperature of any amount of water with aninitial
temperature of 70 degrees as opposed to the 1 kg at 80 degrees.

Thus we arrive at a second criterion:

« Theenergy density of an eddy must be higher or equal to the energy density of
the daughter particles resulting from the break-up.

We thus assume that the energy density in the collision framework can not be
increased. The outcome of the collision between an eddy and afluid particle can
only be daughter fragments with the same or lower energy density than the eddy.

The energy density of a particle is here defined as the surface energy divided by
thevolume of the particle, i.e. the surface energy density, w,(d,) , for the smallest

particle

an(d,/ 2)%c J
W(d) = ——— = 60/d, [EJ (5.24)

Similarly we find an analogue eddy energy density, Wd()\j) , to be

A
Wd()\j) = # [%J (5.25)
§n()‘i/2)3

Here e(A J-) isthe turbulent kinetic energy and it must be determined by using the

probability function found in equation (5.10). It is seen from equation (5.24) that
the smallest daughter particle will have the highest surface energy density. Since
the surface energy density isinversely proportional to the diameter of the particle,
some lower limit for the size of the daughter particle will exist for each possible
break-up case. Thislower limit can befound by equatingthesurfaceenergy density
of thesmall est daughter particlewiththeeddy energy density of thecolliding eddy,

108 NTNU



The modified model

Wy(dy) = Wy(A) O dy in TTA #/€(A)) . (5.26)

dy min 1Sthelower possible limit. As seen in the results, figures 5.13 to 5.16,

weget adistribution of daughter sizes. Theaverage size of the smaller daughter
particlesmay bemuchlarger thanany dy ,;, found. Notethat dy |;, isafunc-

tion of both the eddy size, )\J- , and the turbulent kinetic energy of the eddy,
e()\j) .
« d, . isdefined asthe largest stable particle size which means that we should

get less break-up of particles smaller than d .. . Note though that d ., isan

max
approximatevalue, since We,, variesover anorder of magnitude, dependingon

the flow pattern and structure, Parthasarathy, Jameson & Ahmed (1991).

Thuswe can not assume that we will get negligible break-up of particleslessthan
d, oy » Ut we should get markedly less break-up of particlessmaller than the mag-

nitude set by d

max*

Animportant point isthe basisused in equation (5.24) and equation (5.25) for cal -
culating w(d,) and wd()\j) . We have used a volume basis [J/ m3] , whereas

another possibility would be to use a mass basis, thus getting [J/kg] .
Itiseasily seenthat w(d,) will bemuch higher for bubblesthanfor dropletswhen

using amass basis, to be exact afactor p, /pg higher. Using a mass basis will

therefore make it unreasonably much harder to break up bubbles. This large dif-
ference will be reduced if one introduced virtual mass when using mass basis.

L ooking at the physical system, it may beargued that theenergy (or force) supplied
to abubblewill to alarger extent move the bubble than asimilar energy (or force)
would move adroplet. This should make it less likely that the bubble will break
up. Theargument isflawed sincein order to transpose any fluid particle you need
to movethe continuous fluid occupying itstravelling direction, which isthe same
in both cases. Further, acollision in aturbulent environment is assumed to be on
ashort timescale, which meansthat thefluid particlewill not beableto moveaway
from the eddy, i.e. the energy will not be used to move the particles in any of the
cases above.
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A visual analogy will be balloonsfilled with water or air kept under water. If you
hit such balloons quickly, none of them will be able to move much before the col-
lisionisover. They will just change shape, or burst, during the collision itself.

Another and probably more important factor is the compressibility of the gas
phase. Clearly, abubblewill be better ableto withstand break-up dueto absorption
of eddy energy into potential energy as acompressed state. Thus more of the col -
liding eddy energy will be available for breaking up the droplet than for breaking
up adimensionally equal bubble. A compressibility factor isnot included, which
meansthat the break-up rateswe get for bubbleswill probably be somewhat high.
We have currently not tried to estimate thisinherent error, so the simulated values
should belooked upon as maximum values. For the dropletson the other hand, the
model is more accurate.

Figure 5.7 below shows the particle energy density as afunction of the smallest
daughter particlesize. An arbitrary eddy energy density isshown asthe horizontal
linein the plot. The left vertical dash-dotted line shows the corresponding mini-

mum daughter particle size, whichisfound by equating w,(d,) to Wd()\j) , equar
tion (5.26). Since the smallest daughter particle has the highest surface energy
density only thesmallest particledistributionisplotted in thefigure, thusthe max-
imumvalueof thediameter isapproximately 0.79d; (half thevolumeof theparent

particle), thisvalueis also dash-dotted.
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FIGURE 5.7: The left hand figure shows w(d,), equation (5.24), as a
function of d,/d; (daughter diameter relative to parent diameter). The
horizontal line is the arbitrarily choosen Wd()\j) value, and the left dash-

dotted line is the lower critical value for the breakage, dy i, The right

hand figure shows the normalized probability function as described by
equation (5.27).

The eddy energy density probability function isassumed to be given by afunction
similar to the surface energy probability, equation (5.20), and is for the smallest
daughter particle

Wy(A;) —60/dy

Pq(dy) = , (5.27)

dk, max
[ (W) ~60/d)d(dy)

dk, min
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where dy 5 isnormally the maximum possible smaller daughter particle size

( 00.79d;) . When both criteria are considered together though 0.79d; may be

larger than the possi bl e break-up size. In these casesthe maximum possi bl e break-
up size should be used, see equation (5.20) and figure 5.5. A zero probability is
assigned to the energy density probability function, inthe case wherethe require-
ments exactly match. The right hand side of figure 5.7 shows an example of the
probability function.

Ascan beseen from figure 5.7 alower limit for the smallest daughter particlesize
isestablished. If thislimitislarger than approximately 0.79d. , the parent particle
itself can not break up in the current eddy collision. Thusthe new model now sat-
isfies both requirements stated initially in section 5.3, which were that thereisa

minimum size to the smaller daughter particle and that the break-up frequency is
limited for small parent particles. This means the breakage model is consistent

when equation (5.27) isincluded inthe overall break-up probability, Py, in equa-
tion (5.1).

5.4 Total break-up probability

By combining the surface energy criterion with the energy density criterion, a
total probability distribution for the breakage of the parent particle can be estab-
lished. In this function the probability functions for both separate criteria are
combined, whichimplicitly assumesthat the two probability functions are uncor-
related (are independent of each other),

Py = P[P, (5.28)

According to the theory presented in the previous sections there are two criteria
[imiting the number of break-ups, those and athird criterion normally used Luo &
Svendsen (1996), are listed below:
dy min < d; _1 , thisisareformulation of the energy density criterion, for apar-
ticle of classi breaking up. The energy density of the eddy must be higher than
that of the smallest daughter particlewhichinturnisat max of samesizeasthe
classbelow. d, i, istheminimumsizeof thesmallest daughter particle, equar

tion (5.26), and the size of the classbelow is d; _; .
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e(d,d )< e()\j) , thisisthe surface energy criterion. Theincreasein sur-

face area due to break-up can not consume more energy than what isavailable
in the eddy.

« Thelength scale of the eddy must be comparableto thelength scale of thefluid
particle. By this we assume that the eddy may at most be of the same order of
magnitude as the fluid particle.

According to Luo & Svendsen (1996) and Lee, Erickson & Glasgow (1987) only
eddies which have alength scale comparable to the bubble (or droplet) diameter
can cause break-up. This criterion is here removed. The assumption was that
eddies of alarger scale will just give the fluid particle atranslational velocity
whereas eddies of similar scale may break up fluid particles. This criterion has
been removed in thiswork. We consider eddies as sub volumes of the continuous
fluid that have both rotational and trandlational motion. When afluid particleishit
by an eddy it issubjected to avelocity vector gradient (both translational and rota-
tional velocity), see figure 5.8.
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FIGURE 5.8: The upper figure shows an eddy having both rotational and
translational velocity aboutto hitafluid particle. The lower left figure shows
a fluid particle immersed in an eddy, thus experiencing normal and
tangential stresses on its surface which may result in break-up. The lower
rightfigureis another possible view of what may happen when they collide.
Here we see that the fluid particle is elongated due to the collision with an
eddy, which may result in break-up.

Asaready mentioned, in order for the particle to break up only two properties of
the colliding eddy are considered important; the density of the turbulent kinetic

energy, Wy(A j) , and theturbulent kinetic energy itself, e(A J-) . Thedensity may be

visualized asavelocity gradient in and between the eddy and the surrounding bulk
phase. Thus a particle will be subjected to this gradient when colliding with an
eddy. Thelength scale of the eddy, will then only affect the break-up indirectly by
influencing both the turbulent kinetic energy and the energy density.

Tofindthenumber of break-ups, thebreak-up probability, Pg , must bedetermined

by using both the surface energy and the energy density criteria. Several different
situationsmay occur, asillustratedinfigures5.9t05.12. Wedefineacritical energy
density (CED), whichistheenergy density requiredto break aparticleintwo equal
sized daughter particles. Thecritical energy level for the energy density criterion
may be found by rearranging eq (5.26) to
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e(Acep = TN/ in,c (5.29)

where d, i, . iSthe highest possible value for d, ., Whichisfor equal sized

break-up. Thisis the lowest energy level that a specific eddy can haveif itisto
break agivenparticle. Infigure5.9the surfaceenergy criterionisgivenasthesolid
curve from 0 to 1. The maximum value for equal sized break-up is shown. Now,
thecritical energy density may beillustrated asthehorizontal linegiven. Theordi-
nate axisis strictly energy, but for a given eddy, with given size, thereisaoneto
one relationship between energy level and energy density. In figure 5.9 the CED
liesabove thewhole surface energy level curve such that if an eddy hasan energy
level at or above CED, it will al so satisfy thesurfaceenergy criterion. Thusabreak-

agewill occur if e()\j) > e()\j)CED , and only the energy density criterion affects
the break-up probability.

e()‘j )CED
Critical energy
B density (mini-
ooer mum value)

0.07

0.051

&(d;, d;_y)
(max value)

0.021

0.011

Il Il Il Il Il Il Il
0 01 02 03 0.4 05 0.6 07
d/d

FIGURE 5.9: An example where the maximum value for the surface energy
is below the minimum value for the critical energy density (CED) resulting
in break-up for all energies that satisfy the energy density criterion.
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Figure5.10isan examplewherethe CED vaueisbelow e;(d,, d; _,;) whichisthe

increase in surface energy needed in order to get two equal sized particles. At an
energy level corresponding tothe CED thesurfaceenergy criterionisnot fulfilled.
There is not enough turbulent kinetic energy in the eddy for the particle to break

up. Anincrease in the eddy energy, to e.g. e()\j) , iIsin the figure the same asan
upward vertical shift fromthehorizontal linemarked asCED. Thisincreaseresults
in alower minimum energy density diameter, d, ., seeeq (5.26), asindicated
by adashed vertical lineinthefigure. At thisenergy level the surface energy cri-

terion canat most giveasmaller daughter fragment of relativesizeabout 0.33. This
position is encircled. However, the energy density criterion demands that the

daughter particlemustbeabove d, .,,,andsinced, ;> 0.33d; , thetwocriteria
can not be fulfilled simultaneously, giving no break-up of the fluid particle. The

range of daughter particle sizesthat satisfiesthe surface energy criterionisshown
inthe figureas A, and that satisfying the energy density criterion is shown as B.
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FIGURES5.10: Anexamplewheretheturbulentkinetic energy levelis above
thecritical value forthe energy density, giving alower dk, min vValue (dashed

line). Atthe current energy level the surface energy criterion gives at most
a particle of size shown in circle. Both criteria are not both satisfied at the

current e()\j) level for any daughter particle sizes, giving no break-up.

Astheenergy level e()\j) increases, therangeof fulfilled surface energy criterion,
A, increases. At the sametime d, ;, decreases, i.e. range B increases. Figure
(5.11) showsasituation where both criteriaare satisfied. At some point the e(A J-)

lineand the dy ,;i,, dashed linewill intersect on the curved linefor theincreasein

surface energy. This point may be called the critical break-up point, CBP. Thisis
theminimum energy level for break-uptotake place, anditissomewherebetween
the CED and the maximum surface energy value. Mathematically this point may
be found in the following way

e(A)cgp = &(di, dy min) (5.30)
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where g (d;, dy ) isfound from eq (5.13) by replacing dy with d ., , and
solving numerically for d, i, - Thusat the current energy level e()\j)CBP we get

break-up, but only into one specific daughter size fragmentation asthat isthe only
fragmentation that satisfy both the energy density criterion and the surface energy
criterion. A smaller daughter sizeisnot allowed by theenergy density criterionand
alarger daughter size is not allowed by the surface energy criterion.

eorr di, min/ di

0.06 -

e(d,d _,)
(max value)

0.051

e()‘i )CBP
Critical break-up
point

0.02-

0.011

e()\j)CED

FIGURE 5.11: The critical break-up point (CBP) is found graphically at the
intersection between the minimum break-up size, dy i, and theincrease

in surface energy.

A further increase in the eddy energy level, e()\j) , Will result in awider range of
possiblebreak-up sizes. Figure5.12 showsthat anincreaseintheeddy energy level
resultsinalower dy ;, valueand ahigher possible valuefor the surface energy

criterion. Thusan overlap between range A and B existswere both criteriaare sat-
isfied. The eddy with this specific energy level can result in a specific range of
daughter particles, and thisrange, as seen, does not include equal sized break-up.
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Increasing the eddy energy level further will eventually result in the situation
shown in figure 5.9 where only the energy density criterion is limiting.

0.07

dk, min/di di —1/di
0.06 - ! |
| |
0.05F | :
| |
0,04 !
5 !
s 1
®o03 | e()\J ) CBP
0021 :
|
0.01F :
e ¥ ‘ eA)cep
i L i A L ! L
o 01 02 oA 04 05 06 07 08 09 1
975 B
-4
Break-up range

FIGURE 5.12: An eddy energy level above the CBP results in a range of
possible break-up sizes. Further increase in the eddy energy level will
eventually lead to only the energy density criterion being limiting.

Wehavenow developed amethodfor deducing dy ., and e(A;) -5, foreachcol-
lision. By using eq (5.10) wefind X, = e()\j)CBP/é()\j) , Which isthe critical
point for the turbulent kinetic energy probability distribution since X > X . results

inbreak-up. By integrating eq (5.10) from . to « wethenfindthefraction of col-
lisions resulting in break-up,

o]

Pg = J’ exp(=x)dx = exp(=Xc)- (5.31)
Xc
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Finally, by using equation (5.1) the number of break-upsis found.

5.5 Daughter size distribution

In this section the daughter size distribution for the parent particle d, will be
developed. Sofar wehave not defined P withindexes. Weuse Pg(d;, A, €, d,)
which represent the probability of a particle of size d;, colliding with eddies of
size )\j , with energy level e, breaking up into the smallest daughter fraction d, .

Inorder tofindthe probability of one specific daughter classwith given parent par-
ticle size and eddy size we sum over the energy levels,

Pa(d, Ny, d) = 5 Pa(d;, Ny &1, d)wo( . @), (5.32)
I

where w( )\j, g) isthefractionof eddiesof size A j havingenergy level . Thesum
of these fractions is equal to

0

Zw(Aj,e,) DIexp(—x)dx = Pg(d;, 7). (5.33)
| Xe

Thisis the break-up fraction found in the previous section. In addition the prob-
ability distribution for the daughter classes has been normalized, giving

S Po(di Ay, @0 = 1. (5.34)
k

Inthetransport equation the popul ation balance sourceterm Qg(d;, d,) isneeded.
We find this by summing up the eddy contributions,

Qg(d;, d) = 3 Pa(d;, Ny, dog(d;, ;). (5.35)
j
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The abovetheory isbased on the assumption that alarge enough number of break-
up collisions occur justifying the usage of an averaging method. If the number of
break-up collisionsis low (without quantifying ‘low’) another method may be
used. This method is described briefly below in a step by step manner.

For each break-up collision do the following:

« Use aMonte Carlo method, Das (1996) and Ramkrishna (1981), to pick the
number of collisions resulting in break-up.

¢ Use a Monte Carlo method to pick an energy level for the eddy so that
e(A) > e(A), by usingthedistributionfunction, equation (5.10), for the energy
distribution. Note that it may be faster to redefine the distribution function to
encompass values above e(A), only.

« Find the daughter size distribution for the e(A) value picked.

« UseaMonte Carlo method again to pick which smallest particle daughter size
should be used from the daughter size distribution.

« Generate source terms in the population balance from the randomly choosen
daughter sizes.

In thiswork, however, the averaging method has been used.

5.6 Numerical implementations

This section show how some aspects of the theory are implemented numerically.

5.6.1 Eddy energy

First assume that the energy distribution of the eddies is divided into 50 equal
sized classesasafunction of X , and that we use the same distribution for all eddy
cases. This gives 50 classes between 0 and 50 (the upper limit should be high
enough for all cases). Further assumethat x. = 6.75, which givesthefollowing

relative error for the total integration of eddies resulting in break-up
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50 w0
J'exp(—x)dx/ J’ exp(—x)dx = 2.1. (5.36)
6 6.75

Thisimpliesthat the answer is 2.1 timestoo high. Even with 1000 classesthefirst
class may introduce an error in the order of 5%. This shows that the population
classdistribution for the energy levels of the eddies must be adapted for each case
since a general distribution of energy classes introduces an unacceptable high
numerical error. It was found from equation (5.36) that the first classis the most

critical one and that an even distribution asafunction of X isapoor choice since
this gave negligible amounts of eddiesin all, but the first very few classes (the
smallest x -value classes).

Both theseweaknesses can beremoved by dividing theenergy level sof eddiesinto
equal sized population classeswith regard to the number of eddies, starting at x . .

By dividing theinterval X to X, + b into n classes, the accuracy of the number
of eddiesincluded isthen

o (Xe+b) -
A= ?{exm—x)dx— [ ep(x)dxy/ [exp(-X)dx, (5.37)
0
c Xe Xc

Xp(—Xc) — (exXp(X) —&P=Xc* D) _

XP(—X0) (5.38)

If 99.9% of the eddies causing break-upisincluded, thisgivesA = 0.001, result-
inginb = 6.91, as the bandwidth of the energy classes.

Asall classesare of thesamesize, i.e. same w( )\j, €) Size, they may bewrittenas

Xk + by
J’ exp(=x)dx = exp(—x.) —exp(—=x.—b) = C, (5.39)
Xk
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where
X.+D
J’ exp(-x)dx = exp(-Xc) —exp(-X.—b) = nC. (5.40)
Xc
Combining equation (5.39) for the first interval (thus X, = X.) and equation
(5.40) gives

exp(—Xc) — exp(—X.—b)

exp(—Xc) — eXp(=Xc—by) = - : (5.41)

Solving for b; gives

= —In%l 2 4= exp( b)s. (5.42)

The next interval length isfound by settingn = n—1 and b = b—b,, which
gives
b, = —InB——— + L_exp(~(b—by) P (5.43)
2 n-1 n-1 vor '

By similar steps the general equation for the length of each classis found to be

0Q
_ 1 O 0
by = In%l _(k 5 D) pgé:)— b,1H,  (544)

wherek = 1..n. Notethat theinitial value X, does not affect the partitioning of

the eddy energy classes. Thisisof importance with regard to computational time.
We are implementing a popul ation bal ance scheme which isfitted to each partic-

ular case even though the partitioning, b, , only hasto be calculated once.
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5.6.2 Eddy classes

Thereisarapidly decreasing number of eddiesasthe size of the eddiesgrows. On
the other hand we expect a higher fraction of the larger eddies to cause break-up.
Based on this, it was decided to use the same eddy classdivision for all fluid par-
ticle classes in order to keep the implementation as simple as possible. Clearly, a
class division which is more adaptive to the fluid particle size may be faster and
it will also be more accurate with the same number of eddy population classes.
Since the number of break-upsincreaseswith increasing eddy class size, an eddy
population classdivision isderived that giveslessand lesseddiesin each class as
the size of the eddiesincreases. We assign D eddiesin thefirst class, aD eddiesto
thesecond class, a2D eddiestothethird class, and so on. Thisschemeisused both
becauseit givesless and less eddies in each class, and because, as shown below,
itisrelatively easy to calculate the eddy size range and number of eddiesin each
class. The number of eddiesin each classwill be afraction a of the eddy number
of the class below. The total number of eddies can be written as

Dyt = D+aD+a2D+.. +am™-1D = zai—lD. (5.45)
i

From Barnett & Cronin (1986)
D+aD+a’D+.. +a™ 1D = D(a™-1)/(a—1) = Dy. (5.46)

SinceA i, and A, aresetapriori, D, isfound by integration of equation (5.7).
mand a are set in the program which givesus D from equation (5.46). The desired
accuracy decidesthevaluesused for manda. It may bedifficulttofindagood value
for a since this depends on m, the total number of classes. Generally a should be
low for few classes and approach one when the number of classesis high.

Thelast stepisto find thediametersof each individual interval. For thefirstinter-
val, see equation (5.7),

k min+)‘1 k k
D = [——} = X _ , (5.47)
)‘3 A )‘rsr)ﬂn ()\min + )‘1)3

min

where k = ¢,(1-¢5)/3. Solving for A; we get
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1/3

0 ka3, [
= ~Apin» (5.48)

min
1
—DAZi0
whichisthesizeof thefirst class. The sizesof the other classesarefound by updat-
ing A, and the eddy number D in equation (5.48). E.g., for the second classwe

update A, to A, + A, and D toaD, and similar successive updates follow for
each class.

5.6.3 Daughter classdistribution

Theintegration of Pg in equation (5.28) between each fluid particle population

classisdoneasfollows. Startingwith d, .,i, , equation(5.28) isintegrated by using

the Simpson approximation, Edwards & Penney (1986), for each population class
ending with the maximum possible size for the break-up. In addition the moment
of theinterval (theweighted middle) isfound, Edwards& Penney (1986), andthis
Isused to split theintegral between the lower and upper bounding classes, giving
the following equations:

wW-d
k_fraction = 4 —H— K [T (5.49)
B %l Ld 1 —
wW-d
k+1 fraction = E——X0j (5.50)
B L, —d

HereWistheweighted middle, and | istheintegral between d, and d, , ; . Special
care hasto be taken if d, ;, <d; . Thiscaseis solved by numerical integration

from dy i, tod, (or d a4 )- If themomentisfoundtobelessthan d; theentire

integral is assigned to the first class. By increasing the energy classes, one will
aways cometo apoint where break-up to below the lowest classispossible. Note
though that there will be few eddies with such high energies, see figure 5.2.
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5.7 Senditivity analysis

In order to see if the model predictions are physically reasonable a sensitivity
analysis has been performed with respect to the following variables: € (turbulent
dissipation rate), p, , €5 (gas holdup), o and B (constant from isotropic turbu-
lence theory).

There are two possible cases that must be looked into:

« Break-upiscontrolled by energy density, seefigure5.9. Thissituationismore
probable for large eddies and for small particles.

« Break-up is controlled by both criteria, see figure 5.11.

For thefirst case the critical break-up sizeis equal to the size of the class below,
dk, min, ¢ = di -1- (5-51)
This gives the following critical eddy turbulent kinetic energy for break-up
e(A)cgp = no)\f/di 1> (5.52)
which gives

eAjege _  TON/d 4
e(h) P TBRAA3/12°

Xc = (5.53)

Equation (5.53) can be written in the following form

Xco = KOoPr§Boteg?s. (5.54)

For the second case we start by equating the two density equations, see equation
(5.26), and get

e(A)) = TON/d in- (5.55)

Since both criteriaare limiting we use equation (5.30), and for the surface energy
term we use equation (5.16), which gives

[d2 min/dg + (1 —d in/ d2)?2-1]ndéo = Tro)\j3/dk, min - (5.56)

126 NTNU



Results

Notethat d, ., isindependent of the variables mentioned initially. Thusgetting
e(\)cgp = TONY/ Ay - (557)

A termidentical to equation (5.54) isfound, but with another constant factor. The
influence of each variable can be seen from equation (5.54), giving the following
sample sensitivity cases:

0 = 12050 X, = 12X, 0 = 080,01 X. = 0.8Xc0> (5.58)

PL = 12p o0 Xe = (5/6)Xc0. P = 0.8p g0 Xo = 125X, (5.59)
e = 12¢,0 X, = 0.8855X.y, € = 0.80,0 X, = 1.1604x.,, (5.60)

wherethe changefor 3 isidentical withthe changefor p, . Further, d ., isnot

changedwithany of thevariablesin both casesand € ; hasnoinfluence. Thedirec-

tion of change is very reasonable. An increase in the surface tension would be
expected to give adecrease in break-up as shown by equation (5.58). Anincrease
in break-up from an increase in the eddy dissipation rate is also as expected. The
increasein break-up with increased continuous phase density islessintuitive, but
is an effect of the eddy dissipation being a constant per unit mass. Thus the vol-
umetric effect will be increased and the break-up ability will also increase with
increasing density.

5.8 Reaults

The ssimulations were al run for the water/air system with datafor the base case
as. p_ =998 kg/m3, 0 =0.0726 N/m, € =0.25 m?/s3, g5 = 0.12. The bub-

bles were divided into 14 classes ranging from 0.375 mm to about 7.5 mm in
radius (each class twice the volume of the class below) and the eddies were
divided into 80 classes ranging from 0.75 mm to 300 mm with a = 0.5. The eddy
energy spectrum was split into 20 classes. See section on numerical implemen-
tations for details.

Infigures5.13, 5.14, 5.15 and 5.16, examples are shown of probability distribu-
tions for break-up into the various daughter classes (left hand side of equation
(5.32)). By summingup over al eddy classesmultiplied by thecollisionfrequency,
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equation (5.35), thebreak-up rate of particlesize d; into daughter particlesize d,

can befound. Thesein turn, are used in order to determine the total source terms
for break-up which are part of the transport equation.

Figure 5.13 shows the probability distribution for collisions between the largest
particle class, class 14, and eddies of class 20. The x-axisin the figure gives the
diametersof the different resulting daughter sizes. Notethat figure5.13 showsthe
distribution of the smallest daughter particles. Thisiswhy theresulting number in
class14 iszero (each classistwicethe volume of the class below and the smallest
daughter particle can then at most be of asize equal to the classbelow). They-axis
givesthe break-up probability, see equation (5.28), into each daughter class. The

total break-up probability, Pg , for oneof thecollisionswill bethe sum of the prob-

abilities for each class. The figure shows that break-up in this example case will
tendto givemostly largedaughter bubbles, class 12 and 13, but that break-up down
toclass8issignificant. Thereasonfor thisisthat the energy density criterion dom-
inates, and thismakesbreak-up into equal sized or nearly equal sized bubblesmost
probable.

A sensitivity analysisisalsoincluded infigure5.13. A 20% increase and decrease
intheturbulent dissipation, €, correspondsto a6.3% increase and 9.2% decrease
inthetotal break-up probability respectively. It isseen from the bottom figure that
the relative change in break-up islarger for the smallest daughter classes, but as
seen from the top figure the absolute change is higher for the larger daughter size
classes. Inthis case the absolute changeislargest for class11 and 12. Therelative
changeislargest for thesmall classesbecause Py givesamoreunevendistribution

when break-upislesslikely,i.e. for alower € value. Thedirection of changeisas
expected. Clearly, an increase in the turbulent dissipation rate should cause more
break-up, which is what the model predicts. The sensitivity cases for other vari-
ablesarenot shown sincethese can bedirectly related to the shown sensitivity case
through theoretical considerations.
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Daughter distribution for: diam = 14, A = 20
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FIGURE 5.13: Break-up probability of daughter classes when particles of
class 14 are hit by eddies of class 20. Sensitivity analysis included with

decrease and increase in the turbulent energy dissipation, €.

Figure 5.14 shows the daughter probability distribution for particles of class 10
being broken up by eddiesof class20. Thetotal break-up probability isinthiscase
about half ashigh asinfigure5.13. Thisisreasonabl e because the maximum size
of thesmallest daughter particlefor class10islessthanfor class14, and will there-
forehaveahigher energy density. Theenergy density criterionthen becomesmore
stringent. The resulting daughter size probability distribution is also seen to be
more narrow infigure 5.14 than in figure 5.13, implying that smaller bubbleswill
have alarger tendency to break up into even sized bubbles. This can berelated to
thetheory describedinfigure5.12. For smaller particleswegenerally haveamore
narrow bandwidth of possible break-up sizes. Thisis because a certain energy
level, and thus a given energy density level, will give a certain lower limit for
daughter sizes. Intermsof possible break-up classesthiswill set astricter limit for
asmall bubble than for alarge bubble. The surface energy criterion will in these
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cases have littleinfluence on the break-up distribution, resulting in adistribution
favouring equal sized break-ups. Thechangein break-up probability withachange

in €, see header to lower figure 5.14, ishigher for class 10 bubbles than for class
14. A 20% increase and decrease in € corresponds to a 17% increase and 21%
decrease in the total break-up probability respectively. Since X ishigher in this

case, thisis expected because the relative change with achangein € should be
larger.

Daughter distribution for: diam = 10, A = 20
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FIGURE 5.14: Break-up probability of daughter classes when particles of
class 10 are hit by eddies of class 20. Sensitivity analysis included with

decrease and increase in the turbulent energy dissipation, €.

Figure5.15, also showsthe daughter size probability distribution for the break-up
of class 10, butinthiscasethecollisionsarewith eddy class10instead of eddy class
20. Thetotal break-up probability issignificantly smaller in this case and the dis-
tributionisstill moreunevenwithamost all smaller fractionsinto daughter classes
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8 and 9. Thisisbecausethe energy level of eddy class 10 islower than eddy class
20. Since thetotal break-up probability islower, the sensitivity towards achange

in the turbulent energy dissipation rate, €, is even larger than the two previous
cases.
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FIGURE 5.15: Break-up probability of daughter classes when particles of
class 10 are hit by eddies of class 10. Sensitivity analysis included with

decrease and increase in the turbulent energy dissipation, €.

Figure 5.16 showsthe resultsfor collisions between particle size 6 and eddy size
20 and is similar to the previous figures shown. As seen the distribution is now
quite narrow. For the break-up of lower classes this trend continues.
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Daughter distribution for: diam = 6, A = 20
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FIGURE 5.16: Break-up probability of daughter classes when particles of
class 6 are hit by eddies of class 20. Sensitivity analysis included with

decrease and increase in the turbulent energy dissipation, €.

Figures5.17,5.18 and 5.19 show therelative contribution of each eddy classtothe
total break-up probability for different fluid particles. The total break-up proba-
bility for agiven particleclassisthesum over all eddy classes, thusitisinteresting
to seewhich eddy classes contributesmost to thissum. Asnoted in thetheory sec-
tion, the eddy density decreases with increasing eddy size, see equation (5.7) and
figure 5.1. It is also seen that large eddy sizes generally give a higher break-up
probability than smaller eddy sizes, compare figures 5.14 and 5.15. The relative
importance of each eddy classisof course al so dependent on the size of the classes
themselves.

Asseen from figure 5.17, for bubble class 14, eddies of size below about 0.3 rel-
ative to the particle diameter contribute insignificantly to the bubble break-up.
Notethat themaximumfrequency isfor an eddy approximately equal tothebubble
size. However, eddieswith sizeslarger than the bubble contribute significantly to

132 NTNU



Results

the break-up. Thus, the assumption that the size of the eddy must be of the same
order of magnitude or less than the particle seems not to hold for bubbles of size

14 (radius 7.5 mm). If we assume Py [lconstant weget for relatively large eddies

that Qg [ C’)\jzn)\j OC/A T Thusthe upper boundary for theeddy length scale A ,

should be the boundary of theinertial subrangesince E(k) — 0 abovethislimit,
seeTennekes& Lumley (1972). Inorder toimprovetheaccuracy of thecal culation
of thetotal break-up ratefor bubble class 14 moreeddy classesintherelativerange
between 0.3 and 2 should beincluded. They-axisgivesthenumber of particlesbro-
ken up during onetimeunit (whichwas 1 second). For the simulationswe usesini-
tially 1000 particles in each class. The total break-up rate, given in the bottom
figure, ismuch higher than thisvalue. This simply means that the time increment
used when solving the popul ation bal ancesmust be much lower than 1 second. I de-
ally thistimeincrement should besolow that thechangeinthe classbecomesmuch
lower than the total number of particlesin the class. As mentioned before, steady
state between the classes is a situation which make it possible to use larger time
Increments.
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The importance of relative eddy class size
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FIGURE 5.17: The relative importance of each eddy class in breaking up
particles of class 14 is shown in the top figure and the accumulated break-
up is shown below. Each eddy class has 50% of the number of eddies in the
class below. They-axisis ameasure of the number of break-upsinonetime
unit.

Figure 5.18 shows the importance of the individual eddy classes in breaking up
bubbles of class 10. The total break-up rate of class 10 is seen to be about 4-5
times smaller than that of class 14. For this bubble size class it is seen that the
larger eddy classes become more important than for class 14. This is because
the energy density criterion, as mentioned before, becomes more stringent for
smaller particles and because the energy density increases with eddy size.
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FIGURE 5.18: The relative importance of each eddy class in breaking up
particles of class 10is shown in the top figure and the accumulated break-
up is shown below. Each eddy class has 50% of the number of eddies in the
class below. They-axisis ameasure of thenumber of break-upsinonetime

unit.

Figure5.19 showsasimilar plot for the break-up of bubblesof class6. Eddieswith
relativesizeabout 8 and above cause break-up. For thiscaseitisnot agood approx-
imation to assume that eddies less than the fluid particle cause break-up. In this
casethetotal break-uprateisabout 140 whichisabout 25 timeslessthanthe break-
up rate for particle class 14.
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The importance of relative eddy class size
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FIGURE 5.19: The relative importance of each eddy class in breaking up
particles of class 6 is shown in the top figure and the accumulated break-
upis shown below. Each eddy class has 50% of the number of eddies in the
class below. They-axisis ameasure of the number of break-upsinonetime
unit.

Figure5.20showsx . for all combinationsof particleclassesand eddy classes. The
upper plot isthe oneresulting from using both the energy density criterion and the
surfaceenergy criterion. Thebottom plotisfromusing only theenergy density cri-
terion. From the upper plot we sethat we get low X . values(sameasahigh prob-
ability for break-up) whenwe havelarge eddy classes. For small eddiesthe surface
energy criterion becomesimportant and a combination of both criteriais needed.
For small particleclassesthe density criterion dominatesand wehavehigh . val-

ues. The values pass a minimum and we get higher values again as the particle
classes increase due to the surface energy criterion.
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FIGURE 5.20: The X, values (giving the break-up probability) when both

the energy density criterion and the surface energy criterion are used, are
shown inthetop figure. Similar values for only the energy density criterion
are shown in the bottom figure. The values are shown for all combinations
of particle classes and eddy classes.

Wherethislatter criterionisalso of importanceisshowninfigure5.21 whereval-
uesfor the energy density criterion minusvaluesfor both criteriaare shown. Thus
negative X valuesindicatethat the surface energy criterionisof importance. This
areaiscircledinthefigure. Asexpectedthisareaisgenerally larger asthefluid par-
ticles grow in size and also more important when eddies are small in size, since
small eddieshavelessenergy availablethan eddieswhicharelargeinsize. Further,
itisfor rather few combinations of eddiesand particlesthat the surface energy cri-
terion affects the break-up probability. Also, its effect on the daughter size distri-

butionwill bediminishingwithincreasing eddy sizeclasses, P inequation (5.20),
and equation (5.28), since we get amore and more equal distribution for P asthe
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total energy level e(A) increasesabovethelevel needed for an equal daughter size
division. Theimpact of the surfaceenergy criterionisontheother hand quitelarge
in the region of small eddy classes. A change of 2.3 in X isthe same as an order

of magnitude change in the total break-up probability.

Fluid particle break-up

Density criterion — Both criteria

Surface energy change -
criterion isimportant

o
©

particle diameter class

eddy class

FIGURE 5.21: Relative X. values, values for the energy density criterion
minus values for both criteria together, are shown. Values below zero

this areais

circled in the figure. The values are shown for all combinations of particle

means that the combination of criteriais limiting the break-up,
classes and eddy classes.

wasfor particlesto undergo

large scale deformation resulting in awide range of daughter sizes. The second
kind was defined as atearing mechanism giving alocal deformation of one end of

Hesketh, Etchells& Russel (1991) observed breakageswhichthey defined astwo

afluid particle producing adaughter fragment of essentially the same volume and
asecond daughter fragment which waslessthan 0.5% of the original volume. The

types of breakage. Thefirst kind, and most prevalent
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first breakagetype canin our model framework be alarge eddy hitting afluid par-
ticle. Such eddies generally break up particlesto daughter fragmentswhich cover
awiderangeof sizes, seefigure5.13. The second type can be seen asasmall eddy
with ahigh turbulent kinetic energy level hitting afluid particle. Asseen fromfig-
ure 5.21 such an eddy will generally be limited by the surface energy criterion.
Thus daughter fragments from such collisions are expected to be of unequal or
highly unequal size.

5.9 Possible modedl refinements

Several possible improvements to the developed model are listed below, and the
consequences are discussed.

5.9.1 Activation energy

As an analogy to the chemical reaction activation energy one may assume that
such an approach is also applicable for the collision between an eddy and afluid
particle. Physically thisintermediate step may be seen as a deformed parent par-
ticlewith alarger surface areathan the sum of both daughter particles, seefigure
5.22 below.
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FIGURE 5.22: Breakage of a fluid particle into two daughter particles is
shown as a direct path and through an activated state (dashed arrows). It

isassumedthat ALI> A, > A, ,which means the activated state has alarger
surface area than the sum of the two daughter particles.

Sincetheactivated state require moreenergy than the daughter particlescombined
this state will define the energy requirement for the break-up process. The fol-
lowing condition for the surface energy criterion giving break-up canthen bewrit-
ten as

e(A) 2 e, dy) , (5.61)

where gL{(d;, d,) istheenergy requirement for the activated state. Similarly, for

the energy density criterion there may be aneed for a surplus energy density in
order to create a daughter fragmentation. Thus, the new lower limit for daughter
size will be (refer to equation (5.26))

We(dy) = Ko Wg(A) O dy rin = ST/ (8(A))Kqe) | (5.62)

where k., represent the surplus of energy density needed. Thisfactor may not be

a constant for the different fragmentations. Including these considerations will
limit the break-up rate and will al so change the daughter size distribution between
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the daughter classessince P and/or P in equation (5.28) will be more unevenly
distributed.

5.9.2 Surfaceenergy criterion

The surface energy criterion defines that break-up can not require more energy
than what is available in the eddy. This criterion may have to be changed when
the eddy is much larger than the fluid particle. If the diameter of the eddy is say
10 times the diameter of the particle, it is rather unlikely that the particle can
absorb all the energy of the eddy. Absorbing all the turbulent kinetic energy may
be looked upon as a maximum surface energy limit for the model and the ssimu-
lations. A minimum could be that the particle only absorbs turbulent kinetic

energy corresponding to its size compared to the eddy. Thus when the eddy, v,
is larger in diameter than the fluid particle, U,, we get

e(A)) 2 g(d;, d) U/ Vy) . (5.63)

Theinclusion of this criterion will result in adifferent daughter size distribution
since P, will be changed. The distribution will become more uneven favouring
uneven sized break-up (onelargeand onesmall particle). If only thismodification
Isincluded the break-up rate will not be changed sincethiscriterionislessimpor-
tant thantheenergy density criterion (thishasbeentestedinsimulations). Thismay
be seen from figure 5.21, showing that the energy density criterion ismost impor-
tantfor largeeddy classes. Only for large particlesand small eddieswill thesurface
energy criterion be important. In these cases equation (5.63) is not used since the
particleis larger in diameter than the eddy. Thus, the modification in equation
(5.63) will not affect the break-up rate, but it will change the daughter size dis-

tribution through changing Pg.

5.9.3 Inertial subrange of turbulence

The model assumes we are operating in theinertial subrange of turbulencein the
column. According to Tennekes & Lumley (1972), figure 8.8, the -5/ 3 power
law used for the turbulent energy, E(k) , will be reduced dramatically (toward 0)

at the lower boundary of k of the inertial subrange. Thus, a better approximation
of the lower end for k in the inertial subrange will reduce the rate of break-up.
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Even with the current approximation for the lower end of the inertial subrange
(meaning for larger eddies since k = 21/ A), the turbulent energy is overesti-
mated, thus giving an overestimation of the break-up rate. This can be seen from
thefactthat E(k) - 00 € — 0, seeafter equation (5.3). Combined with figures
5.13 to 5.16, showing a decrease in break-up probability with decreasing turbu-
lent energy dissipation rate, €, it isfound that an overestimation in the turbulent

energy isthe same as an overestimation in the break-up probability. The break-up
rate is also overestimated since the collision frequency also decreases with

decreasing turbulent energy dissipation rate, seethe ﬂdi, y termin equation (5.2).

5.9.4 Fluid particlerest state

According to Risso & Fabre (1998) energy may be accumulated through succes-
sive callisions, finally resulting in break-up. This can most easily be approxi-
mated by assigning an energy rest state which is above zero as assumed in this
paper. Equation (5.19) could thus be replaced by

e(\) —E(A), 2 e(d;, dy) , (5.64)

where E()\j)0 is the energy level in the rest state for fluid particle )\j . E()\j)0

can by caused by numerous collisions with small eddies resulting in low ampli-
tude oscillations. It can also be caused by other flow phenomena which are
superimposed on the turbulent flow, Risso & Fabre (1998). From figure 5.21 it
is seen that this refinement will result in more break-up when small eddies col-
lide with fluid particles.

5.9.5 Number of daughter fragments

Asnoted by Chatzi & Lee(1987), Prince, Walters& Blanch (1989), Risso & Fabre
(1998) and others, fluid particles may break into more than two fragments. This
may be due to the same eddy breaking up the parent particle and then successive
daughter particles. Thisis currently not included in the model, but can be imple-
mented relatively easily. However, more likely thiswill have anegligible impact
on the result. More likely the complex dynamics of a break-up sometimes result
inanumber of daughter fragmentswhich can not be explained by thetheory given
inthischapter (very small fragmentshaving too high energy densities). Such frag-
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mentations probably have to be explained through dynamic CFD simulations on
themicroscalewheresinglefluid particle- turbulent eddy collisionsaresimul ated.

5.9.6 Collision frequency

The formulafor collision frequency used, equation (5.2), is based on collisions
between gas molecul es. For large eddies covering asignificant fraction of the col-
umn diameter thisformulais probably a coarse estimate of the actual number of
collisions.

5.9.7 Entropy

The second law of thermodynamics states that the entropy tends toward a maxi-
mum. We have atentative theory that the changein entropy iszero for the critical
case where the energy density criterion is exactly met, and that an increasein the
energy density would result in a decrease in the entropy. This remains to be
proven.

5.10 Conclusions

A new break-up model has been developed that takes into account a statistical
approach to the energy level and energy density of colliding eddies. It further
introduces a new particle break-up criterion based on the requirement that no
increase in energy density can occur as aresult of the collision and break-up. It
Is found that the new energy density criterion is more important in finding the
break-up rate for large eddies colliding with fluid particles than the surface
energy criterion. For small eddies the surface energy criterion is important and
the break-up rate is severely limited because of the combination of both criteria.

The daughter size distribution follows directly from the model assumptions. The
distribution varieswith fluid particle size, eddy size and energy level, and system
variables. However, generally most of the smaller daughter particlesarefoundin
the particle size classes just below the class breaking up. The spread of daughter
particlesizesislarger for large particlesand large eddiesthan for smaller particles
and smaller eddies.

Itisshown that theimportance of therelative eddy size (to the particle size) varies
with the colliding particle size. Larger relative eddy sizes are generally more
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important asthe particle size decreases and eddies of magnitude an order or larger
than the particles are important for break-up into smaller particle classes.

The new model needsto be tested and validated with experimental data. In order
to do thisthe module must be implemented in a CFD model, and isdirectly appli-

cable for that.

Notation

AU surface area of activated state, m?

Ay surface area of parent particle, m?

A surface area of daughter particles, m?

a number fractionfor oneclassof eddiesdivided by thenumber of eddiesin
the class below, see equation (5.45), -

b bandwidth of eddy energy, see equation (5.37), -

b,, b, first and second bandwidth size of an energy class,
see equations (5.42) and (5.43), -

by, b, bandwidth size of an energy class, see equation (5.44), -

C size of energy integration for one class, see equation (5.39), -

C constant in estimation of Qg -

C constant in estimation of Qg -

Cy constant, defined in equation (5.7), -

Ct k coefficient for increase of surface area, see equation (5.15), -

D number of eddiesin first eddy class, see equation (5.47), 1/ m3

D,,; total number of eddies, see equation (5.45), 1/m3

d;, d, diameter of daughter particle, m

d diameter of parent particle, m
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d._;  maximum diameter of smallest daughter particle when particle of
diameter d; breaksup, m

dj diameter of largest daughter particle, m

d.,dc,,  diameter of daughter classeskand k+ 1, m

dg min lower limit of diameter due to energy density criterion,
see equation (5.26), m
i min, ¢ Critical lower limit of diameter due to energy density criterion, see
eguation (5.26), m
minimum crossover diameter, see definition after equation (5.20), m

dk, max

d maximum stable particle size in a stirred vessel, see equation (5.21), m

max
E(k)  energy spectrum function of turbulence, m3/ s?

E()\J-)O energy level at rest state for fluid particle, J

e(A) energy level of eddy of size A, J

e(\) averageenergy level of eddy of size A, see equation (5.12), J

e(N)cgp critical energy for break-up, see equation (5.30), J

e(MN)cep critical energy for break-up, see equation (5.29), J

e (d;, dy) increase in surface energy when particle with diameter d; breaks

up into particle with diameter d, and complementary particle, J

el(d;, d) increasein surface energy for activated state when particle with

diameter d, breaks up into particle with diameter d, and

complementary particle, J
fay k  breakage volume fraction, index k defines the size of the daughter

fragment, see equation (5.14), -
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I integral between two daughter diameter classes, see equation (5.49)

k wave number of eddiesin turbulence, 1/ m

k constant defined after equation (5.47)

k class number variable, see equation (5.44)

Kae surplus fraction of energy density needed, see equation (5.62), -

k fraction  seeequation (5.49)
k+1 fraction seeequation (5.50)

n number of eddy energy classes, see equation (5.40), -
Ny number of particles of size d; per unit reactor volume, 1/ m?3
riAj number of eddies of size )\j to )\J- +d\ per unit reactor volume, 1/ m*
ny number of eddiesin size group )\J- to )\J- + dA per unit reactor volume,
J
1/m3
m number of eddy classes, -

Pg break-up probability, -
Pg(d;, )\J- ,d,)  break-up probability of particle d, collidingwitheddy size )\j ,
giving daughter size d, , -
Pg(d, )\J-, g, d,) break-up probability of particle d; colliding with eddy size )\j ,
with energy level g, giving daughter size d, , -
P4(d,) normalized probability function for break-up due to energy density, see
equation (5.27), -
P.(d;, d,) normalized probability function for break-up due to turbulent
kinetic energy, see equation (5.20), -
Pa(X) turbulent kinetic energy probability distribution function,
eguation (5.9), -
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fluctuating squared velocity in continuous phase, see equation (5.23),
m2/ 2
particle class velocity, m/s

eddy velocity, m/s

relative velocity between particle of size d, and eddy of size )\j , m/s

weighted middle of integral between two diameters,
see equation (5.49), m
Weber number, see equation (5.22), -

energy density of an eddy, see equation (5.25), J/ m3

energy density of a particle, see equation (5.24), J/ m3

universal constant in turbulence, a = 1.5, used by Luo & Svendsen
(1996), -

universal constant in turbulence, Luo & Svendsen (1996), -

constant defined after equation (5.3), -

constant, reference state defined after equation (5.3),

see equation (5.54), -

defined as accuracy, see equation (5.37), -

turbulent energy dissipation rate, m2/ s3

reference state of turbulent energy dissipation rate, see equation (5.54),
m?/s3

void fraction, -

Kolmogorov micro length scale, equation (5.8), m
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min

> > > > &b
[

max

p’ pl_
Pc
P

PLo

Xc
XcO

Xk

volume of eddy, m3

volume of parent particle for break-up, largest parent particle for
coalescence, m3

volume of smallest daughter particle for break-up, m3

volume of particle, m3

diameter of eddy, m

length size of first eddy class, see equation (5.48), m

minimum size of lamda used, m

maximum size of lamda used, m

continuous phase density, kg/m3

gas phase density, kg/ m3

dispersed classi density, kg/ m3

reference state of continuous phase density, see equation (5.54), kg/ m3
viscosity of continuous phase, after equation (5.8), Pa [

continuous kinematic viscosity, equation (5.8), m2/s

surface tension, N/m

reference state of surface tension, see equation (5.54), N/m
dimension less energy in energy distribution function,

see equation (5.10), -

dimension less critical break-up energy, -

reference state of dimension less critical break-up energy, see equation
(5.54), -

dimension less critical break-up energy, -
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Qg break-up rate, 1/ (m3s)

Qg(d;, d,) break-up rate of particle with diameter d; into daughter particle
with diameter d,, 1/(m3s)

wWg collision frequency, 1/ (m3s)

wg(d;, )\J-) collision frequency between particleof size d; and eddy of size )\J- ,

1/ (m3s)

w()\j, ) fraction of eddy of size )\j with energy level e, -
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CHAPTER 6 MMd I ng Of thedlww
phaseszedidributionin
a bubble columm

This chapter isa modified version of the paper * Modeling of the dispersed phase
size distributions in bubble columns’ accepted for publication in Industrial &
Engineering Chemistry Research by Hagesaether, Jakobsen & Svendsen. Theaim
of thischapter istoverify themodel devel opedinchapter 5 by useof CFD and com-
pare the results with experimental data. Details for the implementation of the
break-up rateand detail sfor thesourcetermformulationsaregiveninappendix A.

6.1 Introduction

Thepotential of computational fluid dynamics(CFD) for describing thedynamics
of bubble column reactors has been described in several recent publications, and
multi-fluid model s have been found to represent atrade-off between accuracy and
computational effortsfor practical applications. However, even though the bubble
coalescence and break-up phenomena observed in this type of reactors have a
determining influence on the bubble size distribution and thusthe interfacial heat,
mass and momentum transfer fluxes, the chemical and physical mechanisms
involved arestill not satisfactorily understood. Toimprove onthe predictive capa-
bilities of these models, more accurate constitutive equations are needed, describ-
ing the coalescing and break-up processes.
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Modeling of the dispersed phase size distribution in a bubble column

In our model development we have chosen to apply a modular approach. At this
stage we focus on the inclusion of elaborate models for bubble coalescence and
break-up phenomena, while the flow formulation is more simplified. To analyze
theimportant mechanismsinvolved, apopul ationbalancemodel isdevel oped with
emphasis on the source and sink term formul ations describing the birth and death
rates as given by Hagesaether, Jakobsen & Svendsen (2000). The model isdevel-
oped such asto facilitate the direct future inclusion into amore sophisticated flow
calculation, afull multi-fluid model.

The current break-up model isbased on thework of Luo & Svendsen (1996), but
further expanded and refined by Hagesaether, Jakobsen & Svendsen (2001) to
remove an inherent weakness regarding the break-up rate for small particles and
small daughter particlefragments. Themain purposeof thiswork isto validatethe
extended break-up model, as given in chapter 5.

For model validation, theresultsfrom both thebasic model and theextended model
version arecompared to experimental dataobtainedin our ownlaboratory for bub-
ble size and volume fraction distributions. The extended model results are found
to be encouraging asthe break-up rate isgreatly reduced when the dispersed fluid
particlesarereducedinsize, and thesizedistributionisingood agreement with the
corresponding experimental data. The coalescence model used is basically the
sameasthe one used by Luo (1993), although the collision rate formulawas mod-
ified when used with the current break-up model.

Theresults obtained indicate that, for predictive purposes, the popul ation balance
model approach may substantially improve on the empirically based analysisin
use today. Combined with multi fluid CFD evaluations, it appears that this
approach may have inherent capabilities calculating the bubble-bubble and bub-
ble-liquid interactionsin amore reliable manner providing improved predictions
of the interfacial contact area and thus the heat-, mass- and momentum transfer
fluxes.

6.2 The mode€

The continuity equation for the dispersed phase is given by:

0 >
5(Pa) + 0 [P ua) = 0 [kg/(m°s)]. (6.1)
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The dispersed gas phase is divided into anumber of subclasses according to par-
ticle mass size, giving one transport equation for the mass of each particle class.
The dispersed phase volume fraction and the mass averaged gas velocity are
defined as:

T > -
a = Zniédf’ andu = Z(niuipﬁi)/Z(nipai). (6.2)
i i i

The following transport or balance equation for each bubble size class can be
obtained adopting the well-known population balance concept:

%(pni)+D T un) = p[Bg—Dg +Be—Dql. [kg/(mbs)].  (63)

Inthisapproachtheindividual bubbleclassesareassumedto havetheir ownveloc-
ities, and the density of the gas phase may be calculated according to a suitable
equation of state. It is assumed that the gas density is constant.

In order to apply the population balance on the discrete particle size distributions
observed in bubble columns, the continuous particle size distribution function is
represented by a finite number of size classes, each discrete particle class repre-
senting a subrange of the size distribution function.

In accordance with Hounslow, Ryall & Marshall (1988), the prescribed bubble
classesare chosen in such away that the bubble volume (or mass) inclass, i+1, is
twice the volume (or mass) of the class below, i,

9,4 = 29,. (6.4)

Thisisconvenient asit simplifies the particle size redistribution budget calcula-
tions needed to account for the bubble break-up and coal escence processes.

We emphasize that the population balance model formulation used hereis based
onmassandisthusof general naturewhereastheimplementationisvolumebased.
However, in small columns where the compressibility of the gas phase is unim-
portant, the bubble density may be assumed constant asdoneinthispaper. Torelax
thislimitation, only aminor modification isneeded. The discretization of the par-
ticle size distribution should be based on massrather than volume. Thischangeis
easily implemented and theresult isthat particleswhichriseinthe columnwill not
change class dueto changesin pressure. The parameterizations devel oped for the
sink and source terms are aready applicable to variable density flows.
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Theredistribution scheme adopted requires both the mass and number balancesto
be fulfilled. Considering particles of a specific size resulting from a break-up or
coal escence process, indicated by index, j, each being characterized by a mass
lying betweentwo of the prescribed popul ation classes, e.g.i andi+ 1, themassbal -
anceyields:

nm = nmtn,m . (6.5)

The mass of these particles, nm, is redistributed between the two population
classes characterized by themasses, m;, and m, , ; . Theresulting particle number
densities, n; and n; , ;, are not necessarily integer values, but must comply with
the corresponding number balance:

N =n+n,. (6.6)

The number of particlesis thus conserved. Combining (6.5) and (6.6) gives:

_ "o, . "o
m, = D?;Dmi + Djnj IDmi+1’ (6.7)

which uniquely defines the redistribution process as n; is the only unknown.

Analternativeto thisredistribution scheme could be to require the mass and area
balancesto be conserved, intending to provide better estimatesfor the masstrans-
fer fluxes. Thisprocedureis, however, not used as an error in the number balance
will be propagated by the source term cal culations, as the break-up mechanisms

are afunction of the number density of O(n), while coal escence mechanismsare

afunction of the number density of O(n2). An error in the number balance will
thus introduce an error of unknown magnitude in the area balance.

As stated above, the source terms determine the parameterizations of the under-
lying breakage- and coal escence mechanisms. First, we consider the break-up
parameterizations, discussing how to adjust the resulting daughter sizeto the pre-
scribed population size discreti zation scheme. Two versionsof the breakagemodel
are considered here, themodel of Luo & Svendsen (1996) and an extension of this
model devel oped by Hagesaether et al. (2001). These parameterizationsare based
on principles of molecular collision and isotropic turbulence and they contain no
adjustablemodel parametersasall constantsarederived fromisotropicturbulence
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theory. The daughter particle size distribution is derived from the breakage rate
parameterizations. The extended parameterization given by Hagesaether et al.
(2001) requirestwo criteriafulfilled in order to obtain particle break-up. Thefirst
criterion was also used by Luo & Svendsen (1996). It states that the energy of the
colliding eddy must be equal to, or larger than the particle surface energy increase
dueto break-up into aparticular daughter size configuration. The second criterion
introduced by Hagesaether et al. (2001) statesthat the energy density of thedaugh-
ter particles must be equal to or lessthan the energy density of the colliding eddy.
This latter criterion limits the possibility of break-up in amore realistic manner,
asthefirst criterion allowsall fluid particlesto be broken when hit by eddies. Fur-
ther, a criterion stating that the eddy must be less in size than the bubble in order
for a break-up to be possible, has been removed.

A detail ed description of the basic break-up modeling framework was provided by
Luo & Svendsen (1996). Thismodel, and detailsfor numerical implementation of
it (not given by Luo & Svendsen (1996), arefound in appendix A. Therefore, only
abrief description of the extended particle break-up parameterization schemewill
be given here, along with some minor updates on the particle collision frequency
parameterization adopted cal culating the coal escence rate. For the coalescence a
detailed description is given by Luo (1993).

Asdiscussed by Luo & Svendsen (1996), the break-up parameterization used is
based on the assumption that bubbles break-up into two daughter bubblesonly. In
line with previous work, we also assume that the density of the gas phaseis con-

stant. For such binary break-up processes, the parent particle volume, 9, , isdis-
tributed into two daughter particlesof volumes, 9 J- and 9, , inaccordancewiththe
following volume balance:

9, 9+, (6.8)

where the volume of daughter particlek, 9, issmaller or equal to the volume of
daughter particlej, 9 j-In themodel we have set thevolumeof thesmaller daughter
particle, 3, , tooneof thepopulation classsizeslessthan 9, . Thevolumeof daugh-
ter particlej, SJ- , must be equal to the prescribed population size class 9; _, or

larger, and thus split between size classi and i-1. Thismay not have been the case
if we had used afactor lower than 2 in the popul ation class discretization scheme,
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see (6.4). The daughter volume, 9 i isdivided into the population classes (i — 1)
and i, according to amodified version of (6.7):

9, = X i1+ (L=% )9, - (6.9)

In addition, we expressthe volume of the daughter size class, 9 i asafunction of
theneighboring population particlesizesintermsof thevolumeof population class
1,
B = 9-9 = 20-1y, —2(k-1)g . (6.10)
Combining (6.4), (6.9) and (6.10) gives
Xk = 21+k-i k<i, (6.11)

where x; | isthenumber fractioninclassi—1 and (1-¥; ,) isthenumber frac-

tion in population classi. Thus, break-up of a parent particle givesthe following
volume distribution in the popul ation classes:

‘Si = 9k+Xi,k19i_l+(l—Xi,k)19i. (612)

Thismeansthat the break-up processesgiverisetoawholeparticleinvolumeclass
(K) below the class (i) being broken up, and one equal or larger particle whichis
divided in a number fraction within the class below the one breaking up, i.e.

(i—1), and anumber fraction in the same class as the one being broken up (i).

The break-up parameterization consists of two parts, the product of the break-up
probability and the collision frequency. Summarizing over the possible eddy sizes
yields (asin chapter 5 the terms are defined by diameters, which can be inter-
changed with identical volume or mass class divisions),

Qg(d;, d) = 3 Pa(d;, Ny, d)og(d;, ;). (6.13)
j

The collision frequency between eddies of size between A J- and )\j + dA and bub-

blesof diameter size d, , isgiven asasum of aturbulent collision and abuoyancy
collision frequency contribution:
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wg(d;, Aj)) = wg (d;, Aj) + wg p(d;, Ay). (6.14)
The turbulent collision is given by Luo & Svendsen (1996):
T[ -

Therelativevelocity between the colliding bubbleand turbulent eddy isexpressed
as.

-2 1/2

Ug,» = (Ud +Uy) (6.16)
with the turbulent velocity:

uy = BL2(en)3, (6.17)

where [3 isaconstant. Equation (6.17) is also used to find the turbulent vel ocity
of thebubbl esreplacingtheeddy lengthscale A J- , withthebubblediameter d; (Luo
& Svendsen, 1996).

The buoyancy term used is based on Prince & Blanch (1990):

Therelative bubblerisevel ocity hasbeen approximated by theaxial bubbleveloc-
ity calculated from experimental data, thus assuming no eddy movement due to
buoyancy effects.

The probability for obtaining one specific daughter class, asaresult of abreak-up
of agiven parent particlesize, d;, colliding with agiven eddy size, }\j ,Isgivenas

the sum over the different eddy energy levels, e :
B(dl’ ]’ 2 PB(dI’ J’ el’ k)w(dp ]1 e|) ] (619)

where w(d;, A i g) isthefraction of eddies of size )\j having energy level g, . It
is assumed that the turbulent kinetic energy probability distribution is
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Pe(X) = exp(-X), where x = e(A;)/e(})). (6.20)

The mean turbulent kinetic energy of an eddy with size )\j , é()\j) ,washby Luo &
Svendsen (1996) given as

- _ B 23y 11/
e(\) = EPLSZ NS, (6.21)
The sum over dl, |, fractionsis equal to

Zw(di, Aje) 0 J’ exp(—x)dx = exp(-Xc) = Pg(d; 7)), (6.22)

I XC

120
pLB‘EZ/\’S)\]Z/\’Sdi 1
density isthe only limiting break-up criterion. When adding the eddy energy den-

120
pLBEZ/g)‘jZ/Bdk, min

Pg(d;, )\j) isthe probability for breaking up abubble of diameter d; when hit by
aturbulent eddy of diameter )\J- .

where . =

for the most common situationswherethe energy

Sity criterion, we get X, = , where dy i, = oTIA3/e()) .

The sum of the daughter class probability distribution yields:

ZPB(di’}‘j!el’dk) = 1. (6.23)
k

Theprobability distribution, Pg(d,, )\j, g, d,) , canbeexpressedintermsof anor-

malized product of two functions related to the two break-up criteria. The two
functions are assumed to be independent, giving:

Pg(di A €.dy) = FFy- (6.24)
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Thefunction related to break-up dueto the turbulent kinetic energy of an eddy (the
surface criterion) may be written as (non-normalized version of Py(d;, d,) in

chapter 5)
0 |3]2/3
F(d,d) = max{e()\) nodz{— + - % } } (6.25)

where the first term on the right hand side is the turbulent kinetic energy of the
eddy. Thefunction related to break-up dueto the energy density causing breakage

into asmallest daughter volume size, 4, (the energy density criterion) may be
written as (non-normalized version of P4(d,) in chapter 5)

e(A))
Fq(dy) = max " 60/d,,0|. (6.26)
§T[( )\J/ 2)3
Thecontinuousfunction (6.24) isintegrated numerically between each population
bal ance class, and the moment (weighted average) is also found. Theintegral is
then split by using the weighted average between the lower and upper limiting

classes giving the Pg(d;, A e d,) values, see Hagesaether et al. (2001).

Secondly, we consider the coal escence parameterizations and discuss how to
adjust theresulting, or merged, particle size to the prescribed population size dis-
cretization scheme. In the simple case when two particles of equal volume coa-
lesce, the resulting particle will be of one class higher than the two colliding
particles. Thus,

9 +9 - D, (6.27)

Note that thisis only true if we use the factor 2 between the volume (or mass)
classes, see(6.4). Whentwo unequal sized particlescollide, the coal esced particles
will be of asizelarger than thelargest colliding particle, but smaller thanthe class
above the largest particle. Thus, for such a collision the resulting particle will
always be placed in the same class as the largest particle and the class above it.
When using a factor lower than 2 between the classes, see (6.4), this may not be
the case. If we assumei to be the largest of the two particles colliding, we get by
using (6.7), converting to volume, and using (6.4):

NTNU 159



Modeling of the dispersed phase size distribution in a bubble column

Bi+9; =X 9+ (1-% )9, = (xi,jzi—1+(1—xi,j)2i)81. (6.28)
We may also express the two colliding particles as multiples of the class 1 size,
9, +9; = (2-1+2-19,. (6.29)

Combining (6.28) and (6.29) gives:
X = 1-2-1 i >j, (6.30)

where x; ; isthenumber fractioninclassiand (1-X; ;) isthenumber fractionin
classi+1.

Thecoalescencerateisalso aproduct of two parts, the coal escence probability and
the collision frequency:

Qc(d;, j) = Pc(d;, J) [ (d;, J) (6.31)
where the collision rate, Saffman & Turner (1956), may be written as

2\12.
we(d;, ]) = (d +d) Ny nOI ud g with ud d = (ud + d) (6.32)

In the extended model the collision rate is expressed as the sum of contributions
of two different physical mechanisms:
we(d;, dj) = ¢ ((d;, d) + wc ,(d;, dy), (6.33)
which are the turbulent collision frequency (asin (6.32)) and the buoyancy col-
lision frequency, respectively. The latter is based on Prince & Blanch (1990):
W p(d;, dj) = (d +dj)? ‘uad a,dj‘ndindj. (6.34)

Again the measured axia bubble velocities have been used.
Thecoalescenceefficiency isgivenasP- = exp(-t./t;) by Coulaloglou & Tav-

larides (1977). Luo (1993) found the coal escence and interaction time scales and
expressed the probability as
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_ O [0.75(1+£i2j)(1+§ﬁ)]0.5
el = exp%_C1(pG/pL+V)1/2(1+Eij)3

-2
Wey; = pLdiudi,dj/cr. (6.35)

Wei/ % , where
U

Thebreakagemodel (6.14) and the coalescence model (6.31) givethesourceterms
in (6.3). The source terms may be written, assuming no break-up of the smallest

class, (i = 1), and no coalescence in the largest class, (i = N), as:

N
Bg(i) = Z Qg(d,, d;) + )

 K=i+Li%N _

i -1

Z X +1,kQp(di 4, d) + Z (1-X; 1) Qg(d;, dy)
K=1i%N k=1i#1

i =1.N, (6.36)
corresponding to the three terms on the right hand side in (6.12), respectively.
i-1
Dg(i) = z Qg(di,dy),i = 2..N, (6.37)
k=1
corresponding to the left hand side termin (6.12).
i-1
Bc(i) = Z X Qc(di,d)+ ,i=2.N, (6.38)

) j=1,i#N
i—-1

Z (1-%_1)Qc(d;_q, dj)
j=1
corresponding to the terms on the right hand side in (6.28), respectively.
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N-1
D) = 5 Qc(d ) +Qc(d; d), i = 1.\, (6.39)
j=1

similarly corresponding to the terms on the left hand side in (6.28). The source
terms are further explained in appendix A.

6.3 Numerical methods

The time discretization of the basic balance equationsis performed by use of the
fractional time step method that has become very popular in geophysical sci-
ences, e.g. Berge & Jakobsen (1998). The fractional step concept is more a
generic approach than a particular method. It is essentially an approximate fac-
torization of the various numerical operators determining the transport equation.
It is also possible to split the convective and diffusive terms further into their
components in the various coordinate directions. Strang (1968) pointed out that
the accuracy of such splitting methods depends both on the accuracy of the
numerical solution methods applied to the individual operatorsin the equations,
and on the accuracy of the time splitting procedure itself. By performing the
intermediate time integrations in a prescribed order, the splitting method itself
can be shown to be second order accuratein time. Therefore, when theindividual
operators applied are second order (or higher order) in time, the total time inte-
gration procedure will be second order accurate.

Thevarioustransport, source and sink termsin the bal ance equationshave accord-
ingly been split into separate numerical operatorsthat are successively solved by
intermediate time integrations. The convective terms are cal culated by use of an
explicit second order method in space, aconservative Total Variation Diminishing
(TVD) scheme. The TV D scheme applied was constructed by combining the cen-
tral difference scheme and the classical upwind scheme by adopting the ‘ smooth-
nessmonitor’ of van Leer (1974) and the Superbeelimiter of Roe (1986), seealso
Sweby (1984) and Le Veque (1990). An Euler explicit advancement isapplied for
the individual sourceterms. This approach is by definition modular, and the bal-
ance equations can easily be implemented in any consistent CFD code.
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6.4 Mode validation

For model validation the simulationswere run for the air/water system with data:
p. =998 kg/m3, 0 =0.0726 N/m, € = 0.25 m?/s3 and ag = 0.025. The

superficia gas velocity was 2 cm/s and the water was stagnant. The bubbles
were divided into 14 classes ranging from 0.75 mm to about 1.5 cm in diameter
(each classtwice the volume (or mass) of the class below). The column used was
4.3mhighwith aninner diameter of 0.288 m. The bubble size and the axial veloc-
ity were measured with afive point conductivity probe at two axial levelsin the
column (Buchholz, Zakrzewski & Schugerl, 1981). We have here used measured
data obtained at the centre of the column at axial levels0.3 mand 2.0 mabovethe
distribution plate in the bottom of the column.

The number of particlesgivenintable 6.1 and 6.2, characteristic for each volume
averaged particle size, are time averaged over an interval of about 10 minutes.

Table 6.1 on page 163 givesthe measured number values and bubble diameters at
the position 0.3 mabovetheinlet. The measured datathat were originally divided
into 24 discrete particle classes by the data interpretation procedures, have been
adjusted to the 14 prescribed population particle classesused in the smulationsin
accordance with equation (6.7).

TABLE 6.1: Firsttwo columns givethe numbers of particles measured and
their sizes measured respectively. The last two columns give the numbers
and sizes usedinthesimulation. The experimental datawas measured at 0.3
m above the gas inlet in the centre of the column.

measured , adjusted
e, | e | St | e

diameter diameter
300 0.82 208 0.750
424 1.26 2 0.945
429 1.77 345 1.19
490 2.26 232 1.50
468 2.76 418 1.89
393 325 555 2.38
287 373 570 3.00
171 421 480 378
o1 4.74 208 4.76
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TABLE 6.1: Firsttwo columns givethe numbers of particles measured and
their sizes measured respectively. The last two columns give the numbers
and sizes usedinthesimulation. The experimental datawas measured at 0.3
m above the gas inlet in the centre of the column.

measured measured adjusted adjusted
bubble

bubble
number ) number )
diameter diameter
66 5.25 77 6.00
37 5.70 28 7.56
21 6.24 12.1 9.52
12 6.79 5.84 12.00
7.18 1.37 15.12
7.78
8.12
8.63
9.19
9.65
10.74
11.58
12.88
13.18
14.61

[EEY
[EN

(I RN RN | N N NS S RS

Table 6.2 on page 165 givesthe corresponding dataat the position 2.0 mabovethe
inlet, aswell asthemeasured axial velocities. Theaxial velocitiesbased onvolume
(or mass) weretransformedtothe popul ation classesused, requiring that theresult-
ing particle velocities were consistent with the measured mass flux. The axial
velocities measured at 2.0 m above theinlet were used as fixed rise velocities for
theindividual population classesthroughthecolumn. Similar datawerea so meas-
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ured at 0.3 m above the inlet, but we have as afirst approach used the data from
2.0 mabovetheinlet only.

TABLE 6.2: First three columns give the numbers of particles measured,
their sizes measured and their axial velocity measured respectively. Thelast
three columns give the numbers, sizes and axial velocities used in the
simulation. The experimental data was measured at 2.0 m above the gas

inlet in the centre of the column.

measured | measured : adjusted | adjusted
measred | Cpipple | add | I e | adal
diameter | velocity diameter | velocity

405 0.82 0.25 343 0.750 0.25
670 1.28 0.33 62 0.945 0.25
739 1.76 0.40 605 1.19 0.33
814 2.26 0.45 489 1.50 0.39
760 2.76 0.50 714 1.89 0.43
585 3.24 0.53 890 2.38 0.48
400 3.73 0.54 926 3.00 0.52
246 4.25 0.57 563 3.78 0.55
133 4,73 0.60 255 4.76 0.61
80 5.22 0.62 93 6.00 0.63
59 5.72 0.68 18.8 7.56 0.62
37 6.24 0.61 4.76 9.52 0.70

8 6.64 0.61 1.33 12.00 0.86
12 7.27 0.62 0.53 15.12 1.37

7 7.69 0.52

3 8.17 0.79

2 8.91 0.74

2 9.78 0.86

2 9.56 0.49

1 12.22 0.58

1 14.42 1.37

Compressibility effects are not accounted for by the model, thus the simulations
do not take into account the volumetric increase in bubble size as the pressure
decreasestoward the top of the column. Therefore, the datameasured at level 2.0
mabovetheinlet have been adjusted, subtracting the volumeeffect duetothepres-
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sure change, in accordance with the ideal gas law. The experimental diameter
classes are thus multiplied with (P, /Py 3)1/2 00.96.

The measured number data must fulfill the global volume balance over the cal-
culation domain,

Q = UA, (6.40)

where ug isthesuperficial gasvelocity and Aisthe column cross section. For each
population class the corresponding balance is,

Qi = mduy g A, (6.41)

where u, d isthe axial velocity for bubble classi. Combining (6.40) and (6.41)

gives
ug = Zniaiual d- (6.42)
i

Themeasured dataat 0.3 m, must be converted into inlet number densities, assum-
ing alinear relationship gives

where ﬁi isthe measured number values (givenintables6.1 and 6.2). Combining
(6.42) and (6.43), solving for x and inserting for x in (6.43) gives

n = (nug)/ S (Ni9Uy ) - (6.44)

Thedatahavethusbeen normalizedto be consistent with thevolume (or mass) flux
at theinlet.

The average gas phase velocity is calculated from the following formula

Uaverage = Z(uiniﬁi)/Z(niﬁi). (6.45)
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6.5 Multi-fluid modeling

The present one-dimensional model, having a constant turbulent dissipation rate,
can easily be extended to two- and three-dimensional cases where the dissipation
fields are non-constant by adding transport equations for turbulent quantitieslike

the turbulent energy dissipation rate (e.g., a k—& model). That is, the full two-
fluid model equations have to be solved.

In the churn-turbulent flow regime there are up to four different flow regions;
descending flow, vortical-spiral flow, fast bubble flow and central plume, see
Chen, Reese & Fan (1994). Furthermore, shapes and velocities for the dispersed
phase will vary in the various regions, and in addition to turbulent break-up, tur-
bulent collisions and buoyancy driven collisions between bubbles, dense flow
mechanisms should a so beincluded. Among these mechanismsare the swarming
effectsin the fast bubble flow regime. The present model can be used describing
industrial bubble columns operating in the churn-turbulent flow regime, intro-
ducing drag and Sauter mean particle diameter variables to account for shape
effects. The shape of the fluid particles varies significantly within the wider size
distribution. This significantly influences the interfacial drag, heat- and mass-
transfer fluxes. An aternative isto extend the model using shape factors.

When using a multi-fluid model proper boundary conditions are needed, e.g. for
phasic velocities, volume fractions and bubble size, as discussed by Jakobsen
(1993). Normally it is assumed that the gas does not wet the wall indicating that
the gas volume fraction there is zero. By using the time-after volume averaging
procedure the diffusive mass flux through the wall is set to zero by adopting the
boundary condition that the normal volumefraction gradient isequal to zero. This
is clearly not aphysical condition and mass weighted velocity variables should
therefore be used, as discussed by Jakobsen (2001). The particle size distribution
obtained just abovethedistribution plateisvery difficult to determine. Thecurrent
practiceisto assume physically reasonable and uniform bubblesizeand shapedis-
tributions, and an approximate gasvolumefraction (and thusagiven phasic veloc-
ity or visaversa). A proper analysis on micro scale determining the Lagrangian
particle distribution should be used developing proper relations for the inlet
boundary value of the gas volume fraction and particle size distribution. Intro-
ductory analyses was performed by Grevskott (1997). However, the flow pattern
iIsusually not very sensitive to inlet boundary conditions, whereas the interfacial
heat and mass transfer fluxes can be notably affected. This dependents on the
break-up and coal escence rates. At high rates the dynamic equilibrium will be
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reached closetotheinlet boundary, and thetransfer fluxeswill inthiscasebeinsig-
nificantly affected by the choseninlet gas phasesizedistribution. Attheoutlet, the
normal gradients are usually set to zero both for the gas volume fraction and the
number densities. Theradial velocity component isal so set to zero. Thisapproach
is questionable as the physical flow pattern is turbulent and recirculating zones
existsin thispart of the column. Further, the pressure isnormally specified at the
outlet. Analternativeto the pressure boundary conditionisto specify that theaxial
velocity gradient is zero at the outlet, but this often reduces the convergence rate
considerably.

6.6 Resultsand discussion

The basic population model used hereisthe same asthe one used by Hagesaether
et al. (2000). An extended version of the parameterization scheme for particle
breakage developed by Hagesaether et al. (2001) combined with a modification
of the particle-particle collision frequency relation given by Prince & Blanch
(1990) have also been investigated.

Inall smulationsthelocal and global massand bubble number budgetswere cal-
culated by integrating the convective fluxesin and out of the boundaries, and the
death and birth rates within the calculation domain. The discrepanciesin all bal-
ances were found to be of order close to the machine number representation.

The behavior of the population model using two different versions of the break-
up parameterization scheme, applied to a bubble column is discussed in the fol -
lowing, using the system datagivenintheprevious section. The bubblerisevel oc-
ities for the various classes were taken as the experimentally measured axial
velocitiesat 2.0 mabovetheinlet of the bubble column. Thismeansthat theliquid
velocity profile wasindirectly taken into account. The integration time step used
inthecalculationswasgenerally 0.001 secondswith the extended break-up model
included, and 0.005 secondswiththebasic model of Luo (1993) and Luo & Svend-
sen (1996). Thetotal simulation timewas set to 100 seconds, whichwasmorethan
enough to obtain steady state conditions. If alarger time step was used with the
extended break-up model, the model gaveriseto oscillationsin the resulting pro-
filesfor some of the classes. In space, 32 axial grid cells were used for the cal-
culation domain between 0.3 m and 2.0 m above the column inlet.

Figure 6.1 shows the bubble distribution for the basic model aslog(n) versusthe
height of the bubble column. In general, it can be seen that the bubble number den-
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Sity at position 2.0 mincreasesslowly towardspopulation class9. After class9, the
bubble density decreases with bubble size. Based on physical observations, it is
expected that the lowest and the highest population classes will contain very few
bubblesif the prescribed bubble mass (or volume) rangeiswide enough. If thisis
not the case, the assumption of no break-up of thelowest class and no coalescence
of the highest class will influence the results and the prescribed size range hasto
be extended.
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FIGURE 6.1: Steady state distribution between the two experimental
measuring points in the bubble column. The 14 bubble classes, ranging
from 0.75 mm to about 1.5 cm in diameter, are shown by rows from top left.
Model for break-up, Luo & Svendsen (1996), and coalescence, Luo (1993).

For the basic break-up model by Luo & Svendsen (1996), the predicted particle
density distribution is given in figure 6.1. The requirement that the prescribed
range of population classes should not affect the simulated results was then eval-
uated by including 3 additional popul ation classes being smaller than the previous
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class 1, inasecond simulation. The model resultsfrom the second simulation, fig-
ure 6.2, show that the mass of gasis further distributed to the lower population
classes. Thus the model predictions are not independent of the prescribed popu-
lation classrange. The number densitiesin the extra classes are about the same as
in the original population classes. Another test, not shown in thiswork, includes
12 extraclassesbelow class 1. Thistest also showed avery gradual decrease of the
number densitiesastheclassesgot smaller. Thesmallest additional classhad about
10% of the number density of class 1 in the basic setup. Examining the measured
data we find a sharp decrease in the number densities for bubble size classes
smaller than about 0.5-1 mm. It should, however, be noted that the measuring tech-
nique applied hasaninherent lower limit of about 0.5-1 mmfor detecting bubbles.
It may therefore have been smaller bubblesin the column, but the observed trend
that there is a marked decrease in the number densities for very small bubblesis
believed to be physically redlistic.
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FIGURE 6.2: Steady state distribution between the two experimental
measuring points in the bubble column. The 17 bubble classes, ranging
from 0.375mmto about 1.5cm in diameter, are shown by rows from top left.
The first row contains 3 extra classes which are added below the
experimentally measured bubble sizes. Model for break-up, Luo &
Svendsen (1996), and coalescence, Luo (1993).

The magnitude of the source terms determining the birth and death rates due to
bubble coal escence and break-up areshowninfigure 6.3, aspredicted by thebasic
model. A general trend that the magnitude of thetermsdecrease from the entrance
boundary at 0.3 m above the column inlet towards the outlet boundary at 2.0 m
abovethecolumninlet, isobserved. The magnitude of the sourcetermsdueto coa-
lescence areinitially relatively large with amaximum for class 9, but the magni-
tude decreases rapidly within aregion of about 0.6 m. Thisis consistent with the
results shown infigure 6.1, indicating that steady state for the bubble distribution
is nearly reached after about 0.6 m above the inlet boundary. Comparing the cor-
responding profilesfromfigures6.1and 6.2, it can be seen that the particledensity

NTNU 171



Modeling of the dispersed phase size distribution in a bubble column

profiles are hardly influenced by the population classes added in the second ssm-
ulation. Only thefirst class seem to have been significantly altered by the addition
of the 3 extra classes.
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FIGURE 6.3: Steady state values of the sourceterms, Bg, By, Cg and Cp,

in the transport equation (6.3). Model for break-up, Luo & Svendsen (1996),
and coalescence, Luo (1993).

Theresultsobtained by the basic model are not independent of the prescribed pop-
ulation class range in regard to the total number density of bubbles. Though, as
each classistwicethevolume of the classbelow the volume (or mass) distribution
ischanged insignificantly with the addition of more classes at thelower end of the
population class distribution.

Figure 6.4 shows a comparison of the corresponding experimental and the basic
model simulated accumulated mass profilesfor the gas phase, normalized by the
total amount of bubble massfound experimentally at 2.0 m. It is seen that thereis
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amuch higher fraction of smaller bubblesfoundintheexperimental data. Thesim-
ulated total volumeisabout 72% of the experimental one. Thedeviationisrelated
to the inaccurate predictions of the bubble size distribution. The larger bubbles
haveahigher terminal velocity relativetothe smaller ones, indicating that ahigher
fraction of larger bubbles will give rise to lower gas hold-up.
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FIGURE 6.4: Accumulated mass (or volume) as afunction of bubble class
at2.0m heightinthebubble column.Both experimentally measured values
and simulated values are shown. Model for break-up, Luo & Svendsen
(1996), and coalescence, Luo (1993).

To improve on the model predictions for the bubble size distribution, the model
changes suggested by Hagesaether et al. (2001) have beenimplemented aswell as
the modified formulation of the particle-particle collision frequency of Prince &
Blanch (1990). Theresults obtained based on the extended model are presentedin
figure 6.5.
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FIGURE 6.5: Steady state distribution between the two experimental
measuring points in the bubble column. The 14 bubble classes, ranging
from 0.75mmto 1.5 cmin diameter, are shown by rows from top left. Break-
up model by Hagesaether et al. (2001) and coalescence model by Luo
(1993).

Theseprofilescorrespond to theresultsshowninfigure6.1. Comparing theresults
presentedinthetwofigures, it can be seen that theextended model version predicts
astabilization of the size distribution of bubbles within a shorter zone after the
entrance to the calculation domain. Thisindicatesthat the sourcetermsare larger
in the extended parameterization. After about 0.3 m above the simulation inlet,
about 0.6 mheightinthereactor, steady stateisreached for the bubblennumber den-
sity distribution. For the smallest population classes the number densities pre-
dicted by the extended parameterization deviates more compared to the
experimental datathan the results predicted by the model by Luo (1993), but the
results predicted by the extended model are in better agreement with the experi-
mental data for the size classes in the middle of the population class range.
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The results from adding 3 population classes at the lower end of the population
class range for the extended model version are given in figure 6.6.

10 10 10

10 L

= =

o o
W

= =

o o
)

10
0 1 2

10

1 2
10*| | 10*
3 2
1 2
1
1 2

10

107} 10

10 10
2

10
10 10

10°| 7

Particle number [1/m3]
=
o

I

10° 10* 10*
270 2

4

10 10

1
. — 1
1
10’} | 107 |
2 100

0 1 270 1 2
Column height [m]

10

FIGURE 6.6: Steady state distribution between the two experimental
measuring points in the bubble column. The 17 bubble classes, ranging
from 0.375 mm to 1.5 cm in diameter, are shown by rows from top left. The
firstrow contains 3extraclasseswhich areadded below the experimentally
measured bubble sizes. Break-up model by Hagesaether et al. (2001) and
coalescence model by Luo (1993).

As expected, contrary to the results predicted by the original model the extended
model predicts profiles having a sharp drop in the bubble number density toward
thelower classes. Thetrend observed intheseprofilesisaresult of the energy den-
sity criterioninthebubble break-up parameterization scheme stating that adaugh-
ter bubblecan at most have an energy density equal tothecolliding eddy. Thus, the
extended model is based on an inherent assumption that for each colliding eddy
thereisaminimum size limit for the bubble that can break-up and that thereisa
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minimum size for the smallest daughter size fragment being generated in the
break-up process.

Figure 6.7, which is the analogue to figure 6.3, shows the source terms based on
the extended parameterization scheme. The break-up terms predicted by this
model version are much larger than the corresponding ones predicted by the pre-
vious model. Thisis due to the removal of a break-up criterion used by Luo &
Svendsen (1996), stating that the eddy must be equal or smaller than the colliding
bubble in order to induce break-up, as discussed by Hagesaether et al. (2001).
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FIGURE 6.7: Steady state values of the sourceterms, Bg, B, Cg and Cp,

inthetransport equation (6.3). Break-up model by Hagesaether et al. (2001)
and coalescence model by Luo (1993).

Theaccumulated mass(or volume) predicted by theextended model at steady state
for thebubbledistribution, isshowninfigure 6.8. Comparing theresults presented
infigures 6.4 and 6.8, it is seen that the extended model predictions are in much
better agreement with the experimental datathan what was obtained by theformer
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model. As seen from the figure, there are too few particlesin the smaller classes
whereas abetter fit isobtained for the population classesin the middl e of the pop-
ulation size range. The predicted volume fraction is now increased to about 96%
of the experimentally measured one, without introducing any additional model
parameters. The extended model formulation thus seems to provide better esti-
mated for the interfacial heat-, mass-, and momentum transfer fluxes, compared
to the previous one (Luo (1993) and Luo & svendsen (1996)).
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FIGURE 6.8: Accumulated mass (or volume) as a function of bubble class
at2.0m heightinthebubble column. Both experimentally measured values
and simulated values are shown. Break-up model by Hagesaether et al.
(2001) and coalescence model by Luo (1993).

Another test was performed in order to check if the break-up parameterization
scheme solely could be the reason for the low number density in the smaller pop-
ulation classes. The coalescence model wasin thistest turned off for the lowest 5
classes. Thismodification resulted in number density predictions well above the
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experimental levelsfor these classes, asshowninfigure 6.9. It thus seemsthat the
coalescence model predicts too high coalescence probabilities for collisions
within the smallest bubble classes.
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FIGURE 6.9: Accumulated mass (or volume) as a function of bubble class
at2.0m heightinthebubble column. Both experimentally measured values
and simulated values are shown. Break-up model by Hagesaether et al.
(2001) and coalescence model by Luo (1993). The coalescence terms are
set to zero for the first 5 classes.

For all models considered the turbulent energy dissipation rate was set asamodel
parameter fixed at a prescribed value, which was estimated based on the experi-
mental conditions. It isthough known that the energy dissipation in abubble col-
umn varies as a function of axial position, e.g. Grevskott, Sannaes, Dudukovic,
Hjarbo & Svendsen (1996). As a parameter sensitivity analysis, the turbulent

energy dissipation rate was changed from 0.25 m2/s3 to 0.40 m2/s2, and the
resultsobtai ned with the modified parameter valueare showninfigure6.10. It can
be seen from the figure that the void fraction for the simul ation becomes approx-
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imately the same asthe experimental one. Inthissimulation thereare still too few
bubblesinthelowest popul ation classes, but the agreement with experimental data
is better.
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FIGURE 6.10: Accumulated mass (or volume)as afunction of bubbleclass
at2.0m heightinthebubble column. Both experimentally measured values
and simulated values are shown. Break-up model by Hagesaether et al.
(2001) and coalescence model by Luo (1993). The eddy dissipation rate was

changed to 0.40 m?/s2 (default was 0.25 m?/s3).

In afew recent papers, Jakobsen (2001), Krishna, Urseanu, van Baten & Ellen-
berger (1999a), Krishna, Urseanu, van Baten & Ellenberger (1999b), Krishna, van
Baten & Urseanu (2000) and Krishna, van Baten & Urseanu (2001), theinteraction
between the interfacial drag and the dispersed phase distribution has been dis-
cussed. For relatively high gas void fraction flows, drag correlations based on
empirical single bubble data have been found unable to predict gas velocity pro-
files with reasonable accuracy compared to experimental data. This has been
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related to theinherent limitation that none of thesedrag relationsdo explicitly take
into account the hydrodynamic bubble-liquid and bubble-bubble interaction
effects. Krishnaet al. (1999a) studied therisevel ocity of aswarm of large gasbub-
blesin liquid by use of a multi-fluid model, empirically dividing the bubble dis-
tribution into two size classes. The small bubbleswere empirically set to beinthe
sizerange of 3 to 6 mm, whereas the large bubbles were typicaly in the range of
20-80mm. The CFD model predictionsreported wereinvery good agreement with
experimental data, but the model suffersfrom the need of empirical datafor deter-
mining the bubble size distribution. In this context, our modeling approach pro-
vides a better modeling framework improving the theoretical analyzes, as it
reducestheneed for empirical dataon the phasedistribution phenomena. Ananal-
ysis was performed on the capabilities of the present model for predicting area-
sonablebubblenumber averagegasphasevel ocity. Based ontheexperimental data
at 2.0 mabovethe column inlet, anumber averaged gas phase vel ocity of 0.58 m/
swasobtained. Thecorresponding gasvel ocity cal culated based ontheresultspro-
vided by the models of Luo (1993) and Luo & Svendsen (1996) was 0.74 my/s,
whereastheextended model of Hagesaether et al. (2001) predicted anumber aver-
aged gasphasevel ocity of 0.60 m/sin good agreement with the experimental data.
With the latter modeling approach it seems possible to improve the predictions of
the bubble number distributions enabling better estimates on theinterfacial trans-
fer fluxesfor heat-, mass- and momentumwithin CFD codes. However, thecurrent
break-up and coal escence parameterizations are designed for the homogeneous
bubbly flow regime only. In order to extend the model to the churn turbulent flow
regime, weneedtoaccount for flow regimetransition mechanismsand regime spe-
cific effects such as bubble swarms. Computational time requirementsisalso an
important issue. Onesimulation solving the popul ation balancemodel with 14 size
classestook approximately 2 hourson aSGI Origin 3800 supercomputer (on one
processor). Combining the dynamic population balance model with a consistent
CFD model will requirelarge computational resources, indicating that these sm-
ulations will benefit substantially from parallelization and performance optimi-
zation of the model. Therefore, research continue in order to develop further
extensions and improve the implementation of this or similar population balance
model formulationswithin CFD codes (e.g. asiscurrently performed within com-
mercia codeslike CFX (Lo, 1999) and FLUENT (Sanyal, 2001)).
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6.7 Conclusions

A population balance model containing coal escence and break-up parameteriza-
tions have been used to simulate the bubbl e size distribution within a bubble col-
umn operating in the homogeneous flow regime. The population model with two
different versions of the break-up parameterization scheme, and two different
coalescence rate functions, one for each break-up parameterization, have been
evaluated. The models have been implemented into an in-house code and vali-
dated against experimental number distributions and particle axial velocities
data.

Comparing the results obtained by the two model versions against experimental
data, indicate that the extended model provides an improved description of the
bubble size distribution, hold-up and thus also the volume averaged gas phase
velocity.

Further validation against experimental data are needed in order to evauate the
capability of the model to predict reasonable size distributions for avariety of
chemical systems and operating conditions. Furthermore, the quantitative
responses due to pertubations in the coal escence rate for some of the population
sizeclassesindicate that further work may be needed on the underlying model for
the coal escence parameterization in particular.

Notation

A cross sectional area of the bubble column, m?2
Bg birth break-up, 1/ (m3s)

Bc birth coalescence, 1/ (m3s)

C, constant, C; = 1, -

Dg death break-up, 1/ (m3s)

D¢ death coalescence, 1/ (m3s)

d;, d;, d, bubble (class) diameter, m

A min ~ Minimum daughter break-up size, m
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€

e(A,)
e(A))
F.(d;, d,)

Fq(d)

Tn

Fq

S

Z 3 3

Pg(d, A)

eddy energy level, J

energy in eddy of diameter size )\j , J

average energy level in eddy of diameter size )\j , J

functionfor break-up of particle d; into smallest daughter fragment d,

due to turbulent kinetic energy in the eddy (the surface criterion), J

function for break-up due to energy density into smallest daughter
fragment d, (the energy density criterion), J/m3

normalized function giving the daughter size distribution, -

mass of one particle in population classi, kg

mass of one particle in some size classj, kg

total number of population classes, -

number density of sizei, 1/m3

number density of particlesin classi, 1/m3

number density of eddiesin diameter class A;, 1/ m3
number density in some size classj, 1/m3

number value measured experimentally

pressure, Pa
break-up probability of bubble with diameter d, being hit by eddy

ofsize)\j,-

Pg(d;, )\j, d,) break-up probability of abubblewith diameter d; being hit by an

eddy of size A J- breaking up into smallest daughter fragment d, , -

Pg(d, )\J-, g, d,) break-up probability of abubblewith diameter d; being hit by
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an eddy of size )\j with energy level g breaking upinto a

smallest daughter diameter fragment dy, -

Pc(d;, d;) coalescence efficiency between two bubblesof diameters d; and d; , -

Pe(X)

Q
Qi

Kinetic energy distribution of eddiesin turbulence, -

gas volume flow into the bubble column, m3/s

gas volume flow into the bubble column for population classi, m3/s
time, s

coalescencetime, s

coaescence interaction time, s

velocity vector, m/s

velocity vector for bubble classi, m/s

relative velocity between bubbles of diameter sizes d; and d;, m/'s

relative velocity between abubble of diameter size d; and an eddy of

diameter size )\j , m/s

Uy g.» Us, g &Xidl velocity of bubblesin diameter classesi and j, m/'s

Upverage  EVErage gasvelocity in column, m/s

U, bubble class velocity, m/s

Ug superficial gas velocity, m/s

Ug ﬂdj turbulent velocity of bubbles in diameter classesi andj, m/'s

GAj turbulent velocity for an eddy of diameter size A;, m/'s

We; Weber number, -
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€

9

transformation function for conversion of measured bubble numbers
into inlet number concentrations

number fraction for coal escence between volumeclass 9; andvolume
class 9, -

number fraction for break-up of volume ¢; into smallest volumeclass

9. -

volume fraction, -

void fraction, -

constant, 3 = 2.0457, -

added mass parameter, y = 0.5, -
eddy dissipation, m2/s3

volume of the first population class, m3

9, 9, 9 volume of population classesi, j and k, m3

9, volume of afluid particle of sizej, m3

)\j eddy diameter classj, m

3 bubble sizefraction, &; = 9;/9;, -

p density, kg/ m3

Pg gas density, kg/ m3

PL liquid density, kg/m3

o surface tension, N/m

X kinetic energy fraction for eddy in turbulence, x = e()\j)/é()\j) -
Xc critical breakage energy fraction, -
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Qg(d;, dy)
Qc(di, dj)
wg(d;, A))
coc(di, dj)
We b(di, dj)

W, (d;, d))

I ndexes used:

break-up rate of classwith diameter d; into smallest daughter class
with diameter d,, 1/(m3s)
coalescence rate between two bubbles of diameters d; and d;,

1/ (m3s)
fraction of eddies of diameter size )\j having energy level g, -

collision frequency between bubble and eddy, 1/ (m3s)
buoyancy collision frequency between bubble and eddy, 1/ (m3s)
turbulent collision frequency between bubble and eddy, 1/ (m3s)
coal escence collision rate between two bubbles of diameters

d; and d;, 1/(m3s)

buoyancy coal escence collision rate between two bubbles of
diameters d; and d;, 1/ (m3s)

turbulent coalescence collision rate between two bubbles of

diameters d; and d;, 1/ (m3s)

[ population balance size

[ parent break-up bubble

[ largest coal escence parent bubble

| largest break-up fragment

| smallest coalescence parent bubble

| random size bubble between classesi and i+1
k daughter size classes

k smallest break-up fragment
I eddy energy classes
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CHAPTER 7 Conclusonsand
recommendations
for further work

7.1 General overview

The overal goal of this thesis was to improve upon the understanding of the
break-up and coalescence phenomena by extending earlier models made at the
department for these phenomena. The earlier break-up model was found to be
dependent upon the popul ation balance size distribution used, and no limit for the
lower break-up size nor the amount of break-up existed. All these consistency
problems have been removed by theinclusion of an additional break-up criterion.
The coal escence model was limited to only giving the maximum collision inter-
face radius during the collision between two fluid particles. The new model pre-
dicts both the collision radius and the film thickness as a function of time. The
idea behind the binary coalescence term formulation was to use a Lagrangian
momentum balance model to determine coalescence efficiency and then trans-
form data from this micro-scale model into a coalescence model formulation
suited for inclusion into amacro-scale CFD-program. A force balance model has
been developed, but no clear coalescence criterion was found. Both break-up
models and the existing coal escence model have been implemented into a‘* CFD-
code' . Simulations with the models have been compared to experimental data
from our laboratory, giving a comparison between the two break-up models.
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7.2 General conclusions

A review of population balance models has been written, with focus on the coa-
lescence probability. Details for film drainage, dimpling of the film, non-ideal
systems, force balances and non-ideal collisions are given. Some experimental
datafor the coalescence processarealsoreviewed. A Lagrangian momentum bal -
ance model was envisioned for coal escence probability calculations, thus giving
the general layout and focus of the review.

Callision model:

A general collision model was developed accounting for the following mecha-
nisms:

« different sized fluid particles

 exact volume formulations (new)

+ damped oscillations of the particles (new)

« oscillation phase angle at contact (new)

« energy loss through dissipation (new)

« film drainage (new)

A force balanceis solved for each individual particle, and theinteraction between
the fluid particle collision and the film drainage is cal culated and used to find the
shape of the particles. Thefilm contact areaand the force balance dictate the film
drainage. The outputs of the model are the collision interface area and the film
thickness, in addition to the length variables of each fluid particle. Generdly it is
found that collisionsthat end in rebound have atendency to contain thicker films
than collisionsthat coal esce, but no reliable coal escence criterion wasfound. The
simulation of the collision interface radiusand the contact timewerein most cases
in good agreement with experimental data.

Break-up model:

Animproved fluid particle break-up model was developed. This model includes
anew criterion requiring the energy density of the daughter particles generated to
belessor equal totheenergy density of theeddy, generating the break-up. Thiscri-
terion limits the degree of break-up through limiting the lower possible size of
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daughter particles. Themodel cal culatesaprobability distribution for thedaughter
sizes, and equal sized daughter particles are favoured in most cases due to the
energy density criterion which limitstherate of break-up in most cases. The other
criterion, thesurfaceenergy criterion, statesthat theincreasein surface energy due
to the break-up must be less or equal to the energy available from the colliding
eddy. This criterion favours unequal breakage and is most limiting when small
fluid particlesand small eddiescollide. A criterion usedin earlier modelsrequiring
eddies to be smaller in size than the fluid particle in the collision, has been
removed. Thetheory predictsthat eddies of larger sizes are important for therate
of break-up and thus also for the daughter size distribution probability.

Population balance:

Underlying algebraic models for the sink and source termsfor break-up and coa-
lescence, initially containing integral terms, have been formulated into algebraic
approximationsfor useinapopulation balance. Throughtheseterms, two different
break-up models and a coal escence model have been implemented into an in-
house ‘ CFD code’ . The simulation results from the implementation were com-
pared with experimental datafrom abubble columnin our laboratory. When com-
paring the accumulated mass for the gas phase given as a function of the bubble
sizes, thenew model giveacloser fit to the experimental data. Therearegenerally
too few bubblesin the smallest classes, but an evaluation of the coalescenceterms
for these classes shows that this may as well be aresult of too much coalescence
astoo little break-up. Overall the comparison is good. Increasing the turbulent
eddy dissipation parameter resultsinan evencloser fit tothe experimental dataand
showsthat the turbulent eddy dissipationisan important variableinthe system, as
expected.

7.3 Recommendationsfor further work

Theforce balance model needsto be extended, as additional mechanisms seemto
be relevant. The most important ones are off centre collisions and the contact
angle at collision. Currently only collisions that are head on and along the same
axis are considered. For the contact angle one may use only the head-on compo-
nent as an approximation, but thisleaves out the physical mechanism of onefluid
particle rolling off another one. This may aso be the case if the collision is not
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perfectly head-on. Further, a flat interface is assumed. This may be a good
assumption in most relevant cases, but for verification one should solve for the
film thickness as a function of the radius of the contact area.

Theoriginal scope of the model wasto find acoalescence criterion. In order totry
tofind acoalescencecriterionwhichisvalidfor all situationslisted above, the sur-
face shape for the whole particles should be solved. One should also solvefor the
film thickness at all contact points, and for the flow in the fluid particles them-
selves. Inthisway one may not only evaluateif thetwo fluid particles coalesce (if
acoalescencecriterionisfound), but alsoif the coal escenceisstableor not. Inaddi-
tion, one may be able to find some criterion for the tearing up of fluid particles,
which sometimes happens when particles collide. Such simulations as described
above would require much more computational timethan asimple force balance,
but astheforce balance model itself already istoo complicated for direct inclusion
into a CFD-code, one may as well try to solve the collision process completely.
This should probably be done in a customized CFD code.

Additional and more detailed experimental datafor the collision process between
two fluid particlesare needed to validate the present coal escence model and future
extensions. The following variables should be measured, for example by use of a
high speed digital camera:

« contact area

« film thickness for the contact area

 overall particle shape (and the mass centre positions)

 flow inside the dispersed particles

« flow inthedraining film

« the (induced) oscillation of the fluid particles

« the pressurefield in the contact area

The impact of the following variables or phenomena should be validated:
+ impact velocity

impact angle

 impact position (off centre collisions)

« phase angles

« sizesof fluid particles

+ density

192 NTNU



Recommendations for further work

 Vviscosity

« surfacetension
» masstransfer

+ heat transfer

All these variables and phenomena are likely to influence the coal escence prob-
ability and should thus be included when gathering data for the collision process.

The break-up model inthe current state only appliesto turbulent flow (with buoy-
ancy included). Obviously, modifications for other flow phenomena (or combi-
nations of flow phenomena) should be included in order to make the model more
general. Further, only binary breakageisincluded. There are break-up processes
that lead to more than two daughter particles. Such processes should be included
inamore general model. For the break-up model that is applicable in aturbulent
environment there are also some improvements or possible improvements that
should be looked into. Most noteworthy isthe assumption that prior collisionsdo
not affect the break-up probability. Thisisasimplification that for low levels of
turbulence has been shown to be incorrect. A possible suggestion for thisis
included in the thesis. Another possible improvement isthe inclusion of an acti-
vated statethat thefluid particle must go throughin order to break up. Asindicated
in the thesis such an activated state would require more surface energy than both
the parent particle and the combined daughter particles, thusthis state should fur-
ther limit theamount of break-upin somecases(whenthe surfaceenergy limitsthe
break-up rate). Further, since large eddies are shown to be important, the turbu-
lence structure outside the inertial range should be better described.

The current version of the population balance and the source terms are limited to
each class being twice the mass (or volume) of the class below. The code should
be made more flexible by allowing any class division. Thisis more of an imple-
mentation problem as the governing equations are already given. Lastly, the CFD
model used hassofar only beenformulated and implemented in onespatial dimen-
sion only, the model should be extended to 2D/3D.
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APPENDIX A POpUl athn
balances

The primary function of this appendix is to show in detail how to calculate the
source terms for break-up for the model by Luo (1993), and how the birth and
death terms for break-up and coal escence are found.

A.1 Finding the population balance like equation

Inorder to solveapopul ation balancemodel for say thedifferent dispersed gaspar-
ticlesizesinabubbl e column oneneed to couplethe popul ation balanceto theflow
model for the continuous phase. Starting with the continuity equation for the dis-
persed phase:

%(po()+D [ Ga) = 0 [kg/(m3s)], (A1)

and using the following definition for the volume fraction

_ Ti-—3 [# bubbles [ivolume per average bubble] _
&= Zn‘GdV" [ control volume } = (A2
|

together with a Favre averaged velocity,
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u= Z(niaipﬁi)/zmipﬁi), (A3
i i
this givesin analogy to population balances a transport equation for each class

%%ini(r,is%"' 2 [% iaini(r,isg = S [kg/(m3s)] . (A4

Ineq (A.4) aboveonehavethesourceand sink termsgivenas S ontheright hand

side. Without mass transfer between classes S isequal to zero. From popul ation
balances one has that

S = [Bg—Dg+Bc-D] [1/(m3s)], (A.5)
which gives
S = S9,p;- (A.6)
Combining eq (A.4) and eq (A.6) gives

2(om)+ 0 Gn) = p[By-Dg+Bc-Ddl [ka/(mbs)], (A7)

whichisthe equation that hasto be solved together with the flow equationsfor the
continuous phase.

A.2 Split into classes

A population balance model divides the dispersed phase into different classes
according to some criteria. In this case we divide by mass, or volume since we
approximate the same density in all population classes. We choose to divide the
dispersed phaseinto classesthat are exactly twice aslarge asthe classbelow. This
means that we split the dispersed phase which got an assumed continuous size
distribution into a finite number of classes with discrete size. How to treat sizes
that fall between the discrete sizes available is shown below.

When choosing that each classis twice the volume of the class below we get

9,=29,,9,=29,,.. (A.8)
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which gives
9, = 2(-Dg,. (A.9

Note that the factor two between each classis not arbitrarily chosen. It will be
shown later that afactor lower than two complicatestheallocation of particlesinto
classeswhen coal escence or break-up occurs. Further afactor higher thantwo will
decrease the accuracy of the simulations while at the same time decrease compu-
tation time. We choose to maximize the accuracy asthisisnot acommercial code
where computational speed needs to be optimized.

A given particle of random size must be assigned to one or more classes. When

using this kind of population balance the particle is assigned to the two closest
classes. The following formulais used

9 =y8, = x9,+(1-%)9,,, = x20-D8, +(1-x)29,,  (A.10)

where 9 isthe particle of random size, y isthe multiplication factor to the min-
iImumclasssize, x isthefractionassignedtoclassi and (1 — x) isassignedtoclass
(i +1). Notice that the number balance of particlesis not changed in this oper-
ation. Oneparticleisdivided intotwo classesbut thetwo classesadd up to one par-
ticle and the volume balance is still satisfied. Both the number and the volume
balance are kept for any class division, not just for the factor two scaling chosen
ineq (A.9). Eq (A.10) isone equation with two unknowns, x and i, but islimited
to x O [0, 1] which gives only one possible positive integer value for i when
x[(0,2).

A.3 Break-up

Limitationsin the popul ation balance are that the smallest particle class may not
be broken up and that no daughter fragment may be smaller than the smallest par-
ticle class. Further, only break-up into two daughter particlesis considered. The
break-up model is taken from Luo (1993) and Luo & Svendsen (1996), and is
based on the arrival of turbulent eddies to the surface of the fluid particles. This
brings about an increase in the surface energy through deformation, and if the
increase is high enough fragmentation occurs. The model is given as
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QB(9, 9 fa,) = cy(l- eG)n,EJE”:“ J (1’;3/236 , (A.11)
where "
Xc = %:1/3 We, = p,d.u®/c and ¢, = f3[3 + (1-f5,)23-1.(A.12)
For the mean turbulent velocity, u.?, Luo uses
U = [BUZDUZ _ EBBDlIZ(Sdi)l/s = BU2(ed,) V3, (A.13)

T O3n0 7 B

wherethetheoretical valuefor B is2.41 andthemeasured valueis2.0, Luo (1993).

Theintegrationin eq (A.11) is not straight forward, numerically one need to use
theincompletegammarfunctionand thegammafunctionto solvetheintegral. How
to get from the integral part of eq (A.11) to a numerical implementation of it is
shown below. Starting with writing out the integral part of eq (A.11) we get

. (1+)2ex 12c.o0 H
Ld (81/2(8)\)1/3)2211/%
Q = J i de . (A.14)
Emin

The constants in the exponential part of eq (A.14) may be written as

_ 12¢0 (A15)
giving
0o Y [0
' (1+E)2eXpD_)\2/3§11/3]
Q' = I £1173 de . (A.16)
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Since ¢ = A/d, eq (A.16) may be written as

} (148 e g y

Q = J’ e d¢ , wherey = @ (A.17)

Enﬂn

The next step is to change the integration variable. By using t = y/ &13/3 the
derivative, which is dt = —(13/3)(y/ &%/3)d¢ , and the change of limits

Emind00 t - wand& =10ty weget
y( £)?
- (1+E)%et 6/4]
Q —J’ S 1321 dt. (A.18)

Simplifying and using that & = (y/t)3/13 gives

3 DDS/B 6/1%DDD3/1%]5/3 "
= EJH“ZEED 89 omp o e (A.19)

Further simplification gives

o]

5/13

= T3yJ 00 o0 00
Y

whereeach of thethreeintegration parts may be solved with anincompletegamma
function and agamma function both which are defined and solved in chapter 6 of
Numerical Recipes, Press, Teukolsky, Vetterling & Flannery (1992). The gamma
function is defined by the integral

8/13 11/1
+ 2807 D0 :Ee—tdt, (A.20)

r(z) = J'tz— le-tdt, (A.21)
0

and the incompl ete gamma function is defined by
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P(a, x) = L& X) =

T T (a)J'ta le-tdt, (a>0). (A.22)

Thecompliment of P(a, x) isalso confusingly called anincomplete gammafunc-
tion and it is defined as

o]

Max)_ 1 ca 1.
fa) - a )J’t letdt, (a>0). (A.23)

X

Q(a,x)=1-P(a,x) =

Thus, thefirst termin (A.20) is written as
= D \5/13 08p.
Q= 3y Qi \Hr (A.24)

Note that Numerical Recipes returnsthe natural logarithmic value of I (a) , thus
the implementation of eq (A.24) in FORTRAN should be

_ 3 8 i
Q, = 1_3y—8/139ammq%-—3, »Hexp%ammln%é%, (A.25)

the2nd and 3rd term of eq (A.20) aresimilarly implemented. Notethat the approx-
imation &, 1O hasbeen used. It is quite possible to solve the equation without

this approximation, though it requires afew more gamma terms to be solved.

By using eq (A.25) it ispossibleto solve eq (A.11), but Qa(9;, 9 fg, ) isonly the
chance of one particular fluid particle, 9, , breaking up into another, 3;fg,, , and

acorresponding daughter particle. Obviously thetotal breakageof ©; may bewrit-
ten asthe integral

1 1/2
Qg(i) = ZJ’QB(vSI, 9fg)dfgy, = J’ QB(SI, 9,fgy)dfgy (A.26)
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wherethefactor 1/2in front of thefirstintegral isto avoid counting each fragment
twice. Dueto symmetry only half of theinterval needto beintegrated asinthesec-
ond integral in eq (A.26). Eq (A.26) may also be written as

Qu(i) = § Qp(9;, 9,Ta)Afgy (A.27)

fBV

asthe §_2B(19i, 9,fgy) valuesarefound numerically it may seem like agood idea
tousethesevaluesinordertofind Qg(i).Fori = 1 .. N classesthevaluesof fg,,

will be fg,, = 0.5/i% = 0.5, 0.25,0.125,0.0625, ... . Thesevaluesareill posed

for the summation in eq (A.27). With few values, low N, the accuracy will obvi-
ously not behighenough. WhenN islargemost of the fg,, valueswill bevery low,

i.e. ill posed for finding the summation in eq (A.27).
Inour FORTRAN codewefind Qg(i) by choosing M equidistant points between
Oand 0.5. For M = 10 thisgives 10 values from 0.025 to 0.475. Thus
10
Qi) = 5 Qa(9,, 9 fg) [D.05. (A.28)
j=1

We want to transfer the continuous breakage into the discrete points 4;. Thisis
done by normalizing the discrete points to the total breakage rate, i.e. using

Qp(9, 9 f |
Qa(8:, 9ifav) = T 50 9ifev) Qg(i), (A.29)

0

1/2

where Qa(9;, 9,fg,) and [ Qa(9,, 9 fq)dfg, arefromeq (A.26) and Qg(i)
0

isfromeq (A.28).Byusing Qg(9;, 9,fg\/) , alsowrittenas Qg(9;, 8j) , wearenow

able to express the breakage source terms algebraically.
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A.4 Coalescence

A limitation in the population balance is that the largest particle class may not
coalescence with any classes. We further limit the model to two particle coales-
cence. The model used is taken from Luo (1993), and is a combination of a col-
lision frequency and a collision probability,

Qc(8,95) = wc(8;, 9;)Pc(8;, 95). (A.30)
The coal escence probability is expressed as

1/2
Pc(8;,9) = exp%—c [075(1 + &) (L + &D)] Wel/ (A.31)
O

(pe/PL+VY2(1+E)° M

where
= pdiu;?/o and u; = (U2 +u?)t2, (A.32)
The coalescence collision rate is written as
(9, 9)) = (W4)(d; +d, )2n n. u”, (A.33)

and is based on kinetic gas theory, i.e. collisions between gas molecules.

A.5 Break-up in population balance
When assuming that all break ups are binary, the break-up may be written as

9 - 9+ 9y, (A.34)
where 3, issmaller or equal to 9; insize. In the models used we assumethat 9
isof asizeidentical to aparticle class smaller than the particlewhichissplit (9;).
d; must thusbe of size 9; _, or larger, which may not be the case if we had used

afactor lower than 2 for the population class division. Sj isdivided into class
(i—1) andclassi thefollowing way

B = X Pi_1+ (1=X% )9, (A.35)

202 NTNU



Break-up in population balance
In addition we express the volume as afunction of the two other particlesand use
the base volume, i.e. volume of class 1.
8] = y-ﬂl = Si_ﬂk = 2(i_1)191—2(k_1)-81 (A.36)
Combining eq (A.9), eq (A.35) and eq (A.36) gives
X g = 21+k-i k<i (A.37)

wherex; | isthefractioninclassi —1 and (1-x; ,) isthefractioninclassi. Thus
a break-up of aparticle givesthe following

Atestcasewith N = 4 givesthefollowing break-up terms(simplified formused,
Qg(9;, 9,) written as Q(i, k) ):

Q(4,3),Q(4,2), Q(4,1), Notethat size 1 does not break up and that we
Q(3,2), Q(3,1), naturally get fewer break-up possibilities as the
Q(2,1). particles get smaller.

Each of the terms above must be assigned to different classes:
Q(4,3) - Q(4,3) inclass 3, x4 3Q(4, 3) in3and (1-x4 3)Q(4,3) in4,

Q(4,2) - Q(4,2) inclass 2, x, ,Q(4,2) in3and (1-x, ,)Q(4,2) in4,
Q(4,1) - Q(4,1) inclass1, x4 1Q(4,1) in3and (1-x4 1)Q(4,1) in4,
Q(3,2) - Q(3,2) inclass 2, x3 ,Q(3,2) in2and (1-x3 ,)Q(3, 2) in 3,
Q(3,1) - Q(3,1) inclass 1, x3 1Q(3,1) in2and (1-x3 1)Q(3,1) in3,
Q(2,1) - Q(2,1) inclass 1, x, 1Q(2,1) inland (1-x, 1)Q(2,1) in2.
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The break-up death rate may thus be written as
i-1
Dg(i) = Z Qg(i,k),i = 2..N, (A.39)
k=1
and the break-up birth rate must thus be written as

N
Be) =y Qp(ki)+ i = 1.N,(A.40)
o k=islizn -
Z X +1kQg(i +1,k) + Z (1-X 1) Qg(1, k)
k=1i#N k=1i#1

Notice that the last term in eq (A.40) could have been defined as a negative term
in the death rate, eq (A.39). It isjust amatter of definition whereit is put aslong

asthetota changein the class, Bg(i) —Dg(i), remains the same.

By writingout all thetermsfor all i onewill getal thetermswritteninthetest case.
Further, eq (A.39) and eq (A .40) can bechecked by taking thetotal volumebalance
for al the classes

N
Z [(Bg(i) —Dg(i))9;] = 0. (A.41)
i=1

ForaN = 4 casethetermsforthevolumebalanceare(simplified formused) writ-

ten below. Note that the multiplication factors for the volumes are written in the

right sidecolumn. Thesefactorsmust beincluded when cancelling out termsof dif-
ferent sizes.

i = 1:Q(2,1)+Q(3,1) +Q(4,1) +x, ,Q(2, 1) =)

i = 2:0(3,2) +Q(4,2) +x5 1Q(3,1) + | B,
X3 2Q(3,2) + (1-%, 1)Q(2,1) ~Q(2, 1)

i = 3:Q(4,3) + %, 1Q(4, 1) + %, ,Q(4, 2) + %, 3Q(4, 3) | B,

F(1=%g 1)Q(3,1) + (1% ,)Q(3,2) —Q(3,1) - Q(3, 2)
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| = 40 (1%, )Q(4 1)+ (L=X, )Q(4 2) + (L—X, 5)Q(4, 3) =N
—Q(4,1) - Q(4,2) - Q(4, 3)

Cancelling termsof samesizes, inserting x; | = 21**-1 andusing 9;,, = 29,
gives:
1+1-2

i = 1:021)+0Q(3 1) +0Q(4 1) +2 Q(2, 1) |0

i =2:0(32)+Q(42) +2' 17303, 1) + |2
217273003, 2) 211 20(2, 1)

i =3:004,3)+2" %4, 1) + 2104, 2) + | 4
2“3_49(4, 3)_2“1_39(3, 1)_2“2_39(3, 2)

i = 4:-2""17%0@4,1) =224, 2) - 21 3744, 3) | (B

Thissimplifiesto:

i = 1:20(2,1) +Q(3,1) + Q(4, 1) |1

i = 2:20Q(3,2) + Q(4,2) +05Q(3, 1) - Q(2, 1) |2

i = 3:2Q(4, 3) + 0.25Q(4, 1) + 05Q(4,2) —05Q(3,1) - Q(3,2) |

i = 4:-025Q(4, 1) —0.5Q(4, 2) — Q(4, 3) | [B

All terms above cancel s out which indicates that the termsfor birth and death are
correct. For the Q(3, 1) term we see that we have one term in the 1st class, half
aterm in the 2nd class which is of course pre-multiplied with the factor 2 for
belonging to the 2nd class and finally a factor 4 for the 3rd class multiplied by a
negative half term. The cancellation is thus as follows

Q(3,1): 1 +2[05+4(-05)+8D = 0, (A.42)

wherethevolumefactor ismultipliedwiththesizeof Q(3, 1) ineachclass. Thus,

sinceall termscancelsout similarly itisshownthat fortheN = 4 casethelstterm
of eq (A.41) equalsthe 2nd term.

NTNU 205



Population balances

A.6 Coalescencein population balance

When two equal sized particles coal esce the resulting particle will be of one class
higher than the two colliding particles. Thus,

9 +9; > 9,4 (A.43)

Note that thisisonly trueif and only if we use eq (A.9) with the factor 2 between
the classes. When two unequal sized particles collide the coal esced particles will
beof asizelarger thanthelargest colliding particlebut smaller thantheclassabove
the largest particle. It hasto be smaller than the next class sincethisclassistwice
the volume of the class below, i.e. twice the volume of the largest particle. This
clearly demonstrates the advantage of using the factor 2 when dividing the coa-
lescence population into classes. When two particles collide the resulting particle
will always be placed in the same class as the largest particle and the class above.

When using afactor lower than 2 this may not be the case. If we assume i to be
the largest of the two particles colliding this gives

49 - x 9+ (L=% )91 = (%27 1+(1-%)2)9, . (A4H
Wemay alsowritethetwo colliding particlesasmultiplesof thebaseform (class 1)
9, +9; = (2-1+2-19,. (A .45)

Combining eq (A.9), eq (A.44) and eq (A.45) gives
X | = 1-2-1i>j, (A.46)

where X isthefractioninclassi and (1—xi,j) isthefractioninclassi + 1.

A test case with N = 4 givesthe following coalescence terms (simplified form
used, QC(Si,Sj) iswrittenas Q(i, j)):

Q(1,1), Q(2,1), Q(3,1), Sizeddoesnotcoaesceand Q(i,j) = Q(j,i) .
Q(2,2), Q(3, 2), Further note that for a Q(i, i) coalescence two

Q(3,3), particles are removed from classii .
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Each of the terms above must be assigned to different classes:

Q(1,1) - x; 1Q(L,1) inclassland (1-x; 1)Q(1, 1) inclass2,
Q(2,1) - X, 1Q(2,1) inclass2and (1-x, 1)Q(2, 1) inclass 3,
Q(3,1) - X3 1Q(3,1) inclass3and (1-x3 1)Q(3, 1) inclass4,
Q(2,2) - X, ,Q(2,2) inclass2and (1-x, ,)Q(2,2) inclass3,
Q(3,2) - X3 ,Q(3,2) inclass3and (1-x3 ,)Q(3,2) inclass4,
Q(3,3) - X3 3Q(3,3) inclass3and (1 -x3 3)Q(3, 3) inclass4.

For the Q(i, i) coalescence one must also includethefactor 1/2 inthe w(i, 1)
expression to avoid counting each collision twice, Laider & Meiser (1982).
The coal escence death rate may thus be written as

N-1
Dc(i) = z Qc(D),9)) + Qc(94,9¢), i = 1..N-1, (A.47)
j=1
and the coalescence birth rate must be written as
i—1
Bc(i) = z X 1Qc(8;,9)) + i =2.N. (A.48)

) j=1,i#N
i—1

Z (1-%_17)Qc(d_1,9))
j=1

By writingout all thetermsfor all i onewill getall thetermswritteninthetest case.
Further, (A.47) and (A.48) can be checked by taking a volume balance

N

> [(Bc)=De(i)oil = 0. (A.49)

i=1
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Fora N = 4 casethetermsfor the volume balance are (simplified form used):

i=1:-Q(1,1)-9Q(2,1)-Q(3, 1)-Q(1, 1) | D,

= 2:1%7Q(2,1) +(1-x )Q(1, 1)- | (D,
Q(2,1)-Q(2,2)-Q(2,3)-Q(2,2)

| = 31 %3 1Q(3,1) + X3 ,Q(3,2) + (1-x%, 1)Q(2,1) + | (9,
(1-%;,2)9Q(2,2)-Q(3,1) -Q(3,2) -Q(3,3) -Q(3, 3)

=41 (1-%31)Q(3,1) +(1-X35)Q(3,2) + (1 —x3 3)Q(3, 3) | (D,

Cancelling terms, removing x; ; = O termsand using 3, , ; = 29, gives.

I =1:-Q(2,1)-Q(3,1) | O

i = 2:%,,0(2,1)-Q(2,1)-Q(2,3) | (2

i = 31 %5 1Q(3,1) + X3 ,Q(3,2) + Q(2,1) - |
X, 192(2,1)-Q(3,1)-Q(3,2)

i = 4:Q(3,1) —%5,Q(3, 1) + Q(3,2) - %3 ,Q(3, 2) | (B

Inserting x; ; = 1-2/~" and cancelling terms gives:

i =1:-Q(2,1)-Q(3,1) !

i = 2:-05Q(2,1)-Q(2,3) |2

i = 3: -0.25Q(3, 1) + 0.5Q(2, 1) —0.5Q(3, 2) | (4

I = 4:0.25Q(3,1) +0.5Q(3, 2) | B

All terms above cancels out which indicates that the termsfor birth and death are
correct. For the Q(3, 1) term the cancellation is as follows

Q(3,1) : 10-1) + 2D+ 4 0-0.25) + 8 [0.25 = 0. (A.50)
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A.7 Incorporation into thetransport equation

The transport equation with sourcetermseq (A.7) issolved numerically by using
the fractional time step method, Berge & Jakobsen (1998), and by splitting the
convective, diffusive and source terms into their components in the coordinate
directions and solving them sequentially. Strang (1968) pointed out that the accu-
racy of such a splitting depends on the accuracy of how each individual termis
numerically solved and on the accuracy of the splitting itself. The splitting used
can be shown to be of second order in time.

Asan explicit method is used to solve the source terms care has to be taken with
the timestep needed for the integration. It is very likely that the timestep needed
for thesourcetermsisquitedifferent fromwhat isneeded for theflow and pressure
fields. Further, thetimestep needed for the sourcetermsmay vary greatly between
different population classes and likewise between different locations in the grid.

Thus, the change and size of the source terms have to be carefully monitored.

Symbols

a exponent in incomplete gamma function
Bg birth from break-up, 1/ (m3s)

Bc birth from coalescence, 1/ (m3s)

Cy constant in order of unity, -

Cy constant, -

Ct coefficient, -

d;, g; diameters of bubblesin classesi and j, m
‘f,i diameter of average fluid particle of classi, m
Dg death from break-up, 1/ (m3s)

D¢ death from coalescence, 1/ (m3s)

fav breakage volume fraction, -

I, K class numbers, -
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N
n;

P(a, x)

total number of classes, -

number inclassi, 1/m3

incomplete gamma function

Pc(9;, 8j)coalescenceefficiencyfor particles of volumes 9; and 19]. colliding, -

Q(a, x)  (complementary) incomplete gamma function

S source terms, 1/ (m3s)

S source terms, kg/ (m3s)

t time, s

t integration variable, see eq (A.18), -

u Favre averaged velocity, m/'s

Ui, U average velocities for classesi and j, m/s

u_ij relative velocity between particles of classesi and j, m/s

We, Weber number for fluid particle of classi, -

We; Weber number for collision between fluid particles of classesi andj, -
volume fraction, -
lower limit in incomplete gamma function

X | coal escence between classesi and j givesavolumefractionin classi, -

Xi break-up of classi givesavolume fraction of second particle, 3 i into
classi-1, -

y multiplication factor, see eq (A.10), -

z exponent in gamma function
volume fraction, -
constant, 3 12.05
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B constant, f = 2.41
(@), r(z) gammafunction

IN(a, x) part of complimentary incomplete gammafunction

% added mass parameter, -

% constant, see eq (A.17), -

% constant, see eq (A.15), m?/3

y(a, x)  part of incomplete gamma function
3 eddy dissipation, m?/ s3

€ void fraction, -

) volume, m3

9., 9,, 93 volumeof fluid particles of classsizes 1, 2 and 3, m®

9;,9;, 9 volumeof fluid particles of classi, j and k, m3

A eddy diameter, m

& sizeration, & = A/d,, -

& sizeration, §; = d;/d;, -

& min minimum size ration for break-up, -
p density, kg/ m3

P; density of classi, kg/m3

Pg, P 9as liquid phase density, kg/m?

o surfacetension, N/m

Xc critical breakage energy, -

) integral part of Q&(9,, 9 fg,), -
Q) part of Q' -
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Q(i,j) sameas Qc(9;,9)), 1/(m3s)
Q(i,k) sameas Qg(8;,9,), 1/(m3s)
Qg break-up rate, 1/ (m3s)

Qg(9,9fgy)  corrected break-up rate, see eq (A.29), 1/ (m?3s)

f_zs(Si, v,fgy)  break-uprate of size 9, into adaughter fraction 9,fg,, and a
second particlewith theremaining volume (or mass), 1/ (m3s)

Qc(9;, Sj) coalescence rate between particlesof volumes ¢; and Sj , 1/ (m3s)

we (95, Sj) collision rate between particles of volumes 9; and SJ- , 1/ (m3s)
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